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Abstract This paper reconsiders the linear stochastic Volterra integral equations with
weakly singular kernels. For the equivalent form of the underlying equation, we propose
the improved version of the existing mean-square asymptotical stability result for the exact
solution. Moreover, some new or improved results are obtained for the Mittag-Leffler Euler–
Maruyama method for the equations, and it is shown that the method shares sharp strong
convergence with order 1/2− β and carries preferable stability. The numerical examples are
performed to show the accuracy and effectiveness of the numerical scheme and verify the
correctness of the theoretical analysis.
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1. Introduction

The stochastic Volterra integral equation (SVIE) can be regarded as a generalization of the
stochastic differential equation (SDE), and its general form can be expressed as

x(t) = ϕ(t) +

∫ t

0
f(t, s, x(s))ds+

∫ t

0
g(t, s, x(s))dWs, t ≥ 0.

It can be observed that the solution of the SVIEs is related to all the historical information of the
equation, so the memory effect can be described. Since the coefficients of the SVIEs depend on
the variable t, the stochastic integral in the equation usually does not have martingale properties
and the solution to the equation is a non-Marov process. Therefore, compared with SDEs, the
explicit solutions to SVIEs are more difficult to obtain and the corresponding numerical studies
are more challenging. Consider the linear SVIE

x(t) = x(0) +

∫ t

0
(t− s)αx(s)ds+

∫ t

0
(t− s)αx(s)dWs,
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when α = 1, the Euler–Maruyama (EM) method for this equation can achieve strong convergence
with order 1 [20]. This result is interesting. In fact, when α = 0, the equation degenerates into
an SDE, and the EM method in this case has only strong convergence with order 0.5 [15, 22].
Therefore, it can be seen that the appearance of kernel functions may make the convergence
order of numerical methods better in some extent.

According to singularity of the kernel functions of the SVIEs, they can be divided into two
main categories: 1) SVIEs with non-singular kernels; 2) SVIEs with singular kernels. For the
case of non-singular kernels, some important research progresses have been made in theoretical
analysis and numerical computation. For example, [10] and [14] generalized SVIEs to SVIEs
with delay and SVIEs with jump, respectively. In addition, theta type method [5], Split-step θ
method [29](integrator [24]), split-step collocation methods [28] and operational matrix method
[12] have also been applied to solve numerically SVIEs with non-singular kernels. For the other
type, we consider SVIEs with weakly singular kernels

x(t) = x0 +

∫ t

0
(t− s)−αf(x(s))ds+

∫ t

0
(t− s)−βg(x(s))dWs, (1.1)

where 0 < α < 1, 0 < β < 1/2, W denotes an m-dimensional standard Brownian motion
defined on (Ω,F , {Ft}t∈[0,T ],P) satisfying the usual conditions. Let x0 ∈ Rd, the coefficients

f : Rd → Rd and g : Rd → Rd×m be Borel measurable. The equations (1.1) have been allplied in
anamalous diffusion [18] and rough volatility [13], as well as the EM method and the exponential
EM method for the equations were proposed in [30] and [8], respectively. Meanwhile, a stochastic
collocation method was carried out and its effectiveness was demonstrated in [4]. Moreover, the
fast EM method was constructed to improve computing efficiency in [6]. In addition, Li et al. [19]
proposed the θ-EM method and Milstein method and showed that their strong convergence rates
are min{1−α, 1/2− β} and min{1−α, 1− 2β}, respectively. Alfonsi et al. [2] developed a new
multi-factor Euler method, which significantly reduces the computational cost in an asymptotic
manner compared to the traditional Euler method.

For now, the studies on the above numerical methods for singular SVIEs mainly focuses on
the strong convergence. But the analytical and numerical stability properties of SVIEs with
singular kernel were discussed very limitedly. For the case α = β ∈ (0, 1/2), the mean-square
stability of the analytical solution has been studied in [26], and the numerical stability of the
exponential EM method was discussed in [8]. We want to relax the requirement 0 < α < 1/2
of the kernel of the drift term to the case 0 < α < 1 and further investigate the stability of the
exact solutions and numerical solutions.

Consider a bilinear scalar SVIE with weakly singular kernels in this paper

x(t) = x0 +

∫ t

0
(t− s)−αλx(s)ds+

∫ t

0
(t− s)−βµx(s)dWs, (1.2)

where λ, µ are any given constant, and 0 < α < 1, 0 < β < 1
2 . Firstly, our aim is to obtain

the equivalent form with the Mittag-Leffler (ML) kernel function of (1.2) and prove analytical
stability. For α, β ∈ (0, 1), the Mittag-Leffler functions Eα,β, Eα : R → R are defined by

Eα,β(z) :=
∞∑
k=0

zk

Γ(αk + β)
, Eα(z) :=

∞∑
k=0

zk

Γ(αk + 1)
,

where Γ is the Gamma function, i.e., Γ(x) :=
∫∞
0 sx−1e−sds. The ML function appeared fre-

quently in the research of fractional differential equations and different types of integral equa-
tions [1,16,23]. Secondly, the stability study of the numerical solution of the stochastic Volterra
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equation with two singular kernels is reflected only in the exponential EM method [8]. Based
on it, we construct the Mittag-Leffler Euler–Maruyama (MLEM) method on the form of the
equivalent equation. Regarding this, we obtain some improved or new results on analytical and
numerical mean-square stability as well as strong convergence in comparison to the correspond-
ing results in [26], [27] and [19].

The paper is organized as follows. In Section 2, we obtain the equivalent equation form with
the ML kernel function of (1.2) and prove the improved result of the asymptotic stabilty of
solutions in mean square sense. In Section 3 and Section 4, the MLEM method for the equation
(1.2) is established, and its mean square stability and strong convergence are analyzed anew.
In Section 5, we will implement the MLEM method through concrete examples and verify the
obtained theoretical results.

