
Journal of Applied Analysis and Computation Website:http://www.jaac-online.com

Volume 15, Number 4, August 2025, 2356–2380 DOI:10.11948/20240470

BIFURCATIONS OF LIMIT CYCLES IN A
CLASS OF QUARTIC PLANAR

VECTOR FIELDS

Yuan Chang1 and Liqin Zhao1,†

Abstract This paper studies the number and the distribution of limit cycles
of a class of planar quartic vector fields

ẋ = −y(ay2 − 1) + εp(x, y), ẏ = x(ax2 −
√
ax− 1) + εq(x, y),

where a > 0, 0 < ε ≪ 1, p(x, y) and q(x, y) are polynomials in (x, y) of the
degree 4. By the bifurcation theory and qualitative analysis, we obtain four
new configurations of limit cycles, two of which can have at least 12 limit
cycles.

Keywords Quartic system, distribution of limit cycles, Hopf bifurcation,
homoclinic bifurcation, heteroclinic bifurcation.
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1. Introduction and the main results

The second part of well-known Hilbert’s 16th problem is to find an upper bound
for the number of the limit cycles and their distributions of the planar polynomial
system

ẋ = P (x, y), ẏ = Q(x, y) (1.1)

of the degree n. The maximum number of limit cycles of system (1.1) is denoted
by H(n), which is known as the Hilbert number.

People usually study H(n) by bifurcation theory. They usually find limit cy-
cles by Hopf bifurcation, quadruple transformation, detection functions, Poincaré
bifurcation [1, 3–5, 7, 8, 15–20]. They also discuss the limit cycles bifurcating from
polycycles such as homoclinic loop, double-homoclinic loop, heteroclinic loop, and
so on [6,8–10,12–14,18,21–23]. The authors in [11] find more limit cycles increasing
with n by investigating a property T (n) (see Definition 2.1 in [11]) on the rectangle
x0 ≤ x ≤ xn+1, y0 ≤ y ≤ yn+1, and obtain the least increasing rate of H(n) with
respect n.

The method of finding limit cycles near double-homoclinic loops or heteroclinic
loops given in [9] and [14] contains three main steps:
(i) finding discriminate values to determine the existence and stability of homoclinic
loops, double-homoclinic loops;
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(ii) varying parameters to change the stability of these loops to create limit cycles
near the loops;
(iii) breaking the homoclinic loops to find medium limit cycles.

Let us pay attentions to the distribution of limit cycles for quartic systems.
(i) The configuration of 13 limit cycles: [21] obtained 4 different configurations

of 13 limit cycles near three figure-eight loops, and [1] obtain 13 small amplitude
limit cycles.

(ii) The configuration of 15 limit cycles: [23] considered a cubic Hamiltonian
system under quartic perturbations and obtained 4 different configurations of 15
limit cycles with a large limit cycle enclosing 14 limit cycles near two figure-eight
loops of unperturbed system.

(iii) The configuration of 20 limit cycles and above: [12] considered a fourth-
order near-Hamiltonian system and obtained three categories of configurations of
limit cycles with 20, 21 and 23 limit cycles respectively, where 23 limit cycles has a
distribution with 2 large limit cycles enclosing 7 medium limit cycles and 14 limit
cycles obtained by homoclinic or heteroclinic bifurcation.

(iv) The configuration of 21 small amplitude limit cycles: [7] studied the local
cyclicity of holomorphic quartic centers, and it is proved that 21 limit cycles of
small amplitude bifurcate from a unique singular point.

Motivated by [21,22] and [23], in this paper, we study the number and distribu-
tion of limit cycles of a class of planar quartic system{

ẋ = Hy(x, y) + εp(x, y),

ẏ = −Hx(x, y) + εq(x, y),
(1.2)

where 0 < ε≪ 1,

H(x, y) =
x2

2
+
y2

2
+

√
ax3

3
− a

4
(x4 + y4), a > 0, (1.3)

p(x, y) and q(x, y) are polynomials of degree four. Let x = 1√
a
x, y = 1√

a
y, then

system (1.2) can be transformed to
ẋ = −y(y2 − 1) + ε

4∑
i+j=0

aijx
iyj ≡ f(x, y),

ẏ = x(x2 − x− 1) + ε

4∑
i+j=0

bijx
iyj ≡ g(x, y),

(1.4)

where aij , bij are arbitrary constants. The unperturbed system of (1.4) has a first
integral

H(x, y) =
x2

2
+
y2

2
+
x3

3
− x4

4
− y4

4
. (1.5)

Let

δ1 = b01 + a10, δ2 = b02 +
1

2
a11, δ3 = b11 + 2a20, δ4 = b03 +

1

3
a12,

δ5 = b12 + a21, δ6 = b21 + 3a30, δ7 = b04 +
1

4
a13, δ8 = b13 +

2

3
a22,

δ9 = b22 +
3

2
a31, δ10 = b31 + 4a40, δ11 = 2a00 +

2

3
a02 +

4

5
a04,
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and
δ = (δ1, δ2, . . . , δ10, δ11), δ∗ = (δ∗1 , δ

∗
2 , . . . , δ

∗
10, δ

∗
11).

Our main results are as follows.

Theorem 1.1. For 0 < ε≪ 1,

(i) there exist δ∗ with δ∗10 < −3 and δ∗7 = 5δ∗11 = δ∗10 such that (1.4) has at least 12
limit cycles, two of which are small amplitude limit cycles. The configuration
of these limit cycles are shown in Figure 1(a).

(ii) there exist δ∗ with δ∗8 > 0 and δ∗7 = δ∗8 such that (1.4) has at least 12 or 11
limit cycles. The configuration of these limit cycles are shown in Figure 1(b)
and Figure 1(d).

(iii) there exist δ∗ with δ∗8 > 0 and δ∗2 = 1
2δ

∗
11 = δ∗8 such that (1.4) has at least 9

limit cycles. The configuration of these limit cycles are shown in Figure 1(c).
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Figure 1. (a), (b): The configuration of 12 limit cycles, (c) The configuration of 9 limit cycles, (d) The
configuration of 11 limit cycles.

Remark 1.1. In Theorem 1.1, two new configurations of 12 limit cycles for the
quartic system (1.4) are obtained in Figure 1(a) and Figure 1(b).

This paper is organized as follows. In Section 2, we will give the expression
of displacement function for some orbits of system (1.4)ε=0 and introduce some
useful results in [9] and [10]. In Section 3, we will give the proof of Theorem
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1.1. For simplicity, some results obtained by Maple and Mathematica are listed in
Appendix.

2. Preliminaries

2.1. The expression of displacement function

When ε = 0, system (1.4) is reduced to

ẋ = −y(y2 − 1), ẏ = x(x2 − x− 1). (2.1)

For i = 1, 2, system (2.1) has nine singular points:

• five elementary centers O(0, 0), Ci(
1+

√
5

2 , (−1)i+1), Ci+2(
1−

√
5

2 , (−1)i+1),

• four hyperbolic saddles Si(
1+(−1)i+1

√
5

2 , 0), Si+2(0, (−1)i+1).

Let h1 = 13+5
√
5

24 , h2 = 13−5
√
5

24 , h3 = 1
4 , h4 = 19+5

√
5

24 , h5 = 19−5
√
5

24 , then from (1.5)
we have

H(O) = 0, H(S1) = h1, H(S2) = h2,

H(Si) = h3, H(Cj) = h4, H(Ck) = h5,

where i, k = 3, 4 and j = 1, 2. The closed orbits of (2.1) can be described as follows
(see Figure 2):
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Figure 2. The phase portrait of system (2.1).

(1) Γ1
h, h ∈ (−∞, h2): the family of closed orbits which surrounding all nine singular

points.
(2) Γh2

= L3 ∪ L4 ∪ {S2}: the double-homoclinic loop connecting S2.
(3) Γ2

h, h ∈ (0, h2): the family of closed orbits which surrounding O.
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(4) Γ3
h, h ∈ (h2, h3): the family of closed orbits which surrounding Si, Cj , i = 1, 3, 4,

j = 1, 2, 3, 4.
(5) Γh3

= L5∪L6∪L7∪L8∪{S3, S4}: two homoclinic loops L5, L6 and a heteroclinic
loop L7 ∪ L8, where Li+2 surrounding Ci, i = 3, 4, L7 ∪ L8 surrounding C1 C2 and
S1.
(6) Γ4

h, h ∈ (h3, h5): the family of closed orbits which surrounding C3 or C4.
(7) Γ5

h, h ∈ (h3, h1): the family of closed orbits which surrounding C1, C2 and S1.
(8) Γh1 = L1 ∪ L2 ∪ {S1}: the double-homoclinic loop connecting S1.
(9) Γ6

h, h ∈ (h1, h4): the family of closed orbits which surrounding C1 or C2.
Let L9 = Γ5

1
2

and L10 = Γ1
− 1

4

. Recall that the displacement function of Li(i =

1 . . . 10) can be expressed as

di(ε, δ) = εNiMi(δ) +O(ε2),

where Ni > 0 and

Mi(δ) =

∫
Li

g0(x, y)dx− f0(x, y)dy

=

4∑
j+k=0

ajkAijk + bjkBijk

(2.2)

with Aijk = −
∫
Li
xjykdy, Bijk =

∫
Li
xjykdx. If di = 0, then there exist a homo-

clinic loop (resp. a heteroclinic orbit) L∗
i near Li for i = 1, . . . , 6 (resp. i = 7, 8).

