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ATTRACTORS FOR THE NONCLASSICAL
DIFFUSION EQUATION WITH
TIME-DEPENDENT MEMORY KERNEL AND
CRITICAL NONLINEARITY*

Xuan Wang!f, Haiyan Yuan®!, Xiaoling Han' and Chenghua Gao!

Abstract In this paper, we consider the long-time dynamics of solutions
for the nonclassical diffusion equation with time-dependent memory kernel
when nonlinear term adheres to critical growth, where the time-dependent
memory kernel is used to describe the aging process of viscoelastic conduc-
tive medium. Under the new theory framework, we first establish the well-
posedness and regularity of the solutions, and then we prove the existence and
regularity of the time-dependent global attractors in the time-dependent space
H(Q)x L2, (RY; Hj(£2)) by use of the delicate integral estimation method and
decomposition technique.
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1. Introduction

Let Q2 C R3 be a bounded domain with smooth boundary 9Q. The asymptotic
dynamics of the following nonclassical diffusion model with time-dependent memory
kernel

Opu — Adyu — Au — / Eu(s)Au(t —s)ds+ f(u) =g, z€Q, t € (1,+00), (1.1)
0
u(z,t)loo =0, t € (r,400), u(x,7)=u,(z,t), v€Q,te(-00,7], (1.2)
are investigated in this article.

Suppose that the time-dependent memory kernel function k;(s) is nonnegative,
convex and summable. And let

bis) = [ ml)dy, Vs e RY, teR

TThe corresponding author.

LCollege of Mathematics and Statistics, Northwest Normal University, Anning
East Road, 730070 Lanzhou, China

2Zhongshan Jianbin Vacational and Technical School, Wendongnan Street,
528415 Zhongshan, China

*The authors were supported by National Natural Science Foundation of China
(12161079, 12461039, 11961059, 12061062).
Email: wangxuan@nwnu.edu.cn(X. Wang), 1872412053@qq.com(H. Yuan),
hanxiaoling9@163.com(X. Han), gaochenghua@nwnu.edu.cn(C. Gao)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20230130

Attractor for nonclassical diffusion equation 2475

Evidently,
ue(s) = —0ske(s).

Remark 1.1. We can construct the the memory kernel function p(s) through the
function y and e. Let p € CY(RT) N LY(RT) be a nonnegative and nonincreasing
function and so [;° yu(s)ds = m. And suppose that ¢ € C*(R; RT) satisfying

e'(t) <0, VteR,
and there exist a positive constant M, such that

sup(e(t) + €' (®)]) < M.

So, we can define
1 s
1) =

Furthermore, assume that the map
(t,8) = pe(s) : R x RT — RT

satisfies the following conditions:
(H;) For every fixed ¢t € R, the map s — pu(s) is nonnegative, nonincreasing, abso-
lutely continuous and summable. The total mass of u; is defined by the formula

K(t) = /OOO we(s)ds

and satisfies
inf x(t) > 0.
teR

(Hy) For every 7 € R, there exists a function K, : [r,+00) — RT which is
continuous and summable on any interval [r, T], such that

pe(s) < K (), (s), for every t > 7 and every s > 0.

Hj3) For almost every fixed s > 0, the map ¢ — p(s) is differentiable for all ¢ €
R. Besides,

(t,s) = u(s) € L°(K) and (t, s) — Orue(s) € L°(K)

for every compact set K C R x RT.
(Hy) There exists a constant § < 22 such that

Orpue(8) + Ospue(8) + 6k(t) e (s) < 0, for every t € RT and almost every s > 0.

Remark 1.2. Evidently, the memory kernel function p:(s) in Remark 1.1 satisfies

(Fy)-(Hy), with K- (t) = S5,

Remark 1.3. Hereafter, we also give a classical and physically relevant example
that be gained by setting

1
w(s) =e *® and k(s) = —e #°, Vs € RT,
p
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where p is a positive constant. In such the case,

T 1
e(t) = 13 arctant,

and
e 0%, Vs e RT, Vt € R.

k8 = 2

Then, the memory kernel function p;(s) satisfies (Hy)-(Hy), with K. (t) = 6622((;))

About that forcing term, assume that g € L%(2). And let the nonlinearity
f € CHR) with f(0) = 0 and satisfy

[f' ()] <CA+[uf™),  f'(u) >-Ci, VueR, (1.3)

where 1 < p <5, C; >0, C is a positive constant. Besides, assume that f satisfies
the dissipation condition

liminf f'(u) > =y, (1.4)

|u|—o00

here, A1 > 0 is the first eigenvalue of the strictly positive Dirichlet operator A =
—A with domain D(A) = H?(Q) N HL(Q) on (L3(Q),(-,-), || - ||). Obviously, (1.4)
implies the following relations: for some 0 < § < 1 and a positive constant cy,

(F(u),1) > —5 (1= 6)[ullf e, (15)
(Flu)su) > (), 1) = 50— 0)ullt — ey, (16)
where F(u) = [* f(s)ds.
The nonclassical diffusion model
B — Adyu — Au+ f(u) = g (1.7)

is widely used in the fields of heat conduction theory and fluid mechanics, which
describes a heat conduction process or a fluid diffusion process (see [1,4,19]). When
the conductive medium or fluid is a viscoelastic material, the corresponding model
is

Oru — Adyu — Au — /000 E(s)Au(t — s)ds + f(u) = g. (1.8)

Furthermore, if the viscoelastic conductive medium or fluid also has aging charac-
teristics, then the corresponding model is (1.1). Because of the model of viscoelas-
ticity with memory (Especially the viscoelastic model with time-dependent memory
kernel) has profound application background and research prospect, the asymptotic
behavior of solutions for the equation has attracted extensive attention and research
interest of many scholars (see [6-8,10-12,23,27,29-31] and relevant references).
For the usual nonclassical diffusion equation (1.7), there are many research re-
sults on this model (see [25, 26, 28, 32, 33] and relevant references). In [28], the
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existence and continuity of the global attractor which are independent of the pa-
rameter p of pAdyu are considered and discussed. In [26], for both autonomous and
non-autonomous case, the existence and regularity of the attractor is proved when
the nonlinearity satisfies the critical exponent growth. Besides, for the nonclassical
diffusion equation with fading memory (1.8), we also have achieved a series of re-
search results on this model. In [29,30], for both autonomous and non-autonomous
case, the asymptotic regularity of solutions and the existence of attractor is obtained
when the nonlinearity satisfies the critical exponent growth by use of asymptotic
prior estimation and decomposition technique.

Compared with the above mentioned model (1.8), when the memory kernel func-
tion is dependent on the time variable ¢, the problem will become more complex
and interesting. From the perspective of application, viscoelastic heat conductive
medium or viscoelastic fluid has aging characteristics. This has aroused our strong
research interest, so the long-term dynamical behaviors of solutions for the vis-
coelasticity model (1.1) will be studied in our paper. In fact, the time-dependent
memory kernel will lead to some essential difficulties in analysis. Firstly, there will
be difficult in defining auxiliary variable ¢ and its derivative function with respect
to time. Secondly, the classical estimation methods and differential inequalities for
the nonclassical diffusion equation with fading memory (when the memory kernel
function is independent of time variable t) are no longer applicable to the study of
(1.1). This will add many difficulties to the dissipative estimation and the compact-
ness verification of the solution process. Inspired by the idea in [6,7,18,27], under
the new technical framework, we successfully overcome these essential difficulties
in the estimation and proof by use of the delicate integral estimation method and
decomposition technique. Finally, we establish the well-posedness and regularity of
solutions, and then prove the existence and regularity of the time-dependent global
attractor.

