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HIGH-ORDER NUMERICAL SCHEME AND
THEORETICAL ANALYSIS FOR NONLINEAR
TWO-DIMENSIONAL FRACTIONAL
VOLTERRA INTEGRAL EQUATIONS WITH
INITIAL VALUE SINGULARITY™*

Zigiang Wang', Xiao Wang? and Junying Cao®'

Abstract Various numerical methods have been proposed for solving one-
dimensional weakly singular Volterra integral equations (VIEs) with smooth
solutions. The main purpose of this paper is to propose and analyze a numeri-
cal method for the solution of two-dimensional nonlinear weakly singular VIEs
with non-smooth solutions by involving the transformation of variables and
modified Block-by-Block method. We rigorously prove that the new scheme
can achieve an order of O(r27® 4+ A¥™) for non-smooth solutions with step
size 75, \¢ for 0 < «, 8 < 1. Some numerical examples are conducted to sup-
port the theoretical results and demonstrate the effectiveness of the proposed
method.

Keywords Nonlinear Volterra integral equations, non-smooth solution, Block-
by-Block method, convergence analysis.
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1. Introduction

Volterra integral equations in one or more variables have a wide range of applications
in many fields of applied science and engineering [16]. In general, these equations
cannot be solved analytically and therefore require numerical solutions. Various
numerical methods have been presented for solving fractional differential and inte-
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gral equations, such as Block-by-Block [2,12,22], fractional collocation method [15],
Jacobi spectral tau-collocation method [17], spectral Galerkin methods [10], Sinc
collocation approximation [25], product integration approach [18], spline colloca-
tion [8], hybrid collocation method [4], reproducing kernel Hilbert space method [1],
separation Chebyshev collocation method [21], multi-domain hybrid spectral collo-
cation method [24], pseudo-spectral Galerkin method [13], and Multiquadric quasi-
interpolation method [23].

Since VIEs with weakly singular kernels typically have solutions which are non-
smooth near the initial point of the interval of integration in [19]. They constructed
highly accurate numerical schemes for the non-smooth solution of multi-term weakly
singular VIEs based on fractional-order approximation solutions in [20]. In [26], they
derived and analyzed an exponentially accurate Jacobi spectral-collocation method
for the numerical solution of nonlinear terminal value problems involving the Caputo
fractional derivative of rational-order o € (0,1) with non-smooth solutions. In
[14], they provided a rigorous analysis of exponential convergence of the Chebyshev
collocation method for third kind linear VIEs with non-smooth solutions. In [27],
they provided a rigorous analysis of exponential convergence of an adaptive spectral
collocation method for a general nonlinear system of rational-order fractional initial
value problems with non-smooth solutions.

Some recent studies provide numerical methods for the two-dimensional weakly
singular VIEs [5,6,11]. Nevertheless, there are few research results on the high-order
numerical scheme for the two-dimensional VIEs with non-smooth solutions. The
aim of this paper is to construct a uniform accuracy high-order numerical scheme
for solving nonlinear VIEs with non-smooth solution. In this paper we consider
two-dimensional nonlinear weakly singular VIEs with non-smooth solution:

Ty
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(1.1)
where o, € (0,1), f(-,-) and &(:,-,-,-,u(-,+)) are known functions defined on
D = [0,X] x [0,Y] and © = D? x R, respectively, u(z,y) is an unknown non-
smooth solution defined on D. Furthermore, assume that x(-,-, -, -, u(-,-)) satisfies
the Lipschitz condition with respect to the fifth variable:

‘H('a'a'a'aul('v‘))_H('a'a'a'au2('v'))| SL‘ul('W)_uQ("‘)L L>0. (12)

Inspired by the recent works of [12,22], the variable changes = = sa andy = te
are employed to solve (1.1) with a non-smooth solution in the form of 2%y® mul-
tiplying smooth functions. Based on the idea of [12,22], a new high-order numer-
ical scheme with uniform accuracy is proposed. The convergence of the numerical
scheme with the convergence order of O(731e 4 \? 5 is derived. Some numerical
experiments are conducted to validate the results for non-smooth solutions, which
are consistent with the theoretical analysis conclusion.

This contribution aims to use suitable smoothing change of variables and modi-
fied Block-by-Block method to efficiently obtain high-order numerical scheme with
uniform accuracy for the two-dimensional VIEs with weakly singular kernels. The
main advantage of the high-order numerical scheme lies in its ability to provide
the numerical solutions of two-dimensional VIEs with weakly singular kernels with
uniform accuracy. This method proves to be an effective way of obtaining numer-
ical solutions by explicit calculation except for the coupled solution near the two
boundary layers.
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The structure of this paper is organized as follows. In Section 2, we present
Wang-Liu-Cao’s scheme for VIEs with smooth solutions. In Section 3, we propose a
high-order numerical scheme for nonlinear two-dimensional VIEs with non-smooth
solution. The analysis of the truncation error estimation is discussed in Section 4.
The results of the convergence analysis are presented in Section 5. In Section 6,
numerical examples with non-smoothness are provided to verify the accuracy and
effectiveness of the proposed method. Finally, concluding remarks are included in
Section 7.

2. Wang-Liu-Cao’s high-order scheme and its con-
vergence results

Consider [22], which was used the piecewise biquadratic Lagrange interpolation for-
mula to solve the two-dimensional nonlinear VIEs with weakly singular kernel (1.1),
and assume that equation (1.1) has a smooth solution u(z, y), and k(z, y, s, , u(s,))
satisfies the Lipschitz condition (1.2).

2.1. The existed Wang-Liu-Cao’s high-order scheme for
smooth solution

The existed Wang-Liu-Cao’s high-order scheme for the equation (1.1) with smooth
solution can be rewritten in the following form:

Wiy 51

2 2
a BE E 0¥ AU 2 B
fil;jl + hZL’hI/ ®; q>j Kiy ot J1 = 1,2
i=0 j—0

71 2
Fovain +HSRS DD CRRI LT iy = 2m 4 1 2m o+ 20 = 1,2,

41,417
i=0 j=0

2 J1
Firgr A REREDS TS TOUNI KT iy = 1,251 =204 1,2n + 2,

i1,J1°
i=0 j=0
i1 J1 o
Firgn FRSRED TN CABRI KT iy =2m 4 1,2m 4 23 j) = 204+ 1,20+ 2,
i=0 j=0
(2.1)
where ’12’1],]‘1 = ’{(‘Tiuyjuxi,yjaui,j)axi = ihib7 i = ]hyvhm = %le = %7 1 <

m< M-1,1<n<N-1, @21@)?17'{21 and Ngl can be defined through the
following formulas,
O} = B;,®} = B;,®} = D;,®? = D;,i,j = 0,1,2,
T2t = B i =0,1,...,2m + 1, Y72 = B™ i =0,1,...,2m + 2,
2n+1 _ pyn . 2n+2 n ;o
Nj” —Dj,]—O,l,...,2n+l,Nj” =D7,j=0,1,...,2n +2,

i,0 0,0 0,0 1,0 0.1
roow o5 Ay smo_ Y2m41l mm . Yom+l + Aot
i ho i_hTal_oala27B0 - ho 7B1 - ho )
xT xT T xr
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where ¢y ;(s), ¢x,;(t), k = 0,1,2 are defined as Lagrange basis function of z;, z;41,
ZTit2 and Yj, Yj+1,Yj+2, respectively.

In [22], Wang, Liu and Cao obtained the convergence results for (2.1) with
smooth solution.

Theorem 2.1. Letu and u; ; be the exact solution and numerical solution of equa-
tion (1.1), respectively. If (-, -, -, u(-,-)) € C*(D x D x R) and satisfies (1.2), and
the step sizes hg, hy meet the following requirements
thh5|B£nm+2||Dgn+2| < 17 2thh§|B£nm+2| < 17
ds

2LhGRS| DY, o] <1, CLhOfF <1,

then the below error estimate holds, namely:
|u(xi7yj)7ui,j| gc(hiJra h3+5) 270 1 2M7]:031332N7

where C' is a positive constant independent of hy, hy.
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2.2. Existence properties of non-smooth solution for VIEs

Generally speaking, the solution has the initial singularity. In [3,7], they provided
the properties of non-smooth solution of (1.1) in one-dimensional condition.

