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UNFOLDING A HOPF BIFURCATION IN A
LINEAR REACTION-DIFFUSION EQUATION
WITH STRONGLY LOCALIZED IMPURITY*

Ji Li', Qing Yu' and Qian Zhang"'

Abstract This paper presents a general framework to derive the weakly non-
linear stability near a Hopf bifurcation in a special class of multi-scale reaction-
diffusion equations. The main focus is on how the linearity and nonlinearity
of the fast variables in system influence the emergence of the breathing pulses
when the slow variables are linear and the bifurcation parameter is around
the Hopf bifurcation point. By applying the matching principle to the fast
and slow changing quantities and using the singular perturbation theory, we
obtain explicit expressions for the stationary pulses. Then, the normal form
theory and the center manifold theory are applied to give Hopf normal form
expressions. Finally, one of these expressions is verified by the numerical sim-
ulation.
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fold expansion, normal form.
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1. Introduction

In this paper, we consider the unfolding of a Hopf bifurcation in a linear reaction-
diffusion equation with strongly localized impurity, which was first introduced by
Doelman, van Heijster and Shen in [12] as:

8U1 azUl « -

— T e—— 7[ -y

ot 0x? Hth + g2 (62)G1(U1’U2)7 (1.1)
ou, U B '
B = Dgaz Wl t 5l(5) G, Do),

where (z,t) € R x RT, Uy o(z,t) : Rx RT - R, 0 < ¢ < 1 is a sufficiently small
parameter measuring the degree of locality, a, 5 € R are parameters measuring
the strength of the impurities, G1, G are sufficiently smooth polynomial functions
satisfying G1,2(0,0) # 0, and I is a Dirac delta-type impurity. Here, 4 is assumed to
be positive to ensure the ground state 0 is stable. Actually, the coefficients of U; and
Us in (1.1) can be assumed to be p; and po separately. However, to further simplify
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the analysis, we assume that pu; = ps = p > 0. Without missing any essential idea,
we assume exclusively I(£) = %6_52 all over this paper. The reasons why we study
this system can be summarized into three parts. First, adding strongly localized
impurities can turn the linear system into a locally nonlinear one and in reality the
linearity of the models may break down under strong perturbations. Second, the
system we present here avoids the difficulty in analyzing the spectrum of differential
operators with nonconstant coefficients. Instead, the spectral stability problem is
reduced to linear algebra by matching the changing quantities in fast and slow
scales with the methods of GSPT. Third, the spatial heterogeneities eliminate the
translational eigenvalue A\ = 0, which makes the center manifold analysis much
easier.

As one of the most general pulse destabilisation scenarios [34], the mechanism
of the unfolding of a Hopf bifurcation can be developed by the local analysis of the
associated center manifold. With regard to the dynamic behavior near this bifur-
cation point, numerical simulations can reveal stable, temporally oscillating pulses.
Such breathing localized pulses are fascinating topics of research in the fields of
lasers [23,36], optical media [16,22,25,33] and excitatory neural networks [3-5,19,20]
over the past few decades. These oscillating pulses are localized waves that peri-
odically vary in shape and amplitude. They often occur in the nonlinear dynamic
systems. They are also excitatory localized structures that can respond to external
stimuli and change accordingly. Mathematical analysis of breathing localized pulses
are often complicated. The singular perturbation theory and the center manifold
reduction are required in helping analyzing their stability and bifurcations. Their
existence and formation mechanisms are not fully understood and are interesting
research topics in nonlinear dynamics.

Breathing pulses were initially found in one-dimensional reaction-diffusion sys-
tems by Koga and Kuramoto [29], in which a stationary localized pattern desta-
bilized around a Hopf bifurcation leading to a breathing motion. Besides, it was
found that multi-spike quasi-equilibrium solutions could also undergo a Hopf bi-
furcation, resulting in oscillations in the spike amplitudes on an O(1) time scale
in [7,37,38]. With respect to those oscillating fronts in [4,19], they are denoted by
the terminology breather. In the field of optics, breathing pulse is used to describe
the propagation behavior of light pulses in optical fibers.

Recent studies [9,12,31] have explored the pattern formation processes in mod-
els with linear or nonlinear structures outside the impurities based on [27,28]. It
is worth noting that these systems can be viewed as the simplifications of some
canonical singularly perturbed reaction-diffusion systems like: Gray-Scott [8,14,24],
Gierer-Meinhardt [13,21] and Klausmeier [2,6] models, due to the existence of fast
and slow scales. For these classical systems, the singularly perturbed structure in-
duces the spatial scale separation, which gives explicit leading order expressions for
the patterns under consideration. Moreover, with the help of the Hopf eigenfunc-
tions, explicit leading order expressions for Hopf normal form coefficients can be
obtained. As we have seen, [34] studies the emergence of the breathing pulses in a
slowly nonlinear Gierer-Meinhardt system [35], which initially exhibits typical “sub-
critical” growth behavior and then a bounded temporally oscillating pulse. Different
from the pattern formation in Gierer-Meinhardt system [13,21], this additional non-
linearity has a profound impact on both the stability analysis and dynamic behavior
near the Hopf bifurcation.

The numerical simulation in [12] also reveals such oscillating pulses. The addi-
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tion of small nonlinearity —2U; to linear G prevents the profile from blowing up
and forms a breathing pinned 1-pulse solution. This sheds some light on perform-
ing a center manifold analysis near spectral configurations of co-dimension one and
higher. Hence, the unfolding of a Bogdanov-Takens bifurcation [30] or controllable
chaotic pulse dynamics [16,32] can be a natural next step. Besides, the oscillating
pulses around the Hopf bifurcation still need an analytical explanation. Hence, in
this paper, we focus on the conditions under which such breathing pulses arise for
general linear reaction-diffusion equations with the impact of spatial defects. To
accomplish this, we need to calculate the leading order expressions for the target
pulses, then apply the Hopf normal form theory to derive the normal form coeffi-
cients and finally determine the pitchfork bifurcation type. We emphasize that the
main differences with [34] is that we avoid the analysis of the direction spanned
by the translational mode in the Hopf center manifold and the computation of the
inverse problems associated with the scale separated structure.

The article is structured as follows. Section 2 introduces the relevant notations,
hypotheses and lemmas, mainly based on [26]. Section 3 is divided into five parts. In
Subsection 3.1, we briefly review the basic mechanism of the existence and stability
for pinned pulse solution in system (1.1) and give explicit expressions of pulse
solutions and corresponding eigenfunctions. In Subsection 3.2, we study the local
expansion of the center manifold when G; and G2 are both linear. The linearities
of G; and G3 do not generate nonlinear remainder terms involving U; or Us, which
prevents breathing pulses. In Subsections 3.3 and 3.4, due to the difficulty in
analyzing the Hopf bifurcation conditions, we examine several simple situations and
discuss the cases where GG; and G5 are separately nonlinear. Then in Subsection 3.5,
we calculate a specific example which ever appeared in [12] and explain the pattern
formations that emerged. Finally, in Section 4, we conclude with some remarks and
suggestions for future research.

2. Notations, hypotheses and lemmas

We briefly introduce some required notations, hypotheses and lemmas in connection
with the normal form theory and the center manifold theory. As a general reference,
we would like to mention [26].

Let X, ), Z be (real or complex) Banach spaces such that Z < Y — X, with
continuous embeddings. For a parameter-dependent differential equation in X of

the form

W — Lu+ R, ) (2.1)

in which L is a linear operator and R is defined for (u, ¢t) in a neighborhood of (0,0)
in Z x R™. Here u is a parameter to be small.

Definition 2.1. A linear operator L : Z — X is called a bounded linear operator,
if L is continuous. The set of bounded linear operator is denoted by L € L(Z, X).

Hypothesis 2.1. We assume that L and R in (2.1) have the following properties:
(i) LeL(Z,X);

(ii) For some k > 2, there exist neighborhoods V,, C Z and V,, C R™ of 0 such
that R € Ck(V, x V,,,Y) and R(0,0) =0, D, R(0,0) = 0.
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Hypothesis 2.2. (Spectral decomposition) Consider the spectrum o of the
linear operator L, and write ¢ = o U oy U o_, in which oy = {\ € o;Re\ >
0}, 00 = {X € o;ReA =0}, o_ = {) € 0;ReA < 0}. We assume that

(i) There exists a positive constant v > 0 such that inf Re\ > v, sup Rel <

€o+ A€o
=7
(ii) The set oy consists of a finite number of eigenvalues with finite algebraic
multiplicities.

