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AMBROSETTI-PRODI TYPE RESULTS FOR
DISCRETE MINKOWSKI-MEAN CURVATURE
OPERATORS WITH REPULSIVE
SINGULARITIES*

Yaqin Li' and Yangiong Lub'

Abstract In this work, we study an Ambrosetti-prodi type results for discrete
Minkowski-mean curvature operators with repulsive singularities

( Au(t —1)
1= (Au(t—1))?
u(0) = uw(T), Au(0)=2Lu(T),

)+ Fw)du(t) + glt,u() = s, ¢ € 1,7,

where f : (0,4+00) — R is a continuous T-periodic function, g : [1,T]z X
(0,400) — R is a continuous T-periodic function with a repulsive singularity
at the origin, and s € R is a parameter, 7' > 2 is integer.

Keywords Repulsive singular, Ambrosetti-Prodi type results, degree theory,
Liénard equation, continuation theorem.
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1. Introduction

The problems related to the Minkowski-mean curvature equation have been greatly
developed in differential geometry, relativity theory and in theory of relativity, being
related to maximal and constant mean curvature spacelike hypesurfaces, see [2—4,
9,14]. These authors considered a class of Minkowski-curvature equations with
Dirichlet, Neumann and periodic boundary value problems are investigated in [2,9,
10,14], [6,20] and [5,8], respectively. In particular, the mean curvature problem with
singularities has also been extensively studied, the types of singularity are divided
into attractive, repulsive and indefinite type, see [15,17,28], [8,15,25] and [18,27],
respectively.

In recent years, the multiple results of Ambrosetti-Prodi type have attracted
attention of many researchers, see [3,11-13,22,25,26] and the references therein.
For the singular case, Fabry, Mawhin and Nkashama [11] considered the Ambrosetti-
Prodi type results of a class of regular Liénard equation of the type

2 + f(z)x’ + h(t,z) = s,
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where the nonlinear term h satisfies coercivity conditions

lim g(t,z) = +oo, uniformly on t € [0, 7], (1.1)
|| =00
a similar situation appeared in reference [3,8,13,21]. In [25,206], the authors consid-
ered the Ambrosetti-Prodi type results in the weakened case, that is, the nonlinear
term satisfies the local coercivity conditions:
lim g(t,z) = lim g(¢,z) = 400, uniformly on ¢ € [0,T]. (1.2)
x—0+ r—+00

Yu et.al [28] established the Ambrosetti-Prodi type results for the second-order
differential Liénard equation with repulsive singularities in the case of degeneracy

2 + f(z)x’ + h(t,z) = s.

On the other hand, Bereanu and Thompson [4], Chen, Ma and Liang [7] extended
the Ambrosetti-Prodi type results with singular to the discrete mean curvature
problem. For example, in [4], Bereanu and Thompson established the Ambrosetti-
Prodi type results for discrete Dirichlet problems

A(6(b2)) + fuler) =5, ke 21z,

1 = Tp, Az = ATpo1,
where fi : R — R are continuous functions for all k € [2,n — 1]z, and satisfy

lim fi(zr) = +o0, uniformly &k € [2,n — 1]z.
|| =00
Through a comparative study of continuous and discrete problems, it is con-
cluded that the discretization of problems provides an iterative scheme and theo-
retical guidance for the numerical solution of continuous problems, see [1,19,23,24].
Based on the above research results, we consider the Ambrosetti-Prodi type
results of the discrete mean curvature problem with repulsive singularity

<¢1 f (UA(tuztl) 1))2) + fw)Du(t) + g(t,u) = s, t € [1,T]z,
w(0) = u(T), Au(0)=Au(T), (1.3)

where g does not satisfy the coercivity conditions (1.1) or local coercivity conditions
(1.2). Tt is worth noting that the lack of uniformity lead to the constant lower
functions no longer exist, thus, a new method of constructing strict lower function
is needed to prove the multiplicity results of Ambrosetti-Prodi type.

2. Preliminaries

First, we introduce some notation that are used throughout the paper.
Let Z is the set of integer, a,b € Z and a < b, [a,b]z = {a,a+ 1,--- b —

b
1,0}, > u(s) =0 when b < a. Au(t) = u(t + 1) — u(t) is the forward difference

operator. Denote [Z] to be the integer part of L.
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Let X ={u:[0,T+1]z - R}, E={uec X :|u(0) =uT), Mu(0) = Au(T)}
are Banach spaces with the norm ||ullcc = max {u(t)}. Obviously, F is a closed

te[1,T]z
subset of the X. For u € X, set

T T
[Auljoc = nax |Au)], [Aully =Y [Au)], [Aull= () | Au(t)]?)?.
Iz t=1 t=1

It is not difficult to verify that the norms || - ||, || - ||+ and || - || are equivalent.
For u € E, we define

1 X
= T Z u(t).
t=1
Next, let S is a set containing all possible positive T-periodic solutions of the
(1.3), more precisely, we set
S ={u € E|||Aul|e < 1}.