Lemma 2.1. Suppose that f is sufficiently smooth, Then there exists a function
Y € CHO,T] and some ci,ca,...,c; € R, such that the solution of (1) in one-
dimensional condition can be expressed in the form

J
)+t
j=1
where J 1= [1/a] — 1.
It is easy to check that

| d*u(t)
dtk

|<CA+t*%), k=1,234. (2.2)

3. A uniform accuracy high-order scheme for two
dimensional VIEs with non-smooth solution

. . i 2 .
Based on the variable transformation z = s, y =¢t3 ,2 22 > 4 one can obtain

o' B
that:
1 2 71 b2 1 S% t% 71 1
u(s¥ %) = £ F) e s [ [ e
D(e)I'(B) Jo 0
x (tF — NP lk(sa,t 7,7\ u(r, \))dAdr. (3.1)

We continue variable substitution 7 = £, \ = 17%2 on (3.1) and obtain,

a2 1 T 1 M1
—f(sE R / (s% — g%y
0

L'(a)T(B) Jo
x (tF —nE) (w4 F e (Ei,n%))%ﬁ%_l%n%’ldndf- (3.2)

Let v(s,t) = u(s%,t%), then the equation (3.2) can be written as:

’U(S,t) = f(s%’t%z) (a—i_zl’)ﬁﬁ—‘r / / S“ 7€’Y1 a— lgﬂfl
2

) (tF — )Py F (s ¢ ¢ T u(E, n))dnde. (3.3)

Similar to Lemma 2.1, we assume that the solution of equation (3.3) has the
following form by using the change of variables,

J1 Ja
71

v(s,t):u(s?,s%)zw (s tsﬁ —1—2ch st F (3.4)

=1 j=1
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where J; = [1/a] — 1,2 = [1/5] — 1.
It is easy to see that

AICER D,
| dskot!
Divide the interval D = [0, X] x [0,Y] into 2M x 2N parts, the interval [0, X%}
8
into 2M parts and [0,Y 2] into 2N parts for positive M and N. The step sizes
8

|<C(1+sa*FY,  fork,l=1,23,4. (3.5)

are T, = X“ and A, = X2, Let s; = imy,i € {0,1,2,...,2M}, t; = jA,j €
Y1 b2 71 ’Y

f,tjﬁ)and"i,j(f%aﬁ%,v(é,n))z ( a tB)g

{Oa 17 27 DR 2N}’fl,] = f(sia
v(&,n)). The numerical solution of the equation (3.3) at (sl,tj) is denoted as

Y1 22
v j, where vio = f(s;*,0) and vo; = f(0,¢;” ). Let w;x(§) and ¢;4(n), 4,5 =
0,1,2 be the quadratic interpolation basis polynomials at points sg, Sg41, Sk+2 and
tqr tqt1, tgr2, Tespectively.
We first estimate the value of v(sy,t1) at the point (s1,¢1), which has the fol-
lowing form:

’U(Sl,tl)

un = Y172 / /tl n 1.1
= @ tB a Ot <
f(sl » Y1 ) (OL+1 /8+1 g
2
< (7 =) (s 6 o€ m))dndg
t1
7172 71 1 72 22 B—1 2
zfl,l"' / / a f —77‘* 778
( (B+1) s )

v

XZZSDH) (&)dj0(mr11(s 'aatf v;,5)dnd§

=0 j=0
71 22
ff11+ZZAZ °B %k (s;% t) vig), (3.6)
1=0 j=0
where

. 1

A0 = sp —Ea)eTlea Ty, o (6)dg, i=0,1,2 3.7
1 O[+1/0 g @70(5) 57 ? y Ly 4y ( )
3.0 _ " 1,51

BIY _ BV, Ry, d 1 =20,1,2. .

1 ,6’+1 /0 n ne " dj0(mdn,  j=0,1, (3.8)

Similarly, v(s1,t2),v(s2,t1), and v(sa,t2) are defined as

"2
v(s1,t2) f12+ZZA’°BJ%12 63, 7 vig), (3.9)
= 0] 0
"2
(527 f2 +ZZA103]OK2P alajﬁ7vi,j)’p:1>27 (3-10)
=0 j=0

where

to 2
;. Yo 22 Y251 d2_ .
By’ = ¢ )/ (ts =n?) "7 gjolmdn, §=0,1,2,  (3.11)
0
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; 52 m 1 o1
AZ’OZL/ s — e )omlew Ty, d¢, 1=0,1,2. 3.12
= L e (e (3.12)
We further estimate v(sam4i,,tp,),m =1,2,..., M—1and v(s;,, tontp, ), l1,p1 =
1,2;n =1,2,...,N — 1. Assuming v;,,,% < 2m and vy, j,j < 2n are known. For

v(S2m+1,t1), we have

v(S2m+1,t1)

’71’72 Samtt 7
= fomt1,1 + Tla+ )G+ 1) A 52m+1 )a et

2

X (t7 =0 )P g1 (€ 0 u(E, n))dnde

’71’72 71 1L
~ fam+1,1 + o+ ﬂ+1 A/ 32m+1 «)lea

1 J2
X (tlﬁ =" ﬁ -t Z Z Pi, 0 (b], 52m+1 1( ;& 7t'ﬁ vu])dndf

1=0 j=0

T IR ZZZ/ [ G -etrmed

=11i=0 j=0 $2k—1

a2 ) 71 22

a2 _ J2
x (t —77" )? 177‘* Y010k 1(€)B5.0(M)K2m111 (S5 1150 t) » Vak—1145)dndE

71 J2
= fam+1,1 + Z ZA;%HB Kam+1, 1( i ,tf 7'Ui,j)
1=0 j=0
m 2 » e
+ Z ZZA%%HB Kom+1,1(Sg5,_ 1+irt; P Vak—14i)s (3.13)
k=11i=0 5=0

where the definition of BJ* is given in equation (3.8), and

U N a-lge -l ¢, i=0,1,2 14
2m+1 — F(a ¥ 1) 0 (52m+1 75 ) g @l,O(g) fa 1= 0’ s 4y (3 )
ik gal SEL m N a1

A =y [ G~ € @ (3.15)

1=0,1,2k=1,....,m

We can use the following approximations to estimate v(s2m42,t1) and v(Som4i,
t2); ll = 17 23

b1 22
v(S2m1,t2) = f2m+12+ZZA2m+1B Kam41,2(8 ‘*,tjﬂ,vivj)
1=0 5=0
m 2 2 N " -
20D A1 B Ramir 251t vamosig), (316)
k=1 1i=0 5=0

2
v(s2m+2,t1) & famio,1 + Z Z Z A 3BT Ko, 1(82k+2, t7 vak+ig), (3.17)
=0 1=0 57=0
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m

2 2
1 22
v(Sam+2,t2) & fomyo,2 + Z Z A;,IZHB Kom+2,2 (85540t > V2kti ), (3.18)
k=0 1=0 j=0

where B2 is defined in equation (3.11), B?"* is in equation (3.8), AZZ&H and Ag’:fLH
are respectively defined in equations (3.14) and (3.15), and the definition of A%* 42

is as follows:

ik ot stz m o
A2m+2 :m /S% (52m+2 *f ) 15 * 801 2k(§)df7 (3~19)

i=0,1,2k=0,1,....,m

Next, we estimate v(sy,,t2n1p,),l1,p1 = 1,2. Using the same method, and
directly obtain

t2n+1 y

=

T \

7172 a—1
t =
v(s1,tant1) = fi2ns1 + a1 5+1 / )eled

2

(t2n+1 - 77 #* )B n® "k 2n+1(§ &0t u(E,n))dnde

1,0 n %
~ fl 2n+1 + E E A B2n+1"€1 2ﬂ+1( 2 atj 7vi,j)
=0 j=0

n 2 2
X i ?1 a2
+ Z Z Z Aj B%r?+1“1,2n+1(5i t Z 1+ Vi,2q— 145), (3.20)

g=1i=0 j=0

Y172 32/t2”+1 M\g1p00 1
v(s2, tan = n+1 + 5y —E&@ o
(52, t2n41) = fa.2ni1 F(a+1)F(B+1)/O 0 (557 —€=)"¢
2

2 22 i 22
X (topyr =17 )P 177 5k 2n+1(€71, 5 v(€,n))dndE
2 2

2
2,0 o B
Nf22n+1+§ E A an+1/€22n+1( at]‘ﬂavi,j)
=0 j=0

0 T F
+ZZZAZ B 1Ko on 41 (8,7 s by 14 55 Vi2g-145)s (3.21)
q=1 =0 j=0

_ Y172 “ a-1g3t-1
U(817t2n+2)_f1,2n+2+r(a 1)F(5+1)/0 / (51 f ) §e

ton
0
Ex 7 u(E,n))dnde

oR

Q\j

-1

22 Y2
X (tzi-s-z —-nF )ﬂ 177 BT R anta(

b2

71 t2
~ flont+2 + Z Z Z Ay OB%n-s-Q"ﬂ 2n+2( “ 2+gavl 2q+J) (3-22)
q=0 =0 5=0

t2n+2
71’72
’0(527t2n+2) = f2,2n+2 + ( ﬁ + 1 / /

X (t27n+2 - 777)5_177771@ 2n+2(§7777771)(f, n))dnd§

Q\j

Tyl

Y1 2

2,0 o B
~ f2 2n+-2 + Z Z Z A B2n+2"€2 2n+2( t2/2+j7 'Ui,2q+j)7 (323)

q=0 =0 5=0
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where Ai’o and Aé’o are defined in equations (3.7) and (3.12), respectively, and
B%;?_H, Byl 1, and Byl , are as follows:

t1 2
s 72 5 2.1 22_7 .
B%n-{-l (/8 + 1) /0 (t2€'7,+1 -1 B ),8 n B ¢J,0(77)d777 J = 07 1) 27 (324)
t2g+1 72
. Y2 = 22581 22_1
B = / ty o —n7 )P E 0, 1 (n)dn, 3.25
2n+1 T(B+1) . (2 +1 7 ) n 7,29 1(n)dn ( )
j:O71’2;q:172?"'7n7
t2g+2 7
j _ 2 B 2.1 D2_7
Bl = gy [, (e =R ot (3.26)

j:O7172;q:O71,2,...,TL
NeXt, we apprOXimate ’U(Si, tj) for ,L’] > 2. Assume Vi js Vi 2n+q) V2m4p,j, Py 4 =
1,2,0<i<2m,0<j<2n,1<m<M-—1,1<n<N—1are known, and then
further construct the approximation for v(sgm+p,tontq),0,q¢ = 1,2 as follows. For
v(S2m+1, tan+1), we have