As a consequence of Hypothesis 2.2(ii), we can define the spectral projection
Py € L(X), corresponding to g, by the Dunford integral formula Py = ﬁ fr()\]l —
L)~td)\, where T is a simple, oriented counterclockwise, Jordan curve surrounding
oo and lying entirely in {\ € C : |Re\| < v}. Then we define projection Py, : X — X
by P, =1 — Py. The spectral subspaces associated with these two projections are
denoted by & = RanPy= KerP,C X, X} = RanP,= KerPyC X. Also, we set
Z,=PyZ C Z, Y, = P,Y C ), and denote by Ly and Lj, the restrictions of L
to & and Zj,. As an immediate consequence, the spectrum of Lg is o¢ and the
spectrum of Ly is op =04 Uo_.

Hypothesis 2.3. (Resolvent estimates) Assume that X =XxR™ Y =YxR™,
Z = Z x R™ are Hilbert spaces, and there exist positive constants wy > 0, ¢ > 0
and « € [0, 1) such that for all w € R, with |w| > wp, we have that iw belongs to the
resolvent set of L and ||(iwl — f/h)*lHﬁ(X) < &> Where Ly, := Ly + D, P,R(0,0).

Lemma 2.1 (Lemma 1, [26]). (Parameter-dependent center manifolds) As-
sume that Hypotheses 2.1, 2.2 and 2.8 hold. Then there exists a map ¥ € C*(&y x
R™, Z;), with ¥(0,0) =0, D,¥(0,0) =0, and a neighborhood O, x O, of (0,0) in
Z xR™ such that for p € O, the manifold Mo (p) = {uo + ¥ (uo, ) : uo € &} has
the following properties:

(1) Mo(w) is locally invariant.
(i) Mo(p) contains the set of bounded solutions of (2.1) staying in O, for all
teR.

Specifically, when the unstable spectrum o4 of L is empty, there is

Lemma 2.2 (Lemma 2, [26]). (Parameter-dependent center manifolds the-
orem for empty unstable spectrum) Assume that o = &, Hypotheses 2.1, 2.2
and 2.3 hold. Then in addition to the properties in Lemma 2.1 the following holds.
The local center manifold Mo (p) is locally attracting. More precisely, if u(0) € Oy
and the solution u(t;u(0)) of (2.1) satisfies u(t;u(0)) € O, for allt > 0, then there
exists it € Mo N Oy and ' > 0 such that u(t;u(0)) = u(t; @) + O(e™ ") as t — oc.

Next, we give the hypothesis and lemmas about the normal form theorem in R"™:
Hypothesis 2.4. Assume that L and R have the following properties:
(i) L is a linear map in R™;

(i) For some k > 2, there exist neighborhoods V,, C R™ and V,, C R™ of 0 such
that R € C*(V,, x V,,R") and R(0,0) = 0, D,R(0,0) = 0.

Lemma 2.3 (Lemma 3, [26]). (Normal form for perturbed vector fields)
Assume that Hypothesis 2.4 holds. Then for any positive integer p, 2 < p < k,
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there exist neighborhoods O1 and Oy of 0 in R™ and R™, respectively, such that for
any p € Oy, there is a polynomial ®, : R™ — R"™ of degree p with the following
properties:

(i) The coefficients of the monomials of degree g in ®,, are functions of p of class
C*=P, and ®¢(0) =0, D, Py(0) = 0;

(i) For v € Oy, the polynomial change of gam’able u = v+ ®,(v), transforms

equation (2.1) into the “normal form” ¢ = Lv + N,(v) + p(v, ), and the
following properties hold:

a. For any p € Oz, N, is a polynomial R™ — R™ of degree p and Ny(0) =

0, D,Ny(0) =0;

b. The equality N,(et* v) = e'v"N,(v) holds for all (t,v) € R x R™ and
p € Os;

c. The map p belongs to C*(O1 x O9,R™), and p(v, ) = o||v||P) for all p €
02.

Lemma 2.4 (Lemma 4, [26]). Let f be a complez-valued function of class C¥, k > 1,
defined in a neighborhood O of the origin in {(z,z) : z € C}, and which verifies

f(e™tz,e7“z) = e f(2,2) for any t € R and (2, %) € O.

Then there exists an even, complex-valued function g of class C*~' defined in a
neighborhood of 0 in R such that f(z,z) = zg(|z|). Furthermore, if f is a polynomial,
then g is an even polynomial, g(|z|) = ¢(|z|?) for a polynomial ¢.

Remark 2.1. Provided that an infinite-dimensional system % = Lu + R(u, p)
satisfies the assumptions in center manifold Lemma 2.1, then the reduced system

satisfies Hypothesis 2.4, so the normal form Lemma 2.3 can be employed.

3. Existence of breathing pulses

In this section, we study whether breathing pulses arise when G; and G exhibit
different linearity. First, we recall the analysis of existence and stability in [9,
12,31]. Therein, the explicit leading-order expressions of the pulse solution and
the corresponding eigenfunction are given. Then, we discuss the dynamic behavior
when GG; and G5 are linear or nonlinear separately. In order to avoid the complexity
of the discussion and the stacking of formulas, we make some simplifications. At
last, a concrete example which ever appeared in [12] is raised. The existence of
those breathing pulse can be interpreted theoretically within the framework of our
previous analysis.

3.1. The existence and stability of the pinned pulse

In order to obtain the leading order expression of the pinned pulse solution and its
eigenfunction, which play an important role in analyzing the normal form, we first
present the basic mechanism of the existence and stability.

Consider the system (1.1), owing to the strong spatial localization of impurities,
it can be analyzed in two spatial scales, x versus £ := 2. More specifically, the
spatial domain is divided into three parts I; := (oo, —¢), Iy := [—¢,¢] and [} :=
(6,00). In IF, the system (1.1) can be regarded as a semi-coupled linear system,
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whose solution can be uniquely determined due to the exponential decay at infinity.
In Iy, impurities are dominant, and the impact of —pU; and —bU; — ulUs are least.
Hence, the leading-order accumulated changes of % and dd% can be calculated from
the value of aG; and BG5. Through equalizing these accumulated changes in these
two different scales, we derive the continuous solution we expect. The following
stability analysis is completed in a similar way because of the same structure of
the eigenvalue system and the negative essential spectrum. Actually, two different
approaches to obtain the matching conditions of existence and stability are given
in [9,12,31]. One calculates the fast and slow manifolds separately, while the other
gives the explicit expressions of solutions by method of variation of constant.

To system (1.1), if

bC)
2/HCt = aGy (1, Cy+ —— )|
e O D

1% bCl . B bCl
? <\/;C e +D>¢ﬁ> ~p% (C“C? e +D)u>

admits non-degenerate solutions C; and Cy, then (1.1) exists a nontrivial pinned
pulse solution I'y(z) = (I'1 (), T2, (2))T = (U1 p(x) + O(e), Uz p(x) + O(€))T with

(3.1)

CreVie — gpel;,
Ulip(x) = Cla S Ifa
Cre VHEZ g eI},

VBT 4 L Nz -
Cse ( 1+ D) , xel;,
bC
Uz,p(aj) = Cg-l-ﬁ, x GIf, (32)
Cae™ VB 4 G e VHT  gpe T,
( 1+ D)u s

As for the spectral (and nonlinear) stability of the above pinned pulse solution, we
linearize (1.1) around I', and yield the eigenvalue problem

d?P
B del o (M+>\)P1
a _x . [0G 0G,
+ 515 (G O Vap)Pr + 5 O D) )
d?Py, B 0G4 0Go
0=D dz2 + 572[( ) (5U (Ul,p,UZp)Pl + o U, (Ul,p7 U2,p)P2>

