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THRESHOLD BEHAVIOR OF A STOCHASTIC
SVI EPIDEMIC MODEL WITH JUMP NOISE
AND SATURATED INCIDENCE RATE*

Haoran Geng!, Liang Wang®" and Daqing Jiang?

Abstract This paper analyzes a stochastic SVI epidemic model with jump
noise and saturated incidence rate. By applying Kunita’s inequality, we de-
rive the asymptotic pathwise estimation of the stochastic solution. We then
present the basic reproduction number of the model, R, which determines the
extinction and persistence in the mean of the disease. Additionally, numerical
simulations are conducted to verify the theoretical results. Consequently, both
theoretical and numerical results indicate that the jump noise can hold off the
spread of the disease.
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1. Introduction

The impact of epidemics on human society cannot be underestimated. As glob-
alization advances, transportation has become increasingly developed. This has
facilitated frequent migration across regions, accelerating the spread of epidemics
on a global scale. Therefore, understanding and preventing the spread of infectious
diseases are particularly important [8]. To study the spread of diseases like COVID-
19, many researchers have developed various mathematical models [4,11,21].

To prevent epidemic outbreaks, vaccines are widely used in modern society, and
epidemic models with vaccination have been studied extensively [4,11]. Further-
more, many practical factors, such as media coverage, quarantine measures, and
population density, may affect the incidence rate. Therefore, researchers often con-
sider nonlinear incidence rates, such as the half-saturated incidence rate [9] and the
saturated incidence rate [7], in their epidemic models.
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Liu et al. [15] considered the saturated incidence rate and analyzed the stationary
distribution of an SVI epidemic model. They formulated the following model:

ds(t) = {A — (b4 0)S(t) — M} dt,
v (t) = [esu) _ ‘m o b)V(t)] dar, (1.1)

dI(t) =

[ﬂs(t)f(t) L BV IY)

1+ nS(%) 1+ V(1) - (’Y+b+a)1(t)] de,

where S, V and I denote the susceptible, vaccinated, and infectious individuals,
respectively. The saturating contact rates are assumed to be 1 fis and 7 f:z/V’ where
n is called the half-saturated constant in [15]. The saturated contact rates tend
to £ when the number of susceptible and vaccinated individuals tend to infinite,
respectively. It reflects the crowdedness effect and the behavioral changes of the
individuals. The parameters in model (1.1) are all assumed to be positive, and their

biological meanings are listed in the following Table 1:

Table 1. Biological meanings of parameters in model (1.1).

Notation Biological meanings
A constant recruitment rate
b natural death rate
0 fraction of susceptible individuals to vaccinated ones
Ié] average contact rate of an infected person
00 average contact rate of a vaccinated person
n half-saturated constant
y recovery rate of infectious individuals
Y average rate at which a vaccinated individual acquires immunity
« death rate caused by disease

Liu et al. [15] showed that the basic reproduction number for system (1.1) is

S sV
R — B(1+n5’ + 1+n\7)
g = ——2  Hnv e

1.2
y+b+a (1.2)

where S = WAQ’ V= W. They proved that the disease will die out when

Ry < 1, and it has a disease-free equilibrium E; = (S,V,0), which is globally
asymptotically stable in the invariant set I' = {(S, V.I)eR} : S+ V +1I< %}
On the other hand, the disease will persist when Ry > 1, and it has an unstable
equilibrium F; and a locally asymptotically stable equilibrium Es = (S*,V*, I*),
where S* > 0,V* > 0,1* > 0.

Many researchers have established that infectious diseases spread randomly
due to contacts between individuals and environmental fluctuations [10, 23, 24, 27].
Therefore, they often use stochastic differential equations with white noise to sim-
ulate infectious disease dynamics. Motivated by these works, Liu et al. [15] incor-
porated white noise perturbations into model (1.1) and established the following
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stochastic SVI epidemic model:

ds(t) = [A — (b+0)S(t) — %} dt + o1 S(t)dBy (t),
AV (t) = [esu) - ‘m —(n+ b)V(t)] dt + ooV (£)dBs(t), (1.3)

BSWIL) | 0BV(NI)
L+nS(t) ~ 1+nV(t)

dI(t) = { —(y+b+ oz)I(t)] dt + o31(t)dBs(t),
where B;(t) (i = 1,2,3) are independent standard Brownian motions defined on a
complete probability space (2, F,{F¢}1>0,P) with the filtration {Fi}i>0. i (1 =
1,2,3) represent the intensities of the white noise. By studying the dynamical
behavior of the stochastic SVI model (1.3), Liu et al. [15] revealed the influence
of white noise on epidemic models. They proved that the solution of model (1.3)
is positive recurrent and has a unique ergodic stationary distribution when Rj =
s oo (o4 iqrg) >0

(b+6+5)(nA+b40)  (b+0+31) (71 +b+F) (OA+(b+6) (v1+D))

