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STOCHASTIC SURVIVAL ANALYSIS OF AN
EPIDEMIC MODEL WITH INNATE
IMMUNITY AND TREATMENT*

Lijun Chen!, Wenshuang Li?, Ruiyang Zhou®?

and Fengying Wei?*1

Abstract The innate immunity helps the individuals in the exposed compart-
ment return into the ones in the susceptible compartment when a pathogen or
virus invades the local population of having four compartments: the suscep-
tible, the exposed, the infected and the recovered. In this study, we propose
a stochastic SEIR model with innate immunity and treatment. Here, Holling
type II functional responses are used to describe the saturated effects of the
innate immunity and treatment. Then, we obtain the extinction of the ex-
posed and the infected when the basic reproduction number Ry < 1 and the
exponential decline rate v < 0 are valid. Moreover, we conclude that when
innate immunity and treatment increase, the time that the exposed and the in-
fected approach zero reduces. We also find that the deterministic SEIR model
reaches extinction a bit faster than the stochastic SEIR model. Further, the
persistence in the mean and stationary distribution of stochastic SEIR model
are obtained under suitable conditions. Finally, the numerical investigations
with two methods and a case study of Fuzhou COVID-19 epidemic of 2022 are
discussed.
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1. Model formulation

The reliable mathematical epidemic models were proposed to predict and control
the spread of infectious diseases since the pioneering work was discussed by Kermack
and McKendrick in [12]. Later, some compartment models were extensively studied
in the recent contributions [1,6,15,16,30,33-35,38,39,41,50]. The research results
showed that the transmission mechanisms of infectious diseases played a very impor-
tant role when establishing the mathematical models. Especially, the incidence rates
between the susceptible and the infected quantitatively were governed to describe
the transmission mechanisms of infectious diseases, such as the bilinear incidence
rate, the standard incidence rate, the Beddington-DeAngelis incidence rate, and the
generalized nonlinear incidence rate etc in [3,10-13,17,18,20-22,25,26,38,41,45-47].

The innate immunity, one of the main defense mechanisms formed by organisms
in the process of long-term evolution, is extensively discussed on cellular level in
recent studies [2, 7,14, 28, 29,31, 32,36,43]. Usually, the innate immunity of the
individuals plays crucial roles because the responses of innate immunity work im-
mediately or within hours after pathogens or virus invade the hosts. Meanwhile, the
innate immunity of different individuals presents distinct timelines after they are
invaded by pathogens or viruses. However, from the best knowledge of the authors,
the studies of innate immunity on population level are few for epidemic models. For
instance, the effects of immunity are considered in an impulsive stochastic model,
in which the authors of [3] mainly study the saturated tumor-immune responses.
And the nonlinear innate immunity and saturated treatment in the forms of Holling
type II are governed for an SEIS epidemic model (1.3) in [10], in which the authors
of [10] further compare the dynamics of model (5.1) with linear innate immunity
and linear treatment. In this study, we believe that the role of innate immunity
is of importance for epidemic models, we further are motivated by recent contri-
butions to establish an SEIR model with nonlinear innate immunity and nonlinear
treatment.

The aforementioned innate immunity helps the exposed getting recovery and
returning into the susceptible again, despite the impacts of innate immunity are
limited to the exposed. In this study, we use Holling type II functional response
g(E) = aE/(1 + kE) with a > 0,k > 0 to describe the increasing tendency of
the impacts of innate immunity, where 1/a is the average returning period that
the exposed remove from the exposed compartment and return into the susceptible
compartment due to the existence of innate immunity; %k is a non-negative con-
stant measuring the limitation in innate immunity; 1/(1+4 kF) declines the exposed
returning into the susceptible compartment due to low immunoglobulin and neu-
trophil deficiency as studied in [17,46]. Meanwhile, the treatment of the infected is
an effective and important measure for controlling infectious diseases. We assume
that the infected return into the susceptible compartment due to the temporary
immunity after they receive the treatment in medical agents, by governing Holling
type II functional response h(I) = vI/(1 + bl) with v > 0,b > 0. Here, 1/~ is
the average loss period of temporary immunity that the infected lose their tem-
porary immunity after they receive the treatment and return into the susceptible
compartment; b is a non-negative constant measuring the limitation in treatment
availability; 1/(1+b1) prevents the infected returning into the susceptible compart-
ment due to the limited medical resources. When b = 0, h(I) degenerates the linear
forms in [34, 35]. Moreover, some infected individuals get the lifelong immunity
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after they receive the treatment and return into the recovered compartment with
the recovery rate p. Thus, we derive the following model:

. BST aF ~I

SO =T =085 = S Y 15 kE T 1w or
s BST __aF

. I

i) = 0B — 5+ )1 = 1207

R(t) = puI — SR.

