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ALTERNATIVE WAVELETS FOR THE
SOLUTION OF VARIABLE-ORDER
FRACTAL-FRACTIONAL DIFFERENTIAL
EQUATIONS SYSTEM WITH POWER AND
MITTAG-LEFFLER KERNELS

Parisa Rahimkhani®f and Salameh Sedaghat?

Abstract In this paper, a procedure based on the fractional-order alternative
Legendre wavelets (FALWSs) is introduced for solving variable-order fractal-
fractional differential equations (VFFDESs) system with power and Mittag-
Leffler kernels. An analytic formula is obtained for computing the variable-
order fractal-fractional integral operator of the FALWs by employing the reg-
ularized beta functions. The presented method converts solving the primary
problem to solving a system of nonlinear algebraic equations. To do this, the
variable-order fractal-fractional (VFF) derivative of the unknown function is
expanded in terms of the FALWs with unknown coefficients at first. Then, by
employing the properties of the VFF derivative and integral, together with the
collocation method, a system of algebraic equations is obtained, that can be
easily solved by the Newton’s iterative scheme. An error upper bound for the
numerical solution in the Sobolev space is obtained. Finally, different chaotic
oscillators of variable-order are solved in order to illustrate the accuracy and
validity of the suggested strategy.

Keywords Alternative Legendre wavelets, variable-order fractal-fractional
differential equations, collocation method, numerical method, error estimate.
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1. Introduction

Fractional calculus is a hot topic of research that investigates various real-world
problems, such as propagation of spherical flames [14], fluid mechanics [13], vis-
coelastic materials [5, 15], electromagnetism [7] economy [1], etc. Notice that the
main reason for employing fractional operators in modeling various phenomena in
engineering and physics is their ability to accurately describe processes with genetic
and memory properties [19]. We remind that in recent years, various numerical
techniques have been developed to solve fractional differential equations (FDEs),

TThe corresponding author.
1Faculty of Science, Mahallat Institute of Higher Education, Mahallat, Iran
2Department of Mathematics, Buein Zahra Technical University, Buein Zahra,
Qazvin, Iran
Email: rahimkhani.parisa@gmail.com(P. Rahimkhani),
rahimkhani.parisa@mahallat.ac.ir(P. Rahimkhani),
salameh.sedaghat@gmail.com(S. Sedaghat),
s.sedaghat@bzte.ac.ir(S. Sedaghat)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20240117

Alternative wavelets for the solution of ... 1831

because analytical solutions of these problems are either impossible or only possible
with unrealistic simplifications. Some of these algorithms are Miintz wavelets [22],
Chelyshkov wavelets [17], fractional Chelyshkov wavelets [27], Taylor wavelets [37],
fractional-order general Lagrange scaling functions [32], fractional-order Genocchi
deep neural networks [20], Touchard-Ritz [30] algorithm etc.

In 2017, Atangana [3] introduced some new differential operators such as con-
volution of power, exponential and generalized Mittag-leffler functions with fractal
derivative. These new definitions were called fractal-fractional differential oper-
ators. Indeed, a fractal-fractional operator is made up of the concepts of frac-
tional differentiation (which have the non-local property) and fractal derivative
(which have local property) in a single differentiation. In fact, the main purpose
of fractal-fractional differentiation is to effectively represent fractal dynamics by
substituting fractal time with continuous time. Similarly, if the system is frac-
tal differentiable, then the fractal order derivative is proportional to t#~1. It is
highly successful in the mathematical modeling of different areas of science, such
as chaotic different problems [4], Ebola virus [35], drilling system [3], finance [38],
etc. This fact prompts researchers to use numerical schemes to obtain approx-
imate solutions for such problems. For instance, Miintz-Legendre polynomials
scheme for the numerical solution of fractal-fractional 2D optimal control prob-
lems (FFOCPs) [29], Legendre polynomials method for approximation of nonlinear
FFOCPs [9], shifted Chebyshev cardinal functions for the numerical solution of cou-
pled nonlinear fractal-fractional Schrodinger equations [10], shifted Vieta-Fibonacci
polynomials method for solving fractal-fractional fifth-order KdV equation [11],
spectral collocation method involving the shifted Legendre polynomials for solving
fractal-fractional Kuramoto-Sivashinsky and Korteweg-de Vries equations [36], and
Lagrange polynomials method for solving fractal-fractional Michaelis—Menten en-
zymatic reaction model [2], generalized Lucas wavelet method for solving nonlinear
fractal-fractional optimal control problems [31], fractional shifted Morgan-Voyce
neural networks for solving fractal-fractional pantograph differential equations [21].

A new type of fractal-fractional calculus gave birth to a new class of integral
and differential equations such that there is not much work in the literature in this
regard. The variable-order fractal- fractional calculus is defined as the extension
of the constant-order fractal-fractional one. By this generalization, the order of
fractional and dimensional of fractal are allowed to take any given function. Due to
the memory property of such operators, they become a powerful tool for modeling
complex systems in science and engineering [18]. Since these equations are highly
complex, solving them analytically is difficult. Recently, few researchers have pre-
sented numerical schemes for solving VFFDEs. Aguilar et al. [39] applied artificial
neural networks for solving fractal-fractional Mittag-Lefller differential equations of
variable-order where the neural network is optimized by the Levenberg-Marquardt
algorithm. Pérez and Aguilar [34] proposed a numerical method based on the La-
grangian piece-wise interpolation for delay VFFDEs with power, exponential and
Mittag-Leffler laws.

In recent years, there has been an increasing interest in using wavelets for solving
different classes of problems. The main reasons for such widespread applications
are due to the fact that (i) after discretization, the coefficients matrix of algebraic
equations is sparse. (ii) The solution is of multiresolution type. (iii) The wavelets
scheme is computer oriented; so, solving higher-order equations becomes a matter of
dimension increasing. (iv) The solution is convergent, even if the size of increment is
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large. In recent years, different classes of wavelets have been applied for the approx-
imate solution of diverse problems. For instance, Bernoulli wavelets for fractional
differential equations system [28], Hahn wavelets for fractional integro-differential
equations [23], Legendre wavelets for fractional delay-type integro-differential equa-
tions [16], Bernstein wavelets for distributed-order fractional optimal control prob-
lems [24], and Taylor wavelets for initial and boundary value problems of the Bratu-
type equations [12].

Since, there is a limited number of study related to the VFFDEs systems in
the Caputo and Atangana-Riemann-Liouville sense, the following objectives in this
paper are considered:

1. Defining a novel class of systems of variable-order fractal-fractional differential
equations involved with derivatives in the Caputo and Atangana-Riemann-
Liouville senses.

2. Introducing an exact formula for computing variable-order fractal-fractional
integral operator (VFFIO) in terms of the regularized beta functions for the
FALW .

3. Presenting a feasibility and effectiveness strategy based on this operator and
FALWS for the numerical solution of such problems.