With 055 = (—00, —p], consequently, the stability is fully determined by the loca-
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tions of eigenvalues. Hence, if

ng 6G1 Cl
C C1,C
a(4+eﬂ+mw+x>aw<]’2+ 1+D)>
oG bC
+aCs = (0, Cy + ——— =2y/p+ AC3,
U,y Dy
B bCs Gy bC,
Zle 01, C
D( e 1+D)(M+A>8U2( N (e ey ) )
3 aa( bCy ) /u+>\ bCs
+ O Ci,Co+——) =2 C, +
ou, VTP T (<14 D) T 1+ D)WV A

(3.3)
admits solutions A (A € C/(—o0, —u]) which are all with negative real parts, then
this pinned pulse solution is stable. We denote this eigenfunction as (Py(z) +
O(e), P2(z) + O(e))T, whose expression can be given as

036"H+)‘x, JL‘EI;,

Pi(x) = Cs, el (3.4)
CseVhHre e [
= bC
C BEX 3 N/TEDY I-
N S TR A
bCs

P, =< C , ey, 3.5
2(7) T EED) N ey (3:5)

Cie Vi v VIR g eI

(71+D)(M+A)e ’

3.2. G; and G4 are linear

We can cut through our analysis from one of the simplest perspectives, i.e., we
assume that G; and G5 are linear.

In this case, the existence condition can be verified easily because equations (3.1)
are system of quadratic equations. For the stability condition, i.e., the solutions of
equations (3.3), through analysis, they can be simplified as:

20u+N3 G+ L
aG3vVD G13v'D D++vD (3.6)
:5G22(M + )\)% n BGaa(pn+ N) - BG12Gas(p + )\)%
2D O(G13D 2DG13 ’

where G;; represents the jth coefficient of G; and G; = G;1 + G2Uy 4+ Gi3Us with
i =1,2. Denote t :=y/pu+ A, then Re ¢t > 0 and (3.6) is equal to

G o) baG
2t* — (G + B\/i?’) + NB;(G12G23 — G13Ga2)t + \/»41_31 =0. (3.7)
DenOte A = —(aG12 + 5%3)7 B = %(G12023 — G13G22) and FE = i)/agj:i’ we

rewrite equation (3.7) as

H(t):=2t3 + At> + Bt + E = 0. (3.8)
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For B < 0, H(t) has a minimum at t = —A+vA*=6B VG‘L‘LGB. If, in addition, £ > 0 and
H(=A+/AZ-6B wg) < 0, then (3.8) has two real-valued positive solutions. When the

value H(=A+vA =65 V6’42_GB) becomes positive, these two real-valued solutions merge and
become complex-valued. As a result, we can tune p such that ReA = 0. Hence, this
pinned pulse solution can undergo a Hopf bifurcation, we denote this bifurcation
parameter as fi. Next, we discuss the center normal form We transform the system
(1 1) by U1 U1 Flyp, U2 UQ — FQ"m /J, n— /j,, to

dU N -
_— = L 0
o U+ R(U,p),

where
~ U . —aU
o=("). rOm=[""].
Us —pUs
d? R r  0G, z , 0G,
I a2 H+ 71( )aU (T1,p, T2, p) 71( )(9U (Fl,p»FZp)
N 8 x aG d? . B,z 0G
7b+572[( )aUQ(FlpaFQp) D@*ﬂ‘i’ggj( )8U2(F1P7F2p)
Since G and G4 are linear, actually, there is
d? aGiy T oGz T
Il I(= 7=
I - dx? ot g2 (52) g2 (52)
5G22 d? BGaz T

We give the following proposition:

Proposition 3.1. Assume Gy and Gy are linear, then system (1.1) has precisely
one equilibrium T'p(w), which is stable when p > fi and unstable when p < ji. And,
there exists no breathing phenomenon near the pinned pulse solution.

Proof. We set X = (L2(R?))?, ¥ = Z = (H%(R?))?, then there is L € L(Z, X).
In the above, R is linear with respect to U and [i respectively, so it satisfies R(0,0) =
0, D, R(0,0) = 0. With bifurcation parameter fi be given, there are oy = o_ =
and oy has finite eigenvalues with finite algebraic multiplicities. Moreover, L is a
parabolic operator which satisfies resolvent estimate. Hence, according to Lemma
2.1, U is linear with p-dependent coefficients. Therefore, there exists no periodic
orbit. Besides, the derivative of R with respect to U is — i, which decides the
in(stability) of T,. O

Remark 3.1. When D = 1, the expressions for (3.2) and (3.4) fail, the correspond-
ing pulse solution and eigenfunction become

bC
ooV 4 2LV (<1 42 /fw), el
m
bC
Uzp(z) = CQ_T;7 z€ly,

bC
Coe™ VI 4 41 e VI (-1 —2/px), x€lf,
W
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and
bCs
C VATEN 4 _TMe \/,qu)\z 1 ) A I-
4€ C+4(/‘+)‘) ( + 2/ p+ x) relg,
bCs3
={Cy— —— 1
P2($) 4 4(,UJ+A)7 x e fo
bC
—Vpt+Ax VM3 —VeXxz (g +
Cye +4(’u+)\)e ( 1-2 ,u+)\x), RS

Here C1, C5 satisfy

2/pCy = aGy (01702 b401> ,
m

(o5 1) - nn- )

Cs, C4 satisfy

2v/ 4+ ACs

_ 0G bCy 0Gy bCy bCs
(c’)Ul (01,02 4# ) Cs + o0, (Cl,c2 p ) (Cy 1 )) :

(m@ i 4ﬁ )

_B (96, Y ¢y PG (o oy WO (B
‘D(fm (C“CQ 4M>C3 s (Cl’CQ u>(0‘* K >’>’

which yields

G2
(n+0)? —

N+

OZG13

It equals to equation (3.6) when D = 1. Hence, we get the same conclusion as in
Remark 3.1.

3.3. (G; is nonlinear and G5 is linear

Next, we examine the sub-simple situation, i.e., Gy is nonlinear and G5 is linear.
We further denote Gy = G117+ G12U7 + G13U> +G14U12 +G15U22 +G16UrUs+.... In
order to reveal the essence, we shift our focus on the coupled case when there is only
one nonlinear term, i.e., G; = G1; + G15U%. In order not to bring in cumbersome
formulas and complex expressions from G, we discuss from three situations.

3.3.1. Go=Go;

First, we assume that G is a constant function with Go = Gay, then (1.1) becomes

ou 02U U
D= e MU ()G + G,
(3.9)
6(7—2 82[72 B T
ot =Dy ox? = bUy — pUz 52I(52)(G21)'
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As before, system (3.9) admits the stationary pinned pulse solution like (3.2) if

bCq

2,/ uCi = G Gi5(Cy + —————)?
ViCh a( 11 + 15(2+(—1+D)u)>’

BGx
D

abG11
n(1+vD)
to this assumption in the follow

:2(\/gc2+<

—-1+D)i

ing.

bCy

)

admits non-degenerate solutions C; and Cs, ie., A = 4u +

(3.10)

4(,¥G15b

(ch
(1+VD)u

VD

) > 0. Here, we assume that D # 1. Unless otherwise stated, we adhere

Then, under this assumption of existence, we consider solutions of the eigenvalue

equation
d’*P. a_ x
0= W; —(p+ NP+ ;2](;2)(20155,13(33)132)7
P, (3.11)
0=D 2 bP — (u+ N\ Pa,
i.e., the solutions of
bCy bC's )
2/ p+ 205 =2aG 15 | Co+ ———— ) | Ca + ,
SR ( ’ (—1+D)u> ( D)
3.12
o=2( /20, ¢ bCs o
D ‘T (14Dt A)
We solve it to get
2
bCl —OébG15 3
+A=|[{Cs+ )
8 ( (—1+D)u)1+x/T)
+A= <C , ) ot %(—7+£i)
a T 1+ D) 1+VD 2 '
e (c e ) —abG1s %(_;_ﬁi)
a " (1+Dyu)1+vD| 2 27
g
where ‘(Cz + (_fle)/J Zi%S 7 s positive and real. This outcome implies that

Hopf bifurcation is impossible in this case regardless of p values.

