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QUASILINEAR DOUBLE PHASE PROBLEMS
ON THE ENTIRE SPACE RY

Guo-Feng Feng', Qing-Hai Cao' and Bin Ge'f

Abstract This study is concerned with the following double phase problem

—div(|Vul” " Vu + u(@)|[Vul" V) + V(@) (" p) |l )
= M(z,u), z € RY,

where 1 < p < g < N, % <14 &, Ais a real parameter, 0 < p € co(RM)
with a € (0,1], V(z) is an unbounded potential function and f(z,u) is the
reaction term. The aim is to determine the precise positive interval of A for
which the problem admits at least one or two nontrivial solutions by applying
abstract critical point results.

Keywords Double phase operator, entire space, multiple solutions, critical
point theorems, variational methods.
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1. Introduction and main results

In the last few years, the variational problems and corresponding energy functionals
are driven by the so-called double phase operator, e.g., elasticity theory, quantum
physics, transonic flows, and reaction diffusion systems etc, has been extensively
investigated; see [3,5,9,30].

The present study is concerned with the existence and multiplicity of nontrivial
solutions for the following double phase problem, namely,

—div(|Vul" " Vu + p(@)|Vul" Vu) + V(@) (ul” w+ p@)ul )

(P)
= M(z,u), z € RV,
where 1 < p < ¢ < N and
P14+ 2 0<pec®™®Y), ac(01] (1.1)
p— N’ —_— b b b .

and A is a real parameter, V(z) is an unbounded potentia function and f(z,u) is
the reaction term.
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As we have already pointed out, problem (P) has been widely studied when
A =1 and on a bounded area (). Precisely, the following type of equation has been
studied very well

—div(|Vul" Vu+ p(@)|Vu|" V) = f(z,u), = € Q, (Py)
1
u=0, z € I,

where  C R is a bounded domain with Lipschitz boundary. In [19], Liu and Dai
established an existence result of sign-changing ground state solution for problem
(Py), under suitable assumptions on the nonlinear term. Their approach is based on
the topological degree and critical point theory together with the Nehari manifold
method and deformation lemma. Replacing the Nehari-type monotonicity condi-
tion by a weak version of Nehari-type monotonicity condition, Hou et al. [17] have
shown that problem (P;) has a ground state sign-changing solution. In [21], by
using the strong maximum principle, the author obtained the existence of at least
three ground state solutions of (P;). In [23], Perera and Squassina using Morse
theory established the existence of a nontrivial solution for problem (P;). In [13],
by using the Nehari manifold and variational methods, Gasinski and Papageorgiou
have obtained that the problem (P;) has constant sign and nodal solutions when
the nonlinearity term has superlinear growth and but not satisfy the Ambrosetti-
Rabinowitz condition. In a recent paper [15], Ge and Chen obtained existence of
infinitely many solutions as in [19] for problem (P;) under more general assump-
tions on f. In this direction, there have been a lot of research on the existence of
solutions for Dirichlet double phase problems with convection term, after it was first
introduced in [14]. For more related results on the existence of solutions, we refer
to Refs. [22,26-29] for double phase problems with convection term. We also refer
the reader to [1,4,6-8,10-12] for further reading about the regularity for solutions
of elliptic equations with double-phase operator.

Problem (P) has been investigated by Liu-Dai [20], Ge-Pucci [16] and Li-Liu [18§]
in the particular case when A = 1 and V(2) = 1. The main results in [20] establish
the existence of ground state solutions of problem (P) via the method of weight
function and the radially symmetric method. Later, Ge-Pucci [16] obtained the
existence of at least one nontrivial solution via perturbation methods. Moreover,
Shen, Wang, Chi and Ge [24] studied problem (P), when u(z), f(x,u) are 1-periodic
inz,,x,, - ,x,. The authors in [24] proved the existence of ground states has been
established. Under sublinear growth condition, Li ad Liu obtained the existence of
at least two nontrivial solutions. Our problem was also studied by Stegliniski [25],
in the particular case when A = 1. The authors showed the existence of infinitely
many solutions, more precisely, they proved the existence of infinitely many large
energy solutions and small negative energy solutions, respectively.

In [2], Bae and Kim obtained the abstract critical point theorems for continu-
ously Gateauxdi erentiable functionals satisfying the Cerami condition via the gen
eralized Ekeland variational principle developed by C.-K. Zhong [31].