By (2.2) and the integration by parts, we have the following lemma.

Lemma 2.1. For Li, i = 1, . . . , 10, we have

Mi(δ) =


δ1Bi01 + δ2Bi02 + δ3Bi11 + δ4Bi03 + δ5Bi12 + δ6Bi21 + δ7Bi04

+ δ8Bi13 + δ9Bi22 + δ10Bi31, i = 1, . . . , 6, 9, 10,

δ1Bi01 + δ2Bi02 + δ3Bi11 + δ4Bi03 + δ5Bi12 + δ6Bi21 + δ7Bj04

+ δ8Bi13 + δ9Bi22 + δ10Bi31 + (−1)i+1δ11, i = 7, 8.

By using Mathematica and Maple, the explicit expressions of the coefficients
Bijk are obtained, as given in Appendix. Then for i = 1, 2, 5, 6, 1 ≤ j + k ≤ 4, we
have

B2jk = (−1)k+1B1jk, B6jk = (−1)k+1B5jk.

2.2. The approach to study homoclinic loop and double ho-
moclinic loop

For the homoclinic loop L∗ (resp. the double-homoclinic loop L∗
a ∪ L∗

b ) of system
(1.4), let σ0 is the divergence of saddle point,

σ1 =

∮
L

(f0x + g0x)dt (resp. σ1i =

∮
Li

(f0x + g0x)dt, for i = a, b),

and R is the first saddle value at the saddle point. Then from [9] and [10], the
stability of homoclinic loops and double-homoclinic loops can be discriminated by
the following lemmas.
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Lemma 2.2 ( [9,10]). For ε > 0 small, the homoclinic loop L∗ is inner stable (resp.
unstable) if σ0 < 0 (resp. > 0) or σ0 ≡ 0, σ1 < 0 (resp. > 0) or σ0 = σ1 ≡ 0, R < 0
(resp. > 0).

Lemma 2.3 ( [9,10]). For ε > 0 small, the double-homoclinic loop L∗
a∪L∗

b is outer
stable (resp. unstable) if σ0 < 0 (resp. > 0) or σ0 ≡ 0, σ11 + σ12 < 0 (resp. > 0) or
σ0 = σ11 + σ12 ≡ 0, R > 0 (resp. < 0).

3. Proof of the main results

Let Sjε = (xsj , y
s
j ) is the saddle point of (1.4) near Sj , Ckε = (xck, y

c
k) is the focus

point of (1.4) near Ck, σ0j is the divergence of Sjε and Rj is the first saddle value
at Sjε, where j, k = 1, 2, 3, 4. Now we consider the configuration of limit cycles in
Figure 1(a) first, let δ7 = δ10 for (1.4), then by the implicit function theorem, we
have the following lemma.

Lemma 3.1. For ε > 0 small, d1 = 0 and d1 = d2 = 0 implies that there exist two
functions

ϕ1 =− 1

B101
(B102δ2 +B103δ4 +B111δ3 +B112δ5 +B113δ8 +B121δ6 +B122 δ9

+ (B104 +B131) δ10) +O(ε),

ϕ2 =− B104δ10 +B112δ5 +B122δ9
B102

+O(ε)

satisfying
• d1 ≥ (<)0 ⇔ δ1 ≤ (>)ϕ1,
• d1 = 0, d2 ≥ (<)0 ⇔ δ2 ≥ (<)ϕ2.

Thus, there exist a homoclinic loop L∗
1 near L1 as d1 = 0 and a double-homoclinic

loop L∗
1 ∪ L∗

2 near L1 ∪ L2 as d1 = d2 = 0. Then we consider the stability of the
double-homoclinic loop L∗

1 ∪ L∗
2. Using the implicit function theorem, we have

Lemma 3.2. If δi = ϕi i = 1, 2, the divergence of S1ε can be expressed as

σ01 =((
1 +

√
5

2
− B111

B101
)δ3 −

B103

B101
δ4 + ((

1 +
√
5

2
)2 − B121

B101
)δ6 −

B113

B101
δ8

+ ((
1 +

√
5

2
)3 − B131

B101
)δ10)ε+O(ε2).

If σ01 = 0, there exist a function

ϕ3 =− 1

(1 +
√
5)B101 − 2B111

(2B103δ4 + ((3 +
√
5)B101 − 2B121)δ6 + 2B113δ8

+ ((4− 2
√
5)B101 − 2B131)δ10) +O(ε)

satisfying σ01 ≥ (<)0 ⇔ δ3 ≥ (<)ϕ3 for ε > 0 small.

Under δi = ϕi, i = 1, 2, 3, then σ01 = 0, we consider the integral∮
L∗

i

(f0x + g0y)dt ≡ σ1i(ε, δ), i = 1, 2,

which converges finitely to σ1i(0, δ) =
∮
Li
(f0x + g0y)dt from [8,9]. Then we have
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Lemma 3.3. If δi = ϕi, i = 1, 2, 3, we obtain

σ11 =− 9.1505100310861δ4 − 0.20773663099846δ5 + 0.00333547529614δ6

− 14.7488764676445δ8 − 0.4636116024714δ9 + 0.00333542440294δ10 +O(ε),

σ12 =− 9.1505100310861δ4 + 0.20773663099846δ5 + 0.00333547529614δ6

− 14.7488764676445δ8 + 0.4636116024714δ9 + 0.00333542440294δ10 +O(ε).

For ε > 0 small, there exists two functions

ϕ4 = 0.000364506933669710δ10 + 0.000364512500787624δ6 − 0.0227021914946979δ5

− 0.0506651105671599δ9 − 1.61180922347967δ8 +O(ε),

ϕ5 =− 2.23172774220490δ9 +O(ε)

satisfying
• σ11 ≥ (<)0 ⇔ δ4 ≤ (>)ϕ4,
• σ11 = 0, σ12 ≥ (<)0 ⇔ δ5 ≥ (<)ϕ5.

Proof. We know that

σ1i(0, δ) =

∮
Li

(f0x + g0y)dt =

∮
Li

F (x, y)dt,

where

F (x, y) =
1

y − y3
(δ1 + 2δ2y + δ3x+ 3δ4y

2 + 2δ5xy + δ6x
2

+ 3δ8xy
2 + 2δ9x

2y + (x3 + 4y3)δ10).

From Lemma 3.1 and 3.2, the results can be obtained by straightforward computa-
tion and the implicit function theorem.

When σ11 = σ12 = 0, we consider the first saddle value of S1ε. Hence we have
the following lemma.

Lemma 3.4. For system (1.4), we obtain

(i) The first saddle value of S1ε denoted by R1 as follows:

R1 =
106(√

5 + 3
)2 (

25 + 11
√
5
)2 (

5 +
√
5
)14 (1024(10336421√5

+23112940) δ1 +
3

2
× 10−6(

√
5 + 3)2(25 + 11

√
5)2(5 +

√
5)14δ4

+512
(
38127971

√
5 + 85256735

)
δ3 + 76800

(
514229

√
5

+1149851) δ8 + 512
(
64870463

√
5

+145054765) δ6 + 1024000000
(
51499217

√
5

+115155750) δ10) ε+O(ε2).

(ii) For ε > 0 small, under δi = ϕi, i = 1, . . . , 5, we have

R1 =(−0.324163041746872δ8 + 0.00875795054111555δ6

+ 0.00875788799581975δ10)ε+O(ε2)
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and
ϕ6 = −0.999992858742074δ10 + 37.0135730147729δ8 +O(ε)

satisfying R1 ≥ (<)0 ⇔ δ6 ≥ (<)ϕ6.

