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DISCONTINUOUS FRACTIONAL BOUNDARY
VALUE PROBLEMS WITH ORDER « € (1,2)*

Jinwen Wu'!, Xiaoling Hao®' and Kun Li?

Abstract This paper focuses on investigating the discontinuous fractional
Sturm-Liouville problem equipped with a transmission condition of order o €
(1,2). Through rigorous analysis, it is demonstrated that the eigenvalues and
their corresponding eigenfunctions of this problem coincide with those of the
constructed operator in Hilbert space. Furthermore, a necessary and sufficient
condition for the existence of eigenvalues is established, providing a theoretical
foundation for the spectral characterization of such fractional boundary value
problems.
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1. Introduction

Since its inception, the Sturm-Liouville problem has garnered significant attention
across mathematical and physical communities. Extensive theoretical advancements
and practical applications have been documented in the literature, as demonstrated
by foundational works [2,11,14, 18]. However, the classical integer-order formula-
tion of this problem has become inadequate for addressing modern challenges in
engineering physics and interdisciplinary applications. This limitation has spurred
the integration of fractional calculus and fractional differential equations into the
framework, prompting a resurgence of interest in fractional-order generalizations
of the Sturm—Liouville problem. Fundamental concepts of fractional differentiation
and integration, alongside introductory treatments of fractional differential equa-
tions, are comprehensively presented in [9,12]. Applications spanning physics and
mechanics are surveyed in [20,24], with particular emphasis on statistical mechanics
explored in [13]. Financial modeling has also benefited from fractional calculus, as
exemplified by [5], which examines viscoelastic and thermodynamic properties of
stock indices. Among fractional-order operators, Riemann-Liouville fractional in-
tegrals, Riemann—Liouville fractional derivatives, and Caputo fractional derivatives

TThe corresponding author.

IDepartment of Mathematics, Inner Mongolia University, Hohhot 010021,
China

2Department of Mathematics, Qufu Normal University, Qufu 276826, China

*The authors were supported by National Natural Science Foundation of China
(Nos. 12361027, 12401160) and the Natural Science Foundation of Shandong
Province (No. ZR2024MA020).
Email: 32236074@mail.imu.edu.cn(J. Wu), x1hao1883@163.com(X. Hao),
gslikun@qfnu.edu.cn(K. Li)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20240478

Discontinuous fractional BVP of order a € (1, 2) 2867

have been most extensively studied. Recent developments include investigations
into Hilfer fractional derivatives, as highlighted in [3,4,21].

The study of continuous boundary-value problems has long attracted extensive
attention. Equally significant, however, are discontinuous boundary-value prob-
lems, among which the Sturm-Liouville problem with transmission conditions has
emerged as a critical research area in physics and mechanics. This class of problems,
characterized by eigenparameter-dependent boundary conditions and complemen-
tary transmission conditions imposed at interior points, has been systematically
investigated in recent literature (see [16]). Furthermore, spectral properties of the
classical Sturm-Liouville problem have been generalized to equations with piecewise
continuous potentials [7], while Kadakal [6] established asymptotic approximation
formulas for eigenvalues and normalized eigenfunctions in regular Sturm-Liouville
systems. Meng [15] addressed two canonical fractional discontinuous dissipative
Sturm-Liouville-type boundary-value problems, incorporating both boundary and
transmission conditions. Meanwhile, Sevinik [19] explored the existence and unique-
ness of solutions for nonlinear fractional differential equations of order 2 < aw < 3.
Other contributions include investigations into fractional boundary-value problems
under alternative boundary conditions were investigated in [8,17,22].

The fractional-order Sturm-Liouville system with parameter o € (%, 1] has been
systematically analyzed by Akdogan [1,23]. This study comprehensively charac-
terized the boundary conditions and two transmission conditions, leading to the
conclusion that the eigenvalues and corresponding eigenfunctions of this fractional
system exactly coincide with those of the constructed operator in Hilbert space.
Furthermore, the fourth-order integer-order Sturm-Liouville problem was rigorously
discussed in [26], where both necessary and sufficient conditions for the existence
of eigenvalues were explicitly established.

The objective of this paper is to generalize the results derived in Refs. [1,23] to
the case of fractional order « € (1,2). Motivated by the insights from [10, 25], we
propose four boundary conditions for fractional order o € (1,2). A discontinuous
fractional Sturm-Liouville problem with transmission conditions is then formulated.
Through operator-theoretic analysis in Hilbert space, the eigen-structure of the
problem is characterized, and exact equivalence is established between the operator
eigenvalues and those of the boundary-value problem, leading to the derivation of
necessary and sufficient eigenvalue conditions.

