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MITTAG-LEFFLER EULER-MARUYAMA METHOD FOR LINEAR
STOCHASTIC VOLTERRA INTEGRAL EQUATIONS WITH WEAKLY
SINGULAR KERNELS*

Xiangting Hu'!, Aiguo Xiao!, Xinjie Dai? and Mengjie Wang!!

Abstract This paper reconsiders the linear stochastic Volterra integral equations with
weakly singular kernels. For the equivalent form of the underlying equation, we propose
the improved version of the existing mean-square asymptotical stability result for the exact
solution. Moreover, some new or improved results are obtained for the Mittag-Lefller Euler—
Maruyama method for the equations, and it is shown that the method shares sharp strong
convergence with order 1/2 — 3 and carries preferable stability. The numerical examples are
performed to show the accuracy and effectiveness of the numerical scheme and verify the
correctness of the theoretical analysis.
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1. Introduction

The stochastic Volterra integral equation (SVIE) can be regarded as a generalization of the
stochastic differential equation (SDE), and its general form can be expressed as

x(t) = ¢(t) +/0 f(t,s,x(s))ds +/0 g(t,s,z(s))dWs, t>0.

It can be observed that the solution of the SVIEs is related to all the historical information of the
equation, so the memory effect can be described. Since the coefficients of the SVIEs depend on
the variable ¢, the stochastic integral in the equation usually does not have martingale properties
and the solution to the equation is a non-Marov process. Therefore, compared with SDEs, the
explicit solutions to SVIEs are more difficult to obtain and the corresponding numerical studies
are more challenging. Consider the linear SVIE

x(t) = z(0) + /0 (t —s)%x(s)ds + /0 (t —s)%x(s)dWs,
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when a = 1, the Euler-Maruyama (EM) method for this equation can achieve strong convergence
with order 1 [20]. This result is interesting. In fact, when o = 0, the equation degenerates into
an SDE, and the EM method in this case has only strong convergence with order 0.5 [15,22].
Therefore, it can be seen that the appearance of kernel functions may make the convergence
order of numerical methods better in some extent.

According to singularity of the kernel functions of the SVIEs, they can be divided into two
main categories: 1) SVIEs with non-singular kernels; 2) SVIEs with singular kernels. For the
case of non-singular kernels, some important research progresses have been made in theoretical
analysis and numerical computation. For example, [10] and [14] generalized SVIEs to SVIEs
with delay and SVIEs with jump, respectively. In addition, theta type method [5], Split-step 6
method [29](integrator [24]), split-step collocation methods [28] and operational matrix method
[12] have also been applied to solve numerically SVIEs with non-singular kernels. For the other
type, we consider SVIEs with weakly singular kernels

x(t) = xo + /0 (t—s)"“f(x(s))ds + /0 (t— s)_ﬁg(az(s))dWS, (1.1)

where 0 < a < 1, 0 < f < 1/2, W denotes an m-dimensional standard Brownian motion
defined on (€2, F, {Fi}e(o,), P) satisfying the usual conditions. Let xg € R?, the coefficients
f:RY = R? and g : RY — R¥™ he Borel measurable. The equations (1.1) have been allplied in
anamalous diffusion [18] and rough volatility [13], as well as the EM method and the exponential
EM method for the equations were proposed in [30] and [8], respectively. Meanwhile, a stochastic
collocation method was carried out and its effectiveness was demonstrated in [4]. Moreover, the
fast EM method was constructed to improve computing efficiency in [6]. In addition, Li et al. [19]
proposed the §-EM method and Milstein method and showed that their strong convergence rates
are min{l — «,1/2 — 8} and min{1 — «, 1 — 23}, respectively. Alfonsi et al. [2] developed a new
multi-factor Euler method, which significantly reduces the computational cost in an asymptotic
manner compared to the traditional Euler method.

For now, the studies on the above numerical methods for singular SVIEs mainly focuses on
the strong convergence. But the analytical and numerical stability properties of SVIEs with
singular kernel were discussed very limitedly. For the case a = 8 € (0,1/2), the mean-square
stability of the analytical solution has been studied in [26], and the numerical stability of the
exponential EM method was discussed in [8]. We want to relax the requirement 0 < o < 1/2
of the kernel of the drift term to the case 0 < a < 1 and further investigate the stability of the
exact solutions and numerical solutions.

Consider a bilinear scalar SVIE with weakly singular kernels in this paper

x(t) = o + /0 (t—s)"*Az(s)ds + /0 (t — s) Ppux(s)dWs, (1.2)

where A\, p are any given constant, and 0 < a < 1, 0 < 8 < % Firstly, our aim is to obtain
the equivalent form with the Mittag-Leffler (ML) kernel function of (1.2) and prove analytical
stability. For o, 8 € (0,1), the Mittag-LefHler functions £, g, E, : R — R are defined by

Pl = 2ty O 2 ek

where T is the Gamma function, i.e., I'(z) := [;* s* te~*ds. The ML function appeared fre-
quently in the research of fractional differential equations and different types of integral equa-
tions [1,16,23]. Secondly, the stability study of the numerical solution of the stochastic Volterra



Mittag-Leffler Euler-Maruyama method for linear SVIEs 897

equation with two singular kernels is reflected only in the exponential EM method [8]. Based
on it, we construct the Mittag-Leffler Euler-Maruyama (MLEM) method on the form of the
equivalent equation. Regarding this, we obtain some improved or new results on analytical and
numerical mean-square stability as well as strong convergence in comparison to the correspond-
ing results in [26], [27] and [19].