V(S2m41, tant1)
’Yl’Y2 RN
= fom+1,2n+1 + Tat+ UI(B+ 1) / / 52m+1 )a et
0
2
X (t2i+1 —n7 Py 177 5 o, 2n+1(57,ﬁ770(f777))d77d§

f2at1 oy 1 ol ol
led—1 2Z\B-1
"'E //t (Soma1 — &) & (t2n+1 n7)”
2g—1

X 7777 Kom41, 2n+1(€717777 v(&,m))dnd§

2k+1 oty Lo
/2 / 82m+1 )a §e

B 72 Y2
x<tfn+1—nﬁ>" 0 omiron1 (6,07, 0(€, n))dndé

S2k41 t2q+1 i o 5
e 1
+ Z / / (Sgmpp1 — &) €™

k=1g=1"52k—1 Jl2g-1

R 22 2
X (t2€7,+1 -nF )ﬁ 177 A Rzm+1,2n+1(§ a7, v(&,n))dndE]
=fom+12n41 + E1 + Eo + E3 + Ey, (3.27)

where Fj is the integral over the subdomain [0, s1] x [0, ¢1], which can be calculated
using the following biquadratic Lagrange interpolation,

Y172 1 -
b= (a—i—l (B+1) / / 52"”1 )i 1(t2 )R
122
X ZZ%,O(O%,O( Mkom+1,2n+1(5° 5t vi)dnd§
i=0 j=0

2 2 o

0 nF
= Z ZAzzmH 2n+1f€2m+1 2n+1( atjﬁ 7%‘,3‘), (3.28)

1=0 j=0
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where A%Y 41 18 as shown in equation (3.14), and Bér?ﬂ is defined in equation (3.24).
For Eg, we have

t2q+1 Rt

Y12 o leg—1 Fypt
E (S5mgr =€) & ﬂ
H = (a m 1) 6 n 1 / /tzq ) 2m—+1 E ) E ( 2n+1 -1 )
X 77727 K2m+1 2n+1(§ “un # ,v(€,m))dnd€
n 2 'Yl "12
~ Z Z Z A1 Bo 1 am 2n 1 (557 3 o1, Vi2g-145) (3:29)
q=11:=0j

where A2m+1 is as shown in equation (3.14), and anﬂ is defined in equation (3.25).
For E3, we have

Y172 5%“/ 1., R 32051
E = 8 o @ tﬁ - B [3
TG / B e (I
22 1
xXne fi2m+1 2n+1(§” a77’3 v(§,m))dnd§
m 2
Ak Font) y 3.30
ZZZ 2m+1 2n+1“2m+1 2n+1 (855, Lirt] s V2k—1+4i5); (3.30)
k=11:=0j

where A2m+1 is as shown in equation (3.15), and Bg;?H is defined in equation (3.24).
The same approach is applied to compute E4, and its form is as follows:

7172 S%_H/bq+1 n le—1
Ey= / (S5pgr — &)™
F(a 5 + 1 ; q=1 S2k—1 2q 1 mett
kil #8-1 T F
X (t2n+1 - 77 F ) n [3 ﬁ2m+1,2n+1(€ “,nP 7U(§a77))d77d£ (331)

535 35 99 DY NI RPN

k=1 q=1 i=0 j=0
1 ‘YBZ
X (82k 1+z7t2q 1+37U2k 1+14,2q— 1+3)

where Agflﬂ is as shown in equation (3.15), and Béfﬂ is defined in equation (3.25).
Substituting equations (3.28)-(3.31) into equation (3.27), we obtain

02m+1,2n+1
2 2 o A
=famir2ani1+ Y Y Ap 1 Bo Fami1ant1(s® 1 L vi )
=0 j=0
0 ’72
7
+§ E E A2m+l 2n+1"f2m+1 2n+1( t2q 1450 Vi,2q— 1+])
q=11i= 0] 0
1 72
+ZZZA2m+1 2n+1f€2m+12n+1(52k 1rirty s v2k—1+4i5) (3.32)
k=1 1t=0 5=0

m n 2

ik
+ Z Z Z Z A2m+1 2n+1’i2m+1 2n+1(52k 1447 tzq 1457 V2k—1+4i,2q— 1+])

k=1q=1 i=0 j=0
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Similar to v(s2m+1,tan+1), we compute the approximation for v(som+2,tant1)-
The integral region is divided into segments, and piecewise biquadratic interpolation
is used for approximation. Therefore, the approximation for v(Samm42,t2n+1) can be
given by the following expression

v(S2m+2, tant1)

Sam+2  ptont1l 4
V172 1 M1
=fom+2,2n+1 + NCESHAGES) / / (Soppo — &)

1

X & (t2n+1 77 # )71 - 52m+2 2n+1(§ 1 # ,v(€,m))dnd§

Y1 a2

~ B
A fom+2,2n+1 + g E g A2m+2 2n+1f€2m+2 2n+1(52k+17 ty s V2kti )
k=0 1=0 5=0

2

m n 2 "
i,k
+ E E E E Agy 0B 2n+1/€2m+2 2n+1(32k+1’t2q 145> V2k+i,2q— 145), (3.33)
k=0 g=1 ¢=0 j=0

where A2m+2, Bg;?ﬂ, and B%;fH are defined in equations (3.15), (3.24), and (3.25),
respectively.

The approximations for v(Sam+1,tant2) and v(Sami2,tant2) can be similarly
given as follows

v(82m+1, tant2)
Som+1  ptant2
_ Y172 T Y. T P
=fom+1,2n+2 + NCERNCES)) / / (81 — &) ¢

(
22 ve i A
X (topsa — 1 ¢ )7 2 YKama1, 2n+2(§ o) ¥ ,0(€,n))dndg

'v1 72

B
2 2
~ 2,0
Nf2m+1,2n+2 + g E A2m+1B2n+2//\32m+1 2n+2( t2q+]7 U; 2q+j)

’YQ

ZZZ A2m+l 2n+2“2m+1 2n+2(32k 1+17t2q+JaU2k 1+i,2¢+5):  (3-34)

v(S2m+2, t2n+2)

7172 S2mt2  flont2 4y T
:f2m+2727l+2 + F(a ﬂ n 1 / 52m+2 6 @ )Oé 15 @

a2

X (b 4o — n ) # 1f€2m+2 2n+2(f717777’v(§, n))dnd§ (3.35)

ﬁ

1
Nf2m+2 2n+2 + § § § E A2m+232n+252m+2 2n+2(32k+17 t2q+J7 V2k+1, 2q+j)
k=0 q=0 i=0 j=0

where A2m+1, A;:fH_l, B;n+2, and A2m+2 are defined in equations (3.14), (3.15),
(3.26), and (3.19), respectively.

Finally, the high-order numerical scheme for equation (1.1) can be rewritten in
the following form, for p1,q1 = 1,2,

21 a2
4,0 4,0 3 B L.
Upi,q1 = fp17q1+§ E Ay By D hprar (8 it 1 Vi)
=0 j=0
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a2

71
E § 3 B
U2m+1,q1 f2m+1 q1 + A2m+1Bq1 /‘32m+1,q1 (5 atj 7Ui,j)

=0 j=0
m 2 2
71 72
"‘E E E A2m+1Bq1 “2m+1,q1(52k 1400t s U2k —144,5)
k=1 i=0 j=0
m 2 2 - ?2
Vamt 2. = famizg + DD AL 0B Kot g, (S5 st Vaktiyg)s
k=0 i=0 j=0
2 2
i,0 17,0 71 TQ
Upr2ni1 = fponi1 + O O AWBL) K onga (st vi)
i=0 j=0
n 2 2 0 71 "f2
2,
+§ E § :A B2n+1’$p1,2n+1( t2q 1450 Vi,2q— 145)s
q=1i=0 j=0
n 2 2
7,0 %1 72
vp1,2n+2:fp1,2n+2+§ E E A B2n+2"9p172n+2( t2q+ja”i72q+j)»
q=0 i=0 j=0
2 u oz
Vami1,2n41 = famt1 2n+1+§ E Ao B Ko anta (st L vig) (3.36)
1=0 j=0
n 2 2 " 72
"‘E E E A2m+1 2n+1"f2m+12n+1( i tq 145> Vi, 2q— 1+J)
g=1 =0 j=0
m 2 2 " ?2
‘|‘§ A2m+1 2n+1’f2m+1 2n+1 (8o} _ 140t s U2k —1+4,5)
k=1 =0 5=0
m n 2 2
3,q
+ E E 2m+1 Bit1K2m+1,2n41
k=1q=11i=0 ]:0
1
X (S 1+27t2q 1+;vv2k 144,2q—145)
1 22

Voam+1,2n42 = fom+1,2n42+ E E E A2m+1 2n+2k2m+1 on+2(8;
q=0 i=0 j=0

7,9
+ Z Z Z Z A2m+1 Int2R2m+1,2n+2

k=1 q=0 ¢=0 5=0

B . )
stagts Vi2q+5)

a3
X (52(12—1+¢v t2q+j7 7}2k71+i 2g+7)5

m
71

V2m+2,2n+1 = fom+2,2n4+1+ E E E A2m+2 2n+1:‘<2m+2 2n+1(Sof 40t
k=0 i=0 j=0

759
+ Z Z Z Z A2m+2 2n+1M2m+2,2n+1

k=0 q=1 i=0 j=0

TQ
s V2kti g )

o 22
m e
X (32(124_1;; t2q—1+j7 7}2k+i,2q71+j)7

Vom+2,2n42 = fom+2,2n+2
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71 ’YZ
+ Z Z Z E A2m+2 271—&-2/{27”-&-2 2n+2 (S2k:+z’ t2q+g y V2k+i, 2q+])

k=0 q=0 ¢=0 5=0

4. Truncation errors analysis

In this section, we will analyze the truncation error for (3.36). Let r;; be the
truncation error at the point (s;, tj) as

Tig = ’U(Si,t]‘) — f}i,j, (41)

where ¢, ; is an approximation of v(s;,t;), and replace v; ; with v(s;, ;) in (3.36),
such as

Dom—+1,2n+1
2 2 .

