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A WAVELET COLLOCATION METHOD FOR
NEUTRAL DELAY DIFFERENTIAL
EQUATIONS ON METRIC STAR GRAPH

Mo Faheem', Arshad Khan?' and Fathalla Ali Rihan?

Abstract This paper proposes a Haar wavelet collocation approach to solve
neutral delay differential equations on a metric star graph (NDDE-MSG) with
K edges. The application of Haar wavelet, together with its integration on
NDDE-MSG, yields a system of equations, which on solving gives unknown
wavelet coefficients and subsequently the solution. The upper bound of the
global error norm is established to demonstrate that the proposed method
converges exponentially. We conduct some numerical experiments to test the
computational convergence of our approach. In this study, the authors explore
the numerical solution for NDDE on metric star graphs for the first time.
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1. Introduction

A particular class of delay differential equations (DDEs), neutral delay differential
equations (NDDEs), are frequently used to model biological, physiological, chem-
ical, and electronic processes, as well as transportation systems (controlling ships
and aircraft), neural networks, and economic growth. There is great interest in
neutral delay differential equation systems among researchers; refer [26] and refer-
ences therein. In particular, epidemiology [8] experienced a delay due to the time
interval between infection and the formation of new viruses; immunology [3] expe-
rienced a delay because of the duration of infectious and immunological periods;
population dynamics [9] experienced the delay due to the life cycle phases. In [17],
the authors used modified Euler sequences to prove the existence and uniqueness
of the solution of NDDEs triggered by state-dependent delays. In [15], the authors
used the concept of fixed point theory in F-metric space to demonstrate the exis-
tence and uniqueness of NDDEs with unbounded delay. The literature discusses the
asymptotic behavior, existence, and uniqueness of higher-order differential equation
solutions; see [4,10]. A rich literature exists for the numerical solution of NDDEs
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since analytical solutions are difficult to obtain due to delays. Some authors used
Taylor series expansion to remove the delayed component from NDDEs and re-
duced them to ordinary differential equations; see [16,25]. While this technique
maintains the stability criteria of DDEs, it also adds the error term associated with
the Taylor series truncation to the overall error, resulting in an overall reduction in
consistency. As a result, researchers developed numerical methods for addressing
the delay term directly. The works of authors in [6,7] and references therein are
particularly noteworthy.

The abovementioned applications motivated us to study neutral delay differen-
tial equations on the metric star graph. Indeed, investigating differential equations
on the metric star graph is crucial to studying various natural phenomena. Partial
differential equations (PDEs) on a graph can explain several other essential pro-
cesses, such as the flow on gas pipeline networks [31] and the propagation of water
waves in open channels [33]. The investigation of wind-induced vibrations in spider
webs, the blackout of electricity distributions via connected wires, and the propaga-
tion of electrons can be easily studied by PDE-MSG, which can only travel along the
atomic bonds of a connected structure because of excessive potential restrictions.
A network-like system was used for the first time in the 1940s to study differential
operators. Differential equations on network-like domains have their roots in the
studies of Kron [18], as well as Ruedenberg and Scherr [27]. Numerous studies have
been published on solving ODEs and PDEs on graphs; see [19,20].

On the other hand, wavelets have proven to be an effective tool for computation.
The critical properties of wavelets, including compact support and well localization,
make them straightforward. The use of wavelets is often associated with high-speed
computations. As a key tool for investigating differential equations, wavelets are
extensively used [1,2,11,13,14,23,24,28,29,32]. For example, Chebyshev cardinal
wavelets have been utilized by Heydari and Razzaghi to solve time-fractional cou-
pled Klein—-Gordon—Schrédinger equations and fractional integro-differential equa-
tions involving the y—Caputo fractional derivative [12,13]. In the literature, several
studies have addressed the solution of differential equations on graph using wavelets.
For instance, a Haar wavelet method was developed by Faheem and Khan [5] in con-
junction with the convergence analysis for fractional diffusion equations on graphs.
We also refer to [21,30] and references therein for more information about wavelet
collocation methods for differential equations on metric graphs. This paper approx-
imates the solution to neutral delay differential equations on a metric star graph
(NDDE-MSG) using Haar wavelet.

Consider the graph G(¥/, E) with a finite number of vertices (nodes) ¥ = {v, }r_,
and edges £. This study examines a metric star graph [22] with continuous edges .
Thus, every edge £ = {e, }/"_; has an open interval (0,!,) with [, > 0. An example
of a metric star graph is shown in Figure 1. This paper analyzes the following
NDDE-MSG:

Oyur(x,t) = F, (X,t, Uy Uy (X,t - TT), Oxtr (x,t), Oxtty (X,6 — 71 1), Oxxtlr (X, 1),

axxur(xyt*TZ,r))a X e (Oalr)ate (thtf)a (11)
ur(x,t) = pr(x,t), t<to, (1.2)
ur(0,t) = us(0,8), r#s,r=11ks=12,...,K, (1.3)

i B (0,t) = 0, (1.4)
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up (I, t) = 0,1 < r <k, (1.5)

where F, € C([0,l,] x [to,ty] x R%;R) is a Lipschitz function in last six argu-

ments, p(x,t)( = {r(x,t)}"_,) € C (g(q/, ) % [to — 7 (%t ur(x,8)) ] ;R), and
Tr, T1,r, T2, are continuous functions on [to,t¢] x [0,1,] x R such that t — 7, <
ty, t —Tiy < ty, i = 1,2. Equation (1.3) is known as the continuity condition,
while equation (1.4) is known as the Kirchhoff condition. Our work focuses on
solving equations (1.1) to (1.5) numerically using Haar wavelet. To the best of
the authors’ knowledge, this is the first attempt to solve NDDEs numerically on
a metric star graph. Due to its accuracy and ease of implementation, we chose
the Haar wavelet method over other numerical methods, such as finite difference
schemes, collocation methods based on spline polynomials, and Galerkin methods.
Generally, the aforementioned numerical methods have a constant order of conver-
gence and require a large number of iterations or grid points to achieve desirable
accuracy. In contrast, the Haar wavelet method exhibits exponential convergence
and requires only a few grid points to produce accurate results. Since Haar wavelets
uses piecewise functions as bases and have compact support, wavelets yield sparse
matrices in the approximation, and hence significantly reducing the computational
cost of the algorithm. Moreover, we use an integral operator approach, wherein the
highest order mixed derivative is approximated in terms of Haar wavelets, and its
integration is used to approximate the lower derivatives and the unknown variables.
This approach effectively handles the continuity and Kirchhoff conditions of NDDEs
on metric star graphs. This paper makes the following contributions:

e A metric star graph is used to study neutral delay differential equations for
the first time.

e A Haar wavelet method has been developed to approximate the solution of
NDDE-MSG. Both spatial and temporal derivatives are approximated using
Haar wavelets and their integrations.

e Wavelet bases and their integration have been directly used to approximate
the delayed terms presented in NDDE-MSG.

e The proposed method converges exponentially based on the error bound es-
tablished for its theoretical applicability.

