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Abstract In this paper we use finite gap integration method and Riemann-Hilbert method
to obtain finite gap solutions of the extended modified Korteweg-de Vries equation. Based
on the techniques developed in long-time asymptotics, we show that the Baker-Akhiezer
function of the extended modified Korteweg-de Vries equation can be described by solvable
matrix Riemann-Hilbert problems with σ2- symmetry condition on C. The procedure avoids
solving Dubrovin’s equations and Jacobi inverse problem.
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1. Introduction

It is well-known that the modified Korteweg-de Vries (mKdV) equation is a fundamentally
completely integrable model in solitary wave theory, with the canonical form

ut + 6σu2ux + uxxx = 0, σ = ±1, u = u(x, t), (1.1)

which has many important applications in different physical backgrounds such as anharmonic
lattices, Alfvén waves, ion acoustic solitons and fluid mechanics [26, 30, 41, 47]. Additionally,
the more extensive form of KdV equation has been studied in detail, such as nonlocal mKdV
equation [43], matrix mKdV equation [54] and extended mKdV equation. In this paper, we
investigate extended mKdV (emKdV) equation

ut + α(6u2ux + uxxx) + β(30u4ux + 10u3x + 40uuxuxx + 10u2uxxx + uxxxxx) = 0, (1.2)

where α > 0, β > 0 represent the third-order and fifth-order dispersion coefficients respectively.
It is noted that equation (1.2) has some applications in describing the nonlinear internal waves
stratified by density and current in a fluid [24, 48]. Moreover, the Painlevé integrability and
multi-soliton solutions for equation (1.2) were studied by the simplified Hirota’s direct method
in [52]. The infinitely many conservation laws, periodic and rational solution have been derived
by the N -fold Darboux transformation in [51]. The explicit leading-order asymptotics of the
solution for (1.2) has been obtained by nonlinear steepest descent method associated matrix
Riemann-Hilbert (RH) problem in [40]. Rogue waves on the general periodic traveling wave
background have been found in [42]. N -soliton solutions of the nonlocal emKdV equation have
been derived by the ∂̄-dressing methods in [39]. Recently, the multi-soliton solutions of (1.2)
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under the condition with arbitrary order zeros based on RH problem have been explored in [55],
and the solutions of (1.2) with zero/nonzero boundary conditions at infinity by the inverse
scattering transform (IST) with the RH problem have been considered in [53]. However, as far
as we know, it has not been reported to study finite gap solutions of the emKdV equation with
RH problem.

The theory of finite gap solutions of nonlinear partial differential equations has been de-
veloped in integrable systems using algebraic geometry since the 1970s [15, 19, 27, 37]. It has
been developed into one of the most effective tools for studying quasi-periodic problems in
integrable systems. Finite gap integration method involves the spectral theory of differential
operators, compactified Riemann surfaces, Riemann theta functions, inverse problems and other
theories. Finite gap solutions of soliton equations are an important class of exact solution,
which reveal inherent structural mechanism of solutions and describe the quasi-periodic be-
havior of nonlinear phenomena. Based on the hyperelliptic curve theory, several systematic
methods were developed to obtain quasi-periodic solutions of soliton equations, such as the
finite gap integration method, IST method for periodic problem, nonlinearization approach
and others [5, 7, 18, 20, 22]. The Baker-Akhiezer (BA) function theory in finite gap solutions
brought very interesting and important results in the spectral theory of almost periodic opera-
tors and theory of completely integrable nonlinear equations such as Korteweg-de Vries (KdV)
equation, nonlinear Schrödinger equation, sine-Gordon equation, Kadomtsev-Petviashvili equa-
tion [2, 16,17,21,28,29,33,35,36,44,46].

The RH problem is a modern version of IST method, which can be used to investigate
the soliton solutions and long-time behaviors of integrable systems. In 1993, a completely
rigorous method for analyzing the long-time asymptotics of solutions of integrable systems was
introduced by Deift and Zhou, which is called the nonlinear steepest descent method [8, 14].
This method has been applied in a variety of problems and is very successful for asymptotic
analysis the oscillatory RH problems. Through a series of deformations, the original RH problem
can be reduced to canonical “model problems”, which are characterized by piece-wise constant
jumps across certain contours. Up to now, various integrable equations have been studied,
such as the KdV equation, modified nonlinear Schrödinger equation, sine-Gordon equation and
others [1, 6, 23, 25, 31, 32, 45, 50]. The elements of the finite gap integration method have been
largely used in numerous studies of asymptotic behavior of nonlinear equations, such as the
study of the large time asymptotics for the KdV equation (with decaying initial conditions)
in the so-called “collisionless shock wave” region [11], the small dispersive limit for the KdV
equation [12, 13], the asymptotics for the orthogonal matrices [9, 10], the large time asymptotic
results for the KdV equation with the periodic background [38], semi-classical limits papers [3,4].

The main goal of the paper is to give the BA function of the emKdV equation. One more
goal is applications in asymptotic analysis. It is convenient to describe the BA function through
the corresponding RH problem. Compared to the classical method which transform the solution
problem into an inverse problem on the Riemann surface, the method in this paper does not
require the use of Dubrovin’s equations and only needs to solve a relatively simple algebraic
equation. The emKdV equation is equivalent to the compatibility condition Ψxt = Ψtx of

Ψx(x, t, k) = X(x, t, k)Ψ(x, t, k),

Ψt(x, t, k) = T (x, t, k)Ψ(x, t, k),

where

X = ikσ3 + U, T = (−16iβk5 + 4iαk3)σ3 + V,
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with k ∈ C, σ3 =

1 0

0−1

, U =

 0 u

−u 0

, V =

A B

C −A

 and

A = 8iβk3u2 − i(6βu4 + 2αu2 + 4βuuxx − 2βu2x)k,

B = −16βk4u+ 8iβk3ux + (8βu3 + 4αu+ 4βuxx)k
2 − i(12βu2ux + 2βuxxx

+ 2αux)k − 6βu5 − 2αu3 − 10βu2uxx − 10βuu2x − βuxxxx − αuxx,

C = −B + 16iβk3ux − i(24βu2ux + 4αux + 4βuxxx)k.

Starting from the Lax pair, we use a combination of the finite gap method introduced by
Krichever and the RH method developed by Kotlyarov and Shepelsky [34], which allows us
to redefine the classical BA function in terms of RH problem, while simultaneously retaining its
relations with finite gap solutions.

The paper is organized as follows. In section 2, we present the specific hyperelliptic Riemann
surface and introduce some basic concepts related to it, including divisors, holomorphic differ-
entials, homology basis, Riemann matrix, Riemann theta function, Riemann constants and Abel
map. we also give the description of BA function of the emKdV equation in terms of the RH
problem. In section 3, we present the asymptotic analysis of solutions of the spectral problem
with respect to the spectral parameter k, which allows to recover solutions of the emKdV equa-
tion from its BA function. In section 4, we provide the exact construction of the BA function by
the phase functions and a matrix-valued function M . Then we derive Riemann theta function
representation of M by solving the associated RH problem. In section 5, we present finite gap
solutions of the emKdV equation.

2. Preliminaries

In this section, we briefly review some basic concepts and results that exist in the theory of
hyperelliptic Riemann surface. In addition, we provide the definition for the BA function of the
emKdV equation.

