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COMPARISON OF RIEMANN SOLUTIONS TO
THE EULER EQUATIONS FOR MODIFIED
AND GENERALIZED CHAPLYGIN
GAS DYNAMICS*
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Abstract In this article, utilizing the method of characteristic analysis, we
construct the Riemann solutions of the Fuler equations for the modified and
the generalized Chaplygin gas, which contains rarefaction waves, shock waves,
contact discontinuities and §— shock waves. For the d— shock waves, we pro-
pose generalized Rankine-Hugoniot relation and entropy conditon. Moreover,
by studing the limiting behaviour, we find that the Riemann solutions of mod-
ified Chaplygin gas is the same as generalized Chaplygin gas including the
d—shock waves. Moreover, we give some numerical simulations to verify the
theoretical analysis.
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1. Introduction

The one-dimensional Euler equations read
Pt + (pu):c = 07
(pu): + (pu® +p)z =0, (1.1)

(1), + (3 )1), =

where u, p, H and p denote the velocity, the density, the internal energy and the
pressure, respectively. In this paper, we consider the Riemann problem of (1.1) for
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Chaplygin gas with initial data

(plaulqu)7 T < 07

1.2
(PmUer)a $>Oa ( )

(P7U,H)(x,t) t=0 = {

where p; -, u;,-, Hy» are all given constants. Chaplygin [4] and Tsien [27] introduce
the Chaplygin gas as a mathematical approximation for determining the lifting
force on an airplane wing. The reader is referred to [1,2,8,22] for a more detailed
exploration of the physical implications of Chaplygin gas.

The state equations for Chaplygin gas can be expressed as

Bf(s)+C
pOt
where s represents the specific entropy with f(s) > 0, f'(s) >0, A >0, B > 0,
C > 0and 0 < a < 1. For a different gas state, the Riemann solutions display
many fascinating properties, including the accumulation of mass. Next, we discuss
several cases of the Riemann problem of the compressible Euler equations for the

Chaplygin gas with different gas states.

For the Riemann problem of the compressible Euler equations for the Chaplygin
gas with a state equation p = —%, Pang obtained a kind of Riemann solution
which involves a delta shock wave [17]. Wang et al. constructively obtained a
global existence of generalized solutions and obtained the stability of the generalized
solutions by making use of the perturbation of the initial data [29]. Qu et al. proved
that the Riemann solutions are stable under the local small perturbations of the
Riemann initial data even when the initial perturbed density depending on the
parameter but with no mass concentration limit [20]. Cheng et al. studied the
Riemann problem for relative Chaplygin Euler equations [6].

Consider another case involving the Chaplygin gas with a state equation p =
—p%, Pang obtained a kind of solution in which a delta shock wave is formed, fea-

p=Ap— ; (1.3)

turing Dirac delta distributions in the variables of density and internal energy [16].
Wang constructed the Riemann solutions, analyzed the interaction of the delta-
shock wave with the elementary waves and proved the stability of the Riemann
solutions [28]. Ding et al. [7] investigated the emergence of delta waves and vacuum
states in the limit of vanishing pressure within the Riemann solutions to the equa-
tions of non-isentropic generalized Chaplygin gas. Sheng et al. [23] proved the limit
solutions tend to the two kinds of Riemann solutions to the transport equations in
zero-pressure flow, which include a Delta wave formed by a weighted J-measure and
a vacuum state.

For the Riemann problem of the compressible Euler equations for the Chaplygin
gas with state equation p = Ap — £, Yang et al. investigated the phenomena of
concentration and cavitation, as well as the emergence of J-shocks and vacuum states
in Riemann solutions, as the pressure approaches zero with a double parameter [30].

For the Riemann problem of the compressible Euler equations for the Chaplygin
gas with state equation p = —M, Zhu et al. constructed the Riemann solutions
where the delta shock wave with Dirac delta function only in the density appeared
in solutions [32].

For more research on the Riemann problems of conservation laws for the Chap-
lygin gas, we refer the readers to [3,9,12, 15,19, 21, 26] and the references cited
therein.
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Recently, the relationship between different solutions of the compressible Euler
equations for the Chaplygin gas with different state equations has attracted intensive
attention. Song et al. [25] and Jiang et al. [10] examined the asymptotic behavior of
Riemann solutions for the non-isentropic Euler equations involving modified Chap-
lygin gases with state equations p = Ap—% and p = Ap— %, respectively. Through
their analysis of the limiting behavior, they discovered that the Riemann solutions
for the modified Chaplygin gases converge to those of the pure Chaplygin gas, in-
cluding the presence of §-shock waves. In [11], Jiang et al. made several comparisons
of Riemann solutions of compressible Euler equations in the modified Chaplygin gas
state p = Ap — L and classical Chaplygin gas state p = —%. Chaturvediet et al.
studied the solution of the Riemann problem for modified Cﬁaplygin gas equations
in the presence of constant external force, which influenced the Riemann solution
for the modified Chaplygin gas equation [5]. In [13], Kumar et al. solved the gen-
eralized Riemann problem through a characteristic shock(s). For several classes
of non-constant and smooth initial data, the solution to the generalized Riemann
problem is presented. In [24], Singh et al. obtained the solution to the generalized
Riemann problem (GRP) for the one-dimensional Euler’s equation for Chaplygin
gas equations with Coulomb-like friction term by using the differential constraint
method. For more research on the limiting behavior of Riemann problems to the
Euler equations of compressible fluid flow for the modified Chaplygin gas, we refer
the readers to [14,18,31] and the references cited therein.