Proposition 3.2. There exists no Hopf bifurcation in system (3.9).

3.3.2. G2 = G22U1

Next, we consider the case that G5 is simple linear in Uy, i.e.,

o, _ U,

ot~ Ox2

U, 0%Us

o Pz

« X
— pUy + ?I(?)(Gn + G15U3),

(3.13)

X
s+ B 1)@t
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Provided that

2
(A1) A = 4p — 40°G15G1a ( PG b )> ,

2D p(1+ D

then system (3.13) exists a unique pinned pulse solution.
Under this assumption, the eigenvalues can be calculated by

3 bCy BGaa 1 b
+A)? =a@ (C+ >< +/\2—>. 3.14
WAt = (o) v Y ) B
.. . aBG15G bCy . abGis bCy
Similarly, denote By := % (C + 1+D)u)’ by = iﬂ@ (02 + (*1+D)M>’

we rewrite (3.14) as
Hl(t) = ts + Blt + E1 =0.

If By >0, By <0 and Hy(4/ _Bl) < 0, then there exist two real-valued positive
solutions. These two real-valued solutions merge and become complex-valued when

Hy(y/ *Bl) > 0. Hence, if

OébG15 ( bCl )
A2 Co+ ———F )] >0;
)15 v\ T 1 D)

(AS) apG15Ga (02 + Um“) > 0;

OZﬂG15G22 bCl % OébG15 bCl
) (PG (0o )+ Trvs (O o)

bC) aBG15Gas bC) :
— Gi5G C. C. _ >0,
s ( 2+(1+D)u>( 3 ( 2+(1+D)u>)

then there exists a pair of conjugate imaginary roots. According to the Shengjin
formula [17] of the cubic equation, this pair of conjugate imaginary solutions can
be calculated to be

t1 2 :% <\/ (901 +1/81C% + 12B3> \/ (901 \/81CF + 12B{>>>
3 2 3 3 3 2 3 .
/5 (901 + \/81C% +12B§ ) — 5 (90— \/81CF +12B} | | i.

Denote

1
npi= o <\/3 (9(11 +,/81C2 + 123%) + \/2 (901 — /8102 + 12B§>> :
n; = ? <\/2 (901 +4/81C7 + 1233> _ \/2 (901 — /8102 + 12B§)> :

then setting 1 = n2 — n? can give A = +2n,n;i. This equals to the condition

bC
(45) o = 27| 2 ~9abGs (Ca + )

+VA
2 1++vD
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v
|3 (900G (Co+ ) i
X = - VA
2 1++vD
2
(e )
2 2+2vD 2

2
vC
1, —27abG1s (02 + (,1+b)#> 3\/Z

2 2+2vVD 2

admits positive roots p, where

- e abGis \ bCt ) aBGnGis )\’
a=si((eriom) Trvp) (0 om) )

As a result, there is

Theorem 3.1. Assume that (A1), (A2), (A3), (A4) and (A5) hold, then there ex-
ists a Hopf bifurcation for system (3.13), where we denote this bifurcation parameter
value by fi.

Based on this, we proceed to study the existence of breathing pulses. First, we
transform the system (3.13) and get

dU -
o = LU + R(U, i), (3.15)
where
~ ~ O[G15 x 2
- - — I(—
U= [fl . R(U.j) = v+ €2 (Z)U: 7
U, —uUs
d? 200G x
wh e 1)
L= 5G P (3.16)
22 x A

We still use the function space X = (LQ(]RQ))27 y=2z= (HQ(]RQ))Q, and L : Z =
Y — X. Since the operator L is real, and the fact that its point spectrum is given
as A = +2n,n,i, we know the associated two-dimensional spectral subspace & is
spanned by the eigenfunctions P, P. And P = (P, P,)T satisfies

0?P ) o x
0= W; — (nf, — 77/12 + 2nrniz)P1 + ?I(?)(2G15F§ppg),
2P x
0=D O 22 bPl (n —TL +2’fLTTLZ )PQ"’E%I(?)(GQQP:[)

According to the parameter-dependent center manifolds Lemma 2.1, we have

U = U+ WUy, i), U € E, ¥(Uo, i) € Zp = Vn.
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Then, by applying the normal form Lemma 2.3, we find Uy = Vy + ®(Vp), Vo €
07 C &, which transforms equation (3.15) into the normal form

dV;
= LVo+ NiVh + p(Vo, f)-
We therefore have
U=Vo+¥(Vo, i), ¥(Vo,a) =@a(Vo) + ¥ (Vo + @(Vo), 1) (3.17)

Since Vyp(t) € &, it is convenient to write Vp(t) = A(¢t)P + A(t)P, A(t) € C, then

equation (3.17) can be transformed into an “amplitude equation” % =2n,n; A +

Ni(A, A) + p(A, A, i), which can be simplified further by Lemma 2.4 to be
dA 2 - T
i i2n.n; A+ AQ(|A|*, i) + p(A, A, fi). (3.18)

Here, Q(|A|?, i) = aji + b|A|*> + O((|it] + |A|?)?). Hence, equation (3.18) equals to

dA | - -

o= i2n,m; A+ aftA + b|A?A + O(|A|(|i] + |A]?)?).

We neglect the higher order terms p, which has no impact on our final analysis.
Then, by introducing polar coordinates A = re®, we obtain

dr

. d . -
a + zrd—(f = i2n,n;r +rQ(r?, i),

whose real and imaginary parts satisfy

dr - : -

S = avitr + b+ (el + %)),

@ _ 2n,.m; + aifi 4+ bir® + O((|f| + r%)?)
dt — s b 7 12 B
in which the real coefficients a,- and b, represent the real parts of a and b, whereas
a; and b; represent the imaginary parts of a and b. The key property of system
(3.19) is that the radial equation for r decouples, which corresponds to a pitchfork
bifurcation occurs at i = 0. If the bifurcation here is supercritical, then there exists
an oscillating solution near I',, which is called a breathing pulse. Therefore, figuring

out the values of coefficients a and b should be the next step. For this, differentiate

(3.19)

(3.17) with respect to ¢t and replace %&J and % respectively. There is
Dy, ¥ (Vo, i) LVy — LY (Vo fi) + NaVo = Q(Vo, o), (3.20)
where

QVo, i) = Ty (R(Vo + W (V, ), i) — Dy, ¥ (Vo, ))NiVo )

Here II,, represents the linear map that associates to a map of class C” the polyno-
mial of degree p in its Taylor expansion. We then write the Taylor expansions of R
and ¥ as follows:

RU,p)= Y Ru@9, 1) +o((|U[| + [I])7),
1<q+I<p

V(Vo, i)=Y (V@ 5D) + o((IVall + )P,
1<q+I<p
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with
Ra(UD,q0) = UV Ry, Wou(Vi?, i)y =it > AT A=W, 0.
q1+q42=q
By identifying in (3.20) the terms of order O(u), O(A?), and O(AA), we obtain

— L%yo1 = Rox,
(z4n,«nlz — L)\IJQOO = Rgo(P, P),
- LlI}llO = QRQQ(P, p)

Since o, = {£2n,n;i}, the operators L and (i4n,n;i — L) on the left sides are
invertible, so that WUgg1, ¥ogpo and Wq1g can b_e uniquely determined. Similarly, we
identify the terms of order O(uA) and O(A?A) to find

(L — i2nrn1;)\11101 = LLP — Rll(P) — 2R20(P, \11001), (321)
(L - i2nrni)\11210 =bP — QRQ()(P, \11110) - 2R20(P, \11200) - 3R30(P, P, P) (322)

We already known that ¢2n,n; is a simple isolated eigenvalue of L, the range of
(L —i2n,n;) is of codimension 1, therefore we can solve the above two equations if
and only if the right-hand sides satisfy one solvability condition. According to the
Fredholm alternative theorem (P.28 of [28]), it demands that the right-hand sides of
(3.21) and (3.22) are orthogonal to the kernel of the adjoint operator (L* 4 i2n,.n;).
It is easily to find that the kernel of the adjoint operator (L* + i2n,n;) is one-
dimensional just as the kernel of (L —42n,n;). Moreover, L* is real. So we introduce
the eigenfunction P* by L*P* = —i2n,n;P*, which gives