This paper is structured as follows: Section 2 presents definitions and simple
properties for Riemann-Liouville fractional integrals, Riemann-Liouville fractional
differentiation, and Caputo fractional differentiation, along with some lemmas. Sec-
tion 3 describes the discontinuous fractional Sturm-Liouville problem with trans-
mission conditions, focusing on the order o € (1,2), which is the subject of this
study. Section 4 states that the boundary value problem has four linearly inde-
pendent solutions. Section 5 provides a sufficient and necessary condition for the
eigenvalues of the problem.

2. Some auxiliary definitions and results

In this section we present the basic definitions and facts relevant to this work (see
also [9,12]), along with the necessary proofs of the lemmas.

Definition 2.1 (c. f. [12]). (Left and right Riemann-Liouville (R-L) fractional
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integrals)
Let [a,b] C R,Re(a) > 0 and f € L'[a,b]. Then the left and right Riemann-

Liouville fractional integrals I, and I;* of order a € C are given by

I§+f(x) = ! ) /x ( f<t)dt HAS (a,b],

NG x —t)l-e’
1 [ f)de
I = b
b f(m) F(O{)/a; (tfx)17a7 xr € [CL, )
respectively.
Definition 2.2 (c. f. [12]). (Left and right Riemann-Liouville (R-L) fractional
derivatives)

Let [a,b] C R and f € L'[a,b]. The left and right Riemann-Liouville fractional
derivatives of order o € C (Re(w) > 0) of function f are defined by
D¢y f(x) := D"I" “f(x), =z € (a,b],(n=|Re(a)] +1,neNy={0,1,2,---}),
Dy f(x) := (=D)" I~ f(x), € la,b),(n=[Re(e)| +1,n € No)
respectively, where D = - is the usual differential operator and |Re(c)] means

the integral part of Re(a). For ease of reference, we will straightforwardly consider
the case n = 2, then

Dy f(x) == D*[7°f(x), € (a,b],
Dy f(z) = D’I};=“f(z), = € [a,b).
Definition 2.3 (c. f. [12]). (Left and right Caputo fractional derivatives)
Let [a,b] C R and f € L'[a,b]. The left and right Caputo fractional derivatives
of order a € C (Re(a) > 0) are
‘Dgif(x) == 17D f(x), x€(a,b],(n=[Re(a)] +1,n€No),
Dy f(x) = (=1)"[[*D" f(x), =€ la,b),(n=[Re(a)]+1,necNy)
d

respectively, where D = - is the usual differential operator and |Re(«)| means
the integral part of Re(«). Similarly, we will consider the case n = 2, then

°DE, f(x) = 27D (), w € (b,
°Dy f(x) := IbQEO‘DQf(:E), x € [a,b).

Lemma 2.1 (c.f. [12]). For ease of reference, we will straightforwardly consider the
case n = 2, then

Dy I3 f(z) = f(z),
Dy L™ f(z) = f(x)
and

(x—a)* "t 5, Q) — (x—a 2—a (.
F(Oé) DIa+ ( ) F(oz— 1) Ia+ ( )a
(b _ m)a—l

(b — x)a—Q 2—a
()

———IL "% f(b).
I(a—1) ()
Based on the above equations, we can observe that the Riemann-Liouville (R-L)
derivative is the left inverse of the R-L integral, but not the right inverse.

19,02, f(x) = f(z) - )

I2 Dy f(x) = f(z) + DI}=*f(b) —
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Lemma 2.2 (c. f. [12]). Similarly, we will consider the case n = 2, then
‘Dg 13y f(x) = f(x),
‘Dy- Iy~ f(x) = f(z)

and
v Dy f(x) = f(z) = fla) — f'(a)(z - a),
fz?— ‘Di- f(x) = f(z) = f(b) + f'(0) (b — ).

Lemma 2.3 (c. f. [12]). Assume that1 < a < 2, f € ACJa,b] and g € LP(a,b)(1 <
p < 00). Then the following integration by parts formula holds:

/ f(x)Dgsg(x

= [ o) D f@e + 7D 0() 57 @1l

b
/ f(2) D g(x)du
b
- / o(x) °D% f(2)de + [(2)DIZ=®g(x) |228 — ' (2) 2= g(z) 2= .

