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ASYMPTOTIC PROPERTIES OF A
STOCHASTIC ECO-EPIDEMIOLOGICAL
MODEL WITH FEAR EFFECT AND
HUNTING COOPERATION*

Qixing Han»?' and Lidong Zhou?

Abstract In this paper, we put forward and analyze a stochastic eco-
epidemiological model with disease in the prey population, which incorporates
fear effect of predators on prey and hunting cooperation among predators. We
find out sufficient criteria for the existence and uniqueness of an ergodic sta-
tionary distribution of positive solutions to the system by using the stochastic
Lyapunov function methods. Moreover, we also derive sufficient criteria for
extinction of the infected prey population and the predator population. Ad-
ditionally, we give the specific expression of the probability density function
of the stochastic model near the unique endemic quasi-equilibrium by solving
the Fokker-Planck equation. In the end, the supporting theoretical results are
verified by numerical simulation.

Keywords Stochastic eco-epidemiological model, hunting cooperation func-
tional response, stationary distribution and ergodicity, extinction, density
function.
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1. Introduction

Recent studies have shown that the dynamic relationship between predators and
their prey may play an important role in both ecology and mathematical ecology
due to its universal existence and importance in population dynamics. For most of
the predator-prey models, the impact of predators on the prey population usually
reflects through direct killing. However, some researchers have showed that the
fear effect of predator on the prey may play a vital role in the predator-prey sys-
tem [16,22]. Wang et al. incorporate the fear effect to the predator-prey model and
show that strong fear can stabilize the predator-prey system by excluding the exis-
tence of periodic solutions and relatively weak fear can induce multiple limit cycles
via subcritical Hopf bifurcations. More details can be seen in [22]. As universally
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recognized, eco-epidemiology is one of the most interesting issues in the investiga-
tion of mathematical biology, which combines epidemiology with ecology [4,20,23].
Chattopadhyay et al. [2] proposed a three species eco-epidemiological model and
found the conditions for local stability, extinction and Hopf-bifurcation. Liu et
al. [12] proposed an eco-epidemiological model with disease in the prey population,
incorporates fear effect of predators on prey and hunting cooperation among preda-
tors. They divide the prey population into two classes, one is the susceptible prey,
the other is the infected prey. They also assumed that the predator eats only the
infected prey. The eco-epidemiological model can be written as

s rS ,  BSI
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where S(t),I(t), y(t) represent the population density of the susceptible prey, the
infected prey and the predator at time ¢ respectively. The parameters r, u, a, K,
Ks, B, 6, p, ¢ and m are positive constants and b is a nonnegative constant, 7,
1 denote the intrinsic growth rate and natural death rate of the susceptible prey,
respectively. a stands for the mortality rate of prey population due to intra-specific
competition among the individuals of the susceptible prey population, 8 represents
the disease transmission rate, p stands for the attack rate of the predator on the
prey and b describes the predator cooperation in hunting, ¢ € (0, 1) represents the
conversion efficiency from prey biomass to predator biomass, § and m represent the
death rates of the infected prey and predator populations, respectively. The term
ﬁ denotes the fear function which represents the cost of anti-predator defence
of prey due to fear induced by predator and K reflects the level of fear that reduces
the growth of the prey. The term % represents the fear of predators reduces
the foraging activity of the prey population and K5 reflects the level of fear which
reduces the disease transmission.

According to the theory of Liu et al. [12], system (1.1) may have the following
four nonnegative equilibria.

(i) The trivial equilibrium Ey = (0, 0,0) which always exists and it is a unstable
saddle point.

(ii) The disease-free and predator-free prey equilibrium E; = (=*,0,0) which
always exists under the condition » > p and it is locally asymptotically stable if
R, < 0 and unstable provided that R, > 0, where R, = %ﬁ‘?*m.

(iii) The predator-free prey equilibrium Es = (S, I,0) exists if and only if R, > 0
and it is locally asymptotically stable if 0 < R, < 1 and unstable provided that
R, > 1, where

é I = 6(7‘—/},)—&6
B’ p? '

(iv) The coexistence equilibrium E* = (5%, I*, y*) exists if and only if R, > 1.
Model (1.1) is a deterministic model which assumes that the parameters are
deterministic irrespective environmental fluctuations. However, the ecology and
epidemiology systems are always affected by the environmental noise. Therefore,

S:



Asymptotic properties of a stochastic eco-epidemiological model 1977

the deterministic systems have some limitations to predict the future dynamics ac-
curately [1,3,6,9,10,13,17,19,21,24]. Motivated by those previous works, in this
paper, we consider fluctuations in the environment, which are assumed to mani-
fest themselves as fluctuations in parameters u, 6 and m involved in the previous
deterministic model (1.1), that is

p— p— o1 Bi(t), 6 = 6 —0aBy(t) and m — m — 03 Bs(t)

respectively, where {B1(t)}+>0, {B2(t)}+>0 and {Bs(t)}+>0 are mutually indepen-
dent standard Brownian motions defined on a complete probability space (€2, F,P)
with a filtration {F;}+>0 satisfying the usual conditions (i.e., it is increasing and
right continuous while Fy contains all P-null sets) [14]; o2 (i = 1,2, 3) denotes the
intensities of white noise. Incorporating the above perturbations in the determinis-

tic system (1.1), we get the following stochastic model:
rS BSI

2
- —_ _ I et B
ds []‘ESKH/ S —al 1+K2y]dt+015d 1(1‘),
S P (1.2)
Al = [0 = 1 = (p+ y)Iy]dt + o2 1dBy (1),

dy = [c(p + by) [y — my|dt + o3ydBs(t).
Throughout this paper, let R? be a d-dimensional Euclidean space and
Ri={$=($17--.7$d) eR?:z; >0,1<i<d},
R = {2 = (21,...,2q) €ER? 12, > 0,1 < < d}.

If G is a matrix, its transpose is denoted by GT and a Vb = max{a, b} for any a,b €
R.

The rest of this paper is structured as follows. In Section 3, we find out suffi-
cient criteria for the existence and uniqueness of an ergodic stationary distribution
of positive solutions to the stochastic system (1.2). In Section 3, we derive sufficient
criteria for extinction of the infected prey population and the predator population.
In Section 4, we discuss the probability density function of the stochastic model
near the unique endemic quasi-equilibrium. In Section 5, the theoretical results are
showed by numerical simulation. Finally, a brief conclusion scope of the investiga-
tion is provided to end this paper in Section 6.

2. Existence of ergodic stationary distribution
In this section, we will find out sufficient criteria for the existence and uniqueness
of an ergodic stationary distribution of positive solutions to the stochastic system
(1.2).

Let X (t) be a regular time-homogeneous Markov process in R? described by the
stochastic differential equation

k
dX(t) = f(X(6)dt + Y g, (X (1))dBy(t).

The diffusion matrix of the process X (¢) is defined as follows

k
A(x) = (ai§(2)), aij(x) =) gi(2)gl(x).
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Theorem 2.1. Assume that Rﬁ = CP(B(T_“_%z)_a(MTQ))
(m+-52)B2
min{d,m} > 2(c? V o3 V Jg), then the process (S(t),I(t),y(t)) has an invariant

,0

probability measure 7 on R

2
> 1, m > 3 and

Proof. To prove Theorem 2.1, we should verify conditions (A;) and (A3) in
Lemma 2.1. We first need to show the condition (A;). The diffusion matrix of
system (1.2) is given by

02582 0 0
Ao=1| 0 o3I 0
0 0 o3y?

Apparently, the matrix Ag is positive definite for any compact subset of Ri’o,
(A1) is obvious. Now we show the condition As. For any adequately small number
€ € (07 m% define

ep(B(L— T —p— F) a3 + )
(m+%§)52(1_w) '

a

Ry (e0) =

Evidently, lim+ Rf: (e0) = Rf . Since the function Rf (€0) is continuous with
604}0

respect to €g and Rg > 1, we can select ¢y small enough such that R:f (o) > 1.
From system (1.2) it follows that

r 61 o2
L(-nS)= ——— S4—— 47t
(s =y T T Ry T2
2
o7 rKyy
=- Ay aS+pr+—
rtpt g taS+p TR,y
2
g—r+u+%+a5+ﬂI+TKly, (2.1)
rS BST
L(S) = — uS —aS?—
) =Ry " T T Ky
< (r—p)S —aS? (2.2)
a3
L(—Iny) = —c(p+ by)I +m + >
0.2
< —cpl +m+ 73, (2.3)
L(y) = c(p + by) Iy — my, (2.4)
L(y?) = 2ylc(p + by) Iy — my] + o3y®
=2c(p + by)Iy® — (2m — 03)y? (2.5)

and

S 2
b +(5+0—2+(p+by)y

L=tnd) == 2
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BK3Sy
| T Ky +o+7 5 +py+by

=—BS+——

2
< — B+ BKaSy + 6+ 22 +py + by?