Motivated by this large interest in the current literature, by using the critical
point theorem in [2], we shall study the existence of one or two nontrivial solutions.
First, we are interested in the existence of at least one solution of problem (P). In
order to do this, we need the following assumptions on V and f:

H(V) : The potential term V : RN — R is continuous function and satisfies
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inf V(z) = Vp > 0, and there exists r > 0 such that for any b > 0
z€eR

lim meas({x € R" Viz)<btn{xze R" lz —y| <7r}) =0,

ly|—o0
where meas(-) is the Lebesgue measure on RN;
H(f) : The reaction term f : RN x R — R is Carathéodory functions and

satisfies the following assumptions:
(f1) there exist v € (¢,p*) and 6, € [p, q) such that

(2, 8)] < p,(2) + o, @)t V(x,t) € RN xR,

0y

where p* = 22,0 < py € L (RV)NL" (R¥) and 0 < o, € L™ (RY) N
L7 (RY),

(f2) There exist z, € RN, a real number ¢, and a positive constant r, with
ro (to|” + 1t (L —277)2" (r,” +7,") + 1] < 5—2— such that

Cu,V N

F(z,|t,])dz > 0,

Br ()

F(x,t) 20, V(z,t) € B, (2,)\ B, () < [0, [£,]]

and

%JL 01
Y

— o

5l

inf F(x, |t

pweBTO ) (z,[t,1)
2

1
A = Cpqp |p1|L +
o1

< N P q -N q —p —q
270, v (It " + 1[I =277)2(r," + 7, ") + 1]
= A27

where F(z,t) = fg f(z,s)ds, B, (z,) = {z € RY ¢z —ao <1}, C,, =

max {1, sup u(z), sup V(z), sup V(z)u(z)} and w, is the volume
wEBro (z) xEBro (z4) xEB,‘O (%)
of the unit ball in RY.
The main results of this situation are given by the following.

Theorem 1.1. If the assumptions H(V'), (f1) and (1.1) hold, then there exists a
constant A, > 0 such that the problem (P) admits at least one solution for each
A€ (0,,).

Theorem 1.2. If the assumptions H(V'), (f1) — (f2) and (1.1) hold, then the prob-
(
2

lem (P) admits at least one solution for each A € (7, 7.
1

Moreover, we also discuss the existence of at least two solutions for the problem
(P) as applications of critical points theorems in the second section. To do that,
we suppose that the nonlinear term f satisfies the following assumptions:

(fs) There exists 0, € (¢,p*) such that

(2, 8)] < p,(x) + 0, (@)t V(,t) € RN xR,
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O
where 0 < p, € L™ (RM)NL™(RY) and 0 < o, € L™ (RY).
(fs) lim Elzt) — 400 uniformly in z € RV,
t| 5 too I
(f5) There exists a constant v > 1 such that

vF(x,t) > F(x,st), ¥(z,t) e RY xR, s €[0,1],

where F(a, ) = f(z, )t — qF (a,0).
(fs) There exist a real number ¢, and a positive constant r, with r:(|t0|p +
[tal)I(1 = 272" (r,” +7,") +1] < g2y~ such that

Cu,va

F(a,|t,|)dz >0,

B, (=o)

Fa,t) >0, Y(z,t) € B, (2,)\ B., (z,) x [0, [t]]

and

< P q - q -p —q
2°C,  (tol” + [t = 277)2" (r," + 7)) + 1]
=A,.
In this situation we can show the following results:

Theorem 1.3. If the assumptions H(V'), (f1), (f3)—(fs) and (1.1) hold, then there
exists a constant A, > 0 such that the problem (P) admits at least two solutions for
each A € (0, ),).

Theorem 1.4. If the assumptions H(V), (f1), (f3) — (f6)

problem (P) admits at least two solutions for each \ € (=

6) and (1.1) hold, then the
I
A’ A

e
The rest of the paper is organized as follows. In Sect. 2, we collect notations and
facts about the Musielak-Orlicz space wh" (RY), and we provide some preliminary

lemmas, which are crucial in proving our main results. We complete the proofs of
Theorems 1.1-1.4 in Sections 3.

2. Notations and some preliminary lemmas

e L”(RY) is the usual Lebesgue space, with norm

1
o
oy =l o, = (")

Under assumption on p, we define functions H : RN x [0, +00) — [0, +00) by
H(x,t) =t" + p(x)t". The Musielak-Orlicz space L (R™N) is defined by

L RN = {u : RN — R is measurable and /N H(z,|u|)dx < —l—oo},
R
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endowed with the norm

july = [ul ., =nf {7 >0: / H(x dx<1}.

° Wl"H(RN) is the usual Musielak-Orlicz Sobolev space, that is,

1

W RY) = {ue L (RY) : |[Vu| € L™ (RY)},
and it is equipped with the norm
leall = lall g oy = lualy + [Vl -

e “—~"means weak convergence, “— “means strong convergence.
e “>”and “—><—”mean the continuous embedding and compact embedding,
respectively.

o F={uc w'" )i fpn V z, lu])dr < +oo} and it is equipped with
the norm

Hu||E:inf{7'>O:/RN [H( |Vu|)+v() H(z, |ul

T T

)}daz < 1}.