In this paper, we continute to study the limiting behavior of Riemann solu-
tions to the Euler equations for modified Chaplygin gas, characterized by the state
equation

1
p=Ap— —. 1.4
P (1.4)

Letting A — 0, we get the corresponding state equation

p:—p—a. (1.5)

In the following, we investigate the Riemann problem for the system given by
(1.1), (1.2) and (1.4), as well as the Riemann problem for the system given by (1.1),
(1.2) and (1.5). The central theorem of this paper is stated below:

a+1 a+1
Theorem 1.1. (i)Suppose that the initial data satisfies u, + pr_% <u — pl_%.
Then the solution of the Riemann problem of (1.1), (1.2) and (1.4) converges to
the delta shock wave solution of the Riemann problem of (1.1), (1.2) and (1.5) as

A tends to zero.
a+1 a+1

(ii)Suppose that the initial data satisfies u;—p, > < wup.+pr > . Then the solution
of the Riemann problem of (1.1), (1.2) and (1.4) converges to the corresponding
Riemann solutions of the problem of (1.1), (1.2) and (1.5) as A tends to zero.

The organization of this paper is as follows. In Section 2, we present some
preliminary knowledge for the Riemann problem of (1.1), (1.2) and (1.5). In Section
3, we construct the Riemann solutions to the Riemann problem of (1.1), (1.2) and
(1.4) by characteristic analysis. In Section 4, we give the proof of the main theorem
case by case. In Section 5, we give the numerical simulation to verify the theory
proposed in Section 4.
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2. Riemann problem of (1.1), (1.2) and (1.5)

2.1. Solutions involving the classical waves

The Riemann solution for the problem defined by (1.1), (1.2) and (1.5) has been
extensively examined in [16]. Here we show the relevant results.
Suppose that these solutions satisfy the thermodynamical constraint

1
Tds — de = pd—. (2.1)
p

Then, the physically meaningful region as specified by (2.1) is defined as follows:

1

Q= H): H> —nr—

}.

For systems (1.1) associated with (1.5), there exist three eigenvalues

a /\2:u, /\3=U+ a

)\1:u—

paJrl ? poz+1 ’

with the corresponding right eigenvectors

) o H 1 g T a H 1
7‘1:(17_ Wap_ﬁ) ) T2:(05071) ) r3:(1’\/pa?7p_pa+1) ’

(2.3)

By (2.2) and (2.3), we deduce that
Vg7 =0 and VX, -7, #0 for i=1,3,

which imply that A5 is linearly degenerate, while A\; and A3 are genuinely nonlinear.
Consequently, the elementary waves that can arise from the Riemann problem for
this system comprise a set of all rarefaction waves, a contact discontinuity, and
shock waves.

The rarefaction wave curve R in the space (p, u, H), passing through (p;, u;, H;),
can be expressed as:

a
S=u— /=7
\/ ot

Py

20/ _ant 20/ _e
Rl(plaulaHl): u_a+1p 2 :/UIl_Ozi—le ’ p < pi, (24)
H 1 H,; 1

and
o
E=w+,/—m7>
leﬂ
2/ _at1 2/ _ati
R ,U,H : = _— 2 R > 0. 2.5
3(p1, i, Hy) ut et T S ut e p>pi. (2.5)
H 1 H; 1

p @+ o (a4 DpptT
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Moreover, the shock wave curve can be defined as

[plp
01 =1u — )
o
T T\,1 1
Si(pw, w, Hy) uul\/(aa)(), P> pr, (2.6)
Py P/ \pr p

1 1 1 1
Eipj—i_p? :&7/7’—’—?
p 2p P 20
and
oy = w4 | 2P
/ [plpr’
1 1 1 1
Sg(pl,ul,Hl): u_ul:_\/<a_a) (——7>7 p < pr. (27)
Py p/ \pr
1 1 1 1
H_ p oy H ot
p 2p pu 200

The contact discontinuity curve is given by

U = Uy, p = pi,
J(pi,ur, Hy) - 2.8
(p1, wr, Hy) {H#Hl. (2.8)
By direct calculation, we have

du « d*u a—+3 _ats
dfp‘}h:* T+3<O, din‘Rlz B \/ap 2 >0,
du «Q d*u a+3 _ats
dp‘RS_ T+3>O’ TM'RB:_T\/ap 2 <07

—(a+1) (1 _ 1 1 1), —2
du oV (E-3)+ (G- F)e

<0,

7‘5 =
e

_3
G G e G G e
20 20\py  p*/\pr p pLp P
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— Oé(Oé + 1)pfoz72pl—1 _ 2pl—ap73}

1r/1 1 1 1\1—3
G )G e
2Lpi" p P p

afa+1)pm 7 = 2p7o7]

Similarly, we can obtain
7’LL‘ >0 72 | <0
dp Sa ’ dp2 Ss '

Since p and u are invariant along the contact discontinuities, we consider the
o+l

2

projections on the u—p plane. We put Ry, R3, S1, S3and L : u—i—p_aT+1 =u—p,
together in the phase plane to obtain a picture as in Figure 1, in which Ry, Rj,
S1, S3 and L divide the phase plane into five parts I, II, ITI, IV, and V. (i)

Figure 1

If (pr,u,, H,) belongs to areas I, I, I11, and IV, the Riemann solutions to the
problem defined by (1.1), (1.2) and (1.5) will consist of rarefaction waves, contact
discontinuities and shock waves. .

