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EXISTENCE RESULTS OF MILD SOLUTIONS FOR IMPULSIVE
FRACTIONAL MEASURE DRIVEN DIFFERENTIAL EQUATIONS
WITH INFINITE DELAY™*

Wenjie Liu®' and Shengli Xie?

Abstract The primary focus of this study is the existence and uniqueness of mild solutions
for impulsive fractional measure driven differential equations with infinite delay in regular
function spaces. First, we rigorously justify the definition of mild solutions for impulsive
fractional measure driven differential equations. Then, under conditions of semigroup non-
compactness, by utilizing operator semigroup theory, the Kuratowski measure of noncom-
pactness, fixed point theorems, and piecewise estimation techniques, sufficient conditions
for the existence of mild solutions are derived. This work extends numerous prior research
outcomes, eschewing the need for any priori estimates or noncompactness constraints. Fi-
nally, an illustrative example is provided to demonstrate the applicability and efficacy of the
theoretical framework.
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1. Introduction

Measure driven differential equations, also called measure differential equations(MDEs), were
investigated first in [9,10,35]. These types of equations permit the presence of an infinite number
of discontinuities within finite time intervals, effectively capturing the behavior of discontinu-
ous dynamical systems, and as such, they are frequently utilized in fields including mechanics,
biomathematics, and economics [4,13,38,41]. Fractional calculus represents a crucial field in the
study and application of differentiation and integration at arbitrary orders, serving as a gener-
alization of traditional integer-order calculus. It enjoys widespread applications across various
domains, including anomalous diffusion, signal processing and control, fluid mechanics, image
processing, and the implementation of fractional order PID controllers [1-3,11,12,36,40].

In recent years, an increasing number of scholars have begun to explore the existence and
controllability of mild solutions for fractional measure differential equations, and have achieved
a wealth of theoretical results [16, 18,25, 26, 28].
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In [18], Gu and Sun have studied the existence and controllability of mild solutions for
fractional measure evolution equations with nonlocal conditions

{Cpg;x(t) = Az(t)dt + (f(t,z(t)) + Bu(t))dg(t), te€ (0,b],
2(0) + p(x) = o,

by using Hausdorff noncompact measure and fixed point theorems, sufficient conditions ensuring
the existence and nonlocal controllability of mild solutions were obtained.

In [28], Liu and Liu have investigated the exact controllability for the following fractional
measure evolution systems with state-dependent delay and nonlocal conditions

{CD%@) = Ax(t) + [Bu(t) + f(t,zp,, ) )ldg(t), t€[0,al,
l’(t) +p(xt17xt27 T 7xtm)(t) = ‘p(wv te (—O0,0],

without imposing the Lipschitz continuity on the nonlinear term, the exact controllability of
the system was achieved by utilizing fractional calculus theory, the Kuratowski measure of
noncompactness, and Monch’s fixed point theorem.

In [16], Gou has studied the existence of S-asymptotically w-periodic mild solutions for the
following fractional measure differential equations with nonlocal conditions in Banach spaces

DIt +Za DYFu(t) = Au(t) + F(t,u(t), u)dg(t), >0,

u(t) = Q(U(U)a )( ) +o(t), tel-r0]
u'(0) = Qo(u) + ¢,

by employing the monotone iterative method with upper and lower solutions, the existence of S-
asymptotically w-periodic mild solutions for the equation was obtained. Furthermore, without
assuming the generalized monotonicity condition and without requiring the noncompactness
measure of the nonlinear term, the existence of upper and lower S-asymptotically w-periodic
mild solutions was established. For more research on measure differential equations, see reference
[5-7,14,17,27,30,32,37,39].