The structure of this paper is as follows. In Section 2, we introduce some
concepts and preliminary results; in Section 3, we achieve the well-posedness and
regularity of the solution; in Section 4, we prove the existence and regularity of the
time-dependent global attractor corresponding to the problem (1.1), (1.2).

For brevity, C or C; denotes a positive constant in the following text.

2. Notations and preliminaries

As in [14], a new variable which denotes the past history of Eq. (1.1) is defined by

/u(t—r)dr, 0<s<t—r,
n'(s)=4q"° (2.1)

t—7
nT(s—t—i—T)—i—/ u(t —r)dr, s >t—r.
0

Using u:(s) = —0sk:(s) and ki(o0) = 0, it is easy to see that the system (1.1),
(1.2) is equivalent to the system

Oy — Adyu — Au — /OOO pe(s)Ant(s)ds + f(u) =g (2.2)
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with the initial-boundary conditions
u(z,t) =0, red, t>r,

nt(x,s) =0, (z,s) €00 x RT t >,

u(z,t) = u-(x,t), v€Q, t<,

N (x,s) = n-(z,s), (x,s) € xR,
where u(-) satisfies the following condition: there exist two positive constants R
and o < 6, such that
oo
[ e ivas)pas < w
0

here, the constant § is defined in the assumption (Hy4), and | - || denotes the norm
of L?().

The following notations as those in Pata and Squassina [21] will be used. Let
A = —A with domain D(A) = H}(Q) N H%(Q). For the family of compact nested

Hilbert spaces Vi = D(A?), the inner products and norms in this family of spaces
are defined by the formula

(u,v)s = (A%u, A30), [|ulls = [|A%ull, Vs €R, Vu,ve D(A?),

where (-, -) and || - || mean L?(9) inner product and norm, respectively. Then, H =
12(0), Vi = HY(Q), Va = HL(@) N HA(9).

Obviously, we have compact embedding D(A7 ) << D(AT) for any s; > s3
and continuous embedding D(A2) — L5 () for all s € [0, %).

For every fixed time t and every o € R, according to the assumptions about mem-
ory kernel f1;(-), we denote the family of Hilbert spaces of functions by L? (R*; V),
which are said to be time-dependent memory space

M7 = I, (RF5V,) = {6 R = Vo | [ (o)l (9)]Bds < +oc),
endowed with the inner products and norms respectively,
g = [ () (5),€ (),
0

)
1€ = [ el
Now let us introduce the family of Hilbert spaces
;= Vo x M7,
with the endowed norms
213 = ll(w, ")z = lull + 13-

In particular, H; = HY.
In view of (Hz), for every n* € M? and every t > T,

In*13gy < K- (O)In" I3, (2.4)
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therefore, we have continuous embedding
M? — M.
The linear operator T; acting on M/ is defined by
Tyn' = —0sn" with domain D(T,) = {n' € M7 |0:n" € M ,n*(0) = 0}.

Due to the assumption (Hy), for every fixed ¢ the function s — py(s) is differential
almost everywhere with dsp¢(s) < 0. Similar to [17], we have

(T, ) / Buue(s)lln (s)|2ds <0, Vo' € D(T,).  (25)

Evidently, T; is a dissipative operator. In fact, it is easy to see that T; is the
infinitesimal generator of the right-translation semigroup on M. Especially,

T, C T, (2.6)

and {T,};>, are increasingly nested extensions of each other.
Owing to (2.1), we have

0’ (s) = —0s11' (s) + ult) = Tun' + u(t). (2.7)

Details of the proof can be found in Lemma 3.2.
The following abstract results will be used to testify the compactness and dissi-
pativity of the solution corresponding to the problem (2.2), (2.3).

Lemma 2.1 ( [5,24]). Let X, B andY be three Banach spaces. For T > 0, if X ——
B—=Y, and

W = {ue LP([0,T]; X)|0u € L"([0,T);Y)}, with r>1, 1 < p < oo,

Wi = {ue L*([0,T]; X)|0yu € L"([0,T;Y)}, with r> 1.

Then,
W —< LP(]0,T); B), W1 —<— C([0,T]; B).

Lemma 2.2 ( [3,16,22]). Assume that ;€ C*(RY) N LY(RT)SI is a nonnegative
function, and satisfies: if there exists sg € Rt such that p(sg) = 0, then u(s) =0
for all s > sg holds. Moreover, let By, B1, Bo be Banach spaces, here By, By are
reflexive and satisfy

By —<— By — Bs.

If C C L2(RT; By) satisfies
(i) C is bounded in L7.(R; Bo) N H,,(RT; By);
(i) Sup In(s)IB, < h(s), Vs € R, h(s) € L, (RY),
n

then C is relatively compact in L7 (R*; By).

By distx, (A, B) we denote the Hausdorff semidistance from a set A C X; to a
set B C X;:

distx, (A, B) = sup distx, (z, B) = sup inf ||z — y|x,.
r€A rcAYEB
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Lemma 2.3 ( [34]). Let (M,d) be a metric space and U(t,T) be a Lipschitz con-
tinuous dynamical process in M, i.e.,

AU (t, 7)my, U(t, T)my) < CeXEDd(my, my),

for appropriate constants C and K which are independent of m;, 7 and t. Assume
further that there exist three subsets My, My, M3 C M such that

distar (U (t, 7) My, U(t, 7)My) < Lye (77,

diStM(U(t, T)Mg, U(L‘7 T)MS) < LQQ—W(t—"')7
for some vy,vo > 0 and Ly, Ly > 0. Then it follows that

dista (U (t, 7) My, U(t, 7)Ms) < Le (=7,

where v = #ﬁm and L = CLq + Lo.

Lemma 2.4 ( [7]). (Gronwall-type lemma in integral form) Let 7 € R be fized,
and also let A : [1,4+00) — R be a continuous function. Suppose that for some & >
0 and every T < a < b, the integral inequality

b b b
A(B) + 2 / Aly)dy < Ala) + / a1 (1) A(y)dy + / 42(y)dy,

holds, where q1, qo are locally nonnegative functions on |7, +00) satisfying

b t+1
/ qi(y)dy <e(b—a)+ec1 and sup/ q2(y)dy < co,
a t

t>T

for some c¢1, co 2 0. Then,

As described in [9, 13,15, 20], we introduce the following concepts and abstract
results about time-dependent dynamical system, which are used to investigate the
long-time dynamics of solutions.

Definition 2.1. Let X; be a family of normed spaces. A two-parameter family of
operators {U(t,7) : X; — X, 7 < t,7 € R} is said to be a process, if for any 7 € R,
(i) U(r,7) =1d is the identity operator on X,;
(ii) U(t,s)U(s,7) =U(t,7), VT < s < ¢t

Assume that X; is a family of normed spaces. For every ¢t € R, the R-ball of X,
is defined by:

Bi(R) = {z € X|lzllx, < R}.