With these norms, the spaces L (RM), Wl’H(RN ) and E are separable reflexive
Banach spaces; see [20, Theorem 2.7] for further details.
e For any u € F, define functional

I,(u):= /]RN [H(ac, |Vu|) + V(z)H (x, |u\)]dx
From Ge-Pucci [16, Lemma 2.3] we directly obtain that
min{ully, lull,} < 1y (w) < max{|lully, Jull,} (2.1)
for all u € E. From [16, Theorem 2.1], we know that the embedding
E << L' (RN) (2.2)

is compact whenever ¢ € [p, p*).
e Let L : E — E™* be the operator defined by

(L(u),v) :/ [|Vu|p72Vu -V + ,u(ac)|Vu|Q72Vu -V
]RN
+ V(@) (|u” v + p@)u]" ulde,

where (-, ) is the duality pairing between F and its dual space E*. Similar to Lemma
9 of Ref. [25], we can show that this operator is bounded, continuous, monotone
(hence maximal monotone), and of type (S4).

We recall that the definitions of the (C)-condition and (C),-condition is as
follows:
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Definition 2.1. Let X be a real Banach space and X* its topological dual, I : X —
R be a continuously Gateaux differentiable functions. Suppose that any sequence
{u, } C X with

I(u,) is bounded and ||I'(u,, )]

e (L [l 1) = 0 as = oo,

has a convergent subsequence. Then, we assert that I satisfies the Cerami condition
((C)-condition in short). Moreover, put I = ® — U, we say that I : X — R satisfies
the (C)-condition cut off upper at 7 for a fixed 7 € R ((C),-condition for short), if
any sequence {u, } C X satisfying

I(u, ) is bounded , ®(u,) < 7 and ||I; (u,, )|

e L+ lw, llx) = 0asn — +oo,
contains a convergent subsequence.

Our abstract tool for proving the main results are the following some lemmas
that we recall here in a convenient form.

Lemma 2.1. ( [2, Corollary 2.6]) Let X be a real Banach space, ®,¥ : X — R
be two continuously Gateaux differentiable functionals such that ® is bounded from
below and ®(0) = ¥(0) = 0. Fiz 7 > 0 and assume that, for each

: )
sup U (u)

wed ™! ((—o00,7))

A€ A, = (0,

the functional I, == ® — AV satisfies (C)r-condition for all A € A,. Then, for each
A € A, there is an element u, in q)_l((foo,T)) such that I, (uy) < I, (u) for all
ued ((—oo,7)) and I' (u,) = 0.

Lemma 2.2. ( [2, Corollary 2.9]) Let X be a real Banach space, & : X — R be

a continuously Gateaux differentiable and ¥ : X — R be a continuously Gdteauz
differentiable functional whose Gateaux derivative is compact such that in)f( U(u) =
ue

®(0) = ¥(0) = 0. Assume that there exist a positive constant T and an element
n, € X, with 0 < ®(n,) <7, such that

sup U(u)
ue® ™! ((=o0,7)) < Yn) (2.3)
T ®(n,)
holds and the functional I, := ® — AV satisfies (C),-condition. Then, for each
®(n,) T
A = !
A€A, (\Il(nl)’ sup \Il(u)>’

wed ™! ((—o0,7])

the functional I, has a nontrivial point u, € @ ' ((0,7)) such that I (u,) <I (u)
for allu € ® ' ((0,7)) with u, being a critical point of I, .
Lemma 2.3. ( [2, Corollary 2.7]) Let X be a real Banach space, ®,¥ : X — R

be two continuously Gateaux differentiable functionals such that ® is bounded from
below and ®(0) = ¥(0) = 0. Fiz 7 > 0 and assume that, for each

)

T

A€, = (0,

sup U (u)
ued ™! ((—o0,7))
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the functional I, := ®—\V satisfies (C)-condition for all A\ € A, and it is unbounded
from below. Then, for each A € A, the functional I, admits two distinct critical
poInts.

Lemma 2.4. ( [2, Corollary 2.10]) Let X be a real Banach space, ® : X —
R be a continuously Gateauz differentiable and ¥ : X — R be a continuously
Gateauz differentiable functional whose Gateaux derivative is compact such that
unelﬁg\I/(u) = ®(0) = ¥(0) = 0. Assume that there exist a constant 7 > 0 and

an element n, € X with 0 < ®(n,) < 7 such that (2.3) holds and for each

Ae A = <§§21;7 o \P(u)), the functional I, := ® — AU satisfies (C)-
1
wed ((—o0,7])
condition and it is unbounded from below. Then, for each A\ € A, the functional I,

admits two distinct critical points.

3. Variational setting and proof of the main results
For each u € E, we define
I (u) = ®(u) — AU (u), (3.1)

where

_ Vul” | p@)Vul' | V@) V@@l
(I)(U)_/RN( p g b PR

W(u) = /RN Flz, u)dz.

