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THE 9-DRESSING METHOD FOR THE
TWO-DIMENSIONAL
HARRY DYM EQUATION

Linlin Gui™', Yufeng Zhang' and Sigi Han'

Abstract The (2+1)-dimensional Harry Dym (HD) equation is solved via
the O-dressing method in this paper. By introducing long derivatives E., E,
and E; and new expressions for the kernel functions K of 0-problem, a type
of general solution of the HD equation is obtained. Under the reality of the
solution u of the HD equation, several classes of exact explicit solutions of the
HD equation, including the solutions with functional parameters, line solitons
and rational solutions, are constructed by the 9-dressing method.
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1. Introduction

The inverse scattering transform method was proposed by Gardner, Greene, Kruskal,
and Miura in 1967 to study initial value problems related to the famous Korteweg-
de Vries (KdV) equation [22]. The modern history of integrable equations be-
gan with the famous work of Martin Kruskal and his colleagues on the Cauchy
problem of KdV, using what later became known as the inverse scattering trans-
form method [33]. The inverse spectral transform method has been generalized
and successfully applied to the computation of a wide class of exact solutions
of various (2+1)-dimensional nonlinear evolution equations. Many experts and
scholars have investigated different equations via the inverse spectral transform
method [4,5,23,30]. For example, Beals and Coifman has been recently studied
n x n AKNS which extends the AKNS problem to systems of n equations [1]. Za-
kharov and Shabat has solved soliton solutions, as well as multi-soliton solutions
and high-order soliton solutions [29]. At the same time, the problems of solving the
modified KdV equation [31], Schrodinger equation [21], Degasperis-Procesi equa-
tion [14], Camassa-Holm equation [13] and other equations [2, 3, 20, 28, 36] were
studied through inverse scattering transform method. The basic tools for solving
(241)-dimensional integrable nonlinear equations via IST are now the non-local
Riemann-Hilbert problem [15], the -problem [7] and the O-dressing method [8,9].
Different kinds of exact solutions of some (2+1)-dimensional integrable nonlinear
evolution equations were studied by the O-dressing method [6,10,12,17]. Such as
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the plane solitons of mKP equation [26], the line solitons and line rational lumps of
the Kaup-Kuperschmidt (KK) and Savada-Kotera (SK) equations [18], the mul-
tiple pole solutions of the Kadomtsev-Petviashvili (KP) equation, the modified
Kadomtsev-Petviashvili (mKP) equation and the Davey-Stewartson (DS) system
of equations [16]. The study of exact solutions of integrable nonlinear equations,
such as soliton solutions, multi-pole solutions, rational solutions, etc. is an impor-
tant topic in the field of mathematical physics.

In this paper, we introduce a d-dressing method for solving several classes of the
exact explicit solutions of the HD equation, including the solutions with functional
parameters, line solitons and rational solutions. Introducing the (2+1)-dimensional
integrable generalization of the Harry Dym equation(see [25])

U — U Uggy — 3u71(u28;1uy/u2)y =0, (1.1)

which is the only known two-dimensional generalization of the so-called WKI (Wa-
dati, Konno and Ichikawa) equations, and it describes the propagation of certain
nonlinear waves, such as soliton solutions or singular waves. Solutions to such equa-
tions are often localized and stable, similar to soliton phenomena in fluids or optics.
Where u depends on time variable ¢t and space variables x,y. At the same time, we
need know that 9, ! is an inverse operator of 9,, 9,10, = 0,0, ! = 1.

Equation (1.1) has the following Lax pair

LO® =u?®y, + D,

1.2
T® =, — 493, + 6uu, @, — 619} tuy, /u’P,, (1.2)

where the commutativity condition L[T(®)] = T[L(®)] is equivalent to Equation
(1.1).
We assume that the asymptotic value of u at infinity is constant as follows
u(x7y7t) :ﬂ(xay,t) —& ﬂ(x,y,t) ﬁ‘_) 767&0' (13)
Te+Yys—00
The complete introduction of the spectral parameter A into the linear problem
(1.2) is achieved through the function x

i
O = X()\)exp[xx + (% §
which y — 1 as A — oo, the function ® defined by (1.4) obeys system (1.2). Thus
the problem of characterizing the inverse problem data does not arise.