So, we concentrate on the following class of VFFDEs system:

oDEWPOZ (1) = Fi(t,21(8),Z2(t), ..., E0(t)),
oDEDPO =, (1) = Fy(t,24(8),20(t), ..., E0 (1)),

oDy POE, (1) = Fi(t,2

m
=
[
(3]

=
[0
=

with the initial conditions
Zi(0) = pi, i=1,2,...,7 (1.2)

where r is a given natural number, F; for ¢ = 1,2,...,r are continuous functions,

oD} (5 shows the variable-order fractal-fractional derivative of order (a(t), B(t))

in the Caputo (§FFDXP") or Atangana-Riemann-Liouville (ARLFFDE1-A(1))
sense, and g; for ¢ = 1,2,..., 7 are given real constants.
In this work, we first construct an exact formula for the VFFIO of the FALWs

by using the regularized beta function as
§rrT OO @) = X (1,a0), A1), 0), (13)

for the variable-order fractal-fractional integral (gFFIta(t)’B(t)) of order («(t), 8(t))
in the Caputo sense, and

éRLFFI:v(t),B(t)\I,(G)(t) = A(t,a(t), B(t),0), (1.4)

for the variable-order fractal-fractional integral (§FLFFT (t)’ﬁ(t)) of order («(t),
B(t)) in the Atangana-Riemann-Liouville sense. Then, the functions (D' (©).6 (t)Ei(t)

for i = 1,2,...,r are approximated by the FALWs with unknown coefficients. By
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using these approximations, the VFF integral operators and the initial conditions,
we approximate the functions E;(t),7 = 1,2,...,r. By substituting these approxi-
mations in the main problem, an algebraic system of nonlinear equations including
unknown coefficients is obtained. Finally, this system is solved by the Newton’s
iterative method. The main advantages of the proposed method are:

e A small value of alternative Legendre wavelets is needed to achieve high ac-
curacy and satisfactory results.

e By using this algorithm, considered problem is reduced into a system of alge-
braic equations that can be solved via a suitable numerical scheme.

e The obtained numerical solution with this method is a continuous and differ-
entiable solution, also these solutions satisfy the initial conditions.

e This algorithm can be easily implemented to estimate the solution of VFFDEs
defined on large intervals.

e There are two degrees of freedom (k, M) for wavelets but one degree of freedom
(M) for polynomials.

e We obtain variable-order fractal-fractional integral operator of alternative
Legendre wavelets without any error.

The rest of this paper is organized as follows: Section 2 recalls some useful
definitions about fractal-fractional calculus and alternative wavelets. Section 3 in-
troduces an exact formula for computing the VFFIO of the FALWs by applying the
regularized beta function. Section 4 formulates the mentioned algorithm. An error
upper bound for the numerical solution in the Sobolev space is obtained in Section
5. Section 6 presents three numerical examples to show the accuracy and efficiency
of the proposed scheme. Finally, the main conclusions of the study are highlighted
in Section 7.

2. Useful definitions

In this section, we recall some main definitions about fractal-fractional calculus and
FALWs.

2.1. Fractal-fractional operators

In the continuation, we review some well-known fractal-fractional derivative and
integral operators.

Definition 2.1. The Mittag-Leffler function for one-parameter and two-parameter
are defined as follows, respectively [8]

o0 tr
E = - + 2.1
9 (t) ;FWH), 9 € R* teR, (2.1)
and
oo tr
E :E - + . 2.2
9.0 (%) TGo+1) %€ R, teR (2.2)

r=0
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Definition 2.2. ( [34]) The Caputo variable-order fractal-fractional derivative of
order (a(t), 5(t)) of the differential function Z(t) is given by

1 d K
CFF o) A=) _ / _ g)aldg 2.
0 Y ®) T(1—a(t)) dtF® J, (t—s) (s)ds, (2:3)

where 0 < «f(t), 8(t) < 1.

Definition 2.3. ( [34]) The Caputo variable-order fractal-fractional integral of or-
der (a(t), B(t)) of the continuous function =(t) is given by

« —_ t ' alt)— )
§rrT P 0a) = rﬁf&» [u—srmonz @ e

Definition 2.4. ( [34]) The Atangana-Riemann-Liouville variable-order fractal-
fractional derivative of order («(t),5(t)) of the differential function Z(t) is defined
as

a(t),B(t) = Cla d ' o —5)*W] 2
ARLFF ¢ (),8( ):(t) = (_S()t)) W/O B {M} =(s)ds, (2.5)

where 0 < a(t), 8(t) < 1,C(a(t)) = 1 — a(t) + pralyy» and Eqy(t) is the Mittag-
Leffler function.

Definition 2.5. ( [34]) The Atangana-Riemann-Liouville variable-order fractal-
fractional integral of order (a(t),5(t)) of the continuous function Z(t) is defined
as

gRLFFI?(t)ﬁ(t)E(t)

_aBW) [, a1 8015 g)gs 4 SO = DO
AR AT

2.2. Fractional alternative Legendre wavelets

The FALWSs are defined on [0, h) as: [27]
s k—1 A -
o | Ve D627 ALY <2ht - n) , Q%h <t< %h,
U (1) =
0, otherwise,
(2.7)
where ALfs?m(t) denotes the fractional-order alternative Legendre functions
(FALF's) defined on [0,1).

The FALFs are defined by putting ¢’ (§ > 0) instead of ¢ in the alternative
Legendre polynomials as [25]

m m—m m+r+1
ALY () = 3 (=) 0 m= 0,1, (2.8)

r=m r—m m-—m
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Theorem 2.1. ( [25]) The FALFs are orthogonal with respect to the weight function
W@ (t) =01 on [0,1], that is

) <e> _ Om,n
/AL AL, (Ot = Gt

Figure 1 shows the graphs of the FALWs with 6, ¢ € [0, 1] where (k = 2, M = 10)
and (k =3, M =38).

O - mow

Figure 1. The graphs of the fractional-order alternative wavelets with 6, ¢ € [0, 1] where (k = 2, M = 10)
(up) and (k = 3, M = 8) (bottom).

3. Variable-order fractal-fractional integral opera-
tor of the FALWs

In this section, we calculate the variable-order fractal-fractional integral operator
of FALWs in the Caputo and Atangana-Riemann-Liouville senses. For this aim, we

first introduce the regularized beta function I(¢;a,b) for given real numbers a and
b as [6]

I(t;a,b) = %/{) 5711 — 5)lds. (3.1)
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3.1. Variable-order fractal-fractional integral operator with
the CFF

Lemma 3.1. The Caputo variable-order fractal-fractional integral of the function
tY for v > 0 is obtained as

FFra(t),B(t) vy _ BOTBE) +7) Lo t)+v—1
SO =m0 (82)

Proof. By using the definition of the Caputo fractal-fractional integral given in
Eq. (2.4), we get

PR 55)
B0 [ s oo
- F(Of(z))/o POt — 5)2 0 s
) /t Bey+r—1 (8P o)1 s\em-1 s
“tamy ), G e () e

By the change of variable y = %, and considering the definition of the regularized
beta function (3.1), we have

gFFIta(t),B(t)(tv) (3.4)

_ B ta(t)+ﬁ(t)+'y1/1y6(t)+'yl(1 — y)e-1gy
[(a(t)) 0

_ BOLBEO +7) ja@w+pt)+y-1
L(a(t) + B(t) +7) '

O

Theorem 3.1. The Caputo variable-order fractal-fractional integral of the term
Y ue(t) for v >0 is given by

R A ()

__BMOLBE) +9) (o) +B(t)+y~1
L(a(t) + B(t) +7)

where . s defined as

(3.5)

(1= 1 (5,80 +7a)) el

1, t>c,

0, otherwise.