Then it follows that the functional ® € C’ (E,R) and its Fréchet derivative is
(®'(u),v) = (L(u),v). Under the assumptions on f, it is standard to check that ¥

is well-defined and of class C* on E. Furthermore, we can deduce that I LeC ' (E,R)
and its Fréchet derivative is

(I (u),v) = (L(u),v) — )\/RN f(z,w)vde, Yu,v € E.

Definition 3.1. We say that a function v € E is a weak solution of problem (P) if

(L), v) = A /[R fla.uuda

for all v € E.

3.1. Proof of the Theorems 1.1-1.2

In this subsection, we will prove Theorems 1.1-1.2 by Lemma 2.1 and Lemma 2.2,
respectively. Firstly, let us prove Theorem 1.1.

Proof of the Theorem 1.1. Let X = E. Obviously, ® is bounded from below
and ®(0) = ¥(0) = 0. Our aim is to apply Lemma 2.1. So, we need to show that
the following facts hold:

(A1) U’ is strongly continuous on F;
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(A2) I, satisfies (C'),-condition for all A € R.
Let us first check the relation (A;). Let {u,} C E be a sequence such that

u, — u weakly in E/ as n — +o0.
Then taking the compact embedding (2.2) into account yields
u, »uin L' (RY) and u, — ua.e. z € RV asn — 4ooc.

According to the convergence principle, we know that there exists w € L” (RM) such
that |u, (z)] < w(z) for all n € N and for almost all x € RY. Furthermore, using
(f1), (3.6) and the Young inequality, we obtain that

s Loy -6 = .
<O ((p(@) " +lo ) (=2 (0y@) "+ Zu, @),
( ., ! ) (3.2)
|f(a,u() ™
<C ()" + (@) fu@)")

ﬁ —91 Y= 91 ¥
Hol2T (o @)+ @),

<C, ((p1 (z)) n

where C,, C, are constants. Then from (3.2) we conclude that

[ 1) = faa) ™ o
R

N
0y 0y
o, -1 o, -1
<c, [ ()™ 1™ )da (33)
% 91471 7_91 # 91 v il
<l H ol 2T (T e L 2 (),
e g =

1

where C,,C, are constants. Recall that u, — u in L' (R") and noting that f
is Carathéodory function, we can easily get that f(x,u, ) — f(z,u) as n = 400
for almost all x € R, Then, by using this fact, (3.2) and Lebesgue’s dominated
convergence theorem, we achieve

197 (u,,) = @' ()]

= sup [('(u,) = ¥'(u),v)]

E* n
[[lv]l p <1
— suwp | / (F(x,u,) — f(z,u))odal
ol , <1 JRY
< sup |f(x,un)—f(x,u)| 0, |U|e1
[lv]l 5 <1 o, -1

< sup |f(:17,un)ff(x,u)| 0, OGIHUHE

lloll <1 o1

1
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<0, |f(eu,) ~ faw)

6, —1

1

— 0, asn — +o0,

where C’e1 is the best constant for the embedding of £ — L (RN). Therefore,
we conclude that ¥'(u,) — ¥'(u) in E as n — +o0o. Therefore, the relation (A;)
follows.

Let us now check the relation (As). Let 7 be a fixed positive number and let
{u,} C E be a (C),-sequence, that is,

I, (u,)is bounded , ®(u,) < 7 and ||I; (u,,)|

g (L F llu, ) = 0.

By a calculation, it follows from (2.1) that

T>0(u,)
P q V P V q
B L TR QTN G Y A RN
RY p q p q :
1 v
>—||lu,|l,,
q

where v is either p or q. Hence, we conclude that the sequence {u,} C F is
bounded, then we may assume that there exists v € E such that u, — u weakly
in E. Furthermore, we know that ¥'(u_) — ¥'(u) as n — 400 due to (A;). This

implies together with «, — u weakly in E that

lim (¥'(u,)— 9 (u),u, —u) =0. (3.5)

n—+o0o
Note that

(L(u,) = L(u), u

n

—u) =(I (u,) = I, (u),u, —u)
+ AV (u,) — V' (u),u, —u).

n

(3.6)

Because the sequence {u, } is bounded, owing to definition of the Cerami sequence,
we have

lim (I; (u,) — I; (u),u, —u)=0. (3.7)

n—-+oo

Combining (3.5), (3.6) and (3.7) gives

lim (L(u,) — L(u),u, —u) =0. (3.8)

n—-+oo
Since L satisfies the (S )-property, see [25, Lemma 9], we derive from (3.8) that
u, — uin E asn — +oo.