In the model (1.1), I" is the constant recruitment rate, § denotes the natural
death rate of the total population, 8 is the contact rate between the susceptible
and the infected, ¢(I) is an increasing function with the properties that ¢(0) = 1
and ¢'(I) > 0, o represents the positive infection rate from the exposed to the
infected. We derive that N(t) = S(t) + E(t) + I(t) + R(t) = T — §N(t), here
N(0) = S(0) + E(0) 4+ I(0) + R(0) > 0. Then, it follows that lim sup,_, ., N(t) < %.
Therefore, we derive a positive invariant set Q@ = {(S, E,I,R) € RY : N(¢) < L}.
The disease-free equilibrium point of model (1.1) is denoted by Py(%,0,0,0). By the
next generation matrix method in [4, 5], the matrices F' and V1 are respectively
written as

. 0 8- — 1 S+u+y 0

00/ (§+o+a)§+pu+7)

o d+o+a

By Theorem 2 in [27], the basic reproduction number of model (1.1) is

I'Bo

Ro=p(FV ') = S0 +o+a)(d+pu+n)

(1.2)

In fact, the endemic equilibrium point P*(S*, E*, I*, R*) of (1.1) is calculated as
follows:

1
§* = GBI + bl + iy + 8)o(I")

( 0+o n a )
bol* +o | kI*(b0I* +~ +0) + pkl*(bI* + 1) + o + bol* /)’
DO+ I+ O +p+NI py I

o(l+bI*) ’ 8

B =

and I* is the solution of A5p(1*)+ As(I*)* + A3(I*)3 + Ao(I*)?> + A1 (I*) + Ao = 0,
where
As = —0kb?(6 + 0)(6 + p)? — 6b(5 + p) (8 + o) (ky + k6 + ku + bo)
—00b(6 + ) (6 + 1) — kb3 (8 + ) (8 + ) (g + v+ 6) — adob? (6 + )
—8(5+ o)+ + 0)(ky + kb + kpt + bor) — abdo (2 + 7 + 20)
—60(0+o)(u+v+6)—ado(pp+v+9),
Ay = BV%k(5 + o) (6 + p)?,
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Az =TBob?k(5 + p) — B(S + o) (u+ v+ 8) (ky + kd + ku + bo)
— Bkb(6 + ) (6 + p)(n + v + 0) + Bovkb(d + p),
Ay =T Bab(ky + ké + ku + bo) + TBokb(§ + ) — Bob(d + o) (6 + )
— B+ o)+ + ) (ky+ kS + kp+bo) + Boy(ky + kd + ku + bo),
Ay =TBo(ky +ké + kp + bo) +TBa%b — Bo(§ 4 o) (1 + v+ 8) + Bo’y,
Ay =TBo>.

In the real circumstances, the existences of environmental fluctuations and pop-
ulation mobility lead to the variations on persistence and extinction of epidemic
models in [1,6,18,20,23,35,38,39,41,47-49]. Therefore, it is necessary to introduce
the environmental fluctuations into model (1.1). The independent environmental
fluctuations are proportional to S, E, I and R of model (1.1), which are pro-
vided by multiplicative white noises. More precisely, we consider a Markov process
X(t) = (S(t), E(t), I(t), R(t))T when At — 0, and we derive the following descrip-
tions:

(b s BSI aE I

E[S(t—FAt)—S(tNXt—x}N(F 05 ¢(I)+1_|_]gE+1—|—bI>At7
_(BSI aE

BE(t+ A1) — BOIX, =] = (55 = 0+ 0)E - ) A

E[I(t+ At) = I(0)X, = o]~ (0 = (5 +p)] - 1be)At’

E[R(t + At) — R(t)| X, = 2] = (uI — SR)At,
and
Var[S(t + At) — S(t)| X; = z] = 025%(t)At,
Var[E(t + At) — E(t)|X; = z] = 03 E*(t)At,
Var[I(t + At) — I(t)|X; = x] = 03I (t)At,
Var[R(t + At) — R(t)| X, = z] = 07 R*(t)At,

where 02 > 0 are the intensities of white noises for i = 1, 2, 3, 4. Thus, we obtain
the following stochastic epidemic model as follows:

B BST aFE ~I
ds(t) = (r—(ss— o0 TRt Hb])dwralSdBl(t),

_(BST _ s i E oE >
dB(t) = (¢(I) (6+0)E 11+kE>dt+ L BB (1), -
dI(t) = (O—E — @I -5 1 bI)dt + o3 1d By (1),

dR(t) = (uI — R)dt + o4 RAB(1),

where B;(t) are mutually independent standard Brownian motions with i = 1,2, 3, 4.