(ii) When (p,, u,, H,) is located in area V, i.e., u+p~ "3 < —p, 2, there
exists no piecewise smooth and bounded solution to the problem deﬁned by (1.1),
(1.2) and (1.5). In this case, we can get a d—shock wave solution. In order to
define the measure solutions, the two-demensional weighted delta function w(s)dr,
supported on a smooth curve L parameterized as t = t(s),x = x(s)(c < s < d) is
defined as

d
(w(s)dr, ¢(t(s), x(s))) :/ w(s)p(t(s), z(s))ds (2.9)

for all the test function ¢ € C§°(]0,00) x (—00, +00)).
With this definition, we can get a §-shock wave solution with the discontinuity
x = z(t) in the form:
(pr,w, Hy), & < x(t),
(p(t, 1')7 u(ta CB), H(t’ LE)) = (W(t)(s(x - ))a U5(t), h(t)(S(J,‘ - x(t)))v €T = .’L‘(t),

(pT7uT) )7 > t)
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Moreover, across the discontinuity, the following generalized R-H conditions
hold:

dw(t)
7 = u&(t)[p] - [pu],

. 2.11
QD) _ s o)lpu] — o + 5] o
d( w(t)ul(t) + h(t)

(00740) ] 0]

where z(¢) and us(t) denote the location and the velocity of the delta shock wave
and h(t) and w(t) are the weights of the §—shock wave on the state variables H and
p, respectively. Meanwhile, us(t) satisfies the following condition

A (pr, ur) < Aa(pr,ur) < A3(prtr) < us < M(pw) < Aa(pr,w) < Az(pr, w).
(2.12)

It was shown in [17] that the delta measure solutions (p,u, H) constructed above
satisfy

<pa ¢t> + <pua ¢T> = 07
(pu, 1) + (pu® + p, dz) =0, (2.13)
(pu?/2+ H, ¢1) + ((pu” /2 + H + p)u, ¢) =0,

for any ¢e C$°((0,00) x (—00,+00)), where
+oo +oo
Q) = dxd 0L, @), 2.14
o= [ [ podedt + (w0160 (214)

“+o0 “+o0
(pu, ) = / / pucddt + (w(t)us(t)or, 6), (2.15)

and H has the similar integral identities as above.
Next we proceed to solve the problem for (2.11) with the initial conditions

2(0)=0, w(0)=0, H(O0)=0 and us(0) = ug. (2.16)
Using (2.11) and (2.16), it yields that

w(t) = a(t)[o]  [pult,

w(t)us(t) = (t)[pu] — [pu® + plt, (2.17)
%w(t)u?(t) + h(t) = x(¢) Epu2 + H} - [(%puz +H +p)u] t.

Utilizing the first and second equations of (2.17), we have
[plz%(t) — 2[pu]tz(t) + [pu® + p]t* = 0. (2.18)

If [p] = 0, the equation (2.18) has a unique solution

(t) = Wt. (2.19)
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By (2.11) and (2.17), we obtain that

up = = —QH”, (2.20)
w(t) = pi(ur — ur)t,
h(t) = —%w(t)u? + z(t) [%qu + H} - [(%mﬂ +H —|—p>u}t.

Next, we show that u, + p;% < ug(t) < w — /p(j%. In fact, in virtue of
r l

a1 at1

ur+pr 2 <wu —p, ? it deduces that

[ Uy + U [a%
us(t) — (ur +4/= ) = —Up — [ T (2.21)
Pr+1 2 prﬂ
1

which implies that us > u, + pfﬁ.

Similarly, we can get us < u; — /pfﬁ.
l

If [p] # 0, then
A =4[pul*t® — 4[p][pu® + p)t* (2.22)
1
=4t%p,pi ([U]2 + H [p])
11 11
il s (22 5+ )
pr Pl Py P
=4t2p,pl(ur — w)? — py O o o — o Y]
~(a g
>4t pl(uy —wr)? — py Y — Y p9p T
42 N2 (o e
=4t"prpr[(ur — w)” = (pr Py )]
9 _atl _atl _atl _atl
=4t prpi(ur +pr 2 ) = (w+p 2 )(ur —pr 2 ) = (w—p * )]
>0.
Using equations (2.18) and (2.22), we obtain
ol = oo ([ + [3] 0]
2(t) = t. (2.23)

[l
Together with this and the first equation of (2.11), we have
) fongn (12 + 3] )

us(t) = [p] . (2.24)
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In (2.24), selecting the positive sign yields the following conclusion:

N \/E) (2.25)
s ool G )l )
el G )

