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THE EXTENDED MODIFIED KORTEWEG-DE VRIES EQUATION
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Abstract In this paper we use finite gap integration method and Riemann-Hilbert method
to obtain finite gap solutions of the extended modified Korteweg-de Vries equation. Based
on the techniques developed in long-time asymptotics, we show that the Baker-Akhiezer
function of the extended modified Korteweg-de Vries equation can be described by solvable
matrix Riemann-Hilbert problems with o2- symmetry condition on C. The procedure avoids
solving Dubrovin’s equations and Jacobi inverse problem.
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1. Introduction

It is well-known that the modified Korteweg-de Vries (mKdV) equation is a fundamentally
completely integrable model in solitary wave theory, with the canonical form

ug + 60U Uy + Uppe = 0, o= =1, u=u(x,t), (1.1)

which has many important applications in different physical backgrounds such as anharmonic
lattices, Alfvén waves, ion acoustic solitons and fluid mechanics [26,30,41,47]. Additionally,
the more extensive form of KdV equation has been studied in detail, such as nonlocal mKdV
equation [43], matrix mKdV equation [54] and extended mKdV equation. In this paper, we
investigate extended mKdV (emKdV) equation

U + a(6u2um + Ugzz) + ,B(30u4ux + 10ui + 40Ut Upy + 10U Uggy + Ugzazz) = 0, (1.2)

where a > 0, 8 > 0 represent the third-order and fifth-order dispersion coeflicients respectively.
It is noted that equation (1.2) has some applications in describing the nonlinear internal waves
stratified by density and current in a fluid [24,48]. Moreover, the Painlevé integrability and
multi-soliton solutions for equation (1.2) were studied by the simplified Hirota’s direct method
in [52]. The infinitely many conservation laws, periodic and rational solution have been derived
by the N-fold Darboux transformation in [51]. The explicit leading-order asymptotics of the
solution for (1.2) has been obtained by nonlinear steepest descent method associated matrix
Riemann-Hilbert (RH) problem in [40]. Rogue waves on the general periodic traveling wave
background have been found in [42]. N-soliton solutions of the nonlocal emKdV equation have
been derived by the d-dressing methods in [39]. Recently, the multi-soliton solutions of (1.2)
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under the condition with arbitrary order zeros based on RH problem have been explored in [55],
and the solutions of (1.2) with zero/nonzero boundary conditions at infinity by the inverse
scattering transform (IST) with the RH problem have been considered in [53]. However, as far
as we know, it has not been reported to study finite gap solutions of the emKdV equation with
RH problem.

The theory of finite gap solutions of nonlinear partial differential equations has been de-
veloped in integrable systems using algebraic geometry since the 1970s [15,19,27,37]. It has
been developed into one of the most effective tools for studying quasi-periodic problems in
integrable systems. Finite gap integration method involves the spectral theory of differential
operators, compactified Riemann surfaces, Riemann theta functions, inverse problems and other
theories. Finite gap solutions of soliton equations are an important class of exact solution,
which reveal inherent structural mechanism of solutions and describe the quasi-periodic be-
havior of nonlinear phenomena. Based on the hyperelliptic curve theory, several systematic
methods were developed to obtain quasi-periodic solutions of soliton equations, such as the
finite gap integration method, IST method for periodic problem, nonlinearization approach
and others [5,7,18,20,22]. The Baker-Akhiezer (BA) function theory in finite gap solutions
brought very interesting and important results in the spectral theory of almost periodic opera-
tors and theory of completely integrable nonlinear equations such as Korteweg-de Vries (KdV)
equation, nonlinear Schrédinger equation, sine-Gordon equation, Kadomtsev-Petviashvili equa-
tion [2,16,17,21,28,29,33,35, 36,44, 46].

The RH problem is a modern version of IST method, which can be used to investigate
the soliton solutions and long-time behaviors of integrable systems. In 1993, a completely
rigorous method for analyzing the long-time asymptotics of solutions of integrable systems was
introduced by Deift and Zhou, which is called the nonlinear steepest descent method [8, 14].
This method has been applied in a variety of problems and is very successful for asymptotic
analysis the oscillatory RH problems. Through a series of deformations, the original RH problem
can be reduced to canonical “model problems”, which are characterized by piece-wise constant
jumps across certain contours. Up to now, various integrable equations have been studied,
such as the KdV equation, modified nonlinear Schrodinger equation, sine-Gordon equation and
others [1,6,23,25,31,32,45,50]. The elements of the finite gap integration method have been
largely used in numerous studies of asymptotic behavior of nonlinear equations, such as the
study of the large time asymptotics for the KdV equation (with decaying initial conditions)
in the so-called “collisionless shock wave” region [11], the small dispersive limit for the KdV
equation [12,13], the asymptotics for the orthogonal matrices [9, 10], the large time asymptotic
results for the KdV equation with the periodic background [38], semi-classical limits papers [3,4].

The main goal of the paper is to give the BA function of the emKdV equation. One more
goal is applications in asymptotic analysis. It is convenient to describe the BA function through
the corresponding RH problem. Compared to the classical method which transform the solution
problem into an inverse problem on the Riemann surface, the method in this paper does not
require the use of Dubrovin’s equations and only needs to solve a relatively simple algebraic
equation. The emKdV equation is equivalent to the compatibility condition ¥,; = Wy, of

Uz, t, k) = X(z,t,k)V(x,t, k),
Uy(x,t k) =T (x,t,k)V(x,t, k),

where

X = ikog+ U, T =(=16ipk>+4iak®)o5+V,
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10 0 u A B
with k € C, 03 = , U= , V= and
0-1 —u 0 C-A

A = 8ifk3u?® — i(68u* + 20u? + 4Buny, — 2Bul)k,
B = —168k™u + 8iBk3uy + (8,8u3 + dou + 4ﬁum)k‘2 — i(12ﬁu2uz + 28Uz
+ 20uy )k — 65u° — 2au® — 10fuugy — IOBUUi — BUggppr — OUgy,

C = —B + 16iBk3u, — i(24Buuy + 4oty + 4BUgpy k-

Starting from the Lax pair, we use a combination of the finite gap method introduced by
Krichever and the RH method developed by Kotlyarov and Shepelsky [34], which allows us
to redefine the classical BA function in terms of RH problem, while simultaneously retaining its
relations with finite gap solutions.