2. Equivalent form of SVIEs with ML kernel function and its
stability

Throughout this paper, unless otherwise specified, we use the following notations. Let (Ω,F ,
{Ft}t∈[0,T ],P) be a given complete probability space. The σ-algebraic flow {Ft}t∈[0,T ] satisfies
the conditions of being monotonically increasing and right-continuous. Meanwhile, E denote
the expectation corresponding to probability measure P. This section obtains the equivalent
equation form with the ML kernel function of (1.2) and proves the analytical stability. In order
to get the equivalent form of the equation and estimates of the ML function, we first give the
following lemma.

Lemma 2.1. (Lemma 8.1 in [27]) According to a variation of constants formula [3], we can get
the following equivalent equation form of (1.2) with ML kernel function

X(t) = E1−α(λΓ(1− α)t1−α)X0

+ µΓ(1− β)

∫ t

0
(t− s)−βE1−α,1−β(λΓ(1− α)(t− s)1−α)X(s)dWs. (2.1)

Proof. The proof will be shown in the Appendix.

Lemma 2.2. (Lemma 8.2 in [27]) Suppose that λ ̸= 0, −1 < α < 1 and β is a real number.
Then there exist positive constants M(α, β) and M̄(α) depending on α and β such that for any
t ≥ 0, it holds when β ̸= α,

|E(1−α),(1−β)(λt
1−α)| ≤ M(α, β)

|λ|max{1, t1−α}
.

Moreover, when β = α, we can obtain

|E(1−α),(1−α)(λt
1−α)| ≤ M̄(α)

λ2max{1, t2(1−α)}
.

Next, we prove the stability of the equivalent equation form (2.1).

Theorem 2.1. Assume that the conditions

λ < 0 and µ2Γ2(1− β)

∫ ∞

0
s−2β

(
E1−α,1−β(λΓ(1− α)s1−α)

)2
ds < 1
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hold. Then for 1 + 2β − 2α > 0 and any δ ∈ (0, 1), we have

sup
t≥0

tδE|X(t)|2 < ∞. (2.2)

Proof. Using Itô’s isometry for (2.1), for all t ∈ [0,∞), we see that

E|X(t)|2 =
(
E1−α(λΓ(1− α)t1−α)

)2 E|X0|2

+ µ2Γ2(1− β)

∫ t

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2 E|X(s)|2ds.

Put y(t) = E|X(t)|2 and y0 = E|X0|2. On the space of bounded and continuous real-valued
functions Cb([0,∞),R), we establish a function as below. For any ξ ∈ Cb([0,∞),R), we define

∥ξ∥w := sup
t∈[0,∞)

α(t)|ξ(t)|,

where

α(t) :=

{
T δ, t ∈ [0, T ],

tδ, t ≥ T.

Here, T is a positive coefficient and chosen later. It is obvious that the set Cw([0,∞),R) :=
{ξ ∈ Cb([0,∞),R) : ∥ξ∥w < ∞} is a Banach space with the norm ∥ · ∥w. Now on Cw([0,∞),R)
we introduce the operator Ty0 as follows. For any ξ ∈ Cw([0,∞),R), we define

Ty0ξ(t) =
(
E1−α(λΓ(1− α)t1−α)

)2
y0

+ µ2Γ2(1− β)

∫ t

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
ξ(s)ds.

This operator is contractive. Indeed, for any ξ, ξ̂ ∈ Cw([0,∞),R), we have

Ty0ξ(t)− Ty0 ξ̂(t)

=µ2Γ2(1− β)

∫ t

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(ξ(s)− ξ̂(s))ds

for all t ∈ [0,∞). Consider the case where t ∈ [0, T ]. In this case,

α(t)|Ty0ξ(t)− Ty0 ξ̂(t)|

≤ T δµ2Γ2(1− β)

∫ t

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2 |ξ(s)− ξ̂(s)|ds

≤ µ2Γ2(1− β)

∫ t

0
α(s)(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2 |ξ(s)− ξ̂(s)|ds

≤ µ2Γ2(1− β)

∫ ∞

0
u−2β

(
E1−α,1−β(λΓ(1− α)u1−α)

)2
du∥ξ − ξ̂∥w. (2.3)

Next, for t > T , we have

α(t)|Ty0ξ(t)− Ty0 ξ̂(t)|
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≤ tδµ2Γ2(1− β)

∫ t

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2 |ξ(s)− ξ̂(s)|ds

≤ tδµ2Γ2(1− β)

∫ t

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
s−δds∥ξ − ξ̂∥w. (2.4)

Note the following three facts. On the interval [0, t/2], it holds that

tδµ2Γ2(1− β)

∫ t/2

0
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
s−δds

≤ tδµ2Γ2(1− β)

∫ t/2

0

C

(t− s)2−2α+2β
s−δds

≤ Ctδµ2Γ2(1− β)

(t/2)2−2α+2β

∫ t/2

0
s−δds

≤ C21−2α+2β+δµ2Γ2(1− β)

(1− δ)t1−2α+2β

≤ C21−2α+2β+δµ2Γ2(1− β)

(1− δ)T 1−2α+2β
. (2.5)

On the interval [t/2, t−M ],

tδµ2Γ2(1− β)

∫ t−M

t/2
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
s−δds

≤ tδ

(t/2)δ
µ2Γ2(1− β)

∫ t−M

t/2

C

(t− s)2−2α+2β
ds

≤ C2δµ2Γ2(1− β)

(1− 2α+ 2β)M1+2β−2α
. (2.6)

And on [t−M, t],

tδµ2Γ2(1− β)

∫ t

t−M
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α

)2
s−δds

≤ tδµ2Γ2(1− β)

(t−M)δ

∫ t

t−M
(t− s)−2β

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
ds

≤ tδµ2Γ2(1− β)

(t−M)δ

∫ ∞

0
u−2β

(
E1−α,1−β(λΓ(1− α)u1−α)

)2
du. (2.7)

From (2.5), (2.6) and (2.7), M > 0, T > 2M and 1 + 2β − 2α > 0, it holds that for any t > T ,

Cµ2Γ2(1− β)22β+δ+1−2α

(1− δ)T 1+2β−2α
+

Cµ2Γ2(1− β)2δ

(1 + 2β − 2α)M1+2β−2α

+
µ2Γ2(1− β)tδ

(t−M)δ

∫ ∞

0
u−2β

(
E1−α,1−β(λΓ(1− α)u1−α)

)2
du < 1.

