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GROUND STATE SOLUTIONS FOR THE
CHERN-SIMONS-SCHRODINGER
SYSTEM WITH HARTREE-TYPE

NONLINEARITY IN R?

Liting Jiang!, Guofeng Che>" and Haibo Chen?

Abstract In this paper, we consider the following Chern—Simons—Schrodinger
system with Hartree-type nonlinearity in R?

—Au+ (14 pV(z)u+ Aou+ Afu+ Aju = (2|~ * [ul?) [u[’~*u,
81140 = A2u2, 82140 = —A1u2,
O1As — O A = —%|u|2, O1A] 4+ 0245 = 0,

where p > 3, a € (0,2), u > 0is a parameter, V (z) is a nonnegative continuous
potential well satisfying some conditions and * is a notation for the convolution
of two functions in R%. By using the Nehari manifold technique and the
concentration compactness principle, we obtain the existence of ground state
solutions for the above problem when the parameter p is sufficiently large.
Furthermore, the concentration behaviors of these solutions are also explored.
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1. Introduction and main result

Since the early 1980s, the Chern—Simons theory has become increasingly significant
in various areas of quantum physics, for instance, high-temperature superconduc-
tor, fractional quantum Hall effect and Aharovnov-Bohm scattering. The Chern—
Simons theory is a new type of gauge theory that is very different from Maxwell
theory in Minkowski spacetime R?*!. The relativistic Chern-Simons model was
proposed by Hong et al. [15] and Jackiw and Weinberg [19] to study vortex so-
lutions of the Maxwell-Higgs model carrying magnetic charges and electric. The
initial value problem of the model has been studied in [5,16]. One of the basic
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models attached to Chern—Simons dynamics is the following planar gauged nonlin-
ear Schrodinger equation, which appears when the nonrelativistic N-body anyon
problem is second—quantized

iDo¢ + (D1 Dy + D2Da)d + N|o[P~2¢ = 0, (1.1)

where ¢ denotes the imaginary unit, dy = %, o = 8%1, 0y = 6%2 for (t,x) €
R*2 2 = (z1,22), ¢ : R — C is the complex scalar filed, 4, : R'™? — R
is the gauge field, D, = 0, + 1A, is the covariant derivative for n = 0,1,2 and
A > 0 is a constant representing the strength of interaction potential. The classical
equation for the gauge field A, is the Maxwell equation, and the tensor F"" =
OnA, — 0, A, denotes a field strength combining nonrelativistic electromagnetic
with Chern—Simons components governed by the following gauge field equation

1 .
On F + ine”aﬁFa[g =j", (1.2)

where k is a parameter that measures the strength of the Chern—Simons modifica-
tion, €¥*# is the Levi-Civita tensor, this is to say, €/ equals 1 or —1 according to
whether (vaf3) is an even or odd permutation of (012) and equals 0 otherwise, and
where j” is the conserved matter current

3¥ = (4%,4") with j° = |¢], j' = 2Im(¢D;¢).

At low energies, the Maxwell term becomes negligible and can be removed, resulting
in

1
5 Fog = j.

One can see [18,36] for the discussion above. For simplicity, we fix k = 2. Then by
Eq. (1.1) and Eq. (1.2), we obtain the following nonlinear Schrédinger system

iDod + (D1 D1 + D2 Ds) ¢ = —|¢|" 2,
doA1 — 01 A¢ = —Im(¢Dag),
oAy — 03 Ag = Im(¢D16), (1.3)

1
014y — 02 A = —§|¢|2-

System (1.3) describes the nonrelativistic thermodynamic behavior of a large num-
ber of particles in an electromagnetic field. For more physical background about
system (1.3), see [12,25,29] and the references therein.

