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DYNAMICS OF A DIFFUSIVE
SINGLE-SPECIES MODEL WITH
NONLOCALITY AND DISTRIBUTED
MEMORY*

Shuhao Wu®t and Xin Lu?

Abstract Cognitive abilities and memorized information are significant for
“smart” animals to make movement decisions. This work establishes a diffusive
single-species model with nonlocality and distributed memory. We consider
weak and strong temporal kernels in the memory-based diffusion term and
find that the model exhibits complex dynamical behaviour produced by non-
locality and distributed memory. For either temporal kernel, mode-n Turing
(or Hopf) bifurcation can emerge and double Turing bifurcation can be gen-
erated by mode-n and mode-m (n # m) Turing bifurcations. Additionally,
Hopf bifurcation is possible to occur for small random diffusion or large re-
pulsive memory-based diffusion in considerations of weak or strong kernels,
respectively. Note that the critical Turing bifurcation curve can be mode-n
(n > 2), which differs from that in the model with nonlocal spatial average,
while Turing, Turing-Hopf and double Turing bifurcations do not appear in
the single-species model involving only distributed memory delay. An applica-
tion to our theoretical findings is presented and Turing-Hopf bifurcation and
stability switches are found in numerical exploration by considering weak and
strong kernels, respectively.

Keywords Nonlocality, distributed memory, Turing bifurcation, Hopf bifur-
cation.
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1. Introduction

The movement of substances and highly developed species often follow Brownian
and non-Brownian movement, respectively. Theoretical studies and numerical ob-
servations reveal the interaction between movement process and memorized infor-
mation of “smart” species. For one thing, animals benefiting from their perceptual
or cognitive abilities can acquire spatiotemporal information in movement process;
for another, travelling experience (or memorized information) is also significant
for animals to make movement decisions [3,9]. Episodic-like memory of animals
can be described by the revised reaction-diffusion equation with a delayed diffu-
sion term [14]. In addition, the single-species model involving random diffusion,
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memory-based diffusion and maturation delay is considered in [13] and it has been
demonstrated that memory and maturation delays result in the appearance of Hopf
bifurcation, with spatially nonhomogeneous periodic solutions being born.

In [15], knowledge transfer between animals is taken into account and the single-
species model with spatiotemporal delayed diffusion has been proposed by Shi et
al, where the memory-based diffusion term describes how spatiotemporal factors
affect memory of animals. In [16], Song et al. have discussed the single-species
model with spatiotemporal delays in diffusion and reaction, which is possible to
undergo Turing-Hopf bifurcation generated by two delays. In [17], Wang and Wang
have studied the diffusive two-species model with spatiotemporal memory delay
and have demonstrated global existence and uniqueness of the solution and the
existence of Turing and Hopf bifurcations. In [18], Wu and Song have investigated
the diffusive single-species model with spatiotemporal memory delay and discrete
maturation delay, in which codimension 3 and 4 bifurcations are found.

In [6], Lin and Song have established the diffusive single population model incor-
porating distributed memory delay to analyse the temporal impacts of memory on
animal movements. A reaction-diffusion population model with Dirichlet boundary
condition and distributed memory has been considered and delay-induced stability
switch and spatiotemporal patterns are obtained in [12]. A heterogeneous memory-
based diffusive model involving distributed memory delay has been investigated
in [5], where spatial heterogeneity and distributed memory can stabilize or desta-
bilize spatially nonhomogeneous steady state by considering the weak or strong
temporal kernels, respectively. Besides, distributed memory has also been incorpo-
rated into diffusive resource-consumer models [10,11].

In the present paper, we study the diffusive single-species model with nonlocality
and distributed memory that is given by

up(z,t) = diugy (x,t) + do(u(x, t)vg (2, 1)) + g(u(z, t), h(z,1)),0 < x < fm,t >0,
uz(0,t) = u (b, t) =0, ¢t >0,
(1.1)

with
123
dl > 07 d2 S Ra h('rat) = K(xay)u(y7t)dy7
0
¢ t— k-1 t—s
v(z,t) :[ %e* = u(x, s)ds, k=1,2.

Here, u and g refer to the population density and biological process of the species,
respectively; di and ds are the diffusion coefficients based on random and memory-
based diffusion, respectively. When it comes to v(z,t), weak and strong temporal
kernels (i.e., %e_% and :—26_5) are taken into account. The former kernel shows that
the influence of memory of animals is in decline as time passes, and the latter kernel
indicates that the influence of memory of animals increases until the maximum is
reached and then it decreases [6, 15]. Moreover, h(z,t) illustrates the nonlocal
intraspecific competition of the species with K (x,y) being the Green function of
the operator —di K, + I subject to the Neumann boundary condition.

Suppose u, > 0 is the stable steady state of the equation dz(tt) = g(u(t),u(t)),
which implies it is also a spatially homogeneous steady state of system (1.1).
Namely, u, > 0 satisfies g(us, ur) = 0 and A+ B < 0, where A = W and

B = %. When considering the weak kernel, we have the following conclusion
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(I) if A <0, then memory delay has no influence on the stability of the spatially
homogeneous steady state;

(IT) if either 0 < A < 1,0or A > 1 and B < —%, then memory delay has
no influence on the stability of the spatially homogeneous steady state, and
Turing and double Turing bifurcations can emerge for attractive memory-
based diffusion;

(I11) if A > 1 and B > —%, then memory delay and diffusion coefficients result
in the appearance of Turing, double Turing and Hopf bifurcations and Hopf
bifurcation is possible to occur for small random diffusion.

