
Journal of Applied Analysis and Computation Website:http://www.jaac-online.com

Volume 15, Number 5, October 2025, 2637–2651 DOI:10.11948/20240390

BIFURCATIONS AND EXACT SOLUTIONS OF
THE DERIVATIVE NONLINEAR
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Abstract For the derivative nonlinear Schrödinger equations DNLSI-
DNLSIII, by using the dynamical system method, we investigate the exact ex-
plicit solutions with the form q(x, t) = ϕ(ξ) exp [i(κx− ωt+ θ(ξ))], ξ = x− ct.
In the given parameter regions, we present exact explicit parametric represen-
tations for more than 14 solutions.
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1. Introduction

Integrable systems have a wide range of applications in many important physical
fields, such as water waves, plasma physics, field theory, and nonlinear optics. In the
study of integrable system, it is both fascinating and significant to identify certain
equations with physical meaning and investigate their properties. Starting from a
generalized Kaup–Newell spectral problem, a series of nonlinear evolution equations
are derived. In [1], Abhinav et al. proposed the following coupled equations by using
Lax pair:

qt = iqxx − (4β + 1)q2rx − 4βqqxr +
i

2
(1 + 2β)(1 + 4β)q3r2, (1.1)

rt = −irxx− (1 + 4β)r2qx − 4βrrxq −
i

2
(1 + 2β)(1 + 4β)q2r3, (1.2)

where q and r are two potential functions of Lax pair, x and t are the spatial variable
and temporal variable, respectively.

Nonlinear Schrödinger (NLS) equation is a generic soliton equation used in a
wide variety of fields, such as quantum field theory, weakly nonlinear dispersive
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water waves and nonlinear optics. The above coupled equation has three famous
Schrödinger-type reductions. One is the Kaup–Newell equation (see [11,17,35]):

iqt + qxx + i(|q|2q)x = 0. (1.3)

The second type is the Chen–Lee–Liu equation [5]:

iqt + qxx + i|q|2qx = 0. (1.4)

The last one takes the form [13]:

iqt + qxx − iq2q∗x +
1

2
q3(q∗)2 = 0, (1.5)

which is called the Gerjikov–Ivanov (GI) equation. q∗ denotes the complex conjuga-
tion of q. These three Schrödinger equations possess derivative-type nonlinearities,
which are called the derivative nonlinear Schrödinger equations (DNLSI, DNLSII,
DNLSIII, respectively) .

The equations (1.3)-(1.5) have been studied by many authors (see [2,3,7–10,12,
14–16,18, 19, 21–33]). The purpose of this paper is to find the new exact travelling
wave solutions in explicit form and dynamical properties shared by the three equa-
tions. Based on the research experience [6, 34, 36], we will employ the bifurcation
theory of dynamical system, which can not only help us to study the dynamics
of the solutions, but also help us to find the exact traveling wave solutions and
understand the reason of their smoothness change.

This paper is organized as follows. In section 2, The traveling wave systems of
the equations (1.3)-(1.5) are explored with traveling wave solution assumption. The
phase portraits of these systems and their bifurcations are studied. In section 3, in
given parameter regions, the solutions expressed in terms of parameters correspond-
ing to all bounded orbits are presented. In section 4, all exact explicit parameter
representations of equation (1.3)-(1.5) are derived.

2. The traveling wave systems and bifurcations of
phase portraits for equations DNLSI, DNLSII
and DNLSIII

For equations (1.3)-(1.5), in order to seek new traveling wave solutions, we set the
exact explicit solutions of the three equations with the form:

q(x, t) = ϕ(ξ) exp [i(κx− ωt+ θ(ξ))], ξ = x− ct, (2.1)

where c is the wave velocity and ϕ(ξ), θ(ξ) are two functions with variable ξ, and
κ, ω are two constant parameters.