The paper is organized as follows. In section 2, we present the specific hyperelliptic Riemann
surface and introduce some basic concepts related to it, including divisors, holomorphic differ-
entials, homology basis, Riemann matrix, Riemann theta function, Riemann constants and Abel
map. we also give the description of BA function of the emKdV equation in terms of the RH
problem. In section 3, we present the asymptotic analysis of solutions of the spectral problem
with respect to the spectral parameter k, which allows to recover solutions of the emKdV equa-
tion from its BA function. In section 4, we provide the exact construction of the BA function by
the phase functions and a matrix-valued function M. Then we derive Riemann theta function
representation of M by solving the associated RH problem. In section 5, we present finite gap
solutions of the emKdV equation.

2. Preliminaries

In this section, we briefly review some basic concepts and results that exist in the theory of
hyperelliptic Riemann surface. In addition, we provide the definition for the BA function of the
emKdV equation.

Definition 2.1. Let {Ej, Ej}?:o be 2n + 2 distinct points in C. Then a Riemann surface X of
genus 7 is defined by the following algebraic curve

X F(kyy) =y* — P(k) =0, P(k) = ﬁ(k — Ej)(k - Ej),
j=0

with cuts along the arcs I'; = (Ej, EJ) connecting branch points E; with Ej, j=0,1,2,...,n.
The Riemann surface X can be viewed as a double covering of the complex k-plane: Two sheets
of k-plane are glued along the cuts I';. The upper and lower sheets of X are denoted by X and
X_ respectively. They are fixed by the relations

VP(E)=2k" 1+ 0(k™Y), kE=7n(P) =00, Pe Xy,

where k = 7(P) is the projection of P = (k,y(k)) € X on the Riemann sphere CP'. Thus each
point on the k-plane has two preimages Py except for the branch points. Denote the preimage
of k = oo on X4 by co® respectively. In standard theory, X is compactified by two points
oo at infinity. y(-) is the meromorphic function on X, which has 2n + 2 zeros at E; and Ej,
j=0,1,...,n, and two poles at oo™ and oo™, each of multiplicity n + 1.
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Define the corresponding positive divisor of degree n on X by

m, if P occurs m times
Dp, ps,...Pn 0 X = No, P Dpp,..p, = in {P1,Pa,...,Pn},
07 lfP g{PDPQP'-a,Pn}-

On the Riemann surface X', n linearly independent holomorphic differentials 7;(k) are defined
by
ki1
P(k)
There are 2n topologically distinct closed cycles which are split into two classes on X, denoted
aj cycles and bj cycles (j = 1,2,...n). Each of these cycles has a specified direction in which it
is to be traversed. The rules for constructing a and b cycles are as follows:

n; (k) = dk, j=1,...,n.

(1) aj cycles do not cross any other a; cycles; b; cycles do not cross any other b; cycles.

(2) The cycle ay intersects by, only once and intersects no other b cycles.
This is symbolized as
ajobl: il ajoalzo, bjObIIO, j,lzl,---,n.

Using the a and b cycles we can construct the A-period and B-period n X n matrices,

Alj:/ Ul(k)) Bl]:/ 771(]‘3)7 ]7l:17 , .

J bJ

The normalized Abelian differentials of the first kind are defined by
n
wj(k)zzc]lnl(k)7 .7:1727 , 1,
=1
and the coefficients cj; are uniquely determined by the normalization relationships
/wj: 35 j7l:1727"'7n'
aj
Associated with w;, the b-periods of w; are defined by
le:/wj, j,l:1,2,~-,n.
by

Given the Riemann surface X, the homology basis {a;, bj}?:p and the matrix B of b-periods
of the differentials of the first kind {w; };‘:1, the Riemann theta function associated with X and
the homology basis is defined as

0(s) = ) exp(2mi(m,s)+ mi(m,mB)), seC",

mezn

which has properties

O(S1,.--,8j—1,—5j,8j41,---,5n) =0(s), s =(s1,...,5,) € C",
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9(5 + eJ) = G(S)7 H(S + B_]) = G(S)G.Zp( ¥ 27-”'5], _ WZB]J),

where (-, -) denotes the scalar product of two vectors in C", with B; = Bej, e = (0,--- ,1,---,0)
being the j-th basis vector in C™.
The Jacobi variety of X is defined by

Jac(X)=C"/L,, L,={keC'lk=p+qB, p, qeZ"},
and the Abelian map is defined by
Ap,: X = Jac{X},

P AR(P) = (Ana(P) - Apa(P) = (

P P
/ wl,...,/ wn>,
Po Po

where Py € X is a fixed base point and the same path is chosen from Py to P forall j =1,...,n.
The Abelian map is also defined by the summation of integral divisors D =Py +Po + -+ + Py,
where the form is

Apy (D) = Apy(P1) + Apy(P2) + -+ + Apy (Pn).

Moreover, let P € {P1, P2, -+ ,Pn} and assume D to be non-special. Then
‘9(_AP0 (P) + APO (D) + KPO) =0,

where the vector of Riemann constants Kp, = (Kp, 1,...,Kp, ) is denoted by
1 B.. n P
Kp,j:*—l—i- /(/ wj)wl, j=1....,n.
=y P (L
I#5

In the hyperelliptic case,
1 & i
KPOJ:Z;BZJ_27 ]:1,...,77/.

The classical vector-valued BA function (P, x,t) = (ﬁ;) is characterized by the following
conditions:

e )(P) is a meromorphic function on X'\ ({oo™} U{oco™}) with pole divisor

n
D=>) Pj
j=1
which is non-special in the sense that the following conditions hold:

n(Pj) # Ej. By, n(Py) #n(P), j#L
e )(P) has the following asymptotics:

Y(x,t,P) = Ké) + O(kl):| ei(kx+(fl6ﬁk5+4ak3)t)ag, k=n(P), P oo,
w(%t’fp) = ck |:<(1)> T O(k_l)] e—i(kx+(—165k5+4ak3)t)03’ k= W(P), P OO+,

where c¢ is a complex number.
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The BA function, redefined

Definition 2.2 (Baker-Akhiezer function). Let I'; = (Ej,Ej), j=0,1,---

in term of RH problem, is given in Definition 2.2.