When considering the strong kernel, we see that

(IV) if A < 0, then the spatially homogeneous steady state remains stable for
small memory-based diffusion and Hopf bifurcation may occur for repulsive
memory-based diffusion;

(V) if either 0 < A< 1,0or A >1and B < —%, then the spatially homoge-
neous steady state remains stable for small memory-based diffusion and Turing
and Hopf bifurcations can emerge for attractive and repulsive memory-based
diffusion, respectively;

(VI) if A>1and B > —%, then Turing, double Turing and Hopf bifurcations

are possible to emerge.

In the next section, we show that the dynamics of system (1.1) are complex
due to the effects of the nonlocality and distributed memory and derive the condi-
tions for the appearance of bifurcations. Application for numerical exploration and
discussion for the present paper are presented in Sections 3 and 4, respectively.

2. Stability and bifurcation analysis
Linearizing model (1.1) about the steady state u. yields

(2.1)

Up = d1Uzy + doUsVye + Au+ Bh, 0<x </{m, t >0,
Uz (0,t) = u, (b, t) =0, t>0,

(t—

where vy, = ffoo >
we obtain the following characteristic equation

d1n2 dgu*nQ /t (t - S)k_l 7(l+ﬂ)(t7 ) B
T Slds — A — ——— = 2.2
tetT e )T s Eramz 0 (22

k—1 t—s
3) e_tTum(a:,s)ds, k =1,2. Letting u(x,t) = e cos 2F,

where n > 0 are integers and k = 1,2. Similar to [6], we see that lim ez Tms
S§——00

exists provided that Rep > —% or u = —%, while lim se(¥T1)s exists if and only
s§——00

if Rep > —1. Notice that if p = —1, then ffoo e~ (GHR) =9 g5 — 40, Thus, we

have Reu > —% and fioo (t_j#e_(%"'_“)(t_s)ds = m7 k = 1,2. It follows
that Eq. (2.2) is given by
din? doun? B2

_A— = 2.
Z T ar e Crdne (2:3)
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where n > 0 and k = 1,2. By Eq. (2.3), we have y = A+ B < 0 for n = 0. For any
n > 1, mode-n Turing (or Hopf) bifurcation occurs if 0 is a simple root (or tio is

a pair of imaginary roots) of Eq. (2.3) with the associated transversality condition
holding.

2.1. The weak kernel
For k =1, Eq. (2.3) is equivalent to

=0. (2.4)

A A2
T 2 2+ din?

Td1n2 B _ TB£2 (d1 -+ dgu*)nz B€2
22 02 + dyn?

T+ (1 + —

We suppose i = 0 is a simple root for some n > 1 and obtain dy = d (dy,n) and

1+%2"2—7A—52+d = 0, where

d3n* + din202(1 — A) — (*(A + B)

T —
d2 (dlvn) - u*n2(€2 +d1'I’L2) 5

n > 1. (2.5)

Additionally, we suppose p = io,, (0, > 0) and separate real and imaginary parts
of Eq. (2.4) to obtain

2 2
On <1+Td1n —TA—W) =0,

02 02 + din?
2 (d1 + dzu*)’l’LQ B2
— - A —— =0
o0t Iz Zrdin?
from which it follows that
din? B2
ppTht o, _TBE
£2 02 4 din? (2.6)
52— (dy + dau)n? 3 é 3 B2 50 '
no T2 T 1702+ din?) '

We next establish the following lemmas for d2 (d;,n) and 1+ le" —TA— %,
which correspond to Turing and Hopf bifurcation curves, respectlvely

Lemma 2.1. Suppose A+ B <0 and d3 (dy,n) is defined in (2.5).
(I) For fixed n > 1, we have
. i T _ I _ %(A+B) li _di _
(i) o ds (dy,n) oo, lim, da(dy,n) < 0 and lim

uan? di—0t U
0;

(ii) if B < —1, then d}(dy,n) is strictly increasing for 0 < dy <

and is strictly decreasing for d; > E-B-1) ';QB_D; if B> —1, then d} (dy,n)
1s strictly decreasing with respect to dy;
(iii) if A <0, then d3 (di,n) < —4 for dy > 0; if either0 < A<1,0r A>1

0?(vV=B-1)
n2

and B < 7%, then dQT(dl, n) < —& for0 < dy < %, and
—Z—i < d¥(dy,n) <0 fordy > — (247;23)’ if A>1and B > — (A'Zl)Q,

then d§ (di,n) < —& for 0 < dy < —CGEB)_di < qT(d;,n) < 0 for
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_62(347”—23) < d1 < C/l\l,n or d1 > Jl,n7 and d{(dl,n) >0 fO’I“ C/l\l,n < dl <
Elvl,n, where

~ PA-1-JAT1?14B)

dl,n = o2 ) (27)
and )

~ 7(A-1 A+1)2+4B

= tAZ L VAF DT +4B) (2.8)

’ 2n2

(II) For fized dy, we have
(Z) nll)llloo dg(dlvn) = _ﬂf

U

(ii) if A <0, then dI(di,n) < d¥(dy,n+1); if A > 0, then d3 (dy,n) <
d3 (dy,n+1) or d} (di,n) > dj (dy,n+1) provided that 0 < dy < dj ,, or

di > di ,,, respectively, where dj ,, > dj 11, d7 ,, ZQ(X‘%B) and
?(A+B) (1 1
df =—--"_ "7 - 4+ -
=25 ()
2 1 1 \? 4A(A+ B) 29
A+ B - .
+2A (4+B)? (n2 * (n+1)2> n2(n+ 1)>2