(i) Substituting (2.1) into equation (1.3) and separating the real part and imag-
inary part, we have

− ϕ′′ + θ′ϕ3 + κϕ3 + (2κ− c)θ′ϕ+ (θ′)2ϕ+ (κ2 − ω)ϕ = 0, (2.2)

θ′′ϕ+ 2θ′ϕ′ + (2κ− c)ϕ′ + 3ϕ′ϕ2 = 0, (2.3)
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where “′” is the derivative with respect to ξ. Equation (2.3) can be transformed into
a second-order nonhomogeneous linear differential equation concerning the function
θ

θ′′ +
2ϕ′

ϕ
θ′ =

(c− 2κ)ϕ′

ϕ
− 3ϕ′ϕ. (2.4)

Solving the second-order differential equation (2.4), we have

θ′ = ϕ−2[
1

2
(c− 2κ)ϕ2 − 3

4
ϕ4 + C1]. (2.5)

Taking integral constant C1 = 0, we obtain

θ′ =
1

2
(c− 2κ)− 3

4
ϕ2, θ(ξ) =

(
1

2
c− κ

)
ξ − 3

4

∫
ϕ2(ξ)dξ. (2.6)

Substituting (2.6) into (2.2), we obtain the following planar dynamical system:

dϕ

dξ
= y,

dy

dξ
=

(
cκ− 1

4
c2 − ω

)
ϕ+

1

2
cϕ3 − 3

16
ϕ5. (2.7)

(ii) Substituting (2.1) into equation (1.4) and separating the real part and imag-
inary part, we obtain

− ϕ′′ + θ′ϕ3 + κϕ3 + (2κ− c)θ′ϕ+ (θ′)2ϕ+ (κ2 − ω)ϕ = 0, (2.8)

θ′′ϕ+ 2θ′ϕ′ + (2κ− c)ϕ′ + ϕ′ϕ2 = 0. (2.9)

Using the same method as solving (2.3) to solve the second-order differential equa-
tion (2.9), we can obtain the expression for θ in equation (2.9)

θ′ =
1

2
(c− 2κ)− 1

4
ϕ2, θ(ξ) =

1

2
(c− 2κ) ξ − 1

4

∫
ϕ2(ξ)dξ. (2.10)

Substituting (2.10) into (2.8), we obtain the following planar dynamical system:

dϕ

dξ
= y,

dy

dξ
=

(
cκ− 1

4
c2 − ω

)
ϕ+

1

2
cϕ3 − 3

16
ϕ5. (2.11)

(iii) Substituting (2.1) into equation (1.5) and separating the real part and
imaginary part, we have

ϕ′′ + (c− 2κ)θ′ϕ− (κ+ θ′)ϕ3 + (ω − κ2)ϕ− (θ′)2ϕ+
1

2
ϕ5 = 0, (2.12)

ϕ′ϕ2 − θ′′ϕ− 2ϕ′θ′ + (c− 2κ)ϕ′ = 0. (2.13)

Similarly, using the same method as solving (2.3) to solve the second-order differ-
ential equation (2.13), we can obtain the expression for θ in equation (2.13)

θ′ =
1

2
(c− 2κ) +

1

4
ϕ2, θ(ξ) =

1

2
(c− 2κ)ξ +

1

4

∫
ϕ2(ξ)dξ. (2.14)

Substituting (2.14) into (2.12), we obtain the following planar dynamical system
(2.11):

dϕ

dξ
= y,

dy

dξ
=

(
cκ− 1

4
c2 − ω

)
ϕ+

1

2
cϕ3 − 3

16
ϕ5.
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Based on the above calculations and analyses, we found that, although equations
(1.3)-(1.5) are three distinct mathematical and physical equations, their traveling
wave solutions ϕ(ξ) have same dynamical properties. Then, we can draw the fol-
lowing conclusion:

Lemma 2.1. The Schrödinger equations DNLSI, DNLSII, DNLSIII share the same
type of traveling wave system:

dϕ

dξ
= y,

dy

dξ
= αϕ+ βϕ3 − 3

16
ϕ5, (2.15)

where α = cκ− 1
4c

2 − ω, β = 1
2c for equation (1.3), (1.4), (1.5).

Remark 2.1. Systems (2.15) is a two-parameter planar dynamical system depend-
ing on the parameter group (α, β). Since the phase orbits defined by the vector
fields of systems (2.15) give rise to all exact solutions with the form (2.1) of equa-
tion (1.3)-(1.5), we need to investigate the bifurcations of phase portraits for system
(2.15) in the (ϕ, y)−phase plane as the parameters change (see [20]).

Set f(ϕ) = αϕ+ βϕ3 − 3
16ϕ

5, the Jacobian matrix of any equilibrium E(ϕ, y) of
system (2.15) take the form

J(E) =

 0 1

f ′(ϕ) 0

 .

The deter minant of J(E) is Det(J(E)) = −f ′(ϕ), and the trace always is Tr(J(E))
= 0. The real roots of f(ϕ) = 0 are illustrated in Fig 1.