Remark 1.1. We take a = 0 and v = 0, model (1.3) turns into model (6) in [41].
When ¢(I) = 1+ 18 + a2l, a = 0 and b = 0, model (1.3) becomes model (4)
n [18]. When ¢(I) =1+ al, a = 0 and b = 0, model (1.3) turns into model (1.4)
in [44].
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Remark 1.2. When a = 0 and v = 0 in (1.2), the expressions of the basic repro-
duction number Ry of model (6) in [41], model (4) in [18] and model (1.4) in [44]
are same. That is, Rg = I'80/[6(0 4+ 0)(d + p)]. Moreover, Rg < 1 and Ry > 1
determine the extinction and the persistence of these three models therein. While,
the values of a and v of model (1.3) do not vanish, two indices R and R§ are
given in the next investigations.

Noticing that the first three equations of model (1.1) are independent of the
recovered, we therefore investigate the dynamics of the equivalent model (1.4) as
follows:

_ BSIT aF ~I
ds(t) = (r 85— St TorE T Ty bI)dt—i—alSdBl(tL
dE(t) = (% ~(0+0)E - < j_iE>dt + 02 EdBs(t), (1.4)
dI(t) = <0—E — @I -5 fbl)dt + 03 1dBs (t).

Let (2, {F:}+>0,P) be a complete probability space with a filtration {F;};>o which
is increasing and right continuous while F contains all P-null sets. Next, we will
show a unique global positive solution to model (1.4). Then, the extinction and the
persistence in the mean for model (1.4) will be considered under proper conditions
in Section 2 and Section 3, respectively. The ergodic stationary distribution of
model (1.4) is also verified in Section 4. Finally, several numerical simulations in
Section 5 are carried out by two methods.

Remark 1.3. We take ¢(I) = 1 and 01 = 09 = g3 = 0, model (1.4) turns into
model (1.3) in [10]. Moreover, we take k = b = 0, model (1.4) turns into model (5.1)
in [10]. The expressions of basic reproduction number of model (1.3) and model
(5.1) in [10] are same with that of model (1.4) in this study.

2. Stochastic extinction

Before we discuss the dynamical behaviors of model (1.4), the unique global positive
solution to model (1.4) should be checked firstly, the corresponding proof is similar
to the proof in [20], so we only write down the following Theorem 2.1 without
details.

Theorem 2.1. For any given initial value (S(0), E(0), 1(0)) in RY, there is a
unique solution (S(t), E(t), I(t)) to model (1.4) ont > 0 and the solution will
remain in R‘j_ with probability one.

Proof. We write down the lines and sentences as we did in the existence-and-
uniqueness theorem in [20]. We just omit the details of proof hereby. O

Throughout this paper, we denote (x(t)) = %fot x(s)ds.

Theorem 2.2. Let (S(t), E(t),I(t)) be the solution of model (1.4) with any initial
value (S(0), £(0),1(0)) in R%. If the basic reproduction number satisfies Ro < 1,
w>0.5(c?VoiVo3) and

v={(y4p+08)\Ro+min{a+d+0,~v+p+0}/Ro—1)
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+max{a, v} — 2037 +037))7
<0,
then, the infectious disease goes to extinction. That is, limy_,o I(t) = 0.
Proof. We define a C*-function Z : R — Ry as follows:

1

Z(E, 1
(B 1) = 'y—l—,u—i-(5(a—|—5—|—0

() + VRoI(t)) = 01 E(t) + 0:1(2).

By It0’s formula, we have

dln Z(E(t),I1(t)) = (GldE +05d]) — =5 [03(dE)? + 63(dI)?]

222
=L(InZ(E(t),1(t))dt + = [elagEdB2( ) + 02031d Bs(t)].

Based on (a? + b2)(c? + d?) > (ac + bd)?, for a > 0, b > 0, ¢ > 0, d > 0, then, we
get that

1 1 1 1
(0.5 + 0,1)2 = (emEf T ) < (0202E? + 020212) (72 + —2). (2.1)
lop) o3 o5 03

Therefore, from (1.4) and (2.1), we have

I E
BST g 5B 00E —0,—"F 1 0,0

LInZ(E(t),I(t)) = 2(01 o(I) 1+EkE

T 92 2E2 92 2[2
0o (6+ p)] — 6o v )_ 1022 +0303

1+bl 2(0,E + 051)2
= I]_ — IQ.