This combines with (2.3) and (2.4) to show that Ty0 is contractive on the space Cw([0,∞),R).
On the other hand, it is easy to see that Ty0 is bounded in Cw([0,∞),R). Hence, by Banach
fixed point theorem, there exists a unique fixed point ξ∗ in Cw([0,∞),R), which is also the fixed
point of this operator in Cb([0,∞),R). This implies that the estimate (2.2) holds. The proof is
completed.
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Remark 2.1. The above theorem shows that the exact solution of SVIEs can achieve the mean-
square asymptotical stability under certain conditions, where 1 + 2β − 2α > 0 is essential in
the proof process. When α = β, the result is similar to Proposition 11 in [26]. However, if the
above conditions hold true, it will include 1 + 2β − 2α > 0. By applying Lemma 2.2 and simple
calculations yields

µ2Γ2(1− β))

∫ ∞

0
s−2β(E(1−α),(1−β)(λΓ(1− α)s(1−α)))2ds ≤ M̃(α, β)

µ2

λ2
,

where M̃(α, β) = 2M2(α,β)(1−α)Γ2(1−β)
Γ2(1−α)(1−2β)(1+2β−2α)

is a positive constant depending on α and β when

1 + 2β − 2α > 0. For given α and β, there will always exist λ and µ such that M̃(α, β)µ
2

λ2 < 1.

Remark 2.2. We expand the range of δ to (0, 1), therefore, the result in Theorem 2.1 improves
the corresponding result in Theorem 4.1 in [27].

3. Stability of numerical solutions for SVIEs

In this section, we present the MLEM method for (2.1) and state its stability result.
For a fixed step-size h > 0, the MLEM method for (2.1) is given by

X̂h(t) =E1−α(λΓ(1− α)t1−α)X0 (3.1)

+ µΓ(1− β)

∫ t

0
(t− τh(s))

−βE1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)X̂h(τh(s))dWs,

where τh : (0,∞) → [0,∞) is defined by

τh(s) = kh for s ∈ (kh, (k + 1)h], k = 0, 1, 2, . . . .

Before going to the proof of stability analysis, we recall the following result about the property
of the ML function.

Lemma 3.1. (Section 4.10.2 in [11]) Eα,β(−x), x > 0 is a completely monotone function if and
only if 0 < α ≤ 1 and β ≥ α.

Next, we present the following lemma.

Lemma 3.2. Suppose that

µ2Γ2(1− β)

∫ ∞

0
s−2β

(
E1−α,1−β(λΓ(1− α)s1−α)

)2
ds < 1.

Let δ ∈ (0, β − α+ 1
2) be arbitrary. Then

lim
t→∞

supµ2Γ2(1− β)

∫ t

0
(t− s)−2β ·

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2 max{1, t2δ}
max{1, s2δ}

ds < 1.

Proof. Since µ2Γ2(1 − β)
∫∞
0 s−2β

(
E1−α,1−β(λΓ(1− α)s1−α)

)2
ds < 1, there exists η ∈ (0, 1)

such that

µ2Γ2(1− β)

η2δ

∫ ∞

0

(
E1−α,1−β(λΓ(1− α)s1−α)

)2
s2β

ds < 1.
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Choose and fix such η satisfying the preceding inequality. Then

lim
t→∞

supµ2Γ2(1− β)

∫ t

ηt

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(t− s)2β

·
max

{
1, t2δ

}
max {1, s2δ}

ds

≤ lim
t→∞

sup
µ2Γ2 (1− β)

η2δ

∫ t

ηt

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(t− s)2β

ds

<
µ2Γ2 (1− β)

η2δ

∫ ∞

0

(
E1−α,1−β(λΓ(1− α)u1−α)

)2
u2β

ds

<1. (3.2)

On the other hand, by virtue of Lemma 2.2 we have∫ ηt

0

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(t− s)2β

· max{1, t2δ}
max{1, s2δ}

ds

≤ M2(α, β)

|λΓ(1− α)|2

∫ ηt

0

max{1, t2δ}
(t− s)2−2α+2β

ds.

A direct estimation yields that

lim
t→∞

sup t2δ
∫ ηt

0

1

(t− s)2−2α+2β
ds ≤ lim

t→∞
sup t2δ

ηt

(t− ηt)2−2α+2β
= 0,

which implies that

lim
t→∞

sup

∫ ηt

0

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(t− s)2β

· max{1, t2δ}
max{1, s2δ}

ds = 0.

This together with (3.2) completes the proof.

Finally, we are now in a position to prove the stability of the MLEM method.

Theorem 3.1. Assume that the conditions

λ < 0 and µ2Γ2(1− β)

∫ ∞

0
s−2β

(
E1−α,1−β(λΓ(1− α)s1−α)

)2
ds < 1 (3.3)

hold. Then for any step-size h > 0 and α ≥ β, there exists K > 0 such that the solution X̂h of
(3.1) satisfies

E|X̂h(t)|2 ≤ KE|X(0)|2 for all t ≥ 0,

and furthermore, for any δ ∈ (0, β − α+ 1
2), we have limt→∞ t2δE|X̂h(t)|2 = 0.

Proof. By (3.1) and using Itô’s isometry, we arrive at

E|X̂h(t)|2 =
(
E1−α(λΓ(1− α)t1−α)

)2 E|X(0)|2

+ µ2(Γ(1− β))2
∫ t

0

(
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)
)2

(t− τh(s))2β
E|X̂h(τh(s))|2ds.
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Note that τh(s) ≤ s and using Lemma 3.1, we obtain that

E|X̂h(t)|2 ≤
(
E1−α(λΓ(1− α)t1−α)

)2 E|X(0)|2

+ µ2(Γ(1− β))2
∫ t

0

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(t− s)2β

E|X̂h(τh(s))|2ds.