The paper is organized as follows. Section 2 provides a few basic definitions
and preliminaries related to wavelets and metric star graphs. The Haar wavelet
and function approximation are briefly discussed in Section 3. A general order
integration of the Haar wavelet is given in Section 4. Section 5 discusses in detail
about the numerical method for solving NDDE-MSG. In Section 6, we establish
the convergence analysis and error bounds for the approach. Section 7 presents
five numerical examples based on NDDE-MSG using the method developed. The
conclusion is provided in Section 8.

2. Preliminaries

The rest of the manuscript relies on some basic definitions and symbols which are
provided in this section.
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Figure 1. Simplified schematic representation of a metric star graph consisting s edges.

We define the following space on metric star graph G(¥v, £):
L2(G(q/7 Z)) = HZ?:IL2 (OvlT)7 (21)

with the following inner product

K

<uravr>L2(g(fV,$)) = Z (ur, Ur>L2(o,lr) ) (2.2)

r=1

where L? (0,1,.) be the Hilbert space. Let C(G) denotes the space of all continuous
functions on G(¥, E) endowed with the norm

lulle@ = up l[wloo, (2.3)

S
1<r<k

where ||| is the standard Chebyshev norm.

Definition 2.1. Multiresolution analysis (MRA) is defined as the sequence of sub-
spaces {V7} of functions f € L?(R) which meets the following axioms:

(i) VIicVvitt vjez,

i) UVi=L%*R

(i) GV = L2(R)
(iii) The set {¢(- — k), k € Z} forms an orthonormal basis for V0,
(iv) If f(-) e VO = f(27.) e VI,

Let Wi = {1/1?, k,7 € Z} be defined as the subspace satisfying

VI L WI and VIt =VIig Wi, (2.4)
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Applying equation (2.4) recursively yields

J—1
VIi=vhe @ W, J> . (2.5)
j=Jo
Now if we denote Py f as the projection of f € L?(R) onto V' then considering
equation (2.5) yields

PVJ.f Z h] SDJ
Jo—1
Pysf(x ZhJosoJo X+ )Y gk, (2.6)
keZ j=1

where h’}o ’s and g;?’s can be determined by utilizing the scaling and wavelet functions

as follows: - .
W= [ 10eh . of = [ jek o 2

Definition 2.2. Multiresolution analysis (MRA) in two dimensions, is defined as
the sequence of subspaces {V5*7'} of functions f € L?*(R x R) which meets the
following axioms:

: x> Jt ix+1,5¢+1 s
(1> ‘/*2‘7 T C V2] 7 ’ vjxu?t € Za

i) U VP =L*RxR
(i) U, Vi (R x R),

(iii) The set {¢(- — ky, - — k¢), kx, k¢ € Z} forms an orthonormal basis for VQO’O,
(iv) If f(-,-) € VO = f(2%,290) € VI, where V{7 = Vi* @ VIt and ® denotes
the kronecker product.

Let Wg"’jt = {1/};@;]1?7 Jx> Jt, Kx, Kt € 7L} be defined as the subspace satisfying

"/2.jxvjt 1 ng;jt and ‘/‘2jx+17jt+1 _ ‘/'2jx7jt D W2.jx;jt. (28)
Applying equation (2.8) recursively yields
e=de—1
Jji=Ji—1

‘/QJer _ V2Jx,07Jt,0 ® @ Wij,jc’ Jy > Jx,O, Jp > Jt,O- (29)

Jx=Jx,0
Je=Jt,0

Now if denote P,s..s. f as the projection of f € L?(R x R) onto VQJ"’Jt then consid-
2

ering equation (2.9) gives

kb, Eok
Pvé’x"’tf(}gt) ~ Z h‘jx jt <p]x j: (X7t’)a

kx, kot
Je—1
Ji—1
kx, k¢ kx,kq ke ) ky kt
P ]x Itf Xt Zh x()aJt(J(pr(JvJLO Xt + Z Z g]x;Jt w]x]t Xt)’ (2'10)
Ky, kt kx kr]x

Jzo
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hk ke ky krv

where h oo 's and ¢, "’s can be determined by utilizing the orthogonality of
scaling and wavelet functlons as:

ki’ffjt . / / f(x,t w?x’f‘Jt , (xt)dxdt, (2.11)

ghshe — k Iet
9;7 / / f(x, )y (x,t) dxdt. (2.12)

3. Haar wavelet

A function 1 (x) is said to be a mother wavelet, if the following condition is satisfied:

o /O; ¢|(§|)|2d§ < 00, (3.1)

where 12)(5) stands for the Fourier transform of ¢(x). In general, we may reduced
the condition (3.1) to the following weaker requirement:

/:’0 P(x)dx = 0. (3.2)

That is, a function ¥(x) is termed as mother wavelet if the total integral of the
function is zero.

Wavelet is a set of functions constructed by the dilation and translation of
mother wavelet 1(x) and defined as:

Gar(x) = |d|2¢ (xd™ ' —=Td™), T,d(#0)€R. (3.3)

The simplest example of wavelet is Haar wavelet which is constructed with help of
the scaling function ¢(x) = 1, if x € [0,1) and zero otherwise. The scaling function
(x) satisfies the following dilation equation:

=V2) hpp(2x— k), (3.4)
k

where hg = hy :% and hy =0, Vk > 1.
The Haar mother wavelet can be define with the assistance of the scaling function
p(x) as follows:

=D V20ip(2x = k), with g = (=1)"h1s, (3.5)
k

where hy and gy are respectively the low pass and high pass filter coefficients cal-
culated for Haar wavelet as: go = %,91 = *% and g =0, V k # {0, 1}.