However, white noise cannot account for discontinuous perturbations caused by

large incidental environmental shocks. So many researchers have begun to describe
large accidental fluctuations using Lévy noise [2, 3,16, 20,22, 28-30]. Privault et
al. [20] investigated a stochastic SIR epidemic model driven by a multidimensional
Lévy jump process with heavy-tailed increments and possible correlation between
noise components. They first used Kunita’s inequality to estimate the asymptotic
pathwise behavior of the solution and demonstrated that the Lévy process can have
a significant influence on the dynamical behavior of the epidemic system. Bao et
al. [2] considered the competitive Lotka—Volterra population dynamics with jumps.
They give an explicit solution for the one-dimensional model, and discuss the sample
Lyapunov exponent and extinction of the n-dimensional model. Zhu et al. [30]
studied a stochastic SIRS system with jump noise, saturated incidence rate, and
vaccination strategies. They proved through both theoretical and numerical results
that the jump noise can suppress disease outbreaks. Motivated by the research
results from Liu et al. [15], Privault et al. [20], Bao et al. [2] and Zhu et al. [30], we
incorporate jump noise perturbation into system (1.1) and get the stochastic SVI
model with jump noise as follows:

ds(t) = {A — (b+0)S(t) — m} At + S () dZy(¢),
dV(t) = [05(15) - (m —(m+ b)V(t)] dt+V (t7) dZa(t), (1.4)

aI(t) =

[ﬁs(t)f(t) L 9BVOI(H)

L+3S@E) | 1+9V(D) —(W+b+a)f(t)] dt + I (t7)dZs(2),

where the left limits of S(t), V(¢) and I(¢) are denoted by S(¢t~), V(¢~) and I(t™),
respectively. Z(t) = (Z1(t), Za(t), Z5(t)), which models the random perturbation
of the system, is a three-dimensional jump process satisfying the Lévy-Khintchine
representation (Theorem 1.2.14, [1]):

]E[e’iul Z (t)Jriuz Zo (t)+iu3 Zs3 (t)]

:exp(f%(u,Au) +t /R \O(e“w@) —i(u,n(2)) — r(dz)),
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where u = (uy,u2,u3) € R? and A is a 3 x 3 diagonal matrix with ,/7; as its diagonal
elements. The process Z;(t) can be characterized by

Zi(t) = 0y By ( //m ds dz), i=1,2,3, (1.5)

where N(dt, dz) is the compensated Poisson random measure defined by N (dt, dz):=
N(dt,dz) — v(dz)dt. N(dt,dz) is a Poisson counting measure with characteristic
measure v on a measurable subset Y of [0, 00) with v(Y) < co.

By substituting (1.5) into model (1.4), we obtain the following SVI epidemic
model with saturated incidence rate and jump noise:

ds(t) = _A —(b+0)S(t) — %] dt + 015(t)d B (t)
+ / m(2)S(t7)N(dt, dz),
Y

BV (t)I(t)
1+n9V(t)

+ / n2(2)V ()N (dt, dz),

dI(t) = K +(77)Sg; + 6154‘:57&)/(( )) —(y+b+ oz)](t)} dt + o31(t)dBs(t)

/ S(2)I(E)N(dt, dz),

dv(t) = -HS(t) - —(m+dV (t)} dt + o2V (t)dBsy(t)

where 1; : Y — R (i = 1,2,3) represent the effects of jump and are suppose to
be continuously differentiable and bounded. Moreover, for jump noise proposed in
(1.6), we always assume that

Assumption 1.1. [, [n:(2)]>v(dz) < oo (i = 1,2,3).

Assumption 1.2. 7;(z) > —1,v(dz) — a.e., and [ |n;(z) — In(1 4 7;(2))|v(dz) <
0o (i =1,2,3);

Assumption 1.3. [, [In(1 + 7;(2))]*v(dz) < oo (i =1,2,3).

The study of transmission and extinction of epidemic is an important subject
for the control of disease due to its theoretical and practical significance. Compared
to the research of Liu et al. [15], we aim to investigate the sufficient conditions for
extinction and persistence of the disease in (1.6), and derive the threshold behav-
iors for the stochastic model. Therefore, it is necessary to estimate the solution of
stochastic system (1.6). Generally, for continuous martingales, Zhao and Jiang [25]
used the Burkholder-Davis-Gundy (BDG) inequality to demonstrate the asymp-
totic pathwise estimation of the solution for stochastic SIS epidemic model (Lemma
2.1-2.2, [25]). In this paper, due to the introduction of jump noise, Kunita’s in-
equality is utilized to estimate the asymptotic pathwise of the solution for stochastic
system (1.6) instead of the BDG inequality.

In the rest of this paper, the existence of a unique global positive solution is
proved in Section 2. The asymptotic pathwise estimation of the stochastic solution
of system (1.6) is obtained in Section 3. Furthermore, by constructing appropriate
Lyapunov functions, the critical value that can fully determine the extinction and
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persistence of the disease, i.e., threshold of the disease, is presented in Section 4.
Finally, numerical simulations and some discussions are provided in Section 5.