(a) α > 0, β ∈
(−∞,∞).

(b) α = 0, β > 0. (c) α < 0, β >

√
3|α|
2 . (d) α < 0, β =

√
3|α|
2 .

(e) α < 0, β <

√
3|α|
2 . (f) α = 0, β < 0.

Figure 1. The real roots of f(ϕ) = 0.

Utilizing the qualitative theory of dynamical systems, we can easily get the
following lemma:



Bifurcations and exact solutions of the derivative . . . 2641

Lemma 2.2. Set ∆ = β2 + 3
4α, then the following conclusions hold.

(i) When α > 0, system (2.15) has three singular points O(0, 0) and E1,4(∓ϕ2, 0),

ϕ2 =
(

8
3

(
β +

√
∆
)) 1

2

, where O is saddle point and E1,4 are center points.

(ii) When α < 0, β <

√
3|α|
2 , system (2.15) has only one singular center point

O(0, 0).

(iii) When α < 0, β =

√
3|α|
2 , system (2.15) has one simple singular center

point O(0, 0) and two double equilibrium points E1,4

(
∓
√

8
3β, 0

)
, where E1,4 are

degenerate equilibriums.

(iv) When α < 0, β >

√
3|α|
2 , system (2.15) has five equilibrium points

E1(−ϕ2, 0), E2(−ϕ1, 0), O(0, 0) and E3(ϕ1, 0), E4(ϕ2, 0), ϕ1,2 =
(

8
3

(
β ∓

√
∆
)) 1

2

,

where E1,4 and O are center points, E2,3 are saddle points.
(v) When α = 0, system (2.15) has a degenerate equilibrium point O(0, 0).

Meanwhile, the bifurcations of the phase portraits of traveling wave system
(2.15) are shown in Figure 2 (a)-(g).

(a) α > 0, β ∈
(−∞,∞).

(b) α = 0, β > 0. (c) α < 0, β >
√

|α|. (d) α < 0, β =
√

|α|.

(e) α < 0,

√
3|α|
2 <

β <
√

|α|.
(f) α < 0, β =

√
3|α|
2 (g) α < 0, β <

√
3|α|
2 .

Figure 2. The bifurcations of phase portraits of system (2.15).

Remark 2.2. From the phase portraits depicted in Figure 2, we observe that in
the (ϕ, y)−phase plane, homoclinic orbits, periodic orbits, and heteroclinic orbits

coexist only when α < 0,

√
3|α|
2 < β. When α < 0,

√
3|α|
2 ≥ β, homoclinic orbits

do not exist and when α ≥ 0, heteroclinic orbits do not exist, respectively. This
implies that for system (2.15), solitary waves, periodic waves and kink waves can

simultaneously exhibit only under the condition α < 0,

√
3|α|
2 < β. When α <
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0,

√
3|α|
2 ≥ β solitary waves do not exist and when α ≥ 0, kink waves do not exist,

respectively.

3. Exact parametric representations of the solutions
defined by all bounded orbits of system (2.15)

The Hamiltonian system (2.15) has the following first integral:

H(ϕ, y) = y2 − αϕ2 − 1

2
βϕ4 +

1

16
ϕ6 = h. (3.1)

Now, write that h0 = H(0, 0) = 0,

h1 = H(ϕ1, 0) =
64

27

(
∆

3
2 − β

(
β2 +

9

8
α

))
,

h2 = H(ϕ2, 0) =
64

27

(
−∆

3
2 − β

(
β2 +

9

8
α

))
.

Obviously, when β =
√
−α, we have h2 = 0.

We see from (3.1) that

y2 = h+ αϕ2 +
1

2
βϕ4 − 1

16
ϕ6. (3.2)

By using the first equation of (2.15), we obtain

1

4
ξ =

∫ ϕ

ϕ0

dϕ√
16h+ 16αϕ2 + 8βϕ4 − ϕ6

=

∫ ψ

ψ0

dψ

2
√
ψ(16h+ 16αψ + 8βψ2 − ψ3)

,

(3.3)

where ψ = ϕ2. Thus, we can calculate the exact parametric representations defined
by the bounded orbits of system (2.15).

In addition, we see from (2.6), (2.10) and (2.14) that the exact solutions of
equation (1.3), (1.4) and (1.5) with the form (2.1) contain two function ϕ(ξ) and θ(ξ)
which depends on

∫
ϕ2(ξ)dξ. So that, we need to use the exact solutions of system

(2.15) to derive the exact parametric representations of the function
∫
ϕ2(ξ)dξ.