This gives relation (Asz).
Finally, in order to apply Lemma 2.1, by choosing 7 = 1, for each u € "
x ((—00,1)), it follows from (3.4) that [|u’ < g, that is,

1 1 1

lu]l , < max{qg,qg} = qE. (3.9)
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By using (f1) and Sobolev embedding theorem, we deduce that
U(u) :/ F(z,u)dz
RN
o, (ZE) o1
<[, (n @) + 22 )" )do

1

(3.10)

01

~
1 =01

1
<lpsl o lul, + g-lonl 5 lul

01

) 0,
<Clpl o _llulle + Z=lonl_o_lul;
p—1 1 =0y

where C, and C are the best constants for the embeddings E — L"(RY) and
E — L (RYN), respectively.

Denote .
e
1 1 e
roicpq |p1|% + 61 ‘0'1|’y;y¢91
Then, by (3.9) and (3.10), we deduce that
971 01 1
> q
swp W) <Cyq o], + o] = (3.11)
i T 0 = A

ued ! ((—o0,1)) 1 1 0

and consequently (0,\,) C A,. Therefore, all the assumptions of Lemma 2.1 are

satisfied, so that, for each A € (0,A,) C A,, the problem (P) admits at least one

weak solution in . This completes the proof of Theorem 1.1. [
Finally, we are ready to prove Theorem 1.2.

Proof of the Theorem 1.2. Let X = E. Obviously, ® is bounded from below
and 1161%\11(11) = ®(0) = ¥(0) = 0. Thanks to (A1), (Az) in the proof of Theorem

1.1, it suffices to verify the condition (2.3) in Lemma 2.2 hold. In order to do this,
let ¢, and 7, be as in (f2) and consider the function 5, : RY — R given as

0, x € RN\B7,0 (),
It, 1, x € B, (z,),

mx)=4" E
2[t,|

r (To - |:L' - x0|)v T e Bro (xo)\B%l (xo)'

It is easy to see from the above definition of 1, that 0 < n, (z) < |t,| for all z € RN
and 1, € E. Moreover, by the definition of ®, it is clear that

vl @l V@l V@@,
O(n,) = + + + dz
h N p q P q

1 p P

zf/ AVl + ||

p &N

1 p 1 p

— [ wnlass [ il

p p

By, (%) B%L (=0)
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>0,

where w,, is the volume of B, (0) and

<I>(771)=/ Vo " p@nl" V@l V@)@
) q ) q

dzx

B, (xq)

C
sgﬁﬁa/‘ AVl + V" + Il + | )de

p B, (=) (3.12)
Cu,v N P q -N q —p —q
S, UnT (It + 1A =2 )2 (r, +7, ) +1]
<1,
where C, , =max {1, sup p(z), sup V(z), sup V(z)u(z)}.
7 z€B, (z,) 2€B, (zy) TEB, (ay)
070 o070 o (To
According to condition (f3), we have
W(n,) = [ | Flen,)is
R
-/ Fams [ F(e,n,)da
B%l(zo) BTOWO)\BTTD (zg)
(3.13)
> F(z,n,)dz
By (=)
2
Swy ()" if (o))
—NA2 TEB . (ag) P

Hence, the combination of (3.12)-(3.13) implies
p _inf  F(z,[t])
ze€B, (z
V) o p (7o) (3.14)
() ~2VC, (161" + 16D = 277)2°(r,” +7.") + 1]

Combining (3.9) with (3.10), for each u € ® ((—o0,1]), we obtain that

o 0
: q" C
sup U (u) <C,q ol » + 9 o] o - (3.15)
ued ™ ((—o0,1]) p=l 1 7m0

Then, by condition (f3) and (3.14), we deduce that

sup U(u) < \Ij(nl).
wed ! ((—o0,1]) ®(n,)

(3.16)

Consequently, all the assumptions of Lemma 2.3 with 7 = 1 are satisfied. Moreover,

by definitions of Ay and A,, we can easily see that (-, 41-) C ($221§7 W)
2 1 Vi1
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Hence, we conclude that for each A € (5, &), the problem (P) has at least one
2

1
nontrivial solution w, , which satisfies that

0< d(u) < 1. (3.17)

It remains to show that problem (P) also has at least one nontrivial solution
when A = i It follows from (3.17) that I, (u,) < I, (u) for all u € <I>_1((0,1)).

Then there exists a sequence {u, } C ® ' ((0,1)) such that
u, - 0in E and I, (u,) <1, (u,).