Assume that the Coulomb gauge condition 9y Ay + 91 A1 + J2 A5 = 0 holds. If we
consider the standing wave solution of the form v (¢, x) = e~ *u(z) for system (1.3),
where the frequency A € R, then the function u satisfies the following stationary
system

— Au+ M+ Agu + Adu+ Alu = f(u),
DAy = Au®, D2 Ag = — A, (1.4)

1
O01Ag — DAl = —§|u|2, 01A1 + 9345 = 0.
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Here, the components Ag, 4; and As in system (1.4) can be obtained by solving
the following elliptic system

1
AA; = 532(\U|2)7
1
AAy = —531(|U|2),

AAg = 81 (Az|ul?) — 0z(As|ul?),

the expressions of Ay, A1 and A, are given as follows

T2 2 1 2
A= Ay(u) = 22 Ay = Ag(u) = -1
1 1(u) 47T|.’E|2 * |U| ) 2 Q(U) 47T|$|2 * | ‘ )
x T2
AO = AO(U) = 27T|;|2 * (A2|’LL|2) - 27T|l‘|2 * (Al‘u|2)7

where the symbol * represents the convolution.

In recent years, the existence and nonexistence of nontrivial solutions for system
(1.4) have been widely investigated by many researchers. Huh [17] got the existence
of infinitely many radially symmetric standing—wave solutions for system (1.4) with
f(u) = [ulP~2u(p > 6) by applying Mountain pass Theorem. When ) is replaced by
V(z), by dint of Morse theory, Jiang and Liu [21] studied nontrivial solutions for
system (1.4) with the case where the potential V' is indefinite so that the Schrédinger
operator —A + V has a finite-dimensional negative space. Furthermore, when A
is replaced by V(z) and f(u) = |u|P~2u(p > 6), Kang and Tang [22] obtained the
existence of ground state solutions for system (1.4) by using a splitting Lemma,
where V(z) = Vi(z) for 1 > 0 and V(z) = Va(x) for z; < 0, and Vi, V3 are
periodic in each coordinate direction. For more results about the Chern—Simons—
Schrodinger system, we refer the interested reader to [7-10,20,28,34,35,40] and the
references therein.

For the elliptic problems with Hartree-type nonlinearity, the Choquard equation
is a peculiar case relevant to physical applications

—Au+u= (|915*|u2> u, u € H'(R?), (1.5)
which arises in various branches of mathematical physics, such as physics of multiple—
particle systems, the quantum theory of large systems for nonrelativistic bosonic
atoms and molecules. Indeed, Eq. (1.5) was proposed by Choquard in 1976 as a
certain approximation to Hartree—Fock theory for one component plasma [23]. It
was also proposed by Penrose [33] in 1996 as a model for the self-gravitational col-
lapse of a quantum mechanical wave—function. Lieb [23] and Lions [26] obtained the
existence of solutions for Eq. (1.5) via variational methods. Clapp and Salazar [11]
proved the existence of positive and sign—changing solutions for Eq. (1.5) with
—Au 4 u being replaced by —Au + W (z)u, where u € Hj(2) and € is an exte-
rior domain in RY(N > 3). Moreover, Ma and Zhao [30] studied the following
generalized Choquard equation

—Au+u= (x| [u’) v’ u, ue H'(RY), (1.6)

where p > 2. Under some conditions on N, a and p, they obtained every positive
solution is radially symmetric and monotone decreasing about some point. More
related results may be found in [6,31,41] and the references therein.
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To the best of our knowledge, there are few results for the Chern—Simons—
Schrodinger system with Hartree—type nonlinearity. Motivated by the works above,
in this paper, we consider the existence and concentration of ground state solu-
tions for the following Chern—Simons—Schrodinger system involving the Hartree—
type nonlinearity

—Au+V,(z)u+ Aou + Afu + A3u = (Jo| 7 x [ulP) |uP~2u,
Ay = A2U2, 02 Ay = —A1U27 (Su)
DAy — 02 A1 = —%|ul?, D1 A1 + 02 A2 =0,

where p > 3, a € (0,2), V,(z) =1+ pV(x), p > 0 is a parameter, V(z) is a con-
tinuous potential function and * is a notation for the convolution of two functions
in R?. Such a problem is often referred to as being nonlocal because of the appear-
ance of the Chern—Simons term and Hartree-type nonlinearity term, which implies
that problem (S,) is no longer a pointwise identity. This phenomenon provokes
some mathematical difficulties, which make the study of such a problem particu-
larly interesting. The main difficulties we face lie in the presence of the nonlocal
terms and the lack of compactness due to the unboundedness of the domain R2. In
order to overcome these considerable difficulties, by exploiting the Nehari manifold
technique and the concentration—compactness principle, we obtain the existence of
ground state solutions for problem (S,) and the concentration behavior of these
solutions. Before stating our main result, we need to suppose that the potential
function V(z) satisfies the following conditions