Proof. We can conclude that the both sides of Eq. (3.5) are identically equal to
zero over the interval [0, ¢). Therefore, we can let ¢t > ¢, then u.(t) = 1. By using
the definition of the Caputo variable-order fractal-fractional integral expressed in
Eq. (2.4) for t > ¢, the following relation is achieved:

ST PO 7, (1))
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t
= 0 [0 s
0

[(af(t))
_ r(ﬁofg)) /Ot(t _ )-8+ gg F(Bofg)) /oc(t _ )-8+
_ gFFIta(t),B(t) () — F(ﬂofg)) /Oc(t — ) O=1gB+—1 g4
_ CPRa080) ) _ 1“(6052)) /OC ja(t)—1 (1 _ ;)“(t)*ltg(t)ﬂ_l (i)ﬁ(t)wlfja

Applying the change of variable y = 7, and the regularized beta function (3.1),
yield

T (e (1)

t) i
_ CFF7a.5(0) (pyy _ Bl toz(t)+ﬁ(t)+'yfl/ 1 — ye®—1, B0 +r-1,

(3.7)
o0 PO £ty )
_ _BOTEO ) aiswia (1 1C .
“Tauasgayt O (116 A0 + v a).
This completes the proof. O

Theorem 3.2. The Caputo variable-order fractal-fractional integral operator of the
vector WO (t) can be given by

CrFTeMBO GO (1) = Y(t, a(t), B(£), ), (3.8)

where

0 0 0
WO () = [ a0y (0 S O], (3.9)

s 0 alt), [
T(t, o), 8(1).6) = [§7F L0 @ 4 0). 6 LT (@) 4y, (1)

T

at), 6
OCFFIt QLA (wék)_l)M_l,M_l(t))

Then, we have

gFFIta(t)ﬁ(t)(w(@) (1))

n,m,m
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7
0, 0<t< Fh’
) m—m )\ [ mts+1
\/m Z Z(_l)s—m-i-es—]
s=m j=0 s—m m—m
o | 50 q0-nsayes-s _BOTEO +5) jaaeri
j WL (a(t) + B(t) +J)
n . 7 n+1
- X(l-[(ﬁh,ﬁ(t)‘i'j’a(t))), Qkilhgt < 2]671 h,
0] [ m—m m-+s+1
\/m Z Z(_l)s—m+98—j
s=m j=0 s—m m—m
X 0 2(k=1)j (1)05 =3 ﬂ(t)F(ﬂ(t) +J) (O +B(H)+i—1
j WT(a(t) + B(t) + )
n+1 , 7 . 41
(I (G 1 B + 5. a0) = I h B(8) +J,a(8), gh <t <h.
(3.10)

Proof. We can rewrite the FALWSs expressed in Eq. (2.7) as

(1)
= /2k1(2m + 1)0
iUl e [ M m+s+1 ok=1y |
X Z(—l)‘ A ( T n)‘g(ﬂﬂ%h(t) _sz;tllh(t))'
s=m s—m m—m
(3.11)
According to the Binomial expansion, we obtain
rim ()
m—m m+s+1 s6
J

o |s0]
m—m

— \/m Z Z(_l)s—7n+59—j
s=m j=0 s—m
| (3.12)

ok=1)g A
()7 p_a pn(t) =t pasr ,(2))

x hi oF
Using the definition of the Caputo variable-order fractal-fractional integral intro-

duced in Eq. (2.4) and Eq. (3.12), we have

OCFFIta(t)ﬁ(t) (,(/}519’7)71,?% (t))
m Ls6) m-—m m+s+1
m—m J

= 2 em )9 3 S (—ayr e
s=m j=0 s—m
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Z(k_l)j ANSO—1] a(t 1 « t i
()" <OCFFIt PO W _a (1) = §TTLOPO W, h(t))>
2 PR—1
m I_ng A A
[ m—m m+s+1 s
[9k—1 2m+1 Z Z s m+sf—j
s=m j=0 s—m m—m J

9(k—1)j

hi

()~

X

BOTBE) +7) ot +s0+i-1 L i ;
X<<F(oz(t) £+ PO - g h B + 5, (t))))uz;_l

OB +7) ja@+smrrs—1 n+l :
<<a<t>+/3<> ik (1= Iy hs B(1) + 5 (1)) )

n(t)

v

which completes the proof.
Figures 2 and 3 show the graphs of the FALWs with «(t) = tanh(¢ + 5), 5(¢)
0.99 + 22 (sin(¢) + 1), M = 8,h = 1 where k = 2 and k = 3, respectively.
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Figure 2. The graphs of the CFF variable-order integral with k = 2, M = 8, h = 1, a(t) = tanh(t +
5), B(t) = 0.99 + %(sin(t) + 1) where (a) : 6 =1 and (b) : 6 = %.
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Figure 3. The graphs of the CFF variable-order integral with k = 3, M = 8,h = 1, a(t) = tanh(¢t +
5), B(t) = 0.99 + &2 (sin(t) + 1) where (a) : 0 =1 and (b) : 6 = 2.
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3.2. Variable-order fractal-fractional integral with the ALRFF

Lemma 3.2. The Atangana-Riemann-Liouville variable-order fractal-fractional in-
tegral of the term tY for v > 0 is obtained as

éRLFFI?(t),B(t) )

_a@)B@T(a®)I(B() +7) OB+ B(t)(1 — Oé(t))tg(t)+7—1
Cla(t))L(alt) + B(t) +7) Cla(t)) '

Proof. With the help of the definition of the Atangana-Riemann-Liouville
variable-order fractal-fractional integral expressed in Eq. (2.6), we have

(3.14)

éRLFFI?(t)»B(t) )

_a@)B@) tsza(t)+7—1 _ g1, B)(L = alt) a4 +r—1
Cla(D) / (=) s ey

a(t)B(t) /t B(t)+y—15 - - S 145
— ¢ Y=L 2 BB +y—1pa(®) =11 _ Zye®)—1yg°
Cla(t) Jo (t) ( t) t

B)(1 - a(t))tﬁ(t)—i-y—l

LATO) : (3.15)

Using the change of variable y = %, and employing the regularized beta function

(3.1), we get

S\RLFFIta(t) B(t) (")

_ aBA) o+ 41 /1 YHOFI=1( a1y | B(tzz((l z;(t))tmﬂﬂ—l
0 a(t

_a®)BOI (a@)I(B() +7) pO+B@®+7-1 | B)(1 - a(t))tﬁ(t)—&-fy—l (3.16)
+ Cof( ' '

a(t

2

O

Theorem 3.3. The Atangana-Riemann-Liouville variable-order fractal-fractional
integral of the term t7u.(t) for v > 0 is obtained as

éRLFFI?(t) B(t) (" pe(1))

_ (a(t)ﬂ(t)F(a(t)) B +7) ot +8)+9-1
Cla(t))l(a(t) + B(t) +7)

< (1= 1,60 + a0 + 2O SO0 )

Proof. Applying the definition of the Atangana-Riemann-Liouville variable-order
fractal-fractional integral expressed in Eq. (2.6) for t > ¢, gives

éRLFFI?(t) B(t) (1 e ()
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_a®BE) [*  aw-1,80-141, (o1gs o SOA = @O ()
C(a(t)) /o(t ) pe(s)ds =+ ()

_ a®)B(t) ! _ )0 =180 +r—1 s_a(t)ﬁ(t) ¢ _ )01 B0y 1 g
Zoiy J, 9 R A ;

_ ARLFF7o().8() 4y _a()B@) /C _alt)—1 B 4y—1
o : () co) J, (t—s) s ds

_ éRLFFI?(t)ﬁ(t)(t'y)

_ Oé((t(i(ﬂt()t)) /Oc ta(t)—l(l _ g)a(t)—lt,@(t)-&-v—l(?)ﬁ(t)—&-v—ltd(;). (3.18)

By the change of variable y = £, and the regularized beta function (3.1), we have
éRLFFI?(t)ﬁ(t) (1 p1e(1))
:éRLFFI?(t)ﬁ(t) )
a(b)B(t) o[t - -
— PN () +B(0) 4y -1 1 — )M —1,8BO)+y—14
Cla(®) ; (1-y) y y

:glRLFFIta(t)ﬁ(t) ")

_ a®BOTBE) + V)T(t) sy +sr4-17 € o
CaN a0 B0 1) TG B0 v a®)

AUt)BOL(@®O)B) +7) o +p0)4v-1 . BOA = ) 1) 4y-1
+7) Cla(t))
a(t)BT(B(t) + )T ((t))