,n, be a set of

oriented arcs which connect F; with Ej. They are symmetric with respect to 0. A 2 x 2 matrix

U(z,t, k) is called the Baker-Akhiezer function of emKdV equation if it satisfies

1)

3)

where J(k) is a piece-

Case A: J(k) =

Case B: J(k) =

(1)
(2) U(x,t, k) has inverse fourth root singularities at £ and Ej, j=0,-,n;
(3) W

U1 and U, ¥~ all are entire functions. Meanwhile, ¥ satisfies

U_(2,t,k) = Uy (2,t,k)J(k), keT,

wise constant matrix on I' and

0 e A
” ) kE(Ejij)a J=0,1,--n,
e % 0

10

0 e*i‘%j

with ¢; and éj are real constants, with ¢y = 0;

(4) W satisfies the following symmetry condition

(5) U has essential singul

Uiz, t,k) = (I + O(k))el (ke (F168K +aakt)on — p o

U(z,t, k) = o9V (x,t,—k)oa, o092 = :

arity at infinity point,

Im(k)

Figure 1. The oriented contour in the k-plane.

<(,”>, kel = (E;,E), j=01,--

id; . .
(6 70 >, kEFjZ(Ej_l,Ej), j:1,

(x,t,k) is analytic in C\I', T' = (U}, T;) U (Uj—, T)), T = (B}, E)), Tj = (Ej-1, Ej);

(2.1)
(2.2)
(2.3)
(2.4)
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Im(k)
FE.
E
Frtio 1t o
0
£}

Figure 2. The oriented contour in the k-plane.

Remark 2.3. Once we get the existence result for the RH problem, the condition (2.4) becomes
redundant and can be removed from Definition 2.2.

Remark 2.4. Since ¥, ¥~ and ¥,¥~! are entire functions in (3), J(k) is either diagonal or
anti-diagonal, which guarantee the uniqueness of the RH problem. For the details one may refer
to section 4.
Moreover, the uniqueness also indicates that the jump matrix J(k) in Definition 2.2 should
satisfy the symmetry condition
J(E)™! = 09 J(—k)os. (2.5)
The relation (2.5) can be derived as follows. From (2.1), we have
U_(x,t, k) =Vi(x,t,k)J(k), keT.
Converting k to —k, it follows
U, (x,t,—k)=V_(x,t,—k)J(—k), keT.
The action of o9 on both sides then yields
ooV (z,t,—k)og = {02V _(z,t,—k)oa}{oaJ(—k)oa}, k €T.

Taking into account (2.4), we finally arrive at (2.5).

3. Asymptotic analysis

In this section, we firstly discuss the asymptotic properties of a general matrix function 3 at
infinity. Then we establish the relation between the solutions of the emKdV equation and 1 by
introducing appropriate constraint conditions. Thus, once the BA function ¥ defined in section
2 satisfies all the conditions of ¢, finite gap solution of the emKdV equation can be directly
derived from the asymptotic conditions of associated RH problems.

Next we consider the most general analytic properties of ¥, which can be summarized in the
following two propositions.

Theorem 3.1. Let ¥(k) be an arbitrary 2 x 2 matriz function, which is holomorphic in a
neighborhood of infinity on Riemann sphere, smoothly depends on x and t, and has the following
expansion at infinity

Dy Dy D3 Dy Ds 1

¢@LM=O+—+++—++O

LY (ke (—168k5 +4ak®)t) o5
ER2 T3 T A T s (k6)>6 C(k), (3.1)
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where C(k) is a 2 x 2 invertible matriz, independent of x and t. Then the function described
above satisfies the following asymptotic estimations:

bt = X+ 0k, (3.2)
Vbt =T(k)+O0(k™), k— oo, (3.3)

where~
X (k) = ikos — i[os, D1], (3.4)

T(k) = — 16i8k%03 + 16i8k |03, D1] + (4z’aa3 + 16i83[03, D] — 16i8[os, Dl]D1>/~c3
+ (= diafos, Di] + 16iBlos, Ds] — 16iB[os, D) Dy + 16180, Dy] D}

— 16i8[os, DﬂDg) K2+ ( — 4ialos, D) + dialos, Di]Dy + 16i8]os, Da]
— 16if[o3, D3] Dy + 16i3[03, Do) D? — 16if[03, Do) Do — 16i3[03, D1] D3
+16i8[03, D1|DaDy + 16803, D] D1 Ds — 16i8k[os, Dl]Dg,)k
— dialos, D3] + 4ialos, Do) Dy — dialos, D1]|D? + 4iafos, Dy Dy + 16i8[03, Ds)
— 16i8[03, D4 Dy + 16i8[03, D3| D? — 16i8[o3, D3] Dy — 16i8[o3, Do] D3
+ 16i8[03, Do) Do Dy + 16i8[03, Do) D1 Do — 16i3[03, Do] D3
+ 16iB[os, D1]D] — 16iB[o3, D1]D2 D3 — 16iS[03, D1]D1 Do Dy
+ 16iB[o3, D1]D3 Dy — 16i3[03, D1]D? Dy + 16i8[03, D1] D3
+16if[o3, D1]D1 D3 — 16i8[03, D1]Dy. (3.5)
Proof. Obviously, due to ¢! = I, we easily obtain
E, FEy FE3 FEy FEj

wfl(x’tjk) — efi(km+(7166k5+4ak3)t)03 (I+ =2y T e S W O(

1
E k2 R3S T RA T RS T NG

@) 6o

where k — oo, with

Ey=—Dy, Ey=-Dy+ D},

E3y =— D3+ (D1Dy + DyDy) — DY,

Ey=— Dy + (D3 + D1D3 + D3D1) — (D1DaDy + D2 D3 + DIDs) + Df,

Es = — D5+ (D1Dy + DyDy + D3Ds + D3Dy) — (D D3Dy + D3D3 + D3 D3

+ D3Dy + D1D3 + DyD1 D) + (D}Dsy + DYDoDy + Dy D2 D3 + Dy DY) — D3,
Taking the x, t-derivatives of ¢ and using (3.6), one may finally obtain (3.2), (3.3). O
In Theorem 3.1, we do not require ¥ to be eigenfunctions of the emKdV spectral problem

and hence its relation with the emKdV equation does not exist. In order to connect 3 with

solutions of the emKdV equation, we should impose some constraint conditions on 1. We have
considered the following constraint condition:

Y(x,t, k) = o9p(x,t, —k)os. (3.7)
The properties of ¢ can be simplified under the constraints (3.7). We observe X and T satisfy
X(k) = 09X (—k)oa, T(k) = 03T (—k)os. (3.8)

Then based on above relations, we can obtain the following result.
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Theorem 3.1. Assume 1) satisfies the conditions of Theorem 8.1 and the constraint conditions
(3.7). Besides, we presume 1,10 ~1, b~ are both entire functions. Then if we define

)= —92 i k —i(kz+(—16Bk5+4ak3)t)os I 3.9
u(w,t) = ~2i lim k{ye he, (39)
or equivalently

U= —i[O‘g, Dl], (3.10)
it may be shown that u(z,t) is an exact solution to the emKdV equation.