Definition 2.2. A family € = {C}}+cr of bounded sets C; C X; is called uniformly
bounded, if there exists a constant R > 0 such that C; C B,(R), Vt € R.
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Definition 2.3. A uniformly bounded family B; = {B:(Ro)}+cr is called a time-
dependent absorbing set for the process U(t, 1), if for every R > 0, there exist a
moment tg = to(R) < ¢ and Ry > 0 such that

T<t—ty=> U(t7T)BT(R) C Bt(R())

The process U(t, ) is said to be dissipative as it possesses a a time-dependent
absorbing set.

Definition 2.4. The smallest family 2 = {A4;}+cr is called a time-dependent at-
tractor for the process U(t,7), if 2 satisfies the following properties:

(i) Each A; is compact in X; ;
(ii) 21 is pullback attracting, that is, it is uniformly bounded and the limit

lim distx, (U(t,7)Cr, At) =0

r——00
holds for every uniformly bounded family € = {C}};cr and every t € R.
Theorem 2.1 ( [13,20]). IfU(t,7) is asymptotically compact, that is, the set
K = {8 = {K,}1er| Fach K, is compact in X;, 8 is pullback attracting}

is not empty, then the time-dependent attractor A exists and coincides with 2 =
{Ai}ier. In particular, it is unique.

Definition 2.5. A function t — Z(¢) and Z(t) € X} is a complete bounded trajec-
tories (CBT) of the process U(t,7), if and only if

(i) igﬂgllZ(t)llxt < 005
(i) Z(t)=U(t,7)Z(7),VT <t, T €R.

Definition 2.6. A time-dependent attractor 2 = {A;},cg is invariant, if for all
T <,

U(t, T)AT = At.
Theorem 2.2 ( [9,13,15]). If the time-dependent attractor A = {A;}ier of the
process U(t, T) is invariant, then it coincides with the set of all CBT of the process

U(t,7), that is,

A={Z|t - Z(t) € X; and Z(t) is CBT of the process U(t,T)}.

3. Well-posedness and regularity of solutions

In order to obtain the dissipative estimation and well posedness of the solution, we
need to prove the following preliminary results.

Lemma 3.1. Let u € L>®([,T); V) and also let

L(u, 1) = 3(t = 7)*6(7)|[ullLo0 (1 11,17, + 20 [
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Then, we have that n* € M? C My with
I3 <T(w,mr), V€ lrT),

and
In*13re < T(u,ne) Ko (t) € LY (7, T)).

Proof.  Since p,(-) is nonincreasing, we can obtain from (2.1)
1911322
t—1 s e}
= [ el [ ute=rarizas s [ s)lans - e+
0 0 t—7

t—1
+ / u(t —r)dr|%ds
0

</ T (9)s [ttt =niaras+ [7 @lans - 1+7)

-7

t—1
+ / u(t —r)dr|%ds
0

t—T1
<[ Rl ds 2 [ st e Dl ()]s
(o]
2= 1Pl iy [ (=7

<3(t = 12 [lull Lo rryevs) /0 pir(s)ds + 2/0 pr (s +t = 7)lln-(s) ]| 7ds

<3(t = 15Dl (v, + 2/0 pr ()1 (s)[15ds

=I'(u, ny).
It follows from (Hs) and (2.4) that the latter inequality also holds. The proof is
complete. O

Lemma 3.2. Let u € L>=([r,T);V,). If n, € D(T,), then nt € D(T,), for every
telr,T], nt € Wh([r,T); M?) and the equality

o' = T.n' + u(t)
holds in M?.

Proof. Differentiating (2.1) with respect s and ¢ in the weak sense, we have

u(t — s), s<t—rT,

dsn'(s) = (3.1)
Osnr(s—t+71),8s>t—r,
u(t) —u(t — s), s<t—r,

om'(s) = (3.2)

u(t) —Osnr(s—t+7),s>t—T.

And by (2.1), we find that
1'(0) = 0.



Attractor for nonclassical diffusion equation 2483

Moreover, since pi-(+) is nonincreasing and 7, € D(T,) C M2, we obtain

t—1 oo
10:n" 134 Z/O ur(8)||u(t—8)||3d8+/t pr ()] 0anr (s — t + )| 7ds

< R(Mll7 o (rryv,) + 105071302 (3.3)

thus, dsn' € M2, namely, n* € D(T,).
Be similar to the above estimation, we have

ess sup [0y ||ae < 0.
te(r,T)

Applying Lemma 3.1, we obtain that nt € Wb ([r, T]; M?).
By (3.1) and (3.2), we have the equality

o' = Tn' + u(?)
holds in M?. ]
Remark 3.1. Due to M? — M/ and (2.6), for any fixed t, the differential equation
' =Tm' +u(t) (3.4)
holds in M.
Remark 3.2. When n, € D(T,), we can obtain from (2.4) and (3.3)
050" [Rgp < Eu,ne) Ko (t), Wt € [1,T], (3-5)

where Z(u, 07) = K(7)[[ullF o (r 7yv,, ) T 195771342 -

Lemma 3.3. Suppose that u € C([1,T);V,) and n, € C*(RT,V,) N D(T,). Then,
the following inequality
b oo b
30 = [ (@ure(s) + Dupe(s)) (o) st < g +2 [ (ult) ) aap e
a Jo a 56)
holds for all T <a<b<T.

Proof. For every € > 0 small, let the cut-off function

0, 0<s<e,
S
- —1, e<s< 2,
€
1
ge(s) = 1, 2€<5<g,
1 2
2—¢es, —<s< —,
€ €
2
0, -<s
€

We denote
pi (8) = = (s)pe(s), ye(t,s) = pg ()" ()13,
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hence,

/0 &ye(t,s)dS—g ; Ye(t, s)ds. (3.7

For every fixed ¢ and for every s, we deduce that from Lemma 3.1

s = ye(t,s) € L'(RT),

t= n'(s)l7 € CH (7, T)).
Thus,
%ye(t s) = 0wy (5)||n" (s)II7 + 205 (5)(0en' (5), 1" () o
From (2.1) and (3.2), we can get that

sup sup ([|n"[lo + 101" [|o) < oo
te[r,T] s€le, 2]

Bearing in mind (Hs) on the compact set K = [7,7] x [e, 2], we know that there
exists C; > 0, such that

d
|ay£(ta S)l < Ca¢€(5) < C&X[g)%](s)' (38)

Hence, it follows from (3.8) that

o d
/ sup |—y:(t,s)|ds < oo. (3.9
o tera) dt

We define
thg = LZf (Rer VO’)'

Multiplying (3.4) by 2n' in M., we can obtain that
2<8t77ta77t>M{”€ = 2<Tt77t7 Tlt>M,i'=E + 2<U(t)777t>M;”5-
Owing to (3.7), we deduce that
tt - d g2
200 iz = [ i (s) (52
0
>~ d
= /0 (a(#f(s)ﬂnt(s)\ﬁ) — O ()" (s)115)ds
d t)2 > € t 2
= I arpe = [ Oeni ()l () [[5ds.
0
By (2.5), we find
oo
2Tt aug = [ OunE(s) ' (s) .
0

Consequently,

d > € €
Sl e = / (00t () + Dupif ()11 ()2 + 2(u(t), ) pype. (3.10)
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By virtue of (3.7) and (3.8), it can be seen that the map ¢ ~ ||n!||2 .- is absolutely
continuous. Thus, integrating (3.10) over [a, b] , we get

b o]
o Bz = ez = [ @uni o) + dup o) (o) st
b
:2/ (u(t),n") pgg=dt. (3.11)

Next, let us show (3.11) pass to the limit (3.6) as ¢ — 0.
For any fixed t, we have

2e o]
0 < In'lRgy — I3 S/ ut(S)Hnt(S)HidsﬂL[ pe(s)|In' (s)ll7ds — 0.
0 €
Be similar to the above estimate, we obtain

(u(t),n") proe — (w(t), n") e

Using (H;), (Hz2) and applying Lemma 3.1, we can obtain that

V@) [u(®)lolln sy
VA [u(®)]lo vV E- )11 12z € L' ([a,b])-

Thanks to Lebesgue dominated convergence theorem, we get

/a< )1 M”dt%/ 7 arp dt.

