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MAPPING PROPERTY FOR BILINEAR
O-TYPE GENERALIZED FRACTIONAL
INTEGRAL OPERATOR ON GRAND
VARIABLE EXPONENTS HERZ-MORREY
SPACES*

Jingi Wang! and Xijuan Chen'f

Abstract The aim of this paper is to establish the boundedness of the bilinear
O-type generalized fractional integral operators BT&Q and their commutators
Bfgygybl’bz, generated by b1,b2 € BMO(R"™) and Bf@,m on Lebesgue spaces
with variable exponent L4()(R™). Under the assumption that variable expo-
nents «(-) and ¢;(-) for ¢ = 1, 2 satisfy the log decay at both infinity and the ori-
gin, the authors prove that the BTﬁﬁ and Bf[-}yeybl,bz are bounded on the grand
variable exponents Herz spaces K(‘;‘((S)’p>‘9(R")(or K:;(S)’p)’e(R”)) and grand
variable exponents Herz-Morrey spaces M K;x)(,g,’;‘(.)(]R”)(or M Kﬁ)fg,’@,A(.)(R”)):
respectively.
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1. Introduction

In 2022, Lu and Tao [13] introduced a bilinear 6-type generalized fractional integral
operator Bfg,g, which is defined on the non-homogeneous metric measure spaces.
And also they showed that the BTV@Q is bounded from the product of spaces LP* () x
LP2() into spaces L%(u), and it is also bounded from the product of Morrey spaces
MPH(p) x MP2(p) into spaces M (p). The following year, Lu et al. [19] prove that

the Bfgﬁg is bounded from the product of the generalized Morrey spaces ME! (1) %
M2 (1) into spaces M} (u) for pypa = p. More researches on the bilinear 6-type
generalized fractional and related operators on various functions spaces can be seen
in [12,14-16,18].

As we also know, the theory of function spaces has many applications in har-
monic analysis, including partial differential equations and wavelet analysis [1,9,14].

TThe corresponding author.

LCollege of Mathematics and Statistics, Northwest Normal University, Lanzhou
730070, China

*The authors were supported by the Master Foundation of Northwest Normal
University (Grant No. KYZZS2025115).
Email: wjgxjy1920@126.com(J. Wang), chenxijuan2023@126.com(X. Chen)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20240525

2762 J. Wang & X. Chen

In 1992, T. Iwaniec and C. Shordone [8] first introduced the grand Lebesgue spaces
P (R™). Since then, many papers have focused on the bounded properties of in-
tegral operators on spaces L?), and we can find in [2,26]. On these bases, further
advances have been made in the study of the grand spaces with variable expo-
nents. For example, in 2020, H. Nafis et al. [20] introduced the grand Herz spaces

with variable exponents K;"((.'))’p )’Q(R"), and they proved that sublinear operators

T is bounded on spaces K:((.'))’p)’Q(R”). In 2022, H. Nafis et al. [21] proved the

boundedness of multilinear Calderén-Zygmund operators T on spaces K;"(_'))’p )0 (R™)

for —n/gi(00) < a;(0) < a;(00) < n(1 —1/¢;(0)). In the same year, B. Sul-

tan et al. [22] introduced the grand Herz-Morrey spaces with variable exponents
MESOA (R™), and proved that the Riesz potential operator I is bounded from

p),0,q(-)
spaces M K;(’&’(;\I(A)(R") into spaces M K;‘)(e); (')(R”). Subsequently, the bounded-
ness of a variety of operators within these spaces has been established, including
the fractional type Marcinkiewicz integral operators Mg, m [3], higher order com-
mutators of Marcinkiewicz integral [b™, ug] [23], among others. Moreover, more
development of the grand spaces can be seen in [17,18,23, 24].

It is now necessary to confirm the symbols and nations of this article. C' represen-
ts an constant independent of the main parameters, but it may be different from row
to column. p(-) represents the conjugate exponents defined by 1/p(-) +1/p'(-) = 1.
The expression f a2 g means C1f < g < Cyf. We also need denote By = {z € R™ :
|I‘| § Qk} and Dk = Bk\Bk—1~

2. Preliminaries

In this section, we recall some necessary definitions and notations. The definition of
a bilinear f-type generalized fractional integral operator BT} ¢ and its commutator

Bfﬂ,97bl,b2 on R"™ is as follows:

Definition 2.1. Let 6 be a non-negative and non-decreasing function defined on

(0,00) and satisfy
Lo(t) 1
——=log | = |dt < 0. (2.1)
, t t

A function Kgg(-,-,-) € Li,((R")*\{(z,z,z) : © € R"}) is called a bilinear 6-
type generalized fractional integral kernel if there exists a positive constant C such
that,

(a) For all z, 2, y1,ys with x # y;, i = 1,2,

C
K, z, ) < ; 2.2
| Kp0(x,y1,92)| (=07 1 o — gl =) (2.2)
(b) For all x,y1,ys with |x — 2| < 1/2max{|x — y1], |x — y2|},
/ co ( |$*y|f\:ra|c‘;‘*y2\ )
|Kp0(x,91,92) — Kpo(z',y1,2)] < (2.3)

(I =3O + o — y2|(175))2n7
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(¢) For all @, y1,y],y2 with [y1 — 91| < 1/2max{|z — y1], |z — y2|},
C@( \yl—yﬂ )

lz—y1[+[z—y2|

Kﬁ’e(x/ylay?) - KB,@(x7y/17y2) S n; (24)
| = G+ -l
(d) For all z,y1,ya2,ys with |ys — y5| < 1/2max{|z — y1], |z — y2|},
O (et )
Tr— “+|x—
|Kp0(z,y1,92) — Kpo(2,91,15)] < nor (2.5)

(|x — y1|(1*5) + |gg — y2|(1*5))2n’

where 8 € (0,00). A bilinear operator Bfg,g is called a bilinear #-type generalized
fractional integral operator with kernels K3 ¢ satisfying (2.2), (2.3), (2.4) and (2.5)
if, for all fi, fo € L°(R"™) with = ¢ (supp(fl) N supp(fQ)),

Blso(fi fo)(@) = [ Kpo(w,yn,u2)fr (1) F2(y2)dyadye

Definition 2.2. Given b;,by € BMO(R™), the commutators Bfﬁﬂ,bh}n generated
by b1, by and the BT ¢ is defined by

BTp,0,0,,5 (f1, f2) (x) =b1 (2)ba(2) BT o f1, f2)(2) — bi(2) BT g6 ( f1,b2(-) fo) (z)
— ba(2)BTp,0(b1(-) f1, f2) (@) + BTp,(b1(-) f1,02() f2) ().

Also, the following definitions are provided for the commutators Bfg@bl and BT, 18,0,bs

BTp.0.,(f1, f2)(@) = bi(2)BTp,6(f1, fo) () — Bpe(bi() f1, f2) (@),
BTp.0,,(f1, f2)(@) = ba(2) BTp.0(f1, fo) () — BTp0(f1,02(-) f2) ().