As is well known, impulsive and time delay phenomena are ubiquitous in practical problems
across various fields. Therefore, discussing impulsive fractional measure differential equations
with infinite delay is of great significance. However, few previous research outcomes on mea-
sure differential equations have taken into account the effects of impulsive and time delay fac-
tors. To establish the existence of mild solutions for the equations, authors commonly employ
compactness conditions of operator semigroups, a priori estimates, and stringent conditions on
noncompactness measures, as seen in references [18, 28]

,Ml

Mict g sup ([ 1(= )" Jdg(s)} 55

te(0,b]

[Pl sy <1,

My~ e
sup N(t)(MN(a)+1) < 1.
o) o, (t)(MN(a) +1)

Inspired by the aforementioned studies, this paper investigates the existence of mild solu-
tions for impulsive fractional measure differential equations with infinite delay. Notably, the
compactness conditions of operator semigroups and the restrictive a priori estimates concerning
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the impulsive term are not relied on. Our conclusions extend and improve the results from
existing literature [5,6,30,39]. As an application, an example of a noncompact semigroup is pro-
vided. Utilizing the measure of noncompactness and Monch’s fixed point theorem, we establish
the existence of mild solutions for the following fractional measure differential equations

CDR( (1) — g(t,0)) = Ax(t) + (b, 70, Ke(t)dw(t), ¢ € Tt %1
Ax(t;) = Li(zy,), Ax' () = Ji(z,), i=1,2,--+,n, (1.1)
zo=¢ € B,2'(0) =z € X,

CDga(t) = Ax(t) + h(t, 2(t), Kz(t))dw(t), t€ Jt#t;,
A'x(tl) :Il(xtz)v Z:1727 y 1y (12)
xg =29 € X,

where J = [0,b],b > 0, “D¢ is Caputo fractional derivative of order a € (0,1). The state
variable z(-) takes values in a complex Banach space X. A : D(A) C X — X is a sectorial
operator. The history z; : (—00,0] — X is defined by x:(s) = x(t + s) for ¢ > 0 belongs to the
phase space B C G(( 00 O] X ) where G((—o0, 0], X) denotes the space of regulated functions
on (—00,0]. Kz(t) = [ k( dskEC(DRﬂ = {(t,s) : 0 < s <t < b}. Here, the
fixed times ¢; satlsﬁes 0= L‘o < t1 < e <t < <ty < tpy1 = b, aj(t+) and z(t; ) denote
the right and left limits of x(¢) at time ¢;, and A:J;( ) = x(t]) — z(t;) represents the jump in
the state = at time ¢;, where I; determines the size of the jump. Accordingly, J; and Ax'(t;)
have the same meaning. w : J — R is a nondecreasing function. g, f, ¢, I;, Ji(i = 1,2,--- ,n)
are appropriate functions to be specified later.

2. Preliminaries

In this section, we recall some known facts about regulated functions, explanations, and prelim-
inary results from functional analysis, resolvent operator theory, and fractional calculus, which
will be used throughout this article.

Let G(J, X) denote the Banach space consisting of all regulated functions with the norm
defined by ||z|lcc = supes||z(t)||. A : D(A) € X — X is a sectorial operator. For details,
see [19]. C(J,X) is the Banach space composed of all continuous functions from .J into X with
the norm || - [|¢(sx). L(X) is the Banach space composed of all bounded linear operators from
X into X with the norm | - ||(x)

Let Gyp(J,X) = {z : J — X, x(t) is a regular function at ¢t # ¢;, x(t; ) = z(t;) and z(t])
exists, for all ¢+ = 1,2,--- ,n}. Evidently, G,(J, X) is a Banach space with norm ||z|q, =
supieg||z(t)||. For z € Gyp(J,X) and @ = 1,2,--- ,n, let z;(t) = x(t) for t € (¢;,ti+1] and
z;(t]) = z(t]), then 7; € G([ti;tit1],X), and we denote the right limit at zero by z(0). For
Ve Gy, let V(t) ={z(t) : 2 € V} and KV (t) = {Kx(t) : x € V'}. Moreover, for i =1,--- ,n,
we use the concept V; = {#; : € V}. From Lemma 1.1 in [22], we know that the set
V C Gy(J,X) is relatively compact if and only if each set Vi = {Z; : © € V} is relatively
compact in G([ti,tiJrﬂ,X)(i = 0, 1, cee ,n). Let Jo = jo = [0 tl] jl = [tl,tg], cee ,jn = [tn,b].