Taking into account the continuity of I,, we achieve that

1 1

I/\(U/)\) S O7 Ve (A7, A7)

(3.18)

Now, let us fix A\, € (
A (O, A%) such that

ing sequence {u, } with

i, 7). Then we deduce that there exists a sequence
2 1
lim A = Ai Furthermore, there exists a correspond-
n——+0oo 1

0 < ®(u,, ) < 1landwu,, isa weak solution of problem (P).

n

This fact together with the Definition 3.1 imply that

n

(L o) =, [ Flou, Jode = (0¥ ()0 (3.19)

for all v € E. Since {u, }is bounded in E, we can find a subsequence, still denoted
by {u, }, and u, € F such that u, — w, in E. Using the argument of (A;) in
Theorem 1.1, we know that

1
lim )\H\I"(ukn) = A—\Ill(u*)

n——+oo 1

From this and (3.19) with v = u, — u., we get

limsup(L(u, ),u, —us)= lim (A ¥'(u, ),u, —u.) =0.

n—s+00 n n n——+o00 n n
Recall that L is of type (S4) and u, — u, in E, it follows that u, — wu, in E.
Again by (3.19), we deduce that

(L(uy),v) = A/%(\I/’(u*)m = AL/RN [z, us)vde, Vv € E.

Namely, u, is a weak solution of problem (P) with A = Ai Finally, we want to
1

show that w. is nontrivial. To this end, arguing by contradiction, suppose that
ux = 0. Recall that

I(w) < I,(u),Yucd  ((0,1)),¥A e (Ai, Ai).
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Then by (3.17) we derive

I/\ (u/\ ) < I/\ (u/\*> and I/\* (u/\*) < Ix* (ux )? Vn e N,

n n n n

which, taking into account the fact that A\, < A for all n € N, yields
U(u, ) > U(u,,), Vn € N. (3.20)
Thus, passing to the limit for n — +o0 in (3.20), we get

0= \Il(u*) > \Il(u,\ )7

s

and since 0 < ®(u, ) < 1, we obtain that
Ix* (UA*) = @(UM) - /\*\Ij(ux*) >0

and this contradicts (3.18). Therefore, we conclude that u, # 0 which is required.
The proof of Theorem 1.2 is thus complete. O

3.2. Proof of the Theorems 1.3-1.4

In this subsection, we guarantee the existence of at least two weak solutions to
problem (P). To do this, we employ the Lemma 2.3 and Lemma 2.4 as the primary
tools. Firstly, let us prove Theorem 1.3.

Proof of the Theorem 1.3. Let X = E. Obviously, ® is bounded from below
and ®(0) = ¥(0) = 0. Now, we will show that all conditions of Lemma 2.3 are
satisfied. Firstly, in order to complete the proof of Theorem 1.3, it suffices to prove
the following two Claims.

Claim 1. I, satisfies the (C)-condition for any A > 0.
Let {u,} C E be a (C)-sequence for I, , namely,

I, (u,) is bounded and |17 (u, )| .. (1 + ||, ||,) = O. (3.21)

A

We first show that {u, } is bounded in E. Suppose to the contrary that there exists
a subsequence, still denoted by {u_} such that liIil |u, ||, = +oo. Of course, we
n—-+0o0

can assume that ||u, ||, > 1 for any n € N.
u

For any n € N, let v, = —=—, then v, € F and |jv, ||, = 1. Thus, there exists

Tunlls
v € I/ such that, up to a subsequence, we conclude that v, — v in E, and thanks

to (2.2), one has
v, = vin L” (RY) and v, (z) — v(z) a.e in RN as n — +oo. (3.22)

Next, we will split two cases.
Case 1. v # 0.
Denote 2, = {z € RY : v(z) # 0}. Obviously, Q, has positive Lebesgue

measure. Thus, according to (3.22), we get

lu, (z)] = 400 as n — +oo, for a.e. x € Q. (3.23)
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Furthermore, by (3.22) and (f4), we have

F F
fm L@ @) F@w@) e e pen,.
n—+oou, || n—+oo  |u, (z)]

Moreover, by virtue of condition (f;), there exists ¢, > 0 such that
F(z,t) > [t|", Vo e RN, V|t| > t,.
Again by condition (f3), there exists a constant C, > 0 such that
|F(z,t)| < C,, Y(z,t) € RN x [~t,,1,].
Consequently, we can show that there is a constant C; > 0 such that
F(x,t) > —C,, ¥(z,t) € RN x R.
So
F(z,u,(r)) + C,

q
[l 1%

By the definition of I, , we have

>0, Vz e RN, Vn € N.