(v1) V € C(R%,R) and V(z) > 0 for each z € R?;
(v9) © = intV~1(0) is nonempty with smooth boundary and Q = V~1(0);

(v3) there exists M > 0 such that £({z € R?|V(z) < M}) < oo, where £ denotes
the Lebesgue measure in R2.

These above conditions (v1) — (v3) were first introduced by Bartsch and Wang [2]
in the research of a nonlinear Schrédinger equation. These conditions imply that
V,.(x) represents a potential well whose depth is controlled by p and V,,(z) is called
a steep potential well for p sufficiently large. It is worth mentioning that we do not
impose any other conditions on the behavior of V(x) for |z| — oo.

Now, we state our main result as follows.

Theorem 1.1. Suppose that conditions (v1) — (vs) hold. Then there exists a con-
stant p* > 0 such that for each p > p*, problem (S,) admits at least one ground
state solution u, in H'(R?). Moreover, let u,, be a sequence of solutions for prob-
lem (S,,) and p, — 400 as n — oo, then u,, — 4 in H'(R?) as n — oo, where
@ € HY(Q) is a ground state solution of

—Au+u+ Agu + A3u + Adu = (2|7 * |u|P) |uP~2u,

DAy = Agu®, DaAg = —Ayu?, (Sc)

1
81142 - 82A1 = —§|u|2, 81A1 + 82142 = 0,

where ) is defined by the condition (vs).
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Notation. Throughout this paper, we will use some notations. For any 1 < r <
+00, we denote the L™-norm by |- |, and denote “—” and “—” to represent the
strong and weak convergence, respectively. Let B, be a ball centered at the origin
with radius > 0 and 0,(1) be a quantity such that o,(1) — 0 as n — oo. C and
Ci(i = 0,1,2,...) denote various positive constants, which may vary from line to
line. If we take a subsequence of a sequence {u, }, we may denote it again by {u,}.

The remainder of this paper is as follows. In Section 2, we present some pre-
liminary results. In Section 3, we mainly show that the functional J, satisfies the
(PS). condition, then we prove the existence of ground state solutions. In Section
4, we prove the main result.

2. Preliminaries

In this section, we present some preliminary results, which will be used throughout
the paper. The Sobolev space H'(R?) is defined by

H'(R?) = {u e L(R?): Vu e L2(R?)}

with the inner product and the norm

1
2

(u,v) = /R (VuVo + w) dz, u] = (/RZ(|VU|2 + u2)da:>
Let H = {uc H' (R?): /R V(2)|u?dz < +oo0}

be the Hilbert space equipped with the inner product and the norm

1
2

(u,v), = /}R (VuVv + V,(z)uv) dz, |ull, = </RQ(|VU|2 + VN(CL’)UQ)dm>

HL(Q) is the closure of C§°(2) in H(2), where C§°(Q) is the subspace of C°°(£2)
consisting of functions with compact support in €2, and €2 is defined by the condition
(v2). The norm in H}(Q) will always be denoted by ||ul|.

By the condition (v;), we can see that ||u|| < ||ul||, for all v € H, which implies
that the embedding H < H'(IR?) is continuous. Let S be the best Sobolev constant
for the embedding of H into L"(R?), then for any 2 < r < +o0, there holds

lul, < S7Hull, YueH. (2.1)

p
(u) = / (12|~ * [ul?) JulPde = / / PP wWl”yq,  (22)
R2 JR2 |z -y

It follows from the HardnylttlewoodeOboleV inequality [24, Theorem 4.3] that

Set

L1 lw - )dxdy‘ < Ow)Igliluls ¥ 6 € L"), ¢ € L),

where 0 < k < 2,1 <7,s<oo,and L + 14 % =2 For each u € H'(R?), we have
the estimate of D(u) as follows

d—a

D <6 ( [ lar) T =culi, 2.3
R2
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where Cy = C(a) is a positive constant and r = 2. In view of the Sobolev

embedding, we let 44_—pa € (2,00), that is, p € (352, 00). By (2.3), we know that D
is well-defined in H. Furthermore, by similar argument to that of [39, Lemma 2.5],
we can get that D € C1(H,R).

