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MORREY MEETS MUCKENHOUPT: A NOTE
ON NAKATI'S GENERALIZED MORREY
SPACES AND APPLICATIONS*
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Abstract In this paper, we introduce the generalized one-sided weighted
Morrey spaces, which extend Nakai’s generalized Morrey spaces to a wider
function class, the one-sided Muckenhoupt weighted case. Morrey matching
Muckenhoupt enables us to study both the weak and strong type boundedness
of one-sided sublinear operators under certain size conditions. Moreover, we
establish the boundedness of the Riemann-Liouville fractional integral and
the compactness of the truncated Riemann-Liouville integral on these spaces.
As an application, we obtain the existence and uniqueness of solutions to a
Cauchy-type problem for fractional differential equations.
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1. Introduction

It is well known that the Morrey space was first introduced by Morrey [22] to study
the local behavior of solutions to second-order elliptic partial differential equations.
Note that Morrey space is nonseparable, and thus lacks the approximation tech-
niques typically available in separable spaces (e.g. continuous or integrable func-
tional spaces). The study of Morrey type spaces has attracted the attention of many
authors. We refer the readers to [1,4,14,21,26,35] and the references therein.

In 1994, Nakai introduced the generalized Morrey space to investigate the bound-
edness for Hardy-Littlewood maximal function, singular integrals and Riesz poten-
tials, see [23]. Softova [32] considered the boundedness of singular integrals and
commutators on the generalized Morrey spaces. The weighted Morrey space was
introduced by Komori and Shirai to establish the boundedness of maximal function
and singular integral, see [13]. They also obtained the boundedness of commutators
for singular integral and Riesz potentials in the same paper [13]. For more works
on weighted Morrey space, see [6,10,11,16,17,24,25].
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For one-sided weight, introduced by Sawyer [28], Aimar, Forzani and Martin-
Reyes [2] introduced the one-sided Calderén-Zygmund singular integrals and proved
the boundedness of one-sided Calderén-Zygmund singular integrals. Recently, the
boundedness of one-sided operators with nonconvolution kernels is an active topic.
In [30], Shi and Fu introduced one-sided weighted Morrey space, which is a kind of
one-sided version of the generalized Morrey space given by [23]. According to [15],
they [30] presented the strong estimates for one-sided sublinear operators which
satisfy certain size conditions on the one-sided weighted Morrey spaces. However,
in [30], there were no endpoint estimates for one-sided sublinear operators. In this
paper, we introduce the generalized one-sided weighted Morrey space Lﬁ_’A(R, w?)
(see Definition 2.1), which reduces to the one-sided weighted Morrey spaces in [30]
with # = 1. Meanwhile, the generalized one-sided weighted Morrey spaces of weak
type WLﬁ’A(R, w?) are given. Thus, the following question naturally arises:

Question 1. Can we establish the strong and endpoint estimates for one-sided sub-
linear operators on L{’F’)‘(Rwe) and WLT\(R, w?), respectively?

The first aim of this article is to give an affirmative answer to Question 1.

On the other hand, the subject of fractional integrals and derivatives integrals
has gained considerable popularity and importance during the past several decades,
due mainly to its demonstrated applications in numerous seemingly diverse and
widespread fields of science and engineering. It does indeed provide several poten-
tially useful tools for solving differential and integral equations, and various other
problems. Readers may consult [3,7,9,12, 31, 33] and the references therein for
their development and applications. Dong, Fu and Xu [5] studied the boundedness
and compactness for Riemann-Liouville integral operators, obtaining the existence
and the uniqueness of solutions to a Cauchy type problem for fractional differen-
tial equations on variable exponent Lebesgue spaces. The authors in [34] extend
the above results in [5] to Morrey spaces. It is natural to consider the following
questions:

Question 2. Whether the boundedness and compactness for Riemann-Liouville in-
tegral operators on the generalized one-sided weighted Morrey spaces can be estab-
lished? Can we obtain the existence and the uniqueness of solutions to a Cauchy type
problem for fractional differential equations on the generalized one-sided weighted
Morrey spaces?

In this article, we obtain positive answers to Question 2.

This paper is organized as follows. In Section 2, we introduce the generalized
one-sided weighted Morrey spaces and establish the endpoint and strong estimates
for one-sided sublinear operators which satisfy certain size conditions. The bound-
edness of Riemann-Liouville integral operators on a local one-sided weighted Morrey
space are given in Section 3. Section 4 is devoted to studying the existence and
uniqueness of solutions to a Cauchy-type problem associated with fractional differ-
ential equations.