The paper is organized as follows. In Section 2, we obtain the equivalent equation form with
the ML kernel function of (1.2) and prove the improved result of the asymptotic stabilty of
solutions in mean square sense. In Section 3 and Section 4, the MLEM method for the equation
(1.2) is established, and its mean square stability and strong convergence are analyzed anew.
In Section 5, we will implement the MLEM method through concrete examples and verify the
obtained theoretical results.

2. Equivalent form of SVIEs with ML kernel function and its
stability

Throughout this paper, unless otherwise specified, we use the following notations. Let (£, F,
{Fi}ieo,m,P) be a given complete probability space. The o-algebraic flow {F;}cpo, 7] satisfies
the conditions of being monotonically increasing and right-continuous. Meanwhile, E denote
the expectation corresponding to probability measure P. This section obtains the equivalent
equation form with the ML kernel function of (1.2) and proves the analytical stability. In order
to get the equivalent form of the equation and estimates of the ML function, we first give the
following lemma.

Lemma 2.1. (Lemma 8.1 in [27]) According to a variation of constants formula [3], we can get
the following equivalent equation form of (1.2) with ML kernel function

X(t) = E1_o(A\I'(1 —a)t' )X,

ul(1=8) [ (=5 Bran s (A0 = a)(t = 9" )X ()W (1)

Proof. The proof will be shown in the Appendix. O

Lemma 2.2. (Lemma 8.2 in [27]) Suppose that A # 0, —1 < a < 1 and B is a real number.
Then there exist positive constants M (a, B) and M(a) depending on o and 3 such that for any
t >0, it holds when 8 # «,

M(a, B)
|A| max{1,tl-}

|E(1—a),01- A4 <

Moreover, when 8 = «, we can obtain

M (a)

Ei o (1o M9 < .
[E1-a),(1—a) (M) < N a1, (2027

Next, we prove the stability of the equivalent equation form (2.1).

Theorem 2.1. Assume that the conditions

A\ <0 and pT%(1 - 6)/ s~ (Br—ai-g(AI(1 — oz)sl_o‘))2 ds <1
0
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hold. Then for 1+ 28 —2a > 0 and any 6 € (0,1), we have

sup t°E| X (t)]? < . (2.2)
>0

Proof. Using Ito’s isometry for (2.1), for all ¢ € [0, 00), we see that
2 1—a)2 2
E|X()]* = (Bi—a(AL(1 — a)t' ™))" E|X,|
t
+ 1°T%(1 - B) / (t—8) 2 (B1—a1-p(A\[(1 — a)(t — s)l_a))2 E|X (s)|*ds.
0

Put y(t) = E|X(¢)|? and yo = E|Xo|>. On the space of bounded and continuous real-valued
functions Cy(]0, 00), R), we establish a function as below. For any & € Cy(]0, 00), R), we define

1€l := sup a(B)[E(@)],

te[0,00)

where

70, tel0,T],
a(t) =
®) {té, t>T.

Here, T is a positive coefficient and chosen later. It is obvious that the set C([0,00),R) :=
{& € Cp(]0,00),R) : [|£]|w < o0} is a Banach space with the norm || - ||, Now on Cy([0, 00), R)
we introduce the operator Ty, as follows. For any ¢ € C,([0,00),R), we define

Tool() = (B1_o(AT(1 — a)t'=))? g

21 9) [ (0= (BroaasO00 = )= 5 )°

&(s)ds.

This operator is contractive. Indeed, for any &, £ € Cyy ([0, 00), R), we have
Eog(t) - 7;05(75)

ST 8) [ (=) (Braas (001 - )t - 9 )°

(&(s) - £(5))ds
for all £ € [0, 00). Consider the case where ¢ € [0, T]. In this case,
(DI Ty (1) — Tyl (1)
< THWT*(1 - B) /0 (1= )% (B s(OT(1 — )t — 5))) €(5) — E(s)lds
< 1’T2(1 - ) /0 ()= )2 (Bran s (OT(1 — a)(t — )2 €(s) — E(s)lds
<= 9) [ u (BraaoaO0(1 - a)ut=))? dulle — .. (2.3)

0

Next, for t > T, we have

()] Tyl (8) = Tyl (t)]
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< 0T 1 =) [ (=97 (Froaa s (00 = )t = ') ¢(6) ~ &3l

<t0uT?(1 - 5)/0 (t—5)"2% (By_a1_s(AT(1 — ) (t — 8)) 570ds]1€ — €. (2.4)

Note the following three facts. On the interval [0,¢/2], it holds that

t/2
#2721 —ﬁ)/o (t = 5)2 (Br_an_s(AT(1 — a)(t — 5)))% s~0ds

t/2
<oerra-p) [ g
— 0 (t _ 8)2—2a+2,8
_ Ctop2r2(1— 8) (42 5y
=T (t/2)2 20128 § as
- C21—20¢+2,3+5M2F2(1 _ ﬁ)
— (1 _ 5)t172a+26
02172a+25+6ﬂ2r2(1 . ﬁ)