G=(t, 8) = = (Oese (3) + Ospi (3)) 10" (5|13
q(t, ) = —(Depe(s) + Ospie(s)) 1" ()17

By use of (Hy), we have

Ge(t,5) = —(0=(5)Dep1e(5) + de(5)Dspre(s) + OL(s)e () 1" (s)115
> 8k(t)pe(s)lIn* ()17 — éX[e,%](S)Ut(s)”nt(s)Hi

> —0k(t)pe(s)In* (s)15 — éxme} (s)ue(s) " ()15
€ L'([a,b] x RT).

I )2 < / 107" (1) o dy)? / 0. (4) |12 d.

Since p(-) is nonincreasing, we obtain

[{u(t), 0" arp

N //\

We set

In addition,

pe ()|l (s)]12 < 8/0 (W) 10sn* (W15 dy < sl10sn 3sy < Eu, ) sKr (1)
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And we can presume that ¢ < 1, so
S
gX[s,Qs](s) < 2X[0,2](s)'
Combining with the two estimate, we have
1 -
~X(e26) () () 0" (3)15 < 22(w, 1) x10,21 () (1) € L ([a, 8] x RT).

Consequently, we find a positive function

U(t,s) = dr()pe(s)ln' (s)II5 + 2E(u, nr)x(0,21 () K~ (t) € L' ([a, b] x RT),

satisfying
QE(tv 5) P *qu(ta 5)

According to Fatou Lemma and using q.(t,s) — ¢(t, s) almost everywhere, we

deduce that
// s)dsdt < hmmf// qe (t, s)dsdt.

Finally, we conclude that (3.6) holds. O
Theorem 3.1. For all 7 < a <b< T, the following estimate

In?l3ss +9 / 1) ()3 dsdt
<l - / | @) + dupls)l's) asa
a 0

b
<3z +2 / (ut). ') arp (3.12)

holds.

Proof. Take two sequences
{n7} € CY(R*;V,) N D(T) and {u"} C O([r, T}; Vs),

such that
e =y, u' —u.

We set

/u”(t—r)dr, 0<s<t—r,

77m(8) = 0 t—7

nf(s—t+7’)+/ u(t—r)dr, s >t —7.
0

Thanks to Lemma 3.3 and the assumption (Hy), we deduce that

b
g3y + 5 / (O™ (5) et < g +2 [ (@) e (313

We will show that the sequences is passing to the limit in the above inequality.



Attractor for nonclassical diffusion equation 2487

Bearing in mind Lemma 3.1, we obtain
In*™ — 77t||3\/1§ ST —u,nt —n-) K- (1)
Hence, the pointwise convergence
"™ — ' in M7, Vt € [a,b]
holds. And
7™ gy = 10137, w0 Ree — @)l 347, VE € [a,0].
By Lemma 3.1, we know that
RO 3y < &) (W™, 07 (K (1))? € LY ([a, b]),

where we have used (Hs) and x(t) < K, (t)k(r). According to the dominated
convergence theorem, we have

/ KOl (s) ||Madte/ Bl (5)]124 .

It can be easily shown that
W™ (), n"™" Yy — (u(t),n"Yarg, for almost every ¢ € [a, b].
Using #(t) < K. (t)x(T), we find

(™ (8), 0" g | < Vs@)llu™ (@)lloIn™" gy < CK-(t) € L ([, b]),

here, C' = sup (/£ (1) (u™, n'™)||[u" || o((r,17;v,))- By the dominated convergence the-

b
/(’M"( ),n'" Mvdt%/ 1) arg dt.

This completes proof. O

Definition 3.1. Let g € L*(2) and also let T'> 7 € R. A binary z(t) = (u(t),n')
is said to be a
e strong solution of the problem (2.2), (2.3) on the interval [r, T], if

(i) (u,n') € L=([r, T]; HP);
(i) The function n' satisfies the formula (2.1);
(iii) For every ¢ € V; and almost every ¢ € [r,T],

orem, we have

(Brt, @) + (Oru, S)1 + (u, O)1 + / () (), hads + (F(u), 8) = (9, 6), (3.14)

e weak solution of the problem (2.2), (2.3) on an interval [r,T],
(i) if there exists a sequence of regular data (u?,n") € H2 such that
(ur,n7) = (ur,nr) in H-}w (u, nt) € L>(]r, T];Htl)v and
u" — win C([1,T]; V1),

where, (ul',n?) is the sequence of the strong solution of the problem (2.2),
(2.3) with initial data 2" = (u?,n") € HZ;
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(ii) The function n' satisfies the formula (2.1);
(iii) For every ¢ € V7 and almost every ¢ € [7,T], Eq. (2.2) satisfies (3.14).

Theorem 3.2. (Well-posedness and regularity) Let T > T be arbitrary and (1.3),
(1.4) hold. If g € L*(2) and the assumptions (Hy)-(Hy) are valid. Then,

(i) for any (ur,n,) € HL, the problem (2.2), (2.3) admits a weak solution (u,n")
satisfying

t

t t
sup [+(0) + [ Iutr)dr+ [ ) e + [ 10lfar < @

here, @ = max{Q1,Q2}. In addition, if there exists a sequence of reqular data
(u?, ™) € H2 such that

(ur,n7) = (ur,n7) in My,

then v — uw in C([1,T); V1);

(ii) for any (ur,m.) € HZ, the problem (2.2), (2.3) admits a strong solution (u,n")
satisfying

t
t>T e

t
sup |=(lFs + [ It + [ ) By < @a

(#3) moreover, the solutions of the problem (2.2), (2.3) depend on initial data con-
tinuously. That s

l21(8) = 22(8) |33 < CeCEAIED 12 (7) = 29(7) 3, 21, 20, € MLt € [, T,
or
121(8) = 22()[3,2 < CeCPAVE 124 (7) — 25(7) 32 21, 22, € HE € [, T,

where z1(t), z2(t) are two weak solutions of the problem (2.2), (2.3) with ini-
tial data z1, = (u1,,m,), z2. = (ua2.,1m2,), respectively.