2
S—ﬁS—‘r,BKQéoSQ—i—(S-‘rO;—pr—‘r(i 2+b) (26)

where in the inequality of (2.6), we have used the Young inequality
2
Sy < €S? + g
460
and ¢ € (0, ﬁ—u)) is a sufficiently small number. Define

5(1 B Kz(T—M)Go)

Paco g _ T—_ N

a a

1 [ BrK;(1— KQ(T(;:“')EO)
— +py

Vi(S,I,y)=—1Inl+

m a
Ko(r—p)e BK:
ﬂ2(1_ z(au)o)lny—i_?j—l—b 9

acp 2m—a§y ’

then from (2.1), (2.2), (2.3), (2.4), (2.5) and (2.6) it follows that

1 — Ka2lr=p)eo o? 201 _ Kao(r—mweo
LVlg—B( z ) r—,u—— to+ 2 5( = )I
a 2 2 a
rky(1 — Kalr-wao 201 _ Ka(r—meo
C<5 il < )+p>(p+by)1y— ( a )I
m a a
,82(1—@) 0_32) 26(’(1[;2 +b) ,
- —_— by) I
+ acp me 2 + 2m — o3 (p+by)ly
ﬁ2(1_w) o2
T acp m 73 (By (o) = 1)
rK 1_M QC(ﬂKz +b)
C(B 1( a )_l_p)(p_i_by)ly_’_zlsoz(p_’_by)lyQ
m a 2m — o3
¢ (Bri; (1 — Kalr-we
R e LR
QC(iKz +
(p +by)Iy?,
2m — g
(2.7)
where
— € 0‘2 0'2
RS(eg) — QOO0 ) —p— ) a6+ 3))
g (m+ Z)p2(1 — Kal—pleoy ’

Ko (r—p)eo )

2 o 0_2
A(eo):ﬁ(l acpa (m 23>(RS(60)—1) > 0.




1980 Q. Han & L. Zhou

Next, define
1 y 0+5
(S, I,y)=——(S+1+=
2( ) 7y) 9+5< + 1+ C) )

where 6 is a sufficiently small number satisfying the following condition

0+4
min{d, m} > %(O’% Vo3V o3).

Then
o+4
Y rS 2 m
LVy=(S+1+2 — 2 uS—aS*— 06— —
’ < " +C) [1+K1:U S Cy]
0+4 o+3 2
+ = <S +1+ Z) (0382 + o3 + Z;”y2>

<(50722)" oot (52142

014 0+5
+;<S+I+i) (0? Vo3V o3)

. 2 0+4
4
S(r"’ min{d, m}) <S+I+ y) — (min{&,m} - GL(U% \/0’3 \/O’%))
c

4a 2
0+5
X (S +1I+ y)
c
1 0+ 4 0+5
<—2(min{5,m}—;(af\/ag\/ag))<5'+[+zé> +C
1/ . 0+ 4 y?to
< - 3 (mln{é,m} ———(0?Vaoiv a%)) (SG+5 + 1945 ¢ s +C,
(2.8)
where
0+5
1 0+4
C:= sup {<min{5,m}+(af\/ag\/a§)> (S+I+y)
(s 1yerte L 2 2 ¢
n (r + min{d, m})? (S+I+ y>9+4}
4a c
<00.

Define a Lyapunov function V : Ri’o — R as follows
V(S I,y) = MVi(S, L,y) + Va(S, L, y),
where M > 0 is a sufficiently large constant satisfying
—MMX(eo) + 91 + 95 < —2
and functions g; (i = 1,2) will be determined later. Furthermore, note that

lim inf V(S, 1,y) = oo,
k—00,(S,1,y)€RS°\ Dy,
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where Dy, = (1,k) X (3,k) x (+,k). Thus, V has a minimal value V (So, Iy, yo) in

R%° and we can define a C?-function V : R}° — R as follows

V(Svlyy) :V(Sa Ia y) - ‘7(307[0;2/0)
:MVI(Svlay) + ‘/2(57 Ia y) - V(S()a[07y0>'

Thus, from (2.7) and (2.8) it follows that

Mec ([ Bric; (1 — K2l
LV§M)\(60)+mC(ﬁ 1 o 4 )+p)(p+by)1y

IMc(BE2 4 6+5
+—( o )(p+by)ly2—£<39+5+19+5+y >+O

2m — o3 cf+5
Me rKo (1 — Ka(r—p)eo
<) + 2 (R )
m a
BK
n 2M (G ';b) (p + by) I — i50+5 _ i10+5 I
2m — o3 4 4 4045
f 045 [ ots
—al T ey e
::H(S7 I7 y)7
where f = min{d,m} — &2(0? v 03 V 03). In view of the expression of H(S,I,y),

we can obtain:

Case 1. If S — o0 or I = o0 or y — oo, then

[ ors [ 045 I oovs [ orots I ots
HS Ly) < =g 87 = I = qaws™ = 41— s

Mc (prK;(1— 71(2“;”)60)
+( +p|(p+by)ly

m a

2Mc(ZE2 4 p)
— L (p+by)y* +C
2m — o3

/ 0+5 / 045 I ots
sop ol sy

where

f o4 [ ots
Ji= s e
(,;)ue%m{ 4 1c0+5Y
) ¥

N Mc (,BrKl(l — 7K2(T_“)€°)

e +p> (p+by)ly

m a

2Mc(ﬁK2 +0b)

460 2
by)I C
2 — 0?2’ (p+by) Iy~ + }
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Case 2. If I -+ 0" or y — 0T, then

Me [ Bri; (1 — Belr—me
H(S,I7y)<—M)\(eo)+mC(ﬂ i P )+p)(p+by)fy
2Mc(E52 ) f f
T N deo T T/ bu)I 2 7[9+5 o 0+5
+ 2m — o3 (p+by)ly 4 4c0+5
I 045 I 045
R v AR
Me [ Bri; (1 — Belr=ma
<—MA(60)+g?+g§‘+m< i . g )+p>(p+by)ly
2Mc(EE2 ) f f
T N deo T T/ bu)I 2 7[9+5 o 0+5
om—of P 4015
— —00,
where
/ f
g(l) = —11”5 +C, g2(y) == T 40+ y9+5'

As a result, we can select a sufficiently small number 0 < € < 1 such that

H(S,I,y) < —1 for any (S,I,y) € R>°\ D,, (2.9)
where
DE{(S,I,y)ERi’O:O<SSi76§1§1,e§y§1}.
Moreover, there is also a positive constant P such that
H(S,1,y) < P for any (S,1,y) € Ri’o. (2.10)

Therefore, we derive

—E(V(5(0),1(0),4(0))) <E(V(S(8), 1(t), y(t))) — E(V(S5(0), 1(0),(0)))

By means of (2.9) and (2.10), we derive

0 <lim inf ~ / E(H(S(s), I(s), y(s)))ds
0

t—o00
t

o1
=liminf > [ (E(H(S(s), 1(5);y(s)))1{(5(9).0(5)0(s))e DY)

t~>oot0

+E(H(S(8), 1(5),y(5)))11(S(s).1(s),y(s))eD.}))dS
t

<timinf + [ (~P((S(s),1(s),5(s)) € DE) + PP((S(s), I(s),y(s)) € D)ds

t—o0 0

— 14+ (14P) litminfi/tIP’((S(s),I(s),y(s)) € D.)ds,
— 00 0
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this indicates that

I 1
im inf — > .S..
limnf - /0 P((S(5), 1(5),y(s)) € DoJds = 1 as
Consequently
. . 1 ¢ 1 3,0
hgg}f; ; P(s, (S,I,y),Dc)ds > T p s for any (S,1,y) e Ry",  (2.11)

where P(¢, (S, I,y), ) is the transition probability of (S(t), I(t),y(t)). According to
the invariance of M = {S > 0,1 > 0,y > 0} under system (1.2), we can consider
the Markov process (S(t),I(t),y(t)) on the state space M. It is easy to show that
(S(t),I(t),y(t)) has the Feller property. Therefore, inequality (2.11) indicates that
there exists an invariant probability measure 7* on M; see [15]. Since I(t) — 0
and y(t) — 0 provided that S(0) = 0, lim; - P(¢,(0,1,y),Q) = 0 for all compact
set @ C M. Hence, we must get 7*({S = 0,I > 0,y > 0}) = 0 (equivalently
w*(Ri’O) = 1). Moreover, in view of the invariance of Ri’o, 7 is an invariant
probability measure of (S(¢), I(t),y(t)) on Ri’o. This completes the proof. O

3. Extinction

In the research of eco-epidemiological systems, extinction is one of the most impor-
tant issues. In this section, we verify sufficient conditions for the extinction of the
infected prey population and the predator population in stochastic system.

3.1. Extinction of the infected prey population

In this subsection, we shall investigate that under what conditions the infected prey
population will go to extinction exponentially with probability one.