Hence the Haar mother wavelet defined on [0, 1) as

1, X € {0,;),
() = 1’X€BJ» (36)

0, otherwise.
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Finally, we can obtained the Haar wavelet simply by dilating and translating the
Haar mother wavelet function ¢ (x) as follows:

[kx kx+0.5>
1, xe|—0— =",

Qx x
VR =91 ye [W kx“) (3.7)
’ 2ix 7 9dx ’
0, otherwise,

where ky = 0,1,2,...,2"1 j. = 0,1,...,J, — 1, where J, denotes the level of
resolution.
Equivalently, we can define Haar wavelet for i, > 1 as:

[kx kx+0.5>
].’ XG sy bl

2ix’ Qix
. - < D oke+1 ) .
i (x) = -1, [W, k + ) ,  where iy = 2 + k41, (3.8)
2 2«
0, otherwise
1, x€10,1),
and X) = 3.9
Vi(x) {O, otherwise. (39)
Similarly, we can define Haar wavelet in temporal dimension for ¢ > 1 as:
ke ki+0.5
13 te |:2]rv th ) ’
. - . 1 .
il (t) = -1, te [kt +,05,kt_|._ ) , where iy = 27" + k; + 1, (3.10)
2Jt 2Jt
0, otherwise
1, te€][0,1),
and t) = 3.11
vlt) {O, otherwise. ( )

The analytic expression of a function u € L?[0,1) in terms of Haar wavelet can be
obtained with the help of equation (2.6) as:

u(x) = howp (x +ZZQJX e (3.12)

The finest projection of u can be obtained by the terminated sum as follows:
N
u(x) = Pyou(x) = hgpl(x) + Z Z grUr(x) =Y gt (x),  (3.13)
kx Jx=Jx,0 ix=1

where the coefficients g; ’s can be found by

gi, = /00 u(x);, (x)dx. (3.14)

— 00
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Similarly, the analytic expression of a function u € L?([0,1) x [0,1)) in terms of
Haar wavelet can be found with the help of equation (2.10) as:

0,0 0,0 ket ) ke k
u(x,t) = ho,o‘Po,o(X’t) + Z Zgjx,ﬁ wjx (X)’ll)j:(t)' (3.15)
kx, ke Jx,J¢
The finest projection of u(x,t) can be obtained by the terminated sum as follows:

u(x,t) ~ PVJX,Jt'LL(X,t)

Jr—l

= hooeoo(xt) + 3 > gk xpk(t)

kx k¢ .7'x J_x 0
Jt=7Jt,0

Ny N

=2 > G i ()i, (0), (3.16)

ix=11=1

where the coefficients g;_;,’s can be found by

Givi, = / / w(x,t)1; (%), (t)dxdt. (3.17)

4. Integration of Haar wavelet

Let ])Em)wix(x) and ]t(m)wit(t) denote the m'" order integrations of Haar wavelet
against x and ¢ respectively. Then using expression (3.8), we have

2, (%)
1 Ex ky ky+0.5
%( - 2jx) ’ xX€ [ﬁv Qi )7

1 Ee\™ 5 ke +05\™ ke +0.5 ky—+1
m \\ " o) T\ T T A TR TR & i1
)1 (( kx>’” ( kx+0.5>"” (4.1)
E— X — n —2 X— —
m! 27x 2

< ke +1 ) ’") ke + 1

+ | x— —= , X2 —5—.
27x Jx

In the same fashion, the integration of Haar wavelet in other direction is given by
(1)

" k .
te [.t, Ry +A05> ,
2Jt 2t

1 B\ 1 ki +0.5\"™ ke+05 ke+1
m!<t—2jtu) _2m!<t_ t2jl > ’ te[tgjt ’tgjl )’
m ) b 05\ (4.2)
(-5) 2 (- 557)

It

1 (t_kzt+1> ’ tzkﬁl.
27t
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5. Numerical method

Herein, we approximate the highest order mixed derivative of w,(x,t) in terms of
Haar wavelet. Next, we approximate the lower order derivatives and unknown
functions u,(x,t) in terms of the Haar wavelet and its integrations. Plugging the
values of u,(x,t) along the derivatives in equation (1.1), the system of algebraic
equations is obtained, which on solving yields undetermined wavelet coefficients
and subsequently approximate solutions. Here, we develop the method for [, =
1, r=1,2,...k as described below.

We can approximate the mixed derivative 0;0xxu,(x,t) in terms of Haar wavelet

as:
N, N

OrDectir (x,8) = Y Y gh 5 i ()i, (b). (5.1)

ix=11=1
Integrating equation (5.1) against t, yields

Ny N

Doctr(x,8) = > S g1 4,01, (93, (8) + Doty (x,0). (5.2)

ix=11:=1

In a similar way, subsequent integrations of equation (5.2) with respect to x, provides

N, N;
Oy (5t) = > D7 gh 5 I, (9 (8) + Oty (35,0) = Dy 0,0) + Dy 0,1,
ix=11=1
(5.3)
Ne N
0= 3 0030 (95 i, (1) + ur(x,0) = (0,0) — xdyu, (0,0)
ix=11,=1
+ x0xur (0, t) + u.(0, t). (5.4)
If we plug x = 1 into equation (5.4) and add up all the values, we obtain
K k Ny N K
S (L) =33 > g s AP (D i (0 + D (ur(1,0) = 1, (0,0)
r=1 r=114,=14=1 r=1
— 04 (0,0)) + Y D (0,6) + Y (0, 1),
r=1 r=1
1 k Ny N 1) 1 K
A0,8) = —= 3P (178, (1) — = +(1,0) — u,.(0,0
o I WATCIRUIEHCETS SUTIIEAIN)
— Xur(O,O)), 1<r<k. (5.5)

Again, for the equation (5.4), set x equal to 1, and then after simplifying, we obtain

N, N,

Dty (0,8) — O (0,0) = = 3 " g7 5 1P (1) 50, () — 1, (1,0)

ix=11=1

+ u,(0,0) + 1,0, t). (5.6)
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Now, from equations (5.4), (5.5) and (5.6), we get

N, N Ny N
=33 0030 (0 = D 3 g i Pen (1), ()
ix=11=1 ix=11:=1
k Ny N 1 K
S (= P (3 ()~ S ) (1,0)
r=114y=14=1 r=1

—u,(0,0) — 941, (0,0)) + ur(x,0) + (x — 1)u,-(0,0) — xu,(1,0). (5.7)

Again differentiation of equation (5.7) yields

Ny N Ny N
Our(x,6) = N g7 5 I s (i, (8) = DD gr i xIP i, (Ve (8)
ix=11=1 ix=11=1
k Ny N

S S g P (W (), (5.8)

r=1i,=14=1
Also, using equation (5.5) in (5.3) gives

Ny Ny
xur Xt? Z Zgzx i (J(l %X ) ’7)52)’[/1“(1)) jt(l)qpln(t)
ix=11=1
K Ny N

S S g AP (13 (6) 4 B (5,0) — iy (1,0)

r=114,=14;=1

K

+un(0,0) —l—%Z(ur(l,O) 0 (0,0)). (5.9)

r=1

Now, replace t by t — 72 ,, t — 7, and t — 71, in equations (5.2), (5.7) and (5.9),
respectively yields