3.1. Exact periodic solutions and homoclinic solutions of sys-
tem (2.15) when α > 0, β ∈ (−∞,∞) in Figure 2 (a).

(i) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (h2, 0), there exist
two families of periodic orbits of system (2.15), enclosing E1(−ϕ2, 0) and
E2(ϕ2, 0), respectively, (see Figure 2 (a)). Now, (3.3) can be written as 1

2ξ =∫ ψ
ψb

dψ√
(ψa−ψ)(ψ−ψb)ψ(ψ+ψd)

, where ψa = ϕ2a and ψb = ϕ2b , ϕa and ϕb are two inter-

section points of the periodic orbit on the right with the ϕ-axis respectively, ψ+ψd
is one of the remaining factors after factorization. It gives rise to the following exact
parametric representations of two families of periodic orbits of system (2.15):

ϕ(ξ) = ∓
√
ψb

(1− α̂2
1sn

2(Ω1ξ, k))
1
2

, (3.4)
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where α̂2
1 = 1 − ψb

ψa
, k2 =

α̂2
1ψd

ψb+ψd
,Ω1 = 1

4

√
ψa(ψb + ψd), sn(u, k), cn(u, k),dn(u, k)

are the Jacobian elliptic functions (see [4]).
By using (17), we have∫
ϕ2(ξ)dξ =

∫ (
ψb

1− α̂2
1sn

2(Ω1ξ, k)

)
dξ = ψbΠ

(
arcsin(sn(Ω1ξ, k)), α̂

2
1, k
)
. (3.5)

(ii) Corresponding the level curves defined by H(ϕ, y) = 0, there exist two
homoclinic orbits of system (2.15), enclosing E1(−ϕ2, 0) and E2(ϕ2, 0), respectively,

(see Figure 2 (a)). In this case, (3.3) becomes that 1
2ξ =

∫ ψM

ψ
dψ

ψ
√

(ψM−ψ)(ψ+ψi)
,

where ψM = 4(β +
√
β2 + α), ψi = 4(

√
β2 + α − β). Hence, we obtain the exact

parametric representations of two homoclinic orbits:

ϕ(ξ) = ∓
(

2ψMψi
(ψM + ψi) cosh(ω0ξ)− (ψM − ψi)

) 1
2

, (3.6)

where ω0 = 1
2

√
ψMψi.

By using (3.6), we obtain∫
ϕ2(ξ)dξ =

∫ (
2ψMψi

(ψM + ψi) cosh(ω0ξ)− (ψM − ψi)

)
dξ

= 4arctan

(√
ψM
ψi

tanh

(
1

2
ω0ϕ

))
.

(3.7)

(iii) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0,∞), there
exists a family of periodic orbits of system (2.15), enclosing three equilibrium points

(see Figure 2 (a)). Now, (3.3) has the form 1
2ξ =

∫ ψ
0

dψ√
(ψ1−ψ)ψ[(ψ−b1)2+a21]

. It follows

the following exact parametric representations of the family of global periodic orbits:

ϕ(ξ) =

(
α1 +

β1
1 + α̂2cn(Ω2ξ, k)

) 1
2

, (3.8)

where A2
1 = (ψ1 − b1)

2 + a21, B
2
1 = b21 + a21, k

2 =
(ψ2

1−(A1−B1)
2

4A1B1
, α1 = −ψ1B1

A1−B1
, β1 =

2A1B1

A2
1−B2

1
, α̂2 = A1−B1

A1+B1
,Ω2 = 1

2

√
A1B1.

(3.8) follows that∫
ϕ2(ξ)dξ =

∫ (
α1 +

β1
1 + α̂2cn(Ω2ξ, k)

)
dξ

= α1ξ +
β1

1− α̂2

[
Π

(
arcsin(sn(Ω2ξ, k)),

α̂2

α̂2 − 1
, k

)
− α̂2f1

]
,

(3.9)

where Π is the the third kind of elliptic integral, the function f1 can be found in [4].

3.2. Exact periodic solutions and homoclinic solutions of sys-
tem (2.15) when α = 0, β > 0 in Figure 2 (b).

In this case, ϕ2 = 4
√
3β
3 , h2 = − 128β3

27 .
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(i) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (h2, 0), there
exist two families of periodic orbits of system (2.15), enclosing E1(−ϕ2, 0) and
E2(ϕ2, 0), respectively, (see Figure 2 (b)). These periodic orbits have the same
exact parametric representations as (3.4).