S (1 — 6)T1—20+28 (2:5)
On the interval [t/2,t — M],
s t—M 2 s
£ ur%(1 - B) /t/2 (t—s)"2 (Br—a,1-g(AT(1 —a)(t — s)l_a)) s %ds
t(S 9 t—M C
< — - -
= (t/2)5“ Ir“(1-25) /t/2 (t_5)2—2a+2,8d8
C2°1’T?(1 - B) (2.6)
- (1 — 20+ 26)M1+2572a' )
And on [t — M, t],
t
£ p*T2(1 - B) / (t—s)~28 (Br—ai-g(AL(1 —a)(t — s)l_o‘)2 s%ds
t—M
téu2r2 1— 6 t B a2
S (15_(]\4)6) /t_M(t - 8) 28 (El_ml_ﬁ()\r(l - Oé)(t - 8)1 )) ds
PpPT2(1—B) [ 4 1-ay)2
From (2.5), (2.6) and (2.7), M >0, T > 2M and 1+ 28 — 2a > 0, it holds that for any ¢ > T
CM2F2<1 _ ﬁ)225+5+1*20¢ C,U,2F2(1 _ 5)25
(1 _ 5)T1+26—2a (1 +26 — Qa)M1+2B—2a
p?T?(1 -

0 oo
+ ) / u= % (Br—a,1—p(AT(1 = oz)ulfo‘))2 du < 1.
0

(t— M)
This combines with (2.3) and (2.4) to show that 7y, is contractive on the space C,([0,0),R).
On the other hand, it is easy to see that 7, is bounded in C([0,00),R). Hence, by Banach
fixed point theorem, there exists a unique fixed point £* in Cy, ([0, 00),R), which is also the fixed
point of this operator in Cy([0,00),R). This implies that the estimate (2.2) holds. The proof is
completed. ]
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Remark 2.1. The above theorem shows that the exact solution of SVIEs can achieve the mean-
square asymptotical stability under certain conditions, where 1 + 25 — 2« > 0 is essential in
the proof process. When a = f3, the result is similar to Proposition 11 in [26]. However, if the
above conditions hold true, it will include 1+ 28 — 2a > 0. By applying Lemma 2.2 and simple
calculations yields

2

W21 = B)) /0 5 (B 1o, 1o (AD(1 = @)s))%ds < M (o, 8)55,

~ _ 2M?(a,8)(1—a)2(1-p
where M(Oé,ﬁ) = F2(1,(a)(1)7(25)()1+2(672)a)

1428 —2a > 0. For given o and S, there will always exist A and p such that M(oz, B)’;—z < 1.

is a positive constant depending on « and 8 when

Remark 2.2. We expand the range of § to (0, 1), therefore, the result in Theorem 2.1 improves
the corresponding result in Theorem 4.1 in [27].

3. Stability of numerical solutions for SVIEs

In this section, we present the MLEM method for (2.1) and state its stability result.
For a fixed step-size h > 0, the MLEM method for (2.1) is given by

Xp(t) =F1_o(AT(1 — a)t' =) X, (3.1)
+pl'(1 - ) /Ot@ — () P E1-a1-s(AT(1 = @)(t = ()" =) Xn(7a(s))dWs,
where 73, : (0,00) — [0,00) is defined by
Th(s) = kh for s € (kh,(k+1)h], k=0,1,2,....
Before going to the proof of stability analysis, we recall the following result about the property

of the ML function.

Lemma 3.1. (Section 4.10.2 in [11]) E, g(—z), z > 0 is a completely monotone function if and
onlyif 0<a<1andf > a.

Next, we present the following lemma.
Lemma 3.2. Suppose that

p’T2(1 - ) /OO 52 (B1—a1-s(AI(1 — oz)sl_a))2 ds < 1.
0

Let § € (0,8 — o+ 1) be arbitrary. Then

2 max{1,t*}

———ds < 1.
max{1, s20} =

t
Jlim sup p°I*(1 — ﬁ)/ (t=5)"% (Eroa1-s(AL(1 = a)(t —5)'"%))
© 0
Proof. Since p?I'?(1 — B) [;° 572 (E1—a1-p(AT(1 — a)sl_a))2 ds < 1, there exists n € (0,1)
such that

2
ds < 1.

w?r2(1 - B) /°° (Br—ai-g(Al'(1 — a)s'™®))
12 0 528
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Choose and fix such 7 satisfying the preceding inequality. Then

