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ON THE EQUIVALENCE OF THE EFFECTIVE
DEGREE NETWORK MODEL AND
DYNAMICAL SURVIVAL ANALYSIS MODEL*

Yue Wu'!, Shuixian Yan'f, Yueming Gu? and Yan Zhang'

Abstract We delve into the existing effective degree model and dynamical
survival analysis model for network epidemic dynamics. By employing the
integrating factor method, we elaborate on the mutual derivation process be-
tween the two models, demonstrating their equivalence. Leveraging this result,
the effective degree model is simplified to an equation that only involves sus-
ceptible individuals.
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1. Introduction

Infectious diseases, which are caused by a variety of pathogens and capable of being
transmitted between humans and animals, have attracted considerable attention
from scholars who have employed mathematical models to study these diseases
[1,4,24]. Due to the profound application of network transmission dynamics in
the context of infectious diseases, various network-based infectious disease models
have emerged [6,11,13,21], and these models represent contact as a random graph
of N nodes formed using a configuration model [18,20]. Rand [22] and Keeling’s
pairwise model [7] takes the binary and ternary groups formed by adjacent nodes
as the basic variables of the model, and adopts a pairwise approximation method to
close the model. Keeling’s model provides a basic reproduction number that differs
from those presented by [19] and [3], as it employs a rough approximation of the
degree of a given edge node. Volz’s edge-based compartmental model [23], on the
other hand, utilizes the probability of a susceptible node remaining susceptible at
a given time and the probability generating function, making it suitable for any
configuration network, and Decreusefond et al. [2] demonstrate that it is the large
N limit of a stochastic SIR epidemic on a configuration model network. Unlike
the first two models, the effective degree model established by Lindquist et al. [15]
focuses on the degree and state of nodes, as well as the states of their neighboring
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nodes, tracking the changes in neighbor states to investigate the dynamic properties.
Notably, Miller [17] has demonstrated that these three models are equivalent under
certain assumptions, implying that different models may possess similar predictive
capabilities and effects when describing the same infectious disease transmission
process.

Jacobsen and colleagues [5] successfully derived the large graph limit system
for the stochastic SIR model in multilayer networks using a statistical inference
approach. KhudaBukhsh and others [8] applied this system to a single-layer network
to study the prevalence of COVID-19, referring to it as dynamical survival analysis
(DSA) [9,14]. In their recent work, Kiss et al. [12] further named the single-layer
network form of the Jacobsen model as the DSA model and proved that under
precise closure, the pairwise model is equivalent to the DSA model. Additionally,
they demonstrated that the Volz model is also equivalent to the DSA model under
any distribution. Unfortunately, there are no relevant research on the relationship
between the effective degree model and the DSA model. In this paper, we focus on
the equivalence between the effective degree model and the DSA model, leveraging
an integral factor approach and variable relationships to prove this point, providing
a detailed mutual transformation process between the two models.

The remainder of this paper is organized as follows. In Section 2, we present
the formulations of the effective degree model and the DSA model and prove two
relationships regarding the variables of the DSA model, which will assist in the
subsequent proof of equivalence. Section 3 first describes the process of transforming
the effective degree model into the DSA model and then provides the reverse process
from the DSA model to the effective degree model. In Section 4, we demonstrate
the advantages of the equivalence between the DSA model and the effective degree
model, and derive an equation for susceptible individuals from the effective degree
model. In Section 5, we elaborate on some details regarding the equivalence of the
models and conclude with a closing remark.

2. Network-based infectious disease model

The model considered in this paper is the SIR model, where individuals in the
network have three states: susceptible (9), infected (I), and recovered (R). It
is assumed that the infectious disease spreads in a static network of size N with
a configuration model structure, which can be generated by a specific algorithm.
Infected individuals are assumed to transmit the disease to each of their partners
independently at a rate 8 according to a Poisson process and recover independently
at a rate  according to a Poisson process. The infectious period and the Poisson
processes are assumed to be independent.