In this paper, we study the HD equation (1.1) by means of the inverse spectral
transform method. It is organized as follows: Section 2 explores the O-dressing
method for HD equation. Section 3 utilizes this method to introduce the solutions
with functional parameters. Sections 4 and 5 construct line solitons and rational

solutions in detail, respectively.

)2y + 4i(=)3t], (1.4)

2. O-dressing method for the HD equation

For the HD equation, we consider this case of u(x,y,t) — —e as 12+ — 0o by the
0-dressing method. Then based on the above approach we introduce a d-problem

Ix(\, )

L) — (e N A) = / /C EOKEENNIENE  (2.1)
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Where x and K are the scalar complex-valued functions. We assume that y — 1
as A — 0o, and the problem (2.1) is uniquely solvable.

In the following, in order to give a relation between problem (2.1) and z, y, ,
we introduce the following relation for K

i i
z Z 0 o
3 A K(& &M Na,y,t)
0K € € o
| 0 @R | KEE Ry | (2:2)
1i(5)3 41'(%)3 0 K(&,&XN Aia,y.t)
with
o0 (00 0N 03
on  \0x Oy ot ) '
Then we further get that
K(& &N Nz, y,t) = Ko(§,6 X Neap(DAv(z,y,t, € X)), (2.4)
where
11 5, 1 5,1 1
Av(z,y,t,& ) 1= Z(g — )z te (?2 — gy — die (?3 — gt =rE) v
(2.5)
Some long derivative operators E,, E, and E; are introduced
i
Eac :a:v 3
X
1
E, =0, + €2p, (2.6)
1
=0 + 4ie> PER
For the equations
Dy =uEy + By 2.7)
I's =E; + 4u3E3 + 6uu B, — 6u28;1uy/u2Ez7 ’
we can find that
I'ix=0, Tex=0. (2.8)

Then we consider (2.8) for the series expansion of x in the neighborhood of the
points A = 0 and A = co: when A =0, x = xo + Ax1 + A2x2 +...; when A = oo,
X = Xo + X-1/X+ x-1/A? +.... Due to canonical normalization Yo = 1, in the
neighbourhood of A = oo, the system (2.8) imply

— (ZXZ1y N3 2.9
u (Z-JFX_M)- (2.9)

In the case of the normalized Yo = 1, the solution of the d-problem (2.1) is equivalent
to the solution of the integral equation

d)\//\d>\/ (v(€)— )\))
XA A) 1+//2M, // (&) Ko(€, &N Ne dé A dE.
(2.10)
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Equation (2.10) implies that

_ dA A dX - Fy 1O - (V) 3
w1+ [ [ GEE [ [ xeomieerie dendg,  (211)

and

dX A dX = Fy Y ¢
*/ /c 2/7\ri / /Cx(g,s)Ko@,g;A,A>e<”<5>*”“”d€Adf’ (2.12)

where K is an arbitrary function.

We know that the solutions of the HD equations constructed using the 0-dressing
method are all complex valued, and finding real-valued solutions to the equations of
this equation is the next major part of our study. From (2.9), (2.12) and the reality
condition u = @, we obtain the following constraints on the kernel K of O-problem
(in the weak limit)

A) = Ko(=& =& =X, =), (2.13)

Below we construct different exact solutions of the HD equation (1.1) based on two
different constraints (2.13) and (2.14).