2. Existence and uniqueness of the positive solution

To ensure an epidemic model is significant, it is necessary to verify that the system
has a unique positive solution. In this section, we prove the existence and uniqueness
of the positive solution of system (1.6) to prepare for studying the dynamic behavior
of the stochastic epidemic system.

Theorem 2.1. Assuming Assumption 1.1 and Assumption 1.2 hold, for any given
initial value (S(0),V(0),1(0)) € R3 a.s., the stochastic system (1.6) has a unique
global solution (S(t),V (t),1(t)) € R3 fort >0, and the solution will remain in R3.
with probability 1.

Proof. According to Theorem 2.1 in [30], under Assumption 1.1, it is easy to prove
that the coefficients of model (1.6) satisfy local Lipschitz conditions. Consequently,
there exists a unique local solution (S(t), V(t),1(t)) € R3 for any ¢ € [0, ), where
Te is the explosion time. Next, to show that the solution is global, we need to verify
that 7. = +00 a.s.. In other words, S(¢), V(t) and I(t) do not explode in any finite
time. Let ko > 0 be sufficiently large such that S(0),V(0) and I(0) all lie within

the interval [é, ko}. For each integer k > kg, define the stopping time

7 = inf {t € [0,7.) : min{S(t), V() I(t)} < % or max{S(t),V(t), ()} > k}

(2.1)
According to (2.1), we set T, = klim T < T a.s.. So it is sufficient to prove that
—

Teo = 400 a.s.. If not, then there exist constants T >0 and € € (0,1) such that
P(Teo <T) > €.
Consequently, there is an integer ki > kg such that
P(r, <T)>e¢, for all k> k. (2.2)
Define

a+as

=S+ V() +I(t) —InSEt) —InV(t) — InI(t) + ot ~I(1)
(1+0)8 (1+9)86 (1+0)8
ol Ol poary ey EoL G oy oL O

By Itd’s formula with jump noise (Theorem 4.4.7, [1]), we have

dvi(S(t),V (), I(t))
:Lvldt + Ul(S(t) - ].)dBl(t) + JQ(V(t) - ].)dBQ(t) + 03(I(t) - ].)dB3(t)
(1+6)8 (1+4)8

———031(t)dBs(t) + —————
7+b+o¢03() 3()+7+b+0¢

09 V(t)dBQ (t)
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(1+0)p
mals(t)dBl (t)

(1+4)59 (1+6)8
+/Y 1+ bt @618 5 Tbta )

g mmg(z)m) Ny m) S(2)I(t)

—In(1 4 n(2)) = In(1+12(2)) — In (1 + 73(2))] N (dt, d2),

TR

where LV] is the generating operator of the stochastic system (1.6):

oA BI (1+0)80 (1+96)8
L 0xds g (488, (4086 BSI
(Y +b+a)b+0) v+b+a T (y+b+a)(b+6)1+nS
8s

(1+4)8 0S oI
T bV — — - bV b—
’y+b+o¢(%+) V "1V A OV + 7+ 1+nS
BV (1+6)8 1,
- 1+ ——= b+a)l b =
- < bt (y+b+a)+v+ tatgon

+ 502 + g+ [ ) =01+ (=) + () (1 + )
) = In (1 + i ()lv(dz).

Since 1;(z) — In(1 + 7;(2)) > 0 for n;(z)>1, under Assumption 1.2, we obtain
14 9)386 149
(1+9)5 AED8 ) sy s o4m+r+a

LV, <A A
t= +(7—|—b+a)(b—|—9) T hta

1 5 1 5 1 (14+0)8
= = = 1 I—— I
+501" 50" +oos+ (1+6)8 7+b+a(7+b+a)

+ / [m1(2) = In(1 +11(2)) + n2(2) = (1 +12(2)) + n3(2)
Y

—In (1 4 n3(2))Jv(dz)
(14 6)p0 (1+90)8
§A+(7+b+a)(b+9> +7+b+aA+3b+9+m+v+a

/PM@*mO+m@D+m@
Y

1 1 1
+ 5012 + 50’22 + 5032 +
—In(1+n2(2)) +n3(2) — In (1 +n3(2))] v(dz)

=K,
where K is a positive constant independent of S, V, I and ¢t. Therefore, we have

dVi(S(t), V(). I(1))
(1+6)B0 (1+06)3
skdit o <S+ Grbra)bra)” " 7+b+a5_ 1) B (1)
U958, 1) dBs(t)

(149)p
V4+——0oV—1)dBs(t I+ —-
+02( +7+b+a02 2(t) + 03 +’y+b+a

(1+9)p6 (1+6)8 _
+/p[(1+ (Y +b+a)bt) +”y—|—b+a> m(z)S(")
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(o s (5 o
—In(1 4 n1(2)) — In(1 + 12(2)) — In (1 4 n3(2))|N(dt, dz). (2.3)