2
2,0 B
= fom+1 2n+1+E E A2m+1 2n+1”2m+1 2n+1( a’tj 7U(Siatj))
=0 5=0

+

2,0 B
A2m+132n+1’€2m+1 2n+1( ,th,HJ, (Sz,tgq 1+]))

=]
Il
=

ot
- 11
1

m
ik 71 '772
+ E A2m+1an+1H/2m+1 2n+1(52k 1+17t (82/@—1+iatj)) (42)
k=1i=0 j=0
m n 2 2 N " .%2
Z
+ g g E A2m+1 2n+1K/2m+1 2n+1(52k 1+27t2q 1+5° Y (52k*1+i,t2qfl+j))’
k=1qg=1 i=0 j=0

fori=2m+1,j =2n+1.
3
For ease of notation, let ng;f = 93k. Based on the idea of [22], we can obtain
that r; ; satisfies the following Lemma.

Lemma 4.1. If (-, -, -, -, u(-,+)) € C*(D x D x R), then it holds that
i gl < CETe + A7),
where C' is a positive constant and independent of 75 and .

Proof. For 7,11 2n+1, using (3.32), (4.1) and (4.2), it is obvious that

T2m+1,2n+1

= 0(S2m+1,t2nt+1) — V2m+1,2n+1

7172 Mg z 22
T T+ 1B +1) / / S2m+1 ER )R Mgl —nP)P I E
Y Y2
X [K2m+1 2n+1(§71a77 s 7’0(5777))
7o 22
- ZZ<Pi,0(5)¢j,0(77)/€2m+1,2n+1(Si" o7 u(si,ty))]ldndg

i=0 j=0

t2g+1 4 5 72
N\g—1p02L1/,,8 22 B—1 22 q
+E / / (o1 =€) & (g —n 7 )07
tag—1
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2 2
X [52m+1,2n+1(§%5n%71j(§7 n) — Z Z ©i,0(§)j,29-1(n)

i=0 j=0

2
=

v 22
XH2m+1 2n1(8;% s tog 14> V(8is tag—144)]dnd§

S2k+1 pl1 4y Y2
a—1ps 16 2\g-1, 221
/ / (Sommt1 — ) oty —m 7)) n?
S2k—1

2 2
21 22
X [Kami1,2041(€% 07, 0(Em) = DD @iak-1(€)dj0(n)
i=0 j=0
71 F2
X I€2m+1 2nt1(8g5 1400 t; > V(S2k—14i,t5))]dndE

Sak+1 fl2g+1 4 L
- a—1 ’Ll,l 22 B—1 22 q
+ E / / (Sopp1 — &) & (t2n+1 nE) T
Sak—1 J1

k=1q=1 2¢—-1

2 2
X [K2m+1,2n+1(§% s 77%2 , U(Ea 77)) Z Z <Pi,2k71(§)¢j72qfl(77)

i=0 j=0

Y1 "/2
— Kam+1,2n41 (555 _ 1+1,t2q 14500 (Szk—1+i,t2q—1+j))}d77df}

_ Y172
MNa+1)I'(B+1)

t1 71 v v 2 2 a o v
/ / (Somp1 — &) N 1(t2€1+1 —n# )y T T Rydnd¢

f2at1 N1, Y2089 T2
+ Z/ /t (Sgmgr — €)1 Htgnyy — )P0 T  Rodnde
2q—1

S2k+1 n Mg 1.01_ 1,2 Yo g 1 d2_
+ Z/ / (32%-5-1 =) 15 o 1(t2€L+1 -n7 )5 177 P 1R3dnd£
s2x—1 Y0

S2k+1 pl2g+1 4 " L Y2 Yo g i
+Z / / (Somg1 — &) N (t2€1+1_77ﬂ)’6 @ 1R4d77d§}

qulszkl tag—1

= ZT;?@-H,QTL-H- (4.3)
i=0

Using the Taylor’s formula, the approximation of the function Kgy,41,2n41 coI-
responding to the integral interval [0, s1] x [0,¢1] can be obtained as

2
Ry = 18 K2m+1 2n+1(97(5)777%2a”(91(5)777))H(g_Si)
. pi0(6) ¢ e, 2
+ 2 %gl O Kam1,2n41(s 775113 (n), v(si,e1(n))) 1_[0(77 =),
1= =

where (01(€),e1(n)) € [0, s1] x [0, £1].
For (§,m) € [0, s1] X [t2g—1,t2q+1] , there exists (02(£),e4(n)) € [0,51] X [t2g—1,
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tog+1) to satisfy that
1 il 2
Ry = 3,33H2m+1 2n+1(05" (§):n 7, v(02(£),m)) H(f - 5;)

DI

=

2
7
%0 5’/€2m+12n+1( eq (), v(si,eq(n H —tog_144)

o::‘,_.

Similarly, for all (§,7) € [s2g—1,Sak+1] X [0,t1], there exists (0x(£),e2(n)) €
[s2k—1, S2k+1] X [0, t1] such that

2

1 n
Ry = 2107 Kam 41,2041 (0,7 (€)1, v(0k(€), 1)) 11— sar-112)
1=0
2 1 1 b2 2
+> 5%%4(5)5?H2m+1,2n+1(52‘2_1+w gy (n),v(S2k—144,€2(n))) Ho(n—
=0 s

Additionally, for all (§,7) € [sar—1,S2k+1] X [tag—1,t24+1], there exists (O, (£),
£q2(n)) € [S2k—1, S2k+1] X [t2g—1,t2g+1] such that

2
1 el 2
Ry = 3|86 Kom+1, 2"+1(9 (£)sn7 ,v(0k, (§):m)) H(f — S2k—1+4i)
i=0
2
1 Y1 “/2
+ Z 3] Pi2k— 1(E)0} Kom1,2n41 (555144 €da ()5 V(8261415 €45 (1))
=0

H —t2g-145)

For 7“;7)1 12041 & direct computation shows that

1
|7’5n)1+1 2n+1|

Y172 1,2 vy o
(a+1 B+1) |/ / 82’”“ )R Mty —n )P
2
<t as Famr2nea (077 (€)1 7 0(81(€),m) [T (€ — s:)dnde]
i=0
7172 1., 2 veoa 1 v
(Oé+1 (B+1) |/ / Stiner = €5 )R Uty —n )P E
2
%:(J))'(g) a3mm+1 on+1(s ?’617 (m),v(si,e1(n))) H(n — t;-)dndf’
=0 i
=R{" + RY. (4.4)

For Rgl) and R§2) of (4.4), by using integral mean value theorem and mono-
tonicity of function, we have

1 C’YWQTS
r{M <

u_3
STarnrernc o )
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o o Uya-1,8-1,,F 2\g-1, 21
x A (Sgmy1 — &) 8 " (tapy —mF )T dndé

Cy1y2Tihe no3
5 1+ s
ST+t )
1 1 — Y1 —1
X (Sgpi1 — 51%) Lsr (t2n+1 _t1 )B 1t ) (4.5)
C A3 2_3
R§2) Y1727 (1 + tlﬁ )

" Ta+1I(B+1)

/ / S2m+1 Wl )T e 1(t2n+1 -n # ) a U%_ldﬁdf

Cy172\i 7 R B Lo 2
S Tlat+ )3+ 1)(1 +t1 )(52m+1 s )T st (tapgn — 1 )P
(4.6)
We substitute (4.5) and (4.6) back into (4.4) to obtain r§2+172n+1,
4
(1) < Cy1y275 e 1 -3
I79m 41 2n01] < T(a+ DI+ 1)( +s° )
n n Mg 2 2o
X (Sgmp1 — 817 )% ls (tQLj’L—‘rl — 7))
0'71'72)%7—5 (1 -l—t%z_S)
Pla+1)I(B+1) !
1 1 71 —1
X (Sgmyr — 517 ) le (t2n+1 - t1 )B ) # . (4.7)
Similar to Té}%HQnH, for T§37)1+1,2n+17 it is easily seen that
2
|T§7Y)L+1,2n+l|
n s1 ptag4l
7172 /1/ ( o a—1g2 1
Som _f ) f
D(a+1)0(B +1) ;' 0 Jroga T
2z Y281 d2_ it T2
X (tgmir =17 )P a Kam 1,041 (05 (€)1, v(82(£),m))
2
x [1(€ = si)dnde]
i=0
t2q+1
Y172 / / ’Ll I\ g—1 620 2.5-1
+ (s — €2 )07 Mty — P
(a+1 FTD Z L (s =€) Uiz — 1)
2
ETR
xnd ! %;,(f) 0 Kamt1,2n41(s; g v€q (m)sv(siseq(n H — tag—14;)dndg|
i=0 j=0
=r{Y + R, (4.8)

For Rél) in (4.8), by using integral mean value theorem and monotonicity of
function, one can obtain

