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ON THE PERIODIC ORBITS OF CONTINUOUS THIRD-ORDER
DIFFERENTIAL EQUATION WITH PIECEWISE PERTURBATIONS

Zouhair Diab!, Feng Li? and Meilan Cai*'

Abstract In this paper, we study the sufficient conditions for the existence of periodic
solutions of the following differential equation

m
7

T =—&+¢li| — e (ax — pi)

where m is a natural number, and «, 5 and e are real parameters with |¢| > 0 being small.
We apply the averaging method and the Melnikov function method respectively to study the
periodic solutions of this type of differential equation. We also provide an example as an
application.
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1. Introduction and statement of the main results

In [13], Llibre et al. used the averaging method to study the periodic orbits analytically of the
following differential equation:
T =—i+¢e|E| —eax™, (1.1)

where m is a natural number and a, € are real parameters with |¢| > 0 being small.
In the following, we use the averaging method and the Melnikov function method respectively
to study the periodic orbits of the following equation:

B = —i +e|#] — e (ax — Ba)™, (1.2)

where m is a natural number, and «, § and e are real parameters with |¢| > 0 being small.
This equation is a generalization of (1.1) and is of the form z" = J(&,&,z) which is the so-
called jerk equation. It is well known that jerk equation can describe some physical phenomena.
Many researchers have shown their interest in the study of periodic solutions of nonlinear jerk
equations, such as in [10, 18] and references therein.

To our knowledge, the averaging theory is one of the useful tools for obtaining periodic solu-
tions of differential equations, see for instance, [1,3,4,6,15,21]. The Melnikov function method
also plays an important role in the study of the number of periodic solutions of differential
equations, such as in [5,8,9,12] and references therein. The authors [7] proved that these two
methods are equivalent in the study of the number of limit cycles of planar analytic or C'*°
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near-Hamiltonian systems. The authors [11] established the Melnikov function method and the
averaging method for finding limit cycles of piecewise smooth near-integrable systems in arbi-
trary dimension. Further, they showed that these two methods are also equivalent for higher
dimensional systems.

The differential equation (1.2) is equivalent to the following differential system

Y=z, (1.3)

z=—y+elz| —e(az— Py)".

In this paper, we are mainly interested in discussing how the number of periodic solutions of
system (1.3) depends on the parameters o and 3, as well as the exponent m. The main results
are stated in Theorem 1.1. Later we will prove the following theorem by means of the averaging
method and the Melnikov function method, respectively.

Theorem 1.1. For |e| # 0 sufficiently small, the differential system (1.3) satisfies the following
statements:

If m is even and o # 0, then by using the first order Melnikov vector function method or
the first order averaging theory the system (1.3) has a periodic solution (x(t,),y(t,€), z(t,€))
bifurcating from the periodic solutions of system (1.3)|c=o such that

(2(t, ), y(t.€), 2(t,€)) = (—pj cost, pf sint, p cost) + O(¢)

with

1

. 2m!! e
P\ o @)

If m is odd, or m is even and o = 0, then the first order Melnikov vector function method or
the first order averaging theory cannot detect the periodic solutions of the system (1.3).

The rest of this paper is organized as follows. In Section 2, some preliminaries about the
first order averaging theory are presented. In Section 3, we show some preliminary results about
the Melnikov vector function method and the averaging theory of perturbed piecewise smooth
systems in arbitrary dimension. In Section 4, we prove our main results by using the methods
given in Section 2 and Section 3, respectively. In Section 5, an example is provided as an
application.

2. The first order averaging theory for differential equations

In this section of this paper we present some preliminaries about the first order averaging theory
that we need to find periodic solutions of differential equations.
We consider the following system

&= Fo(t,x) +eFy (t,z) + >R (t,z,¢), (2.1)

where the functions 7; : R x Q@ — R” for i = 0,1, R : R X Q X (—&p,&0) — R" are continuous
and T'—periodic in the first variable, the parameter |¢| # 0 is small and € is an open subset of
R™. Suppose that Fy is of class C', DFy, F; and R are locally Lipschitz in the second variable.
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Now we consider the system
T = .Fo (t, .%') y (2.2)

which is called the unperturbed system of (2.1). We suppose that there exists a submanifold of
periodic solutions of this system. Let z(t,z,0) be solution of system (2.2) and V be an open
set with CI (V) C Q such that for each z € CI(V), the solution z(t, z,0) of the unperturbed
system (2.2) is T—periodic, where CI (V) is defined as the closure of V.