(ii) Corresponding the level curves defined by H(ϕ, y) = 0, there exist two
homoclinic orbits of system (2.15), enclosing E1(−ϕ2, 0) and E2(ϕ2, 0), respectively,

(see Figure 2 (b)). In this case, (3.3) becomes that 1
4ξ =

∫ 8β

ψ
dψ

ψ
√

(8β−ψ)ψ
. Thus,

we have the following exact parametric representations of two homoclinic orbits of
system (2.15):

ϕ(ξ) = ∓ (8β)
3
2√

(8β)2 + ξ2
. (3.10)

(3.10) gives rise to∫
ϕ2(ξ)dξ =

∫
(8β)3dξ

(8β)2 + ξ2
= (8β)2 arctan

(
ξ

8β

)
. (3.11)

(iii) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0,∞), there
exists a global family of periodic orbits of system (2.15), enclosing three equilibrium
points (see Figure 2 (b)). These periodic orbits have the same exact parametric
representations as (3.8).

3.3. Exact periodic solutions, homoclinic and heteroclinic so-
lutions of system (2.15) when α < 0, β >

√
|α| in Figure 2

(c).

In this case, we have h2 < 0 < h1.
(i) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (h2, 0), there

exist two families of periodic orbits of system (2.15), enclosing E1(−ϕ2, 0) and
E4(ϕ2, 0), respectively, (see Figure 2 (c)). Now, (3.3) can be written as 1

2ξ =∫ ψ
ψb

dψ√
(ψa−ψ)(ψ−ψb)ψ(ψ+ψd)

. It gives rise to the same exact parametric representa-

tions of two families of periodic solutions of system (2.15) as (3.4).
Especially, the level curves defined by H(ϕ, y) = 0 are two periodic orbits en-

closing the singular points E1(−ϕ2, 0) and E2(ϕ2, 0), respectively. In this case,

in (3.4), we have ψa = 4(β +
√
β2 + α), ψb = 4(β −

√
β2 + α), ψd = 0, α̂2

1 =

1 − |α|(
β+

√
β2+α

)2 , k2 = 0,Ω1 =
√
|α|. Hence, the two periodic orbits have the fol-

lowing exact parametric representations:

ϕ(ξ) = ∓
√
ψb(

1− α̂2
1 sin

2(
√
|α|ξ)

) 1
2

. (3.12)

(3.12) gives that∫
ϕ2(ξ)dξ =

∫
ψbdξ

1− α̂2
1 sin

2(
√
|α|ξ)

=
ψb√

|α|(1− α̂2
1)

arctan

(√
1− α̂2

1 tan
(√

|α|ξ
))

. (3.13)
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(ii) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0, h1), there
exist three families of periodic orbits of system (2.15), enclosing the origin O(0, 0)
and E1(−ϕ2, 0), E4(ϕ2, 0), respectively, (see Figure 2 (c)). Now, (3.3) can be written

as 1
2ξ =

∫ ψ
0

dψ√
(ψa−ψ)(ψb−ψ)(ψc−ψ)ψ

and 1
2ξ =

∫ ψ
ψb

dψ√
(ψa−ψ)(ψ−ψb)(ψ−ψc)ψ

. The family

of periodic orbits enclosing the origin has the exact parametric representation as
follows:

ϕ(ξ) =

√
ψa|α̂3|sn(Ω3ξ, k)

(1− α̂2
3sn

2(Ω3ξ, k))
1
2

, (3.14)

where α̂2
3 = −ψc

ψa−ψc
, k2 =

−α̂2
3(ψa−ψb)
ψb

,Ω3 = 1
4

√
(ψa − ψc)ψb.

We see from (3.14) that∫
ϕ2(ξ)dξ =

∫
ψaα̂

2
3sn

2(Ω3ξ, k)dξ

1− α̂2
3sn

2(Ω3ξ, k)

=
ψa

Ω̂3

[
Π
(
arcsin(sn(Ω3ξ, k)), α̂

2
3, k
)
− F (arcsin(sn(Ω3ξ, k)), k)

]
,

(3.15)

where F is the first kind of elliptic integral, and Π is the third kind of elliptic
integral.