Pr o
e+ (3 0) )
Pl[l P ng

Moreover,

(o[t = (2= D) (- 4 ) 220

1 1 « ap; «
=[p] [pl(u, — ul)Q + E — E - @ + p?-‘rl + 2p1(ur — ) ?4_1}
a \2 1
ol =t o) et )]
_af1 at1q2 1 1
L R el IR Oy
l T
_atl _oatl 1
=[p] [pz(l —Va)lp et 1201 - Va)r T p, T 4 (1— a)—a}
>0.
From (2.25) and (2.26), we get
s = U+ | g (2.27)
P
Similarly, we get
s S up— . (2.28)

P
However, if we take the negative sign in (2.24), we arrive at the following result

(07 «
us < Up + RS us < up — ToF1” (229)
V pr V p

From (2.12), we understand that (2.29) leads to a contradiction. Therefore, in
(2.24), we should take the positive sign. Consequently, the solution of the equation
(2.18) is
[pu® + p]
2[p

]
lpul = \Jprpu([u)? + [2][p)
[p] ’

t, [p] =0,

a(t) = (2.30)

[p] # 0.
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This together with (2.17) yields that

_ [pult + w(t)
=T
[pu] + w'(t)
us(t) = ———,
’ le] (2.31)

w(t) = \/prpzuu]? L,

h(t) = —%w(t)u?;(t) + x(t) [%puz + H} - [(%mﬁ +H —I—p)u}t.

3. Riemann problem of (1.1), (1.2) and (1.4)

For systems (1.1) associated with (1.4), the physically meaningful region under (2.1)
is defined by

Q:={(p,u,H) : p>0,uc R H> ~ + Aplnp}.

v
(a+1)p

And there are three eigenvalues

5\1:u—11A+%7 5\2:’U,7 &:u—i—wA-i—%, (31)

with the associated right eigenvectors

- A e H 1 =

=0 5+—5A+———5)T, 7=(1,0,07, (3:2)
( p2 pa+3 p paJrl ( )

= A o H 1 7

TSZ(L ?+pa+3"4+;_pa+1) !

By (3.1) and (3.2), we deduce that
Vg -7 =0 and V-7 #0 for i=1,3,

which imply that Ay is linearly degenerate and A; and A3 are genuinely nonlinear.
Therefore, the complete set of elementary waves encompasses all possible rarefaction
waves, contact discontinuities, and shock waves.

The rarefaction wave curve R in the space (p,u, H), passing through (p;, u;, H;),
can be expressed as:

§1=u — Ag —

pptt
i u+ G(p) = u + G(p),
Balpryw, Hy): g H 1 p < pr, (3.3)
p P (a+ et
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and

Ry(prw, Hy) - ¢ H Alnp— 1 P> pi, (3.4)
p (+1)pott
1
=——Alnp— ————,
pL & (a+ 1)t

where G(p) = 23 In(y/Ap™1 § a + VAp*H) - 2 VAT

T
a+1 a+1 p%

In accordance with equation (3.3), for the 1-rarefaction waves, we find that

dl \V A+ ““ d?u _2A+ (a? + 3a)p~t

=-———<0, = > 0. (3.5)
dp P dp? 2\/A+ T p?
Similarly, for 3-rarefaction waves, we obtain
du d*u
P >0, a7 < 0. (3.6)
Furthermore, the shock wave curve is characterized as
_ plpr — pu—prw
g1 = U — =
g p=pr
1 1.1 1
~ w— == o= )~ 4 )= 2,
S1(pr, w, Hy) : Ay A ) 'f PEe P p>p, (3.7)
H N pPtAp— o8 — 5w
r 2 1 1
:E+Ap+Apl—p7—E
Pl 2p ’
and
o3 = 1y + Plpr _ pu— pru
[l p—pu
1 1.1 1
~ w— == o= )~ 4 ) - 2,
Sz(pr,wi, Hy) Ay A ) 'f PP P p<p. (3.8)
H pPtApL— o5 — 5w
p 2p
Ap+ Ap — & — =
= Hlpl + P a R
2p

Leta=A(p—p) = 55+ 5w, b= - — 2.c=A+ap "' >0, then (3.7) can be
l
reformulated as follows:

u=u; — Vab. (3.9
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Then, for 1-shock waves, we arrive at the following result:

du cb+ap~?

— = <0, 3.10
o~ avab (310
and
Pu ld{(ab)*%[cb—i- ap~?]} 311
dp® 2 dp (3.11)
1 1 1
=-3 —i(ab)’g [eb4ap™2]? + (ab)"2[2cp 2 — ala +1)p > 2b — 2ap~ 3]}
1 1o 1b 1
=— §(ab)_* —5502 - 5%;)“1 +ep? —ala+1)p " %b— 2ap~3}

which depends on the fact that a > 0 and b > 0 in (3.7).
Similarly, for 3-shock waves, we obtain

du chb+ap~? d’u
- _ >0, — <0, 3.12
dp 2v/ab dp? (3.12)

which depends on the fact that ¢ < 0 and b < 0 in (3.8).
The contact discontinuity curve is defined by

U= Uy, p = pi,
J(p1,u, Hy) - {H L Il{lp P (3.13)

Since p and u remain constant along the contact discontinuities, we focus on their
projections in the u — p plane. We plot Ry, R3, Si, and Ss together in the phase
plane to obtain a picture as in Figure 2, in which Ri, Rs, S1, and S5 divide the
phase plane into four distinct regions labeled I, I'I, I1I, and IV. If we put Ry, Rs,

Figure 2

S1, S3 and L in Figure 2, the following results are observed:

Lemma 3.1. R3 lies below R?,, Ry lies below Rl, S1 lies above 5'1, and Sz lies
above S3.
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Proof. Firstly, we establish that when p > p;, the shock wave S is always posi-
tioned higher than the wave S;. Based on equations (2.6) and (3.7), it is readily
apparent that for p > p;, ulg < uls,. Similarly, we can confirm that S; lies above
5’3 when p < p; .