The proof of Lemma 3.4 is given in Appendix. Let Ikpq =
∮
Γ
6(k)
h

xpyqdx, and

Γ
6(k)
h is the family of closed orbits surrounding Ck for k = 1, 2. Now we consider

the Hopf bifurcation of C1ε and C2ε, which is equivalent to discussing the number
of zeros of

M̃k(h) = δ1Ik01 + δ2Ik02 + δ3Ik11 + δ4Ik03 + δ5Ik12 + δ6Ik21 + δ7Ik04

+ δ8Ik13 + δ9Ik22 + δ10Ik31, k = 1, 2
(3.1)

near h = h4 for system (1.4). Then for k = 1, 2, Ckε has the same stability as the
C̃kε of system

ẋ =− y(y2 − 1)

≡f1(x, y),
ẏ = x(x2 − x− 1) + ε(δ1y + δ2y

2 + δ3xy + δ4y
3 + δ5xy

2 + δ6x
2y

+ δ7y
4 + δ8xy

3 + δ9x
2y2 + δ10x

3y)

≡g1(x, y).

(3.2)

For C̃1ε and C̃2ε of system (3.2), we have the following lemma.

Lemma 3.5. If δi = ϕi, i = 1, . . . , 6, the divergence of C̃kε, k = 1, 2 can be
expressed as

div(C̃1ε) = (0.00252924305133200δ9 − 0.000322469361956088δ10

+ 0.0591420565428257δ8)ε+O(ε2),

div(C̃2ε) = (0.0000147035582569595δ10 − 0.00291043144903150δ9

+ 0.0591613858149482δ8)ε+O(ε2).

For ε > 0 small, there exists two functions

ϕ9 = 0.127496391375381δ10 − 23.3833029655569δ8 +O(ε),

ϕ8 = 0.00280124722141849δ10 +O(ε)

satisfying
• div(C̃1ε) ≥ (<)0 ⇔ δ9 ≥ (<)ϕ9,
• div(C̃1ε) = 0, div(C̃2ε) ≥ (<)0 ⇔ δ8 ≥ (<)ϕ8.

If div(C̃1ε) = div(C̃2ε) = 0, then we consider the first order focus value at C̃kε

for k = 1, 2. Hence, we have the following lemma.

Lemma 3.6. If δi = ϕi, i = 1, . . . , 6, 8, 9, for k = 1, 2, the first order focus value
Fk at C̃kε can be expressed as

F1 = −3.43865692299175(δ10)
2 + 2.39687192915894δ10,

F2 = −0.823617871320597(δ10)
2 − 1.66116528264483δ10.

(3.3)
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For simplicity, the proof of Lemma 3.6 is given in Appendix. Next, we will give
the proof of Theorem 1.1.

Proof of Theorem 1.1.

(i) The configuration of 12 limit cycles in Figure 1(a).
Under δ7 = δ10 and δi = ϕi, i = 1, . . . , 6, 8, 9, let δ10 < −3, δ11 = 1

5δ10, then
Fk < 0 in (3.3), and Ckε is a stable weak focus for k = 1, 2. Meanwhile, we obtain

M3|ε=0 = 0.0755839462405386δ10, M4|ε=0 = −0.770557959539282δ10,

M5|ε=0 = −0.191195050488594δ10, M6|ε=0 = 0.014677374520996δ10,

M7|ε=0 = −0.014188113535115δ10, M8|ε=0 = −0.023440887449928δ10,

M9|ε=0 = −0.00568643542107560δ10, M10|ε=0 = −1.23218313343672δ10,
(3.4)

and

div(C3ε) = 0.625083775142779δ10ε+O(ε2),

div(Oε) = 0.114878305554985δ10ε+O(ε2),

div(C4ε) = −0.058223521406800δ10ε+O(ε2). (3.5)

By Lemma 3.5, keep δ10 fixed, let 0 < δ8 − ϕ8 ≪ ε for ε > 0 small, C2ε change
its stability from stable to unstable, then a stable limit cycle Γ1 appears near C2ε.
Keeping δ8 fixed and letting δ9 satisfy 0 < δ9 − ϕ9 ≪ δ8 − ϕ8 ≪ ε change the
stability of C1ε from stable to unstable, then there exist a stable limit cycle Γ2 near
C1ε, see Figure 3(a).

Then we consider the homocilnic and double-homoclinic bifurcation of system
(1.4) by Lemma 2.2 and 2.3. From (3.4), we know that d9 > 0. Keep δ9 fixed and
let δ6 satisfy 0 < ϕ6 − δ6 ≪ δ9 −ϕ9 ≪ δ8 −ϕ8 ≪ ε such that the double-homoclinic
loop L∗

1 ∪L∗
2 is outer unstable and two homoclinic loop L∗

1 and L∗
2 are inner stable,

which implies that there exist two unstable limit cycles Γ3 and Γ4, and a stable
limit cycle Γ5 satisfying Γ2 ⊂ Γ4 ⊂ L∗

1, Γ1 ⊂ Γ3 ⊂ L∗
2 and L∗

1 ∪ L∗
2 ⊂ Γ5, see

Figure 3(b). Keeping δ6 fixed and letting δ5 satisfy 0 < δ5 − ϕ5 ≪ ϕ6 − δ6 ≪
δ9 − ϕ9 ≪ δ8 − ϕ8 ≪ ε make L∗

2 to change its stability from stable to unstable
and generate a stable limit cycle Γ6 satisfying Γ3 ⊂ Γ6 ⊂ L∗

2. Keep δ5 fixed,
let δ4 satisfy 0 < ϕ4 − δ4 ≪ δ5 − ϕ5 ≪ ϕ6 − δ6 ≪ δ9 − ϕ9 ≪ δ8 − ϕ8 ≪ ε,
then the stability of L∗

1 is inner unstable, which generates a stable limit cycle Γ7

satisfying Γ4 ⊂ Γ7 ⊂ L∗
1, see Figure 3(c). Keeping δ4 fixed and letting δ3 satisfy

0 < ϕ3 − δ3 ≪ ϕ4 − δ4 ≪ δ5 − ϕ5 ≪ ϕ6 − δ6 ≪ δ9 − ϕ9 ≪ δ8 − ϕ8 ≪ ε force
the double-homoclinic loop L∗

1 ∪ L∗
2 to change its stability from outer unstable to

outer stable, and two homoclinic loop L∗
1 and L∗

2 change their stability from inner
unstable to inner stable. Then there exist three unstable limit cycles Γ8, Γ9 and
Γ10 satisfying Γ6 ⊂ Γ8 ⊂ L∗

2, Γ7 ⊂ Γ9 ⊂ L∗
1 and L∗

1 ∪ L∗
2 ⊂ Γ10 ⊂ Γ5, see Figure

3(d).
Keep δ3 fixed, let δ2 satisfy 0 < δ2 − ϕ2 ≪ ϕ3 − δ3 ≪ ϕ4 − δ4 ≪ δ5 − ϕ5 ≪

ϕ6 − δ6 ≪ δ9 − ϕ9 ≪ δ8 − ϕ8 ≪ ε then L∗
2 has broken. A stable limit cycle Γ11 is

created with Γ8 ⊂ Γ11. Now keeping δ2 fixed and letting δ1 satisfy 0 < ϕ1 − δ1 ≪
δ2 − ϕ2 ≪ ϕ3 − δ3 ≪ ϕ4 − δ4 ≪ δ5 − ϕ5 ≪ ϕ6 − δ6 ≪ δ9 − ϕ9 ≪ δ8 − ϕ8 ≪ ε, a
stable limit cycle Γ12 is born out by breaking L∗

1, and Γ9 ⊂ Γ12.
By (3.4), (3.5) and Poincaré-Bendixson theorem, there are no more limit cycles

can be found. Hence, system (1.4) can have a configuration of 12 limit cycles given
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Figure 3. The configuration of 12 limit cycles in Theorem 1.1(i).

in Figure 3(e) or Figure 1(a).

(ii) The configuration of 12 or 11 limit cycles in Figure 1(b) and Figure
1(d).

Let (c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11) = (δ1, δ2, δ3, δ5, δ4, δ9, δ6, δ11, δ10, δ8,
δ7), then we consider d5 = 0 and d5 = d6 = 0, which implies

ψ1 = 0.206731072574653c9 − 1.94237745771629c2 + 0.521848068796729c3

− 2.88671366858555c5 + 1.01099255361162c4 − 0.315116996222073c7

− 3.88475491543259c11 + 1.50128108534460c10

− 0.610308916135520c6 +O(ε),
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ψ2 = 0.520492322228799c4 − 2c11 − 0.314207165919789c6 +O(ε)

satisfying
• d5 ≥ (<)0 ⇔ c1 ≤ (>)ψ1,
• d5 = 0, d6 ≥ (<)0 ⇔ c2 ≥ (<)ψ2,
for ε > 0 small. Thus, there exist a homoclinic loop L∗

5 (resp. L∗
6) near L5 (resp.