Definition 2.1. Let {Ej , Êj}nj=0 be 2n+ 2 distinct points in C. Then a Riemann surface X of
genus n is defined by the following algebraic curve

X : F(k, y) = y2 − P (k) = 0, P (k) =
n∏
j=0

(k − Ej)(k − Êj),

with cuts along the arcs Γj = (Ej , Êj) connecting branch points Ej with Êj , j = 0, 1, 2, . . . , n.
The Riemann surface X can be viewed as a double covering of the complex k-plane: Two sheets
of k-plane are glued along the cuts Γj . The upper and lower sheets of X are denoted by X+ and
X− respectively. They are fixed by the relations√

P (k) = ±kn+1(1 +O(k−1)), k = π(P) → ∞, P ∈ X±,

where k = π(P) is the projection of P = (k, y(k)) ∈ X on the Riemann sphere CP1. Thus each
point on the k-plane has two preimages P± except for the branch points. Denote the preimage
of k = ∞ on X± by ∞± respectively. In standard theory, X is compactified by two points
∞± at infinity. y(·) is the meromorphic function on X , which has 2n + 2 zeros at Ej and Êj ,
j = 0, 1, . . . , n, and two poles at ∞+ and ∞−, each of multiplicity n+ 1.
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Define the corresponding positive divisor of degree n on X by

DP1,P2,...,Pn : X → N0, P 7→ DP1,P2,...,Pn =


m, if P occurs m times

in {P1,P2, . . . ,Pn},
0, if P ̸∈ {P1,P2, . . . ,Pn}.

On the Riemann surface X , n linearly independent holomorphic differentials ηj(k) are defined
by

ηj(k) =
kj−1√
P (k)

dk, j = 1, . . . , n.

There are 2n topologically distinct closed cycles which are split into two classes on X , denoted
aj cycles and bj cycles (j = 1, 2, . . . n). Each of these cycles has a specified direction in which it
is to be traversed. The rules for constructing a and b cycles are as follows:

(1) aj cycles do not cross any other aj cycles; bj cycles do not cross any other bj cycles.

(2) The cycle ak intersects bk only once and intersects no other b cycles.

This is symbolized as

aj ◦ bl = δjl, aj ◦ al = 0, bj ◦ bl = 0, j, l = 1, · · · , n.

Using the a and b cycles we can construct the A-period and B-period n× n matrices,

Alj =

∫
aj

ηl(k), Blj =

∫
bj

ηl(k), j, l = 1, · · · , n.

The normalized Abelian differentials of the first kind are defined by

ωj(k) =

n∑
l=1

cjlηl(k), j = 1, 2, · · · , n,

and the coefficients cjl are uniquely determined by the normalization relationships∫
al

ωj = δjl, j, l = 1, 2, · · · , n.

Associated with ωj , the b-periods of ωj are defined by

Bjl =

∫
bl

ωj , j, l = 1, 2, · · · , n.

Given the Riemann surface X , the homology basis {aj , bj}nj=1, and the matrix B of b-periods
of the differentials of the first kind {ωj}nj=1, the Riemann theta function associated with X and
the homology basis is defined as

θ(s) =
∑

m∈Zn

exp
(
2πi(m, s) + πi(m,mB)

)
, s ∈ Cn,

which has properties

θ(s1, . . . , sj−1,−sj , sj+1, . . . , sn) = θ(s), s = (s1, . . . , sn) ∈ Cn,
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θ(s+ ej) = θ(s), θ(s±Bj) = θ(s)exp
(
∓ 2πisj − πiBjj

)
,

where (·, ·) denotes the scalar product of two vectors in Cn, with Bj = Bej, ej = (0, · · · , 1, · · · , 0)
being the j-th basis vector in Cn.

The Jacobi variety of X is defined by

Jac(X ) = Cn/Ln, Ln = {k ∈ Cn|k = p+ qB, p, q ∈ Zn},

and the Abelian map is defined by

AP0 : X → Jac{X},

P 7→ AP0(P) =
(
AP0,1(P), · · · , AP0,n(P)

)
=

(∫ P

P0

ω1, . . . ,

∫ P

P0

ωn

)
,

where P0 ∈ X is a fixed base point and the same path is chosen from P0 to P for all j = 1, . . . , n.
The Abelian map is also defined by the summation of integral divisors D = P1 +P2 + · · ·+Pn,
where the form is

AP0(D) = AP0(P1) +AP0(P2) + · · ·+AP0(Pn).
Moreover, let P ∈ {P1,P2, · · · ,Pn} and assume D to be non-special. Then

θ(−AP0(P) +AP0(D) +KP0) = 0,

where the vector of Riemann constants KP0 = (KP0,1, . . . ,KP0,n) is denoted by

KP0,j =
1

2
− Bjj

2
+

n∑
l=1
l ̸=j

∫
al

( ∫ P

P0

ωj
)
ωl, j = 1, . . . , n.

In the hyperelliptic case,

KP0,j =
1

2

n∑
l=1

Blj −
j

2
, j = 1, . . . , n.

The classical vector-valued BA function ψ(P, x, t) =
(
ψ1

ψ2

)
is characterized by the following

conditions:

• ψ(P) is a meromorphic function on X\({∞−} ∪ {∞+}) with pole divisor

D =
n∑
j=1

Pj ,

which is non-special in the sense that the following conditions hold:

π(Pj) ̸= Ej , Êj , π(Pj) ̸= π(Pl), j ̸= l.

• ψ(P) has the following asymptotics:

ψ(x, t,P) =

[(
1

0

)
+O(k−1)

]
ei
(
kx+(−16βk5+4αk3)t

)
σ3 , k = π(P), P → ∞−,

ψ(x, t,P) = ck

[(
0

1

)
+O(k−1)

]
e−i
(
kx+(−16βk5+4αk3)t

)
σ3 , k = π(P), P → ∞+,

where c is a complex number.
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The BA function, redefined in term of RH problem, is given in Definition 2.2.

Definition 2.2 (Baker-Akhiezer function). Let Γj = (Ej , Êj), j = 0, 1, · · · , n, be a set of
oriented arcs which connect Ej with Êj . They are symmetric with respect to 0. A 2× 2 matrix
Ψ(x, t, k) is called the Baker-Akhiezer function of emKdV equation if it satisfies

(1) Ψ(x, t, k) is analytic in C\Γ, Γ = (
⋃n
j=0 Γj) ∪ (

⋃n
j=1 Γ̂j), Γj = (Ej , Êj), Γ̂j = (Êj−1, Ej);

(2) Ψ(x, t, k) has inverse fourth root singularities at Ej and Êj , j = 0, · · · , n;
(3) ΨxΨ

−1 and ΨtΨ
−1 all are entire functions. Meanwhile, Ψ satisfies

Ψ−(x, t, k) = Ψ+(x, t, k)J(k), k ∈ Γ, (2.1)

where J(k) is a piece-wise constant matrix on Γ and

Case A: J(k) =

 0 ieiϕj

ie−iϕj 0

 , k ∈
(
Ej , Êj

)
, j = 0, 1, · · · , n, (2.2)

Case B: J(k) =



(
0 i

i 0

)
, k ∈ Γj =

(
Ej , Êj

)
, j = 0, 1, · · · , n,(

eiϕ̂j 0

0 e−iϕ̂j

)
, k ∈ Γ̂j =

(
Êj−1, Ej

)
, j = 1, · · · , n,

(2.3)

with ϕj and ϕ̂j are real constants, with ϕ0 = 0;

(4) Ψ satisfies the following symmetry condition

Ψ(x, t, k) = σ2Ψ(x, t,−k)σ2, σ2 =

0−i

i 0

 ; (2.4)

(5) Ψ has essential singularity at infinity point,

Ψ(x, t, k) =
(
I +O(k−1)

)
ei
(
kx+(−16βk5+4αk3)t

)
σ3 , k → ∞.

O

Im(k)

Re(k)
E0 Ê0 Ej Êj

Figure 1. The oriented contour in the k-plane.
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O

Im(k)

Re(k)

E0

Ê0

Ej

Êj

Figure 2. The oriented contour in the k-plane.

Remark 2.3. Once we get the existence result for the RH problem, the condition (2.4) becomes
redundant and can be removed from Definition 2.2.

Remark 2.4. Since ΨxΨ
−1 and ΨtΨ

−1 are entire functions in (3), J(k) is either diagonal or
anti-diagonal, which guarantee the uniqueness of the RH problem. For the details one may refer
to section 4.

Moreover, the uniqueness also indicates that the jump matrix J(k) in Definition 2.2 should
satisfy the symmetry condition

J(k)−1 = σ2J(−k)σ2. (2.5)

The relation (2.5) can be derived as follows. From (2.1), we have

Ψ−(x, t, k) = Ψ+(x, t, k)J(k), k ∈ Γ.