Integrating both sides of (2.3) from 0 to 74 AT and then taking the expectation of
it, we have

EVi(S(mi AT),V(mi AT),I(mx AT)) < V1(5(0),V(0),1(0)) + KE(7 AT).
Therefore,
EVi (S(ri AT), V(e AT), I(m, NT)) < V1 (5(0),V(0),1(0)) + KT. (2.4)

The remaining of the proof follows the lines of proof of Theorem 3.1 in [15]. Set
Qr = {mx < T} for k > k; and by (2.2), we have P(2) > e. Note that for every
w € Q, there exists S(1,w), V (7, w), or I(1g,w) that equals either k or % Thus,
Vi (S(T;C AT, V(te ANT), I(1 A T)) is no less than either

k—1—-Ink

or

So we get

Vi(S(t, w), V(me,w), I (T,w)) > (k—1—1nk) A (; -1 +lnk> )

By (2.4), we obtain
V1 (S(O), V(O), I(O)) + KT Z]E [1Qk(w)V1 (S(Tk, w), V(Tk,w), I(Tk, w))]

1
>e(k—1—1Ink)A (k—l—l—lnk‘),

where 1g, () denotes the indicator function of {2;. Letting k — oo,
oo > V4(5(0),V(0),1(0)) + KT = oo,

which leads to the contradiction. Therefore, we must have 7., = oo a.s.. This
completes the proof. O

3. Asymptotic pathwise estimation of the stochastic
solution

In this section, we present preliminary results for the asymptotic pathwise estima-
tion of the solution to the stochastic system (1.6).

Similar to [20], we use the Kunita’s inequality (Theorem 4.4.23 [1], Theorem
2.11 [17]) instead of the BDG inequality [18] to estimate the asymptotic pathwise
for stochastic system (1.6). Kunita’s inequality is stated as follows:
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Lemma 3.1. (Kunita’s inequality) For any p > 2, there exists C,, > 0 such that

E[ sup [V (s)”] <C,{E[( / / \H(s, ) Pdsw(dz))P/?]

0<s<t
JrE[/O /Y|H(s,z)\pl/(dz)]ds}, (3.1)

where (s,z) € Ry x Y.

Theorem 3.1. Suppose Assumption 1.1 and Assumption 1.2 hold. If b— %102 —

%)\ >0 forp>1, then

5(t) V() ()

=0, im —= =0, lim —= =0,a.s..
t—o0 t—o0

lim
t—oo ¢
Proof. Let X(t) = S(t)+ V(t) + I(t). Define
Va(X) = (1+ X)7,
where p > 0 is a constant to be determined later. It follows that
dVa(X (t)) =LVadt + p(1 + X(t))p_1 [61S(¢)dBy(t) + 02V (t)dBa(t) + o31(t)dBs(t)]
+ [0+ X )+ mESE) + mVE) + mIE)y
— (14 X(7))P]N(dt, d2),
where

LVy :=p(1+ X)P"HA = bS — (y1 + b))V — (y + b+ )]

+ p(pz_ D) (14 X)P72(0252 + 02V? 4+ 021?)
+ / [+ X +m(2)|SE) +m(2)V(E) + () I(E)) — (1+ X)P

— (m(2)SE) + )V (") +n3(2)1(t7))p(1 + X)P~w(dz)
=p(1+ X)P""A=bS — (1 + D)V — (v + b+ a)]]

+ p(p; D) (14 X)P~2(0252 + 02V?% 4 621?)
. / 14 xp X n1<z>s<t*>1++ "2%”” )
<p(1+ X)PHA =S — (1 + D)V — (v + b+ Q)]
p(p—1)
2
+ / (1+ X1+ m(2) V ma(2) V ns(2))? — 1w(d2)
Y

<p(14+X)P2{[A =bS — (11 + D)V — (v + b+ a)I](1 + X)
+ p;lUQXQ + é
2 D

+ (14 X)P2(075% + 03V? + 0317)

(1+X)%}
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-1 A 2 A
o { 2ol e (10 B)xas2),
2 p p p

where A = [i, [(1+71(2) V n2(2) V n3(2))P — 1] v(dz) and 0 = 67 V 05 V 03. Then
we set p=b— E21o? — % > 0. It follows that

2

2\ A
LVa < p(1+ X)P2[—pX? + (A—b+ p) X+A+5]. (3.3)

According to (3.2), for any k € R we obtain
de* Vo (X) =L[e*V(X)]dt 4 e*'p(1 + X )P~ o1 SdB1(t) + 02VdABy(t) + 03I1dBs(t)]
e [ 104 XE) +mE@SE) + mEVE) +mEIE))
Y
— (1+ X (t7))’]N(dt,dz).
(3.4)
After integrating both sides of equation (3.4) from 0 to ¢, we have
M1+ X)P

=(1+ X(0))? + /t[ke’”(l + X (8))P + " LVa(X (s))]ds
0
+ / e p(1 + X ()P o1 S(s)dBy (s) + 021 (5)dBy(s) + o3R(s)dBs(s)] (3.5)