3. Solutions with functional parameters

Consider the kernel function K of problem (2.1) as follows

N
Ko(&, &M =7 Y wn(& vm(A M), (3.1)

m=1

where w,, and v,, are arbitrary functions. For such kernel K, the function x can
be obtained that

dX N dN - /
ST Z b0t // 2mwi(N — Um()‘/’/\/)eiu()\ )7 (3.2)

where ¢, (z,y,t) is defined by

(z,y,t // Wy (A, M) XA, A)e? N A dA. (3.3)
The quantities £, are computed from the following algebraic system
Hm1€1+Hm2€2+"'+HmN£N:Cma m:l,...,N, (34)

where

(z,y,t / / (A A)e?NdX A dA, (3.5)

and

i
””“5"””/ / d“dA/ / 2? AA/CM =Wy (A, Ry (V, X). (3.6)
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From equation (2.12), we find x_1 satisfy

N N
1 1 _1 .
X-1= —Z g gnﬂ-?nmc == _Z § ﬂmHij] = 'Lax Indet H, (37)

m=1 m,j=1

where 9., (x, y,t) is defined by

ﬂm(x,y,t)://Cvm(A,X)e*”(A)deX (3.8)

The solutions (2.9) of the HD equation are parametrized by the 2N arbitrary
complex-valued functions w,, and v, (m = 1,...,N). Then the solutions (2.9)
with functional parameters can be represented in the equivalent form

— )2 .
= e ) (3:9)

where the matrix H is defined by
Lo
Hpj = 0mj + 581, (CmY;). (3.10)

The reality conditions (2.13) and (2.14) restrict the functions w,, and v,,. For
the reality conditions (2.13), we find that

wm(€7£) = wm(_ga _g)a Um<§7£) = Um(_ga _f) (311)

For the reality conditions (2.14), we get that

wm(fa 5) = ’Ymvm(év 5)7 Ym = Ym- (312)

From conditions (3.11) we further obtain the relationship

Um = —Ym, Cm=—Cm. (3.13)
We find that (,, and ¥, satisfy

52sz + Zy = Oa

3.14
Zy + 463 Zpww = 0. (3:-14)

4. Two types of specific exact solutions

In this section, under two constraints (2.13) and (2.14) on the kernel function K,
we study two physically meaningful exact solutions of the two-dimensional HD
equation-line solitons and rational solutions. These solutions are constructed by
O-dressing methods, and they have potential applications in integral system, fluid
dynamics, and condensed matter physics. The results reveal new phenomena of the
two-dimensional HD equation in high-dimensional nonlinear wave dynamics and
provide a theoretical basis for understanding wave propagation and interaction in
complex media.
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4.1. Line solitons of the HD equation

Line solitons are localized wave solutions propagating in a specific direction in a
two-dimensional nonlinear fluctuation equation with properties such as stability and
absence of scattering (elastic collisions). For the HD equation (1.1), line solitons
may describe bending waves or surface tension dominated fluctuations whose ampli-
tudes propagate along a straight line without dispersion. In two-dimensional shallow
water waves or rotating fluids, the HD equation may be similar to the Kadomtsev-
Petviashvili equation, with line solitons corresponding to obliquely propagating shal-
low water soliton waves.

In this section, the line solitons of the HD equation correspond to the special
choices of the functions w,, and v,, or (, and ¥,, in the solutions (3.9). Let us
consider the following two cases. For the real-valued line solitons of equation (1.1)
the appropriate choice is

win (&, €) = 6(6 = iBm), (4.1)
S A

=4
Um(/\ ) = ’Yma()\ - iam)v

where @, B and 7, are arbitrary real constants. Bringing equation (4.1) into
equations (3.5) and (3.8) yields

Cn(,y, ) = —2ie”(1m) (4.2)
and
O (2, y, 1) = —2iry, e~V (im) (4.3)
where )
Vu):§m+§Vy+M§Pt (4.4)

The simplest solutions (3.9) of corresponding to this choice of kernel K (3.1) is

abA 1
=larar—eal” (4.5)
where the N x N matrix H is
29Ym . )
H,j = 0mj + m———exp[v(iBn) — v(ia;)], (4.6)
Bm_aj
with
27 A 1 1 .3, 1 1
A=—"—¢% a=i(=——), b=2(—— =), 4.7
5o G- G 7
1 1 1 1 1 1
Av=v(iB) — viia)) = (— — — )z — (=5 — — )y — 43 (5= — —)t. (4.
= v(ify) = viion) = (5 = e =gy — =1y — )t (48)