E (Bl a1 g(AD(1 —a)(t — 8)'7))% max {1,t¥}
li T2(1 - / = . —d
1o P H (1=5) ot (t—s)%° max {1, 29} °
2r2 (1 E AL(1 = a)(t — 5)17))?
<hmsupu (25 6)/ ( =oAL 2;( ) )) ds
t—o0 n nt (t - S)
T 1— (B1-a1-s(AL(1 — a)ul~))”
55 ds
0 u
<1. (32)
On the other hand, by virtue of Lemma 2.2 we have
/nt (B1—a1 s(AC(1 = a)(t —$)'7))?  max{1,12}
. ds
0 (t — )28 max{1, 520}
o M, ) /"t max{1, %}
S.
“ A1 —a)l? (t — 5)2— 20428
A direct estimation yields that
m 1 ¢
25 : 26 Ui
- < —
tlggo supt /0 (t — )2 20428 ds < tlggo sup? (t —nt)2—20+28 0,
which implies that
1 (By_a1—p(AD(1 — a)(t — s)1=2)) 1,12
i o [ Prooa=aOTU =)= ol )
t—00 0 (t —s)28 max{1,s%}
This together with (3.2) completes the proof. O
Finally, we are now in a position to prove the stability of the MLEM method.
Theorem 3.1. Assume that the conditions
oo
A <0 and p°T?(1 — ﬁ)/ 572 (B a1 p(AD(1 — a)s' ™)) 2ds < 1 (3.3)
0

hold. Then for any step-size h > 0 and o > 3, there exists K > 0 such that the solution Xh of
(3.1) satisfies

E|X,(t)]> < KE|X(0)]> for all t >0,

and furthermore, for any § € (0,8 — o+ 1), we have lim;_, t25]E|)/(\'h(t)\2 =0.

Proof. By (3.1) and using Itd’s isometry, we arrive at

E])A(h(t)|2 = (BE1—a(AT(1 - oz)tl*a))QIEI‘,|X(O)|2

t — o)t — () )?
+M2(F(1_/6))2/0 (El—a,l—ﬁ()\lgt(l_ Th(l()t)zﬁ h( )) )) E‘Xh(Th(S))‘QdS.
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Note that 73,(s) < s and using Lemma 3.1, we obtain that
> a2
EIRA(0) < (B oAL(1 - 0)f'))*EIX (0)

t —a — 3 1—a\)2 N
ppr(nr - gy [ B OO 2, s

By virtue of Lemma 2.2, there exists M («, ) > 0 such that for any X (0) # 0,

E|X,(t)[2 M(a, B)
EXOF S W0~ ) max(l 2-5] (3.4)
' (Braps(AT(1 = 0)(t = 5)'=%))* B[ Xa(mu(s))|
+M2(F(1—5))2/0 (Frans (i — 5)28 } E\Z{(g)p
Now, let

00 (Bi—a1-g(M\'(1—a)sl—« 2
G e e
% < K by contradiction. So

E|X5 (1)
E[X(0)]*

Thanks to (3.3), K > 0 and we are now proving sup;>

assume that there exists 7' > 0 being the first time for which

> K, i.e.,

E|Xy(T) _ E| X (t)[?

= — 7 <« K fort T).
EXOP ~ 0 Exope <K frieldD

Thus, replacing ¢t = T in (3.4) yields that

(B1—an-s(AT(1 = )(T — 5)1=2))?
K < M(a,B) + (T K/ 1-a1-p( (<T_§;g D7) g
—« 1—a)) 2
< M{a.B) + 2T K/ (Bi—an-5 )\1;(2}3 Ju' ")) du,

which contradicts to the definition of K as in (3.5), and the desired result holds.

Let 6 € (0,8 —a+ %) be arbitrary and then to complete the proof, we need to show that
limy—yo0 t25E])?h(t)|2 = 0. In fact, choose and fix an arbitrary constant 6 € (6,8 — o + 1) so that
it is sufficient to show that

, E| X))
26
PSP R X (0) 2

Suppose that the contrary holds. Then, there exists an increasing sequence (t,)nen tending to

oo such that 7, := max{1, t%}% satisfies

E|Xn (1)

Yn = max {max{l,t%} E[X(0)

€ [O,tn]} forn e N (3.6)
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and lim,,_, v, = 00. Replacing t = t,, in (3.4) yields that

E| X (tn) < Mo, B)
E|X(0)]2 ~ [AT(1 — )2 max{1,t372%}

Era1-s(AL(1 = @) (t, — 5)'7)) 2 E| X (7(5))]?

ds,

tn
2 2 ( et
I'(1—
=) [ e
which together with (3.6) implies that

M(a, B) max{l,t?f
T A1 — a)2max{1, 2%}

tn —a)(t, —s)t™@ 2max 26
sy [ a0t s
Among them,
B (ru(s)? _ max{E|Za(s)}
EX(0)? —  E[X(0)]
= max ;max 520 E’Xh( )P
=l e B xR
;max max{1, §2 E’Xh( I
S e ) )
_
max{1,s20}
Thus,

max{1, s20}

0 (tn —5)? max{1, s20}

n -« — )17))? max ]
n(1u2<r<15>>2 J A

M(a, B) max{l,t%s
TIAL(1 — a)2 max{1, 22}’

Since 20 < 28 — 2o+ 1 < 2(1 — ), it follows that

) M(a, B) max{l,t?f
lim su 5o —
n—00 IAT(1 — «)|? max{1, t; "}

However, by virtue of Lemma 3.2 and lim,_,, v, = 00, we have

tn (By_a1_g(AT(1 — @)(tn — $)1=))” max{1, 29

li | 1— 201 - 2/ ’ 5y
lim sup-y < e (I( ) 0 (t, — 5)28 max{1, 520} ’

which leads to a contradiction. The proof is completed.

ds)

)=

O]

Remark 3.1. The proof of the above theorem uses certain conditions in Theorem 2.1, and the
difference is that the condition « > [ is added. As for a < (8, it remains to know whether
the MLEM method is stable or not. In the above parameter region, we did some numerical
simulations for « = 0.2 and 8 = 0.3 in Figure 3 of Section 5, it is shown that the scheme is still

stable.
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Remark 3.2. Based on relaxing the requirement 0 < o < 1/2 of the kernel of the drift term
to the case 0 < a < 1, we prove the stability of the numerical solutions. The result in Theorem
3.1 extends the corresponding result in [8].