Remark 2.1. (a) For any 6 € (0,1) and ¢t > 0, if we take the 6(t) = t°, then
the above bilinear 6-type generalized fractional integral operators Bfg’g is just the
bilinear generalized fractional integral operators Bfg associated with kernel Kz
(see [5]); (b) If we take 8 = 0 in (2.2), (2.3), (2.4) and (2.5), then the operators
Bfgﬂ is just the bilinear 6-type Calderén-Zygmund operators Ty in [11]; (c) If we

take § = % and 8 = 0 in (2.2), (2.3), (2.4) and (2.5) then the operators BT} g is
just the bilinear Calderén-Zygmund operators T in [6].

The following basic facts about Lebesgue spaces with variable exponent are
introduced by [25].

Definition 2.3. Let p(-) : R™ — (0, 00] be a measurable function, for any p(-),

1<p- <px) <pi < oo, (2.6)
where
p_ =essinf p(z) > 1; p4 = esssup p(z) < oo,
rER™ TERM

we denote p(-) € P(R™) if p(-) satisfy the above inequality, and if

Lo = [ 1@ <,
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then f € LP() (R™). It is obvious that it is a Banach space being equipped with the
norm

£l Locr @y = Inf {A >0 Ly (f/A) <1}
The following facts about log-Holder continuous can be found in [20].

Definition 2.4. A function g : R™ — R is log-Hélder continuous if there exists a
constant C' = Cjog > 0 such that,

_ C
= log(e+1/|z —y])’

If the following two conditions

1
lg(x) — g(y)] lz —y| < 30 wyER™

C n
|g(x)_goo|§w, zeR (2.7)
and
C 1
lg(z) —g(0)] < m7 lz] < 3 (2.8)

are satisfied. In such cases, the function g(-) is said to have a log-decay at infinity
and at the origin, where g, = lim g(z).
Tr—r 00

In conclusion, we recall the definition of grand variable exponents Herz-Morrey
spaces (see [22]).
Definition 2.5. Let 0 < A\ < co and 6 > 0. Suppose that the variable exponents
q(-) € P(R™), a(-) € L*(R™) and «a(-) : R™ — R, then the homogeneous grand
variable exponents Herz-Morrey spaces M K;X)(g,;\(-) (R™) is defined by

a(),A ny _ ) (om .
]\/[I(p)ﬂ,q(.)(}R ) - {f € Liloc (R \{O}) : Hf”MKS)(,.e):;(.)(Rn) < OO},
where

ko 1
- : p(l+e) ) PUFO

Fll s marn o,y = sup sup 27 %A (ee g oka( )ka a() (R ) . 2.9

” HMKp),e,q<~>(R ) 50 koez W | 2o @eny (29)

The non-homogeneous grand variable exponents Herz-Morrey spaces is
a()A pny a(*) (ny .
MKP),M(-)(R )= {f € Ly (R ) : ”f”MK;‘)("g:;(_)(Rn) < oo},
where

ko 1
B . (1+¢€) p(1+e)
a(), = sup sup 27 koA 695 okal) m n) .
||fHMKP)<,g;(.)(Rn) 6>€ koell\)lo ( — | Xkl pac ) (R™)

Remark 2.2. (a) If we take A = 0 in (2.9), then the spaces MKZ‘)(Q’;(_)

the homogeneous grand variable exponents Herz spaces K;((f))’p )’G(R").
(b) When € = 0, then K:;‘((_'))’p)’e(R") = K;(())p(R"), when ¢ = 0 and «a(+) = const,

-a(),p),0 mny _ oD mn
then K5 (R™) = Kq(_)(]R ).

(R™) is just
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3. Estimate for BTM and BTBle b, on MK )( )q()

In this section, the authors mainly consider the 6-type generalized fractional integral

operators BTﬁ ¢ and their commutators BTg 0,b1,b, generated by b1, by € BMO(R™)
and the BT@@ are bounded on spaces MK[))(G)(;\( )(R")(or MKp)(Q);\( )(R")). The
main results of this section are stated as follows:

Theorem 3.1. Let > 1, a(-) and q(-) satisfy conditions (2.7) and (2.8). Suppose

that q(¢) nh) + Tz(L), ”%L) = T%ar) — B8 and ng — —qi(”oo) < @;(0) < ay(o0) <
n— % are established. Then there exists a positive constant C' such that, for any

041,()A n
fi € ME) 5 (RY),

e < o (- oo (-
||BT579(f1’fz)”MKp)(,g;;(v)(Rn) < C’Hf1||MKp11)<,;::11(.)(Rn)||f2|\MKP;)<,;‘,:22(.)(R")7
where A = A1 + Ao, a(z) = a1 (z) + as(x) and % =141

p1 P2’

Theorem 3.2. Let 0 > 1, bl, by € BMO(R"), a(-) and q( ) satisfy conditions (2.7)

and (2.8). Suppose that w) Tiw) + %, ﬁ ql(w) — B and nff — ;75 <
a;(0) < a;(o0) < n — % are established. Then there exists a positive constant C
such that, for any f; € MK;“)(gqq( )(]R")

”BTBthbz(fl f2)H1\4K°‘()A (Rn)_CHfl”MKal())\l R")||f2||MK°‘2()>‘2 (Rn)’

where A = A1 + Ag, a(z) = ay(z) + as(x) and % = p—l + p—g,

Remark 3.1. The results of Theorems 3.1 and 3.2 can be applied to non-homogen-
eous Herz-Morrey spaces with variable exponents using similar arguments.

Furthermore, to prove the main theorems, we need to recall some basic facts.

Lemma 3.1. Let 1 < p; <pi < oo. Suppose that q;(-) satisfy (2.7), (2.8) and
ﬁ q %m) + ( — 28. Then there exists a positive constant C' such that, for all

fi € Lol )(R”)(z =1,2),
IBT5.0(f1: f)ll Lo @ny < Cll il oo o L f2ll Loz -

Lemma 3.2. Let 1 < p_ <pf < oo and b; € BMO(R™). Suppose that ¢;(-) satisfy
(2.7), (2.8) and (z) (z) + qQ(I) — 208. Then there exists a positive constant C

such that, for all f; € qu( J(R™)(i = 1,2),

1BT5,0,61,b: (f1: f)llLacr @y < Cllf1ll paro oy

Remark 3.2. The proofs for Lemma 2.1 and Lemma 2.2 are similar to the proofs of
Theorem 1.1 and Theorem 1.2 in [7], respectively. Consequently, they are omitted
here for brevity.

f2||qu(-)(Rn)~

The following generalized Holder’s inequality can be found in [4].

Lemma 3.3. If p(-),q(-),r(-) € P(R™) by 1/r(z) = 1/p(x) + 1/q(x), for any f €
LPO)(R™), g € LIV (R™) and fg € L") (R™), such that

||fg||LT<'>(Rn) < ||f|‘LP<'>(R")HQHLQ<'>(R")~
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Finally, we recall the following characterisation of the spaces BMO(R™) intro-

duced in [10].