For the complex-valued line solitons of equation (1.1) the correspond to the
choice

A

V(A A) = Ym0 (A — Prm)- (4.9)
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where ~,, are arbitrary real constants, and p,, are the complex numbers p,, =
PmR + ipmr. From equations (3.5), (3.8) and (4.9), we get that

Cm (@, y, 1) = —2ie”Pm), (4.10)

and
(@, Y, 1) = —2iyeV(Pm). (4.11)

Then the simplest solution (3.9) of corresponding to the choice of kernel K (3.1)
has

abA 1
Y R — (4.12)
(1+A)?2+a%A
where the N x N matrix H presents
2i%Ym (5
Hypj = Oy + Le[V(Pm) v(ps)l (4.13)
Pm — Pj
with
~ 2% _ 4 o 4ie2(3p2 _ 3
A= Zpli A7 G = leZHv jo 2 ( Pmpzl 011)7 (4.14)
p1— P |p1] |pal
1 1 1 1 1 1
D1 =v(p) = v(B)) = i(— — =) + (=5 — =)y — 4i€% (5 — =)t (4.15)
! PP ni P nt Pt

4.2. Rational solutions of the HD equation

Rational Solutions in the field of mathematical physics are a class of exact solutions
with a special structure and physical meaning. Such solutions are of great value in
areas such as nonlinear integrable systems, quantum field theory, fluid dynamics,
etc.

In this section, we construct the rational solutions of the HD equation via the
O-dressing method. Depending on the various constraints on the kernel K, we have
different choices for the kernel K of d-problem (2.1). For the reality (2.13), we
choose the kernel K of the O-problem

= s

KO(§7§; >\a )‘) =3

] =

Xm6(€ - me)(s()‘ - Z.pm)> (416)

m=1

where §(\ — ip,,) is the complex Dirac delta function, p,, (m =1,..., N) is the set
of isolated points distinct from the origin. X, (£, \) are arbitrary functions with
the property X,,,(£,\) = X (=€, —\).

In what follows, using the dressing method, let us take the kernel Ky (4.16) as
an example and give the detailed computational steps for constructing the rational
solutions of equation (1.1). Putting equation (4.16) into equation (2.1), we can
obtain

N
1 )
% = 3 Z X(’ﬂ’m)eV(ipm)—u(A)Xm(ipm, /\)5()\ — ipm)’ (4.17)
m=1
where .
1 £ L E
v(A) = X$+ (X)2y+4z(x)3t. (4.18)
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Then we further get equation (2.10) has the following form

7 X"L mo m
XA =1+ Z X ’p”)A E;p” iPm). (4.19)

m=1

where \ # i, (m =1,...,N), when taking the lim A\ = ip,,, utilizing (2.10) and
(4.17) one can get x(ipm)(m=1,...,N)

dX\ A dX
=1- - E V(ij) v X —1pi). (4.2
X 'me // i X Zp (Zp]’ )‘>6()‘ ij) ( 0)

m

The quantities x (ip,,) obey the system of equations

N . . .

) s . s . ) x(ip;)X; (ip;, ip;

X)L+ X P, ipm) — X (ipmy ipm ) (ipm)] + 3 XL J; J_(p”. 2
j#m J

=0, m=1,...,N. (4.21)

In order to verify equation (4.21), equation (4.20) is discussed below in two
cases. When j = m, the corresponding term in (4.20) is

A\ A d -
V(zpm)—V(A)Xm Dy MO (N — i
// —ipm ¢ Am)e (P, MO = ipm) (4.22)