_ (R11(P) + 2R20(P, ¥01), P*)

(P, P*) ’
b— (2R20(P, V110) + 2Ro0(P, U200) + 3R30(P, P, P), P*)
(P, P*) '
G [(Z)U, V-
ACCOI‘diI’lg to (3.16), ROI = 0, Rll = —1, RQQ(U, V) = < (82) 22 5 R30 =
0
0, then
TPy T
b:fR‘lleP(%)QI(% Py(—L);' I(%)dx
(P, P*)
fR (292)2] (%) Py (2iwy — L)1 1(%)PPfdx

(P, P*) ’
where subscript 17 represents the location in this operator matrix and P* satisfies
(L* +1i2n,n;)P* = 0. By using the same method, P* can be solved as:

[a— 72n7 g,
bCﬁe

CreVh—i2nmniz 4 , zel”
(C1+ 5)(i— 2nmi)

bCs
P* xr) = C5 + ~ . ’ HAS I )
() (—1+%)(u—z2nrni) f

—y/AziZneng
bCgse D

(—1+ 3)(i — i2n,m;)’

— (L—1 rNGT
056 Vii—12n an‘i‘
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i—i2npn;
CgeV =7 oo xel],
P;(Z’): 067 xe]f7

_ a—i2npyng,
Cee VD " zelf.

Here, C5 and Cg are likewise required to satisfy existence constraints of the solution.

Then we divide the calculation of b into six parts as b = -2+ where
Li+La+Ls

. . o
I = / 4B (YS2 [(E By~ 1) T () Prda

2
s € € €

¢ aG T — . _ T S
+/ 2( 5;5)21(?)&(24%%_L)le(?)pgpfdx,

te aG f— P pp—
b= [ ARPCGR PGP L) ()P

+e G o o
+/ 2% 15)21(£)P2(i4nrni—L)l’lll(e%)Pngd:c,

xT

+o0
= [ apPCEE IR D

or
A . 6 = )Prdx
€

T aG T — . _ T —
+/ 2( 15)21(6—2)P2(z4nrni—L)Hll(g—Q)PQQPl*dx,

— 00

+e
Ly = [ Py (z) P} (x) + Po(x)P5(z)dx,

+oo
Ls = [F Pi(z) Py (z) + Py(x) Pj (x)dz.

For I, the operator (—L)j;' and (2iwy — L);; are bounded, the function P and P*
are bounded, I(Z3) is exponentially small. Hence, I; = 0 to leading order. Likewise,
we also have I3 = 0 to leading order. For I, something different happens. I(Z%)

is not exponentially small. However, to leading order, P, = Cy + %
and P} = C5 + (71+%)b(gi¢2nrm)’ which facilitates our calculation. For Lo, P and

P* are constants, so we have Ly = 0 to leading order. For L; and L3, since the
integration interval is symmetric and the integration function is an even function,

we get L; = L3 to leading order. In summary, b = 2IT21

Theorem 3.2. Assume that the real part of b is not equal to 0, then for the system

(3.13) a supercritical (resp. subcritical) Hopf bifurcation occurs at p = i when
b, <0 (resp., b. > 0). More precisely, for u sufficiently close to fi:

(i) Ifb. > 0 (resp., b, < 0), the differential equation has precisely one equilibrium
U(p) for p < i (resp., u > f1). This equilibrium is stable when b, < 0 and
unstable when b, > 0;

(i) If b, > 0 (resp., b. < 0), the differential equation possesses for u > i (resp.,
1< fi) an equilibrium U(u) and a unique periodic orbit U*(p) = O(|u — i|2)
which surrounds this equilibrium. The periodic orbit is stable when b, < 0 and
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unstable when b, > 0. Moreover, there exists a stable oscillating solution Iy
near I'y, which is given by

‘uﬂ

Fosc =T
: p T b

et Py e+ O(|p)).

Proof. The weakly nonlinear stability of the pinned pulse solution I'), near a Hopf
bifurcation is determined by

d
—dz = —fir + b.r® + O(r(|i| +1%)?),
d

where O-terms originate from the nonlinearity of R. The trivial equilibrium r = 0 of
the first radial equation is stable when i > 0 and unstable when i < 0. Moreover,
the radial equation has a nontrivial leading order equilibrium if and only if 72 = ﬁ
exists a positive solution 7* = O(||2). r* has opposite stability to r = 0, i.e., 7*
is stable if i < 0, while r* is unstable when i > 0. Moreover, according to (3.17),
U = A(t)P + A(t)P + U (A(t)P + A(t)P, i), which yields the expansion expression
for I'ys. as

oo = bﬁ P 4 c.e.+ O(|fi).
T
Uy =U, — T,
Back to the original system, i.e, reversing the transformation ¢ U, = Uy — Iy, We
B=p—p
come to the conclusion. O

Remark 3.2. Similar to Remark 3.1, when D = 1, the expressions need to be
modified. Not only this, P needs to be rewritten as

P ()

__ bC — . —
CseV fi—i2npniw medﬂiﬂnrmx(—lﬁ- 2 /:U' — zZnTnix), vel;,
bCs rT

D Yo T—
4(fp —i2n,n;)

x € If,
__ bC, e

Cye~ VA=2nmniz | 74(/1 — i26n n‘)ef M712"”“‘/’“’(—17 2v/fi — i2n.m;x), w® €I},

(3.23)

which leads to the change of all calculations.

3.3.3. G2 = G23U2

When G, is simple linear in Us, i.e., G2 = G23Us, the system admits the pinned
pulse solution, provided that

2
2 D—-D
(AG) A = 4[[1, — 4a2G11G15 ( b f > > 0.

(=14 D)1 2\/uD — BGas
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Analogous to (3.14), we can obtain a univariate cubic equation about /i + A. In
order to ensure the existence of Hopf bifurcation, we impose the following assump-

tions:

(A7) A > 0;
(A8) BGa3 — {’/—(66‘23)3 +3VD(-B + VA)
- i/—(BGgg)f’) +3vVD(—-B—VA) <0

(49) — ;\/ (~(5Ga)* +3VD(~B + V&)

- ;f/(—(ﬂezg)fﬁ +3VD(-B - \/Z))2

+ (BG23)? + BGas <</—(5G23)3 + 3\/5(—3 + \/Z)
+€/—(5G23)3 +3VD(-B - \/K)>
+2 {’/—(56’23)3 +3VD(-B+VA) ?/—(Bst)?’ +3VD(~B — VA) = 36Dy

admits positive roots p with
_QOzb\/»Gm(Cz + = {)J(:ID)M)

1++vD
( 648Dab\FG15(C'2+( ffb) )
X

1+vD

Theorem 3.3. Assume that (A6), (A7), (A8) and (A9) hold, then the system
considered here exists Hopf bifurcation when p = [i.

+ 12(5(;23)3) :

Now, there are

QG15 T
- —aly + —)U.
RO = " @),
—#Uz
d2 204G15 €z
£ (T
1 _ | dz? g2 (52) Zp
d? BGas .,
b DI -
dx? ot g2 (52)

Hence, a still equals to -1 and the calculation of b can be simplified to the same

expression b = m

Theorem 3.4. Assume that the real part of b is not equal to 0, then we get the
same conclusions as Theorem 3.2 with [ satisfies Theorem 3.3.

Besides, o, = @ gives the following remark according to Lemma 2.2:

Remark 3.3. The local center manifold Mo (u) = Vo + ¥(Vp, 1) considered in this
subsection is locally attracting.



Breathing pulses in perturbed RDEs 1759

Remark 3.4. Proposition 3.2, Theorem 3.2 and 3.4 deal with three simple situa-
tions, which involve only one nonlinear term and the simplest linear terms. For other
nonlinear (G; and linear G», we can also ascertain the conditions for the occurrence
of breathing pulses by using the same analytical approach.

3.4. (G5 is nonlinear and G, is linear

Then, we consider the case when G5 is nonlinear and (G is linear. Since we are
interested in mutually coupled systems, we may wish G; = G117 + G13Us and Gs =
Go1 + GooUy + GogUs + G24U12 + G25U22 + GogUrUg + ... Similarly, we study three

simple situations.