Converting k to −k, it follows

Ψ+(x, t,−k) = Ψ−(x, t,−k)J(−k), k ∈ Γ.

The action of σ2 on both sides then yields

σ2Ψ+(x, t,−k)σ2 = {σ2Ψ−(x, t,−k)σ2}{σ2J(−k)σ2}, k ∈ Γ.

Taking into account (2.4), we finally arrive at (2.5).

3. Asymptotic analysis

In this section, we firstly discuss the asymptotic properties of a general matrix function ψ at
infinity. Then we establish the relation between the solutions of the emKdV equation and ψ by
introducing appropriate constraint conditions. Thus, once the BA function Ψ defined in section
2 satisfies all the conditions of ψ, finite gap solution of the emKdV equation can be directly
derived from the asymptotic conditions of associated RH problems.

Next we consider the most general analytic properties of ψ, which can be summarized in the
following two propositions.

Theorem 3.1. Let ψ(k) be an arbitrary 2 × 2 matrix function, which is holomorphic in a
neighborhood of infinity on Riemann sphere, smoothly depends on x and t, and has the following
expansion at infinity

ψ(x, t, k) =

(
I +

D1

k
+
D2

k2
+
D3

k3
+
D4

k4
+
D5

k5
+O(

1

k6
)

)
ei
(
kx+(−16βk5+4αk3)t

)
σ3C(k), (3.1)
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where C(k) is a 2 × 2 invertible matrix, independent of x and t. Then the function described
above satisfies the following asymptotic estimations:

ψxψ
−1 = X̃ +O(k−1), (3.2)

ψtψ
−1 = T̃ (k) +O(k−1), k → ∞, (3.3)

where
X̃(k) = ikσ3 − i[σ3, D1], (3.4)

T̃ (k) =− 16iβk5σ3 + 16iβk4[σ3, D1] +
(
4iασ3 + 16iβ[σ3, D2]− 16iβ[σ3, D1]D1

)
k3

+
(
− 4iα[σ3, D1] + 16iβ[σ3, D3]− 16iβ[σ3, D2]D1 + 16iβ[σ3, D1]D

2
1

− 16iβ[σ3, D1]D2

)
k2 +

(
− 4iα[σ3, D2] + 4iα[σ3, D1]D1 + 16iβ[σ3, D4]

− 16iβ[σ3, D3]D1 + 16iβ[σ3, D2]D
2
1 − 16iβ[σ3, D2]D2 − 16iβ[σ3, D1]D

3
1

+ 16iβ[σ3, D1]D2D1 + 16iβ[σ3, D1]D1D2 − 16iβk[σ3, D1]D3

)
k

− 4iα[σ3, D3] + 4iα[σ3, D2]D1 − 4iα[σ3, D1]D
2
1 + 4iα[σ3, D1]D2 + 16iβ[σ3, D5]

− 16iβ[σ3, D4]D1 + 16iβ[σ3, D3]D
2
1 − 16iβ[σ3, D3]D2 − 16iβ[σ3, D2]D

3
1

+ 16iβ[σ3, D2]D2D1 + 16iβ[σ3, D2]D1D2 − 16iβ[σ3, D2]D3

+ 16iβ[σ3, D1]D
4
1 − 16iβ[σ3, D1]D2D

2
1 − 16iβ[σ3, D1]D1D2D1

+ 16iβ[σ3, D1]D3D1 − 16iβ[σ3, D1]D
2
1D2 + 16iβ[σ3, D1]D

2
2

+ 16iβ[σ3, D1]D1D3 − 16iβ[σ3, D1]D4. (3.5)

Proof. Obviously, due to ψψ−1 = I, we easily obtain

ψ−1(x, t, k) = e−i(kx+(−16βk5+4αk3)t)σ3

(
I +

E1

k
+
E2

k2
+
E3

k3
+
E4

k4
+
E5

k5
+O(

1

k6
)

)
, (3.6)

where k → ∞, with

E1 =−D1, E2 = −D2 +D2
1,

E3 =−D3 +
(
D1D2 +D2D1

)
−D3

1,

E4 =−D4 +
(
D2

2 +D1D3 +D3D1

)
−
(
D1D2D1 +D2D

2
1 +D2

1D2) +D4
1,

E5 =−D5 +
(
D1D4 +D4D1 +D2D3 +D3D2

)
−
(
D1D3D1 +D3D

2
1 +D2

1D3

+D2
2D1 +D1D

2
2 +D2D1D2

)
+
(
D3

1D2 +D2
1D2D1 +D1D2D

2
1 +D2D

3
1

)
−D5

1.

Taking the x, t-derivatives of ψ and using (3.6), one may finally obtain (3.2), (3.3).
In Theorem 3.1, we do not require ψ to be eigenfunctions of the emKdV spectral problem

and hence its relation with the emKdV equation does not exist. In order to connect ψ with
solutions of the emKdV equation, we should impose some constraint conditions on ψ. We have
considered the following constraint condition:

ψ(x, t, k) = σ2ψ(x, t,−k)σ2. (3.7)

The properties of ψ can be simplified under the constraints (3.7). We observe X̃ and T̃ satisfy

X̃(k) = σ2X̃(−k)σ2, T̃ (k) = σ2T̃ (−k)σ2. (3.8)

Then based on above relations, we can obtain the following result.
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Theorem 3.1. Assume ψ satisfies the conditions of Theorem 3.1 and the constraint conditions
(3.7). Besides, we presume ψxψ

−1, ψtψ
−1 are both entire functions. Then if we define

u(x, t) = −2i lim
k→∞

k{ψe−i(kx+(−16βk5+4αk3)t)σ3 − I}12, (3.9)

or equivalently
U = −i[σ3, D1], (3.10)

it may be shown that u(x, t) is an exact solution to the emKdV equation.

Proof. For notational convenience we denote Di by

Di =

ai bi
ci di

 , i = 1, 2, 3, 4.

From (3.7), we derive

ai = (−1)idi, bi = (−1)i−1ci. (3.11)

To prove this theorem one has to show that X = X̃, T = T̃ . Set u = −2ib1. Firstly, we check

[σ3, D2]− [σ3, D1]D1 =
1

2
(u2σ3 + uxσ1), σ1 =

0 1

1 0

 .

Since ψxψ
−1 is an entire function, the coefficient of the term O(k−1) in (3.2) is zero, that is,

i([σ3, D2]− [σ3, D1]D1) = D1,x. (3.12)

The main and the anti-diagonal elements have the following relations,

i([σ3, D2]− [σ3, D1]D1)OD = (D1,x)OD =
1

2
iuxσ1,

i([σ3, D2]− [σ3, D1]D1)D = (−i[σ3, D1]D1)D = −2ib1c1σ3 =
1

2
iu2σ3.

Next, we need to prove

[σ3, D3]− [σ3, D2]D1 + [σ3, D1]D
2
1 − [σ3, D1]D2 =

1

4
(2u3 + uxx)σ2. (3.13)

As previously, using the conditions (3.7) and (3.12), one obtains

([σ3, D3]− [σ3, D2]D1 + [σ3, D1]D
2
1 − [σ3, D1]D2)D = 0.

Since
i([σ3, D3]− [σ3, D2]D1 + [σ3, D1]D

2
1 − [σ3, D1]D2) = D2,x −D1,xD1, (3.14)

it follows that the compatibility of (3.13) with (3.14) requires validation of

D2,x −D1,xD1 =
i

4
(2u3 + uxx)σ2. (3.15)
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Obviously,

(D2,x −D1,xD1)OD =
i

4
(2u3 + uxx)σ2.