N. N,

Oxxly (X — T2, r) Z Z gzx Zt¢2x 1)wit(t - T2,T) + Oxxtr (x,0), (5.10)
ix=11=1
Ny N Ny N
=3 g 1P (1 (=) = DN gl waP (1)
ix=11=1 ix=11=1

x Ny N

e (¢ - = Z SN g = 2) 3Py (15 s, (6 1)

r=114,=14;=1

_ % Z(l — X)(’LLT(LO) - ur(07 0)

r=1
— 95 (0,0)) + ur(x,0) + (x — 1)up(0,0) — xup(1,0), (5.11)
Ny N,
O (ot —110) = D> g (9D, (x) — 3P0 ()5 0, (¢ — 71,0)
ix=11=1
k Ny N

N 72 Z Zglx it X wlx Uwir,(t_Tl,r)"‘axur(X,O)

r=1i,=14=1
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K

—ur(1,0) + ur (0,0) + %Z(ur(l,O) — 0 (0,0)). (5.12)

r=1

Substituting equations (5.2), (5.7)-(5.12) in equation (1.1) and collocating at xp, =
%&,tgz = 92]}?'5, where 61 = 1,2,...,Ny,05 = 1,2,..., N, forms the system

of k ((Nx)2 X (Nt)2) nonlinear algebraic equations. Solving the resulting system
provides undetermined wavelet coefficients g; ;. These coeflicient values when sub-

stituted in equation (5.7) yield the required approximation.
6. Convergence
In this section, we examine upper estimate of the error norm for the described

method. We now write equation (5.7) in analytic form in order to demonstrate that
the proposed method converges:

=33 g0 1P ()7, (1) Zzgzx,uﬂ%h (1) 41, (8)

ix=11=1 ix=11=1
1 ¢ @) (1)
- ;Z Z ZQ’LX i —7 11[}7x( ) T djlr(t) +B(X7t)a (61>

r=11i,=14=1

where B(x,t) represents the function containing boundary terms.

Lemma 6.1. Let u,(x,t) € L*((0,1,)x(0,1)) with I, = 1 such that |9 Oxxxuir (x,t)] <
R, V(x,t) € (0,1)x(0,1) and R, > 0, r = 1(1)k. If 0:0xcur(x,t)= D071 D001 97 4,
x ; (x);,(t), then the following inequality holds:

D lof] <2720 R, (6.2)
r=1

where ® = max R,.
<r<k

Proof. We have

ataxxur Xt Z Z gzx ztwlx 1/%( )

ix=11=1
g;nx,it :/ / OrOsxttr (X,6)105, (X) i, (t)dxdt = (i (), (DeOxxir (X,1), s, () -

Now

(00t (x,), i, (t) / DOt (X, )13, (t)dt

ky40.5 kgl

_ / T Dty (x,)dt — / T O Dectin (x, ) dt
ey k¢+0.5
27t 27t
1

= 95 +1 8taxxur (X Xl) 9jet1 ataxxur (X XQ)
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Here the mean value theorem for integral is employed for y; € (th’j‘, (k¢ +0.5)
x279t) and x2 € ((k¢+0.5)27%, (ky+1)277*). Again applying mean value theorem
for x € (x1,X2), we have

1
<ataxxur (Xat)a wzt(t» = W (Xl - XZ) attaxxur (Xa X)

Now

(019 (0Dt (20, () = 57 00 = x) | Db (), ()

1 kx+0.5
2Jx
:W(Xl - X?) ( /k attaxxur(xa X)dX
. 27x
27x
_/ 8tt8xxur(x7 X)dX>
kx+0.5

2Jx

:(;CJIXJF% (6tt6xxur (Wla X) - 8tt6xxur (WQ, X)) .
(6.3)

The abovementioned relation is attained by utilizing mean value theorem, provided
wy € (kx279%, (kx+0.5)277) and wy € ((kx+ 0.5) 277, (kx + 1) 277~). Again ap-
plying mean value theorem for w € (w;,ws), we obtain

1
<wzx( ) <at xxur(X t) ’(/}Zt( )>> = W (Xl - X2) (UJl - w2) attaxxxu'r((")7X)'
Therefore, we have

1
|ng 1r| Py Ix2 — X1 |w2 — w1 |0stOxcxtir (W, X)| 5

|gz7"x ir| < 2 jx+]t+1)§Rr,
Z ‘glx L] < 2(jx+3s+1) kR,

where ® = max R,. O]

1<r<k

Lemma 6.2. Let u,(x,t) be the accurate solution of NDDE-MSG (1.1) and
PVJX,JLUT(X,t) be the projection of analytic solution such that |O¢Oxxtr(x,t)] <
2

R, V (x,t) € (0,1) x (0,1) and R, > 0,r = 1(1)k and

at xxur X, t Z Z gzx,zthx Z/)'Lt( )

ix=11=1

then the following inequality holds:
Z H’U,T X, t Jx JtuT(X t)HLQ(O I < @12_4‘]’(_3‘]“, (64)

where ©1 is a constant given in the proof below.
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Proof. Denote >>7°_; ., Z?jf;x ! D gt Ziji;t L= ; int g Then, we have
(ur(x,t) ~P Jx,JtuT(x,t))
; . L2(0,1,)
Z Qg (026,95 i)
JxstxsJtsbt
— 9@ (W5 (0) - < €D Zgl (1= 32 (1) (1)
fi]xﬂxajwlc 2(0,1,.)
(6.5)

Using Minkowski and Holder inequalities, we have

Z latr (x,8) = ooy (58| 2200,

: }
<Zm§%¢, L‘gzx,“ ((/(; |j;£2)wix(x)|2dX>

< / ué%(wﬁdt)i( / @ (1) |2dx) ( / 504,(6) |2dt>
+( / (1= 1Py (1) |dx) ( / v (o) ) (6.6)

Now consider

(m)d}l (x)
= 7/ x—8)™p; (s)ds
(m) Jo
1 kx+0.5 kytl
(/ . X—s)mds—/ - (X—s)mds>
m kx+0.5
2Jx
_ m+1 ke + 0.5 m+1 ke+ 1 m+1
n m—|—1 ( QJX Q(X_ Qi ) +(X_ % ) )7
EARRTN )I ~imtl), (6.7)

ym+1_2(y_0.5)7n+1 +(y_1)m,+1

CESNNE) , y = 29xx — k.. Therefore, we have

where A = max
y€(0,1)

19D (x)] < 82755, 1Py (x)] < A27%, and |5V, (0] < 427 (6.8)