I,(u,) :/ (Wunlp @IV V@) V@),
RN p q D q
—A [ F(z,u,)dz
q RN

and so, by (3.21), we obtain

1
F der > —
[ Pl = o

It is also clear that

q 1
— X[*(u”) — 400, as N — +00.

u
n

I/\ (un ) <

u’!L

1 q
—| E—)\/ F(z,u,)dz,
p RrRY

which implies that
.l 29 [ | Playu,)de+ o1, (u,).
R

Hence, using (3.21), (3.24), (3.25), (3.26) and Fatou lemma, we obtain

q C
+oo = lim Mwn(xﬂ dx—i—/ lim —°da

o, % Ju, ()] o mooe T, I

. F(z,u, (z)) a C
:/Q lim (7|vn(x)| +HT>dx

6
oo\, (@) I

gliminf/Q <M|vﬂ(x)|q + &)dm

nyeo Ju,, ()" [l 1%

(3.24)

(3.25)

(3.26)

(3.27)
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F n C
<liminf (Mh}n(mﬂq—i— 6q )d:v
n—oo JgN \ - |up(z)]? llunll%
F C
zliminf/ wh}n ()| dx + limsup/ 76qu
nooo Jgn o u, ()] n—oo JrV [lu,[I5
=lim inf/ F(an(z))dx
n—oo JpN |un -
<liminf F(x7 u, () dx
noo JgN pA f]RN u,,)dz +pI, (u,)
d
=lim inf fR (z))dz
n—oo p)\fRNFa: u )dm+p[ (u,)
1
= 3.28
p/\’ ( )
this is impossible.
Case 2. v=0.
1
Let k > 1 and set w,, = (¢k)“ v, for any n € N. Then we know that
v, =vin EFand w, — 0in L” (RN) as n — 400. (3.29)

Furthermore, from (f3), (3.29) and dominated convergence theorem, we have that

nl;ngo " F(z,w,(z))dz = 0. (3.30)
It is easy to check that I, (tu,) is continuous in ¢ € [0,1]. Then for each n there
exists t, €[0,1], n=1,2,---, such that

I (tnun)—tgl[g%f( u,). (3.31)

Due to ||u — +00 as n — +o00, then there exists n, € N such that 0 < ‘(q )‘ <

wlle

1 for any n > ng. Then according to (3.30) and (3.31), we get
I(t,u,)>1, ( )

—k/ (Vo " + V(@) [ )de
+ /RN w(z)(|Vo, | +V(z)|v,| )dxf)\/N F(z,w,)dx

R
1

>*k5 (Vo "+ V@), )de
+k° / z)(|Vo, | + V()| dx—/\/ F(z,w,)dz

zmin{—,l}k —/\/N F(z,w,)dx
R

{— 1k (3.32)

l\DM—l
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for any n large enough. By the arbitrariness of £ > 1, we conclude that

lim I, (¢t u,)=+o0. (3.33)

n— oo

Recall that I, (0) = 0 and |, (u,)| < C,. Combining these two facts, it is easy
to check that ¢, € (0,1), and so, it follows from (3.31) that (¢’ (t,u, ),tnun> =0.
Thus, according to condition (fs) and (3.21), we deduce that

qI, (tu,) <qI,(t,u,)
=ql, (t,u,) — <I’(tU)tU>

27—1/ (IVt,u,|” + V ()|t u,| )ds

—)\/ qF(z,t u, dCE—‘y—)\/ flz,t, u )t u de+o,(1)
RY

q

=(=-1 Vt, u

-1 [ (9t

q P
<=1 [ (9l + Vi
a1, (u,) ~ (I (u,)u,)

<C,, asn — +o0,

(3.34)

"+ V(z)|t

n 'n.

d:c—i—)\/ Flz,t,u,)d

)dx + )\/RN (Flz,u,))dx

which is a contradiction to (3.33).
Therefore, we assert that the sequence {u, } is bounded in E. Thus, there exists
u € F such that, up to a subsequence,

0.
u, — u weakly in E asn — +o0o,u, — uin L~ (RY) as n — 400.

Applying Holder’s inequality and condition (f3), we have

u, — ul|dx

n

[ 156, = )
R
< [ G+ 1@ Dlu, = e
< [ o)+ @l ") + (a0 + sl ™l — ulds
<2 p@lu, —uldes [ o, - uldo
R R
+ /N o, (x)|u\9271|un — uldx
R

0, —1 0, —1
< 2|p2| 0y |un _u‘ez + |02|oo|un _u|92(||un‘ ’ ‘ o, + ||’LL| ’ ’972)

[ 1

2~ 7,-1 0,1
6, —1 0. 1
= 2o, o fu, —ul,, + Iyl fu, —uly, 2+ )
92—1
— 0, as n — oo. (3.35)

It is similar to the proof of (A4;) in the Proof of Theorem 1.1, we can show that
the functionals ¥’ also is weakly strongly continuous on E. This implies that
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(V' (u,) = ¥'(u),u,

sequence and the fact that the sequence {u, } is bounded, we get

lim (I (u,) — I (u),u, —u)=0.

n—+o0o
Note that
(L(u,) — L(u),u, —u) =(I (u,) — I (u),u, —u)
+ AU (u,) — V' (u),u

n

Then by (3.36) and (3.37), we have

lim (L(u,) — L(u),u, —u) =0.

n—-+oo
Since L satisfies the (S5 )-property, by (3.38) we deduce that
u, = uin F asn — +00.