A partition of [a, b] is a finite collection of pairs {([t;—1,t;],€;),7 = 1,2, ,n}, where [t;_1, ;]
are nonoverlapping subintervals of [a,b], €; € [ti—1,t;],4 = 1,2,--- ,n and U] [ti—1, ;] = [a,]].
A gauge 0 on [a, b] is a positive function on [a, b]. For a given gauge § we say that a partition is
0—fine if [ti_l,ti] C (ei — (5(6,‘), e; + (5(61)),1 =1,2,---,n
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Definition 2.1. [5] A function x : [a,b] — X is said to be regulated on [a, ], if the limits

lim x(s) = x(t7),t € (a,b] and lim z(s) = z(t"),t € [a,b),

s—t— s—tt

exist and are finite. Obviously, G(J, X) is a Banach space endowed with the norm ||z||s.

Definition 2.2. [5] A set V C G([a,b], X) is called equiregulated, if there is § > 0,y € [a, b]
and for every € > 0, such that

(i) Ifx e Vit €la,b),t =06 <t <ty then ||x(ty) — z(t)| <e,

(i3) If x € V,t € [a,b],tg < t < t+ 9, then |lz(t) — z(t])| < e.
Lemma 2.1. [17,34] Let {x,}22, be a sequence of functions from [a,b] to X, If x,, converge

pointwise to xo asn — oo and the sequence {x, }5° | is equiregulated, then x,, converges uniformly
to xg.

Lemma 2.2. [17,34] Let V. C G([a,b],X). If V is bounded and equiregulated, then the set
co(V) is also bounded and equiregulated. The set co(V') is defined as the closed convex hull of V.

Next, we will review the definition of Henstock-Lebesgue-Stieljes integral.

Definition 2.3. [17,34] A functions ® : [a,b] — X is said to be Henstock-Lebesgue-Stieltjes
integrable w.r.t. w : [a,b] — R if there exists a function denoted by

(HLS) / Vb x,

such that, for every € > 0, there is a gauge 0. on [a, b] with

n t; ti—1
D llv(e) (w(ts) = wti-1)) - ((HLS)/O P(s)dw(s) — (HLS) ; P(s)dw(s))| <e,
i=1
for every d.-fine partition {([t;—1,t],e;),i =1,2,--- ,n} of [a,b].
Denote by HILS? ([a,b], R)(p > 1) the space of all p—ordered Henstock-Lebesgue-Stieltjes
integral regulated from [a, b] to R with respect to w, with norm || - || ge defined by

b 1
llss, = (HLS) / ()P (s)) .

Lemma 2.3. [18] Let p,q > 1 such that % —l—% =1, ¥ € HLSY ([a,b],RT) and w : J — R be
requlated, then the function H(t) = fg(t — 8)°W(s)dw(s) is requlated and satisfies
t

H(t) - H(t") < (/ (t — 5)%2duw(s)) s (1) (A w(t), ¢ € (a,0]

-

[un

H(t™) — H(t) < ( / (t+ — 5)%dw(s)) 10 () (ATw(t)r, t € [a,b),

tt

where ATw(t) = w(t™) —w(t) and A~ w(t) = w(t) — w(t™), with w(th) and w(t™) representing
the right and left limits of w at t, respectively.
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Definition 2.4. [33] The « order Caputo fractional derivative of the function f : [0,00) — R
is defined as follows

DY f(t) = ! ) /Ot(t — )" (8)ds = "M (1), n—1<a<n,neN,

I'n—a

where I'(+) is the Gamma function. Specially, when 0 < o < 1, then

DEF) = Fr—y | (=9 o)

'l -«

The Laplace transform of the caputo derivative is given as
n—1
L{DYf(t); A} = A*F(N) = Y _A**150), n—1<a<n,
k=0
Definition 2.5. The definition of the n dimensional Mittag-Leffler function is as follows

Baaltec =30 Y e
..... W)\ 2Ly 2n) = — s
(@1,---,an) Ve Al x I DO+ X aili)

where b > 0,a; > 0,1; > 0,|z]| < o00,i=1,2,--- ,n.
Specifically, the two dimensional Mittag-Leffler function is defined as follows:

Nc—ﬁ e/u

E = _— = — —_—
Cyf(z) kzzo:r(kc_i_f) 27_‘_2/0 MC_ZdM7C7§>Oaz€(C7

1
where C' is a contour which starts and ends at —oo and encircles the disc |u| < |z|¢ counter
clockwise. The Laplace transform formula for the Mittag-Leffler function is defined as follows

oo A€ 1
/0 E_Attf_lng(??tC)dt = m, Re) > 19%,19 > 0.