The energy functional J,, : H — R corresponding to problem (S,,) is defined by

1 1 1 _
Jyu(u) = §||u||i + 3 /RZ(A% + A2)|ul*dx — % /R? (|x\ @ % |u|p) |u|Pda. (2.4)

For simplicity, in this paper, we denote

1
A(u) := 3 /]1&2 (A2 + A2)|u|?d.

Then for any ¢ € H!(R?), one has

’

(A (u),p) = / (A2 + A2)upd +/ Agupdz.
R2 R2
Note that
/ Ao’uzdl‘ = 72/ AO (61A2 - 82A1) dz
R2 R2

= 2/ (A281A0 - A182A0) dx
R2

= 2/ (A2 + Ad)u’da,
R2

then we have (A’ (u),u) = 3 [,,(A? + A3)|u|?dz = 6A(u). It follows from [4, Propo-
sition 2.1] that A € C*(#H,R). Then under the conditions (v1) — (v3), it is easy
to see that the functional J,, is well-defined and J, € C'(H,R). Moreover, the
solutions of problem (S,,) are the critical points of the functional J,,.

For the nonlocal nonlinearity D(u) defined in (2.2), we have the following Brezis—
Lieb type Lemma [1, Lemma 3.5].

Lemma 2.1. Let {u,} C H be a bounded sequence such that u, — u a.e. on R?
as n — 0o, then there hold

(i) D(up) — D(u, —u) = D(u) as n — oo;
(ii) D (un) =D (up —u) = D (u) in H~ as n — co.

As is shown in [14, Lemma 2.4], A(u) possesses the following properties.
Lemma 2.2. Assume that a sequence {u,} C H'(R?) converges weakly to a func-
tion u in H'(R?) and {u,} — u a.e. on R? as n — oo, then we have A;(u,) —
Aj(u) a.e. on R? and for every p € H'(R?), there hold
(i) Jgo A3 (un)unpdz = [ A (wupdz +o(1) for j = 1,2;

(i) [po Ao(un)unpdz =[5, Ao(w)updz + o(1);
AZ(

(iii) [go A5 (un — w)lun — uPde + [po A3 (u)|ul?de =[G, A5 (un)|un|*dz 4 o(1) for
7 =1,2.
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Lemma 2.3. Assume that conditions (vi) — (vs) hold. Then the functional J,(u)
satisfies the following conditions.

(i) There exist & p > 0 such that J,,(u) > & > 0 for every ||ul|, = p;
(i1) there exists e € H with ||e||,, > p such that J,(e) <O0.

Proof. (i) From (2.1) and (2.3), we have

1 1 .
Tu(w) = gl + A = - [ (el ul?) e

2p
1 2 Co 2
2 Sl — %\ul,ﬁ (2.5)
1 2 Co -2 2
2 gllully = 557l

Since p > 3, we can choose some &, p > 0 such that J,(u) > £ > 0 for every

lullu = p-
(1) First, we notice that for each p > 0, J,(0) = 0. Moreover, since p > 3, we
obtain

2 t2r
i g0 = tin (Gl a0 - & [ (= e lul) s ) = .

Then we can choose to > 0 sufficiently large such that |toul|, > p and J,(tou) < 0.
Let e = tou, then (i) holds. This completes the proof. O
In order to get the weak solutions of problem (S,,), we define the Nehari manifold

My = {u e HA{0} : y(u) =0},

where
Y(w) = (T, (u),u) = ul]2 + 6A(u) — / (I~ * [ul?) [u|Pda.
R2

Then u € M, if and only if

||u||i +6A(u) = /111{2 (Jz| = = [u]?) [ulPdz.