Secondly, we demonstrate that when p < p;, Ry is consistently positioned below
the wave R;. Based on equations (2.4) and (3.3), we obtain the following relation-

ship:
dy _ VAYFT duy [ (3.14)
dp'Fr p dp'™ T\ pets '

which leads us to conclude that when A > 0, and p < p;, Ry is always situated
below R;. By the same token, we can establish that R3 is located below Rz when
p>pr O

Lemma 3.2. There exists a positive parameter Ag such that 0 < A < Ag, the
a+1

region u + p*QTH <wu —p, * lies below L, Sy and Ss.

Proof. The proof of this theorem will be presented in three parts:

(1) The equation of L is u + P =y — p, 2 , Consequently, it is readily
a _atl
apparent that the area defined by u + ,o_%1 <wu —p, * issituated beneath L.
(2) From (3.7), we have u|g = u; — \/[A(p —p) — p% + #](i - %) In order

at+1

2

to prove that the region u + p_% <w—p, lies below S; when p > p1, We
only need to verify the correctness of the following inequality for any p, > p;

w—p T T <= A=) - (- ) (35)
: - pE P e pr
which follows that ) )
7= 552

A< M =: Ay. (3.16)

(pr - pl)
o _otl
In virtue of the above inequality, we have the region u + p_% <wu —p, * lies

below S; when p > p;.

at1

(3) Similarly, we can prove that the region u + p_aT“ <wu —p, ?* lies below
S3 when p < py.
The proof of Lemma 3.2 is now complete. O

4. The transformation of Riemann solutions as they
evolve from the modified Chaplygin gas to the
classic Chaplygin gas

In this section, we present the proof of Theorem 1.1 posed in Section 1 and we

separate the discussion into two distinct parts.
atl _atl
<wu—p

2 2

Proof. (1) Riemann solutions under condition u, + p,
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a1 at1

Ifu, +pr > <u—p, ? ,from Lemma 3.2, we get that the point (p,,u,) is
located within the shaded area, which is part of region IV, as depicted in Figure
2. The solution to the problem defined by equations (1.1), (1.2) and (1.4) can be
succinctly written as

(PlaUhHﬂ + gl + (p*lau*laH*l) +J+ (P*27u*27H*2) + SS + (Pra“r,Hr)a

where (pa1,us1, Hi1) and (pa2, Usa, Hyo) represent the intermediate states that link
the backward shock wave, contact discontinuity, and forward shock wave. According
to (3.13), we know w,1 = tsa 1= us and py1 = pso := p,. Utilizing equations (3.7)
and (3.8), we can derive the following results:

oL =y [Plps _ patis — pru

[Pl P — pL

. o e p
S1(p,ur, Hy) Py > Pl
Hl AP**FAPl*é*p%
P 2p.
H Ap+Ap— g5 — e
p 2 ’
(4.1)
and
03 = Us + [P]Pr _ PrUy — P*U*’
[P]P* Pr — Px
1 1.1 1
- ur_“*:—\/[A(Pr_P*)—pa‘f'pa](p—p‘)a
S3(pr7ur7HT) : 1 1 T * * " Pr < Px-
H, APT‘FAP*_E_E
Pr 2pr
Heo Apr+Ape— 5 — ¢
_ + 2 s
P 2p
(4.2)
a+1

Lemma 4.1. Suppose that H; > ur+pr 2 < —

77 HT 2 77
(a+1)pf" (a+1)pg

_oatl
p, ° , then
lim p, = 4.
lm p, = o0, (4.3)
}xlglo Ha = 141‘1510 Haz = +00
and

lim Ap, =C, where C € [0,00).
A—0

Proof. The combination of the second equations of (4.1) and (4.2) results in

ur—ulz—\/m(p*—pl)—1+1a](1—1)
L

ps pL P
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1 1.1 1
_\/[A(pT_p*)—pg_pr](p*_pr) (44)

Assuming there is a positive real constant Cy for which }‘imo ps« = Cp and taking the
—

limit on both sides of equation (4.4), we obtain

1 1.1 1 1 1 1 1
lim (u, _ul):_\/(_C’g+“)(m_%)_\/(_p‘ﬁ‘+%")(a)_lh~) (4.5)

a+1 a+1 a+l atl
=—p 7 4+Cy T —pr T 4Gy 7
_atl _atl
>—p  —pr 7,
+1 a+1

which indicates that w, + p. > > w —p, * , which constitutes a paradox. So
lim p, = 4o0.
A—0
Suppose that iimo Ap, = 400, then taking the limit on both sides of equation
—
(4.4), we arrive at lim (u, — u;) = —o0, which is a contradiction. So lim Ap, = C.
A—0 A—0