For more details, refer to [33].

Definition 2.6. Let A be a closed linear operator defined on the domain D(A) in the Banach
space X. p(A) be the resolvent set of A and v > 0. If there exists a strongly continuous function
S, :RT — L(X) and ¥ > 0, such that {\7 : ReX > ¥} C p(A) and

(i) \THNT — A) e = [0 e M8, (t)adt, ReA > 9,z € X,

(i1) (NI —A)~ e = [° e~ M, (t)xdt, ReX > 9,7 € X,

where S, (t) is known as the solution operator generated by A, T (t) is the y—resolvent family
generated by A (For details, see [8]).

The Kuratowski measure of noncompactness of a bounded subset V' of the Banach space X
is defined by

B(V) =inf {6 > 0: Vcan be expressed as the union of a finite number of sets such that the

n
diameter of each set does not exceed 4, i.e., V = U Vi

i=1
with diam(V;) <4,i=1,2,--- n.},

where diam(V') denotes the diameter of a set V.
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Lemma 2.4. [6] Let V,W be bounded sets of X, and A € R. Then

(i) B(V) =0 if and only if V is relatively compact;

(it) V.C W implies B(V) < B(W);

(iii) B(V') = B(V);

(iv) BV UW) = max{8(V), BV)};

(v) BAAV) = |XB(V), where \V ={z =Xz:2€ V};

(vi) B(V+W) <B(V)+B(W), where V4+W ={x=y+z:yeV,ze W};

(vii) BleoV) = B(V);

(viti) |B(V) — B(W)| < 2dp,(V, W), where dp(V,W) denotes the Hausdorff metric of V and
W, that is

dp(V,W) = max{sup d(x, W), sup d(z,V)},
zeV xeW

and d(-,-) is the distance from an element of X to a subset of X.

Lemma 2.5. [21] Let V C G([a,b],X). If V is bounded and equirequlated, then B(V (t)) is
requlated and satisfies f(V) = sup{B(V(t)) : t € [a,b]}, where V(t) = {z(t) : x € V'}.

Since the Lebesgue-Stieltjes measure is a regular Borel measure, then we refer to Theorem3.1
n [21], the following result can be derived.

Lemma 2.6. [6,21] Let Vo C HLSE (J,X) be a countable set. Assume that there ezists a
positive function ¢ € HLSP (J,RT) such that for all v(t) € Vo, ||v(#)| < s(t),w — a.e. Then we
have

mﬁwwuwmszlﬂmwwmw.

Proof. Let Vo(t) = {v(t) : v € W} and B(Vh) = sup{Vp(t) : t € J}. Using the Heine-
Borel theorem and properties of the Kuratowski measure of noncompactness, consider an ar-

bitrary € > 0. There exists a sequence {v;} C Vj for ¢ = 1,2,--- ,n and m > 0 such that
we have Vy C U~ ,B(vi(s),e + m), where B(vi(s),e + m) denotes a finite number of open
balls with radius r = € + m, centered at w; for i = 1,2,--- ,n. In fact, f(f Vo(s)dw(s) can be

covered by UZ”:lB(f(f vi(s)dw(s),e + m), then we have ﬂ(ngo(s)dw(s)) < B(Vo(s)) < B(V).
there exists a separable closed linear subspace Xy C X such that 5(Vh) < 2x(Vo, Xo) <
2 [ x(Vo(s), Xo)dw(s) < 2 [ B(Vo(s))dw(s), where x is defined by Hausdorff measure of non-

compactness. ]

Lemma 2.7. [15] Let k : J — [0,00) be such that m,r :€ HLSE (J,RT). If m,y:J — R are
such that m,y € HLSE (J,R*) and

mwgm@+ln@mwm@mgt§a
then we have

m(s)k(s)  exp(fy m(m)dw(n))
1+ k(s)Atw(s) exp( [y £(n)dw(n))

dw(s),0 <s <t <b.