Proof. For notational convenience we denote D; by

473 bl
D; = . i=1,2,34.
C; di
From (3.7), we derive
ai = (=1)'di, b= (-1)""ci (3.11)

To prove this theorem one has to show that X = X , T = T. Set u = —2iby. Firstly, we check

01

1
(03, D2] — [03, D1] D1 = §(u20'3 +uzo1), o1 =
10

Since 1,11 is an entire function, the coefficient of the term O(k~!) in (3.2) is zero, that is,
i([O'g, DQ] — [0'3, Dl]Dl) = Dl,:t~ (312)
The main and the anti-diagonal elements have the following relations,
. 1.
i([o3, Da] — [03, D1]D1)op = (D1,2)op = S0,
. . : 1.
l([o‘g,DQ] — [0’3,D1]D1)D = (—Z[O’g,Dl]Dl)D = —2Zb1010'3 = 51u203.
Next, we need to prove
1
(03, D3] — [o3, Da| D1 + [03, D1]D? — |03, D1] Dy = Z(2u3 + Uz )02 (3.13)
As previously, using the conditions (3.7) and (3.12), one obtains
([o3, D3] — [o3, Do) D1 + |03, D1] D} — [03, D1]D3)p = 0.

Since
i(los, D3] — [03, D3] D1 + [03, D1]D? — [03, D1]D2) = Doz — D1 4Dy, (3.14)

it follows that the compatibility of (3.13) with (3.14) requires validation of

0
Dy — Dy 4Dy = Z(2u3 + Uy )02 (3.15)
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Obviously, .
i
(D2 — D12D1)op = Z(QU?’ + Uy )02

Thirdly, it remains to prove that

(03, D4] — [03, D3] D1 + |03, D2 D? — [03, D1]D3 + [03, D1]D2Dy — |03, Do) D2
+ [03, D1]D1 Dy — [03, D1] D3

1 1
=— §(3u4 + Uty — ul)og — é(ﬁuzux + Ugzz )01 (3.16)

Similarly, since

i([o3, Dy — [03, D3] D1 + [03, D2 D% — 03, D1] D} + [03, D1]D2 D1 — |03, D2] D2
+ [03, D1]D1 Dy — [03, D1]D3)
= D3, — Dy yDy + Dy ;DY — Dy Do, (3.17)

the comparison of (3.16) and (3.17) reveals that the following relation need to be established:
{ i
D3, — Dy Dy + DLID% — D1 Dy = —§(3u4 + 2uugy — ui)og - §(6u2ux + Ugrg )01

Obviously, using the condition (3.7), (3.12) and (3.14), one obtains

([o3, D4] — [03, D3] Dy + [03, D] D} — [03, D1]D} + [03, D1]D2D1 — [03, D2 D
+ [03, D1]D1 D3 — [03, D1]D3)p

1
=— §(3u4 + Uty — ul)os,

and ]
1
(-D3,CC - D2,xD1 + Dl,zD% - Dl,a:DZ)OD = _g(GUQUx + ua:xz)al-

To complete the proof, it remains to check

(03, Ds] — [03, D4 D1 + |03, D3] D? — |03, D3| D3} + [03, D11 D} — |03, D1 Dy D?
+ [03, D3] Dy Dy — |03, D1]D1 D2 Dy + [03, D1]D3Dy — |03, D3] Dy + [o3, D3] D1 Do
— |03, D1]D3Dy + |03, D1]D3 — [03, D3| D3 + [03, D1 D1 D3 — [03, D1] Dy

1
16
and this can be done by Theorem 3.2. O

(6u° + 10U Ugy + 10Ut + Upres )02, (3.18)

Theorem 3.2. Under the conditions of Theorem 3.1, the coefficient of k% in Tisa anti-diagonal
matriz and can be represented by w:

(03, Ds] — [03, D4 D1 + |03, D3] D? — |03, Do) D3 + [03, D1] D} — |03, D1 Dy D?
+ [03, DQ}Dng — [03, Dl]D1D2D1 + [03, Dl]Dng — [0'3, D3]D2 + [03, Dg]DlDQ
— [03, D1]D3Dy + [03, D1]D3 — [03, D3] D3 + [03, D1]D1 D3 — o3, D1] Dy

1
16

(6u° 4 100Uy + 100U + Uggrs )02 (3.19)



A Riemann-Hilbert method to finite gap solutions of the emKdV equation 2297

Proof. From the constraint (3.8), we can find that the left hand of (3.19) is a anti-diagonal
matrix. First the matrix form of (3.12),

0 2ib2 0 2ib1 al b1 a1y bl:p
—2’i02 0 —2’i61 0 C1 dl Clx dla: ’
directly implies that
A1y = —Q’iblcl, dlz = 2ib161, (3.20)
2iby — b1y — 2ib1dy =0, —2icy — ¢14 + 2ia1c; = 0. (3.21)
Next from (3.14)
0 2ib3 0 Qibz 0 Qibl al b1 al bl
—2icg 0 —2ico 0 —2ic; O cy dy c1 dy

0 2ib1 a9 b2

—2ic; O co do
a2z bay a1z b1y a by
- - )
C2g dog 2z dig c1 dy

and (3.11), (3.20), (3.21), we obtain
a2,y = d2x = blblz - 2ia1b%, (3.22)

) )
by = e = —Jbras + %alblx + b3 + agby. (3.23)

Similarly, from (3.17) and (3.11), (3.20), (3.21), (3.22), (3.23), we obtain
30 = —day = a1bibiy — 2ib2as — 2ibt + %blbm, (3.24)

i 5i 1 i
by = —c4 = gblm — Eb%blx + 70101z — a1b? — braz — 5201 (3.25)

Based on

D4y — D3 3Dy + Dy D} — Dy 3D} + Dy 3Dy Dy — Do 3 Do + Dy o D1 Dy — Dy 3 Ds
= i([o3, Ds] + (—[03, Da] + [03, D3] D1 — [03, D2] D3 + |03, D1]) D3 — [073, D1]D2Ds
+ [03, Do) Dy — |03, D1]D1 D2 + [03, D1]D3) Dy + (—[o3, D3] + [03, D2] D1
— [o3, Dl]D% + [03, D1|D2) D2 + (—[o3, D2] + [03, D1]D1) D3 — [03,D1]D4), (3.26)

it remains to establish the identity

(D1z — D3 4Dy + Dy D} — Dy oD} + Dy ;DyDy — Doy Dy + Dy ;D1 Dy — Dy ;D)