Proof. For fixed n, dJ(d;,n) can be regarded as the function of d;. Then, the
statement of (i) of (I) can be derived from direct calculation. Moreover, the partial
derivative of d (dy,n) with respect to d; is given by

ad3 (dy,n) din* + 2d1n%0? + (*(1 + B)

=— . 2.10

8(11 U (62 + d1n2)2 ( )

It is clear that M < 0 when B > —1. Assuming that B < —1 and letting

ad; (dm) _ = 0, we see that 0d; (d1.m) >0for 0<d; < G (‘7B D and 9d; (d1,m) <0
dd; ddy 1 dd;

for dy > EW/-B-1) , which leads to the statement of (ii) of (I).
Since 2 —I— d1n > 0 and

4\ Adin20® + (4(A + B)
T 1 1
d2 (dlan> - <_> = U*TLZ(EQ ¥+ d1n2)

we see that the signs of d2 (dy,n)— (ffj—i) and d? (dy,n) are determined by Ad;n?¢%+

(4(A+B) and —dn* —din?(?(1— A)+£*(A+ B), respectively. Therefore, it follows
that

2(A+ B
< 0, if either A <0, orA>0and0<d1<—%,
d A+ B
dg(dhn)_(_l) =0, if A>0 and dlzfg,
* An2
2(A+ B
> 0, ifA>0andd1>—M.
An?

Moreover, when either A <1,or A > 1 and B < 7%, we have d3 (dy,n) < 0;
when A > 1 and B = —%, we obtain d (dy,n) < 0; when A > 1 and B >
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2
—%, we know that

<0, if0<d < C/l\l,n or d; > 671,71,
ds (di,n){ =0, if dy =dy, or dy = dy ,
>0, if dl,n <d; < dl,n~
This proves (iii) of (I).
Notice that A+ B < 0 and
dg(d17n) - dg(d17 n + 1)

22n+1) (Adin*(n+1)? + di? (n® + (n+1)?) (A+ B) + (*(A + B))
wn?(n+ 1)2(2 + din?) (2 + dy(n + 1)2) '

When A < 0, we have d} (di,n) < di(di,n +1). When A > 0, we see that
d3 (di,n) < dj (dy,n+1) if and only if 0 < dy < d5 ,,, and dJ (d1,n) > d3 (d1,n+1)
if and only if di > di ,, where dj , is defined in (2.9). Then, straightforward

calculation gives dj ,, > dj ., and dj ,, > —52(;147;3). This completes the proof of
(Im). O

Lemma 2.2. Suppose A+ B < 0.

(I) For any n > 1, 1+ ‘rd€12n‘2 A % >0 Zf one Of e fouowzng hyp()theses
holds:
(H1) A< 1;
(H2) A>1 and B < _%;
(H3) A>1, B=—U00 4 gy » ZAD,

(Hf) A>1, B> 0% 0000 < dy < dy s
(H5) A>1, B> 0% gngdy > dy .

(II) For anyn > 1,1+ %2"2 —TA— % =1 if one of the following hypotheses
holds:

(H6) A>1, B=—At1D" 4qq, = CAD.

4 2n2

(H7) A>1, B> 0% angdy = d, ,;

(H8) A>1, B> —% and di = gl,n-

(III) For any n > 1, if the following hypothesis holds:

(H9) A>1, B> -0 and d, < dy < dy,
then

Td1n2_ . TBe?
2 0T @ idm?

1+ >0« 7 < 7(d1,n),

where
(02 + dyn?)

dy,n) = — '
T = T (- A) -~ (A B)

(2.11)

o~ 2 /
Moreover, T(dy,n) is strictly decreasing for di , < di < “;72]371) and is strictly
; : £(V/=B-1) T
increasing for ——s——= < dj < di -
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r(din*+din?e*(1-A)—¢*(A+B))

: Tdin? T B¢? _
Proof. Since 1+ =~ — 74 - i =1+ ] P Tn) and
02(£% + dyn?) > 0, it is clear that the sign of 1 4+ T4 — 74 — % depends on
din* + din?0*(1 — A) — ¢*(A + B). Similarly to the proof of (iii) of (I) of Lemma
2.1, we can conclude the statement on the sign of 1 + %2"2 —TA — %. It
remains to prove the monotonicity of 7(dy,n) under the assumption that A > 1 and
2
B > —@. For fixed n, 7(dy,n) can be regarded as the function of d; and the
derivative of 7(dy,n) is given by
Or(di,n)  ?n?(din* 4+ 2din*(* + (*(1 + B))
ddy (d2n4 + din202(1 — A) — (4(A + B))*
Using A+ B < 0 and A > 1 yields B < —1, which gives
~ 2(/-B -1
<0, ifdl,n<d1<7( 3 )’
or(dy,n 2(./_B —
Orldin) ) _ o g = EWB 1)
8d1 ’ TL2 ’
(vV-B-1 ~
> 0, if % <d; < dl,n-
n
This completes the proof. O

Now, we are ready to establish the result on the stability of u, by using Lemmas
2.1 and 2.2.

Theorem 2.1. Suppose that v(x,t) = fioo %eft:su(x,s)ds and A+ B < 0. Let

d3 (dy,n), 7(di,n) and di ,, be denoted by (2.5), (2.11) and (2.9), respectively.