/ * [0+ X6 +mE@SE) + mV () + )

(1+ X(s7))?]N(ds, dz).
Then we take expectations of (3.5), which yields
ME[(1+X ()] = (1+X(0))p+E[/O [ke™ (14 X ()P + e LVa(X (s))]ds]. (3.6)
According to (3.3), we get that for any k < pp,

keFs (14 X (5))P 4 e LVa(X (s))

2
< keP (14 X(8))P 4+ P p(1 + X)P2[—pX? + (A —b+ :) X+A+ %]

(3.7)
e 2 B v g 2L 2 A+k
=e"p(1+X)" " [—(p p)X (t) + (A b+p +p) t)+A+ » ]

S BkSpKl,

where K1 = (1 + X)P72[—(p — %)XQ(t) +(A-b+ % + %k)X(t) +A+ %}, and
K, € (0,00). Substituting (3.7) into (3.6), we obtain

eME[(1+X(1)"] < (1 + X(0))” + pK; /t eksds
0

= (14 X(0))? + %ekt.
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Therefore,

limsup E[(1+ X(¢))"] <

t—o0

pK,y
-
Here we set M > 0, then

E[(1+ X(4))"] < M. (3.8)

For i = 1,2,..., t > if and sufficiently small § > 0, combining (3.2) and (3.3),
we integrate (3.2) from i to ¢ and obtain

(I+X(@)P - (1+ X(10))P

t p—27_ 28 _ % s i5
<g&ﬂ+X@» [pX2(5) + (A= b+ ) X(3) + A+ 2Id

+p /t(l + X (8))P" (018(s)dBy(5) 4+ 02V (5)dBa(s) + 031(s)dBs(s))  (3.9)

/ L0+ X6 +m)S60) + mEVE) +m(E )
(14 X(s7))P]N(ds,dz).
Taking the supremum of (3.9), we get
sup  (14+X(¢))?
i0<t<(i+1)0
2\

S+ X@0)P+  sup  p| | (1+X(8)"*[=pX*(s) + (A= b+ =) X(s)
i0<t<(i+1)0 i0 p

A2t s gl [ (X6 008 () 4B 6) + oaV (5140
p i0<t<(i+1)0 i

+osI(s)dBs(s) |+ sup | / / (14 X(57) +m(2)S(57) + m(=)V(s7)

i0<t<(i+1)0

+13(2)I(s7))P = (L+ X (s7))PIN(ds,d2) | -

After taking expectation of the both sides of above inequality and using (3.8), we
have

E[ sup  (1+X(0)) < E[(1+ X))+ L + L + I
10<t<(i+1)0

(3.10)
<M+1 + 1+ I3,
where
9 9 2\ A
=pE{ sup | 1+X( NP [=pX7(s) + (A =b+ —)X(s) + A+ —]dsl},
i0<t<(i+1)0 Jio p p
I =pE{ sup | 1+X( )P~ (015 (s) dBi(s) + 02V (s)dBa(s)
10<t<( z+1)0 0
+0‘3]( )ng

—E{ sup |// L4 X(s7) +m(2)S(s) +ma(2)V(s) +ms(2)I(s7))P

10<t<(i+1)60

—(14+X(s7))"IN (ds,dz) [}.
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Using the same method as Zhu et al. (Theorem 3.1, [30]), we have

IL <fE{ sup (14 X)P},
i0<t<(i+1)8

where ¢; > 0 is a constant. By using BDG inequality (Theorem 7.3, [18]), we obtain

I < c02poE{ sup (1+X)"},
i0<t<(i+1)0

where ¢o > 0 is a constant. By the Kunita’s inequality [1,17], it follows that

SB[ swp 14XV L1+ me vme v m@r -1 ).

Therefore, we have

E[ sup (1+X@)P]<M+E[ sup (1+X(1)")[c16+ c260%po

i0<t<(i+1)0 i0<t<(i+1)5
+ 29/ (L4 70(2) Via(2) Vg (2)P — 1| v(d2)).
Y
(3.11)
Thus there exist a small positive 8 such that
1
10 + 207 po + 29/ | (L4 m(2) Via(2) Vig(2)P = 1| w(dz) < 5.
¥
From (3.10) and (3.11), we get

10<t<(i+1)0

Using Chebyshev’s inequality and (3.12), for arbitrary e > 0 and all ¢ > 1, we
get
B[ sup (14 X(2))"]

) 9<t<(i+1)8
P su 14+ X(¢)P > (i0)T<) < -
{iegtg(?ﬂ)e( ) (i)™ (i0)1+e
2M
= Gy

Applying Borel-Cantelli Lemma (Lemma 2.4, [18]), for all but finitely many i, we
have
sup (14 X(1)P < (i)'
i0<t<(i+1)0

For almost all w € Q, there exists ko(w) such that for any k > ko, we get

In(1+ X (¢))? < (14 €)lnib
Int - Ini6

=14€e€e>0.