(3
_ TG(GUB + 1062 tge + 100t + Uppze )02
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Using (3.9), (3.11), (3.20), (3.21), (3.22), (3.23), (3.24) and (3.25), we obtain

(o, Ds] — 3, Da] Dy + [o3, Ds]D? — o3, Do) D? + o3, Dy| DY — [0, D1] Dy D?
+ [03, D2| D3 Dy — [03, D1]D1 D2 D1 + |03, D1]D3sD1 — [03, D3| Do + |03, D2] D1 D>
— [o3, D1]D} D3 + [o3, D1]D3 — [03, D2 D3 + [0, D1]D1 D3 — o3, D1]Ds) ,, = 0,
(Dae = D32Dy + D2 oD} — Dy D} + Dy s Dy Dy — Dy 2 Dy + Dy 2Dy Dy — Dy Ds) )
1

= 16(611,5 + 1002ty + 10U + Uprrs )02,

which completes the proof. ]

Corollary 3.3. Assume ¢(x,t, k) satisfies the conditions of Theorem 3.1 and the constraint
conditions (3.7). In addition, suppose ¥ (x,t k) is an exact solution to the following linear
problem

Vo(z, t, k) = X(z,t, k) (z, t, k),

- (3.27)

Vi(x,t k) =T (z,t, k)Y(x, t, k),
where X and T are given by (3.4) and (3.5). Then if we define u by (3.9), it may be shown that
u(z,t) is an exact solution to the emKdV equation (1.2).

Proof. It suffices to prove that for all k € C, X , T satisfy the zero curvature equation

X (k) — Tp(k) 4+ [X(k),T(k)] =0, kecC. (3.28)

Cross differentiation of (3.27) gives
{Xi(k) = Ta(k) + (X (k), T(k)] k) =, (3.29)

for all £ € C. From the asymptotic condition (3.1) we know that ¢ is invertible in a neighborhood
of infinity. Thus, multiplying ¢/~! to both side of (3.29), one concludes that the zero-curvature
equation (3.28) holds in the neighborhood of infinity. Further, noticing that X;(k) — T (k) +
[X (k), T (k)] is an entire function in the k-plane, we conclude that (3.28) holds for all k € C. O

4. Explicit construction of the Baker-Akhiezer function

The important aspect that we discuss in section 3 is that it allows us directly to connect the
BA functions defined in the k-plane to finite gap solutions of the emKdV equation. Note that
the original RH problem has piece-wise constant jumps across the contour I', we can explicitly
solve it based on standard method [34].

The strategy is as follow. We first seek the representation of the BA function ¥ in terms of
f(k), g(k), h(k) and a new matrix-valued function M. Then we introduce three phase functions
f(k), g(k), h(k) by using Cauchy integrals. Further, we construct Riemann theta representation
of M by solving associated RH problem. Finally we obtain finite gap solutions of the emKdV
equation by investigating the asymptotic expansion of M near infinity.
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4.1. Representation of U with explicitly separated exponential factors

The proof of existence for the BA function proceeds by an explicit construction of ¥, which
is obtained by solving original RH problem. To transform the initial RH problem to a form
allowing an explicit solution, let us seek ¥(z,t, k) in the following theorem:

Theorem 4.1. Let ¥ be the BA function of emKdV defined in Definition 2.2. Then W is unique
and has the following representation

U(z,t, k) = efi(foer(goJrho)t)USM(x’ t, k)ei(f(k)$+(9(k)+h(k))t)03’ (4.1)

where constants fo, go, ho, scalar functions f(k), g(k), h(k) and matrix M(z,t,k) are to be
determined. Due to the definition of ¥ we obtain the RH problem above. Indeed, all above
statements will be true if f(k), g(k) and h(k) possess properties:

o (k) g(k), h(k) are analytic in C\I, T = (Uj_yTj) U (Uj—o Ty, Tj = (Ej. Ey), Tj =

(Ej—la Ej); and

FR) = K+ fo+O(;), (4.2
g(k) =~ 166K + go + O(1), (4.3
h(k) = 4ak® + ho + 0(%), (4.4)

where fo, go, ho are zero according to (2.4);

o f(k), g(k) and h(k) have to satisfy the symmetry conditions
—f(=k) = f(k), —g(=k) =g(k), —h(=k)=h(k);
o f(k), g(k) and h(k) satisfy the jump conditions
frk)+f-(k) = €, gr(k)+g-(k) = CI, hy(k)+h_(k)= CJ,  (45)

kelj, j=0,...,n, where ij, C’;-’, C'Jh are real constants;
frlk)—f-(k)= CI, gi(k)—g-(k)= C¢, hi(k)—h_(k)= CI,  (4.6)
ke f‘j, j=1,...,n, where C’f, C’Jg, C’;‘ all are real constants.

Above f(k), g(k), h(k), and M(x,t, k) are to be determined.
The jump matriz of M (z,t,k) in the Case A can be derived by using (2.2) and (4.5). Indeed,
for k € I';, we have

Talk) = O (R +h ()0 g o) il- R+ (g () +h— (D))o
0 et
ie=® 0

0 iei<0fm+(C'f+C]’-‘)t+¢j)

fi(Cfx+(Cf+C§l)t+¢j>03 ’

e 0

where ANj =i ((f+ + f-)z + (9+ +9- + hy + h )t + ¢;). The jump matriz of M(z,t, k) in the
Case B can be derived similarly.
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4.2. Construct f(k), g(k) and h(k) in Case A

In this section we address the construction of phase functions on the k-plane. The phase functions
f(k), g(k), h(k) are three scalar functions defined by Cauchy integral

1 Cg B
W(k)(1+QM/1ﬂOCLWd§)’ n_O,
T =Y w & cf (4.7)
Sk N B
2mi jz;/l“j wi ()€ — k) 3 n>1,
1 o Y
g(k) = o) & CJEO j (4.8)
—_J 4
\ 2mi ]g()/r] W+(£)(§—k;) g’ n25’
1< ch B
w(k)(4a + mZ/F md&)’ n=2,
"= o @ e (4.9)
w G
27 ]z;/rj w (6) (€ — k) £, n >3,
where ij, cy, th, j=0,1,...,n, are undetermined constants, and w(k) is defined by

J=0

w(k) = J [k = Ej)(k - Ey).