The two families of periodic orbits enclosing the points E1 an E4 have the exact
parametric representations as follows:

ϕ(ξ) = ∓
(
ψc +

ψb − ψc
1− α̂2

4sn
2(Ω3ξ, k)

) 1
2

, (3.16)

where α̂2
4 = ψa−ψb

ψa−ψc
, k2 =

α̂2
4ψc

ψb
.

(3.16) gives that∫
ϕ2(ξ)dξ =

∫ (
ψc +

ψb − ψc
1− α̂2

4sn
2(Ω3ξ, k)

)
dξ

= ψcξ + (ψb − ψc)Π
(
arcsin(sn(Ω3ξ, k)), α̂

2
4, k
)
. (3.17)

(iii) Corresponding the level curves defined by H(ϕ, y) = h1, there exist two
homoclinic orbits enclosing E1(−ϕ2, 0) and E4(ϕ2, 0), respectively, and two hete-
roclinic orbits enclosing the origin O(0, 0) (see Figure 2 (c)). In this case, (3.3)

becomes that 1
2ξ =

∫ ψ
0

dψ

(ψ1−ψ)
√

(ψM−ψ)ψ
and 1

2ξ =
∫ ψM

ψ
dψ

(ψ−ψ1)
√

(ψM−ψ)ψ
. Thus,

the two heteroclinic orbits has the exact parametric representations:

ϕ(ξ) = ∓
√
ψMψ1 tanh(ω1ξ)(

(ψM − ψ1) + ψ1 tanh
2(ω1ξ)

) 1
2

, (3.18)

where ω1 = 1
2

√
(ψM − ψ1)ψ1.

We see from (3.18) that∫
ϕ2(ξ)dξ =

∫
ψMψ1 tanh

2(ω1ξ)dξ

(ψM − ψ1) + ψ1 tanh
2(ω1ξ)

= ψ1ξ − 2arctan

(√
ψ1

ψM − ψ1
tanh

(
1

2
ξ

))
.

(3.19)
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The two homoclinic orbits has the exact parametric representations:

ϕ(ξ) = ∓
(
ψ1 +

2(ψM − ψ1)ψ1

ψM cosh(ω1ξ) + 2ψ1 − ψM

) 1
2

. (3.20)

(3.20) follows that∫
ϕ2(ξ)dξ =

∫ (
ψ1 +

2(ψM − ψ1)ψ1

ψM cosh(ω1ξ) + 2ψ1 − ψM

)
dξ

= ψ1ξ + 2arctan

(√
ψM − ψ1

ψ1
tanh

(
1

2
ω1ξ

))
.

(3.21)

(iv) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0,∞), there
exists a global family of periodic orbits of system (2.15), enclosing five equilibrium
points (see Figure 2 (c)). These periodic orbits have the same exact parametric
representations as (3.8).

3.4. Exact periodic solutions, homoclinic and heteroclinic so-
lutions of system (2.15) when α < 0, β =

√
|α| in Figure 2

(d).

In this case, we have ϕ1 = 2
3

√
3|α| 14 , ϕ2 = 2|α| 14 , ϕM = 4√

3
|α| 14 , h2 = 0, h1 = 16

27 |α|
3
2 .

(i) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0, h1), there
exist three families of periodic orbits of system (2.7), enclosing the origin O(0, 0)
and E1(−ϕ2, 0), E4(ϕ2, 0), respectively, (see Figure 2 (d)). These periodic orbits
have the same exact parametric representations as (3.9) and (3.10).

(ii) Corresponding the level curves defined by H(ϕ, y) = h1, there exist two
homoclinic orbits enclosing E1(−ϕ2, 0) and E4(ϕ2, 0), respectively, and two hete-
roclinic orbits enclosing the origin O(0, 0) (see Figure 2 (d)). In this case, (3.3)

becomes that 1
2ξ =

∫ ψ
0

dψ

(ψ1−ψ)
√

(ψM−ψ)ψ
and 1

2ξ =
∫ ψM

ψ
dψ

(ψ−ψ1)
√

(ψM−ψ)ψ
. There-

fore, the two heteroclinic orbits has the exact parametric representations:

ϕ(ξ) = ∓
(
ψ1 −

2ψ1(ψM − ψ1)

ψM cosh (ω1ξ) + (ψM − 2ψ1)

) 1
2

. (3.22)

(3.22) follows that∫
ϕ2(ξ)dξ =

∫ (
ψ1 −

2(ψM − ψ1)ψ1

ψM cosh(ω1ξ) + 2ψ1 − ψM

)
dξ

= ψ1ξ − 2 arctan

(√
ψ1

ψM − ψ1
tanh

(
1

2
ω1ξ

))
.