Next, we will present and prove the following lemma that is closely related to
the subsequent content.

Lemma 2.4. Let f € L*(a,b) and a € (1,2), then

(1) 134 °Dy- f(x) = My(2) + (=1)*[f(x) = f(b) + /() (b — 2)],

(2) 132Dy f(x) = (=) Ny (@) + (-1)°[f (@) = f(a) = f'(a)(z — a)],
where

1

b
My(0) = s / (z — )" g(t)dt,

b
Ni(e) = fma [ =0

and
g(x) =Dy f(z).

Proof. In view of Definition 2.1, we have

b
My(a) = e [ o= o0

T b
(1)/ (x—t)aflg(t)dwrﬁ/ (x —t)* " tg(t)dt

= I3 g(@) + (-1)* T I g(a).

Then it leads to

I5rg(x) = My(x) + (=1)* I g ().
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To prove (2), by Definition 2.3, we obtain

b
ﬁ/ (z =)' fr(t)dt
1

1 ! 1—a prr -« ’ _ 1—a g1/
:m/ (2 — )= " (1)t + (~1) 7“2_&)/95@ )10 7 ()dt

=Dy f(z) + (=1)' 7 “Dy- f(x),

which gives

N¢(z) =

°Dy- f(x) = (1) [Ny (x) - °Dgs f(2)].
By applying the fractional operator I, to both sides, we get
o+ Dy f(z) = (=1)*7HI5 Ny () — I3 ° Dy f(2))]
= (=1)*7Z Nyp(2) + (-1)*[f(z) = f(a) = f'(a)(z — a)].
The proof is completed. O

3. Discontinuous fractional Sturm-Liouville prob-
lem with transmission conditions

In this section, we consider the following fractional S-L differential expression £ ;
defined as

o 4D @)Dy +g(x), e [-1,0),
‘DY _p(x)Dg§, +q(z), € (0,1].

Then we shall consider the following fractional S-L problem on I, where I = [—1,0)U
(0,1],

Lagzu+Iu=0 (3.1)
with boundary conditions
Li(u) :=ay oI? 1+u( 1) 4 as,0D*Tlu(-1) = 0, (3.2)
Ly(u) := by OI “u(1) 4 bo,o DG u(1) =0, (3.3)
Ls(u) :== a1 1D0‘1+u( 1)+ a1 D% su(—1) =0, (3.4)
Ly(u) := by 1 DS (1) 4 ba 1 D§u(1) = 0 (3.5)

and transmission conditions

Ls(u) := I*7%u(—0) 4+ I27 “u(+0) = 0, (3.6)
Lg(u) := D*[tu(—0) + Dg7  u(+0) = 0, (3.7)
L7(u) := D*, u(—=0) + Dy u(+0) = 0 (3.8)
Ls(u) := D*Tu(—0) + DI u(+0) = 0, (3.9)

3
where 5 <a< 2 in (3.1)-(3.9), A € C and X is the eigenparameter in (3.1), and
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q(z) is real-valued and continuous in both [—1,0) and (0, 1], also has finite limits
q(£0) = JEl_i}rgoq(ac), aij + ag,j #* O,bij + b%jj # 0, with j = 0,1 and p1,po are

positive real numbers.

4. The operator formulation of the problem

We define the following inner product in the Hilbert space L?[—1,1] by

1 0 . 1 1 B
- ]Z[lf(x)g(x)dx+lg/o f(z)g(z)dz, (4.1)

where f := f(x), g := g(z) € L?>[—1,1]. In this Hilbert space we define the operator
T with domain

f= f(z) and D*" f(x), D* f(x), D** f(x),° D* f(x),
are absolutely continuous on [—1,0) U (0, 1],

D(T) := qand f(£0), D*f(£0), D! f(0), D*1 f(+0), (4.2)
I?~%f(£0) have finite limits,

Lif = Oal = 1527374a5a657,87
and action law

Tf=~Laxf (4.3)
Thus the problem (3.1)-(3.9) can be written in the operator form as

Tu= \u.

It should be noted that the eigenvalues and eigenfunctions of problem (3.1)-(3.9)
are related to the eigenvalues and eigenfunctions of operator 7T, respectively.

Theorem 4.1. The linear operator T is symmetric.