Define z(t, z, ) as the solution of system (2.1) that satisfies the initial condition (0, z,¢) = z.
The linearization of system (2.2) about the solution z(t, z,0) has the form

y=D,Fo(t,z(t,2,0))y. (2.3)

Denote by M, (t) the fundamental matrix of the linearized system (2.3) such that M,(0) = I, is
n X n identity matrix.

The following result provides a way for finding periodic solutions of the differential system
(2.1). It can be found in [14].

Theorem 2.1. ( [14]) Consider differential system (2.1). We suppose that there exists an open
and bounded set V. with CL(V) C Q such that for each z € CL(V), the solution x(t,z,0) of
system (2.2) is T-periodic. Let f: ClL(V) — R™ be the first order averaged function

T
() = % /0 M=) Fi(t, (t, 2, 0))dt.

For each a € V satisfying f(a) = 0 there exists a neighborhood U of a such that f(z) # 0 for
all z € U\{a} and dg(f,U,0) # 0, where dg(f,U,0) be the Brouwer degree of f at a. Then
for |e| # 0 sufficiently small, the zero a provide T'—periodic solution x(t,e) of system (2.1) such
that x(0,e) — a as € — 0.

In the references [17] and [19] we found the first version of Theorem 2.1 for C? differential
systems. In [2], Buica et al. set out a more shorter proof of this result.

Remark 2.1. If f(z) is C! with det(Df(a)) # 0, then dg(f,U,0) # 0, see [16].

3. The first order Melnikov vector function method for piecewise
smooth systems

In this section, we show the first order Melnikov vector function method of perturbed piecewise
smooth systems in arbitrary dimension.
We first introduce the following definition given in [20].

Definition 3.1. ( [20]) Let S be an (n — 1) x n (n > 2) matrix. We define S to be the
(n —1) x (n — 1) matrix satisfying S = (3, S), where 8 € R" is the first column of S.

Next, we consider the following n-dimensional piecewise smooth near-integral system

)@ Aegt ), a2 0, (3a) .
fm(x) +eg™(x), 21 <0, (3.1b)

where x = (21,22, ,2,)7, f* and g& are C* vector functions defined on an open set U ¢ R™
with U({z1 =0} £2,0<e < L
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We assume that the following basic assumptions hold for the unperturbed system (3.1)|.—o
as in [11,20].

(H1) System (3.1a)|.—o ((3.1b)|.—o, resp.) has n — 1 different C first integrals H;"(x)
(H; (x), resp.), i =1,2,--- ,n — 1, such that for each x € UT (x € U™, resp.), the gradients

DH{}',DH,--- ,DH (DH{,DH;,--- ,DH, |, resp.)

are linearly independent, where Ut = {x € Ulz; > 0} (U~ = {x € Ul|x1 < 0}, resp.).

(H2) Let H*(x) = (Hf(x), HF (x), -+, HX ;(x))”. There exists an open set V C R~
such that for each h = (hy,ha, -+ ,hn_1)? € V, the curves L = {x € UTH"(x) = h} and
L, ={xe U |H (x) = H (A(h))} contain no critical point of (3.1)|.=¢ and have two different
end points A(h) and B(h) in common satisfying

A(h) = (07a2(h)7 e 7an(h))T S Ua B(h) = (O,bg(h), e abn(h))T eU.

The orbit L; starts from A(h) and ends at B(h), and L; starts from B(h) and ends at A(h).
Thus, Ly, = L |JL; is a closed orbit of (3.1) for h € V.