y@émw+A

Remark 2.1. The choice of k(t) and y(t) as nonnegative continuous functions, and m(t) as
any continuous function on 0 <t < b reduces Theorem 3.2 to Corollary 1.9.1 of [24], which is a
generalized version of the well known integral inequality of Gronwall-Bellman type.
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In this work, we adopt the conventional phase space framework for retarded functional
differential equations with unbounded delay (see [20]), which will allow us to work with more
general phase spaces. Our candidate for the phase space of a measure functional differential
equation with infinite delay is a linear space B C G((—o0,0], X') equipped with a norm denoted
by || - |5 [14]. Assume that this normed linear space satisfies B the following conditions:

(H1) B is complete;

(H2) For alltg € R, all 0 > 0, and all z : (—o0, tg+0c] — R™ which are regulated on [to, to+ 0]
and x4, € B, the following conditions hold: for every ¢ € [to,to + o],

(h1) z¢ € B;

(h2) there exists a locally bounded function «; : [0,00) — (0, 00), such that
()] < r1(t — o)zl ;
(h3) there exist locally bounded functions ke, k3 : [0,00) — (0, 00), such that

[zt < ra(t — to)l|lew |5 + r3(t —to) sup [z(s)],
sE[to,t]

where k1, ko, k3 are functions independent of x,ty and o;
(Hs) Let C(t) : B — B for t > 0 be the operator defined by

o(t+6), 0 < —t,
C(t)p(0) = ¢ »(07), —t <6 <0,
©(0), 6 =0.

Then there exists a continuous function x4 : [0,00) — (0,00), such that x4(0) = 0 and such
that ||C(t)ellg < (1 + ka(t))]|¢|ls for all ¢ € B.

Lemma 2.8. [31] Let Q be a bounded open subset in the Banach space X and 0 € ). Assume
that the operator I : Q0 — X is continuous and satisfies the following conditions:

(1) x # XFx, ¥ A€ (0,1),z € 09,

(2) V is relatively compact if D C eo({0} U F(V)) for any countable set V.C Q, then F has
a fixed point in Q.

3. Main results

In this chapter, we will discuss the mild solutions of impulsive fractional measure driven dif-
ferential equations (1.1) and (1.2). Initially, we will employ the Laplace transform method to
derive the mild solutions of these equations.

Theorem 3.1. Let A be a sectorial operator. If f € HLSL (J,RY) and g satisfy the uniform
Holder condition with the exponent & € (0,1], then x : (—o0,b] — X is a mild solution of the
problem (1.1) provided that xo = ¢, x(-)|; € Gy(J,X) and it satisfies the following integral
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equation

+/&@m—www+2&wwmm>

t;<t
x(t) = +Z L (t—5)

t; <t

+/ Sq(t —s)g(s,xs)ds +/0 Tyt —s)f(s,xs, Kz(s))dw(s),t € J,

[Ji(zt;) — g(ti, me, + Li(ze,)) + g(ti, v,)|ds (3.1)

where Sy(t), T,(t) : RT — L(X)(¢ = 1 + «) are defined as follows
1 eMN\a—1

Sq(t) = Eq1(At?) = 27”/3 A%

X,

T,(0) = 7 Byt = 5 [

and B, denotes the Bromwich path.
If t € [0,¢1], apply the Riemann-Liouville fractional integrable operator on both sides

Proof.
we have

2'(t) = 1 — g(0,9(0)) + g(t, ) + F(loz)/o (t —s)* 1 Ax(s)d

L t — ) (s, x(s))dw(s
e [ =9 s (o) dus),

w@=¢@+urﬂmamm+49@%m5

+ F(la /t /S(s — 1) Y Ax(7)drds

L )T Ler o z(7))dw(T)ds
i [ [ i ket du(r)as
o/ (t7) = 2/ (t7) + J1(2,), we get

If t € (t1,ta], then x(t]) = z(t1) + L1 (1),

.%'/(t) =1 — g(O, ¢(0)) + Jl(xtl) - g(t17xt1 + Il(xtl)

+g(t, z,) +g(t,z) + F(a)/o (t — )21 Ax(s)ds

1 t—so‘_l s,xs, Kx(s))dw(s
g €= 9 s Ka(s)dus),
z(t) = ¢(0) + In(wy,) + [21 — g(0,$(0))]t

+(t_t1)[‘]1($t1) tl?xtl +Il xtl))"‘.g(tlvxh)]

/ g(s,xs ds+// )* L Ax(r)drds

+/0 /0 (s — )21 f(r, 2, Kao(r))duw(r)ds.
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Similarly, if ¢ € (¢, tx+1], we get
0) + D Liwe,) + 1 — 9(0,6(0))]t
i=1

+ Z(t - tl)[‘]l(xtz) - g(ti7xti + I’i(xti)) + g(tia xtz)]

/ g(s, xs ds+/ / )* L Ax(T)drds
+/ / ) (r ay, Kao(7))duw(7)ds.