(1) If A <0, then u, is asymptotically stable for dy > f% and is unstable for
dy < -4

b, and 7> 0 has no influence on the stability of u..
(1) If0<A<1lorA>1 anng—%, then
(i) if di > di,, then u, is asymptotically stable for dy > dj (d1,1) and
is unstable for do < d%(dy,1), and mode-1 Turing bifurcation occurs at
d2 = dg(dl, 1),

(ii) if di ny < di <dj y_y for some positive integer N > 2, then u. is asymp-
totically stable for do > di (di, N) and is unstable for dy < d%(dy, N),
and mode-N Turing bifurcation occurs at dy = d3 (dy, N);

(iii) if dy = di n for some positive integer N > 1, then u. is asymptoti-
cally stable for do > d} (dy, N) and is unstable for dy < d3 (dy,N), and
double Turing bifurcation generated by mode-N and mode-N+1 Turing
bifurcations occurs at doy = d3 (dy, N);

(iv) T > 0 has no influence on the stability of w..

(1) If A > 1, B > —%, and c/l\ln and c?ln are defined in (2.7) and (2.8),
respectively, then
(i) if dy > dj ;, then u, is unstable for dy < df (dy,1) and there is no mode-1
Hopf bifurcation for do < d2 (dy,1); if further 0 < dy < C/l\1,1 ordy > d~171,
then mode-1 Turing bifurcation occurs at dy = d3 (dy, 1), while if further
di,1 < dy <dy,1, then mode-1 Turing bifurcation occurs at dy = d;’j(d17 1)
provided that T # 7(dy,1);
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(ii) if di y < di < dj 5, for some positive integer N > 2, then u. is
unstable for dy < d¥(dy,N) and there is no mode-N Hopf bifurcation
for do < d3(dy, N); if further 0 < dy < c?l)N ordy > cjl)N, then mode-N
Turing bifurcation occurs at dy = d3 (dy, N), while if further c?l)N <di <
JLN, mode-N Turing bifurcation occurs at dy = d3 (d1, N) provided that
T #7(dy,N);

(iii) if di = din for some positive integer N > 1, then u, is unstable for
dy < d¥(dy, N) and there is no mode-N (or mode-N+1) Hopf bifurcation
for do < dI(dy,N); if further 0 < dy < cﬂNH or di > 671 N, then
double Turing bifurcation generated by mode-N and mode-N+1 Turing
bzfurcatwns occurs at do = d2 (d1, N), while if further d1 N < d <

d1 N (or d1 Nt1 < dp < d1 N+1) then mode-N (or mode-N+1) Turing
bzfurcatzon occurs at dy = di(dy, N) provided that 7 # 7(dy,N) (or
T#7(d1,N+1));

(iv) if either dy > diy and dy > dj (dy,1), or df y < di < df y_, and
dy > d3 (dy, N) for some positive integer N > 2, then we have
(a) if further dy > c’ivM, then for any T > 0, u, is asymptotically stable;
(b) if further dy < 51,1 and there is non > 1 such that

\/52(A—1—,/(A+1)2+4B) e \/z?(A 1+,/(A+1)2+4B)

2d1 2dl

then for any T > 0, u, is asymptotically stable;
(c) if further di < dy1 and there exists n > 1 such that

\/ZQ(A—I—\/(A+1)2+4B) e \/z?(A 1+,/(A+1)2+4B)

2d1 2dl

then u, s asymptotically stable for 0 < 7 < 73 and is unstable for
T > 13, where Ty is the minimum value of T(d1,n) with n satisfying
e (A717 (A+1)2+4B) e (A71+«/(A+1)2+4B>
2d <n< 2d
1 1
Hopf bifurcation occurs at 7 = 7(dy,n).

, and mode-n

Proof. 1In (2.6), 02 > 0if and only if dy > d3 (d1,n). For any n > 1, Eq. (2 4) has
a simple zero root at dy = dJ (dy,n) provided that 1 + szl—Q”Q —TA— Zz:ffing # 0,
while Eq (2.4) has a pair of purely imaginary roots if and only if dy > d (d1,n) and
1+ le” —T7A - % = 0. Regarding dy as a bifurcation parameter and noting

that M(dg) =0 for dy = d3(dy,n), it follows that for 1+ ”?2"2 —TA— % # 0,

du(d 2 (0% 4 din?
p(d) S e ( +an ) . S A0, (212)
ddy |4, a7 (4, n) (02 +dyn?)(02 + 7din? — TAL2) — TBL
Regarding 7 as a bifurcation parameter and noting that u(r7) = +io, for 7 =
7(dy1,n), it follows that
dRepu(T) 1
_— = — . 2.1
dr 272 >0 (2.13)
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Uing (iii) of (I) of Lemma 2.1, (IT) of Lemma 2.1, and (I) of Lemma 2.2 allows us
to prove (I).

When 0 < A <1or A> 1, we utilize (ii) of (II) of Lemma 2.1 to obtain the
following statements: if dy > df ;, then d3 (dy,1) > d3 (d1,n) for n # 1; if df y <
dy < dj y_, for some positive integer N > 2, then d¥ (dy, N) > d¥(dy,n) forn # N;
if dy = df ,y for some positive integer N > 1, then d (dy, N) = dj (di, N + 1) and
d¥(dy,N) > dI(dy,n) for n # N, N + 1. More specifically, it should be mentioned
that if df y < di < df y_,, we have d3 (di,N) > dj (dy,n) forn > N and n < N,
since dy > dj y > dj, forn > N and dy < dj, for n < N — 1. Similarly, if
di = dj y, we have di y,, < di < dj y_, and thus d3 (d,N) > dj (dy,n) for
n # N, N + 1. Then, we use the transversality condition (2.12) and Lemma 2.2 to
obtain the conclusion of (IT) and (i)—(iii) of (III).