- a®)+B(t)+y—17.C N
Cla(t)F(alt) + BE) +7) ' I(3: () +7,a(t))

2

Q
=
=5
Q
=
+
=
=

_a®BOTBE) +NT(D) s pt)r-1,q 7€ i
~Cla@)T(alt) + O +7) | (1= 1(.8(t) +7,0(1))
B = a(t)) sy
F ey L (3.19)
O

Theorem 3.4. The Atangana-Riemann-Liouville variable-order fractal-fractional
integral of the FALWs can be computed as

SxRLFFI;x(t),B(t)\I,(e)(t) = A(t,a(t), B(t),0), (3.20)
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where
A(t, a(t), B(t),0)
a(t), 0 alt), /]
= AR TROPO Q) L @), 8P OPO W ),
T
ARLFF 7o a(t), B(t)(%k Mt 1(15))} 7 (3.21)
and

0
A (A O)

0, 0<t< Q%h
Wi% ooy [\ (s
s=m j=0 S—m m-—m
s0 2(1@71)3‘(&)9573‘ a(t)ﬂ(t)F(a(t))I‘(ﬁ(t) +.7) ta(t)+5(t)+j_1
j BIC(a(D))T (alt) + A1) + )
(1= Iy s B + i (1))

T BB - al®) s i -
Te@m T gt
mi% — (m—m) (m+s+1)

0\ gy yps=s COBOT@UNTED +5) yoeysateyes-1
j BIC(a(D)T (alt) + A1) + )
(I h B0) +5,a() — I S0) +Ga(), SEdh<i<h.

(3.22)

Proof. Using the definition of the Atangana-Riemann-Liouville variable-order
fractal-fractional integral provided in Egs. (2.6) and (3.12), and Theorem 3.3, we
obtain

éRLFFI?(t),ﬁ(t)(w(e) ®))

n,m,m

m |0s) 5 5
[ m—m m+s+1 s
[ok—1 (2m +1)0 ZZ ) m+0s—j
s=m j=0 s—m m—m j
9(k—1)j o
“\Os—j

% (éRLFFI?(t),ﬁ(t)(tjuij_lh(t)) E1)4RLFFI a(t), ﬁ(t)(t],u 14 h(t)))

k-1
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m |0s]

21 (2m + 1)0 ZZ )5 mtosi m—m m+s+1 s6

s=m j=0 s—m m-—m j

2(k=1i vos—s ((@DBOTBE) + )T atry+s0)+5-1
X () ((C(a(t))r(a(t)+ﬁ(t)+j)t

(L I 80 + dat) + A eos 1)

<a(t) (OL(B(@) + )T () () +0t)+i-1
Cla(®)T (a(t) + (1) + )

(-1t 1t»ﬁ()+jaa(t)))+Wtﬁ(t)+j‘l>u " (t)). (3.23)

(% )) 2’“*
O
So, the Theorem is proved.
4. Method of the solution
In this study, we consider the following two classes of systems of VFFDESs:
Problem (a).
CrF peMANZ () = Fy(t,21(8),Z2(t), . .., Zn(t)),
err peMAN =, ) = Fy(t,21(t),Z2(t), . .., Zn(t)), m
GEE DY OE (1) = Fo(t, Z1(1), Za(t), ... B (1))
Problem (b).
GRLEE DR OIOZ, (1) = Fi(t, 20 (1), Ea(t), -, B (1)),
ARLFF pe®B0 =) 1y = 7y (4,2,(8), B2 (t), . . ., Z0(t)),
(4.2)
ARLFF pe®B0z (1) = F, (¢, 2, (8), Za(b), ..., Ep(t)),
with the initial conditions
=:(0) = g, 1=1,2,...,7. (4.3)

In the sequence, we introduce a numerical strategy for solving the problems (a) and
(b). For this aim, we apply the following steps:

T

Step 1. We approximate the fractal-fractional terms on(t)’B(t)Ei(t),z’ =1,2,..
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by the FALWs as

g’FFDtOC(t)aB(t)El(t) ~ Z

CFF pe®.60g, (1) ~ (2

gFFD?(t)»B(t)ET(t) ~ ()

(4.4)

Step 2. With the help of the variable-order fractal-fractional integral operator (3.8)
and relation (4.4), along with the expressed initial conditions, we can approximate

the unknown functions E;(¢),i =1,2,...,7 as

Z1(t) = Y(t, at), B(1),0) + p1,
Za(t) = Y(t, a(t), B(t),0) + p2,

[1]

r(t) = Y (L,alt), B(1),0) + @

(4.5)

Step 3. By substituting the approximations (4.4)-(4.5) into relation (4.1), we get

CTUwO (1) = Fi(t, Y(t,a(t), B(t), 0)

CTUO(t) = Fo(t, T(t, a(t), B(2), 0)

ng(g)(t) = ‘F’l‘(t7 T<ta O‘(t)vﬁ(t)a 0)

+p1, Y(t, a(t), B(t),0) + pa, . ...

+01, T<t7 Oé(t)7ﬂ(t)’ 9) + ©2,. ..

Ry(t) = CTOO (1) — Fi(t, Y (t,a(t), B(1),0
+o1, Y (t, a(t), B(t),0) + p2, - - -
Ro(t) = CTUO (1) — Folt, Y(t, alt), B(t),0
+o1, T (t, a(t), 5(t),0) + p2, ...

S Xt alt), B(1),0) + or),

Yt at), B(1),0) + 9r),  (4.6)
9 T(tv a(t)7 B(t)? 6) + @r)-
1=1,2,...,7 as
)
,T(E alt), B(1),0) + o),
)
Tt alt), B(2),0) + or), (4.7)

Ro(t) = CTWO (t) — Fo(t, Y(t, at), B(t),6)

+o1, Tt alt), B(),0) + p2,.... Y(t, alt), B(2),0) + o7 ).
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Step 5. By collocating the system (4.7) at the zeros of the shifted Legendre poly-
nomials, we achieve

Ri(t,) =0,
Ra(t,) =0,
(4.8)
R, (tL) =0,
where ¢ = 1,2,...,2*"1M. So, we achieve a system of r2*~1 M/ nonlinear algebraic

equations with 2*~1 M unknown coefficients, which can be solved via the Newton’s
iterative method.

Remark 4.1. The problem (b) can be solved similar to the problem (a).

5. Error bound

In this section, we achieve an error upper bound for the numerical solution in
Sobolev space.

The Sobolev norm of integer order 7 > 0 in the interval (a,b), can be expressed
as follows: [33]

T b , % T 4 4
||E||H7<a,b>=(z / |E<J><t>|dt) =(Z||E<J><t>||%2(a,b)) RN
i=0’a =0

where ZU) represents the distributional derivative of Z of order j.