Definition 2.1. We say that the function g possesses a repulsive singularity at the
origin, if there exists a constant 9 > 0, and functions w : [1,T]z — (0,+0),q :
[1,T)z x (0,+00) — [0,400) is non-increasing with respect to u, and satisfies

T T
li t,u(t)) = li t,u(t)) = 2.1
Jm t:1q( yu(t)) = oo, HTOOZ;Q( yu(t)) =0, (2.1)
such that
g(t,u) < —q(t,u) +w(t), for all t € [1,T)z, u € (0,¢0]. (2.2)

Before formulating the main result, we give a list of technical conditions guar-
anteeing the existence of positive T-periodic solution to the problem (1.3).
(H1) Assume that there exists a constant & > 0 such that

g(tau) § gl(ta u) - g2(t7u)a for all ¢t € [LT]Z, u > ga (23)

where g1, g2 : [1,T]z % (0,4+00) — [0, +00) are continuous function, non-decreasing
with respect to u, satisfying

lim ga(u) =400, lim g(u)

u——+00 u——+o00 U

=0. (2.4)
Further, assume that there exists a constant ¢ > 0, such that

L :=limsup — g1(u)

i suf 792((1 ~ o) <L (2.5)

(H2) Assume that for any R > 0, there exists positive continuous function
w(t; R) such that

g(t,u) < —q(t,u) + w(t; R), for all t € [1,T)z, u € (0, R], (2.6)
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and w(t; R1) < w(t; Re), R1 < Ra, where q is introduced in Definition 2.1.
Assume that the continuous function f satisfies

T
> ful®)Lu(t) =0, (2.7)

t
and let F(u(t)) = > f(u(s))Au(s) and satisfies the following conditions.
s=1
(H3) Assume that sup{|F(u)| : u € (0,1]} = +o0o.
(H4) Assume that sup{|F (u)|: u € (0,1]} < +o00, there holds

SJF[%] s+T
li — li T— = , se€(1,T]z, (2.8
Jim D a7 =9+ lin %Iqu(T,H 7) =400, s € [LT]s, (28)
T=s5+[5

where ¢ is introduced in Definition 2.1.

Definition 2.2. A lower solution « of problem (1.3) is a function « € X such that
|Aalloe < 1, and satisfies

(\/]_ _A(O[A(taztl_) 1))2) + f(Oé(t))Aa(t) +g(t,oz) >s, te [1,T}Z,
a(0) = a(T), Aa(0) > Aa(T), (2.9)

An upper solution 5 of problem (1.3) is a function § € X such that [|[AS]le < 1,
and satisfies

AB(t—1)

B(0) = B(T), AB(0) < AB(T). (2.10)

Such a lower and upper solution is called strict if the first inequality of problem
(2.9) and (2.10) are strict for all ¢ € [1,T]z.

Theorem 2.1. Assume (H1)-(H2) and (H3) or (H4) hold. Then there exists a
constant sg € R such that

(i) the problem (1.3) has no positive T-periodic solution if s > so;
(ii) the problem (1.3) has at least one positive T-periodic solution if s = sg;

(i) the problem (1.3) has at least two positive T-periodic solutions if s < So.

In addition, for any Ry > 1, there exists sr, € R such that problem (1.3) has
two positive T-periodic solutions uq(t) and us(t) satisfying

min{uy(¢) : t € [1,T)z} > Ry, min{usz(t):t € [1,T)z} < Rio’ for s < sp,. (2.11)

3. Existence of solutions

By the same argument of [3], define two operators P,@ : E — E by

1 I
Pu(t) :=u(0), Qu(t) = T Zu(s)

s=1
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Define Nemytskii operator N, associated to g by
(Nyu)(t) := —F(u)dult) — glt,u(t) + s, for t € [1,T]s.

At this point, following [3], one has that w is a T-periodic solution to the problem
(1.3), if and only if u € S is a fixed point of the completely continuous operator
A, : E — FE defines as

As = Pu+ QNyu+ kNyu, u€ E,
where k is the map, associates the unique T-periodic solution u(t) of the problem

Asu() = o(t) ~ S (t), u(0) =0,

t=1

for any v € E.
Let us consider the periodic parameter-dependent problem
Au(t—1)
+ Af(u)Au(t) + Ag(t,u(t)) = As, t € [1,T]z,
(=) M@ 2u) + dalt ) 1.7
u(0) = u(T), Au(0) = Au(T), (3.1)
where \ € [0, 1].

Now, we introduce a continuation theorem of coincidence degree theory.