Thus, we can obtain the following conclusion.

Lemma 2.4. For each u € M,, there exist 0,6 > 0 such that ||u|l, > o and
(v (u),u) < —0.
Proof. For each u € M,, from (2.1) and (2.3), we get

0 = (J,(u),u)
= Il +6A(0) = [ (ol + [uP’) juPda

> |ullf, = Colulp?

> [lull, = CoS™P||ulli?.

Since p > 3, there exists o > 0 such that |lu||, > 0. Moreover,

(o (), ) = 2ljul2 + 36 A(u) — 2p /R (j2] = * |ul?) |ulPda
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= (2= 2p)|lull?, + (36 — 12p) A(u)
< —(2p—2)0°
<0.

This completes the proof. O

By Lemma 2.4, M, is a smooth manifold in H. It is easy to see that J, is
well-defined and smooth on M,. Furthermore, by analogous argument to that
of [38, Theorem 4.3], we can show that if u is a critical point of J, constrained to
M,,, then wu is a nontrivial solution for problem (S,,).

Lemma 2.5. For all w € M, J,, is bounded from below by a positive constant.

Proof. For each u € M, in view of the definition of M, and Lemma 2.4, there

holds
Tufu) = glull+ Aw) = - [ (al ¢ fuP) uPdo
K 2! 2p Jp2
_(1_1 2 , P—3
— (555 Il + 2= 2aw)
11
(-3)
2 2p
> 0.
This completes the proof. O

3. The (PS). condition

In the following, our main goal is to prove that functional J,, satisfies the (PS).
condition. Recall that, for a given functional J, € C'(H,R), we say that a sequence
{u,} C His a (PS). sequence if it satisfies J,,(u,,) = ¢ and J;L(un) — 0asn — oo.
Moreover, if any (PS). sequence has a convergent subsequence, then we say that
J,, satisfies the (PS). condition.

Lemma 3.1. Assume that conditions (v1)—(vs) hold. Let {u,} be a (PS). sequence
for J,(u), we have

(i) {un} is bounded in H;
(i) either ¢ > ¢ for some ¢y > 0 independent of pn or ¢ = 0.

Proof. (i) Let {u,} be a (PS). sequence for J,(u), that is,
Ju(un) = c+o,(1) and J;L(un) = o, (1).

Since p > 3, we have

1
c+ On(1> - %On(”unnu)

1,
- %<Ju(un),un>

11 , p—3
~ (57 55) Il + =20

2p
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1 1
> (- — 2

-1
1 1
2

for n sufficiently large. Therefore, (i) holds.
(i4) Since J,(u,) = 0n(1), we obtain

Then

’

On(Hun”u) = <Ju(un),un>
=l 640 = [ (Jal™  fual?) P
> funl2 = CoS™"|unl2.

It follows from p > 3 that there exists oy € (0,1) such that

/

1
(T (), tn) = Zlunll for fJun|lu < o1. (3.2)

Now, if ¢ < % and {uy,} is a (PS).sequence of J,, then from (3.1), we obtain

2pc
p1<0f.

. 2 <
Jim |, <

Thus, ||u,||, < o1 for n sufficiently large, then from (3.2), we get

/

1
Flenlll < (T (wn),wn) = on (D)l

which indicates that ||u,|, — 0 as n — oo and ¢ = 0, then (i4) holds for ¢y =

(p—1)of
2p

Lemma 3.2. Assume that conditions (v1) — (vs) hold. Let p > 0 be fized and {uy}
be a (PS).-sequence of J,. Then up to a subsequence u, — w in H with u being a

weak solution of problem (S,). Moreover, J,,(up—u) — ¢—J,(u) and Jl; (up—u) =0
as n — 0o.