By virtue of Lemma 2.2, there exists M(α, β) > 0 such that for any X(0) ̸= 0,

E|X̂h(t)|2

E|X(0)|2
≤ M(α, β)

|λΓ(1− α)|2max{1, t2−2α}
(3.4)

+ µ2(Γ(1− β))2
∫ t

0

(
E1−α,1−β(λΓ(1− α)(t− s)1−α)

)2
(t− s)2β

E|X̂h(τh(s))|
E|X(0)|2

ds.

Now, let

K :=
M(α, β)

1− µ2(Γ(1− β))2
∫∞
0

(E1−α,1−β(λΓ(1−α)s1−α))
2

s2β
ds

. (3.5)

Thanks to (3.3), K > 0 and we are now proving supt≥0
E|X̂h(t)|2
E|X(0)|2 < K by contradiction. So

assume that there exists T > 0 being the first time for which E|X̂h(t)|2
E|X(0)|2 ≥ K, i.e.,

E|X̂h(T )|2

E|X(0)|2
= K,

E|X̂h(t)|2

E|X(0)|2
< K for t ∈ [0, T ).

Thus, replacing t = T in (3.4) yields that

K ≤ M(α, β) + µ2(Γ(1− β))2K

∫ T

0

(
E1−α,1−β(λΓ(1− α)(T − s)1−α)

)2
(T − s)2β

ds

< M(α, β) + µ2(Γ(1− β))2K

∫ ∞

0

(
E1−α,1−β(λΓ(1− α)u1−α)

)2
u2β

du,

which contradicts to the definition of K as in (3.5), and the desired result holds.

Let δ ∈ (0, β − α + 1
2) be arbitrary and then to complete the proof, we need to show that

limt→∞ t2δE|X̂h(t)|2 = 0. In fact, choose and fix an arbitrary constant δ̂ ∈ (δ, β−α+ 1
2) so that

it is sufficient to show that

lim
t→∞

sup t2δ̂
E|X̂h(t)|2

E|X(0)|2
< ∞.

Suppose that the contrary holds. Then, there exists an increasing sequence (tn)n∈N tending to

∞ such that γn := max{1, t2δ̂n }E|X̂h(tn)|2
E|X(0)|2 satisfies

γn = max

{
max{1, t2δ̂}E|X̂h(t)|2

E|X(0)|2
: t ∈ [0, tn]

}
for n ∈ N (3.6)
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and limn→∞ γn = ∞. Replacing t = tn in (3.4) yields that

E|X̂h(tn)|2

E|X(0)|2
≤ M(α, β)

|λΓ(1− α)|2max{1, t2−2α
n }

+ µ2(Γ(1− β))2
∫ tn

0

(
E1−α,1−β(λΓ(1− α)(tn − s)1−α)

)2
(tn − s)2β

E|X̂h(τh(s))|2

E|X(0)|2
ds,

which together with (3.6) implies that

γn ≤ M(α, β)max{1, t2δ̂n }
|λΓ(1− α)|2max{1, t2−2α

n }

+ γnµ
2(Γ(1− β))2

∫ tn

0

(
E1−α,1−β(λΓ(1− α)(tn − s)1−α)

)2
(tn − s)2β

max{1, t2δ̂n }
max{1, s2δ̂}

ds.

Among them,

E|X̂h(τh(s))|2

E|X(0)|2
≤ max{E|X̂h(s)|2}

E|X(0)|2

= max{ 1

max{1, s2δ̂}
max{1, s2δ̂}E|X̂h(s)|2

E|X(0)|2
}

≤ 1

max{1, s2δ̂}
max{max{1, s2δ̂}E|X̂h(s)|2

E|X(0)|2
}

=
γn

max{1, s2δ̂}
.

Thus,

γn

(
1− µ2(Γ(1− β))2

∫ tn

0

(
E1−α,1−β(λΓ(1− α)(tn − s)1−α)

)2
(tn − s)2β

max{1, t2δ̂n }
max{1, s2δ̂}

ds

)

≤ M(α, β)max{1, t2δ̂n }
|λΓ(1− α)|2max{1, t2−2α

n }
.

Since 2δ̂ < 2β − 2α+ 1 < 2(1− α), it follows that

lim
n→∞

sup
M(α, β)max{1, t2δ̂n }

|λΓ(1− α)|2max{1, t2−2α
n }

= 0.

However, by virtue of Lemma 3.2 and limn→∞ γn = ∞, we have

lim
n→∞

sup γn

(
1− µ2(Γ(1− β))2

∫ tn

0

(
E1−α,1−β(λΓ(1− α)(tn − s)1−α)

)2
(tn − s)2β

max{1, t2δ̂n }
max{1, s2δ̂}

ds

)
= ∞,

which leads to a contradiction. The proof is completed.

Remark 3.1. The proof of the above theorem uses certain conditions in Theorem 2.1, and the
difference is that the condition α ≥ β is added. As for α < β, it remains to know whether
the MLEM method is stable or not. In the above parameter region, we did some numerical
simulations for α = 0.2 and β = 0.3 in Figure 3 of Section 5, it is shown that the scheme is still
stable.
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Remark 3.2. Based on relaxing the requirement 0 < α < 1/2 of the kernel of the drift term
to the case 0 < α < 1, we prove the stability of the numerical solutions. The result in Theorem
3.1 extends the corresponding result in [8].

4. Strong convergence of numerical solution for SVIEs

Firstly, we give the following lemma for the bound on sup0≤t≤T E|X̂h(t)|.

Lemma 4.1. Let

C1 = M1E1−2β

(
µ2(Γ(1− β))2M2Γ(1− 2β)T 1−2β

)
with

M1 := max
0≤t≤T

(E1−α(λΓ(1− α)T 1−α))2,

M2 := max
0≤t≤T

(E1−α,1−β(λΓ(1− α)Tα))2.

Then, for all h > 0 we have

sup
0≤t≤T

E|X̂h(t)|2 ≤ C1E|X(0)|2.

Proof. By (3.1), we arrive at

(X̂h(t))
2 =

{
(E1−α(λΓ(1− α)t1−α))X(0)

+ µΓ(1− β)

∫ t

0

E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t− τh(s))2β
X̂h(τh(s))dWs

}2

.