3 t2g+1
M < CmeTs 13 Noyqo1emo
R F(Oz T 1)F(6 +1 1 + 51 E | / / 82m+1 - 5 ) 5

tag—1
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b2

2 Y2041 22_
X (topgr =17 )"~ 7 ~Hdnde|
Cyiyard n_5  m o Mg
5 1+ s 5% — 5, )
—= F(OZ+1)F(6+1)( 1 )( 2m—+1 1 )
- Y2051 J2_
XZ/ (t2[;L+1_77ﬁ)’6 nE
q=1"71t2q-1

071727'54
" Ta+1DI(B+1)

tan+1 o
o L n_ 12 72 72
a—1 7 251 22
X (Sgpe1 — 817 ) sy / (tans1 — 7 )" 7 dn
t1

(1457 )

Cyrs n_3 . 0m nooom_ g a2 72
T Ta+ 1B +1) S [ D e T (S D )

For Ré2)7 using the triangle inequality, yields

2 - _ 7mive b0 Ll Uig-1p.2 12 2.8-1
Ry” = I'(a+1)I(B+1) Z | (Sgmi1 — &) (t2n+1 ne)

tog—1

J2 1,0(§ 2+ R
xXmne 1 Pi, 0( )[at H2m+172n+1(3ia 76(113 (77)71}(81"5‘1(77)))

oy
a R2m+1, 2n+1( - t2q7 S“tgq H t2q 145 d77d§|

7=0

tag+1 1 -

__ Mi7v2 g1 22.8-1

+r(a+11)F2&5+1)Z //t (Sgpmr — €) 1€+ (t2n+1 n)?
2

122
X1 12 $i,0 5)83@1”4_1 ont1(8; tf} (84, t2q) H —tag—1+5)dnds |
§=0

= A, + As. (4.10)

For Ay, by using integral mean value theorem and monotonicity of function, one
get

1 1

t2q+1 o
a—1gX 1,5 2.1, 221
Alfr(a-ﬁ-l)lj(ﬁ-i-l)z/ /152 ) (951 =€) Tty —n P )Py 7
q—
2

2
$i,0 f) %1 s 22
X Z 13!( X COfkomy1ont1(s;, (e5) 7 v(si,ep) H n—tag—14;)|dnd¢
i=0 i=0
'Y2
07172(1+t2n+1 At Y7 0(5) n Mo\q—1 01
S TT(ar DD, |Z 3 (S — €)1 THde
i=0
n togt1 2 de 4 e 2
X Z/ (tary =02 ) = T ][ (0 — tg—145)|dn
q=1"7%2q4-1 j=0
’72
07172(1+t2n+1 JAeTs 1 Uy B
> T(a+1)I(B+1) (Sommt1 — $17) 51
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n t2q+1 22 2 2 2
21 221
S0 [ e = L0t
g=1"%2a—1 §=0
X2 4
Cviva(Itty, ) JAiTe 2 Lia-1 L-
= T(a+ 1) (B+1) (Somg1 — $17 )% sy
ton+1 g - .
Y2.8-1 221
></ (t2€L+1_775)ﬂ 'n® ~ldn
ty
F4 4
Cyr1(+ty g )N 7s , 11 N, o1, 2 22
= T T(atDI(B+1) (32m+1_31 ) sy (tQL?rH—l_tlﬁ )ﬁ- (4.11)

We subdivide As into Ay and Ags: As; when 1 < g < n— 1, and Ass when
q=n.
For Aoy, 1 < ¢ <n— 1, we have the following estimate:

An
15 puole)]
©i0(§
Cyive %3 [T S 3 M1, 1
= F(a+1)I(B+1) (I +t5,41) . - 31 (Somg1 — &) & dE
n—-l l2g+1 2 Yo o 2
5 2\5-1, 221
D A AL L | (TR
q=1"t2a-1 3=0

~2

n—1
Cyiy27s Fosy H aya-lg el 7 B\B-17% -1
< Qp(a+i)1z(3+1) (14t ) (Sgpmyr — 517 )% Lsy E | (tapgr — 17 )P
q=1

~ ~ togt1 _2
Y2 . g_1722_1q
/ H — l2g- 1+J)dn+(t2n+1 £7)P / [T = tag—145)dnl
t2g—-1 j=0 tagq j=0
0’71’}12)\47'5 2_3 ’y?l 'le _ %71n 22 Zy2 g _1Fr2 4
= 8F(a+1)FE,B+1)(1 Ftoni1 ) (Sgpgr — 81°)° L5y Z[(tzi-u —t7 )ﬂ L
q=1
kPl - -
~(tgg —£7 )P EF Y
-1
CyiyaAis 23 N Moy, B - R
= 8F(a+1)F(t,8+1)(1+t2€L+1)(32m+1 =57 )% sy Z[(t2€z+1 —t22+1)ﬁ 1t2€1+1
q=1
a2 2 22
— (tont1 — tz@q)ﬁ 1752[3171]
Cy172A{Ts F-8,,.1 Lia-1 E-1.F -1, 1
< 8F(a+1)1“(t/3’+1)(1+t2§z+1)(32m+1_51 R t2n 1) t2n 1
Cy1792 A4 7s F-3,, 4 Ligoq 22—
< St T(ED) (L Bt ) (Somgn =517 )% 81
Yo . 2—1 _q1,%1
X [E&B (t2n+1—t2n—1)] A (4.12)

Cy1v2AiTs #-3,, n 1g 1,72 -1
< 8F(a+1)1“(t/3’+1)(1 Flni1 ) (Sgmpn — 817 ) sy (5 t2n+1)ﬁ t2n 1(2>\ )’
Cy1y2 23T -3, Wofq B 272 5 (B-1)(B-1), 2 -1
= 8F(a+1)I‘(B—|—1)(1+t2n+1)(32m+1 — 5" )" 51 (—& 3 )7~ tamr tom—1>

where © € (tag_1,t2q),t € (tag,t2g+1),&1 € (tan—1,tan+1).
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For Ao, ¢ = n, the estimate is following:

A22

t2n+1 2
CyvivaT, Y Tya-lga 7 Fy8-1
< r(a+1)r(5s+1) (T +tony1)(Somyr — 817 )% 8% (toppr — ¥ )?
t2n71

2
J2
x 8 ][0 = tago11g)dn]
j=0
Cyiv2APTs F-3,, 4 Tya-1 25—
< r(a+1)r(t5+1) (1 +t2€1+1>(82’m+1 — 57 )Y sy

fant1 7o 72 72
Yag 1 T2
></ (tops —n* )Pt 7 "l
ton—1

Cy A7, F-3,,.4 a1 w1021
WI‘t(,B—l—l)(1+t2[:L+l)(52m+l_sl )T sy (E&ﬁ (t2n41 —tan-1))"

IN

CyiXiTs F-3,, 4 Boigo1 D172, -1
< F(a+1)Ft(B+1) (1+ tzi+1 )(32m+1 — 5% )% sy (Etziﬂ )/3 .20 )‘f
CyiAPr, B3, 1 o1 B =172\ 8,70
< F(aJrl)tF(,ngl) 27 (1+ t2i+1 )(Sommt1 — 517 )Y 8y (E)ﬂt%-&-{fa (4.13)

where 52 S (th—17t2n+1)-
Combining (4.12) and (4.13) gives the desired estimate As:

3 1 1

Cryiy2 N3P 7,

22 _ —_— —_— —
A2 <gr(ar DD (L ns1)(Ssmin = 517)* 7
n 1,272 5-1,(F-D(B-1), B -1
X 81 (7)[3 Mo ton—1
Cyi NIt e Logog B-1,.27 -
+ p(a_kll)tr(,g“) '(1+t2€1+1)(52m+1 — s )" 151 (F)ﬁt’zﬁﬁ (4.14)

Further, by substituting (4.14) and (4.11) into (4.10) leads to

2 4
5 4 72 72
2 _Cri(l+ty, )AL Ts u Wofq B, 2 2
Ry” < T(a+1)I(B+1) (Sgma1 =517 )" st (g — 81 )’
Criy AP tPr, -1 Fo3y 2 = ya—1
+ 8F(a+1)1t“(5+1) "2 (14 t2€z+1 )(82m+1 =57 )"
B 1,72 8-1,(F-D(B-1), F-
X 51 (E)ﬁ 1t2f+1 ton—1
CyN P, B3 u oot 1,205y
+ Tlat DT BT 20 (Tt ) (Sgpmyn — 517 ) sy (E)ﬁ@iﬁ-
(4.15)
Finally, combining (4.15) with (4.9) yields 7"52-1-1,2714-1:
2
|TéW)L+1,27L+1|
<R + R
Cyrs n_goom nooom_y, 2% Y
2 (L4 s> ) (Smpr — 517 ) s (tgpr — 1))

N CESUNCESY
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On(tl DN
(a+1)r(5+1) (Sgom1 — 517 )" sy
Cyiyedit -1 Fody Tya-lg a1
+ 8F(a+1)r(/3+1) 2P (Ut ) (Sgn — 517 ) sy

V2 (F-1(B-1), %1
X (5 )P Yomis tom_1

# F\p
(t2n+1 - tl )

Cy A3F o3, m Woqq W1 Y
+ m 27 (1 +t2i+1)(52m+1 —s5%) 151 (= 3 )ﬁt;’i—‘,—?' (4.16)