Throughout, the letter C, sometimes with additional parameters, will stand for
positive constants, not necessarily the same one at each occurrence, but independent
of the essential variables. We also denote f < g if f < Cg. For g € R, h > 0 and
n > 0, we always denote that I = (29, 29+ h) and nI = (xg,z0+nh). If 1 < p < o,
its conjugate exponent is denoted by p’.



2886 X. Zhao, X. Hou, Q. Wu & Z. Fu

2. Buondedness and compactness for sublinear op-
erators

In this section, we begin by recalling the definition of one-sided weight. A weight
w will be a locally integrable function in R such that w > 0. We say that w € A;‘
for p > 1 if it satisfies

wl a3 = (% /;hw(t)dt)(fll /:+hw(t)1p’dt)p_l < 0

for all h > 0, z € R; also, for p =1,
lay =757, <
w = 00
Af w e ’

where M~ f(x) = sup~o + [, [f(y)|dy. The classes A are defined in a similar
way. If 1 < p < oo, then A, & AF and A, G A;. Notice that the function
w(r) = e” is in A} but not in A,.

Similarly, a weight w is said to belong to A(+p o) l<p<oo 1<g<ooifit

satisfies
1 [® g, 1 [oth N
— (2 q - —p
wlay (h/x_hw(t) dt) (h/ w(t) dt) < o0

forallh >0and z € R; forp=1,
M~—wi

w4

< 00.
LOC

las, = |

We introduce the following generalized one-sided weighted Morrey spaces.

Definition 2.1. Let 1 <p < o0, 0 < A< 1land 1 <6 < co. Suppose that w is a
one-sided weight. For any zo € R, h > 0, set

xo
(I)I,A,G(mo’ h) == B W (g — h,20) = h/\_l/ w(z)?dz.

xg—h
(1) The generalized one-sided weighted Morrey spaces, Lf_’)‘(R, w?), is defined by
A - .
LPAR,W) = {fe L} : 11l 5> g0y < 20}

where

" ! )
= (e [ )
Ly (R,w?) zoER,A>0 ¢17A79($0a h) o

. . . A
(2) The generalized one-sided weighted Morrey spaces of weak type, WL (R, w?),
is defined by

A
WLEANR, W) = {f e LT - 1l 2 0y < 00}

loc

where

1
sup supy?|{z € (xo, o + h) : |f(z)| > 7}|.

f p 1 =
|| HWLQA(R#"G) 20 ER.A>0 (I)I,)\ﬂ(l‘o, h) v>0
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p

For simplicity, we denote Hf”Lﬁ’*(R,wG) and ”'f”WLi‘)‘(R,w")

by ”f”Li**(we) and

Hf||€VLi,A(w9), respectively.

In this section, we focus on a kind of one-sided operators with nonconvolution
kernels. We adopt a definition made in [19] to consider one-sided sublinear operators
7.t which satisfy the following conditions:

=

i@l s |

(y _ x)l_a dy7 €z ¢ suppfa (21>

where f € L'(R") with compact support and 0 < a < 1. If & = 0, it is easy to check
that the condition (2.1) is satisfied by many one-sided operators, such as one-sided
Hardy-Littlewood maximal operators, one-sided singular integral and so on. Both
one-sided maximal fractional operator and one-sided fractional integral satisfy (2.1)
with 0 < @ < 1. Corresponding to (2.1), we can also define 7, . For simplicity,
here we omit it.

Now, for the boundedness of sublinear operators in generalized one-sided
weighted Morrey spaces, we have the following results.

Theorem 2.1. Let0<a<1,0<B8,A<1,1<p<qg<oo, B/p=2Aqand
1/p=1/¢+a.

(i) If1<p<oo, A\ +q<2and T, is bounded from LP to L4, then T is bounded
from Lﬂ’_’ﬂ(wp) to LY (w9).

(i) If p =1 and T is bounded from L' to LT, then T.' is bounded from Li_’ﬁ(w)
to W LI (w9).

To show Theorem 2.1, we need the following lemmas.