(H3) The curves Lf, h € V are not tangent to the switch plane z; = 0 at points A(h) and
B(h). In other words, for each h € V,

O(Hi Hy - Hy 1)
a(x27x37 e axn)

J:t(l’l,l‘g, <o my) = det

is not equal to zero at each of the points A(h) and B(h).
The authors [11,20] gave a definition of bifurcation function of system (3.1). From [11], for
any integer k£ > 1, the bifurcation function F'(h,¢) can be written as

k
F(h,e) =Y ' Mi(h) + O(e") (3.2)

=1

for 0 < € < 1. In the above formula, M; is called the ith order Melnikov vector function, which
plays an important role in studying the number of limit cycles of differential equations. The
authors [20] provided an expression of the first order Melnikov vector function Mj(h) and the
sufficient conditions for system (3.1) to have periodic orbits as follows.

Lemma 3.1. ( [20]) Let system (3.1) satisfy (H1)-(H3). Then the first order Melnikov vector
function My (h) has an expression below

—1
M= | DH*gtdt + DHT(A) [DH—(A)} | DH gt

Further, if Mi(ho) = 0 and det DM (ho) # 0 for some ho € G, then for sufficiently small e > 0

there exists a unique periodic orbit near Ly, for system (3.1).

Let
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satisfy q*(0,h) = A(h), ¢*(Ty(h), h) = q~(Ty(k), h) = B(h), and g~ (T(k),h) = A(h), where
T1(h) is defined as the time from A(h) to B(h) along L}, and T'(h) is defined as the minimal
positive period of the periodic orbit L. Define

0.1 = Gt (0,h), 0<60<01(h), (3.4)
" G,h), 6i(h) <6 <2, '

where

GT(0,h) = q* (7;(?)9 h) . G (0,h)=q" (T;?e,h> .

From [11] there exists a variable transformation
x=G(0,h), 0<0<2m, heV,
such that system (3.1) carries into a 27 periodic differential equation

dh
— = 0,h .
o5 = R(0.1.2) (35)

where R(0, h,¢) is a piecewise C* smooth function.
For hy € V, let h(0, hy, ) be the solution of (3.5) satisfying h(0, hg,e) = ho for § € [0, 27].
The Poincaré map of (3.5) has the form

P(ho,é‘) = h(27r,h0,€) = ho + €d(h0,6),

where d(hg, €) is called a bifurcation function.
From [11], for any integer k > 1, d(hg,€) can be expressed as

k

d(ho,e) =Y " fi(ho) + O(e¥) (3.6)

i=1

for 0 < e < 1, where f; is called the ith order averaged function. From [11], the first order
averaged function fi(h) has the form

01(h)
fi(h) :/0 T2(7}:)DH+(G+)9+(G+)d9

+ /9 7T B [DE-(A)] DH (G ) (G )b, (3.7)

1(h) 27‘(’

Suppose that system (3.1) satisfies assumptions (H1)-(H3). The authors [11] proved that
the averaging method and the Melnikov function method are equivalent. That is, if for a given
integer k > 1, fr(h) 0, f;(h)=0,j=1,2,--- ,k—1, then the kth order Melnikov function M},
defined in (3.2) and the kth order averaged function fj defined in (3.6) satisfy fi(h) = My(h).
In particular,

My (h) = fi(h). (3.8)



178 Z. Diab, F. Li & M. Cai

4. Proofs of Theorem 1.1

In this section, we prove Theorem 1.1 by using the methods given in Section 2 and Section 3,
respectively.

The first method. First, we suppose that m = 2n with n a positive integer. By means
of a cylindrical change of coordinates (x,y,z) = (z,psiné, pcos) with p > 0, the differential
system (1.3) is written as

T = psind,
p =ecosf (|pcos 0| — ((axr — Bpsine))%) , (4.1)
6 =1+ sing ((aw — Bpsin)*" — \pcos@|> ,

p

or, it is equivalent to the following system with the new independent variable 6

% =1’ = psinf + esin?f <|pcost9| — (ax — Bpsin9)2"> +0 (e?),
(4.2)
% =p =ecosf (]pcose\ — (o — Bpsin@)%) + 0 (e?),

where the prime denotes the derivative with respect to 6. The unperturbed system of (4.2) is

2 = psind,
P (4.3)
p =0.