Taking the expectation of the both sides of the above equality and using Itô’s isometry, we
obtain that

E|X̂h(t)|2 = (E1−α(λΓ(1− α)t1−α))2E|X(0)|2

+ µ2(Γ(1− β))2
∫ t

0

(
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)
)2

(t− τh(s))2β
E|X̂h(τh(s))|2ds.

Noting that τh(s) ≤ s, we derive

E|X̂h(t)|2 ≤
(
E1−α(λΓ(1− β)t1−α)

)2 E|X(0)|2

+ µ2(Γ(1− β))2
∫ t

0

(
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)
)2

(t− s)2β
E|X̂h(τh(s))|2ds

≤M1E|X(0)|2 + µ2(Γ(1− β))2M2

∫ t

0

E|X̂h(τh(s))|2

(t− s)2β
ds.

Let mt := sup0≤s≤t E|X̂h(s)|2. Then

mt ≤ M1E|X(0)|2 + µ2(Γ(1− β))2M2

∫ t

0

ms

(t− s)2β
ds.
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Applying Gronwall’s inequality (e.g., Lemma 6.19 in [7]), we arrive at

sup
0≤s≤t

E|X̂h(s)|2 ≤ M1E1−2β

(
µ2(Γ(1− β))2M2Γ(1− 2β)t1−2β

)
E|X(0)|2,

which completes the proof.
Secondly, we obtain the following preparatory lemma to realize scaling better.

Lemma 4.2. Let 1− α ≤ 1
2 − β and t, s ∈ [0, T ], α̃ = 1− α, β̃ = 1

2 − β. Then

|tα̃ − sα̃| ≤ sα̃−β̃|t− s|β̃

for all t ≥ s.

Proof. Since δ ∈ (0, 1), using the inequality |tδ − sδ| ≤ |t− s|δ, we derive that

|tα̃ − sα̃| = |tα̃−β̃ · tβ̃ − sα̃−β̃ · sβ̃| ≤ |sα̃−β̃tβ̃ − sα̃−β̃ · sβ̃| = sα̃−β̃|t− s|β̃.

The proof is complete.
Thirdly, we establish an upper bound on the difference E|X̂h(t) − X̂h(t̃)|2 in terms of

max{1, t̃1+2β−2α}|t− t̃|1−2β.

Lemma 4.3. Let

M3 :=

(
max

x∈[0,T 1−α]
∂xE1−α(λΓ(1− α)x)

)2

,M4 :=

(
max

x∈[0,T 1−α]
∂xE1−α,1−β(λΓ(1− α)x)

)2

,

and

C2 =

{
4M3E|X(0)|2max{1, T 1+2β−2α}

+
8µ2(Γ(1− β))2M2C1max{1, T 2α−1−2β}+ 4µ2(Γ(1− β))2M4C1T

1−2β

min{2− 2α, 1− 2β}

}
,

where C1 is given in Lemma 4.1. Then, for all h > 0 and t, t̃ ∈ (0, T ], we have

E|X̂h(t)− X̂h(t̃)|2 ≤ C2max{1, t̃1+2β−2α}|t− t̃|1−2β.

Proof. Choose and fix t, t̃ ∈ (0, T ] with t > t̃. By (3.1), we have

X̂h(t)− X̂h(t̃)

=
(
E1−α(λΓ(1− α)t1−α)− E1−α(λΓ(1− α)t̃1−α)

)
X0

+ µΓ(1− β)

{∫ t

t̃

E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t− τh(s))β
X̂h(τh(s))dWs

+

∫ t̃

0

(
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)

(t− τh(s))β
−

E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t̃− τh(s))β

)
× X̂h(τh(s))dWs

+

∫ t̃

0

(
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)

(t̃− τh(s))β
−
E1−α,1−β(λΓ(1− α)(t̃− τh(s))

1−α)

(t̃− τh(s))β

)
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× X̂h(τh(s))dWs

}
.

Using the inequality |x+ y+ z+w|2 ≤ 4(|x|2 + |y|2 + |z|2 + |w|2) for all x, y, z, w ∈ Rd and Itô’s
isometry, we derive that

E|X̂h(t)− X̂h(t̃)|2

≤4|E1−α(λΓ(1− α)t1−α)− E1−α(λΓ(1− α)t̃1−α)|2E|X(0)|2

+ 4µ2(Γ(1− β))2

{∫ t

t̃

(
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)
)2

(t− τh(s))2β
E|X̂h(τh(s))|2ds

+

∫ t̃

0

(E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t− τh(s))β
−

E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t̃− τh(s))β

)2
× E|X̂h(τh(s))|2ds

+

∫ t̃

0

(E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t̃− τh(s))β
−

E1−α,1−β(λΓ(1− α)(t̃− τh(s))
1−α)

(t̃− τh(s))β

)2
× E|X̂h(τh(s))|2ds

}
.

By Mean Value Theorem, Lemma 4.1 and the fact that
(

1
(t−τn(s))β

− 1
(t̃−τn(s))β

)2
≤ 1

(t̃−s)2β
−

1
(t−s)2β

, we arrive at

E|X̂h(t)− X̂h(t̃)|2 ≤4M3|t1−α − t̃1−α|2E|X(0)|2 +
∫ t

t̃

4µ2(Γ(1− β))2M2C1

(t− s)2β
ds

+ 4µ2(Γ(1− β))2M2C1

∫ t̃

0

(
1

(t̃− s)2β
− 1

(t− s)2β

)
ds

+ 4µ2(Γ(1− β))2C1

∫ t̃

0

M4

(
(t− τh(s))

1−α − (t̃− τh(s))
1−α
)2

(t̃− s)2β
ds.

Since δ ∈ (0, 1), it follows that |tδ−sδ| ≤ |t−s|δ for t, s ≥ 0. When 1−α > 1
2 −β, we can obtain

that

E|X̂h(t)− X̂h(t̃)|2

≤ 4M3(t− t̃)2−2αE|X(0)|2 + 4µ2(Γ(1− β))2M2C1

1− 2β
(t− t̃)1−2β

+
4µ2(Γ(1− β))2M2C1

1− 2β
(t− t̃)1−2β +

4µ2(Γ(1− β))2M4C1(t̃)
1−2β

1− 2β
(t− t̃)1−2β

≤
(
4M3E|X(0)|2T 1+2β−2α +

8µ2(Γ(1− β))2M2C1 + 4µ2(Γ(1− β))2M4C1T
1−2β

1− 2β

)
(t− t̃)1−2β.