Notice that w(k) is analytic outside k € I';, j = 0,...,n, and

o0

wk) =" k™1 L O(R"), k- o,
=0
where ¢y = 1 and
J 70 I ) | Jo Ajl‘.' Jon frj2n41
¢j = Z (2]0). (2]2n+1).E0 EO En En j 2 1

e (G2 (a1 )2 (250 — 1)+ (Zanr — 1)
05 f2n+1=0
Jo++J2n+1=J

Moreover, it is not difficult to verify that %, % and % are analytic in C\I' and have jumps

along each contour I';:

fik) k) O i) gk G (k) ho(k)  CF (4.10)

wr(®)  wo(k)  wak) wr(k) wo(B)  wi(k) wr(k)  w (k)  wi(R)

Their asymptotic behaviors as k — oo are given by

k- LB +E)—1/ Gy dé + O(k™) n=0
270 T omi oy wi(€) ’ o

codok™ + (cody + c1do)k™ L + - + (codp_1 + - - + cn_1dp)k
tcodp + -+ -+ cudg + O(E™Y), n>1,

f(k) = (4.11)
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(

—166K° 4 (—168c1 + eg)k* + (—168c2 + c1eq + e1)k® + (—1608c3

+coeg + crer + e2)k? + (—=16Bcq + czeq + cae1 + cren + e3)k

g(k) = < +(—=168c5 + cyeq + cze1 + caea + cres + ey), n=4, (4.12)
coeok™ 4 (coer + creg) k™t 4 -+ (coen_n + - - - + cp_oeg) k>

(+(coen—1 + -+ cn_1€0)k + coen + - -+ + cneg + Ok 1), n>5,

'4041{23 + (40&61 + lo)ki2 + (40[62 + Cllo + ll)ki
4 l i+l +0(k™! =2

h(k): acs + colg + c1by + 24:1 ( ), n , (4.13)
colok™ + (Coh + Cllo)k)n + -+ (Coln_l —+ -+ Cn_llo)k

| +coln + -+ + calo + O(K71), n>2,

where p = 0,...,n, with

27”2/ ep = — 2mZ/F gép = 2m2/r

To obtain the desired asymptotic properties, we have to choose appropriate C’]f , C;-J , th and this
can be achieved by the following lemma.

Lemma 4.1. Let Cg =Cf = C’(’} =0 and ij, ng, C’Jh, j=1,...,n, be unique solutions of the
following algebraic system

fgp Chfp

n Cf k
Z/ i d¢ = —2mibg -1, k=0,...,n—1, (4.14)
A w+(§)
n Cg k
Z/ I dé = 32mif0k -5, k=0,1,...,n—5, (4.15)
: T w(§)
an—4
J d¢ = —32mifcy, 4.16
Z/ w4 (§) : ' (4.16)
g n—3
Z / G5¢ dé = —32mifey + 32mifc?, (4.17)
=1 /T w4 (£)
n g n—2
> / Gt d¢ = —32mifes + 64mifBeicy — 32mifcs, (4.18)
=r wt ()
n C!J n—1
> /F ujf( 3 d¢ = —32mifcy + 64mifBeics + 32mifcs — 96mifBeact 4+ 32mifc], (4.19)
7j=1 J
n Ch k
Z/ I d¢ = —8miadg -3, k=0,1,...,n—3, (4.20)
= Jr; wi(€)
n Ch n—2
Z/ i d¢ = 8riacy, (4.21)
wy(€)
Chen—1
Z / i d¢ = —8miact + 8miacs. (4.22)
w(§)
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Je (k) + F-(k) = O, g4 (k) +g-(k) = Cf, hy (k) + h(k) = C}.

J
Proof. The system (4.14)-(4.22) is equivalent to the following conditions
dy=dy=--=dp—2=0, d,—1=1,
ep=e1=--=¢e, =0, e, 5=-168, e, 4—168c; =0,
eng 4+ 163c? —168cy =0, en_o — 165¢; + 328c1c3 — 166c3 = 0,
en_1 4 163ct — 48B8c3cy + 32Bcic3 + 168c2 — 168cy = 0,
lo=ly=-=1,_4=0, Il 3=4a, I, 9+4ac; =0, Il,_1— 4ac% + 4acy = 0,

from which we can reduce (4.11), (4.12) and (4.13) to (4.2), (4.3) and (4.4), respectively. The
uniqueness of solutions of the system (4.14)-(4.22) is well-known (see [49]). O

4.3. Explicit construction of M in Case A

In this section we seek for explicit representation of M (x,t, k) by solving associated RH problem.
In Case A, M (z,t,k) is a solution of the following RH problem:

e M(k) is analytic in C\I'4, where I'y = U}, (Ej,Ej);
M_(k) = My(k)Ja(k), k € T4, where J(k) is

02 .
(. Z) , ke (E(],Eo),
1 0
Talk) = ( 0 i r+(C§-’+C]”>t+¢j)>

.efi(C]f TH(CI+CMt+¢;) 0

(4.23)
k € (Ej, Ej);
1

M(z,t,—k) = oo M(x,t,k)oo;
M(k)=1+0(k™Y), k — oo;

M (k) is bounded on T'4 except for branch points Ej,E’j, where it has at most inverse
fourth root singularities.

~ k- E;
x(k)=1]] ,4/k L ke C\a,
j=0 Bt

Firstly, we define
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where the cuts are alone (Ej,Ej), j =0,1,---,n, and the branch is fixed by the condition
»(00) = 1. Then it is evident that

se (k) = isep (k), k€T g (4.24)

Moreover,

The equation
#k)—1=0, or (5e(k) + %_1(k)) (se(k) — > (k) =0

has exact n zeros ki, ..., k,. We assume
s(kj)+ 5 Hkj) =0, j=1,...,m,
for some fixed m € N, and
s(k)) — 2 Yk) =0, Il=m+1,...,n.
Associated with kj;, we introduce a non-special divisor
D=P1+Po+---+Py=D1+ Do,

where D1 = P1+Po+ -+ Pp, Do = Popy1 + Pny2+ -+ Py, and Dy € X_, Dy € A,
According to Riemann vanishing theorem, we have

o O(Ap,(P)+Ap,(D)+Kp,) has m zeros Pi, Py, - - , Py, on Xy and n—m zeros P}, 1, Py, 1o,
-+, Pl on X_.

o 9(Ap,(P)—Ap,(D)—Kp,) has m zeros P1,Pa, -+ , Pm, on X_ and n—m zeros Prt1, Pm+2,
s ,Pn on X+.