We denote by 1 (6, xg, pg) the solution of the unperturbed system (4.3) satisfying v (0, zg, po) =
(zo, po). Then, we have

Y (6,20, po) = (z0 + po(1 — cosb), po) -

Now, note that for all py > 0, the solution v (6, z, po) is 2r—periodic. The fundamental matrix
associated to the unperturbed system (4.3) is

Mizg,p0)(0) = M(0) =

Note that M (0) = I, where I is the 2 x 2 identity matrix. Then, by Theorem 2.1 we need to
calculate the zeros of the first order averaged function

1 27
[ (zo, po) = o M(0)"'F1 (0,4 (0,0, po)) dO
0
with
sin? 0 (|pcos 0] — (ax — Bpsin 6)*"
F1(97 ('rap)): ( )

cos 6 (]pcos 0] — (ax — Bpsin0)2">



On the periodic orbits of third-order differential equation 179

Thus, we have

f1 (%o, po)
f (370700) =
f2 (zo, po)
1 (27 [ (1 —cosh) <p0| cos 0| — (apo + axg — apy cos§ — Bpgsin 0)2”> ”
27 Jo cos 6 (p0| cos 0| — (apo + axg — apg cos — Bpg sin 0)2") ‘
(4.4)
Using simple calculations, we find that
2
/ po cos @] cos 0|do = 0.
0
For pg > 0 we have that
1 2w
fa (zo, po) = ~5- / cos O (apy + axy — apg cos @ — Bpg sin 9)2n do
T Jo
1 2m 2n
=—— pg"cosﬁ(apo—l_awo—acose—ﬁsin0> de
27 Po
- Z ¥ Cppa?
po+ a0\ *"" k vk
X cosf (cwcos B + Bsin)” db.
Po
If k£ = 2p, then fo% cosf (avcosf + Bsin0)*P df = 0. So f (x0, po) becomes
2n—2p—1
f xo,ﬂo Z 2p+1 2n 2n 2p—1 <,00+$()>
Po
27r
X / cos O (acosf + Bsin0)*P T dg
0
i 2p+1 2p+1 2n—2p—1 (pO + x0)2n—2p—1
=
2
/ cos @ (avcos 6 + Bsin 0)* T dg
n—1
Z 2p+1 2p+1 2n—2p—1 (Po + x0)2n72p71
p=0
2p+1) ” N
(ofrran e o)
We note that the function fo (z9,p0) = 0 at z9 = —pg. We put 29 = —pp in the function

f1 (zo, po) we obtain

1 2m
f1 (=po, po) = 277/ —po cos 8| cos ] + po| cosO|db
0
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1 2

- P2 (1 — cos ) (acos O + Bsin0)*™ df
2w 0

— 1 "
— % <2,00 - Trp%”@gn)!l!)” (a? + %) ) :

Solving f1 (—po, po) = 0 with respect to pg, we get the following solution

. 2 (2n)!! 2n-1
o= \TEn—Dl(a2 + 32 '
Note that o 4+ 82 # 0 ensures the existence of the solution pj > 0. We conclude that if m = 2n
and o? + B2 # 0, then the first order averaged function f (x, po) has a unique zero (—p, p)

with pg > 0.
To apply the averaging theory of first order, we will show that
0
(0. o) (@0,00)=(~15-05)

By calculating the partial derivative of fa (2o, po) with respect to o and pg, we obtain

af2 _0f2
(—po,po)—aT)O( P0, P0)

dq
_ @ ~on—1 2n—1 o - y2n—1
= %CM P ; cosf (acos B + [sinf) de
2n(2n — DI o, n—1
_ 2 n—1(,2 2
- o 0 (@)
Analogously by calculating the partial derivative of fi (xg, po), we obtain
O (o, po) = =22 (< po, o)
8.’,170 05 PO 8370 05 F0) »
22! 2 0fy L2 oy N2
2 =2 _ e S — 2nps" 0 0)=" db.
B0 (=po, po) = — 0 (=po, po) 277/0 npy" " (acosf + Bsinb)