2.1. Effective degree model

We define “ineffective” partnerships as those through which we know infection will
never be transmitted. The definition of “effective” partnerships hinges on the as-
sumption of which partnerships we know will disseminate infection. If a partnership
has not transmitted infection and neither individual is recovered, then it is an ef-
fective partnership. However, the effective degree model presented in this paper
does not require tracking the number of partners an infected individual has; thus,
we augment our definition by stating that an effective partnership must involve at
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least one susceptible individual. With this definition in place, there is no need to
track partnerships among infected individuals. To investigate the effective degree,
we define z; as the number of susceptible nodes with an effective degree of j, and y;
as the number of infected nodes with an effective degree of j. S, I and R represent
the number of susceptible nodes, infected nodes, and recovered nodes, respectively.
(I) is the probability that a randomly selected effective partner is infected, and v
is the total number of effective links between susceptible and infected nodes. The
following effective degree model [17] is established:

Z; =) [(J + Dy — jzj] — B{I)jzj,

V== (B4 v+ B = 2AD) Y6 = D,

=2

0 >0 (2.1)
S = Zl‘j7

I=N-S—R,

R:'yI.

Note that the model implicitly includes y; since v = Zj Jy;. Assuming that the
maximum degree of nodes in the network is M, it is not difficult to observe that
the number of differential equations in the effective degree model is M + 3, which
is far fewer than the number of differential equations in the effective degree model
proposed by Lindquist et al. [15]. Therefore, model (2.1) is also referred to as the
reduced effective degree model. The initial conditions are:

z;(0) =¢j,

v(0) = Nup,

o= 02)
5(0) =N(1 - p),

1(0) = Np,

R(0) =0,

where 0 < p<1,6; >0, p>0and ) ;e; = N(1—p).

2.2. Dynamical survival analysis model

In Jacobsen et al.’s work [5], the derived stochastic process was difficult to analyze.
Subsequently, using a limiting theorem, when the number of nodes approaches infin-
ity, the stochastic process converges to a system of ordinary differential equations.
This limiting system, under the context of a single-layer network, is referred to as
the dynamical survival analysis model. Define xy as the probability that an initially
degree-1 susceptible node remains susceptible at time ¢ in an infinite network. [A]
represents the number of nodes in state A , [AB] represents the number of pairs

formed by nodes in state A and nodes in state B, x4 denotes ]\;im W and zap
— 00

N
. [AB]
denotes lim =,

N —oc0

where A, B € {S ,I ,R}. The following dynamical survival
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analysis model [12] is established:

iy = — _Esr
Y (wg)’
tgs = —2Bxsrrss (x927
(o)
7 (2.3)
isr =axsr |B(rss — xsr) LG B+,

:'.CS = _ﬂxsfv
i’[ = ﬂiﬂs[ —Yxy.

o0
Here, ¢(xg) = > pral is the probability generating function [16], representing

k=
the probability thgt a randomly selected node remains susceptible at time ¢, pg
represents the degree distribution, which is the probability that a randomly selected
node in the network has a degree of k. xe denotes the probability that an initial
susceptible node with degree k remains susceptible at time ¢. The variables zg, xr
and xg satisfy the constraint zg + x; + g = 1. The initial conditions are:

I‘S(O) = ZEQ(O) =1- P

Z‘](O) =p,
rs5(0) = 1 (2.4)
zs1(0) = pp,

where 0 < p < 1 and p > 0.

We will now prove that (zss + zsr + Z‘SR)/¢,(Z‘9) = zp and g = Y(xy).
Define [Si] as the number of degree-k susceptible nodes at time ¢, then we have the
following:

[Sk] K

ngﬂoo N PrTy, (2.5)
since the series Xk: RlSe] [SSH[SJJ]HS A g convergent, then
T PO o = X hpuh =20 3 hpua ™ = (o)
N—o0 & N = N—)oo 0 ¢ ’
(2.6)
> SS|+ S S
. + [SI]+ SR ’
T ) L (o), (2.7)
N —oc0 N
namely
TS5 + TSr + TSR
7 =Tp- 2.8
V' (zp) (28)
Similarly, since the series [T = % is convergent, then

]\;ii’)noo - Zk: i SW Zpkxa = (), (2.9)
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s = P(wg). (2.10)

These two results will play a role in the derivation of the effective degree model
from the DSA model in the subsequent sections.