. This completes the proof. O

Proof. By Lemma 3.1(¢), we know that {u,} is bounded in H. Then there is a
subsequence of {u,} such that u, — w in H as n — oo. In order to see that w is a
critical point of .J,,, we recall that

Up — u in H, (3.3)
Up — u in LT, (R?) for r € (2,00), (3.4)
Up — u a.e. on R2. (3.5)

In view of J;L(un) — 0, Lemma 2.2 and (3.3), for any v € H, we obtain
(J,(u),v) = lim (J,(un),v) =0,

H n— oo H

which implies that u is a weak solution of problem (S,). Now, we consider a new
sequence v, = u, — u, then by Brézis-Lieb Lemma [3] and Lemma 2.2, we have

lonllfy = llunllf = llullf + o(1), (3.6)
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A(vy) = o(1). (3.7
Next we prove that
Ju(vn) =c—J,(u) asn — oo, (3.8)
and /
J,(vn) =0 asn — oo. (3.9)

By (3.6) and (3.7), we obtain
1 2 1 —a P P
Ju(vn) = 5””71”” + A(”n) - % - (|x| * |Un| ) |Un| dz

= el = gl = o [l = ) o — 0 (3.0
+o,(1)
= Julun) = (00 + 5 (D) = Dlw) = Dy ~ 1)) + 00 (1),

From Lemma 2.1(¢), D(u,) — D(u) — D(u, —u) — 0 as n — oo. Then from (3.10),
we obtain (3.8). In order to prove (3.9), let ¢ € H, it is easy to see that

’ ’ ’

0. 9) = U)o} = (0o + 0a ()= [ (1l o) fon P20
[l bl a2 = [ (lal ¢ o) o ~2upda.
R2 R2
By Lemma 2.1(#3), we easily obtain that

lim sup / [(|JJ\_Q * |Un|p) |Un|p_2vn
RZ

Tl <1

— (2= % fanl?) [l 2 + (|2~ 5 [ul?) [ulP~?u] oda = 0.

Hence, there holds

lim (J,(vn), ) =0 Y o €H,

n—oo H
which indicates that (3.9) holds. This completes the proof. O
Lemma 3.3. Let Cy be fized. Given € > 0 there exist pe = p(e,C1) > 0 and

R. = R(e,C1) > 0 such that if {u,} is a (PS).~sequence of J,(u) with ¢ < C; and
> e, there holds

n—oo

limsup/ (||~ * |un|?) [un [Pda < e. (3.11)
R2\Br,
Proof. For R > 0, we set

Qf ={zeR?:|z| >R V(z) > M}, Qp:={reR?:|2| > R,V(z) < M},

(3.12)
by (3.1), there holds
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1MM /Rxlvunﬁ + (14 pV () un |*)dz

1 2pc
< - (s, 3.13
<t (25 o) (313)

1 (2}?01

<
1+

(1
S T \po1 o )>

— 0, as yu — +o0.

In view of the Hélder inequality, Lemma 3.1(i¢) and (2.1), for 1 < ¢ < 2, we get

qg—1
1 Ta
/ [ty |*dz < (/ un|2qu) / 1dz
Q5 R2 Qg
< 872 lunllf - 1L (3.14)
_92pCy et
<S 211?1 [L(QR)[
— 0, as R — oo.
By the Hardy—Littlewood—Sobolev inequality, we obtain
i—a
4p 2
/ (J2]= % lunl?) Jun|Pde < Co / wa|dz | . (3.15)
R2\BR, R2\Bg,

Setting ¢ = 2222+ fom, (3.13), (3.14) and the Gagliardo—Nirenberg inequality

2p
[13,32,37]
_ 1 1
[uls < C()IVul3luly ™, 8=2(5 - 2).

there holds

/ \un\%dx
RZ\BRE

2p¢ 2p(1—¢)
ia 1o
< C(p, ) / |V, |*ds . / |ty |2 dax
R2\Br, R2\Bgr,
o =
< C(p.a) (/ Vun|2da:> . / [ER +/ |2 (3.16)
R2 Qf Qy
2p(1—2)
Apt -
< Coaunli [ et [ Junfas
2 2
— 0, as pu, R — oo.
In view of (3.15) and (3.16), we complete the proof. O

Thus, we have the following compactness result.