Using the above partial derivatives with substituting pg by p{, we find the following matrix
2_0f

an . ; - apo (_p07p0)
—Tpo(—Po,ﬂo) 27 o1 )
Df (—pts o) = _%/ 2 (o)™ (acosf + Bsin )" dd |,
0
of (=005 P0) %(—P* £0)
8,00 05 F0 apo 0> M0/ »

the determinant of this matrix is

0 2 1 [ _ C om
—8/{3(—,);;,;)3) <7T_27r/0 2n (p5)*" ! (acos 0 + S sin 0)? d6>
o (2n — 1)!! w1 2 L @n— 1) n
- n((;w!! Pl <7r_2"(p8)2 . 7(1271)!!) "+ 5) )
8 2
= 2 (O;LO; ) (1 —2n)

£0
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when « # 0 for all natural number n.
Hence, if a # 0, then (4.5) holds. It follows from Theorem 2.1 and Remark 2.1 that the
system (4.2) has the periodic solution of the form

(2(6,2), p(0,)) = (—pj cos b, pj) + O(c).

By means of the previous cylindrical change of coordinates, the system (1.3) has the periodic
solution of the form

(2(t,2), y(t,2), 2(t,€)) = (—pj cos b, pysint, pj cost) + O(c).

Now we study the case m = 2n + 1. Similarly, we have

27

f? (330) pO) = —27 COSG (Oépo + axg — apo COS0 _ Bpﬂ sin 6)2n+1 d9
T Jo
12 2n+1
_ p8n+1COS9 w_acose_ﬁsine d9
2 Jy 0
1 2 2n+1
— _% i pgn-H Z (—l)kC§n+1a2n+l_k
k=0

00 1 20 2n+1—k
X <) cos O (avcosf + Bsin0)" do.
Po

If £ = 2p, then f027r cos 0 (cos 0 + sin 0)*F d§ = 0 as before. So the function fs (x, py) becomes

1 27 n pt1

_ 2n+1 P 2n—2

f2 (xoapo)—zﬂ/o Po § :C2n+104 P
p=0

po+ 3o\ o \2pt
X | — cos @ (awcos + Bsinf) do
Po

n
_ Po 2p+1 2n—2p
~or Z Conpr@
p=0

27
xpgp (po + m0)2n—2p/ cos O (acosd + Bsin0)*P T do
0

n
= 0o Z ngi}pgpa%—% (PO + xO)Qn—Qp (a (217 + 1):: (a2 + 52)1)) .
= (2p +2)!

Therefore, when py > 0, for a # 0 the function f3 (xg,p9) # 0 and the first order averaged
function f (xg, po) do not accept real zeros.

We conclude that if m = 2n + 1 the first order averaging theory does not detect any periodic
solution of the differential system (1.3). This completes the proof of Theorem 1.1.

The second method. Take the change of variables

r=w+u, Yy=u, Z=-—0.
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Then the system (1.3) can be transformed into the following 3-dimensional piecewise smooth
System

0 =u+el—v+ (aw + av — Pu)™],

U= —v, v > 0,
| W = ¢[v— (aw + av — fu)™],

(4.6)

U =u+elv+ (aw+ av — Pu)™,
U= —v, v < 0,

W = 5[—1) — (aw + av — Bu)m]’

where € > 0 is a small parameter. For ¢ = 0, system (4.6) has 2 different C*° first integrals
Hi = 3(v? +u?) and Ha(w) = w. By (3.3) and (3.4), we have

G(6,h) = (\/2hy sin b, \/2h; cos G,hg)T, 0<6<2nm.