3. Equivalence of models

3.1. From effective degree model to DSA model

During the derivation of the DSA model from the effective degree model, the vari-
ables in the DSA model need to be assumed to appear “for the first time.” Therefore,
the form of each variable in the DSA model will be gradually defined. The key ques-
tion is how the forms of these variables should be related to the variables in the
effective degree model. From the definition of v, it is proportional to zgy. Similarly,
Zj jx; is proportional to xgs + xs7. Therefore, to define zgy, it is necessary to
study . According to the second and third equations in model (2.1), we have

—(B+y)v+ B —2(1 Zyrl

B+ + B Zaﬂfl Bn* Z‘(jfl) ‘ (3.1)
—(B+ 7w+ BU Zw—l ”ij(jj_xl”

Here, an integrating factor method is employed to eliminate the term —pg(I)

%ﬂlj)w’y. Define an integrating factor F'(t) such that F’(t) = ﬂ([)%}tm
I

Introduce a variable zy and define @9 = —ﬁm. Simultaneously, de-

fine Y(zg) = >, ka(o)x;g. It is clear that 9 = —f7 725, Furthermore, define

x(“e) = vef'®) and 7”25,('::)5’ = F'(®) Ej jx;, we have

d ST

dt ¢/ (zg)

—(B+7)we" ) + B(I Z] j— el

v
E ) gpseF®
z) . 30 )zje

2.50%5 =V g B (3.2)
(ﬁ+7)1/}( )+/3<> S e Z]] )

Tsr Tss Zj]( - ) L
(ﬁ+7)w,( )+ﬁ<l>w,(m) >,

TSr rss /(t)

(o) 0 (o)

(ﬁ+7)¢( )+ﬁ<><

=—(B+7)
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Next, we consider % Zj jxj. According to the first equation in model (2.1), we
have

d . ..
pr Zj:yxj = Zj:yxj
=) Y[+ Dz — 225] = BI) Y 52

= (D) 326+ Viwgn = P25 = BU) D _(%w; = s + ;)

=D Y0 G+ Viser = 53] = I Y0 16 = s + 5]
=D 216+ Dy =] = B0 350 ~ Vs = BN 3 s

:7<I>Z [+ V)jzjpr — 52x;] — BUI >Z %: Z Jzj
7 Jri 5
I>Z]‘TJ7

(3.3)

using the same integrating factor F'(t) to eliminate —3(I )% > Jzy, it was

previously defined that % =ef(®) Zj jx;, then

%% =) Z (G + Djzjyr — jPa;]el D — Zym eF®)
:’Y(D{Z[(]—l—l) (G +1)]zj41 — ZJ x]} F(t)
_ oy Ess T asr (3.4)
BLI) o w)
= — D)o eF® — gy IS TSI
AI) Ej:(y + 1)z, B
_ Tss +Tsi Tgs + Tsr
= —(I) ' (zg) B(I) en

From ;7sls = = vef®) and % =ef®) >, jx;j along with the third equation in

model (2.1), we can derive (I) = e xssaﬁsf Substituting this expression into

equation (3.4) yields

d zss +xs1 Tsr
— = (B + , 3.5
combining with equation (3.2), we obtain
d_2ss __ 2S5 iy (3.6)

dty'(zg) ¥ (xp)
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Next, we introduce a new variable: xgr and define it as zgr = (xg — zfps,(;‘z)sf) .
1 (xg). Using the previous results, it is straightforward to derive % % = 7%.

We now claim that z; = > ;- 24(0 )CJ(IQSE(ZO;)SI) (J(lez))k’j. We will verify the

correctness of this claim by taking the derivative of x;:

Sty (2 (z25)
- e [ (Calrey (msj/;j)w)jl (jfx}:))kj
k=) s (msj/aj)y)j <wgf<szi>>“11
_ (<w;j));x J(6+ >(xsj/&$sj>j<wgffxi)>k_j (37)

() )

) o ot () ()

Y (z0)

j L (xss+xst T wer T
mee-0 () (Giy) ]
= (D) [-(B+)jzj +vzj41] -

This is consistent with the first equation in model (2.1), thus our claim is verified.
Therefore

p-pgmn(5) ()

o zss + s+ zsr\" (3:8)
=20 (=)
= N?ﬁ(xo)

Now, we need to express F’(t) in terms of the variables in the DSA model. To
achieve this, we introduce two equations:

> . > .
> Clip’d T =p> Clip’ g

=0 =0

LI S P
—pdi chp]q (3.9)
p =0

d
pdf(erq)

=kp(p+q)" !,
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and
> CLiG—1p'd" 7—pQZC 2t
=0
_ .2 g, g k—j
- »2—N"¢ i
b dp2j§:;J k' (3.10)
d2

= k( )% (p+q)" 2.