Furthermore, employing the third equations from (4.1) and (4.2), we obtain

. 1 o(dppe—1) 1 1 A
Ho =2 - —)+ 2 Ao =1 | 1 +— L (4)
pL 2p; 2p1 208 207 2
and T n
. 1 Lo(dppe—1) 1 1 §
Hop— Pom, = Ly 2 f@ppi =) 1 L Ao g
Pr 2p? 2p, 208 2py 2

Since0<a <1, H > sy +1) ~ and H, >
So lim H,; = lim H,s = +oo
A—0 A—0

1 1

(a+1) —, we have H; > 20w and H, > 37

Up to this point, we have completed the proof of Lemma 4.1. O
atl +1

Lemma 4.2. Assume that u, + p, 2 < u — pl_aT, then

lim o1 = lim 09 = lim o3 := us. 4.8
A—0 A—0 A—0 ( )

Proof. Taking the limit on both sides of the second equation of (4.1) and (4.2),
we obtain
lim u, = C, (4.9)
A0

where C is a finit constant.
Utilizing (4.3) and invoking the first equation of (4.1) and (4.2), we arrive at

lim o9 = lim 03 = lim w,. (4.10)
A—0 A—0 A—0

Given that lim oo = lim wu,, it follows that lim oy = lim o9 = lim o3 = lim w,.
A—0 A—0 A—0 A—0 A—0 A—0
Taking the limit on both sides of the second equation of (4.1) and (4.2) and
considering the statement (4.3), we obtain

jllinou* —u=—4[(C+ E)E (4.11)
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and

l)i

= (4.12)

U — lim u, = — —
T A0 T ( p?f

By removing the constant C' from (4.11) and (4.12), we are led to the conclusion
that
[p](lim w,)? — 2[pu] lim w, + [pu? + p] = 0. (4.13)
A—0 A—=0

Through direct calculating, (4.13) yields that

[pu® + p]
T or.1 [p] =0,
li 2lo (4.14)
im uy, = .
A0 lpul + \/prou([ul? + [3] 1))
.l #0,
[p]
which is consistent with the expression for us given in (2.30).
To this point, we have completed the demonstration of Lemma 4.2. O]
_atl _atl
Lemma 4.3. Assume that u, +pr > <w —p, * , then
0'3+E
S
o3te ) 1
im li = — - — 4.1
lim lim . pud§ = us[pu] — [pu pa}, (4.15)
i i [ (Cpu + H)E = us o+ H] = [(Cpu? + H = )
Soaso [, 2™ - welgpe Pl o

Proof. Taking § = %, through the application of a self-similar transformation,
equation (1.1) can be rewritten as

—&pe + (pu)e =0,
—&(pu)e + (pu® +p)e =0, (4.16)
—§(%pu2 +H)e + ((%pu2 + H +p)u)e =0.

Performing an integration on both sides of equations (4.16) with respect to & yields
0'3+E

| e+ (i =

o1—€

o3+¢€
/ (—&(pu)e + (pu® + p)e)de = 0, (417)

1—¢€

o3+¢
[ (eG4 B+ (Gl + H + phu)e)d =0,

The third equation of (4.17) can be expressed as

7ste 1 1 1
/ (spu* + H)d¢ = E(zpu” + H)|2 T2 — (Spu® + Hu+ Apu — i) gate.
. 2 2 2 Pe
(4.18)
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Taking the limit on both sides of (4.18), we obtain

0'3+€

. . - 2
shg%)}xlglo o1—c (qu + H)dg

1 1
= lim T [(03 + ) (5,0 + Hy) — (01 — ) (5 pre + H)

e—0 A0 2
TR B Uy
_ 313(1) ilglo(gpru,‘ + Hyup + Apruy — @)

. . 1 3 Uuj
+ lim ilglo(iplul + Hywy + Apjug — E).

By (4.10), we get

o3+e¢

1 1 1 1
lim lim (ipu2 + H)d¢ = ug[gqu + H] - [(ipu2 +H — p—a)u] (4.19)
1—€

e>0A50 J,

Similarly, it is easy to see that

O’3+8
lim lim pd& = uslp] — [pul,
e=0A—0 [, . (4.20)
) ) o3+e ) 1 !
lim lim o pud§ = uslpu] — [pu” — pj]-

_atl atl
Therefore, if the initial data satisfies the condition u, +p, * <wu; —p, * , then

the solution of the Riemann problem of (1.1), (1.2) and (1.4) converges to the
delta shock wave solution of the Riemann problem of (1.1), (1.2) and (1.5) as A
approaches zero. This convergence can be illustrated by Figure 3. O

Figure 3

_a+l a+1

(2) Riemann solutions under condition w; —p, > <wu,+pr * .
In this part, we explore the topic across four specific cases:

Case 1. (p,,u,, H.)e IV.

a4l

Lemma 4.4. Suppose that w; —p, > < Uy + pr ER and (pr,u, H,.)e IV. Then,
as A approaches 0, Sy and Ss for modified Chaplygin gas transform into the shock
waves Sy and Ss for the generalized Chaplygin gas, where Sy and Ss are defined in
(3.7) and (3.8) and Sy and S5 are indicated in (2.6) and (2.7), respectively.