It follows from (3.7) and (3.8) that the first order Melnikov vector function M; of system (4.6)
has an expression of the form

Mi(hy, ha) = fi(hi, he) = (fll(hl,h2)> = (fﬂ(hh}m) i fn(hl,hZ)) ) (4.7)

J12(h1, ha) fi5(h1, he) + fip(hi, ha)
where
(f“ ) /DH (G)do,
fi5(h
Pt 27} T by @
J1a(h1, ho) m
with

—+/2hy sin 0 + (ahg + ay/2hy sin§ — 3/2h cos §)™
97 (G) = 0 :
V2hysinf — (ahs + ay/2h sin @ — 3+/2h; cos §)™

V2h1sinf + (ahs + ay/2hy sin @ — Bv/2h; cos §)™

97 (G) = 0

—+/2hy sin — (ahg + ay/2hy sin§ — 3/2hy cos §)™

Then by direct computations we get

Fii(hi, he) = \/Qh/ V/2hysin 6 + (ahs + ay/2hy sin @ — /2Ny cos §) )
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2T
x sin 0df + \/2hq <\/2h1 sin 6 + (ahg + av/2h; sin 6

—B+/2h; cos 9)m> sin 0d6
2
= \/2h1/ (aha + ay/2hy sin @ — B+/2hq cos §)™ sin 0df
0
2w M
= \/2h1/ ZC’,’%(ahg)m_k@hl)g(a sin§ — S cos 0)¥ sin Ad6. (4.8)
0 k=0

Note that fogﬂ(oz sinf — Bcos0)F sin0dd = [1 — (—1)*] (k+1),,7ra(a + ,82) . Then we have

11 [1— (=1)%] k!

(k+ 1) m(a? + 477 (4.9)

CF (aho)™ *(2hy)

ﬁqs

fi1(hi, he) =

x~
Il

0

Similarly, by certain calculations, we get

Fra(hi, ho) = / (\/2h1 sinf — (ahs + ay/2hy sinf — B/2hy cos e)m) df

0

2T
+/ (—\/2h1 sin @ — (ahg + av/2h; sin @ — $+/2h; cos G)m) do
27
=4+/2h1 — / (ahg + a\/2h1 sin @ — B+/2h; cos 0)™d0
0

m

27
4/ — / S Ok (aho)™*(2h1) % (arsind — f cos 0)*do. (4.10)
0 k=0

Note that fOQW(a sinf — Bcosf)Fdf = [1 — (—1)F+1] %ﬂ(oﬁ + B2)3. Then we obtain

fra(hi, ha) = 4v/hy — ch (ahg)™™ k(%l)g [ - (= )kﬂ} (k;”l)uﬂ(@z—i‘ﬁ?)g'

(4.11)

From (4.9) it is not hard to see that fi1(h1,h2) = 0 as o = 0. Therefore, in this case, the first
order Melnikov vector function method or the first order averaging theory cannot detect the
periodic solutions of system (4.6).

As a # 0, if m is an odd number, then from (4.9) it can be seen that fi1(h1, he) and « have
the same sign. Hence, there are no hy and hg such that fi; is equal to 0. It means that at this
point the first order Melnikov vector function method or the first order averaging theory also
fails to detect the periodic solutions of system (4.6).

If m is an even number, then it is easy to check that fi1(hy, he) and ho have the same sign.
Thus, fi1(h1,ha) = 0 only when hs is equal to 0. Substituting he = 0 into formula (4.11) yields

2

By = ol m—1
(m=1)!tw(a?+82) 2 '
From the above discussion, it can be seen that as a # 0 and m is even equations

fi1(ha, he) = fia(h1, he) =0
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have a unique solution

_2

1 om!! =
h10=( n m) , hao =0.
2 \(m — Dtin(a? + )7

Further, we calculate

0
dot (f11, f12)
a<h1’h2) (h10,h20)
2m(m — ! m_ m
0 (m” ) 7TO[2(062+52)7 1(2h10)2
:d t oo
¢ 1oL mm -1 5 o m om m
22hy — T m(a® 4+ B%)222 hyj, 0
_ 8m(2m — 1)a? £0
a? + 32

when a # 0. Thus, by Lemma 3.1, for 0 < |¢| < 1 and m even, system (4.6) has a periodic orbit
if a # 0.