Lemma 3.4. Suppose that conditions (v1) — (v3) hold. Then for each Cy > 0, there
exists pio > 0 such that J,, satisfies the (PS).—condition for all ¢ < Cy and pn > po.
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Proof. Let ¢y > 0 be given by Lemma 3.1(47) and choose € > 0 such that € < z%'
Thus, for given Cs > 0, we choose pe > 0 and R, > 0 defined in Lemma 3.3. We
claim that pg = pe is required in Lemma 3.4. Let {u,} C H be a (PS).—sequence
of J,(u) with > pip and ¢ < Cy. From Lemma 3.2, we assume that u, — u in
H and v, = u, —u is a (PS)zsequence of J, with ¢ = ¢ — J,(u). Next we claim
¢ = 0. In fact, if ¢ # 0, then from Lemma 3.1(é¢), we have ¢ > ¢¢ > 0. Since {v,}
is a (PS)z—sequence of J,, one has

Ju(vn) = €+ 0,(1) and J, (v,) = 0n(1).

Then there holds

e+ 0n(1) = Son(lvall,)

2
= Jultn) = 54T (0n), va)
= —2A(vn) + (; - 2;) /R2 (Jz| = * [vg]?) |vp|Pda (3.17)

1 1
= (2 - 2p) [, (a7 < foul?) onlPa.

Thus, we have

11\ ' 2pe
lim (||~ * [vp|?) |vp|Pdz > € | = — — > P
n—o00 2 2 229 p— 1

On the other hand, from Lemma 3.3, one has

17

n—oo

limsup/ (||~ * [v|P) [vp|Pdz < e < P
R2\Bpr, p—=

which implies that v,, — v in H with v # 0, which is a contradiction. Hence, ¢ =0
and it follows from (3.1) that

2pc

lim [jv,|]2 < =0,
n—00 p— 1
therefore, v, — 0 in H, i.e., u, — w in H. This completes the proof. O

4. Proof of Theorem 1.1

In this section, we give the proof of our main result. First, we define the minimax
Cu as

c, = inf J,(u). 4.1

pim it () (11)
By Lemma 2.5, we have ¢, > 0. In the following, we first show that there exists
u, € M, with J,(u,) = ¢, ie., u, is a ground state solution of problem (S,,).
Next we consider the energy functional associated with limit problem (S.) defined
by

1 1 .
Joo() = 5/9(\Vu\2+|u|2)dx+14(u)—%/Q(m i [uf?) [ulPde.
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Let /
Moo = {u € Hy () \ {0} : (Joo(u), u) = 0}

be the Nehari manifold and set

o = Inf  Joo(u).

s

We will show that there exists & € My with Jo (@) = ¢eo, i.€., & is a ground state
solution of problem (Soo).

Proof of Theorem 1.1. From Lemma 2.3, J, satisfies the mountain-pass ge-
ometry, then there exists a (PS)., sequence {u,} C H such that J,(u,) —
¢, and J;L(un) — 0. Furthermore, from Lemma 3.1(7), {u,} is bounded in H.
Thus, up to a subsequence, we suppose that u,, — ug in H and u,, — ug a.e. on
R2. From Lemma 3.4, there exists u* > 0, such that for p > p*, u, — up in H.
From Lemma 3.2, there holds JI; (up) = 0. Moreover, ¢, > 0 implies that ug # 0.
Then uy € M,,. In view of Fatou’s Lemma, we obtain

Cu

’

T(u0) = Ty () — —= (T (o), o)

2p
- (; - ;p) luo 12, + ]%314(”0)
<tmint (5 - 55 ) huall + 22400
= C#.

Therefore, J,(up) < ¢,. On the other hand, it follows from the definition of ¢, that
cu < Ju(uo). Thus, Jﬂ(uo) = c¢,. Take u, = ug, then u, is a ground state solution
of problem (S,,).