Similar to the proof of r;2+1,2n+17 we have

3
|T§7‘r)l+1 2n+1|

Cyatihe F\p-1,7 1 e Y s o
Sf(a+1)1"(6+1)(t2n+1 t1ﬁ )ﬁ tlﬂ (1+52m+1)(52m+1_51 )“

Oyl T -3 Bl 27 60 S =D(a=) H—1
* 4F(01+21)F(/3+t1)(1+S2m+1)(t2n+1 _t1 )'B 'ty (=) LSyt S9m—1
Crar3tan, nog. %2 2 . 71 e
+ Tt DTETD L+ 82m11) (fangn — 177 )’ tlﬁ (a) S3m1 " 2
Cya\} 23 2 2o ,B-1, 0 RN
TR DrE D) LT ) oy — 007 (s —s)% (417)

Similarly, for réﬁb +1.2n+1, We have the following form by using directly calculat-
ing:

|T2m+1 2n+1

m S2k+1 t2g+1 5
Y172 L D120 ﬁ_l
: | / | s g
Fla+H)I(B+1) ; Z sap—1 Jtag—1 2t

2

X (tohpq —n 7 )P 3sff2m+1 2n+1(97(§)a77727U(9k1(€),77))

2

Y172

X — — 1414 dnd

Hfﬁ seh-ta) |+ SR

- e Mol 7 22\B-1
X|ZZ/ / (Somp1 — &) £ " tony1 — 7))

k=1q=1" 52k—1 tag—1

1 1 Y1 ’72
< 23,% 21 (€5 Kz 1,201 (5510 (1), 0520104242 (1)
=0

2
H — tag—14;)dndg]
inf) +RY. (4.18)

For Rfll) in (4.18), one can obtain

t2g41 4
(s

1) ’7172 82“1/ L Ma-
e e DD Y | Fn = €¥)

k=1gq=1"752k—1 Jt2q-1
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71 22 Y2 5 11 2 el Y2
X f (t2n+1 ne )ﬁ 1§77 B [8 Roam+1, 27&-4—109 (f)a ne ?U(akl (f)a 77))

2

0 0(02k,m))] H(g — sk 144)dndé |

?r-SP\H

3
- 83 R2m+1, 2n+1(9

Y172 2kt t2q+1 n n.m_ g
- S [ [ e
MNa+1)I'(B+1) ; p N 2m+1
2 o1, 21 1 7
X (tapyq =1 # )’ nE 3 Kom41,2n+1(05 21 7 ,0(025,m))
X H(f — Sak—1+)dndg |
i=0
SR 4 RO (4.19)

Here, we obtain R&) through the following estimations,

1 vazn Saktl (el T\
Ril < I(B+1) |ZZ/ R D

44 =
F( k=1g=1"52k—1 Jl2q—1

22 Py 1 2 N
X (topyn —m7 )7 13 07 O Kkomt1,2n41((0F, Yo nE v(05,m))

2
X H({ — Sop—1+44)dnd¢ |

=0
071727_4 S2k+1 5 Mg 1.M 1
> A (1+ 52m+1 | 52(;n+1 R R ]
Fla+1I(B+1) Z sak1
foat1 x Y25 1 d2_
XZ|/ (R L R ]
tog—1
C"r;l My 1 no,,. 2 2
= T(a+ DI+ 1) (1+ 52m+1)(82m+1 51") (t2i+1 -t )B- (4.20)

Similar to RZ&) and RéQ), we have

b2

R <iras o T Zﬂ T () R 1)
e 0 sha bt - ey
Similar to Rfll), for Rf), we have:
B < (0 — 0 5P
+ 4F(fj%§(+; T D) T B s — )"
C3t8 29 )Btgfl+§(52m+1 sl%l)c’. (4.22)

+Fm+DHﬂ+U(+%“”(ﬂ
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Finally, based on the proven inequalities mentioned above, it can be concluded

that

4
‘Tén)z+1,2n+1|

CY’T;L 1y 1 e N 2 Y
ST nr st ) S =) (g — 1)
O,.YaT3+a ST e am N
N 4N« —&-11)]?(5 1) (L+s50,41)(5 5 )1 Sgm1 (tomyy — b1 &
Cr3ta 71 271 .z s
" Pla+1)I(8 + 1)( gm0 ) 83 i (s — 11 )°
CX B4, 7 22 1 AN
T e et ) o = 100 (s — 517)
C’Vg)\§+5 1+t 2 B—1y2—0 % o
4F(04+1)F(B+1)( + 2n+1)(/8) I 1(s2m+1 57)
CA+ 272\ 8,7 n Lia
e+ DI(B+1) (1+ t2”+1 (5 3 V38 (sn — 517 ) (4.23)
Therefore, we have
[ram+1 21| < O+ A7), (4.24)

We can use the method of proving the truncation error at (Som+1,t2n+1) tO
similarly prove the truncation errors at other layers. Therefore, we can conclude

that the truncation error r; ; satisfies
Irigl < CEFe + 277, for i =0,1,...,2M;j = 0,1,...,2N.

Lemma 4.1 have been completed the proof.

5. Convergence analysis
We present some lemmas that are helpful for the convergence analysis.
Lemma 5.1. [9] Let {a; > 0,0 <3 < Ngep} and
i—1 jo
) . o+1="0f - J ;
ai < b + Myh o ZO (ifo — jPo)ro aj, 1 <1< Notep, (5-1)
iz
where 0 < 79 < 1, 1 < By < 0o+ 1, 0 > 0, My is a positive constant, and
{0;,0 < ¢ < Ngpep} is a non-decreasing sequence, then,

a; < b; i(W)an(Vo7ﬁo7a)v 0 <4 < Nstep, (5:2)
n=0
where
. 1, n =0,
Ba(0. Bo,0) = ﬁ B(ﬁ(a—l—l—aoﬁo)+a0,(1—a0)),n2 1, (5:3)

=1
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and B(p, q) is the Beta function defined for Re(p) > 0, Re(q) > 0 as
1
B(p,q) = / sP7H(1 — )77 ds. (5.4)
0
When o +1— 9 =0,
MT'(1—
a; < biEl,%(¥(ih)ﬂU(l_W)), 0 < i < Nytep- (5.5)
Lemma 5.2. These coefficients of (3.36) satisfy the following:
45°) < e,
[Agm 1] < Cr2 2k + 1) 71 @m + 1) — 2k + 1)”%
|AZE | < O (2k + 2)* H@2m+2)e — (2k+2)~
A1l < O @M A D) — (2m - 1=,
Aol < CT22m+2)% — (2m) =], (5.6)
|B1Z’0| <CA\P?
|Bjal < ONP* (20 + 1)”?2—1[(271 +1)F —(2¢+DF)"
Bt < ONP(20+2)F (20 +2)F — (20 +2)#)°-
Bl < OXE[2n+ 1) F — (20 - 1) F)P,
|Biial < OXZ[(2n +2)F — (2m) F )P, (5.7)
where A and B are coefficients of numerical scheme (3.36).
Proof. By using the definition of Al , we have
0,0 on M1 p2—
| Ay |—|m (817 — &) & po,0(§)d]
_ ge! o _ea—1.0 (£ —s1)(€ -
a |F(a—|—1)/0 (57 =&=)e (50— s1)(s0 — 52)
Y1 o Mgl 2L
SP(OH-l)/o (s —&w)r e e
1
1 519 om0 o
= 7F(a) /0 (57 —2)* ldz
1 RN
F(Oz + 1) (51 )
< Cth. (5.8)

Similarly, we can arrive at |A}°] <

ge! o M\ pe2L
|A2m+1| = |m/0 (32m+1 —&a) 15 « 1@0,0(§)d§|

AR < o for i =0,1,2.
When k£ = 0, by using the mean value theorem, we can obtain

(s0 — s1)(s0 — s2)

[
“T(a+1
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MTs = Ta-1 -l
> m(szmﬂ —5%) 51
’legl AT a—1
s __[(2 e —1
S Flas im0 —1
<Cor2m+ 1)« —1)* L (5.9)

Similarly, we can obtain
Al < O [@m+ 1)« =171 = 0,1,2.

When k € {1,2,...,m — 1}, by directly calculating we have
7, At S2kt1 m i NV el R |
A = 1 — &) « i,2k— d
| 2m+1| ‘F(OL + 1) /8%1 (82m+1 6 ) f Pi 2k 1(5) g‘

gi! /b2k+1 ) Lya—1p2 -1
S =/ (Sgmpp1 — &) & dg
La+1) /,, , 2™
nts 4 gl B
T T(a+1) (Sim1 = 8k41)" Skt
2Tt
“T(a+1)
<O 2k+ 1) 2m 4 1) e — (2k+ 1)L (5.10)

[(2m + 1)%1 — (2k + 1)%]a71(2k n 1)%1,

Similarly, we also have
Aol < CT 2R +2)% T 2m A2 — 2k +2) 7] k=12, ,m— L.

When k£ = m,

|Aé’::+1| = |L /SQ?YLH(S;?;H - f%)aflf%ilwi@m*l(g)dﬂ
F(Oz—l— 1) S2m—1

ol S2m41 4 Mgl
< — S — €& a " d,
Rty L (s = €3 g
1 21 1 o
m(sﬁnﬂ — Sg—1)
7—71

= m[@m +1)e —(2m—1)«]"

<o @2m+ 1) — (2m—1)=] (5.11)

Similarly, we can obtain |A2m+2| < Cr[(2m+2) — (2m) =)~
Using a similar proof method, we can prove formula (5.7), which is omitted here.
The proof is then completed. O

Theorem 5.1. Let v(s;, tj) and v; ; be the exact solution and numerical solution of
(3.36) forie€ {0,1,...,2M},j € {0,1,...,2N}, respectively. If there exist positive
constants T and \; such that

TSST:<

1
- NvCL

and M < Af <

r< MF (5.12)
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then the estimate is given by
lo(si, t;) —vij| < CE2H* + X3P fori=0,1,...,2M;5 =0,1,...,2N, (5.13)

where C' is a constant and independent of T, As.