Lemma 2.1. [18] Let 1 <p < o0, and w € A;‘. Then for all xg € R, h > 0 and
n=1,
zo+h

/:o w <P (2P [w]ay + (2P[W]A;)2)/ w.

o—nh 0

Lemma 2.2. [20] Let0<r<1l,1<p<g<ooc and1l/p—1/q=r. Then
Hwedl  =>wicAl andw? € Af;

(p:9)
i + + + v A
(wedl, yow eAl, youw eAl  SwP e .

Now we give the proof of Theorem 2.1.
Proof. We first prove (i). For g € R and h > 0, let f(z) = fi1(x) + fa(z), where
fi(z) = fxar(z). Then

1 zo+h 1 xo+h
[ e S g [ T A

(I);'i_,)\,q (.1?0, h’) 0 w,/\,q(xo’ h) Zo

1 Zxo +h
teoom ) I R@ds

o7 | (0, 0
=:J1 + Jo
For w € A(+p q) by Lemmas 2.1 and 2.2, we have

wl(xg — 2h,z9) < wi(xg — h,x0). (2.2)
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It follows from the Holder inequality, (2.2) and the fact that 7 is bounded from

LP to LY that
1 zo+2h a/p
(xoh)(/ \f(y)|pdy)

(I):)\ ,q o
[wP (20 — 2h, 20)]9/P
LY (wP)  wi(xg — h,x0)
( — 2h, 130)
S ||f||Lpa(wp)m

J1 S

< pB—Da/p— z\+1Hf||

<
~ ||f||L$/3(wp).

Invoking (2.1), we obtain that for zo < z < xg + h,

Tenels [ 2L

= w)
00 xU+2kh
N | f(y)ldy
kZ:l 2kh /g,0+2k—1h
zo—h+2Ft1h

Si ) 1/p a(/ T |f(y)|pdy)1/p

a 2—0) 1
SNy D0 @0 [ (g — b — 2 B — ).
k=1

Using Lemmas 2.1 and 2.2 again, we obtain

Io*h

1/
w0 — = 24— ]7 < 27 ([ w(w)dy)
107h72k+1h

s [ wray) ",

:L’o*h

which gives

q
||f||Li,a(wp) /mo+h ( > [wP(zo — h— 28T h, 29 — h)] Ur .,

Jo S/ dz
o\ ,(xo,h) (2kp) @ P)/pma )

0 k=1

||f||Lp ff(wp ( © (Qkh)an )q
N A—2 2— —a
h = (Qkh)( 8)/p

. _ q
SIAIZ2.5 or ( $ ok 2)/q>>
* k=1
SIIZ s,

where the fourth inequality follows from A\ + ¢ < 2.
Combining with the estimates of J; and Js, we conclude that

+
174 f“Lj{*(wQ) N ”fHLi’ﬁ(wp)'



A note on Nakai’s generalized Morrey spaces and applications 2889

Now we turn to prove (ii). Let fi(x), fo(x) be mentioned in (i). We write

v
e e LT f(@)] > 7}
‘I’qu(ﬂfo,h)| |
7! +
< gl e 1T A > /2
w)\q( )
q
gl € T T @) > /2
(I)w)\q( 05 )
= J3 + J4.
For w € A(1 q)» We observe that w? € Af. From Lemma 2.1 and the fact that 7, is

bounded from L' to L>, we have

5 S g ( / " i)’

w,A,q 0
(B=1)q—r+1 [W(To — 2R, 20)]*
<||fHL1B( )h wi(zg — h,zo)
( —2h,$0>

N||fHL1 fi(w)m
N||f‘|Liﬁ(w)

For zp < & < ¢ + h, according to (2.1), we obtain

o0 Z0+2kh
T80 £ Y s o = [l
1 xr

,0+2k71h
= w(xg — h — 25 h, 29 — h)
SHfHLlﬁ(w Z 2—a—B )
Rt (2%h)

which proves, together with Lemma 2.1, that

q
J4 ||f||Li’ﬁ(w) /To+h (

(I)i)\q(lio,h) 0

w(zg —h — 28 h, 29 — h)\¢
)dsc
2k:h2 a—f

HM%%

<|f||Lir’ﬂ(w)< el (Qkh)lfl/fIQk/Q>q
~ h)\72 = (Qkh)Q*a*ﬁ

a kE-1/a))
sufnLiﬁ(w)(Z 2 )
k=1
ST
This together with the estimate of J3 implies

+
||7:1 fHWLqu’A(w‘Z) g ||fHL1+ﬁ(w)

The proof is complete. O
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3. Bounded and compact operators for Riemann-
Liouville fractional integral

In order to state our results, we recall the following definition of Riemann-Liouville
fractional integral.