Proof. For each f,g € D(T), using (4.1) we write

(Tt 9) / Tf(z dx+i/ T f(x)g(x)dx
= L[ eogmon,sena@ans - / (°Df- p2D§ f(@)g(e)ds
1 0
v/ ( )f(2)g(z)dz + — / z)dw. (4.4)

By applying lemma 2.3, we get

0
(Tf.g) = { [ 1105 D%, gla)ds + D%, g DI ) 1
—DD*  g(x)I* ¢ f(x) >, =D, f(z)DI*9g(x) |24
+DD% L f(2)1*755(@) 1% |
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+{ [ 103 Dy gta)et Digl0) DB f(0) 1

~DDR() I f(@) [5-Dg f(0) DI *g(a) [1+DDG f(@) 135 5(0) 15}
0 1

+- [ a) @@+ [ o) f@)ga)ar

=(£.Tg) + [D2,.g@) D172 £ (@) %y —DD2 1 g(0) P72 (@) 1%,
D%, (@) DI5g(@) [0 +DD2 . f(0) P05 () |2
+ [Dfg(@) DIT" () [g - o+g( M5 f(@) 15
6+ () DIG- () o +D D f (2) 155 °G(=) o] - (4.5)

It’s worth noting that DI?~% = D*~! DD® = D®*+1. By considering the fractional
boundary conditions (3.2)-(3.5) and transmission conditions (3.6)-(3.9) we have

(Tf.g9)=(fTg),

which proves that the operator 7 is symmetric. O
Corollary 4.1. All eigenvalues of the problem (3.1)-(3.9) are real.

Corollary 4.2. The eigenfunctions corresponding to the different eigenvalues
of the fractional Sturm-Liouville problem (3.1)-(5.9) are orthogonal.

Proof. Let A\; and )\, are two different eigenvalues corresponding to eigenfunctions
y1(x) and ya(x), respectively, for the problem (3.1) to (3.9).

->Eoc,xy1 + A13/1 = 07
£o¢,:1:y2 + )\21/2 =0.

Multiply the conjugate of the upper-equation by 7,(x) and the conjugate of the
lower-equation by y; (z) respectively, subtract from each other and integrate from
—1 to 1 because of the symmetry of the operator £, ;. We have

(A1 = M) (w1 (2), () = 0.

Since A1 # Ao, and the proof completes. O
Naturally, we can assume now that all eigenfunctions of the problem (3.1)-(3.9)
are real-valued.

Lemma 4.1. The equivalent integral form of equation (3.1) with fractional trans-
mission conditions (3.6)-(3.9) is given as

u() = uo(x) + ]}2133 [Nu(@) + (1) + g())ul@)] (4.6)
where . ,
wo(@) = Ty (~PHu(-0) + g (FEtu(-0) .

+ 15 (=D ysu(=0)) + [gow (- DT lu(-0))
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Proof. Let us consider (3.1)
DY paDgiu(z) + (A + g(x))u(z) =0, z € (0,1].

Apply the fractional integral operator I, acting on this equation and by Lemma
2.4, we obtain

I8, “DSpaDEeu() + 15\ + a())u(a) = 0 (4.8)

and

p2 DG u(z) =I5+ Ny (z) + p2 D u(+0)

+ porDDG u(+0) 4+ (—1) " 15 (A + q(x)) u(x). (4.9)
Applying 12, on both sides of (4.9) and using conditions (3.6)-(3.9), we find
u(w) =5 (=D Hu(=0) + o (~ 1 u(-0))
@ Ma-1)
+ 1§ (~D%su(=0)) + I (~DHlu(-0)) (4.10)
B8 [Nu(o) + (D ga)uo)]
So we reach
u(@) = wofa) + 132 [Nulo) + (DO g@)u@] . @)
which completes the proof. O

We next define w,,(z, A) to construct the successive approximations

U (X, A)

(e, N) + s / C@ = )2 [N () (<1 O+ 0(0) Dt (9)] dy

gl \) + pizfgf [Nu 2 (2) + (—1) O+ ()t (V)]

Lemma 4.2. Let Q1 := max,e(0,1] |¢(x)|, Pr, = max|yer P1(\) and Pi(\) :=

maxge(0,1] \uo(x,)\)|, ko = Wll“@—a) :
Then the following estimate

(4.12)

Qka + |)‘| + Ql }m
pQF(QCY + 1)

i (:3) = s 1 < P, §
holds for allm e N={1,2,---}.