Thirdly, it remains to prove that

[σ3, D4]− [σ3, D3]D1 + [σ3, D2]D
2
1 − [σ3, D1]D

3
1 + [σ3, D1]D2D1 − [σ3, D2]D2

+ [σ3, D1]D1D2 − [σ3, D1]D3

=− 1

8
(3u4 + 2uuxx − u2x)σ3 −

1

8
(6u2ux + uxxx)σ1. (3.16)

Similarly, since

i([σ3, D4]− [σ3, D3]D1 + [σ3, D2]D
2
1 − [σ3, D1]D

3
1 + [σ3, D1]D2D1 − [σ3, D2]D2

+ [σ3, D1]D1D2 − [σ3, D1]D3)

=D3,x −D2,xD1 +D1,xD
2
1 −D1,xD2, (3.17)

the comparison of (3.16) and (3.17) reveals that the following relation need to be established:

D3,x −D2,xD1 +D1,xD
2
1 −D1,xD2 = − i

8
(3u4 + 2uuxx − u2x)σ3 −

i

8
(6u2ux + uxxx)σ1.

Obviously, using the condition (3.7), (3.12) and (3.14), one obtains

([σ3, D4]− [σ3, D3]D1 + [σ3, D2]D
2
1 − [σ3, D1]D

3
1 + [σ3, D1]D2D1 − [σ3, D2]D2

+ [σ3, D1]D1D2 − [σ3, D1]D3)D

=− 1

8
(3u4 + 2uuxx − u2x)σ3,

and

(D3,x −D2,xD1 +D1,xD
2
1 −D1,xD2)OD = − i

8
(6u2ux + uxxx)σ1.

To complete the proof, it remains to check

[σ3, D5]− [σ3, D4]D1 + [σ3, D3]D
2
1 − [σ3, D2]D

3
1 + [σ3, D1]D

4
1 − [σ3, D1]D2D

2
1

+ [σ3, D2]D2D1 − [σ3, D1]D1D2D1 + [σ3, D1]D3D1 − [σ3, D3]D2 + [σ3, D2]D1D2

− [σ3, D1]D
2
1D2 + [σ3, D1]D

2
2 − [σ3, D2]D3 + [σ3, D1]D1D3 − [σ3, D1]D4

=− 1

16
(6u5 + 10u2uxx + 10uu2x + uxxxx)σ2, (3.18)

and this can be done by Theorem 3.2.

Theorem 3.2. Under the conditions of Theorem 3.1, the coefficient of k0 in T̃ is a anti-diagonal
matrix and can be represented by u:

[σ3, D5]− [σ3, D4]D1 + [σ3, D3]D
2
1 − [σ3, D2]D

3
1 + [σ3, D1]D

4
1 − [σ3, D1]D2D

2
1

+ [σ3, D2]D2D1 − [σ3, D1]D1D2D1 + [σ3, D1]D3D1 − [σ3, D3]D2 + [σ3, D2]D1D2

− [σ3, D1]D
2
1D2 + [σ3, D1]D

2
2 − [σ3, D2]D3 + [σ3, D1]D1D3 − [σ3, D1]D4

=− 1

16
(6u5 + 10u2uxx + 10uu2x + uxxxx)σ2. (3.19)
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Proof. From the constraint (3.8), we can find that the left hand of (3.19) is a anti-diagonal
matrix. First the matrix form of (3.12), 0 2ib2

−2ic2 0

−

 0 2ib1

−2ic1 0

a1 b1
c1 d1

 =

a1x b1x
c1x d1x

 ,

directly implies that

a1x = −2ib1c1, d1x = 2ib1c1, (3.20)

2ib2 − b1x − 2ib1d1 = 0, −2ic2 − c1x + 2ia1c1 = 0. (3.21)

Next from (3.14) 0 2ib3

−2ic3 0

−


 0 2ib2

−2ic2 0

−

 0 2ib1

−2ic1 0

a1 b1
c1 d1


a1 b1
c1 d1


−

 0 2ib1

−2ic1 0

a2 b2
c2 d2


=

a2x b2x
c2x d2x

−

a1x b1x
c2x d1x

a1 b1
c1 d1

 ,

and (3.11), (3.20), (3.21), we obtain

a2x = d2x = b1b1x − 2ia1b
2
1, (3.22)

b3 = c3 = −1

4
b1xx +

i

2
a1b1x + b31 + a2b1. (3.23)

Similarly, from (3.17) and (3.11), (3.20), (3.21), (3.22), (3.23), we obtain

a3x = −d3x = a1b1b1x − 2ib21a2 − 2ib41 +
i

2
b1b1xx, (3.24)

b4 = −c4 =
i

8
b1xxx −

5i

2
b21b1x +

1

4
a1b1xx − a1b

3
1 − b1a3 −

i

2
a2b1x. (3.25)

Based on

D4,x −D3,xD1 +D2,xD
2
1 −D1,xD

3
1 +D1,xD2D1 −D2,xD2 +D1,xD1D2 −D1,xD3

= i
(
[σ3, D5] + (−[σ3, D4] + [σ3, D3]D1 − [σ3, D2]D

2
1 + [σ3, D1]D

3
1 − [σ3, D1]D2D1

+ [σ3, D2]D2 − [σ3, D1]D1D2 + [σ3, D1]D3)D1 + (−[σ3, D3] + [σ3, D2]D1

− [σ3, D1]D
2
1 + [σ3, D1]D2)D2 + (−[σ3, D2] + [σ3, D1]D1)D3 − [σ3, D1]D4

)
, (3.26)

it remains to establish the identity(
D4,x −D3,xD1 +D2,xD

2
1 −D1,xD

3
1 +D1,xD2D1 −D2,xD2 +D1,xD1D2 −D1,xD3

)
=− i

16
(6u5 + 10u2uxx + 10uu2x + uxxxx)σ2.
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Using (3.9), (3.11), (3.20), (3.21), (3.22), (3.23), (3.24) and (3.25), we obtain(
[σ3, D5]− [σ3, D4]D1 + [σ3, D3]D

2
1 − [σ3, D2]D

3
1 + [σ3, D1]D

4
1 − [σ3, D1]D2D

2
1

+ [σ3, D2]D2D1 − [σ3, D1]D1D2D1 + [σ3, D1]D3D1 − [σ3, D3]D2 + [σ3, D2]D1D2

− [σ3, D1]D
2
1D2 + [σ3, D1]D

2
2 − [σ3, D2]D3 + [σ3, D1]D1D3 − [σ3, D1]D4

)
D
= 0,(

D4,x −D3,xD1 +D2,xD
2
1 −D1,xD

3
1 +D1,xD2D1 −D2,xD2 +D1,xD1D2 −D1,xD3

)
OD

= − i

16
(6u5 + 10u2uxx + 10uu2x + uxxxx)σ2,

which completes the proof.

Corollary 3.3. Assume ψ(x, t, k) satisfies the conditions of Theorem 3.1 and the constraint
conditions (3.7). In addition, suppose ψ(x, t, k) is an exact solution to the following linear
problem

ψx(x, t, k) = X̃(x, t, k)ψ(x, t, k),

ψt(x, t, k) = T̃ (x, t, k)ψ(x, t, k),
(3.27)

where X̃ and T̃ are given by (3.4) and (3.5). Then if we define u by (3.9), it may be shown that
u(x, t) is an exact solution to the emKdV equation (1.2).

Proof. It suffices to prove that for all k ∈ C, X̃, T̃ satisfy the zero curvature equation

X̃t(k)− T̃x(k) + [X̃(k), T̃ (k)] = 0, k ∈ C. (3.28)

Cross differentiation of (3.27) gives{
X̃t(k)− T̃x(k) + [X̃(k), T̃ (k)]

}
ψ(k) = 0, (3.29)

for all k ∈ C. From the asymptotic condition (3.1) we know that ψ is invertible in a neighborhood
of infinity. Thus, multiplying ψ−1 to both side of (3.29), one concludes that the zero-curvature
equation (3.28) holds in the neighborhood of infinity. Further, noticing that X̃t(k) − T̃x(k) +
[X̃(k), T̃ (k)] is an entire function in the k-plane, we conclude that (3.28) holds for all k ∈ C.

4. Explicit construction of the Baker-Akhiezer function

The important aspect that we discuss in section 3 is that it allows us directly to connect the
BA functions defined in the k-plane to finite gap solutions of the emKdV equation. Note that
the original RH problem has piece-wise constant jumps across the contour Γ, we can explicitly
solve it based on standard method [34].