Lemma 3.1 (Theorem 2.1, [12]). Let 2 is an open bounded set in E such that the
following conditions hold:

(i) for every A € (0,1], the equation (3.1) has no solution;

T
(ii) the equation g(t) = + > g(t,7) = s has no solution.
=1

Then deg(I — Ny, S,0) = —deg(g(T) — s,S,0). Moreover, if the Brouwer degree
deg(g(1) — ,S,0) # 0, then the problem (1.3) has a solution.
Lemma 3.2 (Lemma 2.4, [16]). Let w € E. Then

T
M—m< —
m < 5

where
M =max{u(t), t € [1,T)z}, m = min{u(t), t € [1,T]z}.

Proof. For any u € F, there exists tg € [1,T)z and ¢ € [to + 1,t0 + T + 1]z such
that

u(to) =ulto+T)=m, u(tr) =M.

Then the following equality hold

t1—1

M—-—m= Z Au(s),

s=tg
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to+T—1

M—-—m= Z Au(s).

S:tl

By using Holder inequality, we have that

t1—1 1
M —m < (t; —to)? ( >, IAu(S)l2) "
s=t
' to+T—1 1
M-m<(tg+T— tl)%( Z |Au(s)‘2) 3
s=t1

Then using the inequality AB < (A + B)?, we get that

T

2 2
(O —m)? < 2 3 |Au(o)

t=1

Thus

T

M—-—m< —.

2

O
For convenience, define 91y as a set that contains all pairs (u, s) such that w is
a solution to problem (3.1) corresponding to s. Moreover, Dy expressed as all pairs
(u, s) such that u is a solution to problem (1.3) corresponding to s.
In this part, we consider the sequence {u,, sn}flg C I, and denote

M, := max{un(t), t € [1,T)z}, my, = min{u,(t), t € [1,T]z}.

Lemma 3.3. Assume (H1) holds for any sequence {un,s,},25 C Ny satisfying

lim M, = +oo, (3.2)
n—4oo
such that
my
li — = 1. .
n—teo M, (3.3)

Proof. According to Lemma 3.2, we have that
T

M- = <m.

5 Sm

In view of Squeeze Theorem and (3.2), we infer that

lim m,, = +oo.
n—-+oo

Therefore, (3.3) is true. O

Lemma 3.4. Assume (H1) holds and there exists a constant p > 0 such that

u(t;s) < p(1+s), forte [1,T)z, (u,s) €Ny, s> 0. (3.4)
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Proof. Assume that there exists a consequence {u,,, sn}rfi‘j C M,y such that s, €
(0,+00) and M,, > n(1+ s,) for n € N. Then (3.3) is fulfilled. Therefore, there
exists ng > 0 such that

> (1—¢)M, > &, for n > ny, (3.5)

where ¢ and £ were introduced in (H1).
Because of u,, is a positive T-periodic solution to problem (3.1) when s = s,,, it
follows that

(o ge) + A (0 Bua(®) 0t ) = N

Un(0) = un(T), Dun(0) = Au,(T). (3.6)

Summing the equation (3.6) from 1 to T, it yields that

T A’LL . T T
ZA( A"u ) fo un () Dun(t) + 3 Ag(t,un(t)) = 3 Asy.
t=1 t=1 t=1

Due to
a Auy(t — 1) d Ay (t) Auy(t —1)
EZA(Vﬁ—zmmu—l ) §;<¢1—AWM»2_VM—@MMu—nV)
_ Ay, (T) B Au, (0)
V1= (Lun(T)? /1 - (Luy(0))2
=0. (3.7)

Therefore, in view of (2.3), (2.7), (3.5), (3.7) and g1, g2 are nondecreasing with
respect to u, it follows that

0<Ts,
T
= g(t,un(t))
t=1
T T
<D gt un(t) =D galt,un(t))
t=1 t=1
<T _1(Mn) =T _Z(mn)
< Tg1(My) —Tgz((1—<)My,) (3.8)
Dividing both sides of (3.8) by T'g2((1 — ¢)M,,), it follows that

- (M,
0< — I1 ) 1, for n > ng
32((1 = <) My)
Passing to the limit as n tends to 400, on account of (2.4) and (2.5), we arrive at
- (M,
0 <timsup— 2 41, (3.9)

n——+4o00 .@((1 - §)Mn)

this is a contradiction. O
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Lemma 3.5. Assume (H1) holds, then there exists 1 : (0,4+00) — (0,400) such
that

u(t; s) < y1(s), fort e [1,T)z, (u,s) €My, s<0.
Moreover, the function vy satisfies
v1(s1) > 71(s2), when s1 < s < 0.
Proof. First, we show that for every so < 0 there exists 71 (so) such that
u(t; s) < ¥1(s0), for t € [0,T + 1)z, (u,s) € My, s € [so,0].