(3.23)

The two homoclinic orbits have the same exact parametric representations as
(3.20).

(iii) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (h1,∞), there
exists a family of periodic orbits of system (2.15), enclosing five equilibrium points
(see Figure 2 (d)). These periodic orbits have the same exact parametric represen-
tations as (3.8).
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3.5. Exact periodic solutions, homoclinic and heteroclinic so-

lutions of system (2.15) when α < 0,

√
3|α|
2

< β <
√
|α| in

Figure 2 (e).

In this case, we have 0 < h2 < h1.
(i) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0, h2], there

exists a family of periodic orbits of system (2.15), enclosing the origin O(0, 0) (see
Figure 2 (e)). When 0 < h < h2, these periodic orbits have the same exact para-
metric representations as (3.8).

(ii) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ [h2, h1), there
exist three families of periodic orbits of system (2.15), enclosing the origin O(0, 0)
and E1(−ϕ2, 0), E4(ϕ2, 0), respectively, (see Figure 2 (e)). The family of periodic
orbits enclosing the origin has the exact parametric representations as (3.14). The
two families of periodic orbits enclosing the points E1 and E4,respectively, have the
exact parametric representations as (3.16).

Notice that the level curve defined by H(ϕ, y) = h2 contain a periodic orbit
enclosing the origin O(0, 0) and two singular points E1(−ϕ2, 0), E4(ϕ2, 0). In this
case, in (3.16), ψa = ψb = ϕ22, k

2 = 0, α̂2
4 = −ψc

ϕ2
2−ψc

,Ω3 = 1
4

√
(ϕ22 − ψc)ϕ22. The

periodic orbit has the exact parametric representation:

ϕ(ξ) =
ϕ2|α̂4| sin(Ω3ξ)

(1− α̂2
4 sin

2(Ω3ξ))
1
2

. (3.24)

We see from (3.24) that∫
ϕ2(ξ)dξ =

∫
ψ2α̂

2
4 sin

2(Ω3ξ)dξ

1− α̂2
4 sin

2(Ω3ξ)

= −ψ2ξ +
ψ2

Ω3(1− α̂2
4)

arctan

(√
1− α̂2

4 tan (Ω3ξ)

)
. (3.25)

(iii) Corresponding the level curves defined by H(ϕ, y) = h1, there exist two
homoclinic orbits enclosing E1(−ϕ2, 0) and E4(ϕ2, 0), respectively, and two hetero-
clinic orbits enclosing the origin O(0, 0) (see Figure 2 (e)). These orbits have the
same exact parametric representations as (3.18) and (3.20).

(iv) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (h1,∞), there
exists a family of periodic orbits of system (2.7), enclosing six equilibrium points (see
Figure 2 (e)). These periodic orbits have the same exact parametric representations
as (3.8).

3.6. Exact heteroclinic solutions of system (2.15) when α <

0, β =

√
3|α|
2

in Figure 2 (f).

In this case, we have that ϕ1 = ϕ2 = (
4
√

3|α|
3 )

1
2 , h1 = h2 = − 4

√
3|α|

3
2

9 .
(i) Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0, h1) , (h1,∞) ,

there exist two families of periodic orbits of system (2.15) (see Figure 2 (f)). These
periodic orbits have the same exact parametric representations as (3.8).

(ii) Corresponding the level curves defined by H(ϕ, y) = h1 = h2, there exist two
heteroclinic orbits connecting two double equilibrium points of system (2.15) (see
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Figure 2 (f)). Now, (3.3) can be written as 1
2ξ =

∫ ψ
0

dψ√
ψ(ψ1−ψ)3

. Thus, it follows

the exact parametric representations:

ϕ(ξ) = ∓
(

ψ3
1ξ

2

16 + (ψ1ξ)2

) 1
2

. (3.26)

We see from (3.26) that∫
ϕ2(ξ)dξ =

∫
ψ3
1ξ

2dξ

16 + (ψ1ξ)2
= ψ1ξ − 4 arctan

(
1

4
ψ1ξ

)
. (3.27)

3.7. Exact periodic solution family of system (2.15) when α <

0, β <

√
3|α|
2

in Figure 2 (g).