Indeed, we estimate each item by the following approaches

aF

1+kE +020E792(5+M)I

Il<—{01551 0.6E — 0,0 — 010E + 01aE — 6, —2—

NI
09T + 07T — O bl}

I
< %{01551+01 [% — (5+a+a)E] +0:[0E — (3 + p+ )]

010 + 9271}

< 6155 + l(7?,01— A Roo B — VR I) + max{a, vy}

= 0  Z Y+p+d o ytp+d
0,85 1
= +E(\/ﬁ)—1)[(a+6+a)01E+(v+u+6)021]+maX{a,7}

0.85
< 1gﬁ +min{a + 6+ 0,7 + 1+ 6} (VRo — 1) + max{a, 7},
2
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and Iy > [2(052 + 05%)]"!. Therefore, we derive
amz (). 1) < {22
02

—[2(052 + a§2)]—1}dt +

+min{a+d+ 0,7+ p+0}(/Ro — 1) + max{a,~}

b10 020
! 2Eng( t) + ﬁIng( t).

(2.2)
Taking integration on both sides of (2.2) and divided by ¢, one implies that

915
t 0 02

+min{a+ 0+ 0,7+ + 6}(v/Ro — 1) + max{a, 7} (2.3)
~[2(07% + 053] + 1Ml(lt) + %Mg(t),

%m Z(E(t),I(t)) < %an(E(O),I(O)) + < S(s)ds

where M (t) = Ot 9122(5)(5)d32( ), Ma(t) = fg OQU?Eig‘S)dBd( ) are local martingales,

and their quadratic variations are (M (t), M1(t)) < o5t, (Ma(t), Ma(t)) < o3t. By
Lemma 2 in [23], we derive that

1
limsup -M;(t) =0, i=1,2 as.. (2.4)
t—oo
By (2.3) and (2.4), we take the upper limit on both sides, it then follows

+min{a+d+o,7+p+0H(v/Ro—1)

-1

lim sup 1 InZ(E(t),1(t)) < 4L

t—o00 92
+max{a,7} - [2(05% + 037)]

=V a.s..

If v < 0, then we have lim;—, o, I(t) = 0 and lim;_, o, E(t) = 0. The proof is complete.
O

Remark 2.1. As claimed in Theorem 3.2 of [10] and Theorem 2.2 of this study, the
basic reproduction number Ry < 1 determines the extinction of model (1.3) of [10],
also determines the extinction of model (1.4) of this study. We investigate the
extinction time of the solution of model (1.4) with ¢(I) = 1 in numerical simulation

section. Further, we compare the differences of the extinction time for model (1.4)
with ¢(I) = 1 and model (1.3) of [10].

3. Stochastic persistence
The stochastic persistence of the infectious disease will be demonstrated in this
section.

Lemma 3.1. For any initial value (S(0), £(0),1(0)) € R3, the solution (S(t), E(t),
I(t)) of model (1.4) has the following properties:

1 1 1
lim =S(t) =0, lim -E(t)=0, lim -I(¢)=0 a.s.,
t—oo t t—oo t t—o00
and
lim sup — lnS( ) < limsup — lnE( ) <0, limsup— lnI( ) <0 a.s.
t—o0 t—o0 t—oo
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Moreover, if p > 0.5(c3 V 03 V 03), then

t t

lim ! S(s)dBi(s) =0, lim ! E(s)dBa(s) =0,

t—oo t 0 t—oo t 0
1 [t
lim — [ I(s)dBs(s) =0 a.s..

t—oo t 0

Proof. The proof is similar to the approaches used in [48,49]. Therefore we make
variable replacement that replace E(t) with I(t), replace I(t) with V(¢), and S(t)
remains unchanged, then we easily obtain the results of Lemma 3.1. We omit the
details hereby. O

Theorem 3.1. Let (S(t), E(t),I(t)) be a solution of model (1.4) with any initial
value in Ri. If

I'Bo
0= r61) > 1
Ko (64 0.502)(6 + 0 + a+ 0.503)(5 + p + v + 0.502) > 6 )>1
then, model (1.4) satisfies
liminf(I); > 1(725 — ¢)(1“5*1)) >0, h= LRS
tooo T R ’ 5405020

In other words, the infectious disease will prevail in the long run.

Proof. Define Z; = —c1InS — coIn E — c3In I, where ¢, co, c3 are positive con-
stants determined later. By applying It6’s formula, which gives that

ol c1BI ciaF eyl caBST
LZ(t) = —— 1) — — —
) =——g T+ S T AT RE)S (T +bDS  Bo(l)
acs c3o K c3y
T RE 1 T tent g
' eBSI  c30F
e Y 1)+ 16 I
< - Bo() 7 o) + (1) +c10+c1B
420 + co0 + ace + c36 + c3p + 3y + 0.5010% + 0.50205 + O.5C30§
< —4(creae3TBo)E + G(I) + ¢1 (6 + 0.507) + ¢1 BT

+cz(5—|—a+a+0.5ag) +03(6+u+7+0.50§).