Theorem 5.1. ( [26]) Assume that = € H™(0,1) where 7 > 0 and M > 7, and

Z* is the best approximation of = which is approximated using the FALWs, then we

have
IE = E*llr20,1) < (M — 1) (2F D) TTIED | 1201y, (5.2)

and for 1 < s <71, we have
— — s—1_+ —1I\s—T1||I=(T
12 = E* are0,1) < oM —1)%7277(2F 1) [i= )||L2(0,1)- (5.3)

Theorem 5.2. If the hypothesizes in the Theorem 5.1 are valid, and F;,i = 1,2, ...,
r satisfy the Lipshitz condition with constants n;,i = 1,2,...,r, then we get

| Total Error||r2(q)
Bt \/ rD(2a(t) = DDEB() — 1) o3

< max | max
1<i<r \ teQ

I(a(t)) L(2a(t) +26(t) - 2)

y (mw(zcw _ 1>—2T<2k—1>-27a§”|i2<m) + thmm))), (5.4)
j=1

where

[Total Error|[r2o) | = IE — E*[|r2(0), Q=(0,1).
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Proof. According to Egs. (4.1) and (4.7), for the exact solution Z(¢) and the
approximate solution =*(t), we have

CFEpeBz () = Fi(t,21(t), Za(t), ..., Zn(t)), i=1,2,...,m, (5.5)
and
FrEDFOPIEN (1) = Fit, EH. B3 (1), L E0)) + R(), i= 120 (56)
CFFpC ZX(t) = =X(t), Z5(0), . .., =2 (), i=1,2.....r (5

By subtracting Eq. (5.6) from Eq. (5.5) and taking the variable-order fractal-
fractional integral on both sides of the relation, we get

Fi(t,21(t), Z2(t), ..., Er())

(1) — =5 (t) = SPFL O PO (F, ),
~Fi(t,E5 (1), Z5 (1), ... ER (1)) — STET PO (R (1)),

=i

(5.7)

Employing the definition of the Caputo variable-order fractal-fractional integral
(2.4) and the Schwarz’s inequality, we deduce

ST PO (F (8,20 (8), Ea(t), - .. En(1)) — Filt, B5 (1), E5(8), . .., EE(1)))

B [ -1 B F (s S () Do(s -
‘F(a(t)) /0 t=3) (Fi(5,Z1(5),Z2(8),- -, En(5))

_fi(sv E;(S), E§(8)7 s 75:(8)))(18

< Hay ) =)

X<Alﬁ@£d@£ﬂﬁwuidﬁknﬂwEN@£ﬂ$w~EﬂﬁD%%

From the definition of the regularized beta function (3.1), we have

' a(t)— t)— _ ['(2at) —DIP2BE) — 1) oa t)—:
[t a2z - 2l SO Do, (s)

By considering the Lipshitz condition of the functions F;, and the relation
(Cr @) <ndi x?, we get

t 2
<A<m&®—3®HM%@—%®H~+mE®—H®O%
t T
s/ﬁ&]&@—“ wwwa/Lﬁ () 2ds
0 =

<nir Y IE — Eilli20)- (5.10)
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From Egs. (5.8)-(5.10), we obtain

9®ﬁ@ﬂWE@£ﬂmEﬂm~wEUD—E@EﬁmEﬂmanUm’

Bt)n [T (2a(t) = DT2AE) = 1) awyssm-2 [ N= = _ =x(2 3
Snmm¢ T(2a() 1 28(t) - ) “HM)(Zﬁﬂ‘ﬂ“mJ

Bt)n  [r1T(2a(t) = DI'2B(E) = 1) o) +5(0)-3 .
F(a(t))\/ T'(2a(t) + 28(t) — 2) g2 (Z”“ﬂ j%?(sz)) .
(5.11)

=

< max
teQ

Also, for , we get

gFFI?(t) ’B(t)RZ- (t) ’

g’FFI;l(t)ﬁ(t)Ri(t)’

| s [ _ o1 BT () ds
’F«wwyé(t ) Ri(s)d

5@),¢FQQUV—UF@5@)—1%am+mQ—g
Ta®) | ™ Ta() +26(0) - 2)

From Egs. (5.7), (5.9) and (5.12), we achieve

<max (5.12)

1Zi — E7llz2(0)

Bt)mi [rl(2a(t) — DU(2B() — 1) aw)+pe)-3

ST D) | Ta() + 25() - 2) <Z I% - ;”2”<9)>
B)  [TRa(t) - DI'(2B(t) — 1) ay+s0)—2

T I‘(a(t))\/ T(2a() + 28(0) —2) we (5.13)

By applying Eq. (5.2) and (5.13) for ¢ = 1,2,...,r, we obtain
1Zi — Zf 220
< max B(t)n: [rT(2a(t) — 1)I(26(t) — 1)ta(t)+5(t)—g
S T\~ TEa) 1+ 280 — 2)
< (Zc —2r (@) 203, ) )2 + ||Rz'||L2(Q)>~
(5.14)

Therefore, we conclude that
|Total Error||rzc)

Bt)ni [rI(2a(t) — 1I(26(F) — 1)ta(t)+ﬁ(t)f%
T(a(t)) T(2a(t) + 28(t) — 2)

< max | max
1<i<r \ teQ
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( (ZC 17228 27||'—(T)||L2 >%+||RiL2(Q))>a (5.15)

which completes the proof. O

Remark 5.1. We can obtain the error upper bound for the numerical solution
obtained in the Atangana-Riemann-Liouville sense with a similar way for the Caputo
sense.

6. Numerical results and discussion

In this section, we apply three examples to demonstrate the efficiency and accuracy
of the mentioned scheme. Also, the computations were performed on a personal
computer and the codes were written in Mathematica 10.

Example 6.1. ( [39]) Consider the following system of VFFDEs:

DD PO=, (1) = (20 +40)(Sa(t) — £ (1)) + XK=, (1) =3(0),
E1(t) + (5¢ +20)25(t) — E1()Z5(t), (6.1)

= = e 11—6¢ =
s(t) = —3323(t) + E1(H)Ea(t) + M55 Es(1),

OD“(t)’ﬂ(t)E (t) = (55 — 90¢
DDA

(1]

with the initial conditions
=1(0) = 2, =2(0) =1, =3(0) =4,

where ¢ = 0, a(t) = tanh(t + 5) and B(¢t) = 0.98. Now, we explain the mentioned
technique in section 4 for the aforesaid problem with k =2, M = 8,0 = %, h=1.

Step 1. We approximate the fractal-fractional terms oDa(t) ﬁ(t)”<( t),i=1,2,3, by
the FALWs as

CFFDtanh(H—S) 0. 98~ Z Z C(l nzm () = C;‘F\I/(%)(t),
n=1m=0
nh(t ,0.98— Z :
gFFD;ca (t+5) 0.98 Z Z C(z n L. (t) = CQT\I/(U(t),
n=1m=0
nh(t ,0.98— Z :
g’FFD‘tca (t+45),0.98 Z Z C(a Uyt () = CTwla) (1), (6.2)
n=1m=0

Step 2. With the help of the variable-order fractal-fractional integral operator (3.8)
and relation (6.2), along with the expressed initial conditions, we can approximate
the unknown functions =;(t),7i = 1,2,3 as

E1(t) ~ Y(t, tanh(t + 5),0.98, 1) + 2

Ea(t) ~ Y(t,tanh(¢ + 5),0.98, 1) + 1, (6.3)

Z5(t) ~ Y(t,tanh(t + 5),0.98, 1) + 4
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Step 3. By substituting the approximations (6.2)-(6.3) into relation (6.1), we get

2 7
Z Z Cnl, n,m, m
n=1lm 1
= (20¢ + 0)((T(t,tanh(t+5),0.987Z)+1)
1
—(T (¢, tanh(t + 5),0.98, Z) +2))
1 1
+——— (Y (¢, tanh(t + 5),0.98, Z) + 2)(Y (¢, tanh(t + 5),0.98, Z) +4),

> Y ittt

n=1m=0
= (55 — 90¢)(Y (¢, tanh (¢ + 5), 0.98, i) +2) (6.4)
+(5¢ + 20)(Y (¢, tanh(t + 5),0.98, i) +1)

1 1
—(Y(t, tanh(t +5),0.98, ) +2)(Y (£, tanh(t + 5),0.98, ) +4),

1
= ——(Y(t,tanh(t + 5),0.98, i) +2)2(t)

1 1
+(T (¢, tanh(¢ + 5),0.98, Z) + 2)(T (¢, tanh(t + 5),0.98, Z) +1)
N 11 —6¢

6

1
(T (¢, tanh(t + 5),0.98, 1) +4),
Step 4. We define the residual functions R;(t),7i = 1,2,3 as