3.4.1. Gy = GuU?

First, we assume Gy is a function about UZ, i.e., Go = Go,U?. Then the pinned
pulse solution can be uniquely determined by the existence of non-degenerate solu-
tions, i.e., the assumption

2
D aGlgb 2

A10 (=26t ——— > 2 G11G13G

( ) u(u (\/E—I—l)\/ﬂ) a”fG11G13G24

holds. Moreover, we propose hypothesises:

(A11) 27DVDV* > 2aG13(8G24C1)* (1 + VD)
(A12) abGys > O;

o = (ovm (S m)) (o (S - 3))

18aDb 18aDb

+42/-3vVD (M —|—~/A> 3 _3vD <80sz _ ./A> =T72Dp
14++vD 14++vD

admits positive roots p, where

( 180[DbG13
1+vD

Therefore, there is

Theorem 3.5. Assume that (A10), (A11), (A12) and (A13) hold, then the system
considered above exists parameter i such that Hopf bifurcation takes place.

2
) — 24\/5 (QBG13G24C1)3 .

Here,
y —al,
R(U,/j’) = ~ G €T~
A (Eai
€ €

d2 OéGlg x
=g I(=
_ w2V g2 (52)
2BGay ,, @ 2

—-b+ = I(=)T1p D@
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Hence, we derive

a=—1,
4Py |2 (BC2 )21 (2P (= L) o I (Z) Py
b:fR | 1| ( 2 ) (52> 1( )22 (52) de
(P, P~)
o o 20215 Pilitn,n, — L)31(5) PEPida
(P, P~) '

Now, the operator (—L)y5; and (i4n,n; — L), are bounded, and we can obtain

b= 2%’1 by the similar analysis as before.

Theorem 3.6. Assume that the real part of above b is not equal to 0, then for the
system above, we get the same conclusions as in Theorem 3.2.

3.4.2. Gy = Ga3U2

Then, we assume G is a function about U3, i.e., Go = Ga5U3. For this system, its
pinned pulse solution must satisfy

4/EGH  AVDGuan  2b(Gra)A(D — VD)
(414) ( o * aBGas + 6\/ﬁ(1+D)GQ5>

16 2v/DuGiG
F (1o e 2EEE)

Also, we propose hypothesises:

oD -vD)\* _ 8D - VD) b0 E
(A15) 27D < ~1+D > ~ aGra(—1+ D) (ﬁG% <02 i (—1+m/ﬁ>) ’

bC4
(A16) Q/BG?S (02 + (1+D)ﬂ)

< aGis ({’/— <%(02 + %))3 4 3VD ( 18D \/Z)

aGis aGi3 aG13(\/5+1)
. 28G5 bCy )3 3vD ( 186D )
+1/— Ca+ + -VA) |,
\/ ( aGis (G (—1+ D)M) aGi3 \ aGi3(vVD +1)
where

18bD 2 96bvV/D [ BGas bC 3
aGlg(\/ﬁ—&— 1) \/5 +1 aGis )/L
a2(G13)2
36D

2
_ 13 28G5 bCy 3 suD 186D
= 2\/< ( G (C2 + (—1+D)u)> T aGis (aG13(\/5+1) + ‘/Z)

2
15 28G5 bCy 3 3D 186D
T 9 \/<_ ( aGis (02 + (—1+D)H)) T aGis (aG13(\/5+1) N \/E)

(A17)
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28G5 bCy )3 3vD ( 18bD )
+ Co+ + +VA
\/ (GG 3 m0) + e Gra(VD + 1)
b 3 18bD
y (25G25 (Co+ Cy )) 3vD ( 8 \/Z)
aGis (—1+ D)u aGi3 \aGi3(vV/D +1)

+
ﬁGgg) BG25 bCl 2
C 4
% <2+2(QG13( 2+ 1—|—D >)+ (OéGlg 2+(—1+D),U,)>

admits positive roots pu.

Hence, we derive

Theorem 3.7. Assume that (A14), (A15), (A16) and (A17) hold, then the Hopf
bifurcation takes place with the bifurcation parameter u = fi.

In this case, there are

. — iUy
R(U,ﬂ)— - G xr  ~
0y + PSR 1508
€ €
d2 OéGlg T
0 I(=
I — dez P g2 (62)
2 . 28Ga x ’
b D it (Gl
which give
a=-—1,
- Jo P2 (B2 1 (5)Po(—L)50 I(5) Py da
(P, P*)
| Ju 20082 1(2) Palidmyn, — L) 1(5) P Pyda
(P, P) '

Theorem 3.8. Assume that the real part of above b is not equal to 0, then for this
case, we get the same conclusions as Theorem 3.2.

3.4.3. GQ = G26U1U2
Finally, we consider the case when Go = GosU1Us, whose pulse solution can be

given if

bCq
2./uCy; = G Gz | C _ ,
ViCy a( 11+ 13(2+(1+D)H))
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admits non-degenerate solutions C7 and Cy. Correspondingly, the existence condi-
tion of eigenvalue function is that

bC
2\/M+/\03:Oé<G13 <C4+ 2 )),

(—L+D)(u+ )
ﬂG26CB

by BG26C1 bCs
D <02 * (=1+ D)M) * D <C4 A (—1+D)(pn+ /\)> (3.25)

ntAe 26Cs
D ‘T (C1+D)WuEa

admits non-degenerate solutions. Assuming that the existence assumptions about

(3.24) and (3.25) hold, then there exists a parameter [i such that this system un-

dergoes a Hopf bifurcation. We omit the exact expression here due to its verbosity.
Note that in this case

=2

R(U, ) wid
7/"& = - G x ~ ~ b
— iU, + Bg;“ﬂ'(?)UlU2
d2 OéGlg T
4 5 Jia
I — dx? s g2 (52)
ﬁGQG X d2 " IBGQG xr ’
“bt 5 H(Z)ep Do — it 5 1)y
ie.,
Ro1 =0, R 1, Roo(U,V) ( 0 ) Ry =0
01 = Y, 11 = —1 20 ) = G €T 5 30 = U.
526361(;2)(&1/2 + ViUs)

In this case, we can still calculate a and b. However, the calculation of b requires
many lengthy equalities so we will not delve into more detail here.

Remark 3.5. Theorem 3.6 and 3.8 study the situations where G5 exhibits the
simplest nonlinearity. When G5 involves more nonlinear terms, we can still analyze
in a similar way.

Also, 0, = @ gives the same remark:

Remark 3.6. The local center manifold Mg (u) = Vi + ¥(Vo, 1) considered in this
subsection is locally attracting.

Remark 3.7. In the Subsections 3.3 and 3.4, we use the assumption that the real
part of b is nonzero, which can be removed if we consider the higher order terms
like O(AJA|*) ete.

3.5. A concrete example

To illustrate the above Remark 3.4, we present a specific example, which was pre-

viously proposed in [12] to analyze the Hopf bifurcation. The system we are con-

sidering is ,
% = % — Uy + %I(%)(UQ + 140U,
Uy _ ,0°Us V3
ot o2 3

(3.26)

2 _x
Uy — pUs + ?I(?)(Ul +2).
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For this system, if polynomial equations

- cé 3
VG = G+~ 114G,

3v3

e : ; (3.27)
~ B JA, 1
C1+2—4< 5 CQ+3\/@>

admit non-degenerate solutions C, and Cy. Tts pinned one-pulse solution, to leading
order, can be given as

~ 1w C
~ Che 2 ! eVhT, xel,
Cievie g el;, c 3v3p
Ui p(z) = Cy, zely, Usplz) =14 Co+ ﬁ xely,
Cre Vie g elf, o H G
Coe + —2 e Vi gpeTf.
3v3u
By calculation, equations (3.27) equal to
~ 3 3V3u—2—-6y3up ~
Chv + Ch+1+ =0. 3.28
vy/1Ch 635 1 N (3.28)
If we consider the small nonlinearity as perturbations to the linear G, we may
as well assume v < 1. Then (3.28) can be solved as: C, = %,
Coy = 6V3ppt3v3n 74@72, to leading order. The eigenvalue problem about this