Lemma 3.4. Let b € BMO(R"™), k > [ and q(-) € B(R"™), then

and

Proof of Theorem 3.1. Let f; € MK

= > fil@)le) =

l=—00

1

XB | a) @)

sup
BeRn

l=—0c0

By Minkowski’s inequality, we obtain

HBfﬁ’G(flv f2) ||MKa(-),/\ (R™)

<sup sup 2
e>0 ko€Z

<sup sup 2
e>0 ko€Z

+ sup sup 2~
€>0 ko€Z

+ sup sup 2~

>0 ko€Z

+ sup sup 2~

e>0 ko€Z

+ sup sup 2~
e>0 ko€Z

+ sup sup 2~
€>0 ko€Z

+ sup sup 2
€>0 ko€Z

+ sup sup 2~
e>0 ko€Z

%A(

a()

k=—o00 (l_—oo j=—o00

kzz i HQka()BTﬁé f1»f2 XkH

—ko>\<0 2: (
k=—oc0 \l=—o0j=—

ko k—2 k+1
koA (9 E E
k=—oco\l=—o00 j=k—1
ko k—2 o0
G
k=—o00 \ l=—00 j=k+2
ko k+1 k-2
S CD OIS
k=—oco \l=k—1j=—00
ko k+1 k41
S G IS
k=—oco \l=k—1j=k—-1
ko k+1 ()
koA (9 E § E
k=—oo \l=k—1j=k+2
ko o0 k—2
—koA 69 § E
k=—o0 \ l=k+2 j=—00
ko oo k+1
koA 69 E E
k=—oco \l=k+2j=k—-1

16—

0‘7())‘

S f@) fole) =

be)XBl La) @mny = ||b]]«

j=—o00

p(I4+e)\ pate
Z Z HQka )BTﬂe f17f2 XkH ()) )

22V BT o (fL, f3)xn
28OV BTy o(f1, £3)xk
2520 BT 0(f1, f)xn
25OV BT o(fL, 1) x
220V BT o(f1, f)xk
2X0) BT o(f1, £2)xx

28OV BT o(f1, £3)xx

10— b8 sy < €O = DI Ip oo

" )(R”) and decompose

> fal@)x(e)

= > fil)

Jj=—00

p(1+e) p(11+€)
q(')) )
p(1+e) p(llJré)
q(~)> >
p(l+e) p(11+6)
q(~)> >
p(l+e) p(11+e)
q(')) )
p(1+e) p(11+6)
q(-)> )
p(l+e) p(11+e)
q(~)> )
p(l+e) p(11+6)
q(')) )
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ko p(1+e) ﬁ
=+ sup sup 2_k°A< Z < Z Z HQJM()BTBG fhfz XkH ()) >

e>0 ko€Z k=—o00 \ l=k+2 j=k+2
=E; +Ey + E3 + Ey + E5 + Eg + E; + Eg + Ey.

It is necessary to estimate Ei, Es, E3, E5, Eg and Eg, since E4, E; and Eg can
be obtained by following a similar methodology to that used for Es, E3 and Eg,
respectively. Then, For E,, we first set {,7 <k —2, € Dy, y1 € D; and y» € D,
such that |z — y;| > C2*. Then, for z € Dy, we can obtain

[BTath. @) <0220 [ )l s

<C27 D ||l f3)] o (3.1)

From the Minkowski’s inequality, it follows that

k=2 k- p(+ON mrg
a2 (¢ 3 (55 [ontot i, ) )

>0 ko€Z P NPl S S

e>0 ko€Z

k—2 — p(I+eN pa7a
<sup sup 2"“0)‘( Z P 0)< Z Z HBTBG i XkH ()) )

l=—00 j=—00
-1 1 p(I+e)N\ 3079
o (0 25 e, ) )
—1 k-2 PN pre
+§glgl§(}1€%2k0/\< GZQka(OO)< ZOOJZ_:OHBT;-;H fpfz XkH ) >
k—2 1 P+ 7o
+§1>118 ]Z)uepzz ko>\< 0 221604(00) <z_: HBT@ 0 fl,fQ XkH ) )

2 P+ON 5vey
+ sup sup 2~ koA( 922’”(0")< HBTB@ a, f2 XkH ) )
=0 j=

e>0 ko€Z k=0
=Ei1 + B2+ Ei3 + Eia + Egs.

For Eq1, by (3.1) and Lemma 3.3, we assume a; = ﬁ —n+ «;(0) and consider

~1 k-2 pilteN zrase
<C'sup sup 2 FoM <€9 Z ( Z 2la1(0)2a1(kl)||f{||q1(')> )

Eq1
€>0 ko€Z oo \ I——oo
—1 k—2 p2(l4+e)\ mrTe
% Sup Sup 271{:0)\2 60 E E 2‘7052(0)20'2(]‘57]) ||fg ||q2()
e>0 ko€Z k=—00 Jj=—00
ol 2
=E;; x ETy

For E},, we have established that it satisfies the inequality

—1 k—2
B}y <Csup sup 275 (ee > ( > 2““(0’““*6)2‘”“”’2““*”||f{||:’i<(-1>“)>

e>0 ko€Z

k=—o0 \l=—00
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p1(1te)

1
k—1 aq (k=) (14¢) P} (1+e) p1(1+e)
X E 2 2
l=—o00

<C|f1

o (), ny "
”MKml)ﬂ:;\f(‘)(R )
With an argument similar to that used in the estimate for Ei,, it is easy to get

By < C|lfe|

oo (), A .
ME, 5 6 ) R™)

For Ej2, since ¢;(0) < ¢;(c0) and a;(0) < a;(o0) are given, we assume b; =

o) — Nt a;(o0) and deduce
ko —1 p1(I+eN praTa
Bip <Csupsup 270n [ | B 2 @20 A,
e>0 ko€Z =\,
o - p2(146)\ muTe
“hoz | f ja (0) ba (k—3) || 43
X sup sup 27702 | € 9jaz(0)g f ‘
e NP 1
A\
=Ej, x E3,

The estimates for El,, E3, and E}; are similar, hence, it is easy to get

ELEL <O .
12H12 = ||f1||MK;D11)(‘9),’;\11(>)(]R”)||f2||MK;D22)(,8),’;\22(>)(]R”)

For Ei3, by (3.1), ¢1(0) < g1(00), a1(0) < a1(00) and ¢; = 7{12(”00) —n + a;(o0),
we get
ko -1 PL+oN srave
Eis <Csup sup 2750 [ 3" Y~ oleaOghb=Dygely
>0 ko€Z o \ e
ko [ k-2 p2(1+o)\ w7
X sup sup 27 ko2 Z 27e2(o0)gea (k= ])”fz”qz(')
>0 ko€Z i=o \ i=0
=El; x E%,

With a way similar to that used in the estimate for Eq;, it is not difficult to get

Eis<C Ca1()s (), .
9= Hfl||MKp11)(,9),211<->(R")Hf2”MKp;)(,g,;f(-)(R")
From the symmetry, by Eq3, we get

E14 <0Hf1||MK(¥1()/\1 (Rn)HfQHMK"Q)()’\Z’ (R™)"

For E;5, from (3.1), Lemma 3.3 and
obtain

—n+ a;(00) < 0, just like Eqp, we

qi(o0)

< e s (- .
Fis < CHfl”MKZf)(,e)f:f(-)(R”)Hf2||MK;Y;)SFJ)::;»(R")
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For By, weset [ <k—-2,k—-1<j<k+1, 2D,y €D;and y2 € Dy, such
that |x — y1| > C2F and |z — ya| > 0. For = € Dy, we deduce

BTt @] <0220 [ [ 1717 () e

<C27 2RO | £l s (3.2)

by this and the Minkowski’s inequality, write

ko p+oN sare
s (4 3 (X3 [ostat s, ) )

€>0 ko€Z k=—o00 \l=—o00j=k—1

—1 k=2  k+1 p(I+oN paro
<sup sup 2"““(60 > 2 0)< > D HBTM (fi, £3) ka ()) )

€>0 ko€Z k=—c0 l=—o00 j=k—1

P(+e)\ s
+ sup sup 2~ kox\( OZQka(OO)< Z Z HBTge fl,f2 Xk” ) >

>0 ko€Z 12 oo k1

k=2 k+1 N 4 p(I+ON are
+ sup sup 2~ ko)‘( 022’“0‘(00)<Z Z HBTﬂ,e(fog)Xqu(')) >

€e>0 ko€Z 1=0 j—k—1
= Fo1 + Eaa + Eos.