We assume that there exists {(uy, s,,)};125 € Ny, such that s, € [so, 0] and M,, > n.
Obviously, (3.2) and (3.3) are fulfilled. Hence there exists n; > 0 such that

My > (1 — <)M, > &, for n > ny. (3.10)

Summing the equation (3.6) from 1 to T, in view of (2.3), (2.8), (3.7) and (3.10), it
follows that

S0 < 8y < g_l(Mn) - 9_2((1 - C)Mn)
Dividing both sides of the inequations stated-above by ga((1 — ¢)M,,), we get that

S0 gl(Mn) _
RO, = B((1—oM,) "

Passing to the limit as n tends to 400, on account of (2.4) and (2.5), we arrive at

for n > nq.

0<L-1<0,
this is a contradiction. Choose
71 (s) ;== inf{y1(7) : 7 < s}, for s < 0.
Then

U(t,S) S 71(8)a for ¢ € [LT]Za (’U/,S) S mk7 S S 0.

O
Let v : R — (1,400) defined by
p(l+s)+1, fors>0,
~(s) = (3.11)
v (s) + 1, for s <0.
Hence the following conclusion holds.
According to (H1), for any given ¢ > 0, the following inequation holds
g(v(s) +¢c) <s, forseR. (3.12)
Lemma 3.6. Assume (H1) holds. Then
u(t) < v(s), forte[1,T)z, (u,s) € Ny, s€R. (3.13)

Further, the function ~y satisfies

Y(Is1l) < ~(ls20), 1] < [s2]. (3.14)
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Now, we shall show that the solution of problem (1.3) has the lower bounds.
In view of the assumption of (H2), there exists a positive continuous function
w(t; s) such that

g(t,u) < —q(t,u) +w(t;s), fort € [1,Tz, v € (0,7(s)], s € R. (3.15)
According to (H2), w(t; s) is non-decreasing and satisfies
w(t; s1) < w(t; s2), for t € [1,Tz, s1 < sa. (3.16)
For any given s € R, we define
Q(s) :=={u>0:qu) =Is| +w(s)}, (3.17)
and
F(s) :== max{|F(u)| : u € [inf Q(s),v(s)]} + Tw(s) + Ts|.

According to the function ¢ is non-increasing, (3.16) and (3.17), it follows that
inf Q(s) is non-increasing with respect to |s|, thus

inf Q(]s1]) > inf Q(]s2]), provided [s1] < |sa]. (3.18)
Therefore, §(s) satisfies
F(|s1]) < §(]s2])s provided |s1| < |s3]. (3.19)

Next, we discuss the cases where F' is bounded or unbounded near the origin,
respectively.

Lemma 3.7. Assume (H1)-(H2) and (H3) hold. Then there exists vo : R —
(0, +00) such that

u(t; s) > vo(s), forte[1,T)z, (u,s) €My, s €R. (3.20)
Moreover, the function o satisfies
Yo(ls1]) = v0([s2[),  provided [s1] < |sa]. (3:21)

Proof. From the assume condition (H3), for s € R, there exists 7p(s) € (0, 1) such
that

[F(Yo(s))| > §(s). (3.22)
We shall show that
u(t; s) > Yo(s), for t € [1,Tz, (u,s) € Ny, s € R. (3.23)

We assume that there exists (ug,so) € 91\ such that min{ug(t) : t € [1,T]z} <
Jo(s0)- Let tpr € [1,T]z be such that

UO(tM) = max{uo(t) 1t e [1,T]Z} = M(), (324)
then

AUO(tM) = UO(tM + 1) — UO(tM) <0, A’U,o(tM — 1) = UQ(tM) — UO(tM — 1) > 0.
(3.25)
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Due to ug is a T-periodic solution of problem (3.1) with s = s, there holds

A( Aug(t —1)

¢L%AWQ_DP>+AﬂmﬁDAW@+Aﬂuwu»:A%,uﬂLﬂ%

(3.26)

Summing (3.26) from 1 to T, we have

d A’LLO t—]_ T T T

(3.27)

According to (2.7), (3.15), (3.24) and ¢ is non-increasing with respect to u, it follows
that

T
SOZ*Z tUO

’ﬂ

T
gf;fwtw ) +w(t; 50))
B T
= Zq (t,up(t)) + w(t; so)
t 1
< —q(Mo) + w(so),

then

q(Mo) < w(so) + [sol-

In view of lim Z q(t,u(t)) =0 and (3.17), it follows that

U—~+00 4

According (3.22), there exists 75 (so) € (0, min{1,inf Q(s)}) such that | F (Y5 (s0))| >
F(s0)-

Firstly, in the case of F(J0(s0)) > §(s0), there exists t; € [tpr — T,tar]z, such
that

Flug(ty — 1)) > F(o(s0)), Luglty — 1) > 0.