6\/§u2—3\/§M+2\/ﬁ~ N - B R
pinned 1-pulse solution I'y(z) = (I'1 ,T2)T = (U1 p(x) + O(e), Us p(x) + O(e))T is

d? 2 g
0= B — (utNp1 + 515 (o + 30T o),
P2 /3 ) (3.29)
P2 x
O=d-5 —5Pn- (L +N)p2 + ;21(;2)(101)»
and its eigenfunction
CaeVitre — ge I,
ﬁl(x) = 63, T e If,
Cae VEH e ge IH,
Cre 5 + Le”‘“‘m, rel;,
3VB(u+A)
. . Cs
Py(x) =4 Cy+ ——0, x €y,
Cre™52 _ % - WA g eIt
3vV3(n+ ) °
must satisfy 3
ViFACy = G+ —— 2 306,%C
K 3 4 3\/§(N Y 1 U3,
(3.30)

= Vit )\CN4 03
Cs=14 .
2 RIVEIVITE=DN
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To leading order, the equation (3.30) is equivalent to (v/iz + X)® — 7”‘;)‘ +-1_—o.
Its solutions are

<1izf><é<f\ﬁ+¢§>>%+ ( +iv3)
>3 TR

t3=—(;(—\/§+\/§))§~ : \[+\[ -

Therefore, when i = %(4 — \3/3 +2V2 - 3/3 — 24/2), Hopf bifurcation takes place
and oy = 0g = {tiwg} = {i§(€/3+2\f -3 2v/2)i}. We denote the
eigenfunction at the Hopf bifurcation as (}51, PQ)T. Then, in order to unfold this
bifurcation, we transform system (3.26) to

t1,0 =

win
M

w\m
who

d v d? 2
~ 2 i -
U,y B dx 9.2 + ( )(3 F ) ?I(?) U,
dt \f 2 2 ) \g
3 2[(52) 4@ — 2 (331)
2 . .
. —,uU1+ (62)(VU§+3VU12F17P)
— iU
where Ry = 0, Ry = —1, Rpo(U,V) = (F'@IaU | o v,w) =
(2”( )OUIVIWI) Therefore, to leading order, we have
— L% =0,
6v  x ~ -
—1(=)U1 PP
(QZUJH 7L)\Il200 — (62 (82(3 1,p 1>’
12v 2z ~ =

— LW¥1y0 = (52 €

Owing to the fact that 2iwgy and 0 do not belong to o(L), we can derive the leading
order expressions for Woog and ¥q1g as

CreVitivne o [

\1120071(33‘) = (/;7, €T € If,
Cre~Vit2ionz g e [t

v 3C VT
C’se\FTM + \f?e—,, rel,,
3(3f1 + Siwgr)
V3G
3(3,&—i-SZ'WH)7
 vme f3Ce VAT
Cgeéﬁ—k\[?? - , welf,
3(341 + 8iwr)

Wa00,2(w) = { Cs + xely,
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C’ge\/f“”, zel;,
W110,1(z) = { Co, x € Iy,
Cgei\/ﬁw, x € I;r’

- Vhe 3C7 .
01()6\/; +LA7€\/E%, LL'EIS_,
9
- 3C
Ui19,2(z) = Clo—l—LA?, x € Iy,
9
Y e 3C _
0106 \éﬁ —F%ei\/ﬁx, ZEEI;L,
il

with C and Cg satisfy

2/ i + 2iwg Cr = 6vC?Cr + 2 <+3\/§C7> + 6vCy|Cs?,

(31 + 8iwpr)
. . (3.32)
}Cﬂ _9 ViCs n V3Cr Vi + 2wy
2 T 2 334 + Siwy) )’
Cy and Cyg satisfy
2\/;56’9 = 61/6’126’9 +2 <610 + \/9559> + 12VC~’1|C~’3|2,
(3.33)

1 2(@% +¢§ég>_

ZCy =
27 2 9Vir

f2,1+f2,2+f2,3

Therefore, we can derive the expression of b as b = 5 , where
. 120 L x ~ ~ =~ [ = 4v/3C5
I, = —1(=)C1C3Cy | C5 — ———— | dx,
2,1 /_E 22 (52) 103 9( 5 g(ﬂ_in)> x
. 120 2 ~ =~ [ 4/3Cs
Iro = —1(=)C1C3C7 | C5 — ———— | dx,
2,2 /_E c2 (52) 13 7( 5 9(,&—in)> €z
. 12w g A 4/3Cs
Iy 3 = ——I(5)C2C5| C5 — ————|d
2,3 [s 22 (52) 3 3( 5 9(/2—in)> x,
- s JAtiene
—o0 (i — iwpy)
+((Va+ivyg — ———— e 2
<( S 3\/§(ﬂ+mH)>
b ) e | da
3V3(f +iwn)

When p = 0.1 < i, v = —0.001, ¢ = 0.1, by numerical calculation, a = 1, b =
—1.49318+3.7192i. By Theorem 3.2, system (3.26) admits a stable periodic solution,
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whose numerical simulation is shown in Figure 1. This result is consistent with the
numerical simulation in Figure 5(b) [12]. If we change v to 0.001, then there are
a =1, b= 1.49318 — 3.71924, which leads to an unstable equilibrium like Figure 2.
If we set bifurcation parameter p to be 0.2, i.e., u > fi, then we have Figure 3 when
v = 0.001 and Figure 4 when v = —0.001.

| — . [ 1
L A - - P

Figure 3. b, > 0, u > f1. Figure 4. b, <0, u > f1.

4. Discussion

This paper presents a research inspired by numerical simulations in a linear reac-
tionsCdiffusion system with strong spatially localized impurities [12] and the tech-
nical approach of Hopf normal form advocated in [34]. It demonstrates that intro-
ducing a small nonlinearity to the fast variables can stabilize the stationary pulses
that would otherwise blow up, and create new stable oscillating pulses when the
stationary pulses undergo a Hopf bifurcation, which is exhibited above and numeri-
cally verified in Subsection 3.5. This confirms once again that the Hopf bifurcation
could be the birthplace of breathing pulses [18]. Besides, Subsections 3.3 and 3.4
present a series of simple nonlinear cases in which the breathing pulses may emerge
around the Hopf bifurcation when specific conditions are satisfied.

Furthermore, the center manifold associated with the Hopf bifurcation can be
expanded not only up to third order as we already emphasized in Remark 3.7. Thus,
our next step is to implement the fifth order expansion around the generalized
Bautin point. Correspondingly, the non-zero assumption for b, will be replaced,
and the normal form will be changed to

dA

o= iw A+ (apft + a1 i?) A+ (bo + b1 ) A| A + cA|A|* + o(|a]?, | AP).
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It involves more calculations and more inverse problems, while the descriptions for
the dynamically modulated pulse amplitudes are available, whose amplitude may
be quasiperiodically or even chaotically modulated [35].

Moreover, a detailed unfolding of a Bogdanov§CTakens bifurcation [1,30] or
a Dumortier§CRoussarie $CSotomayor bifurcation [15] of a localized pinned pulse
solution is expected to be continued based on our paper and the analysis in [34].
In this case, the multiple eigenvalue A\ = 0 must be analyzed separately. In turn,
these results may serve as a first analytical step towards understanding the pattern
formations [11]. As stated earlier, oscillating fronts also play an important role in
understanding these phenomena analytically, as shown in [10]. However, whether
explicit expressions for pinned fronts (and, more importantly, their eigenfunctions)
can be given is an important prerequisite. According to [9] and [31], it can be solved
easily and the normal form expansion parameters can therefore be evaluated. In
particular, the analysis procedure is also valid for multi-pulses in [9], which are
composed of piecewise periodic solutions with explicit expressions. Especially, the
evenness of the eigenfunctions can bring great convenience in calculating the normal
form expansions.

Acknowledgements

The authors are grateful to the anonymous referees for their useful comments and
suggestions.

References

[1] M. Argentina and P. Coullet, Chaotic nucleation of metastable domains, Phys.
Rev. E., 1997, 56(3), R2359.