For Eo1, by (3.2) and Lemma 3.3, we conclude

—1 k—2 pi(l+e)N\ mrara
Eg <C'sup sup 277N <69 > ( > 210‘1(0)2“1(’“_”||ff||q1(~>> >

e>0 ko€EZ k= — 0o I—— oo

-1 k+1 _ p2(1+o)\ w7
x sup sup 2~ F0A2 (69 Z ( Z 2ka2(0)f5|q2(~)> >

€>0 ko€Z k=—oo \ j=k—1
_ ol 2
= Ey x E5y

Since Ei; and Ei; are the same. Thus, we only turn EZ;,

—1 p2(l+e)
E3, <C'sup sup 2740 ( S 2k&2<°>m<1+6>f§§§§3“>)

>0 ko€Z e — oo

<C||fll

oo (4), A2 .
MKP2)~9,q2(‘)(Rn)

For Eqz, by (3.2) and Lemma 3.3, we get

ko —1 N e
Eoo <C’sup sup 2- ko1 < o Z ( Z 21&1(0)21)1(’6l)”f{”CJl(')) )

€>0 ko€Z k=0 \l1=—oc

ko [/ k+1 , p2(l+e)\ pzaTe
x sup sup 2702 ( > ( > 2ka2(oo)f§|q2(-)> )

e>0 ko€Z k=0 j=k—1

ol 2
= Egy x E3y
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Since E3, and E3; are similar, and E}, = Ei,, it is easy to get

Eg» <C|\f1||MKa1<>A1 (Rn)Hf2||MKaz)<Mz (&)

For Eq3, by (3.2), we obtain

ko k—2 p1(1+e€) Pl(i+5)
sup sup 27" | € e .
Ey3 <C sup sup 27" ( > (ZQJC“(OO)T * l)||ff||q1(>> )

>0 ko€Z k=0 1=0
ko k1 p2(l+e)\ 75075
x sup sup 27 oAz [ ¢f E E 2ja2(oo)|‘f§”qz(~)
>0 ko€Z k=0 \ j=k—1
= E23 X E23,

we can find E3; = Ei. and E3; = E2,. Therefore, we obtain an estimate of Egj.
For Eg, weset | < k—2, j 2_1@—!—2, x € D, y1 € D; and y2 € Dj, such that
|z — 31| > C2% and |z — y2| > C27. For x € Dy, we obtain

Bfﬁ,@(f:{7f2 <C/ / |f1 Y1 Hf2(y2)| 2ndy1dy2
" JRe 2k(1 B) 4 2i(1— >)

<Ok B>z nAD) A (33)
write
e s} p(1+e) p(11+6>
( S ( > % 0BTt ], ) )
e>0 ko€Z k=—o00 I=—00 j=k+2

—1 p(1+e) p(larﬁ)
§Sup Sup 2—k0/\ <€0 Z 2]@01(0)( Z Z HBTﬁ 2] f17f2 Xk;H > >

€>0 ko€Z k=—o00 l=—00 j=k+2

1 P4\ Frrvey
4 sup sup 2~ kO/\< 022ka(00)< Z Z HBng fl,f2 XkH > >

>0 ko€Z 1= oo o2

k—2 p(l+e) p(11+€)
+sup sup 27 W( 022’““(°°)<Z 2 HBTM fi.f3 X’“H ()) )

€e>0 ko€Z =1 j=k+2
=E3; + E3 + Es3.
For E31, we obtain

_1 k—2 p1(1+ON praTa
Es §C’sup sup 27]6())\1 (60 Z ( Z 2la1(0)2a1(kl)||f{||q1(-)> >

>0 ko€Z

k=—o0 \l=—0
—1 o]
x sup sup 27 Foz | &0 E E gkaz(0)
>0 ko€Z oo \ johia

pa2(14¢) W
y Q(k—ﬂ(ﬁ—”ﬁ) ||f£||q2<->> )
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_ Rl ;2
- E31E31‘

It is easy to see that E; = El;, hence, we only estimate E3,. Write

1 —1 _ p2(1+9)\ e
E§1 <C'sup sup 2~ FoAz (ee Z ( Z 2j°‘2(0)2d2(k])||f§||q2(.)> )

>0 ko€Z ke oo \ johia

e>0 koEZ

1 00 p2(1+e) m
+sup sup 270 (69 > (ZW”(“)?dQ(k—”Hfﬁq2(~)> )

k=—oc \ j=0
=D1 + Do,
where d; = - —nf + a;(0). With an argument similar to that used in El;, it
is easy to get EZ;. For Esz, by (3.3), ¢1(0) < q1(c0) and e; = iy B+ a;(00),
write
ko 1 p1(1+eN ot
Esp <Csupsup 2% | 7y 7 (N 2 @an =0y py
e>0 ko€Z =0 \l=—o0

ko oo ) p2(1+e) P2(i+€)
X Sup sup 9~ koA2 (60 Z ( Z 2J0¢2(00)2€2(k—])||fg||q2(_)> )

e>0 ko€Z k=0 \ j=k+2
_wl g2
7E32E32'

It is obvious to find that E}, = Ei, and the estimate of EZ, is similar to Dy. Hence,
we have

Bz < Gl ||MK§11><,.9>::11<->(R71) 72 ”MK:;f,'e)::f(-)(Rn)'

For E33, just like E3o, we obtain

ko /[ k-2 p1(A+ON T
Egs <C'sup sup 2~Foh ( Z (Z21“1(“)2”(’“‘”||f{||q1<->> )

e>0 ko€Z 1=0
I p2(1+e) m
x sup sup 27042 { ¢ Z > P gy
>0 ko€EZ =0 \ johi2
=E§3E§3,

we have Ei; = El; and EZ; = E2,, thus Es3 is estimated.
For E5, by Minkowski’s inequality, write

k1l kil p(L+e)\ 57e
a2 (¢ 30 (35 [ost ], ) )

€>0 ko€Z k=—oo \l=k—1j—k—1

k1 k+1 p(I+e)N Frre
<sup sup 2]“0)‘( Z 2k0‘(0)< Z Z HBT69 1.5 XkH )> )

€>0 ko€Z k=——oo I=h—1 j=k—1

k4l k4l O ONTee=)
+ sup sup 2~ W( 922’“}(%)< > D HBTBH 1.1 XkH ()> )

€>0 ko€Z I=h—1 j=k—1
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=E51 + Esa.