This completes the proof of Claim 1.

Claim 2. I, is unbounded from below.

—u).

—u) =0 as n — oo. Moreover, by the definition of the Cerami

(3.36)

(3.37)

(3.38)

First we note that by (f3) and (f4) we have for any M > 0, there exists C,, > 0

such that, for all € RY and all ¢ € R, there hold
F(z,t)> M|t|" - C,,.

Take £ € C;C (RN) with £ > 0, from (3.39) we deduce that

169 = [ Vel + Vilte )iz

1 . .
[ il v [ P g

<= / VE + p@)|VE" + V@)l + V(@) )de
P Jr

— /\/ F(z,t)dx
supp(€)

<L /N (IVE]" + p(@)|VE[" + V(@)[¢] + V(z)pu(=)|€]" )da
P Jr

-\ Mté]" dz + A\C,, |supp(€)],
supp(&)

for sufficiently large ¢ > 1.

(3.39)

(3.40)

Taking M large enough such that [u~ (V€] + u(2)|VE|]" + V(2)[€]" + p(z)V (z)

€ )de =AM [,

lim I, (t§) = —oc.

t——+oo

The proof of Claim 2 is complete.

) €|"dx < 0. Then, inequality (3.40) implies that
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Finally, our goal is to find two distinct weak solutions for the problem (P) by
applying Lemma 2.3. To this aim, by choosing 7 = 1, for each u € <I>_1((—oo, 1)),
it follows from (3.4) that ||u| < g, that is,

1 1

lull, < max{q”,q"} =" (3.41)

-

Moreover, by (f1) and Sobolev embedding theorem, we obtain that

< [, (@)l + 22 ju(o) " )as

2

1 0 (3.42)
<lpal o, lulo, + g-loullul,;
92—1 2
)
4 0y
<Co sl Vil + Il Il
where C, s the best constant for the embeddings E — L (RM).
Denote
92 0
1 b oy >
i - Yo, |p2|%q + 02 ‘0—2|'y:{92 q
Combining this with (3.42), we see that
02
5 0, % 1
sup U (u) Scez lpsl » a” + 9 oyl o q" ==. (3.43)
ued ™ ((—o0,1)) Pt 2 770 Ao

It is easy to see that (0,\,) C A,. Therefore, all the conditions in Lemma 2.3 are

satisfied. Thus, for each A € (0,\,) C A,, the problem (P) admits at least two

weak solution in F. Then the proof of Theorem 1.3 is completed. O
Finally, we are ready to prove Theorem 1.4.

Proof of the Theorem 1.4. Let X = E. Obviously, neljfE\I/(u) = ®(0) = ¥(0) =0.

In view of Claim 1 and Claim 2 in the proof of Theorem 1.3, we know that I, €
C'(E,R) satisfies the (C)-condition and it is unbounded from below. It remains to
verify the condition (2.3) of Lemma 2.2. In order to do this, let ¢, and r, be as in
(fs) and consider the function 1, : RN — R given as

0, x € RN\BTO (z,),
tols z € B, (z,),

NP I (@)
21t,

r (ro - |'f1j - w0|)7 T € Bro (mf))\BrTO (xo)'
0

Then it follows from (fs) and the same arguments as in Theorem 1.2,

“rr 1<l (3.44)

0

1 N P q -N q -
0< (I)(nz) Sgcu,vwzvro (|t0| + |t0‘ )[(1 -2 )2 (’I“
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and
p inf  F(z,|t,])
zeB, (x
Y(n,) o g (20) (3.45)
D(n,) “2VC, L (It " + [t | —277)2(r " + ) ?) + 1]

Using (3.9) and (3.10), for each u € o ((—00,1]), we deduce that

0.

1 C? 92
sup () <C, lp,| o ¢" + = lou] o g’ (3.46)
u€d ! ((—o0,1]) 2 p=1 0, D)
Hence, by (fs), (3.45) and (3.46), we get
U
sup  W(u) < (I)(m). (3.47)
ued ! ((—o0,1]) (772)
® .
and consequently, (i7 X—ll) - (‘IIEZ?) ) W) Therefore, all the assumptions of
Lemma 2.4 with 7 = 1 are satisfied. Thus, we assert that for each \ € (%, %),
2 1

the problem (P) has at least two nontrivial solution. Arguing then as in the proof
of Theorem 1.2, we can obtain that problem (P) admits a nontrivial solution u A,

when A\ = =, and satisfies

L
Al

-1
r. (uy,)=0and I, (u,)<I, (v), e ((—00,1)).
Aq Ay Aq
Noting that I . is unbounded from below and it is not strictly global. Hence,

1
there is another nontrivial solution u, with Uy, #u A, by applying Mountain Pass
Theorem. This completes the proof of Theorem 1.4. O
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