[2] R. Bastiaansen, P. Carter and A. Doelman, Stable planar vegetation stripe
patterns on sloped terrain in dryland ecosystems, Nonlinearity, 2019, 32, 2759—
2814.

[3] P. C. Bressloff and S. E. Folias, Front bifurcations in an excitatory neural
network, SIAM J. Appl. Math., 2004, 65(1), 131-151.

[4] P. C. Bressloff, S. E. Folias, A. Prat and Y. X. Li, Oscillatory waves in inho-
mogeneous neural media, Phys. Rev. Lett., 2003, 91(17), 178101.

[5] P. C. Bressloff and Z. P. Kilpatrick, Two-dimensional bumps in piecewise
smooth neural fields with synaptic depression, STAM J. Appl. Math., 2011,
71(2), 379-408.

[6] P. Carter and A. Doelman, Traveling stripes in the Klausmeier model of vege-
tation pattern formation, STAM J. Appl. Math., 2018, 78(6), 3213—-3237.

[7] W. Chen and M. J. Ward, Oscillatory instabilities and dynamics of multi-spike
patterns for the one-dimensional Gray-Scott model, Eur. J. Appl. Math., 2009,
20(2), 187-214.

[8] W. Chen and M. J. Ward, The stability and dynamics of localized spot patterns
in the two-dimensional Gray-Scott model, STAM J. Appl. Dyn. Syst., 2011,
10(2), 582-666.



1768 J. Li, Q. Yu & Q. Zhang

[9] Y. X. Chen, J. Li, J. H. Shen and Q. Zhang, Pattern formations in nonlinear
reaction-diffusion systems with strong localized impurities, J. Diff. Eqgs., 2024,
402, 250-289.

[10] M. Chirilus, P. van Heijster, H. Tkeda and J. D. Rademacher, Unfolding
symmetric Bogdanov—Takens bifurcations for front dynamics in a reaction—
diffusion system, J. Nonlinear Sci., 2019, 29, 2911-2953.

[11] S. Coombes, P. B. Graben, R. Potthast and J. Wright, Neural Fields: Theory
and Applications, Springer, 2014.

[12] A. Doelman, P. van Heijster and J. H. Shen, Pulse dynamics in reaction—
diffusion equations with strong spatially localized impurities, Philos. Trans. Roy.
Soc. A, 2018, 376, 1-20.

[13] A. Doelman, T. J. Kaper and K. Promislow, Nonlinear asymptotic stability of
the semistrong pulse dynamics in a reqularized Gierer-Meinhardt model, STAM
J. Math. Anal., 2007, 38(6), 1760-1787.

[14] A. Doelman, T. J. Kaper and P. A. Zegeling, Pattern formation in the one-
dimensional Gray-Scott model, Nonlinearity, 1997, 10(2), 523.

[15] F. Dumortier, R. Roussarie and J. Sotomayor, Generic 3-parameter families
of vector fields on the plane, unfolding a singularity with nilpotent linear part,
the cusp case of codimension 8, Ergodic Theory Dynam. Systems, 1987, 7(3),
375-413.

[16] M. Eslami, M. Kanafchian and G. Oppo, Oscillatory and chaotic regimes of
patterns and dark cavity solitons in cavities displaying EIT: Static multihead
dual chimera states, Chaos Solitons Fractals, 2023, 167, 113080.

[17] S. J. Fan, A new extracting formula and a new distinguishing means on the
one variable cubic equation, Natur. Sci. J. Hainan Teacheres College, 1989, 2,
91-98.

[18] W. J. Firth, G. K. Harkness, A. Lord, J. M. McSloy, D. Gomila and P. Colet,
Dynamical properties of two-dimensional Kerr cavity solitons, J. Opti. Soc.
Amer. B-Opti. Phys., 2002, 19, 747-752.

[19] S. E. Folias and P. C. Bressloff, Breathing pulses in an excitatory neural net-
work, STAM J. Appl. Dyn. Syst., 2004, 3(3), 378-407.

[20] S. E. Folias and P. C. Bressloft, Stimulus-locked traveling waves and breathers
in an excitatory neural network, STAM J. Appl. Math., 2005, 65(6), 2067-2092.

[21] A. Gierer and H. Meinhardt, A theory of biological pattern formation, Kyber-
netik, 1972, 12, 30-39.

[22] D. Gomila, P. Colet, M. A. Matias, G. L. Oppa and M. S. Miguel, Localized
structures in nonlinear optical cavities, Topical Problems of Nonlinear Wave
Physics, SPIE., 2006, 5975.

[23] S. S. Gopalakrishnan, M. Tlidi, M. Taki and K. Panajotov, Breathing of dis-
sipative light bullets of nonlinear polarization mode in Kerr resonators, Optics
Letters, 2022, 47(15), 3652-3655.

[24] P. Gray and S. K. Scott, Autocatalytic reactions in the isothermal, continuous
stirred tank reactor: Isolas and other forms of multistability, Chem. Eng. Sci.,
1983, 38(1), 29-43.



Breathing pulses in perturbed RDEs 1769

[25]

28]
[29]
[30]
[31]
[32]

[33]

S. V. Gurevich, S. Amiranashvili and H. G. Purwins, Breathing dissipative soli-
tons in three-component reaction-diffusion system, Phys. Rev. E., 2006, 74(6),
066201.

M. Haragus and G. Iooss, Local Bifurcations, Center Manifolds, and Normal
Forms in Infinite-Dimensional Dynamical Systems, London, Springer, 2011.

C. K. R. T. Jones, Geometric singular perturbation theory, Dynamical Systems:
Lectures Given at the 2nd Session of the Centro Internazionale Matematico
Estivo (CIME) Held in Montecatini Terme, Italy, June 135C22, 1995, 1994,
44-118.

T. Kapitula and K. Promislow, Spectral and Dynamical Stability of Nonlinear
Waves, New York, Springer, 2013.

S. Koga and Y. Kuramoto, Localized patterns in reaction-diffusion systems,
Prog. Theor. Phys., 1980, 63(1), 106-121.

Y. A. Kuznetsov, I. A. Kuznetsov and Y. Kuznetsov, FElements of Applied
Bifurcation Theory, Vol. 112. New York, Springer, 1998.

J. Li, J. H. Shen and Q. Zhang, Pinned pulses in nonlinear reaction-diffusion
equations with strong localized impurities, Internat. J. Bifur. Chaos, accepted.

A. L. Shil’Nikov, L. P. Shil’Nikov and D. V. Turaev, Normal forms and Lorenz
attractors, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 1993, 3(5), 1123-1139.

D. Turaev, A. G. Vladimirov and S. Zelik, Long-range interaction and syn-
chronization of oscillating dissipative solitons, Phys. Rev. Lett., 2012, 108(26),
263906.

F. Veerman, Breathing pulses in singularly perturbed reaction-diffusion systems,
Nonlinearity, 2015, 28(7), 2211.

F. Veerman and A. Doelman, Pulses in a Gierer-Meinhardt equation with a
slow nonlinearity, STAM J. Appl. Dyn. Syst., 2013, 12(1), 28-60.

A. G. Vladimirov, S. V. Fedorov, N. A. Kaliteevskii, G. V. Khodova and N.
N. Rosanov, Numerical investigation of laser localized structures, Journal of
Optics B: Quantum and Semiclassical Optics, 1999, 1(1), 101.

M. J. Ward and J. Wei, Hopf bifurcations and oscillatory instabilities of spike
solutions for the one-dimensional Gierer-Meinhardt model, J. Nonlinear Sci.,
2003, 13, 209-264.

M. J. Ward and J. Wei, Hopf bifurcation of spike solutions for the shadow
Gierer—Meinhardt model, Eur. J. Appl. Math., 2003, 14(6), 677-711.



	Introduction
	Notations, hypotheses and lemmas
	Existence of breathing pulses
	The existence and stability of the pinned pulse
	G1 and G2 are linear
	G1 is nonlinear and G2 is linear
	G2=G21 
	G2=G22U1 
	G2=G23U2

	G2 is nonlinear and G1 is linear
	G2=G24U12
	G2=G25U22
	G2=G26U1U2

	A concrete example

	Discussion