The strategy is as follow. We first seek the representation of the BA function Ψ in terms of
f(k), g(k), h(k) and a new matrix-valued function M . Then we introduce three phase functions
f(k), g(k), h(k) by using Cauchy integrals. Further, we construct Riemann theta representation
of M by solving associated RH problem. Finally we obtain finite gap solutions of the emKdV
equation by investigating the asymptotic expansion of M near infinity.
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4.1. Representation of Ψ with explicitly separated exponential factors

The proof of existence for the BA function proceeds by an explicit construction of Ψ, which
is obtained by solving original RH problem. To transform the initial RH problem to a form
allowing an explicit solution, let us seek Ψ(x, t, k) in the following theorem:

Theorem 4.1. Let Ψ be the BA function of emKdV defined in Definition 2.2. Then Ψ is unique
and has the following representation

Ψ(x, t, k) = e−i
(
f0x+(g0+h0)t

)
σ3M(x, t, k)ei

(
f(k)x+(g(k)+h(k))t

)
σ3 , (4.1)

where constants f0, g0, h0, scalar functions f(k), g(k), h(k) and matrix M(x, t, k) are to be
determined. Due to the definition of Ψ we obtain the RH problem above. Indeed, all above
statements will be true if f(k), g(k) and h(k) possess properties:

• f(k), g(k), h(k) are analytic in C\Γ, Γ = (
⋃n
j=0 Γj) ∪ (

⋃n
j=0 Γ̂j), Γj = (Ej , Êj), Γ̂j =

(Êj−1, Ej), and

f(k) = k + f0 +O(
1

k
), (4.2)

g(k) =− 16βk5 + g0 +O(
1

k
), (4.3)

h(k) = 4αk3 + h0 +O(
1

k
), (4.4)

where f0, g0, h0 are zero according to (2.4);

• f(k), g(k) and h(k) have to satisfy the symmetry conditions

−f(−k) = f(k), −g(−k) = g(k), −h(−k) = h(k);

• f(k), g(k) and h(k) satisfy the jump conditions

f+(k) + f−(k) = Cfj , g+(k) + g−(k) = Cgj , h+(k) + h−(k) = Chj , (4.5)

k ∈ Γj, j = 0, . . . , n, where Cfj , C
g
j , C

h
j are real constants;

f+(k)− f−(k) = Ĉfj , g+(k)− g−(k) = Ĉgj , h+(k)− h−(k) = Ĉhj , (4.6)

k ∈ Γ̂j, j = 1, . . . , n, where Ĉfj , Ĉ
g
j , Ĉ

h
j all are real constants.

Above f(k), g(k), h(k), and M(x, t, k) are to be determined.
The jump matrix of M(x, t, k) in the Case A can be derived by using (2.2) and (4.5). Indeed,

for k ∈ Γj, we have

JA(k) = ei(f+(k)x+(g+(k)+h+(k))t)σ3J(k)e−i(f−(k)x+(g−(k)+h−(k))t)σ3

=

 0 ie△j

ie−△j 0


=

 0 ie
i
(
Cf

j x+(C
g
j +C

h
j )t+ϕj

)
ie

−i
(
Cf

j x+(C
g
j +C

h
j )t+ϕj

)
σ3 0

 ,

where △j = i ((f+ + f−)x+ (g+ + g− + h+ + h−)t+ ϕj). The jump matrix of M(x, t, k) in the
Case B can be derived similarly.
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4.2. Construct f(k), g(k) and h(k) in Case A

In this section we address the construction of phase functions on the k-plane. The phase functions
f(k), g(k), h(k) are three scalar functions defined by Cauchy integral

f(k) =


ω(k)

(
1 +

1

2πi

∫
Γ0

Cf0
ω+(ξ)(ξ − k)

dξ
)
, n = 0,

ω(k)

2πi

n∑
j=0

∫
Γj

Cfj
ω+(ξ)(ξ − k)

dξ, n ≥ 1,

(4.7)

g(k) =


ω(k)

(
− 16β +

1

2πi

4∑
j=0

∫
Γj

Cgj
ω+(ξ)(ξ − k)

dξ
)
, n = 4,

ω(k)

2πi

n∑
j=0

∫
Γj

Cgj
ω+(ξ)(ξ − k)

dξ, n ≥ 5,

(4.8)

h(k) =


ω(k)

(
4α+

1

2πi

2∑
j=0

∫
Γj

Chj
ω+(ξ)(ξ − k)

dξ
)
, n = 2,

ω(k)

2πi

n∑
j=0

∫
Γj

Chj
ω+(ξ)(ξ − k)

dξ, n ≥ 3,

(4.9)

where Cfj , C
g
j , C

h
j , j = 0, 1, . . . , n, are undetermined constants, and ω(k) is defined by

ω(k) =

√√√√ n∏
j=0

(k − Ej)(k − Êj).

Notice that ω(k) is analytic outside k ∈ Γj , j = 0, . . . , n, and

ω(k) =

∞∑
j=0

cjk
n+1−j +O(kn), k → ∞,

where c0 = 1 and

cj =

j∑
j0,...,j2n+1=0
j0+···+j2n+1=j

(2j0)! · · · (2j2n+1)!E
j0
0 Ê

j1
0 · · ·Ej2nn Ê

j2n+1
n

22j(j0!)2 · · · (j2n+1!)2(2j0 − 1) · · · (2j2n+1 − 1)
, j ⩾ 1.

Moreover, it is not difficult to verify that f(k)
ω(k) ,

g(k)
ω(k) and

h(k)
ω(k) are analytic in C\Γ and have jumps

along each contour Γj :

f+(k)

ω+(k)
− f−(k)

ω−(k)
=

Cfj
ω+(k)

,
g+(k)

ω+(k)
− g−(k)

ω−(k)
=

Cgj
ω+(k)

,
h+(k)

ω+(k)
− h−(k)

ω−(k)
=

Chj
ω+(k)

. (4.10)

Their asymptotic behaviors as k → ∞ are given by

f(k) =


k − 1

2
(E0 + Ê0)−

1

2πi

∫
Γ0

Cf0
ω+(ξ)

dξ +O(k−1), n = 0,

c0d0k
n + (c0d1 + c1d0)k

n−1 + · · ·+ (c0dn−1 + · · ·+ cn−1d0)k

+c0dn + · · ·+ cnd0 +O(k−1), n ≥ 1,

(4.11)
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g(k) =



−16βk5 + (−16βc1 + e0)k
4 + (−16βc2 + c1e0 + e1)k

3 + (−16βc3

+c2e0 + c1e1 + e2)k
2 + (−16βc4 + c3e0 + c2e1 + c1e2 + e3)k

+(−16βc5 + c4e0 + c3e1 + c2e2 + c1e3 + e4), n = 4,

c0e0k
n + (c0e1 + c1e0)k

n−1 + · · ·+ (c0en−2 + · · ·+ cn−2e0)k
2

+(c0en−1 + · · ·+ cn−1e0)k + c0en + · · ·+ cne0 +O(k−1), n ≥ 5,

(4.12)

h(k) =


4αk3 + (4αc1 + l0)k

2 + (4αc2 + c1l0 + l1)k

4αc3 + c2l0 + c1l1 + l2 +O(k−1), n = 2,

c0l0k
n + (c0l1 + c1l0)k

n−1 + · · ·+ (c0ln−1 + · · ·+ cn−1l0)k

+c0ln + · · ·+ cnl0 +O(k−1), n ≥ 2,

(4.13)

where p = 0, . . . , n, with

dp = − 1

2πi

n∑
j=0

∫
Γj

Cfj ξ
p

ω+(ξ)
dξ, ep = − 1

2πi

n∑
j=0

∫
Γj

Cgj ξ
p

ω+(ξ)
dξ, lp = − 1

2πi

n∑
j=0

∫
Γj

Chj ξ
p

ω+(ξ)
dξ.

To obtain the desired asymptotic properties, we have to choose appropriate Cfj , C
g
j , C

h
j and this

can be achieved by the following lemma.