Definition 3.1. Let ¢ be a positive constant and 0 < o < 1. Define the Riemann-
Liouville integral of order « as follows

o _ 1t ()
Io+f(t)r(a)/0 (t—s)l—ads’ 0<t<é.

Let ©Q be an open subset in R. We will work on a local one-sided weighted
Morrey space LﬁA(Q, w?), which is defined by

WA
LA w?) = {fe Ll 1l Lrr @) < oo},

where
1 zoth 1/p
P, = _— Pd .
”fHLiA(Q"”Q) Lsgue% (@I ro(To, ) /xo Xl y)
h>0 v

Now, we present the boundedness of Riemann-Liouville fractional integral on
L2, w?).
+ y

Theorem 3.1. Let0 <o < 1,1 <p<qg<ooandl/p—1/q = 0. Suppose
that 1/p < a <1, 0 < B,u < 1 and B/p < p/q. Then I§ is bounded from

LEP((0,6),w) to LY ((0,6),w?) forw € Al and 0 < § < oo,

Proof. Let Q = (0,9) for some § > 0. For any zp € Q, by the Holder inequality
and 1/p < a < 1, we have

1 zo+h
S Yo (|I2 f(t)|9dt
éx,uth)/ a(®)|I, £0)

1 /””O‘HL / /p ¢ 1 P
—_— X f(r)|Pdr / t — ) e=r' g, dt
‘I’Ju q(x0,h) a )l ) ( 0 ( ) )
¢+7H (

1 zot+h q/p
< 7/ XQ / |f ‘pdT) (ap— l)th
w xOvh)

= J5.

A

For any h > 0, we deal with J5 in the following two cases:

Case 1. For 0 < h < §, there exists a nonnegative integer ko such that §/2F+! <
h < §/2%  then

1 zo+h () §8-1,, |f ‘pd /p (a}kl)qd
Js < 7/ xa(t < / 7-> t v dt
% 1q(x0, h) Jay 7= lwp
5q(ﬂ—1)/p[wp(_570)]‘1/1’ zo+h (er1ya
< US1 0ym)Ti g ) ) X0
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§ 6P/ (o — 26, 20)  (ap-1)a
Hf”Lpﬁ (0,8),wP) pu—2 wQ(xO—h,:L'()) '

S0

1 jut LoptB=1)g wi(xg — 2k0+2h, 24)
wP) wi(zg — h, o)

1— (ap+B—-1)q
<||f||LpBOM,,) ot S i g

S 101 gy

where the third inequality follows from the Holder inequality, and the fifth inequality
is obtained by Lemmas 2.1 and 2.2.

Case 2. For h > ¢, we have

1 5 hﬁflwp(fh 0) h q/p (op—1)a
Js < ) rg s
° _(I)w NTR q(CCQ, h) /0 (h/g_lwp(_h7 0) /0 X(0,9) (T)‘f(’r” T>
ha(B=1)/p [wp(xo — 2h, xo)]q/p(sH_M

7||f||LP [‘3 (0,8),wP) h#_lwq(mo —h 1‘0)

Ba/p—1 4 — ap—1)q
||f|| h w ( Zo 2h $0)61+( pl)
~ LY #((0,8),wP) hr—1 wq(xo —h xo)

1— (ap+B—1)q
/\J||f||Lp ﬁ (0,8),wP) a P

N||f||Li>[3((076)7wp)7
where we use Lemmas 2.1 and 2.2 in the third inequality. Consequently,
146+ Fllzen (0.6)00) S IFll 222 (0.6 wr>

which completes the proof of Theorem 3.1. O
To prove the compactness result, we need the following proposition, which is a
direct application of [8, Theorem 3.1].