Proof. Consider the intermediate states (pu, ts, Hi1) and (p, us, Hio) connecting
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S1, J and Ss, respectively. If (pryur, Hy)e IV, then

Plps _ prtis — prua
[Pl P — p1

T 1.1 1
== = LA, = p) =+ ol = )

P e

g1 = Uu; — ’

S1(p1,uy, Hy) P > P,
H*l AP*+API*%*#
_l’_ L
P 2p.
H, Ap*JrApzf%f%
= — + 2 s
oL 2p
(4.21)
and
o3 = 1 + Plpr _ prur — patix
[plps Pr — Ps
1 1,1 1
- ur_“*:—\/[A(Pr—P*)—pa"'pa](p—pa
S3(pT7uT7HT) : 1 1 r * * r Pr < Px-
H, APTJFAP**E*E
Pr 2Pr 1 1
H,, Apr+Api— 55— o
_ 4 E :
P 2p
(4.22)
atl _otl

In virtue of Lemma 4.1, we are aware that w; — p, > < u, +pr > and
(pr, up, Hyr)e IV holds if and only if }‘imo px = C < 00. As A tends to 0, by applying
—

(4.21) and (4.22), we observe that

lim oy = u; — [p}p*’
A=0 [plpn
1 1 1 1
u*—ulz—\/(a—)(—), Px > Pl (4.23)
pr P ol ps
1 1 1 1
Ha ety H  wty
P+ 20+ P 20
and
lim o3 = u, + m7
- [p]ps
1 1 1 1
ur—u*:_\/(_)(_)7 Pr < Px- (4.24)
ps P P Pr
1 1 1 1
He s tos  Ho 55t

Pr 2py P 2p.

In other words, as A approaches 0, S; for modified Chaplygin gas is transformed
into Sy for the generalized Chaplygin gas, and similarly, S3 for modified Chaplygin
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gas is transformed into S5 for the generalized Chaplygin gas. This concludes the

demonstration of Lemma 4.4, an illustration of which is provided by Figure 4.

O

o X
Figure 4
Case 2. (p,,u,, H,)e L.
_at1 _aet1
Lemma 4.5. Assuming u; —p;, > <up+pr *

the generalized Chaplygin gas, respectively.

Proof. Let (ps,us, Hi1) and (ps, us,
S1, J and Rs, respectively. If (p,, u,, H;)e I, then

Si(pi,wi,pr) :

and (pr,ur, H.)e I. Then, as A
approaches zero, S1 and Rs for modified Chaplygin gas change into S1 and Rs for

H.s) be the intermediate states connecting

o1 =y — [p]p- _ Prls — Plul’
[plp1 Ps =PI
1 1.1 1
R U*—Ulz—\/[A(P*—Pl)—pa+pa](pl—p
Sl(plaulaHl) : ) ! * P > PI,
Ha Ap*+Apz———ﬁ
P 2p.
Hl Ap*+APl_7_ﬁ
= — + P s
pL 2p
(4.25)
and
53—u*+1/14+ aJrl,
) ur — G(py) :u*—G(p*),
R3(pr,u,, Hy) : H, 1 Pr > Pas (4.26)
— —Alnp, — ———
Pr (CY"‘ ]-)Pr
H, 1
= —Alnp, — —rT
* (a4 1)p%
where G(p) = a+1 \/Apa+1+a+\/>p E —a+1 VApjrllJra. As A — 0, using

p
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(4.25) and (4.26), we see that

[P} P
[Pl

lim o1 = u; —
AS0

Ps > Pl (4.27)

and

2\/5 _ a;rl

4.28
O (4.28)

— Ux T> * 9
a+1p u+a+ P P

H, 1 H. 1
(o + 1)pett

pr (a+1)p2tt p.

which indicates that S; for modified Chaplygin gas is converted into S; for the gen-
eralized Chaplygin gas, and similarly, Rs for modified Chaplygin gas is transformed
into R3 for the generalized Chaplygin gas. This concludes the demonstration of
Lemma 4.5, a visualization of which is provided in Figure 5. O

Case 3. (p,,u,, H,)e IL.

atl a1

Lemma 4.6. Assume that u;—p, * <u,+p, 2
A tends to zero, Ry and R3 for modified Chaplygin gas change into Ry and R3 for
the generalized Chaplygin gas, respectively.

and (pr, up, Hy)e II. Then, as

Proof. Consider (p*,~u*,H*1) and (p«, u«, Hyo) as the intermediate states that
connecting Ry, J and Rs, respectively. If (p,, u,, p,)e II, then