Proof. Lete;; = v(s;,t;) —v; 4, fori=0,1,2,...,2M;5=0,1,2,...,2N. When
1,7 = 1,2, we have

7 22 122
(] —ZZA’L OBJO Iikl( L tﬂ U(Si,tj)) Iikl( < tjﬂ 7Ui,j)]+rk,l;
=0 j=0

where k,1 = 1,2. Ail’o, Aé’o, and B{"’O, Bé’o are given in (3.7), (3.12), (3.8), and
(3.11), respectively. According to Lemma 5.2, we have the following result:

2 2

lendl < CLTPNEY O leijl + real, k,1=1,2.

i=0 j=0
By combining these four inequalities, we obtain

lei.i| < CL( )yi,j = 1,2. (5.14)

Applying the Lemma 4.1, we can get the results of convergence for i, = 1, 2.
When 1 > 3, j = 1,2, €i,5 is

. 122 a1 22
€2m+1,1 :ZZA2m+1 Polkomera(si® o7 0(si,t)) = Ramara (57,87 vi)]
=0 j=0
m 2 2 . o 7" o
+ ZAlgm_H B [52m+1 1(S2k 1+27tj57 (SQk—1+ivtj))
k=1 1=0 j=0
=

2
B
- /<v2m+1 1(82;c 1+irt; V2k—14i,5)] + T2m+1,1

. . 22 71 22
_ 3,0 5,0 = o 4P
Comi1,2 = E E A1 By [Komt1,2(8,% 1t s 0(8i,t5)) — Kamr1,2(8;,% )7 03 5)]
i=0 j=0
m 2 2 'v )
ALK '7 3 t B ot
+ 2m+1 H2m+1 2(52k 1+ by v(S2k -1+ ]))
k=11=0j

i=0
o #
- /<v2m+1 2(82;c 1+irt; V2k—14i,5)] + T2m+1,25

1

. 2
€2m42,1 = Z Z Z A2m+2 70 [K2m+2, 1(52k+1, t7 v(sokyist;))
k=0 t=0 5=0
1 22
- fi2m+2 1(82k+2, tf Vakting)] + Tom2,1,

1

2
_ bk B #
62m+2,2*§ E E A 2By [Komt2,2(S5h 457 s V(82644 1))

k=0 i=0 j=0

71 22
— Fom42,2(So i 5 V2ktrig)] + Tomr2,2, (5.15)
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where Aé"ng, A;’fﬁbﬂ, and B°, BJY are defined in (3.14), (3.15), (3.8), and
(3.11), respectively. Define ||&;|| = max{|e; 1], |ei2|,7 € {0,1,...,2M}} and ||7;]| =
,i€40,1,...,2M}}, we can obtain:

2m
_ e i s D ya—11=
|E2msr]l < CLTPAPE D v HEm + 1) —iw Y&
=0
2 _
+LA A lle2mat |l + [|72mr1ll, (5.16)
2m+1
[€2m+2l < CLT* A Z O (O e b [
=0

—|—LA2m+2 le2miall + T2m2l, m=1,2,...,N—1. (5.17)

For (5.16), applying Lemma 4.1, we have

€2m41ll < CLTIM A ZZ “@Em+ 1) — i@ @] + CllFama|l. (5.18)
=0

For inequality (5.18), using Gronwall inequality [9], we have

CLN*T (o)

5 (2m + 1)1)™) < O3t (5.19)

llE2m+1ll < CllFam+1]| Eal

Using the same line for (5.17), we can get

CLAT (o)«

5 (2m + 2)7,)") < O3t (5.20)

||é2m+2|| < C”me-‘rQHECK(

Similarly, by using Lemma 4.1, we can obtain

lei | < C(r2ta £ NP, i> 35 =12, (5.21)
leijl < CE2te+ A7), i=1,275>3. (5.22)

Next, for e;;,4,7 > 3, we have

62m+1 2n+1
Z 2 %
_Z A5 Biv [Fomr1 201 (5,7 57 v(si, 1))
=0 j=0

1 "’T2
- H2m+1 2n+1( ot i)

1 22
ZZZA2m+1 2n+1[’<¢2m+1 21418, s tog 144> V(Sist2g—145))

g=1 =0 j=0
asl

2
- H2m+1 2n+1( t Z 145 (%3 ,2q— 1+])]

71 22
B
+§ E E A2m+1 2n+1[“2m+1 2n+1 (S 1ty s v(s26-1+44,15))
k=1 11=0 j5=0
1

2
B
— Kom+1,2n41(S9% 1440 L

L V2k—14i,5))
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Y1 ’Y2

m
+> Z Z Z A BoL [om 12041 (S5 10 tag— 1450 V(S2k—11is t2g—145))
k=

1g=11¢=0 j=0
a3
- 52m+1,2n+1(52(]¥€,1+7;a t2q71+j7 ’U2k:—1+i,2q—1+j)] + T2m+1,2n+1,
62m+2 2n+1

1

Y2
Z Z A2m+2 2n+1 [K2m+2 2n+1 (82k+17 t” v(52k:+i7 t]))

71 a2
n 2
— R2m+2, 2n+1(82(7€+i, t; 71)2k+m')]

1 ’Lz
+ Z Z Z Z AGh o BEL [Fom2,2n 41 (55560 tag— 1450 V(S2k4is tag-145))
k=0 ¢=1 i=0 j=0
o1 22
- H2m+2,2n+1(32(7c+ia tQZ_l_A,.jy U2k+i,2q71+j)} + T2m+2,2n+1;

62m+1 2n+42
1 a2
= Z Z Z AGp  BEL o lFomat 2nt2 (s oy s (S0 tag4s)
q=0 =0 j=0
'yl '72
— R2m41, 2n+2( t2q+]3 Uy 2q+])]

Y1 "12
+ Z Z Z Z A27n+1 2n+2[’€2m+1 2n+2(82k 1447 t2q+Ja (8274:—1+ia t2q+j))
k=1 qg=0 i=0 =0
pa1 2

— Kom41,2n+2(So3._ 14i) t2q+]7 V2k—144,2g45)] + T2m+1,2n+25

62m+2 2n+2

21 "’2
= E E E E A2m+2B2n+2[K2m+2 2n+2 (82k+z’ th_A,_]a (82k+i7 t2q+j))
k=0 q=0 i=0 j=0
71 ’72

— Kom42 2n+2(52k+,, t2q+_77 Vokti2q+5)] + T2m+42,2n+2.

We define ||e;|| = o ax leijl, [Ir:|l = max |r;;|, from which we can obtain
J<2N 0<j<2N
|e2m+1 2n+1|
< Z Z ‘A227(7]1+1 -|B3 2n+1 - Llegj|
1=0 j=0

Mw

Y

|A2m+1 ‘B2n+1 'L‘ei72q—1+j|

_Q
Il
N
-
o
Il
=

J

Z |A2m+1 |an+1 'L|€2k—1+i,j|

+
[\v]

Mz I1:
i
1

3
(V)

+

2
Z‘ 2m+1 |BQn+1 'L|€2k—1+i,2q—1+j\ + "2m41,2n+1
=0 j=0

b
Il
[y

Q
—
~
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2 2 n 2 2
<Y D Al - 1BEL L Lllesll + )2 0> 145l - 1Boal - Llled|
=0 j=0 q=1 =0 j7=0
m—1 2 2
k
+ ZZ|AZ2m+1 ‘an+1 Lleak—1+ill
i=0 j=0

+

[ 107

+
1M L
Mw livgl

Mm

o
JAS | 1 BE ] Llleam—1ll

s
I

=)
.

3
L

2
Z |ASY |- 1B Llleak—144]|
7=0

b
Il
_

M~ 5

+

D

|AST ] IBEE ] Lleam—1ill + T2ms1,2n41

n
=11

=)
-
I
<
I
<

J

2m 2n
_ o E T s OV Y2 2 22
<oLY N rriE Y em 4 )F —iw eI E T @+ ) F - e
0

i=0 j=
2n
71 71 2 2 2
+CLT 2m+ 1) = (2m = 1)=]* Y A25F H2n+ 1) 7 — 57 ][legmoa
7=0

+CLAP[(2n + ) F 1 1) Z H@m 4+ 1) % =¥ e+ lramell

2m

ton+1
SCLY 7 7H@mA 1) =i ] e (t2ns1 — )" 'dy
=0 to
" tan+1 L
+CLT [(2m+ 1) = (2m = 1) %] |leamya | (tans1 — )"~ 'dy
to
2m
_ g oS W s RO
+CLAR(2n)P 7Y rie T Em 4+ 1)« —iw ] el + ramaa
=0
n g1 tg +1
—CLZT’“W (@m+ 1) =i F ] e 2
1 21 t§n+1
+ CL'[(2m+ 1) — (2m — 1) = ¥ eam+1]] 5
2m
e o1 1 —
+CLAR(2n) 7Y i HEmA 1) =i ] el + rameall-
=0

(5.23)

