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CORRECTIONS TO ERRORS IN THE PAPER
“HADAMARD-TYPE INEQUALITIES FOR
s-CONVEX FUNCTIONS I” AND NEW
INTEGRAL INEQUALITIES OF s-CONVEX
FUNCTIONS IN THE SECOND SENSE
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Abstract In the work, the authors correct some errors appeared in the paper
“S. Hussain, M. I. Bhatti and M. Igbal, Hadamard-type inequalities for s-
convez functions I, Punjab Univ. J. Math. (Lahore), 41 (2009), 51-60” and
establish some new integral inequalities of s-convex functions in the second
sense.
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1. Introduction

Let I C R be an interval. A real-valued function f : I — R is said to be convex (or
concave, respectivey) on I if the inequality

fltz+ (1 —t)y) <tf(x)+ (1 -0 f(y)

holds for all z,y € I and t € [0,1]. Suppose that f : I C R — R is a convex
function on an interval I such that a,b € I and a < b. Then the well-known
Hermite-Hadamard integral inequality reads that

() <5t [ @< 100,

2 b—a 2

In [1,4], the concept of s-convex functions was innovated below.
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Definition 1.1 ( [1,4]). Let s € (0, 1] be a real number. A function f: R — Ry =
[0, 00) is said to be s-convex in the second sense if the inequality

fltz+ (1 —=t)y) <t°f(x) + (1 -1)°f(y)
holds for all z,y € I and t € [0, 1].

It is easy to see that for s = 1 the s-convexity reduces to the classical and
ordinary convexity of functions defined on Ry.

The Hermite-Hadamard type integral inequalities for s-convex functions in the
second sense are a very active research topic. We now recall some of them as follows.

Theorem 1.1 ( [9]). Let f : I C Ry — R be differentiable on I°, the numbers
a,b € I with a <b, and f' € L1([a,b]). If |f'|? is s-convex on [a,b] for some fixed
s € (0,1] and g > 1, then

R ST L

L (T T e

Theorem 1.2 ( [11]). Let f: I C Ry — R be differentiable on I°, let a,b € T with
a <b, and let f' € L1([a,b]). If |f'| is s-convex on [a,b] for some s € (0,1], then

mf( )+4f<“”’) T }

<(S— )65+1+2X5s+2_2><35+2+2
= 6+2(s + 1)(s + 2)

(b— a)(lf’(a)l +1/0)]).

For some other related papers on Hermite-Hadamard type inequalities for con-
vex functions and s-convex functions, please refer to [3,7,14,15].

In [5], Hussain and his two coauthors studied the Hermite-Hadamard type in-
equality of s-convex functions in the second sense, established several Hermite—
Hadamard type inequalities for differentiable and twice differentiable functions
based on concavity and s-convexity, and applied to construct some special means.

2. Hermite—Hadamard type inequalities by Hussain
and his coauthors

Hussain and his two coauthors introduced in [5] the following lemma.

Lemma 2.1 ( [5, Lemma 3]). Let I C R denote an interval, f : I — R be a
differentiable function on I° (the interior of I), and a,b € I° with a < b. If
'€ Li([a,b]), then

(‘”b) =IRCE

2/011—4 (ta+(1—t) ;r >+f(tb+(1—t)a;rb>}dt~ (2.1)
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Using Lemma 2.1, Hussain and his coauthors established the following Theo-
rems 2.1 to 2.4 in the paper [5].

Theorem 2.1 ( [5, Theorem 4]). Let f : I C Ry — R be a differentiable function
on I° such that f" € L1([a,b]), where a,b € I with a < b. If |f'|? is an s-convex
function in the second sense on [a,b] for some fized s € (0,1] and ¢ > 1, then

atb e [/ (@) + (s + ) (252
‘f( ) 7)dr| < < ) { [(s+1)(s+2)]1/a
RCGRIECORATHOTNNAY
[(s + 1) (s + 2)]/
Remark 2.1. If ¢ > 1, the factor (1) Yp n [5, Theorem 4] should be modified to

(5)1 s, Otherwise, if ¢ = 1, the number p = ﬁ is meaningless.