Proof. Let us apply the mathematical induction for m. Note that we notate

= m For m = 1, we have

[[ur (2, A) = wo (2, M) = ||pl21§f [Nug () + (=1)' (A + g())yuo (=, V][I
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By using Lemma 2.1 and Corollary 2.3 in [9], we have
[ur (2, A) — uo(z, A

1
gi
D2

< piQK(HNuO @)1+ A+ a(@)uo(z, M)

< p%K(ZkaHuo(x, M+ (M + Q1)lluo(z, V)

KNy () + (=1)' 7 (A + q(2))uo(z, V)|

KP,
< TRI(Qka + Al + Q1)
2

Suppose that (4.12) holds for m — 1, i.e.,
K m—1
tm—1(z,A) — wm—a(z, N)|| < Pr {p2(2ka + A+ Q)} )
Then we have

[tm (2, A) = w1 (2, N

= p%féfuvum,l = Nup (2, 0) + (1) + g(2)) (1 (2, A) =t —2(, )]
< pﬁg[”zvum,l — Nu 1+ 1O+ (@) (1 (2, 4) =t V)]

< g[gkanum_l@, A) = ttm—a(@, M|+ (A + Q)| (1 (2, A) = (@, 1))
< g(%a + 1A+ Q) (ttm1 (2, A) = th—a(x, V)|

K m
< P {p(zka D+ Qn} .
2

The proof is completed. O
By a similar proof method, we can prove the following lemma.
Lemma 4.3. Let Qo := maxye[—1,0) |q(7)|, Pr, := maxjyer P2(A) and Py()\) :=

maxge(—1,0) [uo(@ A, ko i= Goayta=ay-
Then the following estimate

(4.13)

2ko + ||+ m
|um (2, A) = Um—1(x, N)|| < Pr, {||Q2}

pil(2a+1)
holds for all m € N.
Corollary 4.3. Let Q := maz{Q1,Q2}, Pr := max{Pg,, Pr,}, we can deduce

that By N
2ka + M+ Q"
m b - m— b S R b —17 9
[t (T, A) — U1 (2, N)|| PR{ pT2a+ 1) } x € [-1,0)
and By N
2k + |\ +Q
— < = ! ¥
|t (s A) — wpm—1 (2, N)]] _JR{ T (a+ 1) } ,  xz€(0,1]

also hold.
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Lemma 4.4. The following initial value problem

‘Dy-p1D2yu(z) + (q(z) + Nu(z) =0, 2 €[-1,0], (4.14)
21%u(-1) = azp, (4.15)
DTlu(=1) = —ai (4.16)

has a unique solution on [—1,0] provided that

K

=2k + A+ Q) < 1. (4.17)
P1

Proof. We can derive the following integral equation by proving Lemma 4.1 in a

similar manner.

u(@) = wo(e) + I [Nu(@) + ()04 g@)u@)] @19
where
G (z+1)2
() —W(D,HU(—D) + mazo

1% (D% u(—1)) + 1% (—ay0) (o + 1),
The following integral equation is formulated using the mapping A,
o= Ap (4.19)
where A is defined as:
1
Af =g+ p—lli‘p [Ny + (=)' *(A+q)f],
then we have
1 « —
147 = Agl = | 1725 [ = M)+ (D) - 0]
By using Lemma 2.1 and Corollary 2.3 in [9], we have
K 11—«
[Af = Agll < o [(Nf = Ng) + (=)' *(A +q)(f = 9)
K
S o [(Ng = N)ll + (A + @) (f = 9) (4.20)
K
< E(Qka + A+ Q) =gl

Based on (4.17) it can be shown that the mapping A is a contraction on the space
(C[=1,0],]|-])- For A there is therefore a unique solution of the equation (4.19).
The proof is complete. O

K
Theorem 4.2. For any A € C, satisfying — (2ko + |A|+ Q) <1 (i = 1,2). The
bi

differential equation (3.1) has a unique solution that satisfies the fractional boundary
condition (3.2) and the transmission conditions (3.6)-(3.9).
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Proof. Take into account the differential equation for A € C

Lozu(z) +Au(z) =0, z€[-1,0),
°Dip1 DY cu(x) + (g(z) + Nu(z) =0, =z e€[-1,0),
Izzfu(—l) =asy,
Dﬁ]}u(—l) = —a1.
By lemma 4.3, this initial value problem has a unique solution ¢11(z, A). Next, we
consider the differential equation for A € C.
Lozu(z)+du(z) =0, ze€(0,1],
“Dpa DG, u(z) + (g(x) + Nu(z) =
IF7%u(+0) = —1%%¢11(—0),
Dt u(+0) = =D 111 (-0).