Then taking the limit superior of the inequality above, we obtain

p
Jim sup 20+ X(0)

<1+4e¢€a.s..
t—o00 nt
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By the arbitrariness of ¢, letting € — 0, we have

o I+ X (B)

<1,a.s
t—o00 Int

Then for p > 1, there exists

In X (¢ In(1+ X (¢ 1
limsupLU < limsupM < —,a.s..
t—00 Int t—o00 Int p

That is to say, for any m € (0,1 — %), there exists a finite random time T = T(w)
such that

1 _
InX(t) < (= +m)nt, t > T,
p

which implies

1
X(t tptm
lim sup L < lim sup ! =0.
t—o0 t—oo
Combining with the positivity of the solution for system (1.6), we get tlim & =0,
— 00
a.s.. Therefore,
X(t t I(t t
i XO _ 0 SOIO+RO)
t—oo t t—00 t
which means that
t I(t t
lim & =0, lim Q =0, lim LO =0,a.s..
t—oco t t—oo t—o0
The proof is completed. O

Theorem 3.2. Suppose Assumption 1.1 and Assumption 1.2 hold. If there exists
p > 2 such that b — 5= Lo2 1)\>O, then

i fo Jym(z N(ds dz) 0. lim fo Jy m2(2 N(ds dz) o
t—00 t t—><>o t

lim fo Je sz N(ds, d2) =0,a.s..

t—o00 t

Proof. For convenience, we denote

/ /771 (ds dz).

According to Kunita’s inequality [1,17] and (3.8), there exists C}, > 0 for any p > 2
such that

E[ sup |X1(s)["]

0<s<t

s@E//Ml \Nmmﬁ+0E//ml “)Pu(dz)ds]

=Gyl [ mwa)ie /w ) ds)3] + (/%@WMW%%@WM

s%ﬁ%ﬁwwwﬁwawnwunM/m V(de).

0<s<t
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By (3.12) and the above inequality, we get

E[  sup  [Xq(t)]"]
i0<t<(i+1)6

<CL2M((i + 1)9)%[/ P (2)v(d=)]E + C, M (i + 1)9/ P (2)0(d2).
Y Y
We use Doob’s martingale inequality, and suppose € > 0 be arbitrary. Therefore,
Plw: sup |Xy(t)]" > (i6)' T T2}

10<t<(i+1)6
E[ sup [ Xu(8)[7]
i0<t<(i+1)6
- (ig)l—s-e—s-%

2MC,((i +1)0)% )
o RACE)

(M)

IN

+MC’p(i+1)0/ )

G | ),

According to Borel-Cantelli Lemma [18], for all but finite ¢, we have

sup | X1()P < (i) as..
i0<t<(i+1)0

Thus, there exists ig(w) > 0 such that for all i > i,

In| X5 (¢)|P (1 + e+ %)ln(z@) P
< =1 —,e>0.
Int — In(i6) et 27¢
Taking limit superior of the inequality above, we obtain
In| X 1 1
lim sup n| X (4)] <-4 a <
t—00 Int 2 p
Letting ¢ — 0, we have
In| X1 (¢ 1 1
limsupM <-+—-,p>2.
t—00 Int 2 p
Similar to the argument of Theorem 3.1, we get
1 1
Xi(t t2ts
lim sup X)) < limsup —— = 0.
t—o00 t—o0

Together with the positivity of the solution for system (1.6), it follows that
Xq(t
)

t—o00 t

=0,a.s..

| fE [y n2(2)V (sT)N(ds,dz)|
t

According to the same discussion, we can also prove tlim
— 00

0 and lim |f(;: Jy 7]3(2)](:’)N(ds,dz)| —0
t—o0

a.s..

)

Theorem 3.3. Suppose Assumption 1.1 and Assumption 1.2 hold. If there exists
p > 1 such that b — ”%102 — %)\ > 0, then

t t
S(s)dB V(s)dB
lim M =0, lim M =0, lim
t—o00 t t—o0 t t—o0

e

The proof is omitted here because it is similar to Lemma 2.2 in [26]. O
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4. Threshold behavior of the disease

One of the main concerns in epidemiology is how to regulate disease dynamics to
ensure that the disease becomes extinct or persists in the long term. In this section,
we aim to provide the critical value for the extinction and persistence in the mean
of the disease. Firstly, we quote the concepts of extinction and persistence in the
mean of the disease [13].

For simplicity, we denote (z(t)) = %fot z(s)ds and (z(t)), = lim inf 1 fot z(s)ds.

Definition 4.1. z(¢) is said to be extinct if lim z(¢) =0, a.s..

— 00

Definition 4.2. z(t) is said to be persistent in the mean if (x(t)). > 0, a.s..