4. Strong convergence of numerical solution for SVIEs

Firstly, we give the following lemma for the bound on supg<;<r E| X, (t)].

Lemma 4.1. Let

Cy = MiEy_gs (;ﬂ(m — B))2MaI(1 — 2B)T1_25>

with
— _ 1—a)\2
M, = OréltagXT(El_a()\P(l a)T %)%,
— _ a2
M, = Oréltag(T(El,ayl,g()\F(l a)T))=.

Then, for all h > 0 we have

sup E|X,(t)]° < CLE|X(0)].
0<t<T

Proof. By (3.1), we arrive at

~

(Xn(t))? Z{(Ela(AT(l —a)t' )X (0)

(t —7n(s))*”

Taking the expectation of the both sides of the above equality and using Ité’s isometry, we
obtain that

t —a)(t — m(8))1 ) ~ 2
L ur(1 - ) /0 F1oan1-p(AL(1 — a){t ~ 7 (s)) >Xh<m<s>>dws}.

E|Xu(t)]? = (B1—a(AD(1 — a)t'~*))?E| X (0) 2
2

t —a)(t —m(s)) PN
- ) [ (El‘“’l‘ﬂ“afl_m(l()’;w M) gy R rns)) Pl

Noting that 74(s) < s, we derive

E|X,(8)]? < (Bi—a(AD(1 - B)t1=)) *E|X (0)|?

! —a)(t—mh(s)))? o
+N2(F(1 _ ﬁ))2/0 (El—oa,l—ﬁ()\r((lt . S))gtﬂ n(s)) )) E|Xh(7'h(8))|2ds
t % $))[2
MEXO) + 201 - gy [ ZEHEIE

Let my := SupOSSStIED?h(s)P. Then

t
e < MEXO)P + 200 - )My [ s s,
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Applying Gronwall’s inequality (e.g., Lemma 6.19 in [7]), we arrive at

sup E|X4(s)|2 < MyE1_og (Mz(m —B))2Mul(1 — 26)161_25) E|X(0)[%,
0<s<t

which completes the proof. O
Secondly, we obtain the following preparatory lemma to realize scaling better.

Lemma 4.2. Letl—agé—ﬂ andt,se[O,T},dzl—a,B:%—ﬁ. Then
[t — 54| < s&_B|t—s|B

for allt > s.

Proof. Since § € (0,1), using the inequality [t — s°| < |t — s|°, we derive that

Y — s = 138 P — s8=B. SB\ < |s@ PP — g5 sB] = Sd_B|t - 3|B.

The proof is complete. R R O
Thirdly, we establish an upper bound on the difference E|X(t) — Xp(f)|> in terms of
max{1, #1+26-20 |t — £|1-26,

Lemma 4.3. Let

2 2
M = (meg}%;ca] 0z E1_o(A'(1 — a)fﬂ)) My = <m€[1(il%¥“} OB —0,1-p(AL(1 — a):v)) ;

and

Cy :{4M3E|X(O)|2 max{1, T1+?/-2}

8u%(T'(1 — B))2MoCy max{1, T?*~ 1720} 4 4,2((1 — B))2M,C T 28
* min{2 — 2a, 1 — 26} ’

where Cy is given in Lemma 4.1. Then, for all h >0 and t, t € (0,T], we have
E| X, () — Xp(D)> < Comax{1, 2P -20Y — 125,
Proof. Choose and fix ¢, € (0,7] with ¢t > £. By (3.1), we have
Xn(t) = Xn(®)
= (B1—a(AT(1 — a)t'™®) — E1_o(AL(1 — &)t ™%)) X,

t —a)(t — ()
+MF(1—B){ | Bt N ) D g, ) a,

P (Ei—an s = a)(t = 7()'™)  Ei-an_s(AL(1 = a)(t — m(s))'~)
+/o ( (t = m(s))? (i — (s))? )

x Xp(1h(s))dW,

F(Bian OO0 = )t = () Bi-an (A1 = a)(F = mu(s))1™)
+/0 ( (i — m(s))? (= ()P )
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X )?h(fh(s))dws}.
Using the inequality |z +y + 2 +w|? < 4(|z|* + y[* + |2]® + |w|?) for all z,y, 2, w € R? and Itd’s
isometry, we derive that

E|X5(t) — Xn (D)
<4|E1_o\I'(1 — a)t1™) — B1_o(AT(1 — )t ) 2E| X (0)|?

t —a)(t =7 (s))))?
+4M2(F(1_5))2{/£ (El—a,l—ﬁ(AF(l )(t h( )) )) ]E’Xh<7'h<8>)’2d8

(t = 7n(s))*

F B a1 sO0(1 = a)(t = 1a(s)1™%) i1 s(AD(1 — a)(t — 7(s))1 =)\ 2
+/0 ( (t— 7h(s))? B (i — 7h(s))? )

x E| X (14 (s)) 2 ds

F(Bia1-sO0(1 = a)(t = () ™)  Ei—an-s(AL(1 = a)(f = a(s)' =)\ ?
+/0 ( (£ —m(s))? (t = 7n(s))” )

X E|)?h(7h(s))|2ds}.