L6) as d5 = 0 (resp. d5 = d6 = 0). Then we consider the stability of two homoclinic
loops L∗

5 and L∗
6. The divergence of S3ε and S4ε are expressed as follows:

σ03 = (4c11 + 3c5 + 2c2 + c1)ε+O(ε2),

σ04 = (−4c11 + 3c5 − 2c2 + c1)ε+O(ε2).

Under ci = ψi, i = 1, 2, for ε > 0 small, we have

ψ3 =− 0.396151839847431c9 − 0.217086807805309c5 − 1.99480405639497c4

+ 0.603848160152564c7 − 2.87685473054684c10

+ 1.20420936555072c6 +O(ε),

ψ4 = 0.603673008228676c6 +O(ε)

satisfying
• σ03 ≥ (<)0 ⇔ c3 ≥ (<)ψ3,
• σ03 = 0, σ04 ≥ (<)0 ⇔ c4 ≤ (>)ψ4.

Under ci = ϕi, i = 1, . . . , 4, we know that the integral∮
L∗

i

(f0x + g0y)dt ≡ σ1i(ε, δ)

is converges finitely to σ1i(0, δ) =
∮
Li
(f0x + g0y)dt for i = 5, 6. Then we have

σ15 =− 0.648880199073c5 − 0.04352635293150c7 + 0.32126094789594c10

− 0.08653274020959c6 − 0.043526234558150c9 +O(ε),

σ16 =− 0.648880199073c5 − 0.04352635293150c7 + 0.32126094789594c10

+ 0.08653274020959c6 − 0.043526234558150c9 +O(ε).

For ε > 0 small, the implicit function theorem implies that

ψ5 =− 0.0670789995138281c9 − 0.0670791819409518c7 + 0.495100556859195c10

− 0.133357036219043c6 +O(ε),

ψ6 = O(ε)

satisfying
• σ15 ≥ (<)0 ⇔ c5 ≤ (>)ψ5,
• σ15 = 0, σ16 ≥ (<)0 ⇔ c6 ≥ (<)ψ6.

If σ15 = σ16 = 0, then we consider the first saddle value Rj at Sjε, j = 3, 4.
Under ci = ψi, i = 1, . . . , 6, a straightforward computation shows that

R3 =(0.090176437715357c9 + 0.090176144273414c7

+ 0.73481810027781c10)ε+O(ε2),

R4 =(0.090176437715357c9 + 0.090176144273414c7

+ 0.73481810027781c10)ε+O(ε2).
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Noting that the dominant part of R3 and R4 are identical, then for ε > 0 small, the
implicit function theorem implies that there exist functions

ψ7 = −1.00000325409725c9 − 8.14869726576291c10 +O(ε)

≡ ψ∗
7 +O(ε)

and ψ̃7 = ψ∗
7 +O(ε) satisfying R3 = 0 ⇔ c7 = ψ7 and R4 = 0 ⇔ c7 = ψ̃7. Then for

R3 and R4, we have the following two cases:
(A) If R3 = R4, then Rj ≥ (<)0 ⇔ c7 ≥ (<)ψ7 for j = 3, 4.

(B) If R3 = 0, then R4 > (<)0 ⇔ ψ7 > (<)ψ̃7.
For case (A), if ci = ψi, i = 1, . . . , 6 and R3 = R4 = 0, then there exist two

functions

ψ8 = 0.266668205545192c9 + 4.47190585729362c10 +O(ε),

ψ9 = −2529591.83803435c10 +O(ε)

such that
• d7 ≥ (<)0 ⇔ c8 ≥ (<)ψ8,
• d7 = 0, d8 ≥ (<)0 ⇔ c9 ≥ (<)ψ9,
for ε > 0 small. Under ci = ψi, i = 1, . . . , 9, let c11 = c10 and c10 > 0, then we have
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Figure 4. The configuration of 12 or 11 limit cycles in Theorem 1.1(ii).

M1|ε=0 = 0.352449325754430c10, M2|ε=0 = 0.35244932575439c10,

M3|ε=0 = 0.06503013303720c10, M4|ε=0 = −1.661787862219c10,
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M9|ε=0 = 1.117130072425c10, M10|ε=0 = −4.687696341429c10, (3.6)

and

div(C1ε) = (0.487209419999990c10)ε+O(ε2),

div(C2ε) = (0.487209419999990c10)ε+O(ε2),

div(C3ε) = (−0.0716145700000099c10)ε+O(ε2),

div(C4ε) = (−0.0716145700000099c10)ε+O(ε2),

div(Oε) = (−0.08423254793588c10)ε+O(ε2). (3.7)

From (3.6) and (3.7), we know that di > 0 and div(Ckε) > 0 for i, k = 1, 2, then
there exist two stable limit cycles Γ̃1 and Γ̃2 with Γ̃k surrounding Ckε for k = 1, 2.
d3 > 0 and div(Oε) < 0 create an unstable limit cycle Γ̃3 surrounding Oε, see Figure
4(a). Keeping c10 fixed and letting c8 and c9 satisfy 0 < ψ8 − c8 ≪ ψ9 − c9 ≪ ε,
then L∗

7 and L∗
8 are broken. From (3.6), d9 > 0 implies that there exist an unstable

limit cycle Γ̃4 surrounding Γ̃1 and Γ̃2, see Figure 4(b).
Using the same arguments as the proof in (i), if 0 < ψ1 − c1 ≪ c2 − ψ2 ≪

ψ3 − c3 ≪ c4 −ψ4 ≪ ψ5 − c5 ≪ c6 −ψ6 ≪ ψ7 − c7 ≪ ψ8 − c8 ≪ ψ9 − c9 ≪ ε, eight
limit cycles denoted by Γ̃k, k = 5, . . . , 12 are born out by homoclinic bifurcation,
where Γ̃5 ⊂ Γ̃7 ⊂ Γ̃9 ⊂ Γ̃11 and Γ̃6 ⊂ Γ̃8 ⊂ Γ̃10 ⊂ Γ̃12.

By (3.6), (3.7) and Poincaré-Bendixson theorem, there are no more limit cycles
can be found. Thus, system (1.4) can have a configuration of 12 limit cycles given
in Figure 4(c) or Figure 1(b).

For case (B), if ψ7 < ψ̃7, we have R4 < 0, then there still have 12 limit cycles
by the above discussion. If ψ7 > ψ̃7, then R4 > 0. For 0 < ψ1 − c1 ≪ ψ2 − c2 ≪
ψ3− c3 ≪ ψ4− c4 ≪ ψ5− c5 ≪ ψ6− c6 ≪ ψ7− c7 ≪ ψ8− c8 ≪ ψ9− c9 ≪ ε, system
(1.4) can have a configuration of 11 limit cycles given in Figure 4(d) or Figure 1(d).

(iii) The configuration of 9 limit cycles in Figure 1(c).
Let (e1, e2, e3, e4, e5, e6, e7, e8, e9, e10, e11) = (δ1, δ3, δ2, δ6, δ10, δ5, δ7, δ9, δ8, δ2,

δ11), then we consider d3 = 0 and d3 = d4 = 0, which implies

ξ1 = 0.0133493269231805e5 + 0.0699742865225566e2 − 0.115599134404137e3

− 0.0566249595993767e4 + 0.00412670152129421e9 +O(ε),

ξ2 =− 2.65065878384217e5 − 2.98859713453560e3 − 1.65065878384213e4

− 2.67707411234879e9 +O(ε)

satisfying
• d3 ≥ (<)0 ⇔ e1 ≥ (<)ξ1,
• d3 = 0, d4 ≥ (<)0 ⇔ e2 ≤ (>)ξ2,
for ε > 0 small. Thus, there exist a homoclinic loop L∗

3 (resp. L∗
4) near L3 (resp.

L4) as d3 = 0 (resp. d4 = 0). Then we consider the stability of two homoclinic
loops L∗

3 and L∗
4 and the double-homoclinic loop L∗

3 ∪ L∗
4. The divergence of S2ε

can be expressed as

σ02 = (e1 + (
1−

√
5

2
)e2 + (

1−
√
5

2
)2e4 + (

1−
√
5

2
)3e5)ε+O(ε2).