Let N;(t) = 1,¢t > t;, Ny(t) = 0,t <t;,i = 1,--- ,n. The above equation can be represented
in the following form

0) + ZNi(t)Ii(xti) + [z1 — g(0, (0))]¢
+ZN (t —ti)[Ji(we,) — g(ts, xe, + Li(ay,)) + gt ;)]

+/t (5, 22)ds + // (s — 7)*~ Ax(r)drds (3.2
+/ [ 5= i Kt s,

Applying the Laplace transform to Equation (3.2), we have
_A%(0) A r = g(0,9)] | = e Miae
ey =fam—at —erica T 2oer-a

=1

Il(xtz)

m )\t,)\a 1
#20 Sr —gMh) — oo+ L) + gt ) (3.3)

A% ! 1 Y
+)\a+1—z4/0 (& g(t,xt)dt—FAa_i_l_A/O (& f(t,l‘t,KI'(t))dw(t).

Apply the inverse Laplace transform to both sides of equation (3.3), we get
() = By 1 (At9) / o1 (As) 21 — 9(0, )]ds
+ZN At —t)N) I (x,)
+ Z Ni(t) /t Eq1 (At = s))[Ji(we,) — g(ti, 2, + Liwe,)) + g(ti, ;)] ds
/ E,1(A(t—s)")g(s,zs)ds

/ (t— )0 By g (A(t — 8)9) (5, 20, Kex(s))duo (),

0
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where ¢ = 1+ a. Let S,(t) = E;1(At?) and T,(t) = t971E, ,(At?) be defined as previously
expressed, we have

z(t) = S,(t)p(0) + /O Sq(s)[w1 — (0, 9))ds + > Ni(t)Sy(t — t;)Ii(xy,)
=1
+ ZNZ(t) / Sq(t - S)[Jl(xtz) - g(ti, Tt + Ii(xti)) + g(tivxti)]ds
i=1 ti

—i—/o Sq(t — s)g(s,aﬁs)ds—i—/o Ty(t — s)f(s,zs, Kz(s))dw(s),t € J.

Thus, the solution to problem (1.1) is as expressed in the equation (3.1). O

Definition 3.1. A function z € G(J, X) is called to be a solution of the equation (1.2) if
xo = 20, ()7 € Gp(J, X) and

t
x(t) = Sq(t)zo + Z Sq(t —ti)Li(x(t;)) + /0 Ty(t — s)h(s,x(s), Kz(s))dw(s),t € J,  (3.4)

t;<t
where S, (t) and T,(t) have the same meanings as above.

Next, we will discuss the existence of mild solutions for impulsive fractional measure driven
differential equations with infinite delay. Initially, let [|Sy(8)|x) < M, | T5(#)| nx) < € My,
t > 0,v € (0,2). For more details, refer to [29]. To facilitate the exposition, we will present
some of the assumptions that will be utilized in advance.

(F1) The following conditions will be satisfied by the function f: J x B x X — X:

(7) The function f(-,z,y) is measurable for all (z,y) € B x X, f(¢,-,) is continuous for a.e.
ted.

(i) There exist a function ps(t) € HLSE (J,RT),p > 1 and a positive constant d > 0, such
that

1f &zl < pr@) [zl +[lyl) +d, t € J(z,y) € Bx X,

(ii1) For any bounded set V C G(J, X), there exist a function [;(¢) € HLSE (J,R"), p > 1,

such that
B, Ve, KV)) <1 (t)(B(Ve) + BKV)), t € J,
where V; = {z; :z € V} C B.

(F{) The function f : J x B x X — X is continuous, and there exists a positive constant

Ly > 0 such that

£t d1, @2) = [t 1, )|l < Ly(llor = trlls + 162 — 2)), t € J.