Applying Lemma 3.1, we obtain the following result

-1 k1 P+oN 5rav
ez (¢ 5 (5 soong,g) )

>0 ko€Z k=—oc \l=k—1

Es

—

-1 kt1 ‘ p2(1+e)\ mrrs
x sup sup 27 F0A2 (69 Z < Z 2’““2(0)||f5||q2<~>> )

>0 koEZ oo \ joho1
=Cll Al gorrn [1F2ll gz 2 ;
MKm)w@vtn(')(R ) MKP2)~9412(')(R )
as with the estimation of E57, the estimation of E5o follows a similar procedure and
is therefore easy to obtain.

For Eg, weset k —1<I<k+1,j>k+2 2€Dy,y €D;and ys € Dy, such
that |z — y1| > 0 and |z — 32| > C27. For = € Dy, we have

BTt @) <0220 [ [ i) ) s
<C27 KR =D || | s, (3.4)
from this and the Minkowski’s inequality, it then follows that

ko k41 oo p(I+e)\ 5070
e (¢ 35 (5§ ot ) )

e>0 ko€EZ k=—oco \l=k—1j=k+2

—1 p(1+e) p(11+e)
< sup sup 2~ *0 (69 Z oka(0) ( Z Z HBTM fl,f2 X’“H ) >

€>0 ko€Z k=—o0 l=k—1j=k+2

p(+o\ 57
+ sup sup 2~ ko)‘( 922]““00 ( Z Z HBTBG f17f2 Xk” ) >

>0 ko€Z I=k—1j=k+2
=E¢1 + Ee2.
For Eg1, we conclude the following inequality holds

~1 k1 P11+ FraTe
Egy <C'sup sup 2750 (69 2. ( > 2k“1(°)||ffq1<->> )

e>0 ko€EZ

k=—o00 \l=k—1
—1 0
x sup sup 27 F0A2 | ¢ Z Z 2
>0 ko €2 k=—o00 ]:k+2
( ) p2(1+e€) m
i) _ j
P ||f§||q2<~>> )
:E(lﬂE(zil

B, is similar to E3;, and since E2, = E2,, it is easy to get

E61<C|\f1||MKa1<>A1 (Rn)Hf2||MK“2)()>\2 &)
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For Ega, by (3.4) and Lemma 2.4, we consider

ko [ k+1 pi(l+oN srave
Egz <C'sup sup 2700 <eQZ< > 2’““1<°°>||fi|ql<‘>> )
k=0

€>0 ko€Z

I=k—1
ko oo ' p2(1+)N\ 33079
x sup sup 27 koA [ ¢f Z giea(o)ge2 =0 | £
e>0 ko€EZ k=0 j=k+2
:EtlizE§2

Since the estimates of Ef, and E2, are similar E2, and E2,, respectively, it is easy
to see that

Eg2 < C[lfillyygerrn [ f2ll f geoarore :

MK, 0)ar () B TTTEMEL N 6 on ) (R™)

For Eg, we set [,j > k+2, x € Dy, y1 € D; and yo € D;, such that |z —y;| > C2!
and |z — ya| > C27. For z € Dy, we have

BTB o(fl, ) (x / / [ w)I13 (2)] 5 dy1dys
n JRe 2l<1 ) 4 2i(1— >>
< C27Map ||f1||L1 27D ], (3.5)

by Minkowski’s inequality, we have

p(I+eN\ paTa
sup sup 2_k0/\< Z ( Z Z H2ka( BTBO f17f2 chH )) )

€>0ko€Z k=—oo \I=kt2j=k+2

P+ Frre
< sup sup 2ko>\< Z gka 0)( Z Z HBTﬁe fl,f2 XkH ) >

€>0 ko€Z k=—oo I=kt2 j—k+2

PA+eN s
+ sup sup 2~ ko)\< Ozzka(w)< Z Z HBTga fl,fQ XkH > )

€>0 ko€Z I=kt2 j=kt2
= g1 + Ego.

For Eg;, by (3.5) and Lemma 3.3, we obtain the following result

—1 0o
Eg1 <C'sup sup 2~ koM <69 Z ( Z Qkal(o)g(k_l)(ﬁ_"ﬁ)

>0 koEZ P S P

pr+oON prare
x ||ff||q1(~)> )

—1 ]
X sup sup 2~ FoAz (69 Z ( Z Qkaz(O)Q(’“*j)(ﬁ*”B)

€>0 ko€Z k=—o0 \ j=h+2

p2(1+€)\ priTey
X ||f§||qz(-)> )



2774 J. Wang & X. Chen

_rl 2
- E91E91‘

It is easy to find that E§; and E3; are similar to E2,, hence, here we omit the details
of the proof.
For Egs, it is easy to get

p(1+e)N\ 5o
sup sup 2~ koA( Gz2ka(00)< Z Z HBng fl,fQ XkH ) )

e>0 koE€EZ I=k42 j=k+2

ko o) p1(1+e) p1(1+e€)
<C'sup sup 2° ( 92( > 2lnega Dy p ) )

€>0 ko€Z k=0 \i=k+2

ko 0 p2(1+e) m
X sup sup 2~ k°>‘2< HZ ( Z 2ja2(°°)2e2(k_j)f§qz(-)> >

e>0 koEZ k=0 \ j=k+2
_ml 2
_E92E92

Since the estimates for Ej, and E3, are similar to E3,. So, it is not difficult to
obtain that

E92 <0Hf1||MK°‘1(>>‘1 (Rn)HfQHMK"Q)())‘Z (R")
Which, combining the estimates for E1, Es, - -+, Eg, yields the desired result.
Hence, the proof of Theorem 3.1 is finished. O]

Proof of Theorem 3.2. Let ||bi|l. = [|b2fl« = 1, fi € MKQ’)(M( (R™), and

decompose

=) fx@ =Y fik), L= fax@=) fk)

l=—00 l=—00 j=—0o0 l=—00

Since the decomposition method for ||Bfgyg’b17b2(f1,f2) is the same as

that for |BTs.6.(f1, f2)

HMK;(,E)";(»
s RO it is omitted here. For the sake of brevity, we
set BTg 0,b1,by = BT 00 in the proof. It is necessary to estimate F1, Fy, F3, F5, Fg
and Fg, since Fy, F7 ‘and Fg can be obtained by following a similar methodology
to that used for Fy, F3 and Fg, respectively. For Fi, we set [,j < k—2, x € Dy,
y1 € Dy and yo € Dy, such that |z — y;| > C2%. For 2 € Dy, we can deduce that

|BT, 0544, ()|
<2209 [ o) — b))l | Pale) = baCo) 17 ) e
<0200 (ou(e) bl [ Al + [ oo = i ol1 )l
< (i) = b, [ 1+ [ 1o, = baln)l ) )

qi('))

<0272 R=B | £l <|b1(-) = bg,|lIxillg ) + [[1bB, — b1lxi
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qé(')) '

%l (1020) = b, G llag ) + 116, = bl

From Minkowski’s inequality, it follows that

p(1+e)
q(~)> )

(3.6)

1
p(1+e)

ko k-2 k-2 _
sup sup 27 FoA | ¢ Z ghal )BTﬁ 0, 501 )Xk
e>0 ko€Z k—=— l—— i—
=—00 =—00 J)=—00
—1 k—2 k-2 .
< sup sup 2~ koA <€9 Z ( Z 2ka()BTﬁ0b(f{,f§)X;€
€>0 ko€Z k=—o00 \l=—o0j=—o00
ko -1 -1 ‘
+ sup sup 27 koA | ¢ Z Z oka(- )BTﬁ p b(f{, f3)xk
>0 ko€Z k=0 I—— _
= =—00 j=—00
ko / -1 k-2 N ' P4\ mrs
+ sup sup 27X [ ¢f HQka(')BT (5 XkH
SUp sup 1;) l; - 50501 f2) o)
= =—00 j=
ko (k-2 -1 , p(+e\ 575
+ sup sup 27 FoA [ ¢ HQka( )BT, ,+(f!, f kH
€>0 ko€Z ; ZZ; = B.6% U f2)x a()
= =0 )=—0o0
ko [ k—2k . PN pre
+ sup sup 27 FoA [ ¢ HQ’W( )BT, ,5(f1, f%)XkH
€>0 ko€Z k=0 \ 1=0 j= P a)

=F1 +Fi2 +Fig +Fig +Fis.