Theorem 3.1. Let (S(t),1(t),y(t)) be a solution to system (1.2) with any initial
2
value (S(0),1(0),y(0)) € RY°. Ifr —pu > % and RS <0, then the infected prey
population will go to extinction exponentially with probability one, i.e., tli}m I(t)=0
o0
a.s..

Proof. Consider the following one-dimensional stochastic differential equation
dX = X|[(r — p) — aX]dt + 01 XdBy (t). (3.1)

Let X(t) be the solution to Eq. (3.1) with any initial value X(0) = S(0) > 0.
According to Lemma A.1 of Appendix A in Ji et al. [7], we can derive

2
1/t oo
lim = [ X(s)ds= L (3.2)
t—oo t 0 a
Applying 1td’s formula [14] to In I leads to that
pS o3
dnl)=|——F~—-6— = — b dt dBs(t

, (3.3)
< (BS - U;) dt + o2dBa(t).
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Integrating from 0 to ¢ and then dividing by ¢ on both sides of (3.3), we get

InI(t) ; In1(0) Sé /Ot S(s)ds — 5 — 1% N o9 Bs(t)

,8 ¢ 32 0'2;2((4)) (34)
2

Taking the superior limit on both sides of (3.4) and combining with (3.2) and noting

Bo(t
that lim 2(t) = 0 a.s., we obtain
t—o00 t
nI(t - 2
limsupn()gﬁ(r H 2)—5—2<Oau.s.,
t—o00 t a 2

which indicates that tlim I(t) = 0 a.s. and so the infected prey population dies out
— 00

exponentially with probability one. This completes the proof. O

Remark 3.1. In Theorem 3.1, we only show the susceptible prey population sur-
vives and the infected prey population dies out. We don’t consider the case r — pu <

2 2
02—1. In fact, when parameters satisfy r — u < 02—1, then from comparison theorem for
one-dimensional stochastic differential equation and

dS < S[(r — p) — aS]dt + 01SdB; (t),
we can see that tlim S(t) = 0 a.s., applying the theory of asymptotically autonomous
Ede el
systems to the second and third equations in system (1.2), we also obtain tlim I(t) =
—00

2
0 and tlim y(t) = 0 a.s.. In other words, when r — pu < 0—21, all the prey population
—00

and predator population will go to extinction a.s..

3.2. Extinction of the predator population

In this subsection, we shall investigate that under what conditions the predator
population will go to extinction exponentially with probability one.

Theorem 3.2. Let (S(t),1(t),y(t)) be a solution to system (1.2) with any initial
2

value (S(0),1(0),y(0)) € RY°. Ifr —pu> %, Ko =b=0 and 0 < RS < 1, then

the predator population will go to extinction exponentially with probability one, i.e.,

tl'gn y(t) =0 a.s..

Proof. Consider K5 = b = 0, then system (1.2) can be transformed as

B rS _ @2
48 = [ e — 1S = aS” = BS1]dt + 01 SdB (1),

dI = [BSI — 61 — pIy)dt + o2IdBs(t), (3.5)
dy = (ply — my)dt + o3yd B3 (1),

and it follows that

dS < (rS — pS — aS? — BSI)dt + 0, SdB, (t),
dI < (BSI — 81)dt + o21dBs(t).
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We consider the auxiliary system

dS = (rS — pS — aS? — BSI)dt + 01 SdB (1),
dI = (BSI — 0I)dt + o21dBs(t).

By the comparison theorem, we obtain that

1 [t a5
lim sup 7/ I(s)ds < plr—n-3 )2 al 2) a.s.. (3.6)
t—o0 0 5

For third of Eq. (3.5), applying It6’s formula to Iny leads to that
o2
dlny = (cpI —m — Eg)dt + 03dBs(t). (3.7)

Integrating from 0 to ¢ and then dividing by ¢ on both sides of (3.7), we get

Iny(t) —1 ¢ 2 Bs(t
R0 D [ pgas—m+ B+ 2ROy
t t J, 2 t
Taking the superior limit on both sides of (3.8) and combining with (3.6), together
. Bs(t)
with lim —— =0 a.s., one can get
t—00 t
ny(t) _ep(B(r—p— %) a6 - %)) 2
- ny(t) _cp(pr—p—=5)—alo =5 o3
fmsup = < e = (m+ =)
s o3 .
:(Rp — 1)(m + ?) <0 a.s.,
which indicates that tlim y(t) =0 a.s.. O
— 00

4. Density function analysis of system (1.2)

In this section, we give the local probability density function of the system (1.2).
First, let 1 = InS,zo = Inl,x3 = Iny, then applying [t6’s formula, we can
transform system (1.2) into the following form:

r pe”? o
dey = [—— _ge®™r — "~ _ —)]dt dBy(t
=R % T T Ren W Rl dB(D),
B Be* s @ o3 (4.1)
d.’fz = [m — (p+ be 3)6 3 — (5 + 7)]dt + O-QdBQ(t)v

drs = [c(p + bew:s)exz — (m + U—f)]dt + U3ng(t).