Lemma 4.1. Let Cf0 = Cg0 = Ch0 = 0 and Cfj , C
g
j , C

h
j , j = 1, . . . , n, be unique solutions of the

following algebraic system

n∑
j=1

∫
Γj

Cfj ξ
k

ω+(ξ)
dξ = −2πiδk,n−1, k = 0, . . . , n− 1, (4.14)

n∑
j=1

∫
Γj

Cgj ξ
k

ω+(ξ)
dξ = 32πiβδk,n−5, k = 0, 1, . . . , n− 5, (4.15)

n∑
j=1

∫
Γj

Cgj ξ
n−4

ω+(ξ)
dξ = −32πiβc1, (4.16)

n∑
j=1

∫
Γj

Cgj ξ
n−3

ω+(ξ)
dξ = −32πiβc2 + 32πiβc21, (4.17)

n∑
j=1

∫
Γj

Cgj ξ
n−2

ω+(ξ)
dξ = −32πiβc3 + 64πiβc1c2 − 32πiβc31, (4.18)

n∑
j=1

∫
Γj

Cgj ξ
n−1

ω+(ξ)
dξ = −32πiβc4 + 64πiβc1c3 + 32πiβc22 − 96πiβc2c

2
1 + 32πiβc41, (4.19)

n∑
j=1

∫
Γj

Chj ξ
k

ω+(ξ)
dξ = −8πiαδk,n−3, k = 0, 1, . . . , n− 3, (4.20)

n∑
j=1

∫
Γj

Chj ξ
n−2

ω+(ξ)
dξ = 8πiαc1, (4.21)

n∑
j=1

∫
Γj

Chj ξ
n−1

ω+(ξ)
dξ = −8πiαc21 + 8πiαc2. (4.22)
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Then f(k), g(k), h(k) defined by (4.7), (4.8) and (4.9) have the following properties:

• f(k), g(k) and h(k) are analytic in C\Γ;
• f(k), g(k) and h(k) have the expansions (4.2), (4.3) and (4.4);

• f(k), g(k) and h(k), satisfy the symmetry conditions

−f(−k) = f(k), −g(−k) = g(k), −h(−k) = h(k);

• f(k), g(k) and h(k), k ∈ Γj, j = 0, . . . , n, satisfy the jump conditions

f+(k) + f−(k) = Cfj , g+(k) + g−(k) = Cgj , h+(k) + h−(k) = Chj .

Proof. The system (4.14)-(4.22) is equivalent to the following conditions

d0 = d1 = · · · = dn−2 = 0, dn−1 = 1,

e0 = e1 = · · · = en−6 = 0, en−5 = −16β, en−4 − 16βc1 = 0,

en−3 + 16βc21 − 16βc2 = 0, en−2 − 16βc31 + 32βc1c2 − 16βc3 = 0,

en−1 + 16βc41 − 48βc21c2 + 32βc1c3 + 16βc22 − 16βc4 = 0,

l0 = l0 = · · · = ln−4 = 0, ln−3 = 4α, ln−2 + 4αc1 = 0, ln−1 − 4αc21 + 4αc2 = 0,

from which we can reduce (4.11), (4.12) and (4.13) to (4.2), (4.3) and (4.4), respectively. The
uniqueness of solutions of the system (4.14)-(4.22) is well-known (see [49]).

4.3. Explicit construction of M in Case A

In this section we seek for explicit representation ofM(x, t, k) by solving associated RH problem.
In Case A, M(x, t, k) is a solution of the following RH problem:

• M(k) is analytic in C\ΓA, where ΓA = ∪nj=0

(
Ej , Êj

)
;

• M−(k) =M+(k)JA(k), k ∈ ΓA, where J(k) is

JA(k) =



(
0 i

i 0

)
, k ∈ (E0, Ê0),(

0 iei(C
f
j x+(Cg

j +C
h
j )t+ϕj)

ie−i(C
f
j x+(Cg

j +C
h
j )t+ϕj) 0

)
, k ∈ (Ej , Êj);

(4.23)

• M(x, t,−k) = σ2M(x, t, k)σ2;

• M(k) = I +O(k−1), k → ∞;

• M(k) is bounded on ΓA except for branch points Ej , Êj , where it has at most inverse
fourth root singularities.

Firstly, we define

κ(k) =
n∏
j=0

4

√
k − Ej

k − Êj
, k ∈ C\ΓA,
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where the cuts are alone
(
Ej , Êj

)
, j = 0, 1, · · · , n, and the branch is fixed by the condition

κ(∞) = 1. Then it is evident that

κ−(k) = iκ+(k), k ∈ ΓA. (4.24)

Moreover,

κ(k) = (k − Êj)
−1/4 +O(1), k → Êj ,

κ(k) = 1 +

n∑
j=0

Êj − Ej
4k

+O(k−2), k → ∞.

The equation

κ4(k)− 1 = 0, or
(
κ(k) + κ−1(k)

)(
κ(k)− κ−1(k)

)
= 0

has exact n zeros k1, . . . , kn. We assume

κ(kj) + κ−1(kj) = 0, j = 1, . . . ,m,

for some fixed m ∈ N, and

κ(kl)− κ−1(kl) = 0, l = m+ 1, . . . , n.

Associated with kj , we introduce a non-special divisor

D = P1 + P2 + · · ·+ Pn = D1 +D2,

where D1 = P1 + P2 + · · · + Pm, D2 = Pm+1 + Pm+2 + · · · + Pn, and D1 ∈ X−, D2 ∈ X+.
According to Riemann vanishing theorem, we have

• θ(AP0(P)+AP0(D)+KP0) hasm zeros P ′
1,P ′

2, · · · ,P ′
m on X+ and n−m zeros P ′

m+1,P ′
m+2,

· · · ,P ′
n on X−.

• θ(AP0(P)−AP0(D)−KP0) hasm zeros P1,P2, · · · ,Pm on X− and n−m zeros Pm+1,Pm+2,
· · · ,Pn on X+.

We choose al cycles as ovals on the upper sheet of X around the interval
(
El, Êl

)
, l = 1, 2, · · · , n.

bl cycles start from
(
E0, Ê0

)
and go to intervals

(
El, Êl

)
on the upper sheet, and then return to

the starting point on the lower sheet.

Im(k)

Re(k)OE0 Ê0 E2 E3E1 Ê3Ê2Ê1

a1 a3a2b1

b2

b3

Figure 3. Case A; cuts on real axis for defocusing emKdV.
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Im(k)

Re(k)O

E0

Ê0

E3
E2E1

Ê3Ê2
Ê1

a1 a2
a3b1

b2

b3

Figure 4. Case A; vertical cuts for focusing emKdV.

Using the normalized holomorphic differentials∫
aj

ωj(P) = 2

∫ Êl

El

ωj(k) = δjl, j, l = 1, 2, . . . , n,

we can define the b-period matrix as

B = (Bjl)n×n, Bjl =

∫
bl

ωj(P) = 2
l∑

m=1

∫ Em

Êm−1

ωj(k), j, l = 1, 2, · · · , n.