For Fy1, by (3.1), (3.6), Holder’s inequality, Lemmas 2.4 and 2.5, we consider

sup sup 2
€>0 ko€Z

(¢35 8 e,

l=—00 j=—00

P+ 5are
,0.b f{vfg)XkH
q()

1 k2 (14N praTa
oz (# 3 (5 ko))
o, —1 k—2 N p2(1+e)N\ priiTe
X sup ks:lEpZ 27 oA (e k_z_:oo<j_z_:oo(k §)2reaOraz b= g . ) >
=F}; x Ff.

For Fi,, we have

—1 k—1
_ a3 (k=Upy(A+e)
Fl, <Csup sup 27H0N (Ee > (Z len O (1 HEEEES
€>0 ko€Z k=—00 l=—00
b1 p1(1+ (1 5
- a1 (k—0)p} (14¢) p1<1+6) prlite
(5 o pnegznn)
l=—00
<C||f]l

oq (1), A .
ME, N G ) ®™)

q1(+)

111p1(14€) >
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With an argument similar to that used in the estimate for Fi,, it is easy to get

F%l < CHfQHMKOQ( ) )‘2 (Rn)

For Fi2, by (3.1), (3.6), Lemmas 3.3 and 3.4, we deduce

ko [ -1 -1 _ P+eN s
sup sup 27 koA | ¢f HQka )BT (ff x H
e>0 ko€Z kZ:O l;ooj;m pe b ! 2) ¥ a()

ko -1 P+ priiFe
<C'sup sup 9—koA1 (69 ( Z )21a1(0)+b1(k 1) ||f qu > )
e>0 ko€Z 0

k= l=—00
%) —1 p2(1+e) m
X SUp Sup 9—koXz [ 0 Z )2Ja2(0)+b2(k J)Hf]”qz(_)
e>0 koEZ k=0 j=—o00
=Fi, x Fi,

The estimates for Fi,, F1, and F1; are similar, hence, it is easy to get
Fi2 <Ol fally rorom 1 f2ll ;a2 -
MK, olar () R TTFIMELS o gty (R

For Fi3, by ¢2(0) < ¢g2(00), we have

—1
Z ZHB 05 f17f2)Xk||q

l=—00 j=0
k—2
k—1 k— n___n 1
<c Z D20 =) o 30— )22 Gt =) o
l=—c0 7=0

With a way similar to that used in the estimate for Fy5, it is not difficult to get
Fi3<C a1 (), caz(), .
= ”flHMKpf;,e),:f(-)(R")”fQHMszz;,e?),;;(-)(R")

From the symmetry, by Fi3 we get
Fiu <Cllfr

HMK;C:E)(,.Q):;;(-) (R™) ||f2 HMK;:;)(,.Q):‘?;(.) (R)

For Fy5, from (3.6), Lemmas 3.3 and 3.4 and e —nt a;(00) < 0, just like
Fq1, we obtain

Fi5 < C| f1]l

o (4),A n fQH rag(4), A ny*
MELL 5y ) (R™) MK, 6205 (R™)

For Fo, weset [ <k—-2,k—1<j<k+1,2€Dg, y1 €D; and y2 € D;, such
that |z —y1| > C2* and |z — 31| > 0. For o € Dy, we deduce

BT, ,5(f )()|

<C27 2k 1*ﬁ)Hfqul(»)(|b1(') = bg,|lIxtllg ) + [[1bB, = b1lxi

qi('))
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X Hngqz(-) (|b2() - ij|||Xj||q§(') + H‘ij - b2|Xj qé(.)>a (3~7)

by this and Minkowski’s inequality, write

ko k-2 k41 _ p(I+e)N\ 779
sup sup 275N e 30| 30 >0 {2MOBT 5 (A |
€>0 ko€Z k=—o00 \l=—o00j=k—1 a
1 k=2 k1 B _ PO+ 5o
< sup sup 27 R | ¢ 2O BT, (f, £3)xn
>0 ko€ k;m l_ooj_zkzl 679,8)( 1> f2) a()
ko —1 k+1 _ ' p(I+eN 3079
+ sup sup 27 For [ ¢f Z Z Qka(')BTB gg(f{a 13)xx
€>0 ko€Z o\ i 5 0, a(*)
ko [k—2 k+1 P+ON 5079
+ sup sup 2770 [ € Z Z H2ka()BTBM fi. fa X’“H
€>0 ko€Z k=0 \ 1=0 j=k—1

=F21 + Fay + Fas.

For Fo, by (3.2), (3.7), Lemmas 3.3 and 3.4, we conclude

k—2 k+1 p(1+6) p(A+e)
. ) —koA 6 ka l j
sup sup 2~ ° (e E ( g E HQ ()BT,@eb fuf%)Xqu(J) )

€>0 ko€Z k=—oo \l=——o0 j—k—1

—1 -1 prl+oN mrave
ccupanz (¢ 5 Sa-pmorerg,,)” )

e>0 ko€Z k=—00 \l=oc0
-1 k+1 p2(l+e\ 5070
—koA 0 kaz(0) | £7
X sup sup 277072 | ¢ E E 25201 £l 4,
€>0 ko€Z k=—o00 j=k—1
_ml 2
=F3, x Fa.

Since F3, and F}, are the same. Thus, we only turn F3,,

—1 P2 (1+e)
F3, <C'sup sup 2~ ko2 <69 Z ka2(Op2(1+9)|| £k Z(l)JrE))

e>0 ko€Z ke — o0

<C||f2HMKa2( ) %2 (]Rn)

For Foo, by (3.2), (3.7), Lemmas 3.3 and 3.4, we get

ko -1 p1(l+e) p1(1+e)
Fay <C'sup sup 2~ ( 92( 3 (e—ty2ler @by gy ) )

>0 ko€Z =0 \ = —oo
ko [ k+1 P21+ mriTe
Lo 6 koo (0o J
X sup sup 277072 E E 2he )HfZHtlz(')
€>0 ko€Z k=0 \ j=k—1

ol 2
=F3 x F3
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Since F3, and F}, are similar, and Fi, = Fi,, it is easy to get
Foo < C ey (), can(), .