When 1− α ≤ 1
2 − β, by virtue of Lemma 4.2, we can also obtain that

E|X̂h(t)− X̂h(t̃)|2
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≤ 4M3t̃
1+2β−2α(t− t̃)1−2βE|X(0)|2 + 4µ2(Γ(1− β))2M2C1

1− 2β
(t− t̃)1−2β

+
4µ2(Γ(1− β))2M2C1

1− 2β
(t− t̃)1−2β +

4µ2(Γ(1− β))2M4C1t̃
2−2α

2− 2α
(t− t̃)1−2β

≤
(
4M3t̃

1+2β−2αE|X(0)|2 + 8µ2(Γ(1− β))2M2C1 + 4µ2(Γ(1− β))2M4C1t̃
2−2α

min{2− 2α, 1− 2β}

)
(t− t̃)1−2β

≤
(
4M3E|X(0)|2 + 8µ2(Γ(1− β))2M2C1T

2α−2β−1 + 4µ2(Γ(1− β))2M4C1T
1−2β

min{2− 2α, 1− 2β}

)
× t̃1+2β−2α(t− t̃)1−2β.

Thus

E|X̂h(t)− X̂h(t̃)|2

≤

{
8µ2(Γ(1− β))2M2C1max{1, T 2α−1−2β}+ 4µ2(Γ(1− β))2M4C1T

1−2β

min{2− 2α, 1− 2β}

+ 4M3E|X(0)|2max{1, T 1+2β−2α}

}
×max{1, t̃1+2β−2α}(t− t̃)1−2β.

Then the proof is completed.

We are now in a position to prove the strong convergence of the MLEM method.

Theorem 4.1. For any T > 0, there exists a constant C depending on T, λ and µ such that

sup
0≤t≤T

E|X̂h(t)−X(t)|2 ≤ Ch1−2β.

Proof. From (2.1) and (3.1), we have

X̂h(t)−X(t)

=

{∫ t

0

(
1

(t− τh(s))β
− 1

(t− s)β

)
E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)X̂h(τh(s))dWs

+

∫ t

0

(E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)

(t− s)β
−

E1−α,1−β(λΓ(1− α)(t− s)1−α)

(t− s)β

)
X̂h(τh(s))dWs

+

∫ t

0

E1−α,1−β(λΓ(1− α)(t− s)1−α)

(t− s)β
(X̂h(τh(s))−X(s))dWs

}
µΓ(1− β).

Using the inequality |x+ y+ z|2 ≤ 3(|x|2 + |y|2 + |z|2) for all x, y, z ∈ Rd and Itô’s isometry, we
derive

E|X̂h(t)−X(t)|2

≤

{∫ t

0

( 1

(t− s)β
− 1

(t− τh(s))β

)2
|E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)|2E|X̂h(τh(s))|2ds

+

∫ t

0

∣∣E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)− E1−α,1−β(λΓ(1− α)(t− s)1−α)

∣∣2
(t− s)2β

E|X̂h(τh(s))|2ds
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+

∫ t

0

|E1−α,1−β(λΓ(1− α)(t− s)1−α)|2

(t− s)2β
E|X̂h(τh(s))−X(s)|2ds

}
3µ2(Γ(1− β))2.

Moreover, using the inequality
(

1
(t−τn(s))β

− 1
(t−s)β

)2
≤ 1

(t−s)2β
− 1

(t−τn(s))2β
and t − τn(s) ≤

t+ h− s, we obtain that∫ t

0

(
1

(t− τn(s))β
− 1

(t− s)β

)2

ds ≤
∫ t

0

( 1

(t− s)2β
− 1

(h+ t− s)2β

)
ds

≤ h1−2β

1− 2β
.

Thus, ∫ t

0

( 1

(t− s)β
− 1

(t− τh(s))β

)2
|E1−α,1−β(λΓ(1− α)(t− τh(s))

1−α)|2E|X̂h(τh(s))|2ds

≤ M2C1

1− 2β
h1−2β. (4.1)

By the Mean Value Theorem and Lemma 4.1, when 1− α > 1
2 − β, we arrive at

∫ t

0

∣∣E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)− E1−α,1−β(λΓ(1− α)(t− s)1−α)

∣∣2
(t− s)2β

E|X̂h(τh(s))|2ds

≤M4C1

∫ t

0

|(t− τh(s))
1−α − (t− s)1−α|2

(t− s)2β
ds

≤M4C1

∫ t

0

|s− τh(s)|2−2α

(t− s)2β
ds

≤M4C1h
2−2α

∫ t

0

1

(t− s)2β
ds

≤M4C1T
1−2βh1+2β−2α

1− 2β
h1−2β

≤M4C1C2T
1−2β

1− 2β
h1−2β,

where h1+2β−2α < C2 and C2 is a constant. When 1 − α ≤ 1
2 − β, by virtue of Lemma 4.2, we

also arrive at∫ t

0

∣∣E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)− E1−α,1−β(λΓ(1− α)(t− s)1−α)

∣∣2
(t− s)2β

E|X̂h(τh(s))|2ds

≤M4C1

∫ t

0

|(t− τh(s))
1−α − (t− s)1−α|2

(t− s)2β
ds

≤M4C1

∫ t

0

|s− τh(s)|1−2β

(t− s)2α−1
ds

≤M4C1T
2−2α

2− 2α
h1−2β.
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Therefore, we can get∫ t

0

∣∣E1−α,1−β(λΓ(1− α)(t− τh(s))
1−α)− E1−α,1−β(λΓ(1− α)(t− s)1−α)

∣∣2
(t− s)2β

E|X̂h(τh(s))|2ds

≤M4C1T
max{2−2α,1−2β}

min{2− 2α, 1− 2β}
h1−2β. (4.2)

Moreover, in light of Lemma 4.3,

E|X̂h(τh(s))−X(s)|2

≤2E|X̂h(τh(s))− X̂h(s)|2 + 2E|X̂h(s)−X(s)|2

≤2C2max{1, s1+2β−2α}|τh(s)− s|1−2β + 2E|X̂h(s)−X(s)|2

≤2C2max{1, s1+2β−2α}h1−2β + 2E|X̂h(s)−X(s)|2.