+c2(0 4+ 0)

+ +0.5¢107 + 0.5¢o03 + 0.5¢c303

Let
Ry R R
= 2 Cy = 2 C3 = PN
0+ 0.507% d+0o+a+0.503 0+ pu+v+0.503

C1

Then LZ1(t) < —R§ + ¢(I) + hI, h = c10, we thus derive that
le(t) S (*R(S) + ¢(I) + hI)dt - claldBl (t) - CQO’QdBQ(t) — CgO’gng(t), (31)

By Lemma 2.1, M3(t) = fot c101dBy(s) + fot c202dBa(s) + fot c303dBs(s) is a local
martingale, and satisfies lim;_, +M3(t) = 0. Consequently, by (3.1), the integra-



1870 L. Chen, W. Li, R. Zhou & F. Wei

tion implies that
htlrr_l> £f h{I)

1 1 1
> 25 _ T N | o 1 N |
> R — limsup(o(1)) + lim inf tZl(t) lim sup ; Z1(0) + lim inf tMg(t)

t—o0 t—o0

>R — oI5 1)

> 0.

The proof is complete. O

Remark 3.1. Let 03 = 02 = 03 = 0. Then Rj degenerates Ry as demonstrated
in (1.2).

4. Existence of stationary distribution

In this section, the existence of an ergodic stationary distribution will be proved
and sufficient conditions for the stationary will be established.

Theorem 4.1. Let (5(0),E(0),1(0)) € RY be any positive initial value, If R§ >
&(T5~Y) > 1, then, there exists a stationary distribution u(-) for model (1.4), which
is ergodic.

Proof. The diffusion matrix of model (1.4) is given by B = diag{c252, 62E2,
031?}. Meanwhile, we select L = mins g r)ep,, crY {028% 02 E2,021%}. We get

3
D aii(S, B, D&S = (61,62, 88)B(&1, 6, 65)"
i,j=1

— o35 + o357 + o313
> L¢P

for any (S, E,I) € Dy, £ = (&1,&,&3) € R3, where m > 1 is a sufficiently large

integer and D,,, = [%n,m] X [%,m] X [%,m]. Consequently, we take [-dimensional

Euclidean space E; = R3 and U = D,,. That is, condition (A1) of [37] holds.
For M > 0 and a sufficiently small constant n > 0, we construct a nonnegative
C?-function W : R3 — R as follows

—~ 1
W(S,E,I)=M(—c;InS—csInE —c3lnl)—InS—InE+ ?(S+E+])n+1.
n

It is easy to check that liminfmﬁoo’(s’EJ)eRi\Dm W(S,E,I) = +o00. Besides,
W(S, E,I) is a continuous function, and there is a minimum point P*(S*, E*, I*)
of the function W (S, E,I) in the interior of R3. Then a nonnegative C?-function
W is constructed as follows:

W(S,E,I) = W(S,E,I) — W(5*, E*, T*)
= MZy + Zo + Zs + Z4 — W(S*, E*, I"),
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where Z; is presented above, and define Zo = —In S, Z3 = —InE, Z, = n+1 (S +
E+I)"*1. Next, we choose a positive constant M such that the following conditions
hold

n=206—0.5n(0}fVosVos) >0,
E(S,E,I) := 3MA+25+0+a+0.5(c;i+03)+B—0.5n(S" T + E" T 4 [T < 2,
where

A=R§, B= sup {T(S+E+I)"—05pS" +E" + 1"}
(S,E,I)eR?,

According to the similar discussions as shown in Theorem 3.1, we re-estimate Z;
here

LZ(t) <—?—m— 7 + 10 4+ 181 + c20 + co0 + ace
+¢36 + c3p + 3y + 0.5(c10% 4 03 + c303)
_ 3(010203I‘ﬂ0
o(I)
—|—62(6+a+a+0.5a§) +03((5+u+'y+0.5032)),

)T +er(8+050%) + 11

substituting ¢y, co, c3 into the above expression, which gives the simplified form

BA

A\ 3
£Zl(t)<*3>\(¢(l)) +3>\+m

By the same approaches, we get

BI aF ~I o2 r ol
z _ KIS T+ 2
Lz = s+5+¢(1) SA+kRE)  Stol) "2 S gttt
BST a o3 BST o3
Ta = _< _ 7=
L2y =g+ 4o+ TpE v 3 < memy tOTC +a+ 2,
and

LZy=(S+E+D"C—6(S+E+1I)—pul]
+g(S +E+1)"" (05 + 03 E* + 031°)
<T(S+E+I)"— {5—%(a%\/oﬁVo%)}(S+E+[)”“
<T(S+E+ D" -S4 grtl 4 )
<B- g(S”+1 + B 4y,

Therefore

— ANE o MBA rooBSI | _
LWS_?’MA(W)) +(5+0502+6) ~ 5 Bey TESED:

Next, we construct the following bounded closed set

1 1 1
D= {(SEI)eRi 51<S<—52<E<—g3<[<f}
€1 €2 €3
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such that condition (A2) of [37] is valid, where ¢; > 0 (i = 1,2,3) are sufficiently

small constants satisfying the expressions (4.1)— (4.6) as follows:

r
€1

—31\4A(¢(23))é n (5?0?%% + )+ T < -1,

+Q<-

Beies

£20(€3)
n

—W—FUS_L
1

n
1Y < -1,
4eptt -

_.n
T
4t

+GS_17

where
MpBA
6+ 0.50

f Sn—i—l +En+1 _|_In+1)}

o} + 03

£ _3M)\+( 2+6)1+25+a+a+ + B,

= sup
(S,E,I)eRY

= sup ESEI}

(S,E,I)ERY.

{rm
{

= sup {f nS"Jrl — (™ + I"Jrl)}7
{rm

(S,E,I)ER?.

= sup

Ui

2
f nIn+1 Q(SnJrl _’_En+1)}’
(S,B,1)eR?. 2

G= s {ra - TEt = Tsmrt g
(S,E,T)€RS, 4 2

For convenience, we divide R3 \ D into six domains:
Dl:{(SvEyl)ERiIO<S<61},
Dy ={(S,E,I)eR :0< I <es},
D3 ={(S,E,I) €R} : §>¢1,0< E <ey,1 >es},
1
— 3. 1
Dy = {(S,E,I) eR:: 5> 51}’

Ds = {(&E,I) ERS :T> i}

D = {(&E,I) ERS . E> %}

(4.1)
(4.2)
(4.3)
(4.4)
(4.5)

(4.6)

Clearly, D¢ = D1 U Dy U ---U Dg. Thus, we only need to prove EW(S, E I <-

on D¢,
Case 1. When (S,E,I) € Dy, by (4.1), we get that
T MBA r
LW < —= — S, E )< —— < -—1.
<=5+ (55050 TO)+EGED S - +Q<
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Case 2. When (S, E,I) € D, by (4.2), we have that
A )% ( MpX

qb(&‘g) 0+ 0.50%
Case 3. When (S, E,I) € D3, by (4.3), we have that

— MBA BSI  _
LW < (m +5)1— Ty tES B <

Case 4. When (S, E,I) € Dy, by (4.4), we get that

LW < —3M/\< +ﬂ)I+E(S,E,I) <1

Beies
_€2¢(€3) Q< -l

e n n n n
LW < = 8™ 4 (1) = 8" = S(B" 4+ 1) < T U<-1

Case 5. When (S, E,I) € D5, by (4.5), we get that

Ui

+Y < -1.
4€g+1 —

LW < —ZI"“ + /) - ZI"“ - g(S”Jrl + BV < —

Case 6. When (S, E,I) € Dg, by (4.6), we get that

o N 41 N 41 N/ an+1 n+1 n
g =T 0 my<- 1 La< o1
LW < 1 + f(I) 1 2(5 + ) < 45§+1+G—

The proof is complete. O

5. Examples with numerical simulations

The numerical simulations are demonstrated by two examples in this section. The
comparison investigations of Milstein’s higher order method (MHOM in [8]) and pos-
itivity preserving truncated Euler-Maruyama method (PPTEM in [24]) are operated
in the first example. A case study is extensively discussed on Fuzhou COVID-19
epidemic of 2022 as the second example. The parameter values of the simulations
in Example 5.1, Example 5.2 and Example 5.3 are provided in Table 1.

5.1. Two types of discretization equations

(i) Discretization equation with MHOM. With MHOM in [8], model (1.4) is written
as follows:

BS(tr )1 (tr) alb(ty) v (t) ]At
oI (tr)) L+kE(ty)  140I(ty)

2
+ 018 (th)E VAL + %S(tk)(gf ~1)At,

Stisr) = S(t) + [T = 6S(te) -

E(trsr) = E(ty) + [% _SE(ty) — oE(ty) — %]At
+ ()6 BT+ ZB(0)(E — DAL,
Fltksn) = 1(60) + [oB(0) = 6+ (0 — 1 005 A

2
+ o3 ()3 VAL + %I(tk)(gg ~1)At,



1874 L. Chen, W. Li, R. Zhou & F. Wei

Table 1. Parameter values of the simulations in Example 5.1, Example 5.2 and Example 5.3.