Define
- 1 BS BV o3 /
. _ _ _ 95 — (1 d }
0 ’y+b+a{1+77S+1+77V 2 Y[ﬁa(z) n( +n3(z))]y( 2
(4.1)
In order to study the sufficient conditions of extinction and persistence in the
mean of the disease, we consider the following stochastic system:

dS(t) = [A — (b+ 0)S()]dt + 01 S(£)d By (¢) + / m(2)8(t7)N(dt, dz),
Y

AV (t) = [05(t) — (1 + b)V (1)]dt + o2V (£)dBa(t) + / n2(2)V (¢ )N (dt, d2),
Y

with the same initial value S(0) = S(0) >0, V(0) = V(0) > 0. Making use of the
stochastic comparison theorem (Theorem 3.1, [19]), we have

St)<S@1), V() <V(t),as..

Moreover, we can get

¢

lim ! S(s)ds = L,

li 1 tf/( )d _L .
et Jo T T o)+ 0)

Theorem 4.1. Suppose Assumptions 1.1-1.3 hold. Assume that there exists some
p > 2 such that p — %02 - %)\ > 0. Let (S(t),V(t),I(t)) be a positive solution of
system (1.6) with the initial value (S(0),V(0),1(0)) € R3. We obtain
(i) If R§ > 1, then
lim I(t) =0,a.s..

t—o00

It indicates the disease will die out in a long term.
(ii) If R§ < 1, then

> 0,a.s..
t—o0

t S
0 Ko

Here Ky: = (v + b+ 0) (fias + Griiartaos ) > 0. This implies the

disease will persist in a long term.
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Proof. (i). By It6’s formula with jump noise [1], we have

dIn I(t)
(s iy bt = B = [ ) a1+ m(e)]vlds) fa

+ oydBy(t) + /Y In(L + () N(dt, d2).

It follows that

lnI(t)—lnI(O)_< B8S > <5BV
t 1+nS 1+nV

2

>—(’y—|—b+a)—03

2

- [ ) -+ @ via) + o @)

1 [t ~
+¥/O /Yln(1+773(2))N(dt,dZ)
Define .
Hi(t) = /0 /Y (1 + s () N(dt, dz).

By Assumption 1.3, we have

/t d{H,, H1)(s)
o (I+s)?

ds = 1 i ; /Y(ln(l +13(2)))*v(dz) < +oo.

According to the law of large numbers for local martingales (Theorem 1, [12]), we

have oG
lim 71( )

t—o0

=0,a.s..
Moreover, by the law of large numbers (Theorem 3.4, [18]), we have

Bs(t
lim % =0,a.s..

t—o00

Taking the superior limit of (4.3) and using stochastic comparison theorem [19],
combined with (4.2), we obtain

InI(t)

limsup
t—o00

. BS BV B a3
htnisolip(<1+n5 i) bt

—/Y[ng(z)—ln(l-i-ﬁs(z))] v(dz)
= limsup [_ (i<1+1n5>+i75<1+1w>ﬂ +i+677ﬁ_(7+b+a)_02§
- / [13(2) — In (1 + 13(2))] v(dz)

B/ 1\ B 1 B B _ 93
= n<1+n5> 77<1+T7V>+n+77 (rba) =5
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_ / [13(2) — In (1 + 13(2))] v(dz)

BA 5O o2
= — + b _ 2
T ey W ey oy prr T N S

— [ () = 1+ )] ()
=(y+b+a)(RE—1) <0,a.s..

Therefore, it indicates that
lim I(t) = 0,a.s..

t—o0
Consequently, this means the disease will go to extinction exponentially in proba-
bility one.
(ii). Define a C2-function V3

o B B 630
Va(S,V,I) =—1InI (b+9+nA+(71+b)(b+9)+n9A)(5+1)
58(b+0)
TG eal T
Then
LV;
ey tbra) B8 + 24 — In(1 + ()] v(d2)
=\ 14+nS 1+77V 2 Y% 8
_( B 536
b+0+nA (1 +b)(b+06)+noA
x[A (b+0)S+ 5 55 — (v +b+a)1}
SB(b+0) BSI
_(71+b)(b+9)+770A[95 (m+0o)V 1418 ~rrbr o]
88 o3
<(v+b+a)-— Tr 5 1+T]V t5+ —In(1 4 n3(2))] v(dz)

b+0+nA (7 +b)( b+9 +noA b+9+nA

(v+b+a)

-t
_ ( BA 5B0A ) b+ 0
)

+( b
b+0+nA (71 +b)( b+0 )+ 7 0A
(b+0)(y1 +0) 5BV + B(b+0)
(71 + b)(b + 0) + noA (11 + b)(b +0) + nhA

o 2
<(rbta)+ %y / [na(2) — In(L + 15(2))] 0(d=)

(y+b+a)l

y BA dBOA )
b+0+nA (v +0)(b+0) +noA
- BOLT20) o L hgayr

+
b+04+nA (v +0)(b+0) +noA
—(y+b+a)( Ry — 1)+ KoI.
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58(b+26)