Under ei = ξi, i = 1, 2, we have

ξ3 = −0.807972116469746e5 − 0.807972116469731e4 − 0.966493886747985e9 +O(ε)
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satisfying σ02 ≥ (<)0 ⇔ e3 ≥ (<)ξ3 for ε > 0 small.
Under ei = ξi, i = 1, 2, 3, we know that the integral∮

L∗
i

(f0x + g0y)dt ≡ σ1i(ε, δ)

is converges finitely to σ1i(0, δ) =
∮
Li
(f0x + g0y)dt for i = 3, 4. Then we have

σ13 = −8.28835327774732e4 − 11.9902272944765e9 + 11.4671586220581e5 +O(ε),

σ14 = 13.9333141863372e4 − 17.9535962832705e9 − 13.3690282910674e5 +O(ε).

For ε > 0 small, the implicit function theorem implies

ξ4 = −1.44663564554711e9 + 1.38352676795827e5 +O(ε),

ξ5 = 6.45048712058850e9 +O(ε)

satisfying
• σ13 ≥ (<)0 ⇔ e4 ≤ (>)ξ4,
• σ13 = 0, σ14 ≥ (<)0 ⇔ e5 ≥ (<)ξ5.

If d5 = 0, then there exist a homoclinic loop L∗
5 near L5 . Under ei = ξi,

i = 1, . . . , 5, the function d5 = 0 implies

ξ6 =− 36.2658668936540e9 + 1.92125792695251e10 + 3.84251585390503e7

+ 0.603673008228676e8 +O(ε)

satisfying d5 ≥ (<)0 ⇔ e6 ≥ (<)ξ6 for ε > 0 small. Under e6 = ξ6, we consider the
stability of L∗

5. The divergence of S3ε can be expressed as

σ03 = (4e7 + 3e3 + 2e10 + e1)ε+O(ε2).

Under ei = ξi, i = 1, . . . , 6, the implicit function theorem implies

ξ7 = 8.81823189932078e9 − 0.5e10 +O(ε)

with σ03 ≥ (<)0 ⇔ e7 ≥ (<)ξ7 for ε > 0 small.
If d1 = 0, then there exist a homoclinic loop L∗

1 near L1. Under ei = ξi,
i = 1, . . . , 7, the function d1 = 0 implies

ξ8 = −8.84756452029888e9 +O(ε)

with d1 ≥ (<)0 ⇔ e8 ≤ (>)ξ8 for ε > 0 small.
Under ei = ξi, i = 1, . . . , 8, let e9 > 0 and e10 = 1

2e11 = e9, then we have

M2|ε=0 = −40.6328910646561e9, M6|ε=0 = 25.3774299377964e9,

M7|ε=0 = −1.31633151616553e9, M8|ε=0 = −80.0131548318940e9,

M9|ε=0 = −90.3252285537313e9, M10|ε=0 = 56.6383768634101e9, (3.8)

and

div(Oε) = (1.38752288302499e9)ε+O(ε2),

div(C1ε) = (−12.4380043676037e9)ε+O(ε2),
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div(C2ε) = (59.6514480049598e9)ε+O(ε2),

div(C3ε) = (−0.45477200064143e9)ε+O(ε2),

div(S1ε) = (55.4130703327366e9)ε+O(ε2),

div(C4ε) = (−76.5743328924742e9)ε+O(ε2). (3.9)

Keep e9 fixed, let 0 < e8 − ξ8 ≪ ε, then L∗
1 is broken, and an unstable limit

cycle Γ̂1 is born out with div(C1ε) < 0 from (3.9). Then we consider the stability
of L∗

5. Keeping e8 fixed and letting e7 satisfy 0 < ξ7 − e7 ≪ e8 − ξ8 ≪ ε make L∗
5

inner stable, which creates an unstable limit cycle Γ̂2 by div(C3ε) < 0 from (3.9).
Keep e7 fixed, let e6 satisfy 0 < e6 − ξ6 ≪ ξ7 − e7 ≪ e8 − ξ8 ≪ ε, then L∗

5 is broken
such that a stable limit cycle Γ̂3 is born out with Γ̂2 ⊂ Γ̂3, see Figure 5(a).

-1 -0.5 0.5 1 1.5 2

x

-1.5

-1

-0.5

0.5

1

1.5

y

(a)

-1 -0.5 0.5 1 1.5 2

x

-1.5

-1

-0.5

0.5

1

1.5

y

(b)

Figure 5. The configuration of 9 limit cycles in Theorem 1.1(iii).

From (3.8) and (3.9), we know that d10 > 0 and div(Oε) > 0. Using the same
arguments as the proof in (i), if 0 < ξ1 − e1 ≪ e2 − ξ2 ≪ ξ3 − e3 ≪ ξ4 − e4 ≪
e5−ξ5 ≪ e6−ξ6 ≪ ξ7−e7 ≪ e8−ξ8 ≪ ε, six limit cycles denoted by Γ̂i, i = 4, . . . , 9
are born out by homoclinic and double-homoclinic bifurcation, where Γ̂4, Γ̂6, Γ̂8 are
three large limit cycle satisfying Γ̂8 ⊂ Γ̂6 ⊂ Γ̂4, and Γ̂5, Γ̂7, Γ̂9 are three limit cycle
satisfying Γ̂5 ⊂ Γ̂7 ⊂ Γ̂9.

By (3.8), (3.9) and Poincaré-Bendixson theorem, there are no more limit cycles
can be found. Thus, system (1.4) can have a configuration of 9 limit cycles given
in Figure 5(b) or Figure 1(c).

Appendix

The coefficients of Bijk.

(i) For i = 1,

B101 = −0.71904466554725, B102 = −1.20091460208964,

B111 = −1.13729463105521, B103 = −1.73071612964796,

B112 = −1.89532210354832, B121 = −1.82324946574506,

B104 = −2.40182920417926, B113 = −2.73035698260822,

B122 = −3.03578632023233, B131 = −2.96054409680028.
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(ii) For i = 3, B302 = B312 = B304 = B322 = 0 and

B301 = 0.551994572607374, B311 = −0.0386254263825246,

B313 = −0.00227791684252500, B321 = 0.0312566703729678,

B303 = 0.0638100947891942, B331 = −0.00736875600955716.

(iii) For i = 4, B402 = B412 = B404 = B422 = 0 and

B401 = −9.81473228309552, B411 = −7.11432788344956,

B403 = −24.4489399024426, B421 = −13.4327242365103,

B413 = −20.8436385173344, B431 = −20.5470521199600.

(iv) For i = 5,

B501 = −0.346076110948626, B502 = −0.672210436560734,

B511 = 0.180599150155223, B503 = −0.999022639846328,

B521 = −0.109054464546348, B512 = 0.349880371151931,

B504 = −1.34442087312147, B522 = −0.211213336173452,

B513 = 0.519557519456792, B531 = 0.071544685608874.

(v) For i = 7, B702 = B712 = B704 = B722 = 0 and

B701 = 0.860340022251728, B713 = 0.0964066908842402,

B703 = 0.523816320319384, B721 = 0.0805755727012404,

B711 = 0.220440474306400, B731 = 0.0343493803409738.

(vi) For i = 8, B802 = B812 = B804 = B822 = 0 and

B801 = −6.62001300968878, B811 = −7.75865784091594,

B803 = −15.9462292017875, B821 = −11.5342330095348,

B813 = −20.5549267098162, B831 = −19.0262241837840.

(vii) For i = 9, B902 = B912 = B904 = B922 = 0 and

B901 = −4.19725312629488, B911 = −6.09755329224136,

B903 = −10.5746251421787, B921 = −9.48569314042712,

B913 = −15.4276285714229, B931 = −15.5832464326685.

(viii) For i = 10, B10,0,2 = B10,1,2 = B10,0,4 = B10,2,2 = 0 and

B10,0,1 = −11.6691715767516, B10,1,1 = −7.16862898645332,

B10,0,3 = −32.7737807547298, B10,2,1 = −16.2371008419409,

B10,1,3 = −23.7135257919004, B10,3,1 = −23.4057298283944.

The proof of Lemma 3.4 (i). Let

T =

1 b

c bc+ 1

 , J =
∂(f, g)

∂(x, y)
(S1ε)
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such that TJT−1 = diag(λ11, λ12), where S1ε = (xs1, y
s
1), λ11 and λ12 are the

eigenvalues of J . A straightforward computation shows that

xs1 =
1 +

√
5

2
− 1

5 +
√
5

(
(7 + 3

√
5)b40 + (4 + 2

√
5)b30 + (3 +

√
5)b20 + (1 +

√
5)b10

+2b00) ε+O(ε2),

ys1 =
1

2

(
−
(
1 +

√
5
)
a10 −

(
3−

√
5
)
a20 − 2

(
2 +

√
5
)
a30 −

(
7 + 3

√
5
)
a40

−2a00) ε+O(ε2).