Using these two equations, we can derive that

>3 — D,
Z ]xj
S 35907 — D (0)Ch(E55tmsn )i (s )k
2, Jan(O)Cl(E55EEs )i (Fan i
(B55E0)? 2oy k(e —1)%(0) e
= 06(I
6< > (Tfps(—:;fl)zk kl‘k( ) (311)

B rss +xsr) ¥ (o)
= (") e

xzsr V" (xg)

F(t) = B{I)

= B{I)

=5 wo) W' (o)
V" (zp)
= 5wszw, (20)°
Next, we need to find gg and #g;. The derivative of w‘“"(ss) is obtained as
d zgs tss¢'(20) = T35 7iagy )
dt ¢/(.’£9) P! (550) (3_12)
_ igs(V'(29))* + Brsszsiy” (xg)
P (g)? 7
S0 . 4
Tgs = 0 (79)? Kdt w»’f(s;g)) ' (29)* — ﬂfsswsﬂ/f”(xe)} ; (3.13)

using equations (3.6) and (3.11), we can obtain

s = — (— 255 F’(t)z//(xe)?’—ﬁwssxsm“m))

V()2 \ ' (z0)
= —xgsF'(t) — Brsszsr x9)2
' (o) (3.14)
= —Brgsrsy e (x9)2 — Prssasr v (xe)z |
W’ (.7;9) P (-T@)
= —2Bzsrrss (zo)



2348 Y. Wu, S. Yan, Y. Gu & Y. Zhang

Similarly, The derivative of w”,”&’g) is obtained as

d zgr . ijIW(iUG) - xs}%m
dt ¢/ (zg) W (w)? (3.15)
_ @s1(Y'(20))” + B v (ze)
V' (2g)? 7
SO
) 1 d zgs ' 3 2
T i (20)? [(dt 1//(:69)) Vlwo)” ~ sy (xa)] 7 (310)

using equations (3.2) and (3.11), we can obtain

st = s { |04 ) S 4 )| o ) - Bt (ao) |

)
= —(B+7)zss + 55 F'(t) — Bad; :f/ ((;9(;)2
w// ($9)

W (x9)”

/83351w, (w9)2
wli (:L‘G) B
o (.179)2 (ﬂ + 7)

= —(B4+7)rss + Prsirss

= g1 |B(rss —xsr)

Finally, we define x5 such that £ = —f8xg; and x; such that ©; = Bxg; — yxs.
Therefore, the DSA model (2.3) is derived from the effective degree model (2.1).

3.2. From DSA model to effective degree model

Now we proceed to derive the effective degree model from the DSA model. Similarly,
during the derivation process, the variables in the effective degree model need to be
assumed to appear for the “first time”. Here are the definitions:

o ZN o <$Ss+$51>j < TSR )kj
BT g ) \Wwe))

k>j

Vv = N.ZES[,
Zja:j = N(zss + zs1),
J

(3.18)
v Ts1
I = - = 5
i >dr;  wsstasi
S = Nxs,
I = N.’L’[,

R = NJCR.
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Based on the above definitions, we first take the derivative of x;:
<xss+xs,>j< e )]
' (xq) W' (zq)
i) )]
G Tl () G
oo () ()

zss+as1\’ [ zsp \*7
O’i]ﬂ+7)< ey > <¢’($e))

. . d
k>j

_ (Ww)) ZNpk

(ff;(t;;;f) =

+Cl(k — j)y (m)jH (wgffxi)>k_j_1]