Proposition 3.1. Let 2 = (0,6) for some § < oco. Supposel <p < o00,0< <1
and w € A}T. Let G be a subset of Lﬁ’B(Q,w). Then G is strongly pre-compact set
in LiB(Q,w) if it satisfies the following conditions:
(1) G is uniformly bounded, i.e. sup ||f||Lp,B(Q ) < 005

feag +

(2) G uniformly vanishes at infinity, i.e. %11)% ?gg ||fXQ’Y||Li,ﬂ(Q’w) =0, where 0, =
{z e Q] >~}

(3) G is uniformly equicontinuous, i.e. limsup || f(- +1) — ()|, r.5 =0.
1=0 feq LY (Qw)

Theorem 3.2. Let0 <o < 1,1 <p<qg<ooandl/p—1/q=c. Suppose that
%(1+%)<a<1,0<6,,u<1 and 3/p < p/q. For 0 < § < oo, then

~ Xos®) 1 u(r)
Tu(t) = F(a) /0 = dr

is a compact operator from L’Lﬁ((o,d),w”) to LL"((0,6),w?) for w e Aa,q)'
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Proof. According to the definition of compact operator, it suffices to show the set

G:={Tu: ”u”Li'ﬁ((O,é),wP) <1}
is pre-compact. In view of Proposition 3.1, we need only to verify that G satisfies
conditions (1)-(3). Observe that Tu(t) = x(,5) (t)I§s f(t). By Theorem 3.1, con-
dition (1) holds. It is easy to show that condition (2) holds. It remains to check

condition (3). By noting that 2 > § and y > 0, both Tu(z + y) and Tu(z) vanish.
For 0 < z < ¢ and y > 0 small enough such that « +y € (0,4), then

[Tu(z +) ~ Tule) = ‘/ x—l—y—T)l adT_/Oz(xil(:))ladT’
u(r)
Al e g

I(
()

rrall wr e

= Fl(x) + Fg(m)

Recall that |z2* — y*| < |z — y|* with 2,y > 0 and 0 < A < 1. The fact that
(1+ %) < a < 1 and the Holder inequality imply that

_ 1 [ _ -«
‘/ (x—7) (t4+y—r1) dT‘

e PR I
; u(r)
A e T

1/p 1 1/p’
1 P -
/ |u(7)] dT (/0 &= dT)

<y / Ju(r)"dr ) P a1y,
0

~

For Fy(x), by the Holder inequality again, we have

1 z+y 1/p Tty 1 1/pl
< p
B < gy ([ weran) ([ oy t)
x4y 1/
sy ([ )
0

Therefore,

1 zo+h
e T X(0,6)(@)|Tu(x +y) — Tu(zx)|*dx
o / (0.9)(@)[Tu(x +y) — Tu(a)

(1—a)q zo+h /p

Y 4 a—

S G h)/ X0, 6) / lu(r |pd7) 2(20=1-1/p)q 1.
w, t,g \ 0> o

e L @ ([ wepar)
- X(0,5) (T u(T)[Pdr T
‘I’:,u,q(afoah) zo ©0) 0

=: Jg + J7.
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By a similar the estimate J3 in Theorem 3.1, we obtain
Jo + Jr < y(tm@)a 4 ylap—Da/p,
Then
ITu(: +y) = TuC)ller o500 S ¥~ +y* 77,

which tends to 0 as y tends to 0. This completes the proof. O]

4. Nonlinear fractional differential equations on the
generalized one-sided weighted Morrey spaces

In this section, we begin with the definition of absolutely continuous functions.

Definition 4.1. A function f(x) is called absolutely continuous on an interval €2,
if for every € > 0 there exists § > 0 such that for any finite set of pairwise disjoint
intervals [ay,bx] C Q, k=1,2,--- ,n, such that Y ;_,(by — aj) < 4, the inequality
Sor_i |f(br) — f(ax)| < € holds. The space of these functions is denoted by AC(€2).

It is well known [27] that the space AC(Q2) coincides with the space of primitives
of Lebesgue summable functions:

x b
f(x)eAC([a,b])@f(x):c+/ o(b)dt, /\go(t)\dt<oo. (4.1)

Definition 4.2. Let § be a positive constant and 0 < o < 1. The Riemann-
Liouville derivative of order « is defined by

1 d (" f(s)
Dg. f(t) = — d 0<t <.
0+ /) F(l—a)dt/o t—spa® V==

It is clear that D, f(t) = 4157 f(t).
Consider the classical Cauchy problem for the nonlinear fractional differential
equation:

{Dg;u(t) = f(t,u(t)), (4.2)
1;7u(0) = 0. .