Then we have

fx(S1ε) =

4 a40

(
1 +

√
5

2

)3

+ 3 a30

(
1 +

√
5

2

)2

+ 2 a20

(
1 +

√
5

2

)
+ a10

 ε

+O(ε2),

fy(S1ε) = 1 +

a31 (1 +
√
5

2

)3

+ a21

(
1 +

√
5

2

)2

+ a11

(
1 +

√
5

2

)
+ a01

 ε

+O(ε2),

gx(S1ε) =
5 +

√
5

2
− 1

5 +
√
5
(6

√
5b00 + 3 b10

√
5 + 4 b20

√
5 + 2 b30

√
5− 4 b40

√
5

+ 2 b00 + 11 b10 + 8 b20 + 4 b30 − 8 b40)ε+O(ε2),

gy(S1ε) =

b31 (1 +
√
5

2

)3

+ b21

(
1 +

√
5

2

)2

+ b11

(
1 +

√
5

2

)
+ b01

 ε

+O(ε2),

and

λ11 =

√
10 + 2

√
5

2
+

1

20
√
10 + 2

√
5

(
40

√
5a21 + 70

√
5a31 + 10 a10

√
10 + 2

√
5

+ 10 a20

√
10 + 2

√
5 + 45 a30

√
10 + 2

√
5 + 80 a40

√
10 + 2

√
5

+ 5 b11

√
10 + 2

√
5 + 15 b21

√
10 + 2

√
5 + 20 b31

√
10 + 2

√
5

+ 10 a20
√
5

√
10 + 2

√
5 + 15 a30

√
5

√
10 + 2

√
5 + 10 b31

√
5

√
10 + 2

√
5

+ 5 b11
√
5

√
10 + 2

√
5 + 40 a40

√
5

√
10 + 2

√
5 + 10

√
5a01 + 30

√
5a11

− 10 b30 − 20 b20 − 40 b10 + 20 b00 − 28
√
5b00 − 4 b10

√
5− 12 b20

√
5

+ 12 b40
√
5 + 50 a01 + 50 a11 + 100 a21 + 150 a31 + 5 b21

√
5

√
10 + 2

√
5

+10 b01

√
10 + 2

√
5− 6 b30

√
5 + 20 b40

)
ε+O(ε2),

λ12 =−
√

10 + 2
√
5

2
+

1

20
√
10 + 2

√
5

(
5 b11

√
5

√
10 + 2

√
5 + 5 b21

√
5
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×
√
10 + 2

√
5 + 15 a30

√
5

√
10 + 2

√
5 + 40 a40

√
5

√
10 + 2

√
5

+ 10 a20
√
5

√
10 + 2

√
5 + 20 b31

√
10 + 2

√
5− 10

√
5a01 − 30

√
5a11

+ 10 a10

√
10 + 2

√
5 + 10 a20

√
10 + 2

√
5 + 45 a30

√
10 + 2

√
5

+ 80 a40

√
10 + 2

√
5 + 10 b01

√
10 + 2

√
5 + 5 b11

√
10 + 2

√
5

+ 15 b21

√
10 + 2

√
5 + 28

√
5b00 + 4 b10

√
5 + 12 b20

√
5 + 6 b30

√
5

− 12 b40
√
5− 20 b40 + 40 b10 − 20 b00 − 50 a01 − 50 a11 − 100 a21

− 150 a31 + 10 b31
√
5

√
10 + 2

√
5− 40

√
5a21 − 70

√
5a31

+10 b30 + 20 b20) ε+O(ε2).

Thus, for matrix T , we have

b =

√
2

5 +
√
5
+

√
2(

5 +
√
5
)3 (6√5 +

√
5
√
5b00 + 3

√
5 +

√
5
√
5b10 + 4

√
5 +

√
5

×
√
5b20 + 2

√
5 +

√
5
√
5b30 − 4

√
5 +

√
5
√
5b40 − 20

√
5
√
2a20 − 45

√
5
√
2a30

+ 10

√
5 +

√
5
√
5a11 + 15

√
5 +

√
5
√
5a21 + 25

√
5 +

√
5
√
5a31 + 2

√
5 +

√
5b00

+ 11

√
5 +

√
5b10 + 8

√
5 +

√
5b20 + 4

√
5 +

√
5b30 − 8

√
5 +

√
5b40 − 15

√
2a10

+ 10
√
5
√
2b11 + 15

√
5
√
2b21 + 25

√
5
√
2b31 − 5

√
5
√
2a10 + 5

√
5
√
2b01

− 105
√
2a30 − 220

√
2a40 + 15

√
2b01 + 20

√
2b11 + 35

√
2b21 + 55

√
2b31

+ 20

√
5 +

√
5a11 + 35

√
5 +

√
5a21 + 55

√
5 +

√
5a31 − 40

√
2a20

+5

√
5 +

√
5
√
5a01 + 15

√
5 +

√
5a01 − 100

√
5
√
2a40

)
ε+O(ε2),

c =−
√

10 + 2
√
5

4
+ (

√
2
√
5 +

√
5

40(25 + 11
√
5)

(
55

√
5a01 + 90

√
5a11 + 145

√
5a21

+ 34
√
5b00 + 37 b10

√
5 + 36 b20

√
5 + 18 b30

√
5− 36 b40

√
5 + 125 a01

+ 525 a31 + 70 b00 + 85 b10 + 80 b20 + 40 b30 − 80 b40 + 325 a21

+235
√
5a31 + 200 a11

)
)ε+O(ε2).

Then system (1.4) can be reduced to


u̇ = λ11

u+

3∑
k=2

∑
j+l=k

mjlu
jvl +O(|(u, v)|4)

 ,

v̇ = −λ12

−v +
3∑

k=2

∑
j+l=k

njlu
jvl +O(|(u, v)|4)

 ,
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via the linear transformation u
v

 = T

x− xs1

y − ys1

 .

By the formula in [10], the first saddle value at S1ε is

R1 = m21 + n12 −m20m11 + n02n11,

where m11,m20,m21, n11, n02 and n12 are given as follows:

m21 = −
3
(
5
√
5 + 17

)√
2

4
(
5 +

√
5
)3/2 +

4000(
5 +

√
5
)17/2 (

25 + 11
√
5
) (16860√5 +

√
5
√
5a22

+ 20583

√
5 +

√
5
√
5b21 + 28644

√
5 +

√
5
√
5b31 + 5210

√
2
√
5b12

+ 12834
√
2
√
5b00 + 211210

√
2
√
5a21 + 8412

√
5 +

√
5
√
5b01

+ 14742
√
2
√
5b10 + 25290

√
5 +

√
5
√
5b13 + 27222

√
5 +

√
5
√
5a20

+ 56550
√
2
√
5a03 + 5210

√
5 +

√
5
√
5a12 + 14106

√
2
√
5b20

+ 82665
√
2a01

√
5 + 133755

√
2a11

√
5 + 13611

√
5 +

√
5
√
5b11

+ 15630

√
5 +

√
5
√
5b03 + 91500 a13

√
2
√
5 + 8412

√
5 +

√
5
√
5a10

+ 30435

√
5 +

√
5b11 + 138075

√
5 +

√
5a30 + 64050

√
5 +

√
5b31

+ 46025

√
5 +

√
5b21 + 11650

√
2b12 + 472280

√
2a21 + 184845

√
2a01

+ 726465
√
2a31 + 28698

√
2b00 + 32964

√
2b10 + 31542

√
2b20 + 6111

√
2b30

+ 37700
√
2b22 + 204600 a13

√
2 + 126450

√
2a03 + 56550

√
5 +

√
5b13

+ 37700

√
5 +

√
5a22 + 11650

√
5 +

√
5a12 + 18810

√
5 +

√
5a10

+18810

√
5 +

√
5b01 + 114576

√
5 +

√
5
√
5a40 + 34950

√
5 +

√
5b03

− 94062
√
2b40 + 60870

√
5 +

√
5a20 + 299085

√
2a11 + 256200

√
5 +

√
5a40

+ 324885
√
2a31

√
5− 42066

√
2
√
5b40 + 61749

√
5 +

√
5
√
5a30

+16860
√
2b22

√
5 + 2733

√
2
√
5b30

)
ε+O(ε2),

n11 = − 3
√
5 + 1

2(5 +
√
5)