Define E3 = (S, If,y;) = (e*1,e%2, %), which satisfy

r BIT ot
LAy~ e S (VI W )
1+ Ky} VT 1+ Koyt (‘; 2)

BST P
P prbyt)yt— 0+ 22) =0,

T+ Koyt (p+by)yr — ( 2)

cp+byp)Ii — (m+Z) =0,
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Let (21, 22,23) = (1 — 27,22 — x5, 23 — %), then the linearized system of system
(4.1) is as follows:

dz1 = (—a112’1 — Q1229 — a13z3)dt + UldBl (t)a
dzg = (a21zl — a23Z3)dt + O'QdBQ(t), (42)
dZ3 = ((1322’2 —+ a332’3)dt -+ Ugng(t),

where
ot Be*2 rKqe®s BEKyer2 s
a1 = ae 1= ———, Q13 = — — 5
1 PR T I  KyensT TP T (1T Kpem)2 (1 + Koe®s )2
et BKae™ites a2
_ i L L 2be® e
21 1+ KQ@ES » 023 (1 + K2€I3>2 T (p ™ ¢ )6 ’

aze = c(p + be®s)e™2, a3 = chbe®2 175,

Lemma 4.1. [25] For the algebra equation A} + A0, + ©,AT = 0, where Ay =
diag(1,0,0), ©1 is symmetric matriz, and the standard matriz

Ny —Ny —Ns
A=l 1 0o o |,
0 1 0

if Nt > 0,Ny > 0,N3 > 0 and N1Ny — N3 > 0, then the matriz O, is positive
definite.

In the following, we give the explicit local density function near the quasi-stable
equilibrium point Fj3.

Theorem 4.1. Let Z = (z1,29,23)7 be a solution to (4.2) with any initial value
(21(0), 22(0), 25(0)) € Ri. If Rg > 1,a11a12 + a12a33 # aizass, then there exists a
unique density function ®(Z) near the quasi-stable equilibrium point Es, which can
be expressed in the following form:

(Z) = (2m) 3|8 e 3(:122,2)  (2152,2) "

where ¥ is positive definite and it will be determined later.
Proof. System (4.2) can be rewritten into the matrix form dZ = AZdt + ©dB(t),
where Z = (21,22,23)7, © = diag(o1,02,03), B(t) = (Bi(t), Ba(t), Bs(t))? and
bij(i,7 =1,2,3) are defined by
—a11 —G12 G13
A= an 0 -—ax

0 a3z ass

The characteristic polynomial of matrix A is

©aA(N) =N+ FIX? + fod + f,
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where

J1 =a11 — ass,
f2 =a12a21 — ai1a33 + aszasz,
f3 =ai1a23a32 + a21(¢113a32 - a12a33)-
By [18], the density function ®(Z) of the quasi-stationary distribution of system

(4.2) near the origin point Z* = (0,0,0) can be approached by the following three-
dimensional Fokker-Planck equation

3 2 92
Y B b
- ZZ:; 787,212@ + ale[(—anzd — ai1222 — a1323)P] + 8722[(&2121 — as323)P]

0
+ afzg[(aszzz + a3323)®P] = 0,

which can be approximated by a Gaussian distribution ®(Z2) :coe_%(z_z NQ(Z2Z *)T,
cp is a constant and @ is a real symmetric matrix satisfies QO%?Q + ATQ + QA = 0.
If Q is positive definite and Q' = ¥, then ©2 4+ AX + L AT = 0. According to
the finite independent superposition principle, then ©2+ A%, +%; AT = 0,i = 1,2, 3,
where
©1 = diag(c1,0,0),04 = diag(0, 02,0), O3 = diag(0,0, 03),
=343+ 33,02 =072 + 03+ 02

Case 1. For system (4.2), we consider ©% + A%; + X1 AT = 0. Let

2
a21a32 G23Q32 Q53 — (23032

Ji = 0 ass ass )
0 0 1
then we obtain that
—fi —fa—f3
B=JiAl7'=11 0o o [,
0 1 0

it can be expressed as A? + BYy + XqBT = 0, where A = diag(1,0,0),

t11 0 —too
1
20:—2{]121!]17“: 0 t22 0
P1
—tag 0 133

and too = m t11 = fotao, t33 = %tm with p1 = as1as3207.