2 ~ ~
We next concentrate on A > 1 and B > —%. It is clear that dy ,, > di py1

Brf 7(d1,n) = 0 and
7(dy,n) < 0 for sufficiently large n > 1. It is easy to verify that 7(di,n) > 0

P (A—l—«/(A+1)2+4B> 2 (A—1+,/(A+1)2+4B)
for 5, <n< 5
transversality condition (2.13) and Lemma 2.2 to conclude (iv) of (III). O

and JML > élvl,n+1 for each n > 1. For fixed dy, we have

. Then, we can use the

2.2. The strong kernel
For k =2, Eq. (2.3) is equivalent to

9 3 Tdin? B2 9
T W +T(2+£2_TA_£2—|—d1n2
27din? 27 B2
(dl + dzu*)nQ A B£2
2 02+ din?
=0, n>0.
If 4 = 0 for some n > 1, then we can derive dy = dJ (dy,n) and § + ngZ"Q —TA—

% # 0, where d2(dy,n) is given by (2.5). In addition, if u = io,, (0, > 0),

then we separate real and imaginary parts of Eq. (2.14) and obtain

27dn? 27 B2
2 2 1
TU”<1+£22TA€2—|—d1nQ>>O’

2 2+ din? 2 T 2y 4
(2.15)

from which it follows that % + ng{”z —T7A — % > 0 and dy = d(dy,7,n),
where

din? B2 dy + dauy)n? B2
mi<2+“” —rA- ):(1+2")” R——

202 Tdin? B2\’
H _ 1
d2 (dl,T,n)— W <1+€2_TA_€2—~—(;Z17’12) > 0. (216)

Now we establish the following lemma for di! (dy, 7,n), which is associated with the
Hopf bifurcation curve.
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Lemma 2.3. Suppose that A+ B < 0. Let di(dy,7,n) be defined in (2.16) and
(H1)-(H9) be defined in Lemma 2.2.
(I) For fixed dy and n > 1, we have
(i) if one of (H1)-(H5) holds, then

lim, dyf (dy,mm) = oo, lim dy'(dy, 7,n) = oo,

and di!(dy, 7,n) is strictly decreasing for 0 < T < —7(dy,n) and is strictly
increasing for T > —7(dy,n), where 7(dy,n) is defined in (2.11);
(ii) if one of (H6)—(H8) holds, then
Tli>HOl+ dé—l (d17 T, TL) = 00, TEIEOO dg (dla 7, TL) = 07
and d¥ (dy,T,n) is strictly decreasing with respect to T;
(#3) if (H9) holds, then

Tl—ig)l-;— dgl(dla T, ’I’L) = +00, TEI-ir-loo dgl(dlv T, n) = +0o0,

and d¥ (dy,7,n) is strictly decreasing for 0 < 7 < 7(d1,n) and is strictly
increasing for T > 7(dy,n), where 7(dy,n) is defined in (2.11).

(IT) For fized di and T, we define

202 rdip B2\’
d(p) = 1 A
2 (p) TULD ( + 62 T 62 +d1p> y P> 07

and we have

(i) there must be at least one p, > 0 and at most three p, > 0 satisfying

_ Td1p B> 2TB€2d1p -
1+ 2 +7'A+ Z2+d1p + (€2+d1p)2 -

holds: A <1; A > 1 and B < _%; A>1 B> _% and
1 .

0<7< s/ 5

(i) there must be at least three p, > 0 and at most five p, > 0 satisfying

0 if one of the following conditions

H 2
7‘1‘13;’“) =0ifA>1, B> - 4> AT E
(iii) denote
d5 = min {dé17 (dv, 7, [\/Ds)) ,dgl (dv, 7, [\/Ds] + 1)} , (2.17)

where p, is mentioned above, and we have m>irll{d§1(d1,7, n)} = dj and
nz

: H —
nll)rfoo dy (dy,T,m) = 400.

Proof. For fixed d; and n > 1, d&(dy,7,n) is regarded as the function of 7. In
addition, the partial derivative of dg (dy,7,n) with respect to 7 yields

ad¥ (dy,7,n)
or

202 Tdin? TB? Tdin? TB¢?
Sy SO S i Y S
wn?r? ( T AT BT d1n2) ( T AT ED d1n2>
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r(din*+din?e*(1—A)—t*(A+B))

2
Since 1+ ZH —7A - B0, = 14 EE ) and —1+ T —
2,201 A\_p4
FA— e?fjlliﬁ =14+ r(dint +d1;(i2$d1il) ! (A+B)), it follows that if one of (H1)—(H5)

holds, then lim di(dy,7,n) = +oo0, lim d¥(d;,7,n) = +oo and
T—0 T—+00

<0, f0<7<—7(dq,n),

=0, if 7 = —7(dy,n),

>0, if 7> —7(dy,n),

odit (dy, 7, m)
or

if one of (H6)—(HS8) is satisfied, then lim d& (dy,7,n) = +oo0, lim d(dy,7,n) =
T—0t T—400