2
By Mean Value Theorem, Lemma 4.1 and the fact that <(t7T1(S))ﬂ - (5—71(5))6) < m —

m, we arrive at

(1 - B))2MyCy

(t — 5)2P ds

~ ~ . t4 2
E| X5 (t) — Xp()]? <AMs|t'=® — F1-¢2E| X (0)[? +f A
t

+ 4p*(D(1 - 5))2M201/0 ((g —13)25 T —1.9)26> ds

¢ — () — (t — (s —a)?
+4u2(F(1—6))201/0 Ml ))(lf—s);ﬁt =) 0) ds.

Since § € (0,1), it follows that [t° —s°| < [t —s|® for ¢,5 > 0. When 1 —a > 1 — 3, we can obtain
that

E| X (t) — Xp (D)
42 (T (1 — B))*MaCh

< AM3(t — 1) 2E| X (0)* + T (t = 7)1-2
4/112(F(1 — 5))2M201 N1-23 4M2(F(1 _ /8))2M401(t~)1_25 ~1-28
< <4M3E|X (0)pr1+28-2a 4 S L0 DIy +1 f’ig(l : m)QMMT”B) (t—1)' 27

When 1 —a < % — [, by virtue of Lemma 4.2, we can also obtain that

E| X5 (t) — Xn()]?
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2
S 4M3£1+2B—2a(t - E)I_QB]E|X(O)|2 + 4/']“ (F( /8)) MQCl( 5)1_25

—2p
N 4u2(r(11__5222M201 (t— )18 ¢ 4u2(F(1 —25_));24401#2 ¢

= <4M3E\X(0)\2 L 8200 = B))PMoCy T2 277 4 4p?(T(1 - 5))2M4C1T1‘2B>

min{2 — 2«,1 — 2}
% t~1+2ﬂ—2a(t o 5)1—25.

Thus
E|X5(t) — Xn (D)
_ |82 (1 = £))° MoCymax{1, 7207172} + 4p?(D(1 — §))° MaCi T~
- min{2 — 2,1 — 23}
—1—4M3EX(O)\Qmax{l,T1+25_2a}} x max{1, #2720 (¢ — §)1725,
Then the proof is completed. O

We are now in a position to prove the strong convergence of the MLEM method.

Theorem 4.1. For any T > 0, there exists a constant C' depending on T, X and p such that

sup E|X,(t) — X(t)]> < Ch' =25,
0<t<T

Proof. From (2.1) and (3.1), we have

Xn(t) — X(t)

~

_{/o ((t—;@))ﬁ (t - : ﬁ)ElavlWF“—a><t—Th<s>>1‘“>Xh<m<s>>dWs

s)
t —« —(s))t@ —a,1— - —s) e
N /O <E1_a,1_5( (<1t_3));t n()'"%)  Eian ﬁ(Az(l_ S)BW ) )>Xh(7h(s))dWs

PE a1-p(AT(1—a)(t—s)17%)
Jr/o 1—al = 5)5 (Xn(mn(s)) — X(S))dWs},uF(l — B).

Using the inequality |z +y + 2|> < 3(|z|> + |y|?> + |z|?) for all z,y, z € R? and It6’s isometry, we
derive

E|X4(t) — X (1)

¢ 1 1 2 o
S{/O ((t—s)ﬁ - (t—Th(s))fB) 1E1 a1 s(AT(1 — @) (t — 7(3)) ) |*E| Xp (10 (5))|*ds

/t |E1_a71_5()\F(1 —a)(t— Th(s))l—a) _ El—a,l—ﬁ()\r(l —a)(t— 8)1_0‘)’2

i 0 (t —5)28

E|Xp(7h(s))|2ds
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Bl a1-g(A L1 =)t -V ) &
[ BeapOT0 )0 =9 70) ELXh@%(ﬂ)-XXSN2d8}3u2ﬂYl—-ﬁD2
2
Moreover, using the inequality ((t—Tj(s))B — (t—ls)ﬁ) < (t_}s)w - = (8))25 and t — 1,(s) <

t + h — s, we obtain that

/ot ((t - Ti(s))ﬁ [t —18)5>2d8 = /ot <(t —ls)% B (h+t1— 3)2/3>d‘9

hl—QB
< .
—1-28
Thus,
' 1 1 2 1—o\ 1217| ¥ 2
| (G2~ o) 1Bi-an-sOT(1 = )t = n(s)' =) PEI S m(5) Pl
S (4.1