Summing (3.26) from ¢; and ¢y, it follows that

tyv Auo( tar tar tm
A( )\f ’LLO AUO + Ag(t,uo(t)) = )\80.
(3.29)

In view of (3.15) and (3.25), the equality (3.29) leads to

2l Aug(t — 1)
02 A i
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tm tnr
Z f UO AUO ) Z t ’LLO + Z 80
t= t] t= tl t= tl

AP (Mo) + Flug(ty — 1)) — 3 gltauo(t)) + (tar — 1)s0)

tm

> MN—=F(Mo) + F(70(s0)) — Z g(t,uo(t)) + (tmr — t1)so)

t=t,
> MN—F(Mo) + F(70(s0)) — Tw(so) — Tsol)-
Due to A > 0, we have

F(70(s0)) < F(Mo) + Tw(so) + Tsol
< max{|F(u)| : u € [inf Q(s0),7(s0))]} + Tw(s0) + T|s0]
= 1'?5'(80)7

this is a contradiction.
Secondly, in the case of F(Y5(s0)) < —F(s0), there exists 3 > tps such that

F(uo(t2)) < F(50(s0)), Aug(t2) <0.

Summing (3.26) from ¢, and o, it follows that

L2 Aug(t —1)
A
2 M= G

ta
+Z)\fﬂ0 A’LLO Z)\gtuo ):ZASO.

t=tnr t=tn t=tn

According to Lemma 3.6, (3.15) and (3.25), we have that

AUO t— 1)
e ZM i Gui- P
M F(uolta)) + Fluo(tnr — 1)) — 3 gltsun(t) + (12 — tar)so)

= M=F(%0(s0)) + F(uo(tar — 1)) = Tw(so) — T|sol),
which implies

F(Jo(s0)) = Fuo(tasr — 1)) = Tw(so) — Tlso|
> —max{|F(u)| : u € [inf Q(s0),7(s0))]} — Tw(so) — T|s0|
= —3(s0),

this is a contradiction. Therefore, the conclusion holds by vo(s) := 37(s).
Based on the above arguments and (3.19), it is not difficult to verify that

Yo(ls1]) = vo(|s2l), provided |s1| < [sg]

is true.
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Lemma 3.8. Assume (H1)-(H2) and (H4) hold. Then there exists a function o :
R — (0,400) such that (3.20) and (3.21) hold.

Proof. First, we show that (3.23) is true. From (2.8), there exists J5(s) > 0 such
that for all u € (0,90(s)), s € R, there holds

tm 5] ton+T
T@(s)+s)) < Y qltut+E—tm)+ D qltu+ (tm+T —1)).
t=tm t=tm+[F]+1

(3.30)

Suppose on the contrary that there exists (ug, so) € D such that mgy := min{ug(?) :
t € [1,T)z} < (so). Obviously, up € E and (3.26) holds. Moreover, there exists
tm € [1,T)z such that ug(t,,) = mp. Summing (3.26) from ¢, + 1 to ¢, we have that

t

Aug(T — 1)
T—%:HA(\/l — (Dug(T — 1))2>

+ 0 Muo)duo(r) + S0 Aglrun(m) = > Aso.

T=tm+1 =ty +1 T=tm+1

Because of ug(t,,) = my, it yields that

zt: A( Aug(r — 1) ) _ Aug(t) - Aug(t,)
St W= (Buo(r =12 1= (Bue(®))? V1= (Aug(tm))?
Aug(t)
V1= (Bug(0)?
Then
Aug(t) !
—————— = A = F(uo(t)) + F(mo) — 9(7,uo(7)) + (t —tm)so ).
1= (Auo(t))? ( thZm:H )
(3.31)
In view of (3.13), (3.15) and ¢ is nonnegative, we get that
t ¢ ¢
D (g(rue(m) —w(rsso)) < Y g(ruo(r)) < Y w(Tso).
T=tm+1 T=tm+1 T=tm+1
According to g(t,u) — w(t;s) < —q(t,u) < 0, we have that
t
—Tso| — Tw(sp) < Z g(T,uo(7)) < Tw(sp)-
T=tm+1
Since u € S, it follows that
1< Aut—1)<1, fortell, T (3.32)

Summing (3.32) from ¢+1 to ¢,, +7T and from ¢,, + 1 to ¢ respectively, which implies

T
up(t) <mo+tm+T —1t, forte [tm+[§]+1,tm+T]Z,
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T
up(t) <mo+t—1tm, forté€ [tm,tm+ [5]]2 (3.33)

Summing (3.26) from 1 to T, in view of (3.15), we have that

T
Tso <Y g(tuo(t)) < = qlt,uo(t)) + Tw(so). (3.34)
t=1 t=1

In view of (3.33), (3.34) and ¢ is non-increasing, it follows that

T
T|so| + Tw(sg) > ZQ(ta u(t))

t=1
tontT
t=tm
tm+[F] tim+T
> Z (tmo+t—tm)+ D qlt,mo+tm +T —1),
t=tm+[F]+1
this contradicts (3.30). O

According to the above Lemma 3.6-3.8, there exist positive functions vg,y : R —
(0, +00) satisfy (3.21) and (3.14), respectively, such that

Yo(s) < u(t) < (s), for t € [1,T)z, (u,s) € My, s €R,

provided (H1)-(H2), and (H3) or (H4) are fulfilled.