Remark 4.1. From the above proof process, it can be seen that the proof of the second method
is simpler and requires less computation.

5. Example

In this section we provide an example as an application of our main results.

Example 5.1. Consider the following perturbed system

=Y,
f=—yelel—e(o— ),

where £ > 0 is a small parameter. Note that system (5.1) is obtained by taking a = 5 =1 and
m =2 1in (1.3).

The first method. By applying the previous cylindrical change of coordinates, the system
(5.1) becomes

T = psiné,
p =ecosf <|,0cos€] - ((a:—psin@))2> , (5.2)
6=1+ sing ((w — psinf)? — ]pcos@]) :
P
According to the proof process of the first method of Theorem 1.1 and by simple calculations,
we have
1 2 2
f1 (zo, po) = p (2 po — 3mpozo — 3mpo” — ma0”) |
f2 (@0, po) = po (po + o) -
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Now, we solve the following nonlinear system

fl (w07p0) = 07
f2 (zo, po) = 0.
Since pg > 0, it is clear that the function fs (zg, pg) vanishes at xg = —pg. Substituting value of

xo in the function fi (xo, po), we get
0
fi (zo, po) = % (2 —mpo) -

2
Since pp > 0, the function fi (xo, po) only vanishes when py = —. So the function f (zg, po)
™

2 2
has unique zero (zg, po) = (—, ) By computing the Jacobian matrix and the Jacobian of
o
2 2
function f (xg,70) at (xo, po) = (—, >, we find respectively
T
2 4
22\ | 7 =
Dﬂgwﬁ— 2 2
T
and
0 4
det (flij) 2 92 = 5 7é 0.
8(5507/)0) (I07p0):<7> T
T

Then, for € > 0 sufficiently small, the system (5.2) has the periodic solution of the form

2 2 2
t t t = —— t,—sint, — t .
(e(t, ), 0t ), 2(1,)) (Wmmﬂm,ﬁw)+m@

The second method. Take the change of variables
r=w+u, Y=u, 2=-—0

as before. Then (5.1) can be transformed into the following 3-dimensional piecewise smooth
system

O =u+e[—v + (aw + av — Bu)?,
'I:L:—'U, UZO,

W= el — (aw + av — Bu)?], (5.3)

/

v =u+ew+ (aw+ av — Bu)?],

U= —v, v < 0,

(W =¢[-v—(aw+av— Bu)?],
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where € > 0 is a small parameter. Obviously, system (5.3)|.—¢ has 2 different C'* first integrals

Hy = 3(v® +u?) and Hy(w) = w. From (4.7), (4.8) and (4.10) we obtain that the first order

Melnikov vector function M of system (5.3) has an expression of the form

hi,h
My (b, ha) = fu(hy, ha) = fi1(ha, ha) ’

fi2(h1, ha)

where

fi1(hi, ho) = /20y / 2h1 sin @ + (ahg + a\/2hy sin @ — 5+/2h; cos 6) ) sin 8d6
2T
++/2h / \/2h1 sin @ + (ahg + ay/2h1 sin @ — 54/ 2h; cos 9)2) sin 0d0

== 47Th1h2,

and

Fra(hy, ha) = / <\/2h1 sin @ — (ahy + /2y sin 6 — 51/2h; 6089)2) df

0
2T
+/ <—\/2h1 sin @ — (ahg + an/2h; sin @ — B+/2h; cos 9)2) do

= 4\/2h| — 4wh, — 21h3.

Due to hy > 0, we can solve equations fi1(h1,hs) = fi2(h1,h2) = 0 have a unique solution
hig = %, hog = 0. By direct calculations we have

0o 8
(h10,h20) -3 0

a(flb fl?)

det ————"~
¢ 0(hi1, he)

Thus, from Lemma 3.1, for 0 < ¢ < 1 system (5.3) has a periodic solution.
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