[e%

A+ pa-i-l’

l

§1=u —

us + G(ps) =w + G(p),

Ry (p1,w, Hy) : H,
P

—Alnp, —

H
= —Z—Alnpl—
2

1

(a+1)pett
1

(a+1)pp*t
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and
a
§3 = uy + \/m,
~ e = Glpy) = . — Gp.),
R3(p7’7u'r‘;Hr) . & . Alnp . 1 pT > p*, (430)
pr R
B Px (OZ + l)pf-H ’
where G(p) = a+1 Apotl 4+ o + \/ZpaTH) — a+1 v Ap::f—‘_a As A — 0, using

p
(4.29) and (4.30), we see that

(0%
lim L=u—,/—=

a+1?
A— pl

2 2/ _aft
f = U — f Py 2 ) P < P, (431)
a+1

H. 1 H, 1

Usx —

pe (ot )™ e (a1t

a
AILHES*U*+,/W7

2 _oi1 2
o+ \/a St \Fp* 7 Py > P, (4.32)
+1 a+1

H, 1 H, 1

and

pr (D)t pe (a1t

which suggests that R; for modified Chaplygin gas is transformed into R; for the
generalized Chaplygin gas, and similarly, Rs for modified Chaplygin gas is trans-
formed into R3 for the generalized Chaplygin gas. This concludes the demonstration
of Lemma 4.6, a visualization of which is provided in Figure 6. O

Case 4. (p;,u,, H,)e II1.

at+1

_af1 a1
Lemma 4.7. Assume that w; —p, > <u, +pr > and (pr,ur, Hy)e III. Then,
as A tends to zero, Ry and Ss for modified Chaplygin gas change into Ry and S3
for the generalized Chaplygin gas, respectively.
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Proof. Consider (p*Lu*,H*l) and (p«, u«, Hyo) as the intermediate states that
connecting Ry, J and Ss, respectively. If (p,, u,, H,)e III, then

a
glzul_MA"_Tﬂv
P

us + G(ps) = w + G(p),

Rl(pl,ul,Hl) : H, B Alnp B 1 Psx < PL, (433)
pe GRS
H 1
==l —Alnp, - T ot
P (a4 1)p;

2 VAptltao

where G(p) = % In(\/Ap*tl + a + \/ZpQTH) Tatl s and
p

[l pr _ Prlir = Pullx
[p]ps Pr — P
1 1.1 1

UT—U*:—\/[A(PT_P*)—pa—Fpa P P

03:’LL*+

S3(py, ur, Hy) : r < Px-
e ) H, Apr"‘AP*_%_% P P
Hro Py P8
Pr 2py
_ Ha +Apr+Ap*f$fé
Px 2p4 ’
(4.34)
As A — 0, using (4.33) and (4.34), we see that
«
1. frng — -
A S ==y ol
2ya =t 2V _eqt
.= R e , . < Pl 4.35
u Y 1p uy o 1pl P Pl ( )
H, 1 L H 1
pe (a+Dpt™ o (a+ DY
and
lim o3 = u, + [p]pr7
-0 [plps
1 1 1 1
Up — Us \/()(), Pr < Pus (4.36)
pe P P Pr
1 1 1 1
He pho He mtw
Pr 20, P 20«

which suggests that Ry for modified Chaplygin gas is transformed into R; for the
generalized Chaplygin gas, and similarly, S3 for modified Chaplygin gas is trans-
formed into S3 for the generalized Chaplygin gas. This concludes the demonstration
of Lemma 4.7, a visualization of which is provided in Figure 7. O
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/
e fp.,u. Hey)
) -
A— 0 / S
e
(ppu H)
o X (o] X
Figure 7

atl atl

Therefore, if the initial conditions meet the criterion w; —p, 2 <wu, +p, 2,
then the solution of the Riemann problem of (1.1), (1.2) and (1.4) asymptotically
approaches the corresponding Riemann solutions of the problem of (1.1), (1.2) and
(1.5) as A tends to zero.

To this point, we have completed the proof of Theorem 1.1. O]

5. Numerical simulation

In this section, we verify the correctness of our results in Section 5 in virtue of
numerical simulation.

Example 5.1. Given the initial data

;=08 w=0 H=1 p =1, up=-25 H.=2 A=8 a=05 (5.1

a+1 a+1

Under conditon u, + p» > < w; —p, * , the numerical simulations can be con-
ducted using the initial data given in (5.1) (see Figure 8).

Subsequently, we adjust the variable values to A = 0.001 and A = 0.0001 as in
(5.1). The corresponding numerical simulations are depicted in Figure 9 and Figure
10. From the numerical simulation results for a sufficiently small parameter A, it is
observed that the solution of the Riemann problem of (1.1), (1.2) and (1.4) tends
to converge to the delta shock wave solution of the Riemann problem of (1.1), (1.2)
and (1.5) as A tends to zero.

Example 5.2. Given the initial data

;=08 uw=0 H=1 p.=1, u,. =2, H. =3, A=8, a=0.5. (5.2)
_atl _atl
Under conditon u; —p, * < u,+ pr * , the numerical simulations can be con-
ducted using the initial data given in (5.2) (see Figure 11).

Subsequently, we adjust the variable values to A = 0.001 and A = 0.0001 as
in (5.2). The corresponding numerical simulations are depicted in Figure 12 and
Figure 13. From the numerical simulation results for a sufficiently small parameter
A, it is observed that the solution of the Riemann problem of (1.1), (1.2) and (1.4)
tends to converge to the corresponding Riemann solutions of the problem of (1.1),
(1.2) and (1.5) as A tends to zero.
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