4. Proof of main results

The following Lemmas are introduced before proving the main result, all of which
satisfy the assumptions (H1)-(H2), and (H3) or (H4).

Lemma 4.1. Let a(t) is a strict lower function of the problem (1.3), moreover,
As(+; 8) is the completely continuous operator associates with (1.3). Let

Qs ={uec E:alt) <u(t) <y(s) + ||o]loo, |Du(t)| < 1, forte[1,T)z},
then deg(I — As(+;8),82s,0) is well-defined, and the following conclusion holds
deg(I — As(+8),Qs,0) = 1. (4.1)

Proof. Assume that a(t) is a strict lower solution of the problem (1.3), then we
get that

Aa(t —1)
M ) @0+ g(t00) > 5

a(0) = a(T), Aa(0) > Aa(T). (4.2)

Let 5(t) = v(s) + ||a|loo- Obviously, in view of Lemma 3.6, we have that 3(¢) is
the strict upper solution to problem (1.3), it follows that u(t) < S(¢).
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Let w(u(t)) : R — R(¢ € [1,T]z) be a continuous function defined in the follow-
ing form

7(8) + ||04ch>7 B(t) < u(t)v
w(u(t) = < u(?t), a(t) < u(t) < B(b), (4.3)

~
=

and define F (¢, w(u(t))) = f(w(u(t))Aw(u(t)) + g(t, w(u(t)) —s, te[1,T)z.
Let us consider the auxiliary problem

A$(Bult 1)) + F(t,w(u(t) - [u(t) — w(()] =0,  te (LT
w(0) = w(T), Au(0) = Au(T). (4.4)

Clearly, u(t) is a solution of the auxiliary problem (4.4) and satisfies u(t) >
a(t), then u(t) is also a solution to problem (1.3). By the similar arguments of
Section 3, we can define compact operator A (w(u(t))) = P (u(t))+QN,w(u(t))+
kN (u(t)). Then A, Q, = Q, is a completely continuous operator. According
to Schauder fixed-point theorem, we have that A,(w(u(t))) = u has at least one
fixed point, that is, the problem (4.4) has at least one solution.

Suppose by contradiction that there exists ¢t € [0, T+ 1]z, such that a(t) —u(¢)

t)

t)—u
0, then there exists t* € [0, T+1]z, such that a(t*)—u(t*) = max (a(t)—u(
tE[O,TJrl]Z

0. The following only needs to prove that «(t) < u(t) < y1(s) + ||@|co-
When t* € [1,T)z, we infer that

VA

alt® +1) —a(t") <u(t™+1) —u(t”), aft™)—at™—1)>u(t”) —u(t” —1).
That is,
Na(t™) < Au(t™), Da(t*—1)> Au(t" —1).

Applying ¢ to both sides of the above inequalities, since ¢ is monotonically increas-
ing, we have that

)
= —F(t*, w(u(t*))) + [u(t*) — w(ut))]
< —flat))halt*) — g(t*, a(t*)) + s
< Ap(La(t” - 1)),

this is a contradiction.

When t* = 0, we get that a(t*) — u(t*) = a(0) — u(0) = «(T") — u(T), therefore,
the results are consistent when ¢* = 0 and t* = T.

When t* =T + 1, that is

at)—ut)=a(T+1)—uw(T+1) = te[g}q@j_(l]z(a(t) —u(t)). (4.5)

By the periodic boundary value conditions of problems (4.2) and (4.4), we obtain
that

u(0) = w(T), u(l) = uw(T +1),
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a(0) = a(T), a(l) > (T +1).

(i) If a(1) = a(T + 1), then (1) —u(l) = (T + 1) — u(T + 1), this means that
when ¢* = T + 1, we have that u(t) > «(t).

(ii) If a(1) > a(T—|— 1), then a(1) —u(1) >
(4.5).

Therefore, u(t) > «(t) holds, moreover, a(t) < u(t) < S(t), which means wu(t) is
a solution of problem (1.3).

Set po(s) := § min{a(t) : ¢ € [t1,2]z} and

a(T+1)—u(T+1), which contradicts

Q= {ue E: pols) < ult) < 4(s) + lalloes [Bu(t)] <1, ¢ € [1,T]z}.