Theorem 2.2 ( [5, Theorem 5]). Let f : I C Ry — R be a differentiable function
on I° such that f' € L1([a,b]), where a,b € I with a < b. If |f'|7 is a concave

function on [a,b] for ¢ > 1, then
3a+b a+3b
! /
() ()

a+b

()
- 9

where p = i

Theorem 2.3 ( [5, Theorem 6]). Let f : I C Ry — R be a differentiable function

on I° such that " € Li([a,b]), where a,b € I with a < b. If |f'|7 is an s-convex

function in the second sense on [a,b] for some fized s € (0,1] and g > 1, then

‘f(a—kb)
§4<(£; 3)12/17 ( ; 1)1/q

<[l () ( (5

where p = #.
Theorem 2.4 ( [5, Theorem 7]). Let f :C Ry — R be a differentiable function on
I° such that f' € Li([a,b]), where a,b € I with a < b. If |f'|7 is an s-concave
function on [a,b] for some fized s € (0,1] and ¢ > 1, then
x)dx

()
J"(ZJ”C‘I’))\+ ()]

< b=a 6o 1)/q[
Alp+1)H/P
We note that many typos in the above lemma and theorems quoted from the
paper [5] have been corrected.
In this article, we will modify and correct the conditions and errors in Theo-
rems 2.1 to 2.4 about s-convex functions in the second sense.

(b—a)?
x)dx| < 4(p+1)1/p{

" f’(b)q)l/q],

where p = q%.
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3. Errors and two lemmas

We first give a counterexample of [5, Lemma 3], that is, Lemma 2.1 mentioned
above in this paper.

Example 3.1. Letting f(x) = 22 for z € [a,b] and taking a = 0 and b = 1 in
Lemma 2.1, then

f(a;b) —bla/abf(:c)dx— (b;a)Q /Ol(l—t)[f’<ta+(1—t)a;b>
+f’<tb+(1—t)a;_b)] dt = —%.

Therefore, we can be sure that Lemma 2.1, that is, [5, Lemma 3], is not valid.
In [13, Remark 1], among other things, the invalidness of the integral identity
in [5, Lemma 3] has been pointed out and alternatively corrected.

Making use of [8, Lemma 2.1], we correct [5, Lemma 3] as follows.

Lemma 3.1. Let f: I CR — R be a differentiable function on I° and let a,b € I
with a < b. If f' € Li([a,b]), then

f(a;b>bfa/:f<x>dx
—b;a/ol(lt)[f’(taJr(lt)a;b)f’(thr(lt)a;Lb)]df- (3.1)

Example 3.2. Let f(z) = 22 for = € [a,b]. Then |f'(x)|? is an s-convex function
in the second sense on [a,b] for s =1 and ¢ = 1.
If setting a = 0, b = 12.12, and s = ¢ = 1 in Theorem 2.1, then

(522) st o

1
:72(1) — a)2

=12.2412

>12.12

@)+ 2] (40)| N 2| £ (<E2) |+ | (b))
- 6 6 '

If letting a = 0, b = 6, and s = ¢ = 1 in Theorem 2.1, then

b b
‘f(a;_ >_ bia/a f(x)da: :%(b_a)Q
=3
<6
_ @2 (5] 2 (2] + )
- : ., | |

These numerical computations reveal that Theorems 2.1 to 2.4 are not necessarily
true.



2656 J.-Y. Wang, H.-P. Yin, B.-Y. Xi & F. Qi

Remark 3.1. Comparing the factors (b_f)z and bfT“ on the right hand sides of the
integral equalities (2.1) and (3.1), we can illustrate that Theorems 2.3 to 2.4 are
not necessarily true.

Now we establish the Jensen type integral inequalities for s-concave functions.

Lemma 3.2. Let ¢ : [a,b] — Ry be continuous and g,p : [a b] — R be integrable

functions with g(x) € [a,b], p(z) > 0 for z € [a,b], and f p(x)dx > 0. If ¢ is
an s-concave function in the second sense for some s € (0, 1], then the Jensen type

integral inequality
(fp ) (a )fb> (9(x)) dz 52)
Iy p(@) [J, plx) da]’

Proof. Let zo < z; < --+ < x, be a partition of [a, b] and denote Ax; = x; —x;_1
fori=1,2,...,n such that max;<;<,{Az;} < 1. In this way, we see that (Ax;)® >
Az; for i = 1,2,...,n. By the s-concavity in the second sense of ¢ on la,b],
see [16, Corollary 4], we obtain

Dz P(@i)g(xi) A Doic[p(@i) Azi]* p(g(w:))
S0< Z?:l p(xl)Aml ) = [Zz 1p 1‘7 Axv]s
s Ei el o) oy
a [Zz 1 (@ AasL]

Further taking the limit of n — oo on both sides of the above inequality leads to
the inequality (3.2). The proof of Lemma 3.2 is completed. O

18 sound.