− 3200(
5 +

√
5
)15/2 (

25 + 11
√
5
) (√

5 + 3
) (7370√5 +

√
5b10

+ 723245
√
2
√
5a40 + 102300

√
2
√
5a00 + 3296

√
5 +

√
5
√
5b10

+ 89275
√
2
√
5a22 + 290890

√
2
√
5a20 + 34100

√
2
√
5a02

− 24675

√
5 +

√
5
√
5b22 + 55175

√
2
√
5a12 + 466455

√
2
√
5a30
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+175565
√
2
√
5a10 + 19617

√
5 +

√
5
√
5b40 − 21075

√
5 +

√
5b02

+ 7710

√
5 +

√
5b20 + 15080

√
5 +

√
5b30 + 43865

√
5 +

√
5b40

+ 1043025
√
2a30 + 1617225

√
2a40 − 55175

√
5 +

√
5b22 − 34100

√
5 +

√
5b12

+ 76250
√
2a02 + 123375

√
2a12 + 199625

√
2a22 − 15250

√
5 +

√
5
√
5b12

+ 650450
√
2a20 + 228750

√
2a00 + 3752

√
5 +

√
5
√
5b00 + 392575

√
2a10

+ 8390

√
5 +

√
5b00 − 9425

√
5 +

√
5b02

√
5 + 3448

√
5 +

√
5
√
5b20

+6744

√
5 +

√
5
√
5b30

)
ε+O(ε2),

n12 =
3
(
5
√
5 + 17

)√
2

4
(
5 +

√
5
)3/2 +

4000(
5 +

√
5
)17/2 (

25 + 11
√
5
) (16860√5 +

√
5
√
5a22

+ 20583

√
5 +

√
5
√
5b21 + 28644

√
5 +

√
5
√
5b31 − 5210

√
2
√
5b12

− 12834
√
2
√
5b00 − 211210

√
2
√
5a21 + 8412

√
5 +

√
5
√
5b01

− 14742
√
2
√
5b10 − 2733

√
2
√
5b30 + 25290

√
5 +

√
5
√
5b13

− 56550
√
2
√
5a03 + 5210

√
5 +

√
5
√
5a12 − 14106

√
2
√
5b20

+ 15630

√
5 +

√
5
√
5b03 − 91500 a13

√
2
√
5 + 8412

√
5 +

√
5
√
5a10

+ 46025

√
5 +

√
5b21 − 11650

√
2b12 − 472280

√
2a21 − 184845

√
2a01

+ 37700

√
5 +

√
5a22 + 11650

√
5 +

√
5a12 + 18810

√
5 +

√
5a10

− 726465
√
2a31 − 28698

√
2b00 − 32964

√
2b10 − 31542

√
2b20 − 6111

√
2b30

− 37700
√
2b22 − 204600 a13

√
2− 126450

√
2a03 + 56550

√
5 +

√
5b13

+18810

√
5 +

√
5b01 + 61749

√
5 +

√
5
√
5a30 + 34950

√
5 +

√
5b03

+ 30435

√
5 +

√
5b11 + 138075

√
5 +

√
5a30 + 64050

√
5 +

√
5b31

− 82665
√
2a01

√
5− 133755

√
2a11

√
5 + 13611

√
5 +

√
5
√
5b11

+ 114576

√
5 +

√
5
√
5a40 + 256200

√
5 +

√
5a40 + 60870

√
5 +

√
5a20

− 299085
√
2a11 + 94062

√
2b40 − 324885

√
2a31

√
5 + 27222

√
5 +

√
5
√
5a20

+42066
√
2
√
5b40 − 16860

√
2b22

√
5
)
ε+O(ε2),

m20 =
3
√
5 + 1

4(5 +
√
5)

+
1600(

5 +
√
5
)15/2 (

25 + 11
√
5
) (√

5 + 3
) (7370√5 +

√
5b10

+ 15080

√
5 +

√
5b30 + 43865

√
5 +

√
5b40 + 370125

√
2a10 + 619950

√
2a20
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+ 1898925
√
2a40 + 55175

√
5 +

√
5b22 + 34100

√
5 +

√
5b12 + 228750

√
2a00

+ 123375
√
2a12 + 199625

√
2a22 + 68200

√
5 +

√
5a21 + 165525

√
5 +

√
5a31

+ 15250

√
5 +

√
5
√
5b12 + 3752

√
5 +

√
5
√
5b00 + 30500

√
5 +

√
5a21

√
5

+ 89275
√
2
√
5a22 + 277250

√
2
√
5a20 + 34100

√
2
√
5a02

+ 3448

√
5 +

√
5
√
5b20 − 6820

√
2
√
5b11 + 24675

√
5 +

√
5
√
5b22

+ 55175
√
2
√
5a12 − 10040

√
2
√
5b01 + 19617

√
5 +

√
5
√
5b40

+ 21075

√
5 +

√
5b02 − 22450

√
2b01 − 15250

√
2b11

+70425
√
2b31 + 8390

√
5 +

√
5b00 + 21075

√
5 +

√
5a11 + 4215

√
2
√
5b21

+479100
√
2
√
5a30 + 849225

√
2
√
5a40 + 1071300

√
2a30 + 76250

√
2a02

+ 9425

√
5 +

√
5a11

√
5 + 102300

√
2
√
5a00 + 3296

√
5 +

√
5
√
5b10

+ 31495
√
2
√
5b31 + 9425

√
5 +

√
5b02

√
5 + 74025

√
5 +

√
5a31

√
5

+ 7710

√
5 +

√
5b20 + 6744

√
5 +

√
5
√
5b30 + 9425

√
2b21

+165525
√
2
√
5a10

)
ε+O(ε2),

m11 =

(
−3

√
5− 1

)√
2(

5 +
√
5
)3/2 +

1600(√
5 + 3

) (
25 + 11

√
5
) (

5 +
√
5
)13/2 (13640√5 +

√
5

×
√
5a22 − 3699

√
2
√
5b10 − 4626

√
2
√
5b30 + 44444

√
5 +

√
5
√
5a20

+ 11650

√
5 +

√
5a02 + 11650

√
2b02 + 5210

√
5a02

√
5 +

√
5

+ 18850

√
5 +

√
5a12 + 59980

√
5 +

√
5a10 + 99380

√
5 +

√
5a20

+ 26824

√
5 +

√
5
√
5a10 + 71268

√
5 +

√
5
√
5a30 + 159360

√
5 +

√
5a30

+ 18850
√
2b12 − 16245

√
2a21 − 6205

√
2a01 − 10040

√
2a11 − 26285

√
2a31

− 8271
√
2b10 − 8278

√
2b20 − 10344

√
2b30 − 20232

√
2b40 + 30500

√
2b22

+ 8430
√
2
√
5b12 + 13640

√
2b22

√
5− 3708

√
2
√
5b00 − 7265

√
2
√
5a21

+ 15630
√
5a00

√
5 +

√
5 + 110502

√
5 +

√
5
√
5a40 + 247090

√
5 +

√
5a40

− 3702
√
2
√
5b20 − 11755

√
2a31

√
5− 2775

√
2a01

√
5− 4490

√
2a11

√
5

+ 30500

√
5 +

√
5a22 + 34950

√
5 +

√
5a00 − 9048

√
2
√
5b40

+8430

√
5 +

√
5
√
5a12 − 8292

√
2b00 + 5210

√
5
√
2b02

)
ε+O(ε2),

n02 =

(
3
√
5 + 1

)√
2

2
(
5 +

√
5
)3/2 +

800(√
5 + 3

) (
25 + 11

√
5
) (

5 +
√
5
)13/2 (−13640

√
5 +

√
5
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×
√
5a22 − 644

√
5 +

√
5
√
5b21 − 4812

√
5 +

√
5
√
5b31 + 8430

√
2
√
5b12

+ 24125
√
2
√
5a21 + 1534

√
5 +

√
5
√
5b01 + 9048

√
2
√
5b40 + 8271

√
2b10

− 42360

√
5 +

√
5
√
5a20 − 8430

√
5 +

√
5
√
5a12 + 3702

√
2
√
5b20

+ 2775
√
2a01

√
5 + 9700

√
2a11

√
5 + 1042

√
5 +

√
5
√
5b11 + 8278

√
2b20

− 10760

√
5 +

√
5b31 − 290130

√
5 +

√
5a40 − 1440

√
5 +

√
5b21

+ 6205
√
2a01 + 21690

√
2a11 + 117785

√
2a31 + 8292

√
2b00

− 56550

√
5 +

√
5a10 − 94720

√
5 +

√
5a20 + 3430

√
5 +

√
5b01

− 11650

√
5 +

√
5a02 + 11650

√
2b02 + 5210

√
5
√
2b02 − 5210

√
5a02

√
5 +

√
5

− 15630
√
5a00

√
5 +

√
5 + 3708

√
2
√
5b00 + 53945

√
2a21 + 4626

√
2
√
5b30

− 25290

√
5 +

√
5
√
5a10 − 73200

√
5 +

√
5
√
5a30 + 2330

√
5 +

√
5b11

+ 10344
√
2b30 + 20232

√
2b40 + 30500

√
2b22 − 30500

√
5 +

√
5a22

− 163680

√
5 +

√
5a30 − 18850

√
5 +

√
5a12 + 13640

√
2b22

√
5

+ 3699
√
2
√
5b10 + 52675

√
2a31

√
5− 129750

√
5 +

√
5
√
5a40

+18850
√
2b12 − 34950

√
5 +

√
5a00

)
ε+O(ε2).