We choose q; cycles as ovals on the upper sheet of X around the interval (El, E’l), [=1,2,--- ,n.
b; cycles start from (EO, Eg) and go to intervals (El, El) on the upper sheet, and then return to

the starting point on the lower sheet.

Im(k)
b3

Figure 3. Case A; cuts on real axis for defocusing emKdV.
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Im(k)
b3
E b2 2 Fs
b1 ai \(]\ag “
E[EW 0 \I/ A Rew
o SIT-EST -1 Es ’,/’// I

Figure 4. Case A; vertical cuts for focusing emKdV.

Using the normalized holomorphic differentials
B

/a-wj<7)):2/El

J

wj(k): e j,l:1,2,...,n,

we can define the b-period matrix as

l Em
B = (Bji)nxn, le:/bwj(P)ZQZ/ wi(k), 4,1=1,2,--- ,n.
! m=1"Em-1

The Abelian mapping Ap, : X — Jac{X} is defined as follows:

P

wij(Q), j=12,...,n,

Apy i (P) = /

Po

where the point Py is fixed by condition 7(Py) = Ey and Q is the integration variable. The
Abelian integrals Ap, (k) on the upper sheet of X have the properties:

Ap, (k) — Ap, (k) =0, ke (Bio,Ej), j=1,2,--,n, 4.25)
APO7_(k)+APO7+(k) :Bej7 k; S (EjaE])7 ] :0717'” , 1, (426)
where e; = (0,...,0,1,0,...,0) is the j-th basis vector in C". Define (s = 1,2)
0(Ap, (k) + c +ds) 0(—Ap, (k) +c+ds)
Fy(xz,t, k) = 0 , Hy(z,t k)= 0 , keC\I'y, 427
(@8, k) 0(Ap, (k) + ds) (.t k) 0(—Ap, (k) + d) \Fa, (4.27)
where
c=(co,C1,...,¢j,...,cn), J=0,1,...,n,
and d; = Ap,(D) + K, do = —Ap,(D) — K. Then from (4.25) and (4.26) we can obtain
Fy (k) = Fs, (k), H, (k) = Hy, (k), ke (Bj_,Ej), j=1,2,--,n,

Fy (k) =e *™%Hy, (k),

Hy (k) = e*™ Fy, (k),

ke (EjE;), j=0,1,--- ,n.
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Associated with (4.27) we define a 2 x 2 matrix-valued function

Nz, t,k) = (Fl(:”’t’ k) Hi(w 1, k>) , keC\L. (4.28)
FQ(CL‘, t, k?) HQ(LE, t, k})

The jump condition of N(z,t, k) is as follows:
N_(z,t,k) = Np(z,t,k)JIn(z,t, k), kel,

where

10 - )
(Ol)a ke (Ejflan)7 Jj=1-,n

JN(x,tJ{:) = )
0 e2mic; 5 E .
6727ri0j 0 ’ k‘E( Jo j)’ ]_071’“"”'

Next, taking into account (4.24) and (4.28), we introduce

1
— 0
M(x,t, k) ::1 Fi(o0) 1
Hj(0)
. ((z(k) 47 (0) Fa () (k) - %1<k>>H1<k>) )
(3e(k) = 371 (k)) Fa(k) (3¢(k) + 37" (k) Ha(k)
M is analysis in C\I', and it has the jumps
0 2mic; R
M-(k) =Mk} | . ke (Bj,E;), j=0,1,---,n,
a:cf+t(cg+cjh)+¢j

where the jump matrix of M(xz,t, k) is defined by (4.23) if we derive ¢; := ,
j=1,---,n, (¢ =0). Thus, the function M(z,t,k) is the solution of the RH problem

4.4. Construct f(k), g(k) and h(k) in Case B

In this section we consider Case B. The phase functions f(k), g(k), h(k) are defined by Cauchy
integral

BIOR S EP
K ‘2m;/fjw<£><f—k>df’ =1 (4:30)

Lo _
w(k)(— 165 + m;/ﬂ md{), n =4,
g(k) = . (4.31)

w(k) 5 o1
o Z/r oEE R "
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4Oé+2le/Fw 5), 7’L22,

k) = (4.32)

>
QTFZZ/FLL) 5 nz3

where C’J]c , C’f , C‘]}L, 7 = 1,...,n are undetermined constants. Their asymptotic behaviors as
k — oo are given by
f(k‘) = Coci(]kn + (Coczl + Cldo)kn_l + -+ (Co(in—l + -+ Cn_lcio)k‘
+ codp 4 -+ -+ cado + O(k™Y), n>1, (4.33)
(—168K° + (—168c; + é9)k* 4+ (—168co + c1ég + é1)k> + (—168¢3
+ecobo + 161 + €2)k? + (—168cq + c3é0 + 261 + c162 + é3)k

g(k) = § +(—1608cs + caéo + c3é1 + caéa + 163 + é4), n=4, (4.34)
cook™ + (coé1 + c160)k™ L 4 -+ + (cobp_o + -+ + Ccn_260)k?
+(cobn_1+ -+ cn_180)k + cobn + - + cnéo + O(k71), n>5,
dak3 + (dacy + io)kQ + (4daea + Clio + i1)/€
4 I L+l +Ok™! =2

h(k) = ac + C2lo 1+ C1ly + 2+1 (k7), A A n =2z, (4.35)
colok™ + (coli + c1lo) k™ + -+ -+ (colp—1 + - - + cn—1lo)k
+coin+-'-+cnio+0(k_1), n>2,

where p = 0,...,n, with
fé“p

dy = = 27TZZ/F w(é B 27”2/ ggp b= 27”2/

To obtain the desired asymptotic properties, we have to choose appropriate CA']f , C«Jg , CA']h , which
can be achieved by the Lemma 4.1 similar with Case A.

hgp

4.5. Explicit construction of M in Case B
In Case B, M needs to meet the following RH problem:

e M(k) is analytic in C\I', where I' = |J;_, (I; U f’j);
o M_(k)=My(k)Jp(k), k € I', where

0i
<.Z>, keFj,
1 0

Jp(k) = QUCTa+i(CI+CIYL+idy) 0
0 6—(z‘éfz+i(é;?+é’f)t+i<f3j)

(4.36)

kIEFj,

with Fj == (Ej,Ej), jZO,l,'-- , N, fj = (EA‘jfl,Ej), ] == 1,--' , N
o M(z,t,—k) = ooM(x,t,k)og;
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e M(k)=T+0(k™1), k= oc;
e M is bounded on I' except for the branch points Fj, Ej, where it has at most fourth root

singularities.