By the Mean Value Theorem and Lemma 4.1, when 1 — a > % — [, we arrive at

E| X, (1 (s))[*ds

/t ’El—a,l—ﬁ()‘r(l - Oé)(t - Th(S))lfa) - El_ml_/g()\l“(l — a)(t — 3)1*0‘)‘2
0 (t — 5)28

t—T 17a_t_817a2
Qma/\ o),
‘S—Th |2 2c
<M4Cl/ t—SQfB — s

1

<M,Cih*>2 / — d

Y NS
M4CIT1725h1+2572a

= 1-23

= 1-28 ’

hl—?ﬁ

where h'T26=2¢ < Oy and C5 is a constant. When 1 — o < % — 3, by virtue of Lemma 4.2, we
also arrive at

/t |E1—a1-g(AT(1 = a)(t — Th(5))' ™) — Bi—a,1-g(AL(1 — a)(t — s)'79)|
0 (t —s)28

L= () - 0
<
<ich | =P

bls — ()12

0o (t—s)2t
MCTEE o
- 2—-2«

2

E|X),(1h(s))?ds

_ 8)17(1‘2

ds

<M,Ch
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Therefore, we can get

/t |E1—a1-s(AD(1 — o) (t — 73(5))' ™) = B1_a1-g(AT(1 — a)(t — )" )|
0 (t — )%

2
E| X, (1i(s))[?ds

M401Tmax{272a,172ﬁ}
<
~ min{2 — 2a,1 — 24}

hi=28, (4.2)

Moreover, in light of Lemma 4.3,
E|Xh(7n(s)) — X ()]
<2E|Xp(7h(s)) — Xn(s)|* + 2E[ X (s) — X (s)]”
<20y max{1, s' 12072} |7, (s) — s|' %7 + 2E| X}, (s) — X (s)[?
<20y max{1, s't20-20Yp1=28 L 9F| X, (s) — X (s)]%.
Thus,

t — o —g 1—a\ |2 .
(1 - py? [ et E = IR () - X ()P

t o0 < 142820 1,128 t E)? _X 2
<3p2(T(1 — B))2M, (/0 2Czma {(lt’s_s)% ) ds+/0 2E] élt(s—)s)% ) ds)

<6p%(I(1 — B))QMQ{CQ max{T? 2*B(2 + 26 — 2a,1 — 23),

PE|Xn(s) — X(s)?
—I—/O ds},

(t — 5)%8

1

1-281,1-28
1-23 ph

where fg stH28=2a(p — 5)=28ds = 2722 B(2 + 28 — 20, 1 — 2f3) and B(-,-) is the Beta function,
ie. B(p,q) == fol zP~1(1 — 2)971dz. This together with (4.1) and (4.2) implies that

E|X5(t) — X (1)

- X()

R R e 5»2{ e

1-23

M4CITmax{272a,1725}
min{2 — 2,1 — 23}

1
+ M5Cy max{TQ_QO‘B(2 + 28 —2a,1 — 26)’ 125T1_26}}.

Applying the Gronwall’s inequality (e.g., Lemma 6.19 in [7]), we arrive at

sup E|X,(t) — X(1)[* < Ch' =%,
0<t<T

where

MyC4 M401Tmax{2—2a,1—2,8}
1-28 min{2 —2a,1 — 23}

C:= Ey_95(6p*(D(1 - 8))*Ma'(1 — 25)T12B){

+ MyCy max{T* **B(2 + 28 — 2a,1 — 28), 1_12ﬂT12ﬁ } x 6p*(D(1 — B))*.

The proof is completed. ]
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Remark 4.1. The above theorem shows that the MLEM solution can achieve sharp strong
convergence with order 1/2 — 3, which is superior to the -EM method for SVIEs with weakly
singular kernels because the latter only up to min{l — a,1/2 — 8} in [19].

5. Numerical examples

In the section, we will verify the strong convergence order and stability of the MLEM method
for the bilinear SVIE (1.2).

Example 5.1. Consider a simple bilinear scalar SVIE with the initial value zg = 2

L

In a similar way, we use the sample average to approximate the expectation. More precisely,
we measure the mean-square errors at the terminal time ¢y and the computing order by

where X @ (ty) and X](\? indicate the exact solution and the numerical solution on the ith sample

x(t) = xo — /0 (t—s) “x(s)ds — /0 (t — s)_ﬂx(s)dWs, t €0, 3

o a=0.3,5=0.1 0 a=0.5,4=0.1
10 10
— — —slope=0.4 — — —slope=0.4
—¥k— mean-error —¥— mean-error
S 5 10 — -
Lﬁ -1 — LUT -
< 10 - < M
[} —_ 5]
1072 : 107 :
10 1073 1072 10 1073 1072
Stepsize Stepsize
o a=0.6,5=0.1 a=0.8,5=0.1
10
— — —slope=0.4 — — —slope=0.4
—¥— mean-error 10° —¥— mean-error
5 10t ¢ - S e
i - i, -
S S
[} [«5]
= 102} 9‘6/*/’(/)‘6 =
Lo M
103
10 1073 1072 10 1073 1072
Stepsize Stepsize

Figure 1. Mean-square error of the numerical solution of the MLEM method (3.1).