The Abelian mapping AP0 : X → Jac{X} is defined as follows:

AP0,j(P) =

∫ P

P0

ωj(Q), j = 1, 2, . . . , n,

where the point P0 is fixed by condition π(P0) = Ê0 and Q is the integration variable. The
Abelian integrals AP0(k) on the upper sheet of X have the properties:

AP0,−(k)−AP0,+(k) = 0, k ∈
(
Êj−1, Ej

)
, j = 1, 2, · · · , n, (4.25)

AP0,−(k) +AP0,+(k) = Bej, k ∈
(
Ej , Êj

)
, j = 0, 1, · · · , n, (4.26)

where ej = (0, . . . , 0, 1, 0, . . . , 0) is the j-th basis vector in Cn. Define (s = 1, 2)

Fs(x, t, k) =
θ(AP0(k) + c+ ds)

θ(AP0(k) + ds)
, Hs(x, t, k) =

θ(−AP0(k) + c+ ds)

θ(−AP0(k) + ds)
, k ∈ C\ΓA, (4.27)

where

c = (c0, c1, . . . , cj , . . . , cn), j = 0, 1, . . . , n,

and d1 = AP0(D) +K, d2 = −AP0(D)−K. Then from (4.25) and (4.26) we can obtain

Fs−(k) = Fs+(k), Hs−(k) = Hs+(k), k ∈
(
Êj−1, Ej

)
, j = 1, 2, · · · , n,

Fs−(k) = e−2πicjHs+(k), Hs−(k) = e2πicjFs+(k), k ∈
(
Ej , Êj

)
, j = 0, 1, · · · , n.
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Associated with (4.27) we define a 2× 2 matrix-valued function

N(x, t, k) :=

F1(x, t, k)H1(x, t, k)

F2(x, t, k)H2(x, t, k)

 , k ∈ C\Γ. (4.28)

The jump condition of N(x, t, k) is as follows:

N−(x, t, k) = N+(x, t, k)JN (x, t, k), k ∈ Γ,

where

JN (x, t, k) =



(
1 0

0 1

)
, k ∈

(
Êj−1, Ej

)
, j = 1, · · · , n.(

0 e2πicj

e−2πicj 0

)
, k ∈

(
Ej , Êj

)
, j = 0, 1, · · · , n.

Next, taking into account (4.24) and (4.28), we introduce

M(x, t, k) :=
1

2


1

F1(∞)
0

0
1

H2(∞)


×

(κ(k) + κ−1(k)
)
F1(k)

(
κ(k)− κ−1(k)

)
H1(k)(

κ(k)− κ−1(k)
)
F2(k)

(
κ(k) + κ−1(k)

)
H2(k)

 . (4.29)

M is analysis in C\Γ, and it has the jumps

M−(k) =M+(k)

 0 ie2πicj

ie−2πicj 0

 , k ∈
(
Ej , Êj

)
, j = 0, 1, · · · , n,

where the jump matrix of M(x, t, k) is defined by (4.23) if we derive cj :=
xCf

j +t(C
g
j +C

h
j )+ϕj

2π ,
j = 1, · · · , n, (c0 = 0). Thus, the function M(x, t, k) is the solution of the RH problem.

4.4. Construct f(k), g(k) and h(k) in Case B

In this section we consider Case B. The phase functions f(k), g(k), h(k) are defined by Cauchy
integral

f(k) =
ω(k)

2πi

n∑
j=1

∫
Γ̂j

Ĉfj
ω(ξ)(ξ − k)

dξ, n ≥ 1, (4.30)

g(k) =


ω(k)

(
− 16β +

1

2πi

4∑
j=1

∫
Γ̂j

Ĉgj
ω(ξ)(ξ − k)

dξ
)
, n = 4,

ω(k)

2πi

n∑
j=1

∫
Γ̂j

Ĉgj
ω(ξ)(ξ − k)

dξ, n ≥ 5,

(4.31)
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h(k) =


ω(k)

(
4α+

1

2πi

2∑
j=1

∫
Γ̂j

Ĉhj
ω(ξ)(ξ − k)

dξ
)
, n = 2,

ω(k)

2πi

n∑
j=1

∫
Γ̂j

Ĉhj
ω(ξ)(ξ − k)

dξ, n ≥ 3,

(4.32)

where Ĉfj , Ĉ
g
j , Ĉ

h
j , j = 1, . . . , n are undetermined constants. Their asymptotic behaviors as

k → ∞ are given by

f(k) = c0d̂0k
n + (c0d̂1 + c1d̂0)k

n−1 + · · ·+ (c0d̂n−1 + · · ·+ cn−1d̂0)k

+ c0d̂n + · · ·+ cnd̂0 +O(k−1), n ≥ 1, (4.33)

g(k) =



−16βk5 + (−16βc1 + ê0)k
4 + (−16βc2 + c1ê0 + ê1)k

3 + (−16βc3

+c2ê0 + c1ê1 + ê2)k
2 + (−16βc4 + c3ê0 + c2ê1 + c1ê2 + ê3)k

+(−16βc5 + c4ê0 + c3ê1 + c2ê2 + c1ê3 + ê4), n = 4,

c0ê0k
n + (c0ê1 + c1ê0)k

n−1 + · · ·+ (c0ên−2 + · · ·+ cn−2ê0)k
2

+(c0ên−1 + · · ·+ cn−1ê0)k + c0ên + · · ·+ cnê0 +O(k−1), n ≥ 5,

(4.34)

h(k) =


4αk3 + (4αc1 + l̂0)k

2 + (4αc2 + c1 l̂0 + l̂1)k

4αc3 + c2 l̂0 + c1 l̂1 + l̂2 +O(k−1), n = 2,

c0 l̂0k
n + (c0 l̂1 + c1 l̂0)k

n−1 + · · ·+ (c0 l̂n−1 + · · ·+ cn−1 l̂0)k

+c0 l̂n + · · ·+ cn l̂0 +O(k−1), n ≥ 2,

(4.35)

where p = 0, . . . , n, with

d̂p = − 1

2πi

n∑
j=1

∫
Γ̂j

Ĉfj ξ
p

ω(ξ)
dξ, êp = − 1

2πi

n∑
j=1

∫
Γ̂j

Ĉgj ξ
p

ω(ξ)
dξ, l̂p = − 1

2πi

n∑
j=1

∫
Γ̂j

Ĉhj ξ
p

ω(ξ)
dξ.

To obtain the desired asymptotic properties, we have to choose appropriate Ĉfj , Ĉ
g
j , Ĉ

h
j , which

can be achieved by the Lemma 4.1 similar with Case A.

4.5. Explicit construction of M in Case B

In Case B, M needs to meet the following RH problem:

• M(k) is analytic in C\Γ, where Γ =
⋃n
j=1

(
Γj ∪ Γ̂j

)
;

• M−(k) =M+(k)JB(k), k ∈ Γ, where

JB(k) =



(
0 i

i 0

)
, k ∈ Γj ,(

e(iĈ
f
j x+i(Ĉ

g
j +Ĉ

h
j )t+iϕ̂j) 0

0 e−(iĈf
j x+i(Ĉ

g
j +Ĉ

h
j )t+iϕ̂j)

)
, k ∈ Γ̂j ,

(4.36)

with Γj =
(
Ej , Êj

)
, j = 0, 1, · · · , n, Γ̂j =

(
Êj−1, Ej

)
, j = 1, · · · , n;

• M(x, t,−k) = σ2M(x, t, k)σ2;
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• M(k) = I +O(k−1), k → ∞;

• M is bounded on Γ except for the branch points Ej , Êj , where it has at most fourth root
singularities.

In case B, we choose another homological basis. al cycles start from Êl−1 and go to El on the
upper sheet, and then them return to the starting points on the lower sheet. bl cycles are ovals
on the upper sheet enclosing intervals

(
E0, Êl−1

)
, l = 1, 2, · · · , n.

Im(k)

Re(k)OE0 Ê0 E2 E3
E1 Ê3Ê2Ê1

b1

b2

b3

a1 a3a2

Figure 5. Case B; cut on real axis for defocusing emKdV.

Im(z)

Re(z)O

E0

Ê0

E3

Ê3Ê2Ê1

E1 E2
a1 a2 a3

b1
b2

b3

Figure 6. Case B; vertical cuts for focusing emKdV.

We normalize Abelian differentials ωj(k) by∫
al

ωj(P) = 2

∫ El

Êl−1

ωj(k) = δjl, j, l = 1, 2, · · · , n.

Then b-period matrix is defined as

Bjl =

∫
bl

ωj(P) = 2
l−1∑
k=0

∫ Êk

Ek

ωj(k).