4. Modifications and corrections of integral inequal-
ities of s-convex functions in the second sense

In this section, we modify and correct the conditions and errors in Theorems 2.1

to 2.4 about s-convex functions in the second sense.

Theorem 4.1 (Modifications and corrections of Theorem 2.1). Let f : I CR — Ry
be a differentiable function on I° such that f' € Ly1([a,b]), where a,b € T with a < b.
If | f'|2 is an s-convex function in the second sense on [a,b] for some fized s € (0,1]
and q > 1, then

a+b
V( )5
b—a/1l 1-1/q
< —
<7(3)

U5 @17+ G+ Dl (58]
[(s+1)(s + 2)]*/

_|_

[(s + )|/ (<52) | + 7))
[(s 4+ 1)(s +2)]V/9 '
(4.1)
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Proof. Since |f’|? is s-convex in the second sense on [a, b], using Lemma 3.1 and
by the Holder integral inequality, we have

(%) _bia/abf(l’)d:c
Sb4aAul_ﬂ[fGﬂ+u_ﬂa;bN+
b;a{/ol(lt)dt]ll/q
(Lol ol 52
+ [/01(1—t)(t 7))+ (1 —1)° /<a—2|—b> q> dtr/q}

b (1) L sl
T4 \2 [(s+1)(s +2)]/a
L s+l + e
[(5+ 1)(s + 2)] /s |

f’<tb+(1—t)a;rb)u dt

IA

The proof of Theorem 4.1 is completed. O

Theorem 4.2 (Generalization of Theorem 2.3). Let f : I CR — Rq be a differen-
tiable function on I° such that f' € Li([a,b]), where a,b € I with a <b. If |f'|? is
an s-convex function in the second sense on [a,b] for some fized s € (0,1] and for
q>1andqg>10>0, then

e
b

( q—1 ))1—”"{[s8<s,e+1>|f'<a>|q+yf'(a;bw v

4 \2¢—(+1 py
s+4+1 )

where B(u,v) denotes the classical beta function defined by

1
B(u,v) = / 271 = 2)" "z, R(u) > 0,R(v) >0
0
Proof. Similar to the proof of the inequality (4.1) in Theorem 4.1, using Lemma

3.1, employing the Holder integral inequality, and utilizing the s-convexity in the
second sense on [a,b] of |f']|7, we derive

()

1 1-1/q
cboa [/ (1— )0/ dt}
4 0

x)dx
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g {Uol(l_t)Z '(ta+(1—t)“;b> thr/q
o Al

- b;a(%g(_éil))ll/q
X {[/01(1_& (t I/ (@) + (1 —1)* ,<a2+b> q)dtr/q
+{A%L%y0ﬂf@ﬁ+a—o (a+% ) TM}

b—a( g—1 ))11”{[ B(s, £+ 1)|f'(a)|? + | £/ (222 T/q

4 \2¢—(t+1 s+0+1
{|f’(“+b)!q+83 5,0+ 1)1 (b >T/Q}
s+041 '
The proof of Theorem 4. 2 is completed. O
If g >1and 1 =1— 2, then (Hﬁ = (;q:ll)l_l/q. Therefore, putting £ = 0

in Theorem 4.2 ylelds

Corollary 4.1 (Modifications and corrections of Theorem 2.3). Under conditions
of Theorem 4.2 applied to ¢ = 0, we have

b I
() - [ @
<b7a g—1 1-1/q 1 1/q
=4 \2¢-1 s+1
a—+b\| 1/q a+b\|? 1/q
<[(r@e (S (jr(0)] o) |
Next, we will study the Hermite-Hadamard type integral inequalities of s-

concave functions. We first establish an Hermite-Hadamard type integral inequality
of s-concave functions in the case of ¢ > 1.

Theorem 4.3. Let f : I C R — Rqg be a differentiable function on I° such that
f' € Li([a,b]), where a,b € I with a < b. If | f'|? is an s-concave function in the
second sense on [a,b] for ¢ > 1 and some fixed s € (0, 1], then

a+b
()i
<b—a s s/a
—23-1/a\s+1

X[f<@st£;i%+1w> /(@+Qéjf§+lw>ﬂ- (4.2)

Proof. Using Lemma 3.1 and employing the Holder integral inequality, we obtain

() -5t [
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<2 /01(1_75){ ’(ta+(1—t)“2+b>’dt+ (tb+(1—t) ;_b>Hdt
b4a(/ol(l—t)dt)l_l/q{u)l(l—t) ’<m+(1—t)a;b)thrq
+U01(1t) (tb+(1t) ;b) dt}l/q}.