Now from equations (6.6) and (6.8), we obtain

> lur(xt) — Py (5:8) | 22004,

5jx—4jt

2
Q 3kA §R2,

T oiodnie 4
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o) 2ix+1_q

3:‘<E§RA Z Z 9— 5jx Z 2_3]L

Jx=Jx+1 i,=2ix =Ji+1
-3,
_ 3H§RA22 3Je Z 274‘7-)(
28 ’
Jx=Jx+1
Z lur (x,8) = Py oonun (x,8)l| 20,0,y < €227 45737, (6.9)
where ©; is a constant given by ©; = 32?(‘)‘2. O

Lemma 6.3. Let u,(x,t) be the accurate solution of NDDE-MSG (1.1) and
PVJX,JtUT(X,t) be the projection of analytic solution such that |OuyOxxxtr(x,t)| <
2

R, ¥V (x,t) € (0,1) x (0,1) and R, > 0,r = 1(1)k and
0:0 xxur Xt Z Z gzx,,ﬂ% wu( )
ix=11=1

then the following inequality holds:
Z Ny (x = Pyowaur(x,t = )| z2(04,) < 02271 (6.10)

Proof. Similar techniques to those used in proving Lemma 6.2 can be employed
in establishing the proof of this lemma. O

Lemma 6.4. Let u,(x,t) be the accurate solution of NDDE-MSG (1.1) and
P, e nur(x,t) be the projection of analytic solution such that |OuOxxxtr(x,t)| <

%T, v (x,t) € (0,1) x (0,1) and R, > 0,7 = 1(1)k and

at xxur Xt Z Z g1x z,wlx %f( )

ix=11=1

then the following inequality holds:
> lloxun(x,t) — Py s Osun(x,0) | 1200y < 277 (022775 + 05274, (6.11)

where O and Oz are constants given in the proof below.

Proof. From equation (6.5), we have

K
Z 19107 (x,8) = Py Ot (%, 220,41,

*ZH g7 0D (950, (1)

JxsxsJts bt

2P, (1) 740, (1) ) Zgzxuy@ Vi (3, (0] 2o,y (6:12)

H/Jxﬂx’]t 74t
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Using Minkowski and Hélder inequalities, we have

Z 10ty (x,6) = Py gw0 Ot (x,0) | 220,

<Z € g

: !
((f |J£1)wix<x>|2dx)
]x L, Jerbe

< / ué”wwﬁdt) +( / 1Oy, (1 |dx) ( / D6 |dt>
(/ |70, (1 Ide) /U b, (t) dt)é) (6.13)

Now from equations (6.7), (6.8) and (6.13), we obtain

Z 10ty (x,6) = Py s O (x,0) | 220,

2
< 0 mA( 4jx+25jx+1>24jt

JxsxsJtsbt

o) 2Jx+1_

%"A DY (—4jx+2—5jx+1> i 93t

Jx=Jx+1 i,=2ix Je=Ji+1

23N RkA2 &

5 Z (2—3jx+2—4jx+1)7
8 Jx=Jx+1

K
> llocun(x,t) - Py e Bsur(x.8) | L2 (0,1,) < 27305273 4 ©5271), (6.14)

. 2
where ©5 and O3 are constants given by O, = %1’;% , O3 = y;’ig . O

Lemma 6.5. Let u,(x,t) be the accurate solution of NDDE-MSG (1.1) and

PVJX,Jt’Un,«(X,t) be the projection of analytic solution such that |0iOxxtr(x,t)] <
2

R, ¥(x,t) € (0,1) x (0,1) and R, > 0,7 =1(1)k and

at xxur X, t Z Z gzx,“/(/)l,\ w’bt( )

ix=11=1

then the following inequality holds:

> l0ur(xt—71,) — Py Osun (6 = 110) [ 1200,y <2771 (02277 + ©5274).
(6.15)

Proof. Similar techniques to those used in proving Lemma 6.4 can be employed
in establishing the proof of this lemma. O

Lemma 6.6. Let u,(x,t) be the accurate solution of NDDE-MSG (1.1) and
PVJX,Jt’U,T(X,t> be the projection of analytic solution such that |0iOxxtr(x,t)] <
2
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R, V(x,t) € (0,1) x (0,1) and R, > 0,7 = 1(1)x and
at xqu Xt Z Z gzx,“d)zx 1/’%( )
ix=11=1
then the following inequality holds:
Z Haxxur(x,t) — PVJX,Jt axxur(X,t)HLz(oylr) < @42_‘]1'_3Jt, (6.16)
2
r=1
where ©4 is a constant given in the proof below.
Proof. From equation (6.5), we have
K
Z ‘ OxxUr (X,8) — PV2JX,JL Oxex Uy (X,t)’ a0
W, (¢ 6.17
—Z gh,wzx( x)J; i, (t) : (6.17)
st Juote L2(0,1,)
Using Holder inequality, we have
; ‘ Dty (3,8) = Py Dty (X,t)] o
1 3 o 3
<32 ([ mwpas) ([ 1uwopa) . e
Jx»%n]u 0 0
Using equations (6.8), we have
Z Haxxur(x;t) - PVQJXJL 8xxur(xﬂt)”H(O,lr)
< ) BrA, 4
T syt
oo 20xtl_g
SR
Tl iy=2x —Ji+1
2*3']t§Rf<:A > ;
e 27‘7)(
28 Z ’
Jx=Jx+1
> 10sxtir (x,8) = Py Ot (%,8)[| 22(0,1,) < ©4277 731, (6.19)
2
where ©4 = %. O

Lemma 6.7. Let u,(x,t) be the accurate solution of NDDE-MSG (1.1) and
PVJX,JrUT(X,t) be the projection of analytic solution such that |OuOxxxtr(x,t)| <
2

R, YV(x,t) € (0,1) x (0,1) and R, > 0,7 =1(1)k and

at xxur Xt Z Z g1x z,%X %f( )

ix=11=1
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then the following inequality holds:

g ‘ Oxxr (X,6 — T2 1) — Pyracs Oty (X, — T2 1) < 04277730 (6.20)
2
r=1

L2(0,1,)

Proof. Similar techniques to those used in proving Lemma 6.6 can be employed
in establishing the proof of this lemma. O

Lemma 6.8. Let u.(x,t) be the accurate solution of NDDE-MSG (1.1) and
P, s s ur(x,t) be the projection of analytic solution such that |0uOxxxur(x,t)] <

§Rr, V(x,t) € (0,1) x (0,1) and R, > 0,r = 1(1)k and

8t xqu X, t Z Z gzx,zﬂﬂzx ’(/}'Lt( )

ix=11=1

then the following inequality holds:

Z H (8tur x,t) Vet Oy (x, t)) ‘

where 05 is a constant given in the proof below.