The initial condition I);*w(0) = 0 in (4.2) is (more or less) equivalent to the
following initial (weighted) condition:

lim ¢'~%u(t) = 0.
t—1>r(§1+ u(®)

Kilbas and Trujillo [12] established the following relation between I, and D, .

Lemma 4.1 ([12]). Let 0 < a <1 and fi_o(z) = 17 f(2) for any x € (a,b). If
f € LYa,b) and fi_o € AC[a,b], then

holds almost everywhere on [a,b].
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Next, we recall the famous Schauder fixed-point theorem.

Lemma 4.2 ( [29]). Let H be a convex and closed subset of a Banach space. Then
any continuousand compact map T : H — H has a fized point.

By Lemma 4.2, Dong, Fu and Yan [5] obtained the existence and the uniqueness
of solutions to the Cauchy problems for nonlinear fractional ordinary differential
equations in the variable exponent Lebesgue spaces. Now, we give the corresponding
results on local one-sided weighted Morrey spaces.

Theorem 4.1. Let 0 < 0 < 1,1 < pg< o0, 0< B,u<1, 1/p—1/q = o,
w e Az; g+ Suppose that the operator F : F(u) = f(t,u(t)) is bounded, continuous
from LE*((0,6),w?) to Li’ﬂ((OJ),wP) for0 < § < co. If%(l—f—%) < a <1, then the
Cauchy problem (4.2) has at least a solution u € LL*((0,6),w?) for a sufficiently
small 8. Furthermore, if there exists a constant Cr > 0 such that

HFU - FUHL‘J:B(((),(S)MP) < CF”u - vHLi’“((Oﬁqu)? U,V € Lq’u((076)awq)7 (43)

then the solution of (4.2) is unique in L9*((0,6),w?) for a sufficiently small 0.

Proof. By noting that f(t,u(t)) € L2”((0,4),w?) C L(0,6) and DS u(t) =
4 I57“u(t), we obtain ui_, € AC[0, 6] from (4.1). From Lemma 4.1, the derivative
equatlon (4.2) is equivalent to the following integral equation:

L[ f(ru(r))
u(t) = F(a)/o (t,T)l—adT’ 0<t<y,

0 ae., t>9,
~ Xoo() [* fru(r) -
= T /o(t—rw—ad
— ({1, ).

Set

— _ X0 (" f(r,u(r))
Au(t) :=T(f(t,u)) = T(o) /0 = ~dr.

Then the equation (4.4) has a solution in L%9"((0,0),w?) if and only if the oper-
ator A has a fixed point in LL"((0,0),w?). Next, we show that A is completely
continuous. From Theorem 3.2, we deduce that T is a compact operator from
L’J’F’B((O7 8),wP) to LL*((0,6),w9). Since F : u — f(t,u) is bounded and continuous
from LL*((0,9),w?) to Lﬂ’ﬁ((o,é),wp) and Au(t) = (T o F)u(t), we conclude that
Ais a compact and continuous operator in LL*((0,6),w?). Hence, A is completely
continuous in L{*((0,4),w?).

Choose a positive constant My and set D := {u : ||u||Lq+>u((075)7wq) < My}. Then
D is a bounded closed convex set. For any 0 < zg < §, by the Holder inequality,
we get

1 xo+h
— X(0.6)(t)| Au(t)|7dt
e L. Nea®lAu)

1 zo+h
< X(0,5)( ‘/ dt
(bj;y#,Q(xO) h)F(a)q /ﬂ?o t - T 1
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o ' /P (ap-1)q
/ X(om(t)( / If(T,U(T))IpdT) £ dt
T 0

0

(E)Q/P’

< ap—1
- F(a)qq)iu,q(xm h)
= Ll.

For 0 < h < §, arguing similarly as in the proofs of Case 1 in Theorem 3.1, we have

(ap—1+8)q/p+1— q
0 v NHFUHLW((M)M) w? (g — 2%0+2h, 2)

(76;)P_—11)Q/”’r(a)q wi(zg — h, x0)
ClHF”qu (ap+571)q+1_u

Da)e(252) ur

L, <

p—1
where €y = 200 (21[u] .y + (29[01],,1)2).
For h > 6, we get

q5(ap—1+8)q/p+1—p q

216 HFuHLfr"B((Oﬁ),wP) wq(ﬂjo — 2h,1‘0)
(55)"" () wi(ao = h, zo)

CQ”FHqu 5(0‘1’+5*1)‘1+1,H

- q/p’
F(a)q (70;;0:11)
where Cy = 299(20[u] ¢ + (20[u1] 1 )?).
Combining the above estimates for L, we obtain