0, e (01

We establish the sequence {u,(x,A)} for z € (0,1] and n =1,2,... such that
1
un (2, A) = uo(x, A) + ]72133 [Ny (@) + (1) + g(@))up—1 (2, \)] - (4.29)

where

m‘)‘_l a—2

(o) (=D L ¢11(—0)) + m(_ﬁﬁ%ﬂ—o))

+ 1§ (D% ¢11(=0)) + I§y (— D111 (—-0))z, = € (0,1].

uo(z, \) =

(4.30)

Obviously, each of the functions u, (z, A) is an entire function of A for each x € (0, 1].
Next we consider the following series

u (2, \) = lim (un(x, A) —uo(x,N)) = Z((uj(x, A) —uj—1(z, N). (4.31)

o0
n—00 ‘

Jj=1

According to estimate (4.12) in lemma 4.2, for 0 < z < 1, the absolute value of
its terms is less than the corresponding terms of the convergent numeric series

e’} K 7
Pr> {m(zka + Al +Q)} .
j=1

Hence, series (4.31) converges uniformly. Obviously, each term (u; (2, \)—u;_1(z, \))
of series (4.31) is continuous on z € (0, 1]. Therefore the sum of series (4.31) is con-
tinuous on z € (0, 1] and

d12(z, A) = nlgrgo(un(x, A) = uo(z, A) + u*(z, A)

is continuous on z € (0, 1].

The uniform convergence of the sequence u,,(x, \) allows us to substitute n — oo
into (4.29), resulting in equation (4.11). This shows that the limit function ¢2(x, A)
defined by (4.31) serves as the solution to (4.11). However, it is important to note
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that the fulfillment of the initial conditions (4.27) to (4.28) alone is not sufficient.
Finally, let the function ¢1(x, \) be given by

d)ll(x,)\)a T e [_170)a

¢12(z, N), z € (0, —1] (4.32)

¢1($, )‘) = {
satisfies the differential equation (3.1), fractional boundary conditions (3.2) and
fractional transmission conditions (3.6)-(3.9).
O
Using a similar approach, we can prove the next theorem.

K
Theorem 4.3. For any A € C, satisfying —(2ko + |\ + Q) < 1 (i = 1,2), the
pi
differential equation
Lagzu(z)+Iu(z) =0, ze[-1,0)U(0,-1]

has unique solution

ba(z, \) = du(@,d),  ¢el-10) (4.33)
¢22($, )\)7 T € (O, 1],

oy = O we Lo, (434

¢32($,)\), X € (O, 1],
¢41($7)‘)7 T E [_1u0)7

Pa(z, ) = (4.35)
¢42($, )\)7 T € (O, 1],

satisfying separately fractional boundary conditions (3.3)-(3.5) and transmission
conditions (3.6)-(3.9), for each x € [—1,0) U (0,1].

5. The sufficient and necessary condition for eigen-
values

In this section, we present a necessary and sufficient condition for the S-L problem,
which is composed of conditions (3.1)-(3.9), to meet the following conditions. If we
apply the boundary conditions (3.2)-(3.5), we can obtain the following boundary
matrices.

ato 0 0 agpo 0 0 0 O

A 0 ai1a21 O  B= 0 0 0 O ’
0 0 0 O bio 0 0 bap
0 0 0 0 0 b11b21 O

and let
Ciy(x), x€[-1,0),

C’gu(x), T e (O, 1}

Cu(z) =
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where -
Cru(z) = (Iﬁ}‘fu(az), Df}lu(m), D u(x), Dfﬂu(m)) )

and .
Cou(@) = (127 u(x), DG (), DG u(x), DiHu(a)) -

If X is not an eigenvalue of (3.1)-(3.9), it can be inferred from Section IV of
[23] that ¢1, ¢2, ¢3 and ¢4 of the equation (3.1) on [—1,0) U (0,1] are linearly
independent.

Let ¢11, ¢21, @31 and @41 of the equation (3.1) in the interval [—1,0) satisfying
the following intitial condition

(C¢11(_1>>‘)5 C¢21(_17>‘)a C¢31(_17>‘)a C¢41(_17>‘)) =L (5'1)

where E is identity matrix. Since the fractional Wronskians are entire functions
with respect to A, independent of z, we can define

w1 (l‘) =W (¢11($7 >\)7 ¢21($, /\)v ¢31(x7 )‘)7 ¢41(‘T, A))
= det (C¢11 (Z‘, /\)7 C21521 (.13, /\)’ C¢31 (l‘, )‘)7 C(<2541 (Z‘, /\)>

= det <C¢11(_1’)‘)7 C¢21(_1’)‘)7 C¢31(_1’)‘)7 C¢41(_1’)‘))
=1.