Thus,

3µ2(Γ(1− β))2
∫ t

0

|E1−α,1−β(λΓ(1− α)(t− s)1−α)|2

(t− s)2β
E|X̂h(τh(s))−X(s)|2ds

≤3µ2(Γ(1− β))2M2

(∫ t

0

2C2max{1, s1+2β−2α}h1−2β

(t− s)2β
ds+

∫ t

0

2E|X̂h(s)−X(s)|2

(t− s)2β
ds

)

≤6µ2(Γ(1− β))2M2

{
C2max{T 2−2αB(2 + 2β − 2α, 1− 2β),

1

1− 2β
T 1−2β}h1−2β

+

∫ t

0

E|X̂h(s)−X(s)|2

(t− s)2β
ds

}
,

where
∫ t
0 s

1+2β−2α(t − s)−2βds = t2−2αB(2 + 2β − 2α, 1 − 2β) and B(·, ·) is the Beta function,

i.e. B(p, q) :=
∫ 1
0 xp−1(1− x)q−1dx. This together with (4.1) and (4.2) implies that

E|X̂h(t)−X(t)|2

≤6µ2(Γ(1− β))2M2

∫ t

0

E|X̂h(s)−X(s)|2

(t− s)2β
ds+ 6h1−2βµ2(Γ(1− β))2

{
M2C1

1− 2β

+
M4C1T

max{2−2α,1−2β}

min{2− 2α, 1− 2β}
+M2C2max{T 2−2αB(2 + 2β − 2α, 1− 2β),

1

1− 2β
T 1−2β}

}
.

Applying the Gronwall’s inequality (e.g., Lemma 6.19 in [7]), we arrive at

sup
0≤t≤T

E|X̂h(t)−X(t)|2 ≤ Ch1−2β,

where

C := E1−2β(6µ
2(Γ(1− β))2M2Γ(1− 2β)T 1−2β)

{
M2C1

1− 2β
+

M4C1T
max{2−2α,1−2β}

min{2− 2α, 1− 2β}

+M2C2max{T 2−2αB(2 + 2β − 2α, 1− 2β),
1

1− 2β
T 1−2β

}
× 6µ2(Γ(1− β))2.

The proof is completed.
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Remark 4.1. The above theorem shows that the MLEM solution can achieve sharp strong
convergence with order 1/2 − β, which is superior to the θ-EM method for SVIEs with weakly
singular kernels because the latter only up to min{1− α, 1/2− β} in [19].

5. Numerical examples

In the section, we will verify the strong convergence order and stability of the MLEM method
for the bilinear SVIE (1.2).

Example 5.1. Consider a simple bilinear scalar SVIE with the initial value x0 = 2

x(t) = x0 −
∫ t

0
(t− s)−αx(s)ds−

∫ t

0
(t− s)−βx(s)dWs, t ∈ [0,

1

2
].
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Figure 1. Mean-square error of the numerical solution of the MLEM method (3.1).

In a similar way, we use the sample average to approximate the expectation. More precisely,
we measure the mean-square errors at the terminal time tN and the computing order by

Λh,N =

√√√√ 1

1000

1000∑
i=1

| X(i)(tN )−X
(i)
N |2, Order =

log(Λh,N/Λh
2
,N )

log(2)
,

where X(i)(tN ) and X
(i)
N indicate the exact solution and the numerical solution on the ith sample

path, respectively.
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Figure 2. Mean-square error of the numerical solution of the MLEM method (3.1).

Considering the calculation efficiency of ML functions, the numerical solutions by the MLEM
method with a small stepsize h = 2−12 is used as a replacement of the unknown exact solution.
The numerical solutions of the MLEM method will be obtained by using four different stepsizes
h = 2−8, 2−9, 2−10, 2−11 on the same Brownian path when α = 0.3, 0.5, 0.6, 0.8. Figures 1
and 2 reveal that the strong convergence order of this method at time T = 1

2 has nothing to do
with the drift term parameter α, and they are all 1/2− β for various values of α.

To test the mean-square asymptotic stability with h = 2−1 for (3.1), we give the following
example.

Example 5.2. Consider the bilinear scalar SVIE with the initial value x0 = 10

x(t) = x0 +

∫ t

0
(t− s)−αλx(s)ds+

∫ t

0
(t− s)−βµx(s)dWs, t ∈ [0, 20],

where α = 0.3, β = 0.2, satisfying α > β.

Referring to Remark 4.1 in [27], we can find that the condition (3.3) in Lemma 3.2 holds,
which means that there is indeed the corresponding λ, µ to make the numerical method stable.
As for the following condition in Lemma 3.2

µ2Γ2(1− β)

∫ ∞

0
s−2β

(
E1−α,1−β(λΓ(1− α)s1−α)

)2
ds < 1,

fixing the value of λ, we can observe that the left side of the inequality increases as µ increases,
then there exists µ0 such that the inequality holds when µ < µ0. Take µ = 5, 1, 1/5, 1/10 and
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Figure 3. Second moment of the numerical solution of the MLEM method (3.1).

λ = −1 unchanged and generating 2000 numerical sample paths over [0,20], we plot the mean
square of the numerical solution in Figure 3, which verifies our result.

On the other hand, we currently are not able to use our methods to deal with the case β > α.
In this case, we simulate the Example 5.2 with α = 0.2, β = 0.3 by using the MLEM method
(3.1), the numerical results in Figure 4 show that the method is still stable for some β > α.
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Appendix

To prove Theorem 2.1, we first present the result for the deterministic equation in the following
form

x(t) = x0 + λ

∫ t

0
(t− s)−αx(s)ds+ µ

∫ t

0
(t− s)−βf(s)ds,

where λ and µ are constants, f(s) is measurable and bounded, and α ∈ (0, 1), β ∈ (0, 1).
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Figure 4. Second moment of the numerical solution of the MLEM method (3.1).