UM2T

H
0 and 22WuTn) — 20 < (. if (H9) holds, then lim_dff (dy,7,n) = +o0,
T—0

lim d¥(dy,,n) = +oco and
T—+00
<0, if 0 <7< 7(dy,n),
=0, if 7 = 7(d1,n),
>0, if 7> 7(dy,n).

adg (dl 5 Ty Tl)
or

For fixed d; and 7, it is easy to obtain the following partial derivative of dif (p)
with respect to p

ddy' (p)
dp
202 1 Td1p A TB?
= — — T _ -
TULP? 02 02 +dyp
d B2 27 Bl?d
x(—l—i—T Py T r 1p2>
2 2 +dip  (2+dip)
T 1 B2 Td2p? 2(r—1 ‘1—TA—7T T
NOte that 1+ d p_ A_szflp o dlp +d1pf (ez(zfrjl);;f (1 A B) and 1+ d1p+
A+ TBe? + 2rBdyp _ Tdip®+dip? 3 (27+7A—1)+d pl* (7427 A+37B—2)+L° (1 A+TB— 1)
024+dip (2+dip)?2 — £2(02+d1p)?
Since TA+7B —1 < 0, it follows that —1 + lep +7A+ Z;f§1p + (QZZEZ C;l)p =0 has

at least one positive real root and has at most three positive real roots. In addition,
2
1+ lep —7A— FBY >0 for any p > 0 if one of the following conditions holding:

£2+dip
. (A+1 (A+1)? 1 .
A<1 A>1andB< A>1B> Tand0<7§m7
while 1 + lep —T7A — e{fﬁlp = 0 has two different positive real toots if A > 1,
B> f@ and 7 > m. This completes the proof. O

Next, we use Lemmas 2.2 and 2.3 and establish the following theorem for the
strong kernel.

Theorem 2.2. Suppose that v(x,t) = f o He” “u(x,s)ds and A+ B < 0. Let

d3 (dy,n), 7(di,n), d¥(dy,7,n), di, and dj be denoted by (2.5), (2.11), (2.16),
(2.9) and (2.17), respectively.

(I) If A < 0, then u, is asymptotically stable for —5—1 < dy < d5 and is un-
stable for dy < —Z—i or do > d5, and mode-n Hopf bifurcation occurs at
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= di(dy,7,n); moreover, double Hopf bifurcation generated by mode-

n and mode-m Hopf bifurcations occurs at dy = dif(dy,7,n) provided that
d¥ (dy,7,n) = dif (dy, 7,m) for some n,m € N satisfying n # m.

<A<LlorA>1an §—72, then
1) f0<A<1orA>1and B< -4

(i) if dv > di |, then u, is asymptotically stable for df (d1,1) < dy < dj and

is unstable for dy < d% (dy,1) or dg > d5, and mode-1 Turing bifurcation
occurs at dy = d3 (dy,1);

(ii) if di y < di < dj 5, for some positive integer N > 2, then u. is

asymptotically stable for di (di, N) < da < d and is unstable for dy <

d¥(dy,N) or dy > d%, and mode-N Turing bifurcation occurs at do
dj (di,N);

(ii) if dy = di n for some positive integer N > 1, then u, is asymptotically

stable for di(dy,N) < dy < db and is unstable for dy < d3(di,N) or
de > d5, and double Turing bifurcation generated by mode-N and mode-
N+1 Turing bifurcations occurs at dy = d3 (dy, N);

(iv) when dy > d%, Hopf bifurcation occurs at do = d& (dy,T,n); moreover,

double Hopf bifurcation generated by mode-n and mode-m Hopf bifurca-
tions occurs at dy = di (dy,,n) provided that d¥ (dy,7,n) = d (dy,T,m)
for some n,m € N satisfying n # m.

(D) If A>1 and B> —@4% ypep

Proof.

(i) if dv > dj, 1 then u, is unstable for dy < d% (dy,1) or dg > db; if further

0<d < d1 1 0ordy > d1 1, then mode-1 Turmg bifurcation occurs at
dy = d¥(dy,1), while if further d1 1 < dp < d1 1, then mode-1 Turing
bifurcation occurs at dy = d3 (dy, 1) provided that T # T(dl’ ;

(ii) if di y < di < dj 5, for some positive integer N Z 2, then u, is

unstable for do < d%(dy,N) or dy > dj; if further 0 < dy < c/l\l,N or
dy > Jl,N; then mode-N Turing bifurcation occurs at dy = d% (dy, N),
while if further c/l\l,N <d < JLN, mode-N Turing bifurcation occurs at
dy = d¥ (dy, N) provided that T # M;

(iii) if di = di n for some positive integer N > 1, then u. is unstable for

do < dT<d1, ) or dy > d* iff’LH“the’f’O <d; < (3\1 ,N+1 OT dy > (21 N, then
double Turing bifurcation generated by mode-N and mode-N+1 Turing
bzfurcatwns occurs at dy = di(dy,N), while if further d1 N < d <
d1 N (or d1 Nt1 < di < d1 N+1), then mode-N (or mode- N+1) Turing

bifurcation occurs at dy = d3 (dy, N) provided that T # T(dl’ (or T #
T(dl,N+1))_
2 ’

(iv) when dy > df, we have

(a) if further 0 < dy < (jlm or di > Jlm for some n > 1, then Hopf
bifurcation occurs at dy = d (dy,7,n);