< @527 (6.21)
L2(0,1,)

Proof. From equation (6.5), we have

K
Z H <8tu1'(xft) - Pvé’X’Jt 6tuT(X’t)) HL2(O,IT)

*ZH Qg (1D (v, (6)

JxstxaJtyte

— g ()i (6) — — €D Zgl (=93P (V3,0 120y (6:22)

K Jxsx,Jtytt

Using Minkowski and Hélder inequalities, we have

ZH@uT (x,1) Vi 7. 0¢ur (X,0) || £2(0,1,)

1 1

©) 2% )

<>, 0 i, (( | v oax)

([ ¢ip<t>|2dt) ([ e |2dx) ( / ot zdt)
w ([ 1a-2s20.0 |dx) ([ wutorar)’ ) (6.2

Using equation (6.8), we obtain

ZHatur (x,1) Vi 7.0ty (X,8) | L2 (0,0,.)
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< 0 3,%§]“€A2_5jx_2jr

Jxrixodede 4

2Jix+1_q

R0 1Y — _5j N

i VED VR Vi
Je=Jx+1 i,=2ix gi=Ji+1

_Jc o0

_ 2 3K%A Z 2—4jx7
Jx=Jx+1
> |0 (x,t) — Py s Or (%,8) | £2(0,0,) < Q5274 (6.24)
r=1
where ©5 = 5. O

Theorem 6.1. Let u,(x,t)(= {u,(x,t)};_;) € C(G(V,E) x [to — 7 (x,t, ur(x,1))
t7];R) be the ewact solution of NDDE-MSG (1.1) and PVQJX,JtUT(X,t) be the ap-
prozimate solution such that |0ty (x,8)] < Ry, V(x,t) € (0,1) x (0,1) and
R, > 0,7 = 1(1)k and 0 0xur (x,t) = 3771 071 gF 5, i ()i, (t). Let Fr in equa-
tion (1.1) be the Lipschitz function with Lipschitz coefficients L; ., i =1,2,...,6. If
we denote €], as the obtained error associated with the r*" edge, then the global

error associated with the graph is denoted by e?}f}j’f) = > s sz, and
estimated by the following inequality:
K
V,E
o =D e sl
=1
S 612—4Jx—Jt + (C22—4Jx _|_ 632_3JX + C42—2JX)2—3Jt, (625)

where C1, G2, C3 and C4 are constants given in the proof below.

Proof. We have

K
Z HeSX,Jer(o,m
r=1
K
2

axur (X’t - Tl,r) ) axxur (X?t)a axxur (X,t - TQ,T)) - PVQJX'J” 8tur(x7t)

Opur (x,6) — Fr(x,t, up, up(X,t — 71.), Oxur(x,t),

+ F., (X,t, PVQJX,JL Uy, PVZJX,JL up (x,6 — 7) ,Pvz.lx,.]t Oxur (x,6),

PVZJX,JL Oy (x,t — 714) ,PVZJX,JL OxxUr (X, 1),

PszxﬁJ: Oxxy (X7t - 7_277") )

L2(0,l,)

< Z (||8tur(x,t) — PVQJX,Jtat’U,T(X,t)||L2(071T) + Ly,
r=1

Jur (xt)

— PV2JvaLUT(X7t)||L2(0,lr) + Cg,rHur(x,t — Tr)
_ PVZJX,JLUT()Qt — TT)HL2(O,ZT) + £3’T||3XUT(X,t)
— PV2JX,JL axu,,(x,t) ||L2(O,lr) + £4,T||(“)Xu,«(x,t — Tl,r)
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— PVZJXJLBXUT(X,t — Tl,T)||L2(0,lr) + £57T||8XXUT(X,1Z)
- PVQJXJL 8xxur (X;t:)”L2 (0,1) + EG,’I"HBXXUT (X;t - 7_2,7”)
— PV2JX,J¢ OxUsr (X,t — 7'277) HL2(0,l,.)) . (6.26)

Using Lemmas 6.1-6.8 in equation (6.26) provides

S lleh nllzza) < G274 (@27t 4 g2+ 2727 (6.27)
r=1
where ¢ = kKOs, G = (£1 + £2)@1 + ([:3 + £4)®3, C3 = (ﬁg + £4)@2 and
G = (L5 4+ L6)O4, L; = max Lir, i = 1,2,..,6. From equation (6.27), it is
obvious that the error is invérgely proportional to the resolution levels J, and J;.

Hence, if Jy and J; tend to oo, the global error goes to zero. This completes the
proof. [

7. Numerical examples

This section presents five examples of NDDE-MSG using the Haar wavelet approach.
Calculations were performed using MATLAB R2021a, an AMD Ryzen 5 PRO 5650U
processor, and Windows 11. The following error norms are computed for numerical
results:

€779, = max |u,(x,t) — Ppocsur(xt)|, r=1(1)k, (7.1)
xyJt i 2

r2 _

e, = ’ un(x,t) — pVQJX,JLur(X,t)] oy "= 1R (7.2)

Example 7.1. Consider the following linear NDDE-MSG (1.1) with three edges:

O (x,t) = Oty (X, 1 — V1) + up(x,t —sin(t)) + fr(xt), x€(0,1),t€ (0,1),
ur(x,t) =0, t<0,
ur(0,t) = us(0,t), r#s,r=123 s=1,2,3,

3
> O, (0, 1) =0,
r=1

ur (1,t) =0, 1 <r <3. (7.3)
The analytical solutions of this example are wuj(x,t) = uz(x,t) = t*sin(rx),
uz(x,t) = —2t%>sin(rx) and the source functions f,.(x,t), 7 = 1,2,3 can be cal-

culated with the assistance of the exact solutions. The obtained maximum ab-
solute errors (MAEs) (€777, 7 = 1,2,3) and root mean square errors (RMSEs)

(ef}’j g r=12 3) are tabulated in Table 1. The table shows that as the values of
the resolution parameters Jy, J; are increased, the absolute errors (AEs) decrease
significantly, which is a good support of Theorem 6.1. The graphs of approximate
solutions PVQJX,Jt ur(X,ty,), 7= 1,2,3 are given in Figure 2(a). The accurate and ap-
proximate solutions of u(x,ty,) are compared in Figure 2(b), which demonstrates
that the approximate and exact solutions are similar. In addition, the influence of
the resolution parameters Jy, J; on the behaviour of AEs are illustrated in Figure 3.
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Table 1. Effect of Jy, J; on the obtained MAEs and RMSEs of Example 7.1.