Proof. Multiplying (2.2) by u, we have
%(HUH2 +lull?) + 2lull + 2(u, 1) arp + 2(f (w), u) = 2(g, u) = 0. (3.15)
In view of (1.4), we obtain
=2(f(u),u) <201 = ) Jull§ + 4ey,
here € (0,1). And it is easy to see that
2g,u) < Ol + 5 5ol
A6

We define
N(t) = [lul® + [Ju]F.
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Then

d

1
TGN+ 0l + 2wy < 55lol® +der = Qo (310)

Integrating (3.16) over [7,t], we get

t
+9/ lu(r ||1dr+2/< wn ) andr < N(T) + Qolt —7), VE=7. (3.17)

Applying Theorem 3.1, we know

t [e’e)
U+WwMﬁﬂ/HUHﬂ%:/A (Bupae(s) + Dopae ()7 () 2dsdr
SN(T) + Ine |3 + Qo(t = 7), VE=T

We set
N(@) = N@)+ 0[5
Then
1
20l <N ® < 1+ IO (3.18)
Therefore,
+a/nu Ww—/"/ (Butie() + Oupue()) Il (5) |2dsdlr
SN(7) + Qo(t — 7). (3.19)
Namely,

t t
sup () + [ lu(rldr + [ s}z

t>T1
gO(Ry T7 ||g||7 97 67 )‘la Cf)
=Q,. (3.20)

Taking the multiplier dyu in (2.2) yields
[ee]
18] + 1|0pull} = —(u, du)y —/ 1ue(s)(n'*(5), puprds — (f (u), Opu) + (g, Opu).
0
In view of (1.3), we have

[{f(w); )| < N 142 10rull Loer < O+ [lu(®) 7)) [Orullr-

And we can obtain from (H;) that

o0

|—Ammwx#@m@wmﬂ<|@uhA sl ()1 ds
<|@wﬂlwm@mgﬂlmm@mwww%@%
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Then

< l|0eulls /s ()" [l agz -

g
10l < Clu®) ]l + 1+ [u®)E + v/l g + 2y jo,uls

Therefore,

1
A2

1 4 g
<O+ Qf +Qf + VAl g + 1%
1

1

)| Brully

1
= gllatUII? + QL+ K@)l I3g), V€ [r,T). (3.21)

t

t
[ low(s) s <201+ [ wo)llpds) < Qa (3.22)

Multiplying (2.2) by —Awu, we have

d
a(IIUHf +[lull3) + 2lull + 2(u, 1) arz + 2(f (w), —Au) = 2(g, ~Au) = 0. (3.23)

By virtue of (1.3), we obtain

Obviously,

Define

Then

—2(f(u), —Au) = 2 / F ()| VuPde < 20 [ul}. (3.24)
Q
2(g, —Au) < Jull3 + gl
N1(t) = llull3 + lull3.

d
V@) + [ull3 + 2(u, n") 2 < 2C1[|ullf + [lg]1*. (3.25)

Integrating (3.25) over [r,t], we have

t t
Ny(t) + / Jul3dr + 2 / (" gzl

M) +2C1 [ )+ Ll - 7). (320)

Thanks to Theorem 3.1, we find

Ny (

t

t
0+ [ Nulldr + 11 +8 [ sl Fpar
T T

t
<N1<T)+||m||?wg+201/ [u(r)|[idr + lgl*(t = 7), vt =T, (3.27)
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We set
Ni(t) = Ni(8) + ' |32
Then
HZ(t)H?{g <M <1+ )\il)HZ(t)H?{g
Thus,

t t
MNi(t) + / Jul3dr + 6 / w7 |2zl
t
<N(r) + 20, / lu(s)]2ds + [lgl2(t = 7), V> 7. (3.28)

Applying Gronwall inequality, we conclude that

t t
sup [+(0) 13 + [ ulfdr+ [ sl [
SC([|2(7) Iz, T, Mgl 0,0, Av, C1, c)
—Qs. (3.29)
Let {w™} be an orthonormal basis of L?(£2) which is also orthogonal in V; and
—Aw’ = A\jw’, j=1,2,---. And let {¢"} be an orthonormal basis of L? (R*;V})
which is also orthogonal in Lit (RT; V) and —A¢? = \;¢?, j =1,2,---. For every
n € N, the finite-dimensional subspaces are defined by:

H, =span{w',--- ,w"} C Vi, M, =span{¢' --- ("} C Lit(RJr;Vl).

P, : Vi — H, is denoted by the orthogonal projection onto H,,; Q. : Lit (RT; V1) —
M, is denoted by the orthogonal projection onto M,,.

The initial datum z; = (u,,7,) is approximated with a sequence {z" = (u?,n")}
C H2, where

ul = Pyur — uy in Vi, (3.30)

772 = anT — 17 in Mj (331)

For every n € N, let 2™ = (u™, ') be the approximation solutions of the problem
(2.2), (2.3). Where, u" = X, T/ (t)w?, Tj* € C*([7,T]) and 7' = ¥ A% (t)¢,

A% € CY([r,T)). So, for every test function ¢ € H,, and every t € [r,T], 2" =
(u™, n'™) solves the following system:

<atuna ¢> + <atuna ¢>1 + <un’ ¢>1 + /OOO Mt(3><77t"(5)7¢>1d8 + <f(un)»¢> = <ga ¢>7
(3.32)

and

/u"(t—r)dr, 0<s<t—r,
n'"(s) =4 "° (3.33)

t—1
nf(s—t—l—T)—&-/ u(t—r)dr, s >t —7.
0
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Assume that ¢ € H,, is fixed. Then for every n > m, we have (3.32) holds.
Multiplying (3.32) by an arbitrary ¢ € C§°([r, T]) and integrating (3.32) over [, T,
we find

T T T
/so(atu”(r),¢>dr+/ s0<8tu"(r),w>1dr+/ p(u”(r), )rdr

t [ [Tt onasar+ [ et v
T

T

:/ ©(g, w)dr. (3.34)

Evidently, for the sequence {z"}, the estimates (3.20), (3.22) and (3.29) are valid.
Then,

dyu™ is bounded in L*([r, T]; V1),
u" is bounded in L*([r, T]; V2),
u™ is bounded in L*([r, T]; Va),
n'™ is bounded in L*°([r, T]; M?).

Since ||f(u")||L1+% < C(1+ |lu}) < C, we deduce that

f(u™) is bounded in L' (Q).

For the Galerkin approximation solutions 2™ = (u™,n'™), we know that there
exists a binary z = (u,n*) such that (subsequence if necessary)

Opu" — Opu weakly in L*([1, T]; Vi), (3.35)
u" — u weakly™ in L*([r,T]; Va), (3.36)
u" — u weakly in L*([r,T]; Va), (3.37)
n'™ — ¢' weakly* in L>([r, T]; M?), (3.38)
Fu™) — f(u) weakly in L7 (). (3.39)
Applying Lemma 2.1, we can obtain from (3.35) and (3.36)
u" = win C([1,T]; V1), (3.40)
and the pointwise convergence
u(xz,t) = u(x,t) a.e. in Q x [, T].
According to the continuity of f,
fw™(z,t)) = f(u(x,t)) a.e. in Q x [1,7T]

is also valid.
Using (3.35) and (3.37), we easily obtain the convergence of the first term to the
third term at the left end of (3.34). We will deal with the remaining two terms.
Due to ¢ € H,, C V1, it is easy to see that ¢ € P, LPT1(Q). Thus, (3.39) ensures

(f(") = f(u),)dr =0
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holds. Owing to the boundedness of f(u™) and f(u) in LH%(Q), applying domi-
nated convergence theorem, we deduce that

T
/ o{f(u™) — f(u),p)dr — 0.