(b) if further d n <di < dy n for some n > 1, then Hopf bifurcation
occurs at dy = di¥(dy, 7,m) provided that 0 < T < (dl’ rldun)

In (2.15), 02 > 0 if and only if 1 + ngzn —TA — % > 0. For

any n > 1, Eq. (2.14) has a single eigenvalue at dy = d3(d1,n) provided that
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3+ le}if’? —TA — W # 0, while Eq. (2.4) has a pair of purely imaginary

roots if and only if dy = dif(dy,7,n) and % + %2"2 —T7A — P—Q—BdénQ > 0. We
can use similar arguments in the proof of Lemma 2.2 to determine the sign of
len B0
3t —TA - P
(A1) if one of (H1)-(H5) of Lemma 2.2 holds, then % + M —TA— % > 05
(A2) if one of (H6)—(H8) of Lemma 2.2 holds, then % +Td1” —TA— eZtglEn? =1>0
(A3) if (H9) of Lemma 2.2 holds, then & + 742 — 74 — 7B > 0 if and only if
< 7(d1,n)
—

Regarding dy as a bifurcation parameter and noting that u(dy) = 0 for dy =
d3 (dy,n), it follows that for 1 + le” —TA— FBE 4,

€2+d1 n?
du(dz)
dds

un?(0? 4+ din?)
= — . 2.1
it P )@+ 2rdi? —20AP) —37p0 7 0 1)

Regarding ds as a bifurcation parameter and noting that p(ds) = +io, for do =
di (dy,7,n), it follows that

dRep(ds)
dds

uen?

= <, (2.19)

dp=dy’ (d1,7n)  p2 (7’ o2 + (2 +7'd1" —T7A— észffnz) )

which is positive.

Using (iii) of (I) of Lemma 2.1, (IT) of Lemma 2.1, Lemma 2.3 and the transver-
sality condition (2.19) allows us to conclude (I). When 0 < A < 1l or A > 1, we
utilize similar arguments in the proof of Theorem 2.1, the transversality conditions
(2.18)—(2.19) and Lemma 2.3 to obtain the statements of (II) and (i)—(iii) of (III).

%. Recall that c?ln > C/l\17n+1 and

glvl,n > 31,n+1 for each n > 1. Then, the transversality condition (2.19), along with
Lemma 2.3, demonstrates (iv) of (III). O

We next concentrate on A > 1 and B > —

Remark 2.1. From the proof of Lemma 2.1, the following statements hold for
2

either temporal kernel: if 0 < A < lor A > 1 and B < —%, then Turing

bifurcation is possible to occur for do < 0; if A > 1 and B = (A+1)2 , then

Turing bifurcation can emerge for do < 0;if A > 1 and B > — (A'H) then Turlng
bifurcation may appear for dy € R.

3. Application

Based on the study of [1], we set g(u,h) = u (1 + au— (1 + a)h) with a > 0 and
model (1.1) becomes

{ut =ditgy +do(uvg)s +u(l+au— (14 a)h),0 <z < {m, t >0, (3.1)

Uz (0,1) = ugp (b, t) =0, t > 0.
We focus on the positive steady state u, = 1. Since A=a >0and B=—(14+a) <

0, it is obvious that A4+ B = —1 < 0. Then we set £ = 2 and apply finite difference
method for numerical exploration.
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Example 3.1. Suppose £ = 2, a = 4, dy = 2 and v(z,t) = fioo %e‘t%su(x,s)ds.
Then, u, = 1 is asymptotically stable for dy > d%(dy,1) and 0 < 7 < 7(dy,2) and
Turing-Hopf bifurcation generated by mode-1 Turing and mode-2 Hopf bifurcations

oceurs at (7,dz) = (7(d1,2),d] (dy1, 1)).

Proof. Since /=2, a =4 and d; = 2, we have B > —%, dy > dj; and &\1,1 <

dy < dy1, where B = =5, —A410° — _6.95 g5 | —1.8042, dy 1 = 15279 and dy ; =
10.4721. Moreover, we numerically calculate d2 (dq, 1) = 0.6667, d2 (dy,2) = 0.3333,

22(A—1—+/(A+1)2+4B 02( A—14+/(A+1)2+4B
\/ ( 2;1 i) = 0.8740, \/ ( 2;1 +B) = 2.2882, 7(dy,1) = 6
and 7(d1,2) = 3. Then we make use of Theorem 2.1 to complete the proof. OJ

The statements of Example 3.1 are depicted in Figure 1 and it is displayed in
Figure 2 that a stable constant steady state u, = 1 and a mode-2 periodic solution
appear for P1(2.5,1) and P2(3.45, 1), respectively.

mode-1 Hopf curve
— — mode-1 Turing curve
mode-2 Hopf curve
-------- mode-2 Turing curve
[ stable region
@ Turing-Hopf point
P1

© P

Figure 1. The stable region of u, = 1 for Example 3.1.

(a) P1 (b) P2
1025
102 103
1015 104
1.02 : 102
Lot 101 1.02
= 1.005 P Lot
“ o1 S
= 1 k-1 1
0.99
0.995 0.98
0.98 09 099
- 0.96
6 0.985 6 0.98
200 200
4 150 098 4 150 007
2 100 2 100 -
50 0975 50
Space x 00 Time t Space x 00 Time t

Figure 2. The solutions for P1(2.5,1) and P2(3.45, 1), with the initial condition being 1 — 0.02 cos z.