S (0) — (20 + 40)((X (1, tamb (1 +5),098, 1) + 1)

5¢+4
25

M
]~

Ri(t) =
0

—(Y (¢, tanh(t + 5),0.98, i) +2)) -

I
3
]

n

1
(Y(t, tanh(t + 5),0.98, Z)

/-\

1
+2) x (T (¢, tanh(t + 5),0.98, Z) +4),

7
Z 2 — (55 —90¢) (Y (t, tanh(t + 5),0.98, i) +2)

m=

—(5¢ +20)(Y (2, tanh(t+5) 0.98&)—1—1)

H
3
1M
i
[}

/\

1
+(Y (¢, tanh(t + 5),0.98, i) + 2)(T (¢, tanh(t + 5),0.98, i) +4),

—~

3 1y 13

1
T ) W e 20 (Y (¢, tanh(t + 5),0.98, 1) +2)*(1)

hE
]~

Rs(t) =

0

—(Y(t, tanh(¢ + 5),0.98, i) + 2)(Y (¢, tanh(t 4+ 5),0.98, %) +1)
11— 6¢

G

I
3
Il

n

/\

(Y(t, tanh(t + 5), 0.98, i) +4),
(6.5)
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Step 5. By collocating the system (6.5) at the zeros of the shifted Legendre poly-
nomials, we achieve

Ri(t,) =0,
Ra(t,) =0, (6.6)
Rs(t,) =0,

t=1,2,...,16.

So, we achieve a system of 48 nonlinear algebraic equations with 48 unknown coef-
ficients, which can be solved via the Newton’s iterative method.

Table 1 describes the numerical results (NRs) and error estimation (EE) of the
presented technique for k =2, M = 8,0 = %, h =1 with CFF and ARLFF via the
FALWSs. A comparison of the EE for k = 2, M = 8, h = 1 and diverse values of 0
with ARLFF are provided in Table 2. Also, in Table 3 we compared the EE where
0 = %, h = 1 for different values of k, M with CFF. In addition, the CPU time
(in seconds) is reported in Tables 2 and 3. From Table 3, it can be inferred that
using more number of the FALWs, we can obtain a numerical solution with high
precision. The behavior of the numerical solutions for kK =2, M = 6,h = 2,0 = i
and B(t) € (0,1) with CFFP is plotted in Figure 4. We have reported the EE with
k=2,M =8h=2,0= % for the CFF and ARLFF in Figure 5. Moreover, the
NR for k=1,h =10,0 = % and M = 4,6,8 with ARLFF is denoted in Figure 6.

Table 1. The NRs and EE of the established method with £k = 2, M = 8,6 = %7 h = 1 for CFF and
ARLFF in Example 6.1.

t CFF ARLFF
Ei(t)  Es(t) Es(t) EE Ei(t)  Es(t) Es(t) EE

0.1 2.35443 1.12868 4.41065 2.46 x 1076 2.28395 1.70568 4.31898 7.55 x 10~°
0.2 268348 1.23623 4.80391 3.64 x 10°7 2.58969 2.11993 4.58839 1.17 x 1076
0.3 2.99373 1.32533 5.18713 1.00 x 1076 2.87241 2.57668 4.83341 3.18 x 10~°
0.4 3.28664 1.39662 5.56185 3.00 x 1076 3.13367 3.07588 5.05528 9.15 x 10~°
0.5 3.56290 1.45045 5.92883 2.95x 107° 3.37423 3.61756 5.25464 8.49 x 107°
0.6 4.50217 1.98455 6.59573 6.01 x 107° 3.73602 4.31904 5.36074 3.84 x 107°
0.7 5.53107 2.57940 7.24276 1.40 x 1076 4.03903 4.90139 5.44501 1.07 x 1076
0.8 6.64956 3.23492 7.87036 2.63 x 10~7 4.33406 5.50965 5.51736 3.96 x 10~8
0.9 7.85755 3.95101 8.47885 2.69 x 10~7 4.62121 6.14348 5.57785 1.56 x 1078

Example 6.2. ( [39]) Consider the following system of VFFDEs:

oD POE (1) = ~(Eat) + Ea(0)
oDy POz, () = 21(1) + GE(1), (6.7)
on(t)’ﬂ(t)E3(t) = (o + Z3(t)(E1(t) — C3),

with the initial conditions

2:(0) = 4.87623, 2,(0) = 4.87623, Z3(0) = 0.1278,
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Table 2. Comparison of the EE with £ = 2, M = 8, h = 1 and diverse values of 6 for ARLFF in Example
6.1.

t 0=4% 0=1% 0=1 0=13 0=2 =1

0.1 254 x107° 125x107° 7.55x107% 3.39x107* 4.64x 1073 3.78 x 10"
0.2 255 x107%  1.72x107% 1.17x107% 1.05x107* 581 x 1073 3.78 x 10"
0.3 540 x 1076 441 x107% 3.18x107% 5.14x107* 6.49x 1072 3.78 x 10"
0.4 1.32x107° 1.22x107° 9.15x107% 249 x 1073 5.95x 10~t 3.78 x 10!
0.5 1.08 x 107% 1.11x 1073 849x107° 3.71x 1072 1.52x 10"  3.77 x 10!
0.6 1.88x107° 298 x107° 3.84x107° 7.44x107* 1.76 x10~t 3.78 x 10!
0.7 253 x107% 8.96x 1077 1.07x107% 298 x107* 1.78 x 10~' 3.79 x 10!
0.8 6.02x 1077 3.27x107% 396x107% 1.30x107% 1.56x 1073 3.81 x 10!
0.9 2.64x 107 1.76 x 107% 156 x 1078 5.32x 1077 1.23x 1073 3.85 x 10"
CPU times 1.750 2.728 2.906 2.922 5.656 5.203

Table 3. Comparison of the EE with 6 = %, h =1 and diverse values of k, M for the CFF in Example
6.1.

t k=1 k=2
M=2 M=1 M=6 M =38 M=2 M=1 M=6 M=38

0.1 1.62 x 1071 1.21 x 107" 4.40x 1073 244 x 1075 7.09 x 107! 229 x 1073 1.24 x 10~* 7.98 x 10~¢
0.2 9.80x 1072 7.94x 1072 4.10 x 107* 4.09x 1077  1.09 x 107" 1.69 x 1072 1.33 x 10~° 8.45 x 1077
0.3 5.00x 1071 1.15x 1072 254 x 107% 1.37x107° 3.29x 107" 216 x 1072 242x107° 1.82x 1076
0.4 7.03x 107" 146 x 1072 3.26 x 107> 7.54x 1077 881 x 107" 4.91 x 1073 7.81 x 107> 4.74 x 10°6
0.5 6.87x 1071 1.60 x 1072 6.85 x 107° 3.35x 1079  230x 107" 9.19x 1072 4.21 x 10~* 4.08 x 1077
0.6 530 x 1071 7.04 x 1073 1.04 x 107° 1.71 x 1077 1.88x 107! 1.54 x 1072 4.38 x 10~* 8.35 x 10~°
0.7 2.80 x 1071 2,56 x 1073 2.40x 107% 6.41x 1077  3.83x 107" 1.36 x 1072 9.20 x 107% 1.12 x 1076
0.8 3.89x 1072 7.14x 1073 944 %1076 3.03x 1077 7.34x107" 251 x107% 451 x 1077 1.76 x 107
0.9 408 x 1071 3.22x 1073 150 x 107° 1.34x 1073  252x 107! 6.20 x 107° 2.40 x 1077 1.92x 10~7
CPU times  0.001 0.031 0.063 0.125 0.031 0.078 0.515 1.531

where (; = (2 = 0.1, (3 = 14 and S(t) = 0.99+ 2 (sin(¢)+1). We have reported the
NRs and EE obtained from the proposed method with k =2, M = 9,60 = %, h=1
for the CFF and ARLFF in Table 4. Table 5 contains the EE and CPU time
obtained by the mentioned scheme with k = 2, M = 9,h = 1 and different values
of 6 for the ARLFF. From this table, it can be observed that the best value for
is +. Also, the EE and CPU time with 6 = §,h = 1 and different values of k, M
for the CFF are illustrated in Table 6. This table illustrates that as the number
of FALWSs increases, the numerical solutions converge to the exact solution. The
numerical solutions with k =2, M =9,h =2 and a(t) € (0,1) for 6 =1 and 6 = %
are plotted in Figures 7 and 8, respectively. Figure 9 demonstrates the EE with
k=2M=9h=2,0= % for the CFF and ARLFF. Also, the NRs are depicted
graphically with £k = 1,h = 200,60 =1 and M = 5,7,9 for the CFF and ARLFF in
Figure 10.