In case B, we choose another homological basis. a; cycles start from El,l and go to Ej on the
upper sheet, and then them return to the starting points on the lower sheet. b; cycles are ovals
on the upper sheet enclosing intervals (Eg, El,l), [=1,2,---,n.

Im(k)

Figure 6. Case B; vertical cuts for focusing emKdV.

We normalize Abelian differentials w;(k) by

E;
/Wj(P):Q/ wi(k) =051, 5,1 =1,2,--- ,n.

aj E—4

Then b-period matrix is defined as
-1 .,
Bj = / w;(P) = 22/ w; (k).
b /By
The Abelian mapping Ap, : X — Jac{X} is defined as follows:

P
APO,J‘(P)—/ wij(Q), j=12,...,n,

Po
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where the point Py is fixed by condition 7(Py) = Ep and Q is the integration variable. The
Abelian maps Ap,(k) on the upper sheet of X have the following properties

APO,*(k)_}—A'PO,‘F(k) :07 k EF] = (Ejan)a ] :0517"' , T, (437)
A7D07_(k) — Ap(),_i_(k’) = —Bej, ke fj = (Ej_l,Ej), j=1---,n, (438)

where e; = (0,...,0,1,0,...,0) is the j-th basis vector in C". Define (s = 1,2)

O(Ap, (k) +c+d,)
6(Ap (k) +dy)

6(—Apy (k) + c+d)

F(z,t, k) = 0(—Ap, (k) +ds)

Hy(z,t, k) =

k e C\T,

where
c=(co,C1,...,¢j,...,cn), Jj=0,1,...,m,

and dy = Ap, (D) + Kp,, d2 = —Ap,(D) — Kp,. From (4.37) and (4.38) we can get

Fs (k) = Hyy (K), Hy_(k) = For (), kel;, j=0,1,---,n,
Fy_(k) = 2™ F, , (k), H,_(k) = e 2™ H, (k), k¢ f‘j7 j=1,---,n.

Associated with (4.27) we define a 2 x 2 matrix-valued function

Fl(xvt) k) Hl(xvta k)
Nz, t,k) = . keC\I. (4.39)
F2<m7t7 k) H?(x7ta k)

The jump condition of N(x,t, k) is as follows:

N_(z,t,k) = Ny(z,t, k)JIn(z,t, k), keTl,

where
01 A |
<10>> kE(Ej,Ej%]:()’l’,,,?n’
JN (x7 t7 k) - 2mic; 0
e n .
( 0 627T’L'cj> ) k‘E (Ejfl,Ej)7 i :172’.,_ N
Y
Set ¢j := zC! +t(C§:Cj )+ ,j=1,---,n, cog =0. The jump condition of M is
0i
M (k) (z é) ; ker,,
M_(k) = MG i CI+CRYtidy) . A
M+(k) 0 67(1C‘fo+l(éjq+é]h)t+zdgj) P ke F],

where I'; = (Ej,E’j), 7 =0,1,---,n, fj = (Ej,l,Ej), j = 1,---,n. Thus, the function
M (z,t,k) is the solution of the RH problem.
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5. Finite gap solutions of the emKdV equation

We analyze Case A; the solutions for Case B are of the same form as those in Case A. Let us
assume that W(x,t, k) satisfies all the conditions of ¢ (x,t, k) in Theorem 3.1. Then going back
to the original RH problem and taking into account (3.9) and (4.1), we obtain

u(z,t) = — 21k{zpe i(kz+(—168k>+40k3)t)o —I}is
- _ 2,Lk{671,f0x03 z(goJth)ta'3]\4(‘r t, k) ifoxos+i(go+ho)tos 1}12 (51)
Expanding M(x,t, k) at k = 0o

M (z,t)
k

1

M(x,t, k) =1+ +O(k2)7 k — o0, (5.2)

we obtain

(M1)12($’t) = (EJ - Ej)

AN
=

DD |
~—|— O

J

- A’Po (OO) + APO (D) + Kp, + C(:L’, t))H(A’Po (OO) + A’Po (D) + K’Po)

- AP() (OO) + APO (D> + KPO)Q(APO (OO) + AP() (D) + K77’0 + C(.CL‘, t)) '
(5.3)

X

A combination of (5.1) and (5.3) finally gives rise to the following theta function representation
of u(z,t).

Theorem 5.1. Assume also u(x,t) is an n-gap solution of the emKdV equation (1.2) associated
with the BA function V(z,t,k). Moreover, let D be a non-special divisor. Then u(z,t) has the
following Riemann theta function representation

w(z,t) = — 210, 0(— Apy(00) + Ap, (D) + Kp, + c(z,1))0(Ap, () + Ap, (D) + Kp, )
T 9= Ap,(00) + Apy (D) + Kp, ) 0(Ap, (50) + Ap, (D) + Kp, + (2, 1))

(5.4)

where Cy = %Z?:o (EJ — E;) and c(z,t) is a (n+ 1) dimensional vector defined by (4.3).

Proof. Due to the structure of the jump (2.2) (x,t-independent), it is not difficult to verify
U, (x,t, k)W (z,t, k) and Wy (z,t, k)W~ (x,t, k) are both entire functions. Indeed, for k € T', we
have

(U_(2,t,k))s =(Vy(x,t, k)] (z,t,k))sx
:( t(x,t k) J (2, t k) + Uy (x,t, k)T (x, t, k)
=(Ui(z,t,k))sJ(x,t,k), keT,

and therefore

(W (2, 8) e (@, 8, k) =(0 (2,8, k))ad (2, k) UL (2, 8, k)
=(V_ (2,4, k), O (2, t, k). (5.5)
The relation (5.5) implies that W, (z,t,k)U~!(x,t,k) is continuous at k& € I'. Then we can
conclude W, (z,t, k)01 (z,t, k) is analytic at any k € C. Similarly we can prove the analytic
property of W(x,t, k)W~ (x,t,k). Thus, the function W(x, ¢, k) satisfies all the conditions of
Theorem 3.1. Using (5.1) and (5.3), we finally obtain the formula (5.4). O
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