22 < Clfillyriemgnn gl Fellyricnatyns

For Fa3, by (3.2), (3.7), Lemmas 3.3 and 3.4, we obtain the following inequality:

ko k—2 p1(l+e) P1(i+€)
Fay <Csup sup 27400 ( > (z (- z>zml<w>zcl<k-l>nﬁm) )

e>0 koEZ

k=0 \ =0
ko k1 , p2(l+e)\ mrite
x sup sup 27F0A2 (0NN ke ey
e>0 ko€EZ k=0 j=k—1
:F%3 X F%3,

we can find Fi; = Fl; and F3; = F%,. Therefore, we obtain an estimate of Fa3.
For F3, weset | < k—2,j>k+2, € Dy, y1 €D; and yo € D, such that
|z — 31| > C2% and |z — yy| > C27. For x € Dy, we obtain

BT, 45/, £)(@)
gCQ‘”’“(l_ﬁ)Hfqul(»(\bl()—bBL|||Xl||q1 +[1bB, = biba qfl(.))

X 277”(17/8)”-}0%”(12() (|b2() - ka|||XJ||q/2() + H'ka - b2|X] |q’2())’ (38)

write
ko k—2 p(1+€) p(llﬁ»e)
—ko [ 0 ka() g
sup sup 2 € 2 fLor
>0 ko€Z ( k;w (l—zoog , ﬁ&b( 1 2) )

-1
< sup sup 2~ koA (ee Z

€e>0 ko€Z

=k+

00 p(l+e) :D(11+F)
5 prost el )"
j—k+

=k+

p(l+e) p(1+e)
2]{:(1( ,
ﬂeb(fl f2) q()> )

e>0 ko€Z

+ sup sup 9~ koA
e>0 ko€Z

k‘o -1
+ sup sup 27 hoA <€0 Z (
k=
< ( >

=F31 + F32 + Fas.
For F31, by (3.3), (3.8), Lemmas 3.3 and 3.4, we consider

_1 p(1+¢€) ﬁ
e 9—koA [ 6 ka(0) j
sup sup 27 (e Z ke < Z Z HB 5.05 fufé)Xqu(J) )

€>0 ko€Z k=—oc0 l=—00 j=k+2

e>0 koEZ

~1 k—2 p11+N maTe
<C'sup sup 27 FoM (69 > ( > (/f—l)2l°“(0)+a1(k_”||ff||q1(-)> )

k=—oc0 l=—00
—1 e’}
x sup sup 2~ Forz | ¢f Z Z (- k‘)2k°‘2(0)
e>0 ko€EZ k=—oo \ j=k+2
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p2(1+O)N\ mise
eV (2 j
w 2= (Gt 5)||f§||q2<->> )

=F :131 F%l
It is easy to see that Fi; = Fi;, hence, we only estimate F3,. Write

—1 —1
F2, <C'sup sup 2~ Fo*2 (69 > ( D (j — k)2re 000

e>0 ko€EZ k=—oo \ j=k+2

p2(1+e)\ 77e
J
x ||f2||q2<~>> )

—1 o0
+ C'sup sup 2~ For2 <69 Z (Z(J — J)2i02(00) g2 (k—7)

>0 ko€Z koo \ 50

P21\ iiTe
X ||f5||q2(~)> )

=D3 + Dy4.
For D3, by the Holder’s inequality, we have

-1

-1
(k—j)pa(1+e€) €)
D<o 27t (2 3 (3w n

e>0 ko€Z k=—oco \ j—k+2

pa(l+te)

-1 ) T+e) \ p2(ite)

do (k—j)ph(1+e Pa(

><< S (j — kyPhUOgienOn (1 g HESRE )
j=k+2

<Cllfalyggessyos, oy
Just like the D3, we also have

D4 S CHf2||MK§22)(Y'9):;‘22(-)(R7L)'
For F32, by (3.3), (3.8), Lemmas 3.3 and 3.4, write

P+ON 5rvey
sup sup 2 W( 92( Sy |20 BT, ;5L ()) )
"

€>0 ko€Z Pl

-1 prl+oN 7ra7o
<C'sup sup 2 FoM <69 Z ( Z (k — l)2la1(0)2b1(k_l)|f{||q1(.)> )

e>0 ko€Z k=0 I=—o00
00 p2(1+e) p2(l+e)
X sup sup 2~ ko2 (69 Z ( Z (J— k)Qja2(®)+62(k_j)||fg||q2(-)> )
e>0 koEZ k=0 j=k+2
:F§2F§2

It is obvious to find that Fi, = FI, and the estimate of F3, is similar to D3. Hence,

we have

F32 < C”leMKal( ) %1 (Rn ||'f2HMKa2>( )5 A2 (Rn)
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For Fs3, just like F3o, we obtain

ko /k—2 oo P+ e
sup sup 2_k°>‘< Z (Z Z HZM( Ts 0% (fi. f3 XkH > >
k=0

€>0ko€Z 1=0 j=k+2

ko - p1(l+e) p1(i+€)
<Csup sup 2 ( 2(2 ) - “||f1||q1<->> )
k

>0 kocZ =
ko o P2(1+e)\ 55iFe
x sup sup 27 FoAz [ 0 E o) 2002 (o) rea (k=) 7 llaa()
>0 koeZ =0 \ j=rt
ol 2
=F33F3;,

we have Fi, = Fi, and F3; = F%,, thus, F33 is estimated.
For F5, by Minkowski’s inequality, write

ko k4l k4l p+ON 717
—kox [ 0 k I 4j
sup sup 2~"° (e E ( E E gka(: )BTB 0. (1 1) xn q(‘)> )

>0 ko€Z k=—oo \l=k—1j=k—1

€>0 ko€Z k=—oo \l=k—1j=k—1

-1 k1 kt1 ‘ p(I+eN paTe
< sup sup 2 ko> (60 Z ( Z Z gkor(- )BTM b(f{,fg)Xk ()) )
e

ko [ k+1l  ktl P+eN s
+ sup sup 27 FoA [ ¢f Z Z ke () BT (fl, f2)
€>0 ko€Z im0 \ I o1 q(-)

=F51 + Fsa.

By Lemmas 3.3 and 3.4, we obtain

-1 k41 pil+e\ 5rTH
Fs; <Csup sup 270N <69 > ( > 2k“1(0)|ff||q1(~>> )

e>0 koEZ k=—o00 I=k—1
-1 k+1 p2(1+e\ 7079
Y kasa(0) || £
X sup sup 27772 | € E E gkl )Hf2 llaa ()
>0 ko€Z k=—o0 \ j=k—1

=C| fr HMK%()Q:;;(_)(R") | f2 HMKE;)(V-&;;(_)(RTL)a

as with the estimation of F51, the estimation of F55 follows a similar procedure and
is therefore easy to obtain.