Je=Jo €% =6 6%, CPU Ry =, &R, CPU
1 3.9580e — 02 7.916le — 02 0.04 8.0851le —02 1.6170e —01 0.03
2 1.2404e — 02  2.4808e — 02 0.04 4.6820e — 02 9.3641e — 02 0.04
3 3.4796e — 03  6.9592¢ — 03 0.40  2.5690e — 02 5.1381e — 02 0.05
4 8.9695e¢ — 04 1.7939¢ — 03 1.06 1.3131le—02 2.6262¢ —02 0.41
5 2.2871e — 04 4.5742¢ — 04 6.48 6.6772¢ — 03 1.3354e — 02  6.47

According to the figures, the AEs for J, = J; = 4 are O(e—03), but for J, = J; = 5,
they are O(e — 04), which is in good accordance with the theoretical results.

=—©— aprroximate

exact

a 01 02 03

(b)

Figure 2. (2(a)) Graph of PVJX”]t ur(x,t), 7 =1,2,3 of Example 7.1 at t = tn, for Jx = J¢ = 5. (2(b))
2

Graphical comparison of analytic and approximate solutions of w;(x,t) at t = tn, for J, = J; = 5.

Absolute errors

x
S
IS

Absolute errors

-

=

o

Lo

(b)

Figure 3. Impact of resolution parameters J,, J; on AEs obtained for u(x,t) of Example 7.1 at t = tn,:
(3(a)) for Jx = Jy = 4, (3(b)) for J, = J; = 5.
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Example 7.2. Consider the following linear NDDE-MSG (1.1) with three edges:

Opur (x,6) = Oxxtir (X,8) + Oxur(x, sin(\/{f)) + fr(x,t),
u1(x,t) = ua(x,t) = sin(27x), us(x,t) = —2sin(27x),
ur(0,t) = us(0,t), r#s,r=123 s=1,2,3,

3
> 0, (0, t) =0,

r=1

ur (1,t) =0, 1 <r <3.

x€(0,1),t€(0,1),
t <0,

(7.4)

The analytical solutions of this example are u(x,t) = us(x,t) = t*sin(27x) +
sin(27x), uz(x,t) = —2t3sin(27x) — 2sin(27x) and the source functions f,.(x,t), r =
1,2,3 can be calculated with the assistance of the exact solutions. The obtained
MAEs (¢, r = 1,2,3) and RMSEs (63’31” r =1,2,3) are tabulated in Table 2.
The table shows that as the values of the resolution parameters J,, J; are increased,
the AEs decrease significantly, which is a good support of the Theorem 6.1. The
graphs of approximate solutions PV2JX,JtUT(X,tNI), r = 1,2,3 are given in Figure
4(a). Figure 4(b) compares the accurate and approximate solutions of uz(x,ty,),
demonstrating that the approximate solution is similar to the exact solution. In
addition, Figure 5 illustrates the influence of the resolution parameters Jy, J; on
the behaviour of AEs. According to the figures, the AEs for J, = J; = 3 are
O(e — 02), but the AEs for Jy, = J; = 4 are O(e — 03), which is in good accordance
with the theoretical results.

Table 2. Effect of J., J; on the obtained MAEs and RMSEs of Example 7.2

1,00 2,00 3,00

Jy=Ji €fdy = €1, €5, CPU e‘lijn = 63;2% 5?}5& CPU
1 5.6551e — 02 1.1310e — 01 0.06  7.8003e — 02 1.5600e — 01 0.04
2 2.1736e — 02 4.3472¢ — 02 0.05 4.9131e — 02 9.8262¢ — 02 0.05
3 6.3922e — 03 1.2784e —02 0.09 2.6085¢ — 02 5.2170e — 02 0.08
4 1.6580e — 03  3.3160e — 03  1.20 1.3131le — 02  2.6262e — 02  1.29
5 4.2724e — 04  8.5449e — 04 5297 6.5944e — 03 1.3188e — 02 53.30

Example 7.3. Consider the following linear NDDE-MSG (1.1) with four edges:

Oy (x,6) = Oxxtir (X,6) — urn (X,
ur(x,t) =0, t<0,
ur (0, ) = us(0, t),

sin(t)) + fr(x,t), x€(0,1),t€(0,1), 1 <r <4,

r#s,r=123,4, s=1,2,3,4,

4
> 0w (0,t) =0,
r=1

ur (1,8) =0, 1 <r <4 (7.5)

The analytical solutions of this example are u;(x,t) = uz(x,t) = t2x(1 — x),
uz(x,t) = ug(x,t) = —t?x(1 — x) and the source functions f.(x,t), r = 1,2,3,4
can be calculated with the assistance of the exact solutions. The obtained MAEs
(€575, 7=1,2,3,4) and RMSEs (e;’jJ&, r =1,2,3,4) are tabulated in Table 3. The
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(. 1)
o
2.

aprroximate
exact

(a) (b)

Figure 4. (4(a)) Graph of PVJXth ur(xt), 7 =1,2,3 of Example 7.2 at t = ty, for
2

Comparison of exact and approximate solution of uz(x,t) at t = tn, for Jy = J, = 5.

Jo=Ji = 5. (4(b)

0.015

0.005

Absolute errors
Absolute errors

(a) (b)

Figure 5. Impact of resolution parameters Jy, J; on AEs obtained for u(x,t) of Example 7.2 at t = tn,:

(5(a)) for Jy = J; = 3, (5(b)) for Jy = J, = 4.

table shows that when the values of the resolution parameters Jy, J; are increased,
the MAEs and RMSEs decrease gradually, which is a good support of Theorem 6.1.

Example 7.4. Consider the following nonlinear NDDE-MSG (1.1) with three edges:

Oy (x,t) = Oty (%, 810 (1)) +u2 + fr(x,t), x€(0,1),t€ (0,1), 1 <r <3,

ur(x,t) =0, t<0,
ur(o’t):us(()?t)’ T#S’T:172737 82132’3,

3
> 0w, (0, ) =0,
r=1

ur (1,8) =0, 1 <r <3.

,t
2

9

The analytical solutions of this example are u(x,t) = us(x
uz(x,t) = —2t%sin(27wx) and the source functions f,.(x,t), r = 1,

(7.6)

) = t?sin(27x),

3 can be calcu-
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Table 3. Effect of Jy, J; on the obtained MAEs and RMSEs of Example 7.3.