Obviously, Q, C Q.. Moreover, according to Lemma 3.6 and 3.7, we have that
deg(l — As(u;s),8s5,0) and deg([ A (u; s),Qs,0) are well-defined, and

deg(I — Aj(u; 8), 2, 0) = deg(l — Aq(us 8), s, 0) = deg(I — As(u3 5), 2s,0).
On the other hand, from (3.12), (4.2) and (4.3), it follows that
g(@(po(s))) =5 >0>g(y(s) + [lallo) — 5 = glw(y(s) + [[aflc)) — 5.
In view of Lemma 3.1, we have that
deg(I — A (u; 5), Q,0) = —deg(g(w) — 5,25 NR,0) =
Hence, (4.1) is fulfilled. O

Lemma 4.2. There exists s* > 0 such that the problem (1.3) with s > s* has no
positive T-periodic solution.

Proof. Assume on the contrary that there exists {(un, s,)},1>5 € 9% and s, > 0
satisfying

lim s, = +oo. (4.6)

n—-+00
Obviously, u,, € E and satisfies
Auy,(t—1)

A(\/1 — (Auy(t —1))2

)+ fun(t)Dun(t) + g(t, un(t)) = sp, for t € [1,T]z.
(4.7)

On account of (H2), we can find a positive continuous function w(¢; £) such that
g(t,un(t)) < w(t;§), fort € [1,Tz, u € (0,&]. (4.8)
According to (H1), we have that
9t un(t)) < g1(t,un(t)) — g2(tun(t)) < g1t un(t)),  forte[L,T]z, u> ¢

Summing (4.7) from 1 to 7T, in view of (2.7), (3.7), (4.8) and the above inequality,
we infer that

T T
Ts, = (t, un(t (t, un(t w(t; £), n € N.
>0 Z )+ w(t:E)
=1 t=1
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In view of Lemma 3.4 and g; is nondecreasing, it follows that

sn < gi(p(L+sn)) +@(E), neN. (4.9)

Dividing both sides of the inequality (4.9) by s,,, we arrive at

gi(p(L+sn))  w()

_ gip@ +sn)) p(+5n) | w(E)
p(1+5,) Sn Sn

Passing to the limit as n tends to +o0o, on account of (2.4) and (4.6), we arrive at
1<0-p+0 =0, this is a contradiction. Therefore (4.6) does not hold, which means
S, 1s bounded. O

Lemma 4.3. Let € > 0 is a constant, denote
G(e) :=min{g(t,e) : t € [1,T)z}. (4.10)

Then the problem (1.3) has at least one positive T-periodic solution u(t) with s <
G(e), that satisfies

u(t) > e, fort e [1,T]z.
Proof. Let s € R such that s < G(e) and «(t) =, for t € [1,T]z, then Aa(t) =0
and A(%) = 0. Therefore
V1= (ha(i—1))2

Aat—1)
M ey @®)Ral) + glt,a()

=g(t,e) > G(e) > s, for t € [1,T]z.

This implies « = € is a strict lower solution of the problem (1.3). Set
Qs(e) :={ue E:e<u(t) <vy(s)+e |[Au(t) <1, t€[l,T]z}. (4.11)

According to Lemma 4.1 and deg(I — As(u; s),25(€),0) = 1, the conclusion follows.

O

According to Lemma 4.2 and 4.3, the problem (1.3) has no or at least one positive

T-periodic solution with s > s* or s < G(e), respectively. The following proves the
existence of critical point s,.

Lemma 4.4. There exists s, € R such that the problem (1.3) with s > s, or s < s,
has no or at least one positive T-periodic solution, respectively.

Proof. Let s, € R such that u,, (¢) is a T-periodic solution of the problem (1.3).
Then for any given s < s,, we have that

Aug, (t—1)
V1= (D, (t 1))

This implies us, (t) is a strict lower solution to (1.3) with s < s.. Therefore, it
follows from Lemma 4.1 that the conclusion holds. O

A

)+ flus, (8) Aus, () + g(t, us, () = s, > s, for t € [1,T]z.
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Lemma 4.5. The problem (1.3) with s = s, has at least one positive T-periodic
solution.

Proof. According to Lemma 4.4, define a set of S by

S :={s¢ € R,problem (1.3) has at least one positive T-periodic solution for every
s < S0} (4.12)

Obviously, by Lemma 4.3, there exists s, = G(€) € S, thus S is nonempty. On the
other hand, according to Lemma 4.2, there exists a constant s* > s, such that the
problem (1.3) has no positive T-periodic solution with s > s*. Then the set S is
bounded. Set

Sy :=supS. (4.13)
Let a sequence {u,, s, },:>5 be such that

Sp < 84, lim s, = s,. (4.14)

n—-+oo

On account of (4.12)-(4.14), there exists a sequence uy(t) = us, (t) is the positive
T-periodic solution to (1.3). According to Lemma 3.6-3.8, there exist constants K
and K, such that

K <uy(t) < Ko, fort € [1,T)z, n € N,

which combining ||Au(t)|| < 1, it’s easy to see that the sequence {uy,s,} > is

uniformly bounded and equicontinuous, thus, according to Arzela-Ascoli theorem,
we can assume that there exists ug(t) € E such that

lim w,(t) = uo(t), uniformly on ¢ € [1,T]z. (4.15)

n—oo

Because of the solution wu, (t) satisfies
Un(t) = As,, (Un; Sn), for n € N.