1000 , log(ApN/Ar )
1 . S\ALN/ AR N
Ay v = | — X (i) —_x@ 2 _ 2
"N\ 1000 ; | XW(ew) = Xy %, Order log(2)  ~

path, respectively.
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100 a=0.3,3=0.3 100 «=0.8,3=0.3
****** slope=0.2 - ———---slope=0.2
—¥—— mean-error —¥—— mean-error
- 10t 1

Mean-Error
[
o
KN
T
1
Mean-Error

102 1
102 : 103 :
10 102 102 10 102 102

Stepsize Stepsize

Figure 2. Mean-square error of the numerical solution of the MLEM method (3.1).

Considering the calculation efficiency of ML functions, the numerical solutions by the MLEM
method with a small stepsize h = 2712 is used as a replacement of the unknown exact solution.
The numerical solutions of the MLEM method will be obtained by using four different stepsizes
h =278 279 2710 2= op the same Brownian path when o = 0.3, 0.5, 0.6, 0.8. Figures 1
and 2 reveal that the strong convergence order of this method at time T' = % has nothing to do
with the drift term parameter «, and they are all 1/2 — 3 for various values of a.

To test the mean-square asymptotic stability with h = 27! for (3.1), we give the following
example.

Example 5.2. Consider the bilinear scalar SVIE with the initial value o = 10

(1) = a0 + /0 (t — 5)Aw(s)ds + /O (t— 8) Puz(s)dWs, € 0,20,

where a = 0.3, 8 = 0.2, satisfying o > .

Referring to Remark 4.1 in [27], we can find that the condition (3.3) in Lemma 3.2 holds,
which means that there is indeed the corresponding A, u to make the numerical method stable.
As for the following condition in Lemma 3.2

1% (1 — B) /Oo 5720 (By a1 p(AT(1 — a)s' ™)) ds < 1,
0

fixing the value of A, we can observe that the left side of the inequality increases as p increases,
then there exists uo such that the inequality holds when p < po. Take p =5, 1, 1/5, 1/10 and
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°  h=12)=-1u=5 h=1/2)=-1,u= 1
10 x10 14 100 ©
8t : 80
— 6 { . 60
o o
. >
wo, 1 %o
2t : 20
0 : ' ' 0 .
0 5 10 15 20 0 5 10 15 20

t t
h=1/2,A=-1,1. = 1/10

h=1/2,A=-1,u = 1/5

100 100
80 ] 80
_. 60 {1 _ 60
o o
>, 2>,
Yoaof { Y40
20} ] 20
0 0
0 5 10 15 20 0 5 10 15 20

Figure 3. Second moment of the numerical solution of the MLEM method (3.1).

A = —1 unchanged and generating 2000 numerical sample paths over [0,20], we plot the mean
square of the numerical solution in Figure 3, which verifies our result.

On the other hand, we currently are not able to use our methods to deal with the case 8 > a.
In this case, we simulate the Example 5.2 with o = 0.2, 5 = 0.3 by using the MLEM method
(3.1), the numerical results in Figure 4 show that the method is still stable for some 8 > a.
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Appendix

To prove Theorem 2.1, we first present the result for the deterministic equation in the following
form

z(t) = x0 + )\/O (t —s)"“x(s)ds + ,u/o (t — s) P f(s)ds,

where A\ and p are constants, f(s) is measurable and bounded, and « € (0,1), 3 € (0,1).
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X h=1/2A=-1,u =5 h=1/2A=-1,x =1
10 19 Tt 100 Tt
8 80
. 6 . 601
o o
> >
oy 40
2 20
0 ' ' ' 0 ' '
0 5 10 15 20 0 5 10 15 20
t t
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Figure 4. Second moment of the numerical solution of the MLEM method (3.1).

Theorem 5.1. For any T > 0, there exists a constant C' depending on T, A and p such that
2(t) =E(_a)(AL(1 — )t =)zg

0 (1= B) [ (¢ =97 By 1m0 (1= )t = 54 (s

Proof. Using the similar way in the [17], we can get that x(t) is exponentially bounded, which
means its Laplace transforms exist. Then, taking Laplace transform with respect to ¢ in both
sides of (1), we obtain

Y(s) = % F ALY (s) + pL(tP)F(s),

where Y (s) and F'(s) denotes the Laplace transform of x(s) and f(s), respectively. The inverse
Laplace transform using (8) yields

2(t) =E(1_a)(AL(1 — )t =)zq
01— B) [ (6= 9 Bty 1) (AL = o)t =)0 (o),

O

As an application of the preceding theorem, we obtain the Eq. (2.1) is an explicit repre-

sentation of the solution of the bilinear scalar SVIE with weakly singular kernels (1.2), and the
proof is similar with the Section 3.2 in the [3].
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Remark 5.1. In order to prove Theorem 2.3 it is sufficient to show that z(t) = X (¢). Using
the It0 representation theorem, it is sufficient to show that the following statement

<a:(t),C+ /OT E(T)dWT> - <X(t),C+ /OTE(T)dWT> (5.1)

holds for all C' € R% and = € H2([0, d], R?). Using the similar proof as in Lemma 3.4, Proposition
3.5 and Theorem 2.3 in [3], the proof of the Lemma 2.1 is completed.
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