Group T B 0 a ¥ o
) 0.20 0.01 0.04 0.15 0.10 0.08
(1) 0.65 0.70 015 025  0.20 0.25
(111) 48839 1.99x 107  1.67x 107 0.22 0.18 0.25
Group o1 o9 o3 k b o(I)
(I) 0.0080 0.006 0.03 1 1 14 0.251
(I1) 0.0100 0.006 0.02 1 1 1+40.251
(I11) 0.0005 0 0 1/70 1/360 1+0.251
Group 1 At S(0) E(0) 1(0)
5] 0.20 0.001 08 0.7 0.6
(1) 0.25 0.001 08 0.7 0.6
(I11) 0.03 0.001 8,291,268 350 20

1 For Group (III), the main parameters of model (1.4) are computed as I' = 0.0215 x
8201268/365 = 488.39, § = 0.0061/365 = 1.67 x 10~°, where 0.0215 is yearly growth rate
and 0.0061 is yearly natural death rate by Fujian Bureau of Statistics in [51]. By the idea of
Least Square, 8 = 1.99 x 1079 is obtained. By surveillance data from Fujian CDC, u = 0.03
is derived. The initial values S(0), E(0), I(0) are from the reported data released by Fujian
Provincial Health Commission in [52].

where o? > 0 (i = 1,2, 3) are the intensities of the white noises, the time increment
At is positive, and &; (i = 1,2, 3) are independent Gaussian random variables which
follow the normal distribution A (0,1) for £ =0,1,2, --- ,n.

(ii) Discretization equation with PPTEM. By PPTEM in [24], model (1.4) is
written below:

S(trs1) = S(ty) + (L + fi1 + fr2) At + g1VAL,
E(tiy1) = E(tg) + (fo1 + fo2) At + goV/At,
I(tis1) = I(te) + (f31 + f32) At + g3VAL,

where

fir = —dr(S(), o = - LU ) | _omolE(

k) Y7o (L (tk))

o(7o(L(tk))) L+ kmo(E(te)) 1+ bro(I(t))’
Bo(S(tr)I(te))  afo(E(tk))

o(7o(I(tr))) 1+ ko (E(tr))

fa1 =ofo(E(tk)) — (6 + w)Fo(L(tk)), fs2 = m’

Jor = =0+ 0)7o(E(tr)), foo =

g1 = o17o(S(tk))rik, g2 = ooTo(E(t))rak,
gs = Ugﬁo([(tk))’f&k, ’f(()(’u) = max{O,u},

and r;, (1 =1,2,3,k =0,1,2,3,---) are independent random variables with the
normal distribution N(0,1).

5.2. Numerical simulations of stochastic extinction and per-
sistence of model (1.4)

Example 5.1. (Stochastic extinction) We choose the parameter values in Group
(I) in Table 1, according to Theorem 2.2, then, model (1.4) admits a disease-free
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equilibrium point Py(5,0,0), and Rg = 0.0435 < 1, up = 0.2 > 0.5(c Vo3 V 03) =
0.00005. The corresponding simulations are demonstrated by MHOM and PPTEM
in Figure 1 as n = 30000. Moreover, the extinction time for model (1.4) with
01 = 03 = 03 = 0 are compared, from which we conclude that the extinction time
for the exposed and the infected of model (1.4) becomes a bit later as presented in
Figure 2. We also notice that when the values of b and k turn out to be smaller, the
extinction time that the infected individuals spent gets earlier as shown in Figure 3.
When the larger fluctuations o1 = 0.1, 0o = 0.1, 03 = 0.2 and n = 20000 are
given, the corresponding simulations show that the disease reaches extinction faster
in Figure 4.

T T
E by MHOM == == [ by MHOM
0.6 N E by PPTEM I by PPTEM |7
05F N\ |
N
o
2o04r N\ 1
3 N
© 03 - 7
[a) RN
~
02 3 ]
0.4 e ]
o ‘ ‘ ‘ ‘ e
0 0.2 0.4 0.6 0.8 1 1.2 14 16 1.8 2
Time (min) x10*

Figure 1. Stochastic extinction of E and I under Group (I) of model (1.4) with MHOM and PPTEM.

T T T T T
E (Deterministic) — — —1 (Deterministic)
0.6 E (Stochastic & PPTEM) I (Stochastic & PPTEM) ||
05F i
. \
Lo4r AN 4
§7) \\
G o3| —
go.
0.2 4
0.1+ e 4
0 . . . . . ! T
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Time (min) x10%

Figure 2. Comparisons of the extinctions of E and I for deterministic model and stochastic model
under PPTEM.

0.7 T T T
Ewith k=1 Twith k=1
0.6 1T E with £ = 100 1 with k = 100 ||

x10

Densities

0.7 T T T T
Ewithb=1 Twithb=1
0.6 E with b= 100 1 with b= 100 ||

0 I I I I I I
0 0.2 0.4 0.6 0.8 1 12 14 16 1.8 2

Time (min) 10*

Figure 3. Stochastic extinctions of E and I to model (1.4) with PPTEM. Top for changes of k, bottom
for changes of b.
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T T
‘ E by MHOM = = = = T by MHOM
0.6 \ E by PPTEM I by PPTEM |7
0.5 :
[ \“
204 b B
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0.2 B 4
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0.1 PRI ]
0 I I I L e e
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (min) x10%

Figure 4. Stochastic extinction of E and I to model (1.4) under MHOM and PPTEM with larger
fluctuations o1 = 0.1, o2 = 0.1, 03 = 0.2.