Based on [12], we conclude that the positive equilibrium E* of system (1.2) is
local asymptotically stable when Rj > 1. Therefore, according to Routh-Hurwitz
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criterion [14], we obtain that fi > 0, fo > 0, f3 > 0, f1fo— f3 > 0. Applying Lemma
4.1, ¥ is a positive definite, thus ¥, = p?.J; '2o(J{) ™! is also positive definite.

Case 2. For system (4.2), we consider ©2 + AYy + Y9 AT = 0. Let

010
Py

0011,
100

we obtain that

0 —az3 an

A =PAPT = | a4z azz 0

—a12 —a13 —a11

Let
1 0 0
P=|0 1 0],
0 %12
az2
we also obtain that
0 —as3— d1zdat azi
as2
Az = PQAlP{l = | ass ass 0 )

0 w —a11

where = %11912+0d12a33—0a13a37

asz2
Let

2
wasn w(a33 — 0,11) all
J2 = 0 w —ai1 | »

0 0 1

then J2A2J2_1 = B, it can be expressed as A? + BY + XoBT = 0, where A; =
diag(1,0,0) and

tir 0 t13
1

Yo = ?JQPQP@QP?PQTJQT =10 tyy 0
2

ti3 0 ts33

with po = waszz0os.
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The next steps are similar to those in Case 1, we can obtain that
2 = 3PPy Ny S0(J3) (P TP

is also a positive definite.

Case 3. For system (4.2), we consider ©2 + AY3 + 3347 = 0. Let

001
010
then
azgz 0 a3
—1
Az = P3AP3 = | —a13 —a11 —ai2
—az3 a1 O
Case 3.1. If a13 # 0, let
1 0 0
P,=]10 1 0},
a3
0 — 1
a13
then
a23a32
ass as2
a13
1 a12G23
Ay = PyA3P; = | —a13 —aq1 — —ai2 |,
a13
_ G12023
0 w
ais
2
where @ = ag; 4 #5728 4 411923 [et
13 13
_ _ 11012023
—Wwaijz —wail —ai2G1 — —————
ais
_ _ 12023
J3 = 0 @ — ;
ais
0 0 1

then J3A4J3_1 = B, it can be expressed as A? + BY + %oBT = 0, where A; =
diag(1,0,0) and

ti1 0 %13
1

Yo = ?J3P4P323P3T PIIT =10 ty 0
3

t13 0 t33
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with pP3 = —Wa1303.
The next steps are similar to those in Case 1, we can obtain that

By = p3Py Py S0 (J5) THEE) THRS) T
is also a positive definite.
Case 3.2. If a13 =0, let

100
Ps=|001],
010
then
asz azx 0
b =P AsPt = —as 0 am
0 —a2 —an
Let

2
a12G23 A11a12 aj; — 412021

Jy = 0 —a1s —aq1 ;
0 0 1
then we obtain that
—hy —hg —hs
Bo=JAJ; =11 0 0 |,
0 1 0

where

hi1 =a11 — ass,
ho =a12a21 — a11a33 + as3asz,

h3 =ai11a23a32 — a21012033,

it can be expressed as A3 + BoXg + XoB = 0, where A; = diag(1,0,0),

vy 0 wig

- 1
T pT 1T

EQZWJ4P5P323P3 P5 J4 = 0 Vo9 0
P3

viz 0 vss

1 h . /
and vz = 7 7> V13 = —hoz, vi1 = hovay, U3z = v With py = ai2a2303.

Similarly, we have that h; > 0,ho > 0,h3z > 0, h1he — hy > 0 according to Routh-
Hurwitz criterion [14]. Applying Lemma 4.1, 3 is a positive definite, hence we can
obtain that

Sy = pg Py Py S () TN E ) TP ) T
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is also a positive definite.

To sum up, we conclude that the symmetric matrix ¥ = ¥ + Yo + X3 is positive
definite. Thus, there is a local and asymptotic density function ®(Z) near the
quasi-endemic equilibrium point Fj3. O

5. Examples and computer simulations

Numerical simulation is performed in this part in order to illustrate above conclu-
sions. We mainly pay attention to verify the following three results:

(1) Theorem 2.1 is satisfied when R;? >1,m> %§ and min{8,m} > 2(c? Vo3V
03), then the system has a stationary distribution;

(2) Theorem 3.1 is satisfied when r —p > %% and Ry < 0, then both the infected
prey population and the predator population will die out.