Let us show the convergence of fTT @ [ e (8)(n"™(s), ¥)1dsdr. To this end, we
set

= . n T ()
Nr =N —Nry Ur = Uy — Ur,

and for every t € [1,T],

Taking account of (Hs) and using

/Sa(tfg)dg, 0<s<t—r,

77(3): 0 t—r

ﬁT(57t+7)+/ a(t—¢)d¢, s>t —,
0

we have

113

<E-)17 130
:C(T)(/O TuT(s)||/Osa(t—C)dCII?ds

- S)||7-(s — T t_Tﬂ - 1ds
+/t pir ()17 (s — t + )+/0 (t = Q)d¢][1ds)

-7
o

LC(T)BT = )l rryva) /0 fir(s)ds + 2/0 pr (s +t = 7)1 () 1ds)

SCD)B(T = 12N (105 (7) + 201737 [1342)
—0, Vte[nT].

Due to the uniqueness of the limit, we obtain that ¢* = n’.
Obviously,

/ " () (7 (5), s
:/0Tut(s)</osun(t—C)d(,zb)lds—l—/too pe(8) (i (s — t +7),9)1ds

—T

+ / " s /0 T - OdC, pids

—T

:/Ot_Tut(S)S/OSW(t—C)7¢>1d§ds+/ooo (s 4+ £ — 77 (6), hads
N /too “t(S)S/:<ﬂ(<)7w>1d<ds.

—T
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Using (Hz) once again, we get

/ t_T/u(S)S / (e - ¢), $)rdcds

o\

/ la(t - Q)11 ] d¢ds
lalleo 9l (T — 72K (Os(r) - 0, ae. te[nT),

/oo s / u(€), ¢)1ddds
< [~ wtsrs [ 1©lhihacas

< Malermv I (T = 1)K (H)s(1) = 0, ae. te[rT],

/O pi(s +1 = 7)(0(s), P)rds < [P K- OV &)y = 0, ae te[n,T].

N

Consequently,
o0

lim we(s)(n'(s),9)1ds =0, a.e. te[r,T).

n—roo 0

And

/ " ()7 (5), ¥)rds

</ "I [ llds
0
< W VE BRI gy € L (7. T)).

Apply the Lebesgue dominated convergence theorem, we get

lim / / (s 8),%)1dsdr = 0.
n—oo

Finally, we obtain that z = (u,n') is a weak solution of the problem (2.2), (2.3).
Similarly, the existence of the strong solution of the problem (2.2), (2.3) can be
proved.

Now, let us show the continuous dependence of the solutions on initial values.

Assume that
Zl(t) = (Ul(t)ﬂﬁ)a 22(t) = (u2(t)’77§)

are two weak solutions of the problem (2.2), (2.3) on [, T]. Then the difference Z(t) =
21(t) — 22(t) = (u(t),n') satisfies

oy + Aoyt + Ad + /OO ,ut(s)Aﬁt(s)ds = —f(u1) + f(u2), (3.41)
0
where

/ a(t — r)dr, s<t—r,
0 _ (3.42)

ﬁt(s) = t—7
ﬁT(s—t—i-T)—l-/ w(t—r)dr,s >t—1.
0



Attractor for nonclassical diffusion equation 2495

Multiplying (3.41) by @, we have

%F(t) +2/000 pe (s) (77" (s), a(t))1ds
= — 2|3 — 2(f(ur) — f(uz), a(t))

2 1 1\~
< - )\*1HU||2 +C(1+ ||“1H12p+1 + ||u2||1£p+1)Hu||2Lp+1

N

2. _ —1yy~
- )\THUIIQ + O [lu [T~ + uzlFH) @l
gC’(]%7>‘1)F‘(t)7 te [T7 TL

where F(t) = (||@]|? + ||@|3). Integrating the above estimate over [r,t], we find

F(O) +2 [ (). ")aydy < P+ C(RA) [ Pl)dy, telnT) (3.3

According to Theorem 3.1, we know that

t t
12,5+ / R ()7 () 30y dy < 7 37 +2 / (@7 dy.  (344)

Setting F(t) = F(t) + ||7*]|3,1, we have
125 < F(t) < ClIEW®)13,-

Combining (3.43) with (3.44), we get

t

f@<f@+0@¢¢/?@@.

T

Applying Gronwall inequality, we obtain
12013 < CeCEANED | Z(n)|5,, t € [r,T).

At the same time, we have proved the uniqueness of the weak solutions of the
problem (2.2), (2.3). Besides, similar to the above estimates, we can also show the
continuous dependence on initial data (i.e. the uniqueness) of the strong solutions
of the problem (2.2), (2.3). O

Thanks to Theorem 3.2, a process U(t,7) corresponding to the problem (2.2),
(2.3) can be defined by:

2(t) = U(t,7)2(7) : Hy = Hy,

which is continuous from H! to H;.

4. Existence and regularity of time-dependent global
attractor

4.1. The existence of time-dependent absorbing set in H|

Theorem 4.1. (Dissipativity) Suppose that g € L?(Q). If (1.3), (1.4) and (Hy)-
(Hy4) hold, and there exists a sequence of regular data (u™,n™) € H2 such that

(up,n}) = (ur,7) € Br(R) C Ay,
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then there exists Ry > 0, such that the process U(t,T) corresponding to the problem
(2.2), (2.3) possesses a time-dependent absorbing set in H}, namely, the family
By = {B:(Ro) }rer-

Proof. Using Poincaré inequality and (Hy), we can obtain from (3.17)

9)\
1/|| J2dr + 2 /Hu )2 dr+6/ Pl ()12, dsdr

SN(T)+ Q1 (t — 7). (4.1)

Namely,

t) +25/tj\/'(r)dr <N(7) +5/tN(r)dr+Q1(t—7'),

here, € = min{%@)\l, %9, 6Tér[1ft] k(r)}. Applying Lemma 2.4, we deduce that

s

Moreover,

Ro

1
1)l < N(#) < (1+71)||Z(T)||3¢ R (4.2)

where R} = 27 Qle . Then for every R > 0, there exist a moment tyg = to(R) =

2
éln % <t and Ry > 0 such that
0
TLt—1t)=> U(t,T)BT(R) C Bt(R())

The proof is complete. O

4.2. The existence of time-dependent global attractor in H;

Next, we will testify the asymptotic compactness of the solution process U (¢, 7)
corresponding to the problem (2.2), (2.3). To this end, we need to make some
decompositions about nonlinear term, solution and solution process.