And let ¢y, daa, P32 and ¢4o of the equation (3.1) in the interval (0, 1] satisfying
the following intitial condition, that is, the transmission conditions (3.6)-(3.8), then

(C¢12 (+0, )‘)7 C¢22 (+0, )‘)7 C¢32 (+0, )‘)7 C¢42 (+0, A))

== <C¢11 (707 )‘)7 C¢21 (707 )‘)7 C¢31 (707 )‘)7 C¢41 (707 )‘)) :

Similarly, we can define

(5.2)

wy(z) =W <</>12(»T>>\)a P22(x, A), P32(T, A), Paz(z, )\))
= det (Cyyy (@, 0), oy (2.0), Co (@, 1), o 0))
= det (O, (0, ), Clpyy (40, 1), oy (+0, 1), Cy(+0,1))
= det [~ (Cyy, (=0, A), Clppy (<0, 0), Coy (=0, A), Cipy (<0.0))]
~1

Lemma 5.1. Let
ul(x)v S [—1,0),

u(zx) =
us (), x € (0,1]

be any solution of the equation Ty = Ay, then it can be represented as

u(zx) =

dip11(x) + dador (@) + dsdsi(x) + dadar(x), € [-1,0),
dsp12(x) + dep2a () + dr¢32(x) + dspaz(z), z € (0,1]



Discontinuous fractional BVP of order a € (1, 2) 2879

where d; € C(i = 1,2,...8). If u(z) satisfies the transmission conditions (3.6)-
(39), then dl = d5,d2 = dﬁ,dS = d7,d4 = dg.

Proof. Let u(z) be represented in the following form
dig11(z) + da¢on (z) + d3dsi (2) + dagpar (z), = € [-1,0),

u(z) =
dsdr2(x) + dedaz(x) + drdsa(x) + dgdaz(z), z € (0,1].

Applying the transmission conditions (3.6)-(3.9) to the above equation, i.e.,

A5 I3 $12(+0,A) + deIor * daz(+0,A) + drIor * d32(+0, A) + dsIr * baz(+0, \)
ds DS 12 (40, X) + de DS oo (40, A) + d7 DS daa(+0, A) + ds D daa(+0, A)
ds Dg 12(+0, A) + ds DGy 922 (40, A) + d7 D§y ¢32(+0, A) + dg D ¢a2(+0, A)
ds DS 12(+0, A) + dg DS oo (40, X) + dr DS d3a(+0,A) + ds DS pan(+0, N)
0,A) + d3I? % ¢31(—0, A) + daI?;Fhar (—0, N)
0,A) + dzD* L $31(—0,A) + dsD* L pa1 (=0, \)
0,A) +d3D® ; $31(—0,A) + dy D, $41(—0, )
0,A) + ds DL h31 (=0, X) + ds DTl ha1 (—0, N)

di 1?9 $11(—0,\) + doI? o1 (—
d1 D $11(—0,A) + doD* L o1 (—
di D $11(=0,A) + da D, da1(—
di DT} $11(—0, A) + doa DTl oy (—

We rewrite it in the following form
T
<C¢12 (+07 )‘)’ C¢22 (+07 )‘)’ C¢32 (+07 )‘)a C¢42 (-‘1-0, )‘)) <d5, d67 d77 d8>

= (Can (20,0, Com (0,X), oy (~0.N), Co (<00 (1, o, s, 1)

Then from (5.2), we have

T
o (C¢11 (_07 )‘)’ C¢21 (_07 )‘)’ C¢31 (_Oa )‘)’ C¢41 (_Oa A)) <d57 de, dr, d8>
T
- (C¢>11(—0, /\)’ C¢21(_07 /\)’ C¢31(_07 /\)a C¢41(_07 /\)) (dh da, ds, d4) ’
S0
(O¢11 (70’ )‘)7 C¢21 (*Oa )‘)7 C¢31 (*Oa )‘)a C’¢41 (*0, )‘))
T
x <d5*d17d6*d2,d7*d3,ds*d4) =0. (5.3)
Since
det (Cpy, (=0, A), Cipay (<0, ), Cipyy (<0 0), Cipy (<0, 1)) = 1 0,
the above system of linear equation (5.3) has only zero solution, so

dy = ds,dy = dg,d3 = d7,dy = dg.