_ B
Let K3 = bR T () (hr0)Tnoh Consequently,

dVs(S, V. 1)
=LVsdt — o3dBs(t) — / In(1 + 73(2)) N (dt, dz)
Y

B N 330
b+0+nA (v +0)(b+0)+noA

o~ 0p(b+6)
+ [ m@ser)Fanaz) - et

+/n2(z)V(t*)N(dt, dz)) —Kg(agdeg,(t)+/n3(z)f(f)ﬁ(dt,dz)).
Y Y

—(

)(alSdBl (t)

(02 VdB2 (t)

Integrating both sides of (4.4), we obtain

Vs (S(), V1), I(t)) — V5 (5(0),V(0), 1(0))
t

v bt Q) (B — 1)+ Ko(I) — ”3%’(” —%/0 Aln(l+n3(z))ﬁ(dt7dz)

B N 536
b+0+nA (91 +0)(b+6) +noA

/ /7)1 N(dt,dz))

5B(b+0) 1 [t
(’Yl+b)(b+9)+n0A(t/ o2V dB,(t //772 N(dt,dz))

t
7K3(%/ UgIng //773 dt dZ))
0

In view of Theorem 3.1 to 3.3, we obtain

~ )G [ o)

htrr_1>1£f Ky (I(t))

>(y+ b+ ) (Ry — 1) + lim int ("3(5@): V(#), I(t)) = Va(5(0), V(O),I(O))>

t
>(y+b+a)(Rs—1) > 0,a.s..

Therefore, we provide the sufficient condition for the persistence in the mean of the
disease. This completes the proof. O

5. Conclusions

In this paper, we study the stochastic SVI epidemic model with jump noise and
saturated incidence rate. By using Kunita’s inequality [1,17], we complete the
asymptotic pathwise estimation of system (1.6). Moreover, we prove that the disease
will die out if RS < 1 and will persist in the mean if RS > 1 under certain conditions.

Comparing (1.2) with (4.1), we obtain R:g = Ry — ﬁ o+ [y[ms(z) —In(1+
n3(z))]v(dz)}. It is easy to prove that R§ < Ry, which indicates that jump noise
can slow down the transmission of the disease.
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Then we present some examples and use numerical simulations to verify the
theoretical results obtained above. According to [27], the initial value of the sys-
tem (1.6) is given by (5(0),V(0),1(0)) = (0.3,0.3,0.2),A = 0.8,b = 5.0 =
0.5,8=0.35,7 = 1,71 = 1505g5.7 = 0.1,a = 0.05,8 = 0.06. According to [14], for

computational convenience, we choose v(Y) = 1.

4

S(t)
3%

0 n
0 50 100 150 200 250
Time
40
=
=20
0 h n 1 "
0 50 100 150 200 250
Time

0 50 100 150 200 250
Time

Figure 1. The blue lines show the paths of S(¢), V(t), I(t) with jump noise under the noise intensities
(af, ag, ag) = (0.04,0.16,0.8), (n1,m2,n3) = (0.1,0.1,0.1). The black ones are the paths of deterministic
SVI model.

Example 5.1. We suppose (02,03, 02)=(0.04,0.16,0.8), (11,72, 73) = (0.1,0.1,0.1),
which leads to Ry = 1.5746 > 1, RS = 1.5428 > 1. From Theorem 4.1, it follows
that the disease is expected to persist regardless of whether the system has jump
noise or not. The simulation results are illustrated in Figure 1.

Example 5.2. We suppose (0%, 03,0%)=(0.04,0.16,0.8), (n1,n2,73) = (0.1,0.1,0.8),
which leads to Ry = 1.5746 > l,Rg = 0.9546 < 1. In this case, the disease will
be persist in deterministic model (1.1) but die out in stochastic system (1.6). The
simulation results are provided in Figure 2. Moreover, it is clear that the jump
phenomenon is shown in Figure 2.



3022 H. Geng, L. Wang & D. Jiang
4
oy ]
“ " g /\M\
FN A A )\ ;
o S .
0 50 100 150 200 250
Time
I
40 J,
= jg | !
> 1 -
20 ‘ /
m " MMJ\J@&
W | MW N
0 50 100 150 200 250
Time
100
£ 50
ALY
0 50 100 150 200
Time

Figure 2. The blue lines show the paths of S(t), V(t), I(t) with jump noise under the noise intensities
(01,03,03) = (0.04,0.16,0.8), (11, 12, n3) = (0.1,0.1, 0.8). The black ones are the paths of deterministic

SVI model.

The numerical simulation indicates that the disease will become extinct as the
noises 7;,7 = 1, 2,3 become stronger. Jump noise curbs the spread of the disease.

Comparing with system (1.1), we derive a more general RS, which may enrich
the research of threshold behavior in epidemic model and help us better understand
the dynamics in jump noise sense. In addition, some interesting questions deserve
further discussion. For example, we can consider the logistic growth [6, 10] and
seasonality [5] in system (1.6). The research is carrying out.
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