Since the above formula (5.23) applies to n =1,2,..., N — 1, we have

2m

Y8
le2m1]] <CL777122<¥ [(2m+ 1) —ia]* e
=0

Yﬁ 1 AN PV
n CL?TL;Yl[(2m + 1) —(2m — 1)« ]| eamt ||
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2m
+ CLIPAP 0)" 7 Y i T @m 4+ 1) =B el + ramaall
=0

(5.24)
Therefore, from (5.24), we obtain
YB B 1
lle2m-al S[CL?TQI + CLT A (2n)7 ]
sza’ @m+ 1) —i ] el + Cllramall- (5.25)
By the discrete Gronwall inequality [9] and (5.25), one can obtain
(CLY + CLX?(2n)P )T ()
leamtall < Cllram 1l Eaf a7y ((2m + 1)7)"}
« VG - 5-1
< C||r2m+1||Ea{7CLF(a)X71 [? + A2 (2n)" 7]} (5.26)
1

Combining the results of the above estimates (5.26) with Lemma 4.1, we obtain

[romat.oni1] < C(T2T + XHB) (5.27)

where C' is a constant and independent of 7, \;.
Similar to ro;,41,2n+1, We have

|r27rz+2 2n+1‘ < C( Sta /\f+ﬁ)7 |7"2m+1 27l+2‘ < C( St /\§+,8)7
Fam+2,2n42] < C(r3T% + ATTF), (5.28)
Combining (5.27) and (5.28), we complete the proof of Theorem 5.1. O

6. Numerical examples

In this section, we use the constructed high-order uniform accuracy numerical
scheme to solve the two-dimensional nonlinear VIEs with three numerical exam-
ples to test the convergence of the proposed method and measure the accuracy of
the error. For these comparisons, the maximum error is applied. All numerical ex-
amples are implemented using MATLAB software with an 11th Gen Intel® Core™
i7-11800H @ 2.30GHz CPU and 8.00 GB RAM.

Example 6.1. For this example, we solve the following two-dimensional linear
VIEs with a smooth solution using the Wang-Liu-Cao’s scheme from [22]:

w(z,y) =1 (x, a)lr // (2 — 1)Ly — N
x (zy + s+ t)u(r,\) d\dr, (z,y) € [0,1]%

where

576 x5+o¢y5+f3 _ 2880 x5+o¢ 4+
T(a + 505 1 5) T(a + 6)0(3 1 5)

fla,y) =aty* —
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_ 2880 pAta, 548
Y )
I(a+5)T(8+6)
and u(x,y) = ziy?.
In this example, we test different values of «, 5, and choose step sizes h, = %

B

and hy = % with 1 = v =1, N = 2M, defining the error €h.. hy and convergence
order (C.0.) as:

u
e
2hy,2h
u _ _ x4y
€hooh, = . Max |u(@i,y;) —ui;l, C.O.=logy | — === |.
: =1, ,2M ey
j=1, 2N zshy

Table 1. Comparison of maximum error, convergence order for different parameters.

N a=04,8=06 CO. «a=033=05 C.O.
2% 1.80435¢ — 4 - 4.09253¢ — 4 -

2% 1.82768¢ —5  3.303398  4.40888¢ — 5  3.214511
2% 1.79929¢ — 6 3.344514  4.61842¢ —6  3.254943
26 1.74270e — 7  3.368027  4.76330e —7  3.277351
27 1.67200e —8  3.381956  4.86900c —8  3.290138

alpha=0.4, beta=0.6, N=128 alpha=0.3, beta=0.5, N=128

Figure 1. Error distribution for a = 0.4, 3 = 0.6 (left) and « = 0.3, 8 = 0.5 (right) with N = 128.

From Table 1, we can see that the maximum error and convergence order for
different N, «, 5 values. When a = 0.4, 8 = 0.6, the observed order is approximate
to 3.4. When o« = 0.3, 8 = 0.5, the observed order is about 3.3. This is basically
consistent with the theoretical prediction, approaching the theoretical order of 3+«
when h,, is relatively small compared to hg, O(h3T® + h3TF) = O(h3T™). Figure 1
shows the error distribution with N = 2M and N = 128, for a = 0.4, 5 = 0.6, and
a = 0.3, 8 = 0.5,respectively. Both Table 1 and Figure 1 suggest that the proposed
scheme provides very accurate approximation for the VIEs with smooth solution.

Example 6.2. We apply the proposed method to solve the following two—
dimensional linear VIEs with non-smooth solution:

Ty
ua) = @)+ g [ @ =0
x(zy + 5+ tu(r, \)dAdr,  (z,y) € [0,1] x [0,1].
The right hand side function f(x,y) is

fla,y) =a*Toy* P — 2?*BB(3+ a,a)y* T B(3 + B, 5)

[(a)l(B)
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T 2« B
I‘(a)F(B)xQ PBA+a,a)y” B3+ 5,8)

2042 23+3
— = BB+ a,a)y B4+ a,a).
far@” e
The exact solution is u(z,y) = 22+*y?T# and the definition of the B(-,-) function

is given in (5.4). In this example and subsequent examples, different values of «, 3
« B
are tested, with step sizes 7, = )gg/fl and A\, = 1;7\? with v1 = v =+, N =2M.

In Table 2, assume that \; is sufficiently small relative to 7, then O(73+ +
)\§+B ) = O(737®). These tables show the maximum errors and convergence orders
for different values of N, «, 8,v. In Tables 2, with o = 0.6, 3 = 0.8 and v = 4, the
tested orders are close to 3.6. and with a = 0.5,8 = 0.7 and v = 3, the tested

orders are close to 3.5. It is easy to see that the theoretical order is close to 3 + a.

Table 2. Comparison of maximum error, convergence order for different parameters.

N a=06,=08~y=4 C.0. a=05p=07~v=3 C.0.

23 9.18037e-3 - 9.12070e-3 -

24 8.44753e-4 3.44195 8.90016e-4 3.35724
28 7.18857e-5 3.55475 8.10651e-5 3.45668
26 5.86942e-6 3.61441 7.08155e-6 3.51694
27 4.68563e-7 3.64690 6.03780e-7 3.55198

The Figure 2 shows the error distribution with N = 2M and N = 128 for
a=0.6,3=0.8,v=4and a =0.5,8 = 0.7, = 3, respectively. From Figure 2, it
proves that the errors are close to 1077,

alpha=0.6, beta=0.8,gamma=4, N=128 alpha=0.5,beta=0.7,gamma=3,N=128

Figure 2. Error distribution for &« = 0.6, 8 = 0.8,y = 4 (left) and a« = 0.2, 3 = 0.5,y = 3 (right) with
N = 128.

Example 6.3. Consider the following two-dimensional nonlinear VIEs with non-
smooth solution:

w(z,y) = f(x # : y:z:fso‘*1 — )Pz s u?(s s
(@) = 1)+ fraymg [ @9 =0 s s s,

and the right-hand side is

x5+3o¢ 5+3a

y
INCIING)

x5+3ay4+3BB s . )
T TTE) (6 + 2, ) B(5 + 283, B)

fx,y) =Ty TP — B(5+2a,a)B(5+28,58)
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p4t3a y5+36

_ WB(E) +2a,a)B(6 + 26, 5),

and the exact solution is u(x,y) = x2Toy>+5,

It is easy to prove that O(73T® 4 A>*F) = O(73+@) when ), is sufficiently small
compared to 75. Table 3 provides the maximum errors and convergence orders for
different values of N, «, 3,7. In Table 3, with « = 0.6, 5 = 0.8 and v = 4, the tested
orders are close to 3.6, and with @ = 0.5, 8 = 0.7 and vy = 3, the tested orders are
close to 3.5. Figure 3 shows the error distribution with N = 2M and N = 128, for
a=0.6,3=0.8,7v=4and a =0.5,5 = 0.7,y = 3, respectively. Both Table 3 and
Figure 3 suggest that the proposed scheme provides very accurate approximation
for the VIEs with non-smooth solution.

Table 3. Comparison of maximum error and convergence order for different parameters.

N a=06,=08~y=4 C.0. a=05p=07~v=3 C.0.

23 2.02043e-4 - 8.02853¢-3 -
21 1.70662e-5 3.56545 7.98257e-4 3.33021
2° 1.39517e-6 3.61262 7.44388e-5 3.42272
26 1.11790e-7 3.64155 6.61161e-6 3.49298
27 8.82100e-9 3.66371 5.70100e-7 3.53572
alpha=0.6, beta=0.8,gamma=2, N=128 alpha=0.5, beta=0.7,gamma=2,N=128
x107 x107
6
4
- _4
2
0 0
! 1 ! 1
0.8 0.8
0.5 y - ” :4 0.6 0.5 y - ” :4 0.6

Figure 3. Error distribution for « = 0.6, 8 = 0.8,y = 4 (left) and a = 0.5, 3 = 0.7,y = 3 (right) with
N = 128.

7. Concluding remarks

Since VIEs with weakly singular kernels typically have solutions that are non-
smooth near the initial point of the interval of integration, it is important to pro-
vide a way to recover the accuracy of solutions as well as to obtain high-order
accuracy at the approximation level. In this paper, we introduce a new uniform
accuracy high-order scheme for nonlinear VIEs with non-smooth solution through
suitable variable transformation. We demonstrate that the uniform accuracy nu-
merical scheme achieves convergence of order (73+t% + A?HB ) for nonlinear VIEs
with non-smoothness. Taking into account the regularity of the problems, we have
obtained the schemes and convergence results. The numerical examples validate
our theoretical findings. In the future, we aim to apply this method to develop
higher-order schemes for solving high-dimensional partial differential equations and
systems of equations.
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