For Fg, weset k—1<1<k+1,j>k+2 2 €D, y1 €D; and y» € D;, such
that |z —y1| > 0 and |z — 31| > C27. Then, we have

‘BTBﬁ,bl,bz(f{vfg)(x)‘
SCQink(176)2inJ(175)||f“|ql() (|b1( ) - bBL'HXl”ql + H|bBl bl|Xl ()

qé(‘))’ (3.9)

<13 Nl (\bz(') — b, lIx; gy ) + [[10B, — balx;
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from this and Minkowski’s inequality, it then follows that
ko k+1 0o p(l+e) p(1+€)
N —koA | 6 ka(-)pp (gl i
sup sup 2" € 2 BT 1, 2 )Xk
—1 k41 oo ‘ p(I+e)\ 7o
< sup sup 2~For (69 Z < Z Z oka(: )BTM S(f1 f3)xe ) )
I=k—1j=kt a0)
=k+

e>0 ko€Z e —oo
P+ ey
ko
2 ( 59b(f1af2) q(_)> >

For Fg1, by (3.4), (3.9) and Lemmas 3.3 and 3.4, we conclude that Fg; satisfies
the inequality

ktl oo ' PA+ON Fre
sup sup 2—k0A< Z ( Z Z HQka )BTgeb f{af@Xqu(») )

k41
+ sup sup 2~ ko/\< 92(
l

€>0 ko€Z o

=F¢1 + Feo.

e>0 ko€Z

k=—oc0 \l=k—1j=k+2
—1 k+1 pil+eN maTe
< C'sup sup 9 koAs [0 Z Z 2ka1(0)||f{||q1(-)
e>0 ko€Z k=—00 I=k—1
—1 o] .
x sup sup 27F0* ¢/ )" (J— k)2k0‘2(0)+(k_3)(‘12<°°> )
€>0 ko€Z k=—o0o \ j=k+2
p2(l+e) m
X f%lqg(o) )
= FflilF?il’

F§, is similar to F3; and F%, = F3;, we obtain
Fg1 <C s o (- )
o= ”flHMK;I;,;];I«)(R")||f2HMKZQ%(,(;];;(')(R")

For Fga, by (3.9), we consider

0 k+1 [e%s) ) p(14+¢€) 20+
sup sup 2 w<92< S Y [evns ,9,;(ff,f§)kaq(.)> )

€>0 ko€Z I=k—1j=k+2
ko [ k+1 pi+eaN praTe
<C'sup sup 27 For [ ¢f Z Z 2160‘1(00)”][{”(11(‘)
>0 ko€Z k=0 \l=k—1
o p2(1+6)\ priire
X sup sup 2~ koAz ( o Z ( Z (j— k)2ja2(oo)+62(k J)”fz llga (- )) )
e>0 ko€Z k=0 \ j=k+2
:Fé2F§2

Since the estimates of F}, and F2, are similar F3; and F, respectively, we conclude

F62 <C||f1HMKa1()%1 (Rw ||f2HMK0‘2>()A2 (R™)”
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For Fg, we set [,j > k+2, z € Dy, y1 € Dy and y2 € Dj, such that |z —y;| > C2!
and |z — ya| > C27. For z € Di, we have

BT, o511 ) (@)
<02 nt=Bg A o (6 = b lxallag oo + 11D, — balxa

><IIJ‘é‘IIq?(.)(Ibz() b5, llIXillgg ) + (105, — balx;

by Minkowski’s inequality, write

ko o o p(+eN 3
—koX | 6 ko U o)
sup sup 2~ ° (e Z ( Z Z 2 ()BTﬁeb(flvfg)Xk q(')) )

€>0 ko€Z koo \ I=k+2 j—=k+2

qi(‘))

50) (3.10)

—1 > x p(1+e) p(1+e)
< sup sup 9—koX (69 Z < Z Z Qka()BTﬁeb(ffvfg)Xk ()) >
e

e>0 ko€Z k=—oo \ l=k+2 j=k+2

ko oo oo ) (1+e) p(1+4e)
+ sup sup 2—Fo> (69 ( S X |[2OBT, 5 v q()) )

€>0 ko€Z k=0 \ I=k+2 j=k+2
=Fo1 + Foo.
For Fg1, by (3.5), (3.10), Lemmas 3.3 and 3.4, we obtain

—1 [e%s)
Fg; <C'sup sup 2 koM <€9 Z ( Z (1 — k)zko‘l(o)+(k_l)(q1<oo> "5)

>0 ko€Z k=—o00 \i=k+2

PLIFON FraTe
X ||ff|q1(-)> >

-1 [eS)
X sup sup 27 koA (69 Z ( Z (j— k)2ka’-’(0)+(k 3)(q2(oo> "5)

e>0 koEZ k=—oo \ j=k+2

p2(1+e)\ poiire
x ||f:f||qz(~)> )

_ 1wl 152
- F91F91'

It is easy to find that F§; is similar to F3,, hence, here we omit the details of the
proof.
For Fgs, it is easy to get

' PO+ srre
sup sup 2~ ko)x( 92( Z Z HQka )BTﬂgb fpf%)Xqu()) )

€>0 ko€Z k=0 \I=k+2 j—k+2

p1(l+e) P1(1FO)
<C'sup sup 9—koM < 0 Z ( Z )2la1(oo)+€1(k l)f1||q1(~)> )

e>0 ko€Z I—k+2

. - p2(1+6)\ 7079
X sup sup 2° koAa (69 Z ( Z (G — k)zjaQ(OO)-‘r(’a(k—j)Hfg||q2(.)> )

€>0 ko€Z k=0 \ j=k+2
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_1l p2
*F92F92'

Since the estimates for Fa, and F3, are similar to F3,. So, we have

< oy (- oo (- N

F92 o C”fl H]WKMI)(,B)Z;I(-)(RH) ||f2 HMKP;)(J;:;;(-)(RH)
Which, combining the estimates for Fy, Fo, ---, Fg, yields the desired result.
Hence, the proof of Theorem 3.2 is finished. L]

4. Estimate for Bfg,g and BT@g,bl,bz on K;((.'))’p)’e(R")

In this section, the authors mainly consider the 6-type generalized fractional in-
tegral operators BTz ¢ and their commutators BTz 5,5, generated by by,b2 €

BMO(R™) and the Bfgﬁ are bounded on grand variable exponents Herz spaces

K:((_'))’p)’a(R”)(or qu‘((_'))’p)’e(R”)). The main results of this section are stated as

follows:

Theorem 4.1. Let 6 > 1, bl,bg € BMO(]R”) a(-) and q(-) satisfy conditions (2.7)
1 17 1 n

and (2.8). Suppose that (ac) @t 72(;8), o = o B and nf — s <

a;(0) < aj(00) <n — Zitoy are established. Then there exists a positive constant C

such that, for any f; € K(;X((_'))’p)’g(R”),

”BTﬁﬂ(fl, f2) ”K;*(("))vp)ﬁ(ﬂgn) < CHfl ||K;¥((v'))rp)’9(]Rn) HfQHK;I((_'))’P)v@(Rn)v

where a(z) = aq(x) + as(x) and l — Ll + %

Theorem 4.2. Let 0 > 1, bl,bg € BMO(R") a(-) and q(-) satisfy conditions (2.7)
and (2.8). Suppose that 14 Lo — 1 __ 5 andnB — <

@ = n@w T RE n@ = @@ ai(>)
a;(0) < aj(00) <n — Zitoy are established. Then there exists a positive constant C

such that, for any f; € I.(;X((_'))’p)’a(R”),

1BT,0,b1,05 (f15 f2)ll jror.00.0 ny < ClIOLI b2l f1ll a0 gy L 2]l 0.0 oy
a() (R™) 0 (R™) a0 (R™)

where a(z) = ay(x) + az(x) and % = pil + p%.

Remark 4.1. (a) Theorems 4.1 and 4.2 can be shown to be true in the same way
as Theorems 3.1 and 3.2. Consequently, a detailed presentation of the respective
proofs is not included here; (b) Given that the proof for the non-homogeneous case
can be treated by a similar method, the results presented of theorems 4.1 and 4.2
are applicable to the non-homogeneous grand variable exponents Herz spaces.
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