Example 6.3. ( [39]) Consider the following system VFFDE:

oDy IE (1) = (1),
oDF P IZ5(t) = —(G + GEs(1)E1 (1)~ (G + GEs(1)ZH0) ~GEa(t) + (s (1),
oD IEy (1) = 24(v),
Da(t),ﬁ(t),: I 132 =) -
oDy Ea(t) = =Es(t) + G (1 = Z3(8)Za(t) + (6Za (D),

(6.8)



1852 P. Rahimkhani & S. Sedaghat

T T T ——

0.00004 000025

000020

0.00003
w W 000015
W o000z w

m / / 0.00010 /ﬂ
0.00001 h\fv—x\/\l V 000005 F V\/\/\/\/ ‘,\
ol p onooon |

0.0 05 1.0 1.5 20 oo K] 10 146 20

t @) L ®)

Figure 5. The EE with k=2, M =8,h=2,0 = { for (a) : CFF and (b) : ARLFF in Example 6.1.
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Figure 6. The NR with k =1,h =10,0 = % and M = 4,6, 8 for the ARLFF in Example 6.1.

Table 4. The NRs and EE of the established method with k =2, M = 9,60 =

ARLFF in Example 6.2.

1
8

h =1 for the CFF and

t  CFF ARLFF
Z1(0)  =2(0)  =5() EE A0 Z(0) Z5(1) EE

0.1 4.68704 551386 0.15816 3.49 x 10-7 0497225  6.56744  0.00165 4.58 x 10~°

02 450482 6.12825 0.18699 1.46x 10~ —0.00755  7.00514  0.00069 4.53 x 10~°

0.3 4.32529 6.73386 0.21501 3.36 x 10~ —0.51365  7.43899 — 0.00046 4.46 x 10~°
04 414750 7.33380 0.24236 6.04x 107 —1.01959  7.86994 — 0.00167 3.74 x 10~%
0.5 397102 7.92061 0.26913 8.92x 10~ —1.52525  8.20866 — 0.00202 3.66 x 10~7
0.6 3.75236 8.59992 0.29363 5.67 x 107 650310 —1.79384  0.01641 4.31 x 10~7
0.7 352998 9.27689 0.31755 4.86x 10~ 697981 —1.68351  0.01702 2.33 x 10~°
0.8 3.30313 9.96203 0.34090 2.15x 10~  7.45905 —1.57520  0.01758 1.75 x 10~%
0.9 3.07162 10.6558 0.36368 8.77 x 1077  7.94346 —1.46915  0.018085 3.34 x 10~

Table 5. Comparison of the EE with £k = 2, M = 9, h = 1 and different values of 6 for the ARLFF in

Example 6.2.

t 0=1 0=1 0=1 0=1 0=2 0=1

0.1 458 x 1079 1.06 x 1072 3.82x10"' 7.98x10"% 1.10x 1072 3.49 x 10~¢
0.2 453 %1079 242x107% 3.82x107' 3.17x1077  6.04x 1076 276 x 10~°
0.3 446 x 1079 8.20x 1070 3.82x 107! 1.56x10"7 3.67x107% 218 x107°
0.4 3.74%x 1078 9.26x 107 3.82x 107! 217x1076 592x107° 4.37x10°*
0.5 3.66 x 1077 1.45x 1077 3.82x 107! 422x107° 1.30x 102 1.15x 102
0.6 431x1077 897x107% 3.82x10"' 233x10"% 1.01x10"° 235x107°
0.7 2.33x107Y 559 x10710 3.82x 10"t 4.01x107'% 9.56x10~% 4.01 x 10~7
0.8 1.75x 1078 273 x 10710 382x 107! 3.19x 10710 260 x107% 1.44 x 1077
0.9 3.34 x 1078 258 x 10710 3.82x 107" 4.10x 10719 1.69x 1072 3.05x 107°
CPU times 1.516 2.484 0.797 6.156 1.438 1.672

with the initial conditions =;(0) = Z2(0) = Z3(0) = Z4(0) = 0, where (; =10, (3 =
3,(3=04, ¢ =70, =5, (= 0.1, a(t) = tanh(t + 5), A(t) = 0.99 + %2 (sin(t)
+1). The NRs and EE of the presented method with k =2, M = 8,0 = é, h =1 for
the CFF and ARLFF are considered in Table 7. Comparison of the EE and CPU
time with &k = 2, M = 8, h = 1 and different values of 0 for the CFF and ARLFF
are shown in Tables 8 and 9. Also, in Table 10, we compare the EE and CPU time
obtained by the presented strategy with 6 = é, h =1 and different values of k, M.
We plot the approximate solutions for & = 1 with the CFF (h = 1,0 = 1) and
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Table 6. Comparison of the EE with 6 = %, h =1 and different values of k, M for the CFF in Example
6.2.

t k=1 k=2
M=3 M=5 M=7 M=9 M=3 M=5 M=7 M=9

0.1 1.73x 1072 8.56 x 1073 1.60 x 10~* 5.80x 1075  6.58 x 1072 6.08 x 10~ 1.91 x 1076 3.49 x 107
0.2 4.02x1072 943 x107% 478 x107° 1.68x 1076 207 x 1072 241 x107% 928 x 1077 1.46 x 1076
0.3 3.18x 1072 7.42x 107% 822x 1077 1.74x 1079 3.74x 1072 9.68 x 107° 8.09 x 10~7 3.36 x 1076
0.4 1.46 x 1072 4.54 x 107* 8.01 x 107% 8.01 x 1077 147 x 1072 221x107* 1.65x107% 6.04 x 1076
0.5 1.99 x 107* 3.36 x 1070 6.70x 1078 6.87x 107? 1.20x 107! 1.52x 1073 1.04 x 107> 8.92 x 10~°
0.6 890x 1073 1.78 x 1074 274 x107% 1.71x 1077 1.88x 1072 1.08 x 1073 1.87x107° 5.67x 1076
0.7 1.15x 1072 1.08 x 107* 891 x 107 7.08 x 10~%  1.52x 1072 6.17x107° 6.71 x 10°7 4.86 x 10~¢
0.8 7.91x107% 4.32x107° 1.35x107% 1.05x107% 329 x 1073 247 x 107 6.96 x 1078 2.15 x 1076
0.9 1.50 x 1073 832 x107° 7.19x 1077 252x 1078 325 x 1073 7.07x107% 7.68 x 1079 8.77 x 1077
CPU times 0.016 0.125 0.175 0.235 0.063 0.256 0.500 1.672

on oo o

| 0

10\&_‘4 ‘l
I
15“‘“*-\&\‘4//
20 00

Figure 7. The NR with k =2, M =9,h =2,0 =1 and «(t) € (0,1) for CFF in Example 6.2.
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Figure 8. The NR with k=2, M =9,h=2,0 = % and a(t) € (0,1) for the CFF in Example 6.2.