The Abelian mapping AP0 : X → Jac{X} is defined as follows:

AP0,j(P) =

∫ P

P0

ωj(Q), j = 1, 2, . . . , n,
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where the point P0 is fixed by condition π(P0) = E0 and Q is the integration variable. The
Abelian maps AP0(k) on the upper sheet of X have the following properties

AP0,−(k) +AP0,+(k) = 0, k ∈ Γj =
(
Ej , Êj

)
, j = 0, 1, · · · , n, (4.37)

AP0,−(k)−AP0,+(k) = −Bej, k ∈ Γ̂j =
(
Êj−1, Ej

)
, j = 1, · · · , n, (4.38)

where ej = (0, . . . , 0, 1, 0, . . . , 0) is the j-th basis vector in Cn. Define (s = 1, 2)

Fs(x, t, k) =
θ(AP0(k) + c+ ds)

θ(AP0(k) + ds)
, Hs(x, t, k) =

θ(−AP0(k) + c+ ds)

θ(−AP0(k) + ds)
, k ∈ C\Γ,

where

c = (c0, c1, . . . , cj , . . . , cn), j = 0, 1, . . . , n,

and d1 = AP0(D) +KP0 , d2 = −AP0(D)−KP0 . From (4.37) and (4.38) we can get

Fs−(k) = Hs+(k), Hs−(k) = Fs+(k), k ∈ Γj , j = 0, 1, · · · , n,
Fs−(k) = e2πicjFs+(k), Hs−(k) = e−2πicjHs+(k), k ∈ Γ̂j , j = 1, · · · , n.

Associated with (4.27) we define a 2× 2 matrix-valued function

N(x, t, k) :=

F1(x, t, k)H1(x, t, k)

F2(x, t, k)H2(x, t, k)

 , k ∈ C\Γ. (4.39)

The jump condition of N(x, t, k) is as follows:

N−(x, t, k) = N+(x, t, k)JN (x, t, k), k ∈ Γ,

where

JN (x, t, k) =



(
0 1

1 0

)
, k ∈

(
Ej , Êj

)
, j = 0, 1, · · · , n,(

e2πicj 0

0 e−2πicj

)
, k ∈

(
Êj−1, Ej

)
, j = 1, 2, · · · , n.

Set cj :=
xĈf

j +t(Ĉ
g
j +Ĉ

h
j )+ϕ̂j

2π , j = 1, · · · , n, c0 = 0. The jump condition of M is

M−(k) =


M+(k)

(
0 i

i 0

)
, k ∈ Γj ,

M+(k)

(
e(iĈ

f
j x+i(Ĉ

g
j +Ĉ

h
j )t+iϕ̂j) 0

0 e−(iĈf
j x+i(Ĉ

g
j +Ĉ

h
j )t+iϕ̂j)

)
, k ∈ Γ̂j ,

where Γj =
(
Ej , Êj

)
, j = 0, 1, · · · , n, Γ̂j =

(
Êj−1, Ej

)
, j = 1, · · · , n. Thus, the function

M(x, t, k) is the solution of the RH problem.
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5. Finite gap solutions of the emKdV equation

We analyze Case A; the solutions for Case B are of the same form as those in Case A. Let us
assume that Ψ(x, t, k) satisfies all the conditions of ψ(x, t, k) in Theorem 3.1. Then going back
to the original RH problem and taking into account (3.9) and (4.1), we obtain

u(x, t) = − 2ik{ψe−i(kx+(−16βk5+4αk3)t)σ3 − I}12
= − 2ik{e−if0xσ3−i(g0+h0)tσ3M(x, t, k)eif0xσ3+i(g0+h0)tσ3 − I}12. (5.1)

Expanding M(x, t, k) at k = ∞,

M(x, t, k) = I +
M1(x, t)

k
+O(

1

k2
), k → ∞, (5.2)

we obtain(
M1

)
12
(x, t) =

1

4

n∑
j=0

(
Êj − Ej

)
×
θ
(
−AP0(∞) +AP0(D) +KP0 + c(x, t)

)
θ
(
AP0(∞) +AP0(D) +KP0

)
θ
(
−AP0(∞) +AP0(D) +KP0

)
θ
(
AP0(∞) +AP0(D) +KP0 + c(x, t)

) .
(5.3)

A combination of (5.1) and (5.3) finally gives rise to the following theta function representation
of u(x, t).

Theorem 5.1. Assume also u(x, t) is an n-gap solution of the emKdV equation (1.2) associated
with the BA function Ψ(x, t, k). Moreover, let D be a non-special divisor. Then u(x, t) has the
following Riemann theta function representation

u(x, t) =− 2iC0
θ
(
−AP0(∞) +AP0(D) +KP0 + c(x, t)

)
θ
(
AP0(∞) +AP0(D) +KP0

)
θ
(
−AP0(∞) +AP0(D) +KP0

)
θ
(
AP0(∞) +AP0(D) +KP0 + c(x, t)

) , (5.4)

where C0 =
1
4

∑n
j=0

(
Êj − Ej

)
and c(x, t) is a (n+ 1) dimensional vector defined by (4.3).

Proof. Due to the structure of the jump (2.2) (x, t-independent), it is not difficult to verify
Ψx(x, t, k)Ψ

−1(x, t, k) and Ψt(x, t, k)Ψ
−1(x, t, k) are both entire functions. Indeed, for k ∈ Γ, we

have

(Ψ−(x, t, k))x =(Ψ+(x, t, k)J(x, t, k))x

=(Ψ+(x, t, k))xJ(x, t, k) + Ψ+(x, t, k)Jx(x, t, k)

=(Ψ+(x, t, k))xJ(x, t, k), k ∈ Γ,

and therefore

(Ψ+(x, t, k))xΨ
−1
+ (x, t, k) =(Ψ−(x, t, k))xJ

−1(x, t, k)Ψ−1
+ (x, t, k)

=(Ψ−(x, t, k))xΨ
−1
− (x, t, k). (5.5)

The relation (5.5) implies that Ψx(x, t, k)Ψ
−1(x, t, k) is continuous at k ∈ Γ. Then we can

conclude Ψx(x, t, k)Ψ
−1(x, t, k) is analytic at any k ∈ C. Similarly we can prove the analytic

property of Ψt(x, t, k)Ψ
−1(x, t, k). Thus, the function Ψ(x, t, k) satisfies all the conditions of

Theorem 3.1. Using (5.1) and (5.3), we finally obtain the formula (5.4).
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difference equation, Commun. Math. Phys., 2005, 258, 149–177.

[21] F. Gesztesy and H. Holden, Soliton Equations and their Algebro-Geometric Solutions: Vol-
ume 1: (1+1)-Dimensional Continuous Models, Cambridge University Press, 2003.

[22] F. Gesztesy and R. Ratneseelan, An alternative approach to algebro-geometric solutions of
the AKNS hierarchy, Rev. Math. Phys., 1998, 10, 345–391.

[23] P. Giavedoni, Long-time asymptotic analysis of the Korteweg-de Vries equation via the dbar
steepest descent method: The soliton region, Nonlinearity, 2017, 30, 1165.

[24] R. Grimshaw, E. Pelinovsky and O. Poloukhina, Higher-order Korteweg-de Vries models
for internal solitary waves in a stratified shear flow with a free surface, Nonlin. Processes
in Geophys., 2002, 9, 221–235.

[25] K. Grunert and G. Teschl, Long-time asymptotics for the Korteweg-de Vries equation via
nonlinear steepest descent, Math. Phys. Anal. Geom., 2009, 12, 287–324.

[26] M. A. Helal, Soliton solution of some nonlinear partial differential equations and its appli-
cations in fluid mechanics, Chaos Solitons Fractals, 2002, 13(9), 1917.

[27] A. R. Its and V. B. Matveev, Schrödinger operators with finite-gap spectrum and N -soliton
solutions of the Korteweg–de Vries equation, Theor. Math. Phys., 1975, 23, 343–355.

[28] A. R. Its and V. B. Matveev, Hill operators with finitely many gaps, Funct. Anal. Appl.,
1975, 9, 65–66.

[29] A. R. Its and V. B. Matveev, Algebrogeometric integration of the MNS equation, finite-gap
solutions and their degeneration, J. Math. Sci., 1983, 23, 2412–2420.

[30] A. H. Khater, O. H. El-Kalaawy and D. K. Callebaut, Bäcklund transformations and exact
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