=(I)[ = (B+7)jz; +yEjt),

and then the derivative of v:

v=Nigy
= Nzgsy [5(%5 — s1) v (weg -6+ 7)]
V' (29)
= BNas(rss + w51 — 2xs1) L4 (xe)g —(B+7)Nxsy
Y’ (o)
= ﬁNﬁ(JSSS +xs1) (xss +Tsr— 2£51) :f/ ((;;9))2 B+
_ SI 2 (4 Tsr V" (z9)  (3.20)
(B+y)v+ 5N7x55 e (xgs + xs1) (1 sts mn xsz) W (wg)°
(B + )+ BN (wss + x5 (1 - 2(1)) L2
V' (29)
zss +Tsr\’ "
—(B+y)v + BN(I) (W(M) (1 —=2(I)) ¥" (zq)

w>2 (1—=2(1) > k(k —1)Npjay >

—(B+~)v+ B < o (20)
k

As mentioned earlier when introducing the DSA model, we have already derived the
conclusion that (zss+xsr+xsr)/% (xg) = xp. Using this conclusion and equation
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(3.10), we can infer that

Tgs +x 2 . Tgg +x I/ k=i
k(k—1)Npy <SS SI) w’;‘Z—ZNpko,iju—l)( > *‘”) < SR)> :
J

Y’ (o) ' (o) ' (g
, ' ' (3.21)
given the expression x; =3, -, Nka,]c(sz,éﬁ)S’ )](J(Syi) )9 equation (3.20) trans-
forms into
v = =B+ + B -2D) Y56 — Dy (3.22)
J

Finally, we perform transformations on the variables S, I and R. For > ;i We
have

- (55 ()

k
wss + wsr +wsr )" (3.23)
= Z Npi 7
- V' (zo)
Using the conclusion xg = 1(zg), we have Zj xj = Nz g, which implies that
S=> . (3.24)
J

Given that xg, x; and xg satisfy xg + x;7 + g = 1, it follows that Nzg + Nx; +
Nzxpr = N, which means

I=N-S5-R. (3.25)
Also means that
R=-S—-1
= —Nig— Nij
= NBzsr — N(Basr — vzr) (3.26)
=vyNxg
=~l.

So far, the effective degree model (2.1) has been derived from the DSA model (2.3).

4. Survival analysis perspective of effective degree
model

The significant advantage of proving the equivalence between the effective degree
model and the DSA model is that the effective degree model can inherit the statis-
tical interpretation of the DSA model. In [12], the notation S; := xg is employed
to represent the survival probability of susceptible nodes (i.e., the probability that
a node that is susceptible at ¢ = 0 remains susceptible at ¢ > 0), and it is demon-
strated how to derive a single autonomous differential equation for S; := xg from
the DSA model. This equation allows for numerical calculations of the survival
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probability for any ¢ € [0, 00) solely based on the parameters of the network model.
In this section, we will proceed to show how a single autonomous differential equa-

tion for s = % can be derived from the effective degree model. In the effective
degree model, the average degree of the network is given by ZZJ j;f, and the aver-
g
age excess degree is % Let the ratio of the average excess degree to the
5 J%5
_o 223Gz ey 50Dy
average degree be denoted as k = =2 OTRE I = (sz T)? S. Although S

varies with time ¢, k remains a constant due to the static nature of the network.
Furthermore, let D = §, B =}, jx; — v, with initial conditions D(0) = £ and
B(0) = uN, hence

B :ij'j v
=) Y (6 + Djwjn = j2a;] = BA) Y (G — Dy — 6<I>Zm

J J

— [=(B+wv+B Z]J—l <I>2Zj(j—1)%

—{I) Z[(j+1) G+ D] e - sy

J

Z] j-1)z <I>Zj:jmj ()
+(/3+7)V—6<I - ij—l 2+ B D56 — 1)z
:_’Y<I>Z(3+1 Tj+1 — Z.]x.] B+

J

—2B(I ij—l

=—28(I Z] j—1z
200 - ) Zj
377
(225 d75)?
Derived from (2.1), we obtain
S = Z:c'j
—ZV [(G+ Dajr — jzg] = Y Bll)ja;
J
= —Zﬁmjxj (4.2)
J
Zj Brjx;
ijxj
= —ﬁl/,

=—28v



2352 Y. Wu, S. Yan, Y. Gu & Y. Zhang

combining (4.1) and (4.2) leads to

B_ ij(jfl)xj o E
g—QBW—QHS, (4.3)

integrating it with the initial conditions B(0) = uN and S(0) = N(1 — p) leads to