Passing to the limit as n tends to +o0o, on account of (4.14) and (4.15), we arrive
at

uo(t) = As, (uo; 54),

thus, ug(t) € Qs and it’s a positive T-periodic solution of problem (1.3) with s = s..
O

Lemma 4.6. The problem (1.3) with s < s. has at least two positive T-periodic
solutions.

Proof. Let s < s, is arbitrary. Set
Q:={u € E: min{y(3),v0(s« + 1)} <u(t) <max{y(s),v(s« + 1)}, |Au(t)| <1,
fort € 1,7z},

in view of Lemma 3.6-3.8, deg(I — As(u; s),,0) is well-defined with s € [3, s, + 1].
On account of Lemma 4.2 and 4.4, the problem (1.3) has no positive T-periodic
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solution in 2 for s = s, + 1. Combining with the homotopy invariance of topological
degree, we get that

deg(I — As(u; 5),Q,0) = deg(I — As(u; s« +1),Q,0) = 0.

Let ¢ € (0,s. — §), from Lemma 4.4, the problem (1.3) has at least one positive
T-periodic solution uz(t) with s = s, — . Further, uz(t) is a strict lower solution of
the problem (1.3) with s =3. Set

O :={u € E:usz(t) <u(t) <max{y(5),v(s« + 1)}, |[Au(t)| <1, fort € [1,T]z}.

Obviously, Q; C , and in view of Lemma 4.1, we have that deg(/—As(u; 5), 1, 0) =
1. Set Q5 := O\ Q;. According to the additivity property of topological degree yields

deg(I — As(u; 5),02,0) = deg(I — As(u;5),Q2\ Q1,0)
= deg(I — As(u;5),9,0) — deg(I — As(u;5),824,0)
=0-1
= —1.
Consequently, there exists another positive T-periodic solution to problem (1.3)
with s =35 in (2y. Since 5 is arbitrary, the conclusion follows. O

Lemma 4.7. There exists sg, € R such that the problem (1.3) for any Ry > 1 has
at least two positive T-periodic solutions uy(t) and us(t) satisfying (2.11).

Proof. Let e > 0. Q;(e) is defined by (4.11). Set
~ 1
Qg :={u € E : min{yy(s), 56} <u(t) <~v(s)+e |[Au(t)] <1, forte[l,T|z}.

Then, in view of Lemma 4.3 and 4.5, the problem (1.3) has at least two positive
T-periodic solutions u; (t) € Q4(e) and ua(t) € Q4 /Q(€), this implies

min{ui(t) : t € [1,T)z} > ¢, min{us(t) : t € [1,T)z} < e.

Thereby, since € is arbitrariness, the conclusion hold by setting

sr, = min{G(Ry), G(Rio)}

O
From the above discussion process, Lemma 4.4-4.7 can prove that Theorem 2.1
is true.
Here is an examples to illustrate our conclusion:

Example 4.1. Let us consider the Ambrosetti-Prodi type results of the following
periodic boundary value problem

Au(t —1) 1 B
A( \/1 _ (Au(t — 1))2) + §u(t)Au(t) - u(t) —4=s, te [1, 8]27

u(0) = u(8), Au(0) = Au(d),

where f(u(t)) = gu(t) g(t,u(t)) = —u(t) — 4.
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Let gl t u Vv u t 92 t 'LL = ’U,(t), Q(tau(t)) = 10%2@), ’LU(t,R) =
|sin 5t + 1.
Fix g9 = 1, it is easy to verify that uhm Z 10u(t) 00 ugrfoo Z 10“@

and —u(t) —4 < — 10u 0w T+ |sin t| + 1, for u € (0 1]. Which means the function
g(t,u(t)) has a repulsive singularity at the origin. Obviously, for £ = £, we have that

8 Z Voul(t)
—u(t) =2 < Vu(t) —u(t), foru> %, lim > u(t) = +oo, lim o =0

u—+00 47 u—r+00
8
> Vu®)

and L = limsup - < 1, for ¢ = 15, hence (H1) holds. When w(t; R) = 2
u—+too E( %)u(t)
it follows that — ( )—4 < 10u( y T 142, forue (0, §]. it means that (H2) holds.

At the same time, we get that Z u(t)Au(t) = 0 holds. According to Theorem 2.1,

there exists a constant sy € R, such that the above problem has no positive solution,
at least one positive solution or at least two positive solutions with s > sqg, s = sq,
or s < s, respectively.
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