Taking p(t) = (1 —t)'/* for [0, 1] in Lemma 3.2, utilizing Lemma 3.2, and using the
s-convexity of |f’|? in the second sense of [a, b], we derive

1 q
b
/ 1-1) ’<m+(1t)aJr )
O 2
! (1-t)Ys(ta+ (1t dt
§</ (1t)1/8dt> <f0 (ta+ (1= )*5) >
0 fo (1—t)t/sdt
(s \| . (Bs+Da+(s+1)b
C\s+1 2(2s+1)
and
1 q s
a+b S
1-0)|f (tb+ (1 —t)— || &t < | —
ool (wru-ot) as ()
Substituting these two inequalities into the first inequality in this proof yields the

inequality (4.2). The proof of Theorem 4.3 is completed. O
If taking s = 1 in Theorem 4.3, we have

b—

S

IN

dt

,((s+1Da+ (3s+1)b\|*
f< 2(2s+1) >

Corollary 4.2. Let f: I C R — Rq be a differentiable function on I° such that
1" € Li([a,b]), where a,b € I witha <b. If |f'|7 is a concave function in the second

sense on |a,b] for ¢ > 1, then
a+b all,(2a+b ,(a—+2b
() 57l (7))
Theorem 4.4 (Generalization of Theorems 2.2 and 2.4). Suppose ¢ > 1 and q >
£>0. Let f : I CR — Ry be a differentiable function on I° such that f' € L1([a,b]),

where a,b € I with a < b. If |f'|7 is an s-concave function on [a,b] for some fized
€ (0,1], then

]
()t f o
b

Cltisn) ()
x{ ,((3s+€)a+(s+€)b>’+ ,((s+é>a+(3s+€>b>u_ (4.3)

2(2s 4+ ¢) 2(2s+¢)
Proof. Using Lemma 3.1 and utilizing the Holder integral inequality, we obtain

(1)

b
x)dx| <
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1 1-1/q
cb—a /(l_t)wf)/(q*l) a
<=
1 q 1/q
x{[/ 1-1)" ’<ta+(1—t)a"£b) dt}
0

+ [/01(1—15)4 ’(tb—i—(l—t)a;_b) th]l/q}. (4.4)

Taking p(t) = (1 —t)%/* for t € [0,1] in Lemma 3.2 and using the s-convexity of
|£|2 in the second sense on [a, b], we have

/01(1—t)€ ’(ta+(1—t)a;rb>q
L s JHA =05 (ta+ (1 — 1) =£b) dt
< [/0 (1—1) dt} ( )

Jo(1—t)¢s dt
N
- (s—I—E)
and
f/((s+£)a+(3s+€)b> ?

dt

N

,((3s+£)a+(s+£) >
/01(1 —t)* ’(tb+ (1 —t)a;rb> 2Tt D

2(2s + ()
q s \*°
dt < | —
- (s +/¢ >
Substituting these two inequalities into the inequality (4.4) yields the inequal-
ity (4.3). The proof of Theorem 4.4 is completed. O
If putting s = 1 and £ = 0 in Theorem 4.4, we acquire

Corollary 4.3. (Modifications and corrections of Theorem 2.2) Let f : I CR — Ry
be a differentiable function on I° such that f' € L1([a,b]), where a,b € I with a <b.
If |f'|9 is a concave function on [a,b] for g > 1, then

i(45) -2 [ e

. - 1-1/q
Sb afqg—1 £ 3a+0b n
4 2q—1 4

If letting £ = 0 in Theorem 4.4, we obtain

(Gl

Corollary 4.4. (Modifications and corrections of Theorem 2.4) Let f : I CR — Ry
be a differentiable function on I° such that f' € Ly([a,b]), where a,b € I with a <b.
If | f'| is an s-concave functwn on [a, b] for some fized s € (0,1] and g > 1, then

5)-+
) )

5. Conclusions

z)dx

,[3a+b
f( o)l

In this paper, we pointed out many errors appeared in the article [5], corrected

these errors, and established several new integral inequalities of s-convex functions
in the second sense.
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For more information on recent developments of this topic, please refer to the

papers [2,6,10,12,13,17] and closely-related references therien.
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