_ H 2K
B(t) = s (4.4)
So
. vS—uvs
D= %
=B AS+BIA - (1) 3,5 — VxS — BN, (5 — 1) S + Br?
= =
= (B+)vS+ BrvB — Brv? + B
= =
_ v P ges-1V Vo V2
= (5+7)S+ﬁﬁl—p5 5 ﬂﬁ(s) +5(S)

=B(1 - k)D*+ f_i’fos%—l —(B+7)| D.
(4.5)

By appropriately transforming the expressions regarding S and [ in (2.1), we obtain

S =-BDS,
I =p3DS —~I, (4.6)
D =p(1-k)D*+ %52“*1 —(B+7)| D.
Further processing the Eq. (4.6) leads to
D D Kl qon—a P71
- 1—-K)—==— S<r —_— 4.7
3+ (1-ng = - B0 @)
When & # 1, the differential equation (4.7) is solved to obtain
D=yt M g1y BT g (4.8)

L—p B(1— k)

where C1 = upN'=5(1—p) " +uN"*(1—p)=~1 - 5(61"’_1) N—%(1—p)~*. Substituting
equation (4.8) into the first Eq.(4.6) leads to

G —Cysr 4 P gom Bt (4.9)
1—p 1-&

where Cy = BupN1=%(1 — p)=* + BuN*(1 — p)r~1 — %N”‘“(l — p)~". When

k = 1, the differential equation (4.7) is solved to obtain

Bt P s, (4.10)

D
B I—p
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where C3 = B‘# In[N(1—p)] = Np — {£. Substituting equation (4.10) into the
first equation of Eq. (4.6) leads to

S = —(ﬁ+7)51ns+157“s2—045, (4.11)

—p
where Cy = (B +v)In[N(1 —p)] — fNu — %“Z. Regarding s = % as the survival
probability of susceptible nodes, it is easy to derive that

— Cps"N"~1 + %m sPNZL 7f i TEN, k#£1,
= -7 4 - (4.12)
- (5-1—’y)sln(Ns)—i—17“52N—C’457 k=1.
—-p
Since it is evident that $(co) = 0, Eq.(4.12) implies that the condition s(occ) > 0
has to satisfy

Cos™2N"2 = _ DB oxayan—2 BT (4.13)
1—p 1-k
_ Bp _
(B+7)In(Ns) = ~7 SN + Cy, k=1. (4.14)
Given that we observe the infection times (¢1,..., ) for a randomly chosen subset

of k initially susceptible nodes within a time interval [0, 7], where T is less than
or equal to infinity, we can formulate the approximate log-likelihood function as
follows:

k
g(/Ba’%ﬂ’p’ N|t17 B 7tk) = Zlns(tz) - k'h’l(l - S(T)) (415)
=1

Equation (4.12) indicates that we only need a few parameters to obtain the value
of s, without relying on other variables, which is very convenient. This approach
is similar to the single equation regarding S; obtained through the DSA model
n [12]. Tt is worth mentioning that to obtain quantities other than s, evaluation of
additional ODEs is needed [10].

5. Discussion

In the dynamics of network-based infectious diseases, three types of complex net-
work models are widely employed: the pairwise model [7], the edge-based compart-
mental model [23], and the effective degree model [15]. Miller et al. [17] demon-
strated the equivalence of these three models under certain conditions. Recently,
KhudaBukhsh et al. [8] derived the DSA model based on the large graph limit sys-
tem studied by Jacobsen et al. [5] Subsequently, Kiss et al. [12] further proved the
equivalence between the pairwise model, the edge-based compartmental model, and
the DSA model.

This paper demonstrates the equivalence between the network effective degree
model and the DSA model, strengthening the connections between network models.
The greatest benefit of this result is that the effective degree model can share
the statistical interpretation of the DSA model, especially in terms of statistical
inference from data. We also simplify the effective degree model into a differential
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equation regarding susceptible individuals, which can be represented by certain
parameters. Based on this, the effective degree model can be better applied to
address practical infectious disease issues in the future, such as effectively tracking
infectious diseases and taking corresponding measures.

As a future research direction, we propose to apply dynamical survival analysis
to analyze data arriving from the effective degree model. This approach, in addition
to enabling the derivation of the likelihood function presented in this paper, has the
potential to yield insights into basic reproduction number, dropout rates, recovery
rates, the final epidemic size, and other key epidemiological metrics.
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