Example 5.2. (Stochastic persistence) We use the parameter values in Group (II)
in Table 1, then, model (1.4) admits an endemic equilibrium point P*(S*, E*, I*) =
(1.6884,1.1348,0.5228) by PPTEM. Moreover, we have R§ = 2.1652 > 1, and
liminf;, o (I) > 0.3818. Therefore, we take n = 100000, model (1.4) admits a sta-
tionary distribution presented by Theorem 3.1 and Theorem 4.1, and the stochastic
persistence of model (1.4) is demonstrated in Figure 5.
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Figure 5. Left for histogram of S, E, and I to model (1.4), right for stochastic persistence of S, E and
I to model (1.4) with MHOM and PPTEM.



Stochastic survival analysis of an epidemic model 1877

5.3. Numerical simulations of Fuzhou COVID-19 epidemic in
2022

Example 5.3. (A case study of Fuzhou COVID-19 epidemic). Since Chinese gov-
ernment issued Twenty Measures on November 11 of 2022, and New Ten Measures
on December 7 of 2022, the tendency of Fuzhou COVID-19 epidemic fluctuated dur-
ing the period from November 22 to December 12 of 2022. We take the parameter
values of Group (III) in Table 1 and the awareness delay is set as 6 days by [9,40,42].
The numerical simulations are operated by PPTEM based on the surveillance data
from Fujian Provincial Center for Disease Control and Prevention (short for, Fujian
CDC) in Figure 6.

@ 3000 [~ I 9
& Simulation
e Reported
o
& 2000 B
2
S
5
2
2 1000 - 1
©
E]
£
3 o I I I I I
16-Oct 27-Oct 07-Nov 18-Nov 29-Nov 10-Dec 21-Dec
Date

Figure 6. Cumulative number of infection cases for Fuzhou COVID-19 epidemic led by SARS-CoV-2
Omicron BA.5.2 from October 23 to December 22 of 2022.
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Figure 7. Numerical simulations of E, I, g(F) and h(I) for 300 days to Fuzhou epidemic by using
model (1.4) with o1 = 0.0005, 02 = 0,03 = 0.

The results of numerical simulations reveal the peak of F on the 10th day with
622 cases, and the peak of I on the 18th day with 620 cases as shown in Figure 7.
Meanwhile, the decreasing of k£ implies the increasing of the innate immunity, the
decreasing of b implies the increasing of the treatment availability, further, the time
that both E and I approach zero reduces in Figure 8, which are consistent with the
results in Figure 3.

6. Conclusion

The innate immunity of the individuals is usually regarded as the protection abil-
ities during the progress that pathogen or virus invades the hosts. So, the innate
immunity plays a vital role in controlling of the infectious diseases. We consider
the innate immunity in the form of Holling type II functional response in this pa-
per, instead of linear form, to establish a nonlinear stochastic epidemic model with
innate immunity. Then, the stochastic extinction and stochastic persistence under
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Figure 8. Stochastic extinctions of E and I to Fuzhou epidemic by using model (1.4) with o1 = 0.0005,
o9 =0, 03 = 0. Top for changes of b, bottom for changes of k.

moderate conditions, the existence of stationary distribution are extensively dis-
cussed. Therefore, the main numerical simulations by two methods are performed
to demonstrate the differences therein.

We show that model (1.4) admits a unique global positive solution with the
positive initial value. Further, we derive that the infectious disease approaches
the extinction when Rg < 1, v < 0 and 2u > 0% V 03 V 03 are valid as shown
in Figure 1. Meanwhile, the persistence in the mean and the existence of ergodic
stationary distribution to model (1.4) are obtained when R§ > ¢(I'6~1) held. The
results show that the parameters ¢ and k of innate immunity are involved into the
sufficient conditions of the extinction, persistence in the mean and ergodic stationary
distribution to model (1.4). We explore that the increasing values of k and b make
the time that the exposed and the infected approaches zero earlier as demonstrated
in Figure 3 and Figure 8. That is to say, the individuals with low innate immunity
in the population take high risks against infection, these individuals should be
treated promptly by medical agents. The main results of this study improve the
ones in model (6) of [41], model (4) of [18] and model (1.4) of [44] for the case of
a = 0 and v = 0, which provides a new biological perspective to the respiratory
infectious diseases. Moreover, we are motivated by results of two-group SEIR model
in [19], intend to propose a multi-group stochastic SEIR with time delay in the next
investigation.
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