ARLFF (h = 400,60 = %, 1) in Figures 11 and 12, respectively.

7. Conclusions

In this work, a flexible framework based on the FALWSs was used for solving systems
of VFFDEs associated with the Caputo and Atangana-Riemann-Liouville senses.
The exact formula of the variable-order fractal-fractional integral operator of the
FALWSs was calculated by using the regularized beta function. Using a collocation
method based on the FALWSs, we transformed the problem under consideration to a
system of algebraic equations. Also, the error upper bound of the numerical solution
in the Sobolev space was discussed. At the end, the approximate results obtained
from the established method for some examples confirmed that the expressed scheme
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Figure 10. The NR with £k = 1,h = 200,60 = 1 and M = 5,7,9 for up: the CFF and bottom:
ARLFF in Example 6.2.

the

Table 7. The NRs and EE of the established method with k =2, M = 8,6 = é, h =1 for the CFF and
ARLFF in Example 6.3.
t CFF ARLFF
Zi(t) a(t) E5(t) E4(t) EE Z1(t) Ea(t) Es(t) Z4(t) EFE
0.1 1.45517 1.88902 1.50680 1.78742 1.43 x 1077 1.46826 2.16717 1.50842 1.82503 6.44 x 1077
0.2 1.41069 2.27493 1.51354 2.07255 1.50 x 108  1.42835 2.64171 1.51499 2.15518 6.00 x 108
0.3 1.36633 2.65978 1.52027 2.35689 1.95x 10~% 1.38881 3.12043 1.52160 2.48420 1.52 x 1077
0.4 1.32204 3.04410 1.52699 2.64084 5.14 x 10~%  1.34951 3.60286 1.52824 2.81258 3.41 x 1077
0.5 1.27778 3.42818 1.53370 2.92461 2.86 x 1077  1.31040 4.08851 1.53491 3.14061 2.99 x 10~¢
0.6 1.23613 3.85288 1.51490 3.26210 7.52 x 107¢ 1.33267 5.42140 1.53175 3.04058 3.10 x 10~°
0.7 1.19447 4.27763 1.49610 3.59961 1.43 x 1077 1.30768 6.57633 1.53569 3.08303 5.59 x 1077
0.8 1.15281 4.70251 1.47730 3.93723 2.89 x 105  1.28408 7.73849 1.53946 3.12146 1.59 x 10~8
0.9 1.11112 5.12757 1.45850 4.27499 3.91 x 10~%  1.26163 8.90675 1.54308 3.15664 1.73 x 1078

is a powerful and efficient tool for solving systems of VFF differential equations.
The suggested strategy can be applied to a wider class of biological systems, such
as infectious diseases dynamics, finance economics, and engineering problems. We
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Table 8. Comparison of the EE with k = 2, M = 8, h = 1 and different values of 6 for the CFF in

Example 6.3.

t 6=1 6=1 6=1 6=2 =1

0.1 143 x 1077 331x107% 3.62x1077 9.83x107% 7.94x 107!
0.2 1.50 x 1078 331 x107% 7.40x10°7 3.76 x107% 7.94x 10!
0.3 1.95x 1078 1.97x10% 1.04x10% 1.89x1075 7.94x 107!
0.4 514 x107% 391x10"% 1.17x107% 8.88x107° 7.95x 107!
0.5 286 x 1077 5.05x1077 326x107° 1.24x107% 7.90x 107!
0.6 752%x 1076 240%x 1076 1.52x107* 1.29x10~* 8.08x 10!
0.7 143 x 1077 1.01 x 1077 3.55x10~* 576 x107% 7.93 x 10!
0.8 289 x107% 7.31x107% 6.49x10~* 2.75x 1077 7.95x 107!
0.9 391 x107% 1.05x1077 1.06x 1073 1.34x10"7 7.95x 107!
CPU times 12.296 16.439 2.750 6.844 8.453

Table 9. Comparison of the EE with k = 2, M = 8, h = 1 and different values of 6 for the ARLFF in

Example 6.3.

t 6=1 6=1 6=1 6=2 0=1

0.1 6.44 x 1077 4.39x 1076 217x10°°% 9.79x10°¢ 2.88x 10~
0.2 6.00x 1078 2.01x107°% 327x10% 3.80x10°% 2.56x 106
0.3 1.52x 1077 4.73x107° 283x107% 1.92x107° 1.93x107°
0.4 341 x 1077 861x107° 425x1077 9.04x10~° 1.18 x 10~*
0.5 299 %1078 1.34x107% 3.38x10°% 1.27x10"3 1.99x 1073
0.6 3.10x107°% 545 x107% 2.04x107° 1.46x10~* 1.42x1073
0.7 559 x 1077 1.35x1073 4.71x107° 6.54x10% 1.71 x10~*
0.8 159 x 1078 228 x 1073 9.12x107% 3.12x 1077 1.58x107°
0.9 1.73x 1078 3.33x 1073 151 x107% 153 x1077 1.27x10°°
CPU times 15.906 2.922 3.334 8.281 10.109

Table 10. Comparison of the EE with 6 = é, h = 1 and different values of k, M for the CFF in Example

6.3.

t k=1 k=2

M=2 M=14 M=6 M=38 M=2 M=4 M=6 M=3
0.1 741 x 1072 6.00 x 1073 249 x 10~* 4.60 x 107  3.83x 1072 1.11x10~* 1.50 x 10~° 1.43 x 10~7
0.2 453 %1073 4.05x 1073 2.15x 107° 883 x 107% 6.00 x 1072 831 x10~* 1.86x 107 1.50 x 108
0.3 234x 1072 6.0l x 107* 1.21x107° 3.27x10°% 1.85x 1072 1.08x 1073 3.74x10°% 1.95x10~%
0.4 3.32x 1072 7.71x 107% 136 x 107¢ 1.93x 1077 503 x 1072 249x 10~* 1.32x107° 5.14x 1078
0.5 328 x 1072 853x107% 242x107% 643 x 1077 1.34x 107! 4.71x 1073 7.72x107° 2.86 x 10~7
0.6 255 x 1072 3.80 x 107 2.94 x 1077 4.99 x 107% 553 x 1072 7.64 x 107* 557 x 107> 7.52 x 1076
0.7 1.36 x 1072 1.40 x 107* 4.96 x 1077 1.96 x 1077  1.13x 1072 6.86 x 107* 1.19x 1076 1.43 x 1077
0.8 1.91 x 1072 3.93x107* 1.20x 1077 946 x 10~%  2.16 x 1072 129 x 10~* 574 x 10~% 2.89 x 10~%
0.9 2.01x1072 1.79x107* 6.32x107% 529x107° 7.41x107% 3.22x 1075 291 x10~% 3.91 x 1078
CPU times 0.016 0.047 0.188 0.375 0.047 0.203 0.892 12.296

offer the following works in the future:

e This method can be used to solve different problems such as pantograph frac-
tional differential equations, optimal control problems, delay fractal-fractional



1858 P. Rahimkhani & S. Sedaghat

B

B
=0

50
4t

B
20
B

0

Figure 12. The NR for up: 6 = % and bottom: 6 = 1 with £k = 1, h = 400, and ARLFF in Example
6.3.

differential equations, fractal-fractional integro-differential equations etc.

e We can used other wavelets base, including Hahn wavelets, Legendre wavelets,
Bernstein wavelets etc.

e We can obtain the variable-order fractal-fractional integral operator of the
FALWSs by using the Laplace transform method.

e We can applied machine learning method such as neural networks, and least
squares-support vector regression for solving the proposed problem.
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