*QZX(me)[X (me, me) - X(ipma ipm)l//(ipm)]v

with the identity

// )\d)\ e ©(A)6(A = Xo) = 2i Res e

/\0 n— 1 A=Xo (/\ /\0)
=2 li #dniil( \) (4.23)
TR (= Dl a1 YD '
where
. av(A . OX (ipm, A . .
V/(me) = 8(>\ )|)\=ipm7 X/(me) = #|A=i[)m7 X = X(mea me)-

(4.24)
When j # m, the terms in (4.20) are equal to

dX\ A dX _ X,
// ’Lp X(ipm)ey(ZPM)iy(A)Xm(ipma /\)5()\ me =2 Z szj)z(pzpj)

(4.25)
Thus, equation (4.21) is derived from (4.22) and (4.25). Solving the system (4.21)
with respect to x(ip.,), one then finds

X (ipm) ZA 1Xj_l, (4.26)
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where the N x N matrix A is defined by

1—0m;
Ay = 0m6m' - L ) 4.27
" ! Pm — Py ( )
and
1 22 1263 1 +iX (ipm)
9m:p—%@x+fp%yfﬁt+7m, Tm:T:Tm' (4.28)

Using equation (4.19), the coefficients xo and x_; are generated to have the follow-
ing expressions

AN's
Xo=1-Y ="x(ipm), (4.29)
m—1 DPm
and
N
X-1= 1 Z X7nX(ip7n)~ (430)
m=1

Then the solutions (2.9) can be represented in the equivalent form

det(A"1BA™Y)

1
= 2 4.31
v= T ga@ ey (4:31)
where the N x N matrixs B and C are
2 2 1
Bem ===, Com = — (4.32)
prn m

Corresponding to the kernel Ky (4.16), the simplest solution of this type takes the
form

g (4.33)
U= |———5512, )
p1(1 —p767)
with )
1 2 12¢3 14X (ip1)
0, = -z + — —t4T1, TI=——"". 4.34
TR YT o X (4.34)
Then we choose the more complex kernel K of the O-problem as follows
KO( 5 Z g pm) ()‘_pm)"‘Xm(ga)‘)é(g"_pim)é()‘"‘rpim)]:
m=1
(4.35)

which can be seen as a generalized form of kernel Ky (4.16). For convenience, we
introduce some symbols: T and © are the sets of complex constants Y, and ©,,,
respectively. 2 is the set of quantities Q,,, (m=1,...,N)

T:= (TlvTila"'aTNaﬁ)a (436)
O := (plv_ma"'vaa_pW)a (437)
Q= (X1x(p1), Xix(=p1), - - -, Xnx(pn), XN X(—PN))- (4.38)
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Using equations (2.11), (2.12) and (4.35), the coefficients xo and x_1 are yielded

2N Q
=1—3 _-_m 4.
X0 ? mZ::l @ma ( 39)
and
2N
X-1=1 % Q. (4.40)
m=1

The system of equations for €2, satisfies the form
2N
D A =1, (4.41)
j=1

where the 2N x 2N matrix A is defined by

_ i(1 = dmy)
Apmj = Omm; om_0,’ (4.42)
and
. 2 3
6, — — 2iem L2y (4.43)

2" e Y ar
The solutions (2.9) of the HD equation are representable as

det(A"1BA™Y) 13
- 4.44
Ty det(A*chfl)} ’ (4:44)

where the 2N x 2NN matrixs B is defined by

2ie?

Bem = @7%; (445)
and the matrixs Conxaon has
1
Oem - @ (446)

The simplest solution which correspond to one term in the kernel Ky (4.35) has

1
2% (pf — p1°) :
e R T (4.47)
Ip1["A — |p1|?(pT + p17)
where )
A= |91|2_r7 p1 = p1ir +ip1r, (4.48)
P1R
and

1 2ie2 12¢3
01 = —— I 4.49
1 @%x + @? Y 9411 + Ty ( )



The d-dressing method... 3475

The reality condition (2.14) of u corresponds to the kernel K of the d-problem
in the following form