Corresponding the level curves defined by H(ϕ, y) = h, h ∈ (0,∞), there exist a
family of periodic orbits of system (2.15) (see Figure 2 (g)). These periodic orbits
have the same exact parametric representation as (3.8).

3.8. Exact periodic solution family of system (2.15) when α =
0, β < 0 in Figure 2 (h).

In this case, we have y2 = h + 1
2βϕ

4 − 1
16ϕ

6 = h + 1
2βψ

2 − 1
16ψ

3. There exists a
periodic orbit family of system (2.15) enclosing the origin O(0, 0) (see Figure 2 (h)).

(i) When h ∈
(
0, 6427 |β|

)
, (3.3) can be written as 1

2ξ =
∫ ψ
0

dψ√
(ψa−ψ)ψ(ψ−ψc)(ψ−ψd)

,

where ψd < − 16
3 |β| < ψc < 0 < ψa. Thus, we have the exact parametric represen-

tation of the periodic family as follows:

ϕ(ξ) =

(
ψc −

ψc
1− α̂2

5sn
2(Ω5ξ, k)

) 1
2

, (3.28)

where α̂2
5 = ψa

ψa−ψc
, k2 =

α̂2
5(ψc−ψd)
−ψd

,Ω5 = 1
4

√
(−ψd)(ψa − ψc).

(3.28) gives that∫
ϕ2(ξ)dξ =

∫ (
ψc −

ψc
1− α̂2

5sn
2(Ω5ξ, k)

)
dξ

= ψcξ − ψcΠ
(
arcsin(sn(Ω5ξ, k)), α̂

2
5, k
)
. (3.29)

(2) When h = 64
27 |β|, (3.3) can be written as 1

2ξ =
∫ ψ
0

dψ

(ψ+ 16
3 |β|)

√
( 8

3 |β|−ψ)ψ
. It

gives rise to the following periodic solution:

ϕ(ξ) =

−16

3
|β|+ 32

5− sin
(√

128
3 |β| (ξ + ξ0)

)


1
2

, (3.30)



Bifurcations and exact solutions of the derivative . . . 2649

where ξ0 = sin−1
(

5|β|−6
|β|

)
. (3.30) implies that

∫
ϕ2(ξ)dξ =

∫ −16

3
|β|+ 32

5− sin
(√

128
3 |β| (ξ + ξ0)

)
 dξ

= −16

3
|β|ξ + 2√

|β|
arctan

5 tan
(√

32
3 |β|(ξ + ξ0)

)
− 1

2
√
6

 .

(3.31)

(iii) When 64
27 |β| < h < ∞, the periodic solution family has the same exact

parametric representation as (3.8).

4. Conclusion

The main result in the present paper is summarized as follows.

Theorem 4.1. Write that α = cκ − 1
4c

2 − ω, β = 1
2c for equations (1.3), (1.4)

and (1.5). Consider the solutions of equations (1.3),(1.4) and (1.5) with the form
q(x, t) = ϕ(ξ) exp [i(κx− ωt+ θ(ξ))]. Then, the following conclusions hold.

(i) The function ϕ(ξ) is the solutions of the planar Hamiltonian system (2.15)
which has the bifurcations of phase portraits given by Figure 2.

(ii) For equation (1.3), the function θ(ξ) = θ1(ξ) =
(
1
2c− κ

)
ξ− 3

4

∫
ϕ2(ξ)dξ; For

equation (1.4), the function θ(ξ) = θ2(ξ) =
(
1
2c− κ

)
ξ − 1

4

∫
ϕ2(ξ)dξ; For equation

(1.5), the function θ(ξ) = θ3(ξ) =
(
1
2c− κ

)
ξ + 1

4

∫
ϕ2(ξ)dξ.

(iii) System (2.15) has 14 exact explicit solutions ϕ(ξ) with the parametric rep-
resentations given by (3.4), (3.6), (3.8), (3.10), (3.12), (3.14), (3.16), (3.18), (3.20),
(3.22),(3.24), (3.26), (3.28) and (3.30).

(iv) Corresponding the above solutions, integrals
∫
ϕ2(ξ)dξ have 14 exact explicit

formulas with the parametric representations given by (3.5), (3.7), (3.9), (3.11),
(3.13), (3.15), (3.17), (3.19), (3.21), (3.23),(3.25), (3.27), (3.29) and (3.31).
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