1,00 2,00

3,00 4,00

1,2 2,2

Je=Ji €5 =€ €55 = €5, CPU €l =€ e?}fL = efl]fJL CPU
1 1.6603e — 03 1.6603e — 03 0.04 2.5831le — 03 2.5831le—03 0.03
2 6.4079¢ — 04 6.4079e — 04 0.04 1.3779¢ —03 1.3779¢ —03 0.04
3 1.9078¢ — 04 1.9078e — 04 0.06 6.6389¢ —04 6.6389¢ — 04  0.07
4 5.4193e — 05 5.4193e—05 0.60 3.3886e — 04 3.3886e —04  0.58
5 1.4269¢ — 05  1.4269e — 05 14.89 1.6473¢ —04 1.6473e —04 15.22

lated with the assistance of the exact solutions. The obtained MAEs ()75, r =

1,2,3) and RMSEs (eTJ’f’Jr, r = 1,2,3) are tabulated in Table 4. The table shows
that as the values of the resolution parameters J,, J; are increased, the MAEs
and RMSEs decrease significantly, which is a good support of Theorem 6.1. The
graphs of approximate solutions PVQJX,.ItU;T(X,tNL), r = 1,2,3 are given in Figure
6(a). Figure 6(b) compares the accurate and approximate solutions of uz(x,ty;, ),
demonstrating that the approximate solution is similar to the exact solution. In
addition, Figure 7 illustrates the effect of the resolution parameters Jy, J; on the
behaviour of AEs. According to the Figures, the AEs for J, = J; = 4 are O(e—02),
but the AEs for J, = J; = 5 are O(e — 03), which is in good accordance with the
theoretical results.

Table 4. Effect of Jy, J; on the obtained MAEs and RMSEs of Example 7.4.

1,00 2,00 3,00

Je=J¢ €%, =€, €%, CPU eljf 5= e?j ’ ej”}f ’ CPU
1 1.5039¢ — 01 7.916le — 01 0.07 2.7422¢ — 01 5.9493¢ —01  0.07
2 7.7248¢ — 02 2.1235¢ — 01  0.09 1.8332¢ — 01 4.2204e¢ — 01  0.13
3 2.5588¢ — 02 7.7248¢ —02  0.37 1.0573¢ —01 2.4800e — 01  0.49
4 7.3959¢ — 03 2.3482¢ — 02 10.64 5.8825¢ — 02 1.3936e — 01 11.41

—8— aproximate

08 exact

0.6

0.4

02t
%
o

02

ugl, f)

0.4

06

08

(a)

(b)

Figure 6. (6(a)) Graph of PVJXT‘]L ur(xt), 7 =1,2,3 of Example 7.4 at t = tn, for J, = J; = 5. (6(b))
2

Comparison of exact and approximate solution of uz(x,t) at t = tn, for Jx = J; = 5.
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Absolute errors

(@) (b)

Figure 7. Impact of resolution parameters Jy, J; on AEs obtained for u(x,t) of Example 7.4 at t = ty,:
(7(a)) for Jy = Jy =4, (7(b)) for J, = J, = 5.

Example 7.5. Consider the following linear NDDE-MSG (1.1) with three edges:

Oy (X,8) = Oxtir (x, 1) + upr(x, y/sin(t)) + fr(xt), x€(0,2),t€(0,2),
ur(x,6) =0, t<0,
ur(0,t) = us(0,t), r#s,r=123 s=1,2,3,

3
> e (0,t) =0,
r=1
ur (2,6) =0, 1 <r <3. (7.7)
The analytical solutions of Example 7.5 are given by
ur(x,t) = ua(x,t) = tsinmx, wug(x,t) = —2tsinnx.

The source functions f,.(x,t), » = 1,2,3 can be calculated with the assistance
of the exact solutions. The MAE and RMSE are presented in Table 5. As evident
from the table, the computational results align well with the theoretical findings.
Specifically, increasing the resolution levels (Jy, J:) leads to convergence of the
approximate solution toward the analytical solution. A linear transformation w =
ax + b is applied to approximate the solution over a larger domain. For example, in
equations (3.8) and (3.10), x is replaced with 3, and the same procedure was used
to determine the integration of Haar wavelet and implement the numerical method
for the approximate solution. Figures 8(a) and 8(b) illustrate the approximate and
exact solutions for J = 5 in the larger domain (x,¢) € (0,2) x (0,2). The close
similarity between the graphs of the exact and approximate solutions demonstrates
the accuracy of the proposed method in larger domains.

8. Conclusion

In this paper, we have examined the neutral delay differential equations on the met-
ric star graph. As the authors know, NDDEs on a metric star graph have never been
numerically studied. NDDE-MSG is approximated with Haar wavelet collocation
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Table 5. Effect of Jy, J; on the obtained MAEs and RMSEs of Example 7.5.
Je=Ji = G CPU ey =, i, CPU
1 9.2363e — 02 1.8472¢ —01 0.02  2.4043e — 01 4.8086e — 01  0.03
2 4.1649¢ — 02  8.3299¢ — 02 0.03 1.5574e — 01 3.1148¢ —01  0.03
3 1.1999e — 02  2.3998¢ — 02 0.04 8.1946e — 02 1.6389¢ — 01 0.04
4 3.1288¢ — 03  6.2576e — 03 0.21 4.1471e — 02 8.2943e — 02 0.20
5 7.9348¢ — 04 1.5869e — 03 298 2.0797e — 02 4.1595e — 02  3.06

—8— aproximate
exact

(e, b )

wi{z, b

P,

o 02 0.4 0.6 08 1 12 ‘\415 18 2
(a) (b)

Figure 8. (8(a)) Graph of PV.]XT‘]£ ur(x,t), 7 =1,2,3 of Example 7.5 at t = tn, for J, = J; = 5. (8(b))
2

Graphical comparison of analytic and approximate solutions of wi(x,t) at t = tn, for J, = J; = 5.

method. This method converts NDDE-MSG into a set of algebraic equations that
can easily be solved for the wavelet coefficients. One can obtain the approximate
solution by plugging in these coefficients. A convergence analysis determines that
the proposed method converges exponentially, thus justifying its theoretical appli-
cation. We have solved some numerical examples using the proposed method, and
the results are presented in Tables 1-5. When the resolution parameters Jy, J; are
increased, the MAEs and RMSEs drop significantly. Figures 2(a), 4(a), and 6(a)
illustrate numerical solutions, whereas Figures 2(b), 4(b), 6(b) and 8(b) compare
accurate and approximate solutions. When comparing the graphs of accurate and
approximate wavelet solutions, we can see that the proposed method is effective.
As shown in Figures 3, 5, and 7, resolution parameters have an impact on AEs as
well. It can be seen from these graphs that the associated AEs are significantly
reduced as the convergence parameters J, J; are increased.
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