Example 3.2. Suppose that £ =2, a =1 and d; = 3.
(I) For v(zx,t) = ft L= u(z, s)ds, u, = 1 is asymptotically stable for dy >

=e
—0o0 T

d¥(dy,2) and is unstable for dy < d%(dy,2), and mode-2 Turing bifurcation
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occurs at do = d2 (dy,2).

(I) For v(z,t) = ftoo e = u(x,s)ds and fixed 7, u, = 1 is asymptotically
stable for d%(dy,2) < do < d% and is unstable for dy < d (dy,2) or dy > d3,
and mode-2 Turing and mode-n Hopf bifurcations occur at do = d% (dy,2) and
di (dy,7,m) with n > 1, respectively.

Proof. Using /=2, a=1andd; =3, we have A =1 and dj , < d; < dj ;, where
di, = 5.7016, di , = 1.7051. Besides, we numerically calculate d3 (di,2) = —2.5.
Then (I) and (II) follow from Theorems 2.1 and 2.2, respectively. O

The statements of Example 3.2 are displayed in Figure 3, where it is shown that
when v(z,t) = ft 1 e*%u(x, s)ds, u, = 1 is asymptotically stable for da > 0 (see
Figure 3 (a)), and when v(z,t) = ftoo tTQSe*Tu(x, s)ds, there are infinitely many
Hopf bifurcation curves for do > 0, double Hopf bifurcation generated by mode-n
and mode-m (n # m) Hopf bifurcations is obtained and stability switches emerge
as T varies for fixed dy > d¥ (dy, —7(d;,2),2) (see Figure 3 (b)). It is described in
Figure 4 that system (3.1) has a mode-2 spatially nonhomogeneous steady state,
a stable constant steady state u, = 1, a mode-1 periodic solution and a mode-2
periodic solution for P3(2, —2.5), P4(2,26), P5(2,31.1) and P6(1,26), respectively.

s (a) the weak temporal kernel s (b) the strong temporal kernel

2
30 30

25 25

mode-1 Hopf curve
mode-2 Hopf curve
20 20 swsseesss mode-2 Turing curve
mode-3 Hopf curve
mode-4 Hopf curve
mode-5 Hopf curve
stable region

P3

++++++ mode-2 Turing curve

dy
dy

stable region

.
P4

10 10 PS5
B rs

0 0.5 1 1.5 2 25 3 35 0 0.5 1 15 2 25 3 35

Figure 3. The stable region of u, = 1 for Example 3.2.

4. Discussion

In [6], a single population model with distributed memory-based diffusion is pro-
posed. It is shown that the stability of the spatially homogeneous steady state are
not affected by the weak temporal kernel and Hopf and double Hopf bifurcations
emerge in the case of the strong temporal kernel. In this work, we propose a dif-
fusive single-species model With nonlocality and distributed memory, in which the
nonlocal term h(z,t) fo y, t)dy represents nonlocal intraspecific com-
petition of the species. Here, the kernel function K (z,y) is the Green function of
—dy Ky + I according to [2,4,7,8]. As for the distributed memory, we take weak
and strong temporal kernels into consideration.
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(a) P3 (b) P4

1.001
1.0008 1.006

1.0006 101
1.004

1.0004

10002 1.002

0.9998
0.998

0.9996
0.9994 099

0.9992 0.994

0.999

Space x 0 0 Time t Space x 00 Time t

Figure 4. The solutions for P3(2, —2.5), P4(2, 26), P5(2,31.1) and P6(1, 26), with the initial condition
being 1 — 0.001cosx, 1 — 0.00lcosx, 1 — 0.1cos0.5z and 1 — 0.1 cos x, respectively.

When A < 0, the memory delay has no influence on the stability of the spa-
tially homogeneous steady state for the weak temporal kernel, while large repulsive
memory-based diffusion can induce Hopf and double Hopf bifurcations for the strong
temporal kernel. When either 0 < A <1,or A > 1and B < —%, the existence
of Turing and double Turing bifurcations can be obtained by a consideration of
large attractive memory-based diffusion for the weak temporal kernel, while for the
strong temporal kernel, the existence of Turing and Hopf bifurcations can be ob-
tained by considerations of large attractive and repulsive memory-based diffusion,
respectively. When A > 1 and B > —%, Turing and Hopf bifurcations may be
obtained by considering either kernel, and Hopf bifurcation is possible to emerge
for small random diffusion or large repulsive memory-based diffusion by taking into
account the weak or strong kernels, respectively.

A very interesting application to our theoretical findings is conducted in model
(3.1), where the biological interpretation of the nonlocal term is presented in [1].
By considering the weak temporal kernel, Turing-Hopf bifurcation generated by
mode-1 Turing and mode-2 Hopf bifurcations is obtained, while by considering the
strong temporal kernel, stability switches and double Hopf bifurcation generated by
mode-n and mode-m (n # m) Hopf bifurcations are observed.

The distributed memory-based diffusion model without nonlocality can not un-
dergo Turing, Turing-Hopf and double Turing bifurcations [6]. In this paper, non-
locality and distributed memory may cause Hopf or Turing bifurcations, generating
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spatially nonhomogeneous periodic solutions or steady states, respectively. What’s
more, nonlocal spatial average can give rise to Turing bifurcation with the critical
bifurcation curve being mode-1. In this work, the critical Turing bifurcation curve
can be mode-n (n > 2) due to the nonlocal term h(z,t) and distributed memory.
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