Theorem 5.1. For any T > 0, there exists a constant C depending on T, λ and µ such that

x(t) =E(1−α)(λΓ(1− α)t(1−α))x0

+ µΓ(1− β)

∫ t

0
(t− s)−βE(1−α),(1−β)(λΓ(1− α)(t− s)(1−α))f(s)ds.

Proof. Using the similar way in the [17], we can get that x(t) is exponentially bounded, which
means its Laplace transforms exist. Then, taking Laplace transform with respect to t in both
sides of (1), we obtain

Y (s) =
x0
s

+ λL(t−α)Y (s) + µL(t−β)F (s),

where Y (s) and F (s) denotes the Laplace transform of x(s) and f(s), respectively. The inverse
Laplace transform using (8) yields

x(t) =E(1−α)(λΓ(1− α)t(1−α))x0

+ µΓ(1− β)

∫ t

0
(t− s)−βE(1−α),(1−β)(λΓ(1− α)(t− s)(1−α))f(s)ds.

As an application of the preceding theorem, we obtain the Eq. (2.1) is an explicit repre-
sentation of the solution of the bilinear scalar SVIE with weakly singular kernels (1.2), and the
proof is similar with the Section 3.2 in the [3].
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Remark 5.1. In order to prove Theorem 2.3 it is sufficient to show that x(t) = X(t). Using
the Itô representation theorem, it is sufficient to show that the following statement〈

x(t), C +

∫ T

0
Ξ(τ)dWτ

〉
=

〈
X(t), C +

∫ T

0
Ξ(τ)dWτ

〉
(5.1)

holds for all C ∈ Rd and Ξ ∈ H2([0, d],Rd). Using the similar proof as in Lemma 3.4, Proposition
3.5 and Theorem 2.3 in [3], the proof of the Lemma 2.1 is completed.
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[6] X. Dai and A. Xiao, Lévy-driven stochastic Volterra integral equations with doubly singular
kernels: Existence, uniqueness, and a fast EM method, Adv. Comput. Math., 2020, 46, 29.

[7] K. Diethelm, The Analysis of Fractional Differential Equations: An Application-Oriented
Exposition using Differential Operators of Caputo Type, in: Lecture Notes in Mathematics,
Springer, 2010.

[8] T. Doan, P. Huong, P. Kloeden and A. Vu, Euler-Maruyama scheme for Caputo stochastic
fractional differential equations, J. Comput. Appl. Math., 2020, 380, 112989.

[9] B. Duan and Z. Zhang, A rational approximation scheme for computing Mittag-Leffler
function with discrete elliptic operator as input, J. Sci. Comput., 2021, 87(3), 1–20.

[10] J. Gao, H. Liang and S. Ma, Strong convergence of the semi-implicit Euler method for non-
linear stochastic Volterra integral equations with constant delay, J. Comput. Appl. Math.,
2019, 348, 385–398.

[11] R. Gorenflo, A. Kilbas, F. Mainardi and S. Rogosin, Mittag-Leffler Functions: Related
Topics and Applications, Springer, 2020.

[12] M. Heydari, M. Mahmoudi, A. Shakiba and Z. Avazzadeh, Chebyshev cardinal wavelets
and their application in solving nonlinear stochastic differential equations with fractional
Brownian motion, Commun. Nonlinear Sci. Numer. Simul., 2018, 64, 98–121.

[13] E. Jaber and O. Euch, Multifactor approximation of rough volatility models, SIAM J. Fi-
nanc. Math., 2018, 10(2), 309–349.

[14] A. Khalaf, M. Abouagwa, A. Mustafa and X. Wang, Stochastic Volterra integral equa-
tions with jumps and the strong superconvergence of the Euler-Maruyama approximation,
J. Comput. Appl. Math., 2021, 382, 113071.



Mittag-Leffler Euler-Maruyama method for linear SVIEs 915

[15] P. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations, Springer,
1992.

[16] M. R. Lemnaouar, Existence and k-Mittag Leffler Ulam stabilities of implicit pantograph
differential equation via-Hilfer fractional derivative, J. Appl. Math. Comput., 2025, 71,
1341–1360.

[17] K. Li and J. Peng, Laplace transform and fractional differential equations, Appl. Math.
Lett., 2011, 24, 2019–2023.

[18] L. Li, J. Liu and J. Lu, Fractional stochastic differential equations satisfying fluctuation-
dissipation theorem, J. Stat. Phys., 2017, 169, 316–339.

[19] M. Li, Ch. Huang and Y. Hu, Numerical methods for stochastic Volterra integral equations
with weakly singular kernels, IMA J. Numer. Anal., 2022, 42, 2656–2683.

[20] H. Liang, Z. Yang and J. Gao, Strong superconvergence of the Euler-Maruyama method for
linear stochastic Volterra integral equations, J. Comput. Appl. Math., 2017, 317, 447–457.

[21] W. Mclean, Numerical evaluation of Mittag-Leffler functions, Calcolo, 2020, 58, 7.

[22] G. Milstein and M. Tretyakov, Stochastic Numerics for Mathematical Physics, Springer,
2004.

[23] P. Mohammed, On the delta Mittag-Leffler functions and its application in monotonic anal-
ysis, J. Comput. Appl. Math., 2025, 465, 116565.

[24] H. Ranjbar, Split-step θ integrator for generalized stochastic Volterra integro-differential
equations, Math. Comput. Simulation, 2025, 233, 165–186.

[25] I. Sarumi, K. Furati and A. Khaliq, Highly accurate global Padé approximations of gener-
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1688–1713.

[30] X. Zhang, Euler schemes and large deviations for stochastic Volterra equations with singular
kernels, J. Diff. Equ., 2008, 244(9), 2226–2250.

Received April 2025; Accepted October 2025; Available online October 2025.


	Introduction
	Equivalent form of SVIEs with ML kernel function and its stability
	Stability of numerical solutions for SVIEs
	Strong convergence of numerical solution for SVIEs
	Numerical examples