(3)Theorem 3.2 is satisfied when r — p > %f, Ky =b=0and 0 < RJ <1, then
the predator population will die out.

Therefore, using the Milsteinj s high-order method [5], the numerical scheme
for system (1.2) is given by:

rSy 9 BSkIy
Sk+1 =Sk +[——— — uSk —aS; — ————
LTk [1+K1yk /LQ SR e
016 VAL + ZH(E R AL - ADS),
BSkdy
Towr = Ip+ =225 51— (p+ bye) Tyl At
k1 = Ik [1 Ko 2k (» + byr) Ly
+02C2,x VAL + %(C%,kAt — At) I,
2
g
Yk1 = Yk + [c(p + byr) Iy — myr| At + 0303 1V Aty + ;(Cg,kAt — At)yg,

(5.1)

where the time interval is represented by At > 0, (1., (2,k, (3,x are Gaussian random
variables and follow the standard normal distribution.

Example 5.1. (Stationary distribution) We select the parameters and initial values
of system (1.2) as follows: ¢ = 04,p = 0.3,r =0.7,a = 0.1,§ = 0.1,b = 0.01,u =
0.1,m=0.1,8=0.5,K; = 0.05, Ko = 0.1;,01 = 02 = o3 = 0.05,(5(0), 1(0), y(0))
=(2,0.8,2).

After computing, we obtain that Rg = 13713 > 1, and Ef = (S7,1I7,y7) =
(2.0801, 0.7836, 2.3035). Moreover, we know

0.0317 —0.0186 —0.0139

¥ =1-0.0186 0.0568 0.0133
—0.0139 0.0133 0.0171

According to Theorem 2.1, the solution (S(t),I(t),y(t)) of system (1.2) has a
stationary distribution, which has the ergodic property. The left side of Figure
1 is the solution of stochastic system and deterministic system, the right side are
histograms and the probability density function of the solution.
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Flsgure 1. The figure on the left shows the solution of stochastic system and deterministic system when
> 1, the figure on the right shows its histograms and the probability density function of the solution.

Example 5.2. (Extinction of the infected prey population) We select the param-
eters and initial values of system (1.2) as follows: ¢ = 0.4,p = 0.3,7 = 0.25,a =
0.35,6 =0.25,b =0.01,u =0.1,m =0.1, =0.5,K; =0.05, Ky =0.1,01 = 09 =

o3 = 0.05, (5(0), 1(0),y(0)) =

(2,0.8,2), which satisfies R]f

= —0.0643 < 0. Obvi-

ously, the infected prey population and the infected prey population of system (1.2)
will extinct exponentially in a long term, which is supported by Figure 2.
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Figure 2. The figure shows the solution of stochastic system and deterministic system when r — p > 071

and Rg < 0.

Example 5.3. (Extinction of the predator population) We select the parameters

and initial values of system (1.2) as follows: ¢ = 0.4,p = 0.3,r = 0.5,a = 0.35,¢
0.05, Ky =

0.25,b =

0.05, (5(0),
We obtain that RS = 0.5283 which satisfies Rg S

0.1,m = 0.1, =
y(0)) = (2,0.8,2).

O,p =
1(0),

0.5,K; =

0,01 = 02 = 03

(0,1). Obviously, the infected
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prey population of system (1.2) will extinct exponentially in a long term, which is
supported by Figure 3.

Frp—. " oAt L e Lt | 0ot Ak Mkt el bk L
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st st i
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2
Figure 3. The figure shows the solution of stochastic system and deterministic system when r — p > 671

and0<R§<1‘

6. Conclusion

In the current paper, we have analyzed the stochastic dynamics of a stochastic
eco-epidemiological model with disease in the prey population, which incorporates
fear effect of predators on prey and hunting cooperation among predators. More
precisely, on the one hand, we found out sufficient criteria for the existence and
uniqueness of an ergodic stationary distribution of positive solutions to the stochas-
tic system (1.2) by establishing a series of suitable Lyapunov functions. On the
other hand, we obtained sufficient criteria for extinction of the infected prey popu-
lation. In addition, it would be interesting to introduce the white noise into other
intrinsic parameters of the associated system incorporating a fear function. Also, it
needs to be mentioned that we only consider the influence of fear on the birth rate
of prey population, but it can also affect the strength of intra-specific competition
among the prey population. These problems are extremely meaningful and more
works can be done in this direction in the near future.
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