N
- T
KO(ga 5; >\a )‘) = 5 Z Xm(gv )\)(5(5 - am)5(>‘ - am)» (450)
m=1
where X,,, are arbitrary functions with X,, = X,,, and @,, = a,,. With the use of

equations (2.11), (2.12) and (4.50), the coefficients xo and x_; present

N

) Xom
Xo=1—1 ?X(am)a (4.51)
m=1 m
and
N
Xo1=1 Y Xpx(am). (4.52)
m=1

Then the quantities x(cu,) satisfy the system of equations

N

ZAij(aj)Xj = 1, (453)

j=1
where the N x N matrix A is defined by

i(l - 5m )
Amj = 0m0mj — %7—0427 (4.54)
and
1 24¢? 12¢3

The solutions (2.9) can be constructed by equations (4.51)-(4.53)

" idet(A"1BA™Y)
L1+ det(A-1CAY)

] : (4.56)

where the matrixs Byxy and Cyxn are

2¢2 1
Bem == QT’ Cem == aT (457)

The simplest solution of this type is of the form

2ie? 1
u= [m] 2, (4.58)

with 1 2ig? 12¢3
0, = —a—%x—i— a—?y— T%t+71' (4.59)

Then we choose the more complex kernel K of the d-problem
N
Ko(€.&MA) = 5 D7 K€ N3(E — 03N = pin) + Ko (€ N)5(E~im) SN~ 7).
m=1

(4.60)
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where K satisfy the reality condition (2.14) of w. For convenience, several symbols
are introduced

T:: (7'177'71,...,7'1\[,@), (461)
é:: (p17ma"'7pN7p7N)7 (462)
Q= (Xix(p1), Xix(P1): - - Xnx(pn ), Xnx (W), (4.63)

where T and © are the sets of complex constants T,, and ©,,, respectively. € is
the set of quantities Q,,, (m = 1,..., N). Combining equations (2.11), (2.12) and
(4.60), the coefficients xo and x_; of the series expansion of y near A = 0 and
A = oo are obtained as follows

2N Q
=1—3 - 4.64
X0 mX::l N ( )
and
2N
X—1=1 Y Q. (4.65)
m=1

ZAijj - 1, (466)

1—0m;
A = 00 — ig, (4.67)
m ej
and
1 2ie? 12¢3

O = t+ T (4.68)

CANCARCD
By organizing equations (4.64)-(4.68), the solutions (2.9) of the HD equation are
constructed

det(A"1BA™1) 12
“= 1+det(A—1CA—1)} ’ (4.69)

where the matrixs By xon is defined by

2 2
Boyy = 22 (4.70)
i
and the matrixs Conwon has
1
Cem = @ (471)
The simplest solution which correspond to one term in the kernel Ky (4.60) has
2¢2 3+73 3
u= | (_pl 2912) — (4.72)
1P A = ilpa[*(p1 +P17)
where ) 5
~ 1 1 2te 12¢ <
A=10P+ ., h=—=a+—=y— =-t+7T 473
161 +4)\11’ 1 @%x—i- @i,y & + 1, (4.73)

and p; is the complex number p = p1g + ip17-
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5. Conclusions

The d-method introduced in this paper constructs a variety of solutions to the HD
equation (1.1) under two constraints (2.13) and (2.14) on the kernel K, including
the solutions with functional parameters, line solitons and rational solutions. In
this paper, the O-dressing method corresponds to bare operators of linear auxiliary
problems (1.2) with constant asymptotic value of w at infinity, i.e.u|y2 2 00 —
—e #0.

In the future, we will consider the construction of other types of exact solutions
with constant asymptotic values at infinity of two-dimensional HD equation via the
O-dressing method, such as periodic solutions, multiple-pole solutions solutions and
so on. At the same time, we will research different exact solutions of other types of
nonlinear equations [11,19,24,27,32, 34, 35] especially high-dimensional equations,
which play an important role in many areas of mathematical physics. The methods
and results presented in this paper may provide a good inspiration for dealing with
similar high-dimensional nonlinear equations.
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