2880 J. Wu, X. Hao & K. Li

Let

(I)l(x’A) = (C¢11 ('757)‘)7 C¢21 (I,)\), C¢31 (.Z’, >‘)’ C¢41 (.’L‘,)\)) » TE [71’0)’ (5 4)

D2(2,0) = (Cp (@, N)s Cipny (8, N), g (2.0), Cog @)+ 7 € (0,1]
where ®1(0, A) and ®5(0,\) are defined by left and right limits. Let
Dy (xz,N), x€][-1,0),
Dy (z, N), z € (0,1]

bz, \) =

and
O(—0,A) = D1(0,A), (40, ) = $2(0, V),

for arbitrary = € [-1,0) U (0,1}, ®(z, ) is entire function of parameter A.
According to the boundary conditions (3.2)-(3.5), it can be obtained that

AC,(~1) + BC,(1) = 0. (5.5)

Next, we can determine the sufficient and necessary condition for the eigenvalues
in the fractional-order Sturm-Liouville problem.

Theorem 5.1. The complex number X\ is an eigenvalue of the problem (3.1)-(3.9)
if and only if
det(A + BP(1,))) =

Proof. Let )¢ be an eigenvalue of the problem (3.1)-(3.9) and ug(z) its correspond-
ing eigenfunction. Then by Lemma 5.1, the eigenfunction ug(x) may be represented
in the form

Uo(%)\o)
dig11(x, Ao) + dadpar (x, Ao) + dsdsi(z, Mo) + dadpar (z, No), € [-1,0),
di1¢12(z, M) + dagaa(, Ao) + dapsa(x, Ao) + dadaz(x, Mo), x € (0,1]

where dy,dy,ds and dy are not all zero. Substituting ug(z) into (5.5), we obtain

diI? S d11(—1, M) + do I S har (=1, Xo) + dsI® S s (—1, Ao) + dal? T dar(—1, Xo)
di DL h11(—1, No) + daD* L do1(—1, o) + dsD* L h31(—1,Xo) + da DL bar (—1, Xo)
diD%  p11(—1, Xo) + d2 D% do1(—1, A0) + d3 D d31(—1, Ao) + ds D | a1 (—1, Xo)
1D 1611 (=1, X0) + 2D 11921 (=1, M) + ds D 2051 (=1, M) + da D2 dan (=1, Mo)

di I3 ¢12(1, No) + da I a¢22(1 Xo) + dalgy “dsa(1, M) + dalys “Paz(1, Ao)
di DT 12(1, Xo) + da D paa (1, No) + ds D dsa(1, M) + da Dy az (1, Ao)
d1D§. 912(1, Ao) + d2 DS d22(1, Mo) + d3 D ¢32(1, o) + da DSy daa(1, Ao)

di D d12(1, Xo) + da D 22 (1, Xo) + da D da2(1, o) + da D daz (1, Ao)

That is
T
A <C¢'11(_17>‘0)’ C¢>21(_1a /\0)7 C¢31(_1’)‘0)7 C¢'41(_17/\0)> (dh da, d, d4)

T
+B (C¢12(1’)‘0)7 C¢22(15 /\0)7 C¢32(17/\0)’ C¢42(1’)‘0)) (dla dz, ds, d4) =0.
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By (5.1) and (5.4), we have

T
(A+ BO(1,20)) (di, day da, ds) =0 (5.6)

By the fact that dq, ds, d3 and d4 are not all zero, we have that det (A + B®(1, \g)) =
0.

On the contrary, if det (A + B®(1,A9)) = 0, then the homogeneous system of
the linear equations (5.6) for the variables of the constanta dq,ds,ds and ds has

T
non-zero solution (dl’7 dy’, ds’, d4’) . Let

di'd11(, Xo) + do' P21 (, Xo) + ds'd31(x, Xo) + da' dar (z, Xo), z € [-1,0),
di' $12(z, Xo) + do’ paz(z, Xo) + ds' P32 (m, Xo) + da’ Paz(m, Xo), x € (0,1],

u(z) =

then u(z) is the non-zero solution of equation 7u = Au, which satisfies the condi-
tions (3.2)-(3.9) and (5.1). So A is the eigenvalue of the problem (3.1)-(3.9). O
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