About the nonlinearity f, inspired by [2], we decompose it as follows:

f(s) = fo(s) + fi(s),
where fy, fi € C1(R) and satisfy:

Ifo(w)| < C(L+ |[ulP™), VueR, 1<p<5, (4.3)
folw)u >0, VYueR, (4.4)
Ifi(w)] < C(1+ul”), VueR, 1<y<4, (4.5)
liminf f{(u) > —A1. (4.6)

|u|—o0

Influenced by the idea in [26], the solution z(¢) = (u(t),n*) of the problem (2.2),
(2.3) is decomposed as follows:

2(t) = 21(t) + 22(t), with u(t) = v(t) +w(t) and n' = ¢* + &,
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here 21 (t) = (v(t),?) and 25(t) = (w(t),£?) solve the following equations:

O + Aoy + Av + / wi(s)AC(s)ds + fo(v) = 0,
0

0t + 05¢" = v(t),

(4.7
v(x,t)on =0, v(x,7)="u(z,t),
C%QS,S)‘@Q:O, CT(I7S) :777(%5),
where,
/v(t—r)dr, 0<s<t—r,
Ct(s) = 0 t—T1
Cf(s—t—f—T)-l-/ vt —r)dr, s >t —T,
0
and
O+ A0+ At [ ()A€ (s + £~ Jo(w) = .
0
&t + 0,6 = w(t), (4.8)
w(z,t)|ong =0, w(z,7)=0,
ft($75)|6§2 :07 gT($78) :O>
where,

/ w(t—r)dr, 0<s<t—r,

gt(s) = Ot s

/ w(t—r)dr, s >t—T.
0

Analogue to the proof of Theorem 3.2, the existence and uniqueness of the
solution of Egs. (4.7) and (4.8) can be obtained. Further, it is easy to know that
the solution processes Uj(t,7) and Usx(t, ) corresponding to Eqgs. (4.7) and (4.8)
can be defined. For simplicity, we set

Ut,m)zr = Ur(t,7)21(7) + Ua(t, 7)22(7) = 21(t) + 22(t),

where 21 (7) = 2(7), 22(7) = 0.
Similar to Theorem 4.1, the following result can be gained.

Lemma 4.1. Assume that fy satisfies (4.3), (4.4). If there exists a sequence of
reqular data (u?,n™) € H2 such that

(ur,n?) = (ur,nr) € B (R) C Hvl—a
and (Hy)-(Hy4) hold, then the solutions of (4.7) satisfy the estimate:
l21(8)l13; < C(R)e™ =77 (4.9)

Proof. Multiplying the first equation in (4.7) by v and integrating over 2, we find

d
E(Hvll2 + [[oll}) + 2l[vlIT + 2(v, ") arp +2{fo(v),v) = 0. (4.10)
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We define
F(t) = [[oll* + llvll3.

In consideration of (4.4), we deduce that

d
dit

Integrating (4.11) over [7,t], we have

—F(t) +2[Jvllf +2(v,¢")arp <O (4.11)

t t
F(t)+2/ ||v(r)||§dr+2/ (0. apdr S F(r), YVis7.  (412)

Thanks to Theorem 3.1, we get

t

t
F(t)+||<t||?wt1+2/ Hv(r)n%drM/ R(M)IC7 ()72 dr
F(T) + G R, Y=

We set
F(t) = F) + ¢35
Then
Iz @l < F(0) < 1+ 5 )@ (4.13)
Consequently,
t t

Fo 42 [ oldr+5 [ sl @Rpdr < F@. (@1)

That is,
t
+281/ ./T (T)+€1/ f(r)dr

here, 1 = min{A, 1,4 11[1f ]m( )}. Applying Lemma 2.4, we obtain that
re|T,t

F(t) < F(r)e ==,

Furthermore,
1
21 ()13 < F(1) < 1+ X)IIZ(T)II%;G’““’” S O(R,M)e =77 (4.15)

where ||z(7)[|32 < R. This completes the proof. O

Lemma 4.2. Assume that the nonlinearity f satisfy (1.3), (1.4) and (4.3)-(4.6). If
g € L*(Q) and (Hy)-(Hy) hold, and there exists a sequence of reqular data (u?,n?) €
H2 such that

(ur,ny) = (ur,mr) € B-(R) C IH}-»

then for each time T' > 0, there exists a positive constant I = I(||gl], ||zr 22,7, A1),
such that the solutions of (4.8) satisfy:

|\U2(T+T,T)22(T)||i% = Hzg(T+T)||2 1 < I (4.16)

T+ T+T
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Proof. Multiplying the first equation in (4.8) by A3 w, we have
e+ 20wl + 20 w)
dt v 5 A Mt%
=2(g, ASw) = 2(f1(v), ASw) — 2(f(u) - f(v), ASw), (4.17)
where G(t) = |[w(t)||2 + ||w(®#)||3. It is easy to know that
3 3
1 4||g]?
2/(g, Abw)| < L3 + 2oL (418)
4 3 >\§
1
We can obtain from (4.5) and (1.3)
— 2(f1(v), A3 w)
<c/(1+ o) A% w|de
Q
<[ (1ol F)ao) B ([ abu)Fan)
Q
<+ ol lAbul
SCO(R, A1) [|wlls
1 2
<glwl} +C (4.19)
and
1
=2(f(u) = f(v), A5 w)
¢ / (1+ [l ™+ o)l AF w|da
Q
_ _ 1
<SC([[ul” 361y + 1017 2gn) lwll s [ ASw]| 2
L2 L™ 2
<C([llf= + [loll7™ ) llwll s || A3 wl]|, 25
<eollull, (4.20

where ¢g = ¢o(Q, R, A1), and we have used the embedding Vi — L3, Ve = L%,

Vi — LS.
Thus, inserting (4.18)-(4.20) into (4.17), we get

3 2
i <= D@l +C.

d t
FCW +2¢ ()

Integrating over [r,T + 7], we have

T+t

G(T+T)+2/ ({r,w(r)>Mr%dr

T

3 T+
G +@-3) [ luwlidr+cr

(4.21)

(4.22)
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Define
g(t) = HU)(t)Hé + II’W(t)Ilé + Hftllfw%

t

Applying Theorem 3.1, we get that

TH+T
Q(T+T)+6/ m(r)Hf"(s)wa%dr

3 T+t
<G(1) + (¢o — 5)/ ||w(7’)||2%d7’ + CT. (4.23)
That is
T+t
GT+71)<G(r)+a / G(r)ydr + CT. (4.24)

By Gronwall inequality, we conclude that
G(T +7) <e“"(G(1) + CT) = CTe ™.
Similarly,

|2+ 7|2, <GT+7)<CTe T =1.
’;_L.

T+r

We complete the proof. O
Moreover, for any &, € LiT (R*; V1), Cauchy problem (see [3,16,22])

0,6t = 0,6 +w, t>T,

(4.25)
57— = 67'7
has a unique solution &' € C([r, +00); L, (R"; V1)) and explicit expression:
/ w(t—r)dr, 0<s<t—r,
gis)={ b (4.26)

t—1
/ w(t—r)dr,s >t—T.
0

We denote by B; the time-dependent absorbing set obtained by Theorem 4.1.
Then, we set

Kr =TUs(T, 7)B,
here, IT: V; x L, (R*;V4) — L, (R*; V) is a projection operator.
Lemma 4.3. Let 23(t) = (w(t),&") be a solution of the problem (4.8). Suppose
that the monlinearity satisfies (1.3), (1.4) and (4.3)-(4.6). If g € L*(Q) and the

assumptions (Hy)-(Hy) hold, then for every given T > T, there exists a positive
constant Iy = I1(||B+|31), such that

(i) Kr is bounded in L7, (RT; Vi)n H) (RT;V1);

(i) sup [IE7(s)[F < In.
nTekr
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Proof. In view of (4.26), we deduce that

. w(t—s),0<s<t—T,
058" (s) = (4.27)
0, s>t—T.