(ii) By Lemmas 3.1-3.3, the result can be obtained by the implicit function theorem.

The proof of Lemma 3.6. Let bk = bk0 + bk1ε+O(ε2), ck = ck0 + ck1ε+O(ε2) and

Tk =

 1 bk

ck bkck + 1

 , k = 1, 2,

where

b10 = b20 = −

√
−4 + 2

√√
5 + 5√√

5 + 5
, c10 = c20 =

√
−4 + 2

√√
5 + 5

2
,

b11 = −
√
5− 5

10((
√
5− 5)β0c10 + 10b10)

(((
14

√
5− 10

)
δ1 +

(
3
√
5 + 5

)
δ10

+
(
2
√
5 + 20

)
δ3 +

(
14

√
5− 10

)
δ4 +

(
2
√
5 + 20

)
δ5 +

(
6
√
5 + 10

)
δ6

+
(
14

√
5− 10

)
δ7 +

(
2
√
5 + 20

)
δ8 +

(
6
√
5 + 10

)
δ9

+
(
14

√
5− 10

)
δ2

)
(b10)

2 + (10 δ1 + 20 δ2 + 30 δ4

+
(
10

√
5 + 20

)
δ10 +

(
5
√
5 + 5

)
δ3 +

(
10

√
5 + 10

)
δ5
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+
(
5
√
5 + 15

)
δ6 + 40 δ7 +

(
15

√
5 + 15

)
δ8 +

(
10

√
5 + 30

)
δ9

)
b10 + 10β1

1

)
,

c11 = − 1

2
(√

5 + 5
)3/2√−4 + 2

√√
5 + 5

((
6
√
5 + 2

)
δ1 +

(
2
√
5 + 4

)
δ10

+
(
3
√
5 + 11

)
δ3 +

(
6
√
5 + 2

)
δ4 +

(
3
√
5 + 11

)
δ5 +

(
4
√
5 + 8

)
δ6

+
(
3
√
5 + 11

)
δ8 +

(
4
√
5 + 8

)
δ9 +

(
6
√
5 + 2

)
δ2 +

(
6
√
5 + 2

)
δ7

)
,

b21 =

√
5− 5

10((
√
5− 5)β0c20 + 10b20)

(((
14

√
5− 10

)
δ1 +

(
3
√
5 + 5

)
δ10

+
(
2
√
5 + 20

)
δ3 +

(
14

√
5− 10

)
δ4 −

(
2
√
5 + 20

)
δ5 +

(
6
√
5 + 10

)
δ6

−
(
14

√
5− 10

)
δ7 +

(
2
√
5 + 20

)
δ8 −

(
6
√
5 + 10

)
δ9

−
(
14

√
5− 10

)
δ2

)
(b20)

2 −
(
10 δ1 − 20 δ2 + 30 δ4 +

(
10

√
5 + 20

)
δ10

−
(
10

√
5 + 10

)
δ5 +

(
5
√
5 + 15

)
δ6 − 40 δ7 +

(
15

√
5 + 15

)
δ8

−
(
10

√
5 + 30

)
δ9 +

(
5
√
5 + 5

)
δ3

)
b20 − 10β2

1

)
,

c21 =
1

2
(√

5 + 5
)3/2√−4 + 2

√√
5 + 5

((
6
√
5 + 2

)
δ1 +

(
2
√
5 + 4

)
δ10

+
(
3
√
5 + 11

)
δ3 +

(
6
√
5 + 2

)
δ4 −

(
3
√
5 + 11

)
δ5 +

(
4
√
5 + 8

)
δ6

+
(
3
√
5 + 11

)
δ8 −

(
4
√
5 + 8

)
δ9 −

(
6
√
5 + 2

)
δ2 −

(
6
√
5 + 2

)
δ7

)

with β0 =
√

5 +
√
5 and

β1
1 =

−1

10
√
5 +

√
5

((
14

√
5− 10

)
δ1 +

(
3
√
5 + 5

)
δ10 +

(
14

√
5− 10

)
δ2

+
(
14

√
5− 10

)
δ4 +

(
2
√
5 + 20

)
δ5 +

(
6
√
5 + 10

)
δ6 +

(
14

√
5− 10

)
δ7

+
(
2
√
5 + 20

)
δ8 +

(
6
√
5 + 10

)
δ9 +

(
2
√
5 + 20

)
δ3

)
,

β2
1 =

1

10
√
5 +

√
5

((
14

√
5− 10

)
δ1 +

(
3
√
5 + 5

)
δ10 −

(
14

√
5− 10

)
δ2

+
(
14

√
5− 10

)
δ4 −

(
2
√
5 + 20

)
δ5 +

(
6
√
5 + 10

)
δ6 −

(
14

√
5− 10

)
δ7

+
(
2
√
5 + 20

)
δ8 −

(
6
√
5 + 10

)
δ9 +

(
2
√
5 + 20

)
δ3

)
.

By the linear transformation

uk
vk

 = Tk

x− xck

y − yck

 , k = 1, 2,
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system (3.2) can be reduced tou̇k
v̇k

 =

 αk
1ε+O(ε2) −(β0 + βk

1 ε+O(ε2))

(β0 + βk
1 ε+O(ε2)) αk

1ε+O(ε2)

uk
vk

+

fk(uk, vk, ε)
gk(uk, vk, ε)

 ,

for k = 1, 2, where

α1
1 =

1

2
δ1 + (

√
5

2
+ 1)δ10 + δ2 + (

√
5 + 1

4
)δ3 +

3

2
δ4 + (

√
5 + 1

2
)δ5 + (

3 +
√
5

4
)δ6

+ 2 δ7 + (
3
√
5 + 3

4
)δ8 + (

3 +
√
5

2
)δ9,

α2
1 =

1

2
δ1 + (

√
5

2
+ 1)δ10 − δ2 + (

√
5 + 1

4
)δ3 +

3

2
δ4 − (

√
5 + 1

2
)δ5 + (

3 +
√
5

4
)δ6

− 2 δ7 + (
3
√
5 + 3

4
)δ8 − (

3 +
√
5

2
)δ9.

From [2], the first order focus value Fk at C̃kε can be expressed as

Fk =
1

16
{(fk)ukukuk

+ (fk)ukvkvk + (gk)ukukvk + (gk)vkvkvk
+

1

β0
[(fk)ukvk((fk)ukuk

+ (fk)vkvk)− (gk)ukvk
((gk)ukuk

+ (gk)vkvk)− (fk)ukuk
(gk)ukuk

+ (fk)vkvk(gk)vkvk ]}|uk=vk=ε=0

for k = 1, 2. Thus, we can get (3.3) by the straightforward computation.

Declarations

Conflict of interest. The authors declare that they have no known competing
financial interests or personal relationships that could have appeared to influence
the work reported in this paper.

Data availability statement. Data sharing not applicable to this article as no
datasets were generated or analysed during the current study.

References

[1] Y. R. Carvalho, L. P. C. Da Cruz and L. F. S. Gouveia, New lower bound for
the Hilbert number in low degree Kolmogorov systems, Chaos Solitons Fractals,
2023, 175, 113937.

[2] S. N. Chow, C. Li and D. Wang, Normal Forms and Bifurcation of Planar
Vector Fields, Cambridge University Press, New York, 1994.

[3] C. J. Christopher and N. G. Lloyd, Polynomial systems: A lower bound for the
Hilbert numbers, Proc. Roy. Soc. London Ser. A, 1995, 450(1938), 219–224.
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