Next we consider the concentration behavior of the solutions. Let u, := u,, be
the solution of (S,,) with u,, € M, such that J,, (u,) = ¢,, and p, — 400 as
n — oo. By Lemma 3.1(i), we know that {u,,} must be bounded in H*(R?). Thus,
we suppose that u,, — @ in H'(R?) and u,, — @ in L] (R?) for r € (2,00). We
claim 4i|qe = 0, where Q¢ = R?\ Q. In fact, if 4|qec # 0, then there exists a compact
subset ¥ C Q° with dist(X, 092) > 0 such that i|x # 0. Then

/|un|2dx—>/ [if2dz > 0.
b >

Furthermore, there exists €g > 0 such that V(z) > ¢ for any = € ¥. We also notice
that u, € M, , then we obtain

Tuuin) =5 [ (90 + (14 V@) )k + A) = 5D ()
= (335 up|? ) |un|?)dz p-3 u
= (2 2p> /R2(|V nl? + (1 + paV(2))|up|®)de + . A(up)

> (; - 1) [+ mve)un Pas
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1 1
>(2 - — 1+ py, »|2d
> (5 95) [0+ meolunfas

— +00, as n — oo.

This contradiction shows that i|oe = 0 and @ € H{ () by the condition (ve). Then
for any ¢ € C§°(Q), since (J;, (un),p) =0, it is easy to check that

/ (Vv + ig)de + (A (@), ) = / (22 * [af?) &P ~2agpdz,
R2 R2

that is, 4 is a weak solution of problem (S4,) by the density of C§°(€2) in H} ().

Now, we claim that u, — @ in L"(R?) for 2 < r < oo. Otherwise, by the
concentration compactness principle of Lions [27], there exist n > 0, p > 0, z,, € R?
with |x,,| — 400 such that

/ luy, — @*dz > n > 0. (4.2)
Bp(mn)

On the other hand, we notice that L(B,(z,) N {z|V(z) < M}) = 0 as n — +oo
and u, € M, , Then by the Holder inequality, for 1 < ¢ < 2, we obtain

/ lu,, — a|?da
Bp(zn)0{=|V (z)<M}

< (L(By(wn) 0 {a]V () < M) T ( / - mzqu)

— 0,

1
q

as n — 0o. Therefore, we have

1 1
> ( _ ) / (IVunl® + (14 iV (@)l da
2 2p) JB,(zn)n{z|V(x)>M}

11
> ( - ) i (M/ lu, — af*dx —/ ey, — a2dx>
2 2 B, (zn) By (2n)0{z|V (2)<M}

M/ lu — 2dz — on(1)>
Bp(xn)

This contradiction indicates that u,, — @ in L"(R?) for 2 < r < cc.

Next we shall show that @ € H}((2) is a ground state solution of problem (S,,),
i.e., Joo(fl) = coo. Since H}(S2) can be viewed as a subspace of H, we have ¢, < ¢
for all 4 > 0. On the other hand,

= Jo, (un) — 1<J;M (tn) ) tn)

6
= 1/ (IVun|? + |un|*)dz + L / (||~ * Jun ") |un|” da.
3 R2 " " 6 2p R2 " "

Crn
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Taking n — oo, by Fatou’s Lemma and J;O(ﬂ) =0, we get

1 1 1
w2 i (3 050t st (5= o) [ ol sl o)

%/RQOVQF + |ﬁ|2)dx + ((13 — 21]7) /Q (|x|’o‘ * |ﬂ\p) |@|Pdz

> Coo-

Y

v

Then Jo (@) = coo. Hence, @ # 0 is a ground state solution of problem (Ss).

Finally, we show that u, — 4 in H'(R?). In view of weak convergence of {u,},
the fact that u,, € H'(R?) is the solution of problem (S, ) and 4@ € M, combining
Lemma 2.2 with Lemma 2.1, we obtain

lun — a2, = / (19 (i — D)2 + Vo, (2) 1t — 6[2)dlz
R2

:/ (|Vun|2+Vn(x)|un|2)dx—/Rz(|Vﬁ|2+Vn(x)|ﬁ|2)dx+on(l)

R2
= / (|ac|_o‘ * |un|p) |up [Pdx —/ (|| * |ﬂ|p) |aPdx — 6 A(uy,)
R2 R2
+6A(a) + On(l)

=o0,(1), asn — oo,

which indicates that u,, — @ in H!(R?) as n — oo. This completes the proof. [
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