And thanks to Lemma 4.2, it can be shown that (i) holds.
Next, it is easy to know that

s T—1
. / Hw(Tfr)Hldrg/ lw(T —7r)|1dr, 0 <s < T —,
1€ ()l < € 0%, 0 (4.28)

[ @ = s>T-7,
0

holds. From (4.16), (ii) is proved. O

Lemma 4.4. Let the assumptions of Lemma 4.3 hold. Then for every given T > T,
Us(T, )8, is relatively compact in Hi.

Proof. Indeed, applying Lemma 2.2 we know that Kp is relatively compact in
L, (R*T;V;). And using the assumption (Hs) once again, we obtain that Kr is
relatively compact in L, (R*;V;). Furthermore, from the compact embedding:
V% —<— V1, we conclude that

Us(T, 7)., is relatively compact in H-.

The proof is complete. O

Theorem 4.2. Let U(t,T) be the solution process of the problem (2.2), (2.3). Sup-
pose that the nonlinear term f satisfies (1.3), (1.4) and (4.3)-(4.6). If g € L*(Q)
and (Hy)-(Hy) hold, then the process U(t,T) possesses a time-dependent attractor
A= {As}ser in H. In addition, the attractor A is invariant, namely,

Ut,1)A; = Ay, YVt =T

Proof. Let B; = {B:(Rop) }+cr be the time-dependent absorbing set obtained from
Theorem 4.1. From Lemma 4.1 and Lemma 4.2, for a sufficiently large positive
constant Ry, it is easy to know that

the family Bt% = {Bt% (R1)}ter is pullback attracting,

here BJ (R1) = {€ll¢ll, 3 < Fu}.

3
In fact, combining (4.9) with (4.16), we deduce that

=

distys (U(t,7)B,, BS) < distygs (U (8, 7)B, + Us(t, 7)B,, B]

@l
~—

= dlbtthl (Ul (t; T)%‘H Bt%)
< OBl e =7,

here, 1 = min{A,1,4 iI[lf ]n(r)}.
re(r,t
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If there exists a sequence of regular data (u”,n") € H2 such that
(ur,n?) = (ur,nr) € B (R) C Hvl—a

then for the bounded (in H1) set B, = {B,(R)},cr corresponding to initial data
(ur,7n:), by Theorem 4.1, there exists a tg = to(R) such that

T <t —tg = U(t,7)B,(R) C B(Ry).
Thus,
diSthl (U(t, T)BT, %t) g We€1toe*€1(t77)’
where o =  sup ||U(t>T)BT||H§-

0<t—7’<t0
Applying Lemma 2.3 and Theorem 3.2, we can obtain that

distygy (U(t,7) By, B ) < C(| Byl )e =

Combining with Lemma 4.4, we have the process U (¢, T) corresponding to the prob-
lem (2.2), (2.3) is asymptotically compact in H}. Therefore, applying Theorem 2.1,
Theorem 2.2 and Theorem 3.2, we can show the existence and invariance of the
time-dependent attractor % = {A;}ier in H}, that is

U(t, T)AT = At7

and
A ={Z|t — Z(t) € H; and Z(t) is CBT of the process U(t,7)}.

We complete the proof. O

4.3. Regularity of the time-dependent attractors

Subsequently, we will prove that the time-dependent attractor 2 is bounded in H?
and the bound is independent of ¢.
To this end, we make a decomposition of the solution z(t) of the problem (2.2),
(2.3):
U(t, T)ZT = Z(t) = Zl(t) + Zg(t) = Ug(t, T)Z1T + U4(t, T)ZZT,

where 21 (t) and 25(t) solve the following equations respectively,
O + Adwv + Av + / pe(s)ACt(s)ds = 0,
0

0t + 05Ct = v(t),
U(I7t)‘39 :Oa U('TaT) :uT(I7t)7

Ct($7s)|6(z :07 CT(CE,S) :7]7—(.%,8),

(4.29)

where,

S
/v(t—r)dr, 0<s<t—r,
0

Ct(s) = t—7
CT(s—t—i-T)—i-/ v(t —r)dr, s >t —T,
0
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and
oo
Opw + Adyw + Aw + / wi(s) AL (s)ds + f(u) =
0
atgt + asﬁt = w(t)7 (430)
w(z,t)]og =0, w(z,7)=0,
gt(x’ 3)|8Q = 0) §T<xa S) = 07
where,
/ w(t—r)dr, 0<s<t—r,
€(s)=1{ ",
/ w(t—r)dr,s >t—1.
0
Be similar to the proof of Lemma 4.1, we can obtain easily that
1Us(t, )21, |l < Ce =77, (4.31)

Theorem 4.3. Let z3(t) be the solution of (4.30) with initial data z3(7) € A
satisfying ||22(7) |l = 0. And also let g € L*(Q). If the presumptions (1.3), (1.4)
and (Hy)-(Hy) hold, then {A;}ier is bounded in H? and the bound is independent
of t.

Proof. Taking the scalar product of (4.30) with —Aw, we find
d
71O+ 2[w@®)3 + 2" wB) sz + 2(f (w), ~Aw) = 2(g, ~Aw),  (4.32)

where G1(t) = [w(®)|I? + [[w(®)]3.
It is easy to know that

2g, ~Au) < 2gll* + 3wl

Due to the invariance of 2(, we obtain
U 7)e), g < C:

From (1.3), we can get that

~2(f(w), ~Au)| < C / (1 + )Vl | Vulde
C(1+ ||U||p 00 ) [ Vull 2 1V e

<O+ ||UI|% Dllaull¢ w2
<l +c,

9(1” 1)

where, we have used the embedding V4 — L8 [
Combmlng the above estimates, we obtain

V1 L7 and V; — LS.

d
G+ [wl3 +2(€", w()) a2 < C. (4.33)
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Integrating (4.33) over [r,t], we have

0+ / leo(r)Zdr + 2 / (€7 w(r)) aradr < Gu(7) + Ot — 7).

Thanks to Theorem 3.1, we get

@+ [ IoBar+6 [ sl @par <6 + 0 -7,

where,
G1(t) = [lw ()| + w13 + 161132
Namely,

+2§2/g1 +€2/g1 dT+C(t—T)

here, €2 = min{23, 1,5 1r[1f | K(r)}.
t
Applying Lemma 2.4, we deduce that

Ce®2
t < —Ez(t—T) .
Gi(t) < Gi(7)e Mg
Since
1
20l < Gi(0) < (14 1)ll2®)3
we get that
1
lz2(8) |32 < (1 + E)IlZz(T)Ilige*”“’” +
Ce®2
T
< 1.

Then, ||Us(t,7)22, [l3:2 is uniformly bounded with respect to t.

We set
Kf = {z[|2(t)ll72 < L}
We can obtain from (4.31) and (4.37) that

lim disty (U(t,7)A;, K7) =0, VteR.

T——00

Due to the invariance of the time-dependent attractor 2, we obtain

distys (A, K7) =0, VteR,

Cet2
PP

(4.34)

(4.35)

(4.36)

(4.37)

Hence, 4, C K2 = K?. Finally, we conclude that {A;};cg is bounded in H7 and

the bound is independent of ¢.
This finishes the proof.

O
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