L <

)

9| F|| My SeEES=l |1
D(a) (351"

p—1

[Aul[ 20 (0,8),w1) <

Set )
_[reag ()
o P

Hence
[Aul[ 24 ((0,5),w1) < Mo-

It follows from Lemma 4.2 that A has a fixed point in D. Therefore, Equation (4.2)
has at least a solution in L9"((0,0),w?). Suppose that u;,us are two solutions of
Equation (4.2). By the similar discussions as above, we have

[[Aur = Auzl| 1.5 (0 5) o)
3 CY/ U Fuy — Fus|| s (0,6 0m
= F(a)(%—ll)l/p/
Cll/qCF aptp-1
© D(a)(BEE Y

ap+B—1 | 1—p
P +=

4]

ety C
P lur — w2l Law ((0,6) w0)-

Set

qg—1

(o) (254) 7 (=)
6<[ oG .
1 F
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This implies that A is a contraction mapping in L{"((0,6),w?) and has a unique
fixed point in LL*((0,0),w?). Therefore, the Cauchy problem (4.2) has a unique
solution in L%*((0,0),w?). The proof is complete. O

Remark 4.1. The conditions that operator F : F(u) = f(t,u(t)) is bounded,
continuous from LL*((0,4),w?) to Lfr’ﬁ((O,zS),wp), 11+ %) < a < 1 are sufficient
but not necessary.

In fact, for the following differential equation of fractional order 0 < a < 1
(see [34, Example 4.1]),

Dgu(t) = Xt (u(t))?,
{153%(0) =0, (4.5)

where t > 0, A,y € R and A # 0. In view of [12, Property 2.1], we observe that
equation (4.5) has the exact solution

Nl—a-v)

u(t) = ¢ AI(1 — 20— )
0, a.e., t>9,

et 0 <t <,

where 0 < a + v < 1. Moreover, in this case, we also have

1L A —a—9) 12, 20+

S P S VA L U PR
Ftu) = 4 AT 20 =)

0, a.e., t> 4.

Taking w = |z|~ /(29 ¢ Aa} g We claim that u € LLM((0,0), |z|~Y/2) for 1 —
(¢ +7v)g —p > 0 and p > 1/2. Meanwhile, we also obtain that f(¢, u(t)) ¢
L2P((0,6), ||~/ 29) for 2(a +~)p > 1.

For 0 < zg < 4, we have

1 xo+h
W/ X (0,5 (t)[u(t)|dt
w, 1,4 (0, 0
1 /a:0+h (at)
< 7 X(0,6) ()t ¥4t
W e o ey YO0
= LQ.

For any h > 0, we have divided the proof of Lo into two cases.

Case. 0 < h < ¢ : In this case, as g > h > 0, then

1 zo+h
Ly S— / t= et Magy

0

A
B
+
8
S
W
>

(zg + h)'—(@tMa xé*(aJrv)Q}
<§3—(atmg—n

<00.
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As g < h <6, we have

1 zo+h
Ly < / t—(etma gy
h“_l(\/l‘o—f—\/h—xo) zo

SW [(iﬂo + h)lf(o‘+7)q _ x(l]—(a+'y)q
<§3—(atna—p

<00.

Case. h > ¢ : For u > 1/2, we obtain

s
Ly < 1 / +—(e+y)a gy
W (s + Vi —70) Jo
1
hir—1/2
<53~ (atmg—p

§1—(e+a

<

<00.

Combining with the above estimates, we obtain u € L{#((0,4), |2|~1/2).

On the other hand, we turn to prove f(t,u(t)) ¢ Li”e((O,d), |z|~P/(20). By
taking h = § and zo = §/2, we obtain that for 2(a +v)p > 1

5
1 / 1 [Mr%zwmt
581 ff{siz | ~p/2ade Jo AP LT(1 =200 =)
1 1Tl —a—7x)2r 6—(2
S 1 at+y)p
— §B8-p/(29) \p {F(l — 200 — ’y)} /0 ! at

= Q.

This implies that f(t,u(t)) ¢ Lf"_’ﬁ((o, 8), |x|P/29).
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