(F3) The following conditions will be satisfied by the continuous function g : J x B — X:
(7) The function ¢(-, z) is measurable for all x € B, ¢(t,-) is continuous for a.e. t € J.
(i) There exists an integrable function p,(t) € HLSE (J,RT),p > 1, such that

lg(t, )| < pg(B)l|ll5, t € Jyx € X.

(¢43) For any bounded set V' C G(J, X), there exists an integrable function I,4(t) € HLS? (J,
RT),p > 1, such that

Blg(t, Vi) < lg(H)B(Ve), t € J,
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where V; = {z; :z € V} C B.
(F3) The function g : J x B — X is continuous, ¢(¢,0) = 0 and there exists a positive
constant L, > 0 such that

lg(t,z) —g(t,y)|| < Lgllz —ylls, t € J.

(F3) The following conditions will be satisfied by the function h: J x B x X — X:

(i) The function h(-, x,y) is measurable for all (z,y) € B x X, h(t,-,-) is continuous for a.e.
telJ.

(i7) There exist a integrable function pp(t) € HLSE (J,R1),p > 1 and a positive constant
d > 0, such that

1n(t, 2, y) | < pr(@) (|2l + lyll) + d, t € J,(z,y) € Bx X.

(i74) For any bounded set V' C G(J, X), there exist a function I, (t) € HLSE (J,R'), p > 1,
such that
B(h(t, Vi, KV)) < () (B(Ve) + B(KV)), t € J,
where V; = {x; : . € V} C B.
(F3) The function h : J x B x X — X is continuous, and there exists a positive constant
Ly, > 0 such that

11 (t; 1, d2) — h(t, o, da) || < Li(llgr — dulls + [ld2 — ¢2ll), ¢ € J.

(Fy) I;,J; : B— X (i =1,2,--- ,n) are continuous functions, there exist constants ¢y, co >
0,d; > 0 and do > 0 such that

i)l < erllells + di, [[Ti(2)|| < eollzlls + do,i = 1,2, ;.

Theorem 3.2. Assuming that conditions (F1), (Fa) and (Fy) are satisfied, then the equation
(1.1) has at least one mild solution.

Proof. Let g/b\(t) : (—00,b] = X be the function defined by
¢(t)7 te (—O0,0],

. t
"7 suw00) + | Suts)ter —0.001s, ¢ e 7

Clearly, supieso(t) < M([[¢(0)|| + bllz1 — 9(0,$)]) =

Assuming that the space S(b) = {y : (—o0,b] = X, y0 = 0,y|; € Gp(J, X)} equipped with
the norm ||y|ly = ||yol|8 +supses ly(t)|| = sup;es ||y(t)]|. The operator F : S(b) — S(b) is defined
as follows:

ZS Li(ys, + ) +Z/S (t = ) [Jilye, + o1,)

ti<t i<t

Fy(t) = ¢ _ (3.5)
+ [ 8,0 (s, +5)ds

t -~ ~
" /0 Ty(t — ) (5 s + o Ky(s) + K(s))duw(s).t € .
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Obviously, the definition of the operator F' is meaningful in space S(b). Furthermore, by the
Lebesgue Dominated Convergence Theorem, phase space theory, and the given assumptions F,
F», Fy, we can summarize that F' is continuous [17,30]. Let K} = supg<,<;k3(t), L = ||¢¢|,

[ylle = supo<s<t [y (s)ll; then [[ye + dells < llyells + ll¢¢lls < Kpllylle + L.
Step I. We begin by demonstrating that the set

Qo ={yeS50),y=AFy,Ae(0,1)},

is bounded. In fact, if there exists a A € (0, 1), such that y = AFy,y € Q.
When t € Jy = [0, 1], under conditions F} and Fb, we get

Iyl <A Fy()]
< [ (o)l + s
+ Mty /0 pr(8)([lys + slls + | Ky (s) + K(s)l]) + dldu(s)
< Mrtfdw(ty) — w(0)]
+ ML+ Mt (L o+ kb)) [ [ry(s) + py()d(w(s) +9)
+ [M + Myt (1 + mkoh)]Kb/O [pg(s) + pr(s)]llyllsd(w(s) + s),
where ko = sup( s)ep k(t, s). For [[yll: = supg<s<; [[y(s)[|, we have
lylle < Mrptidw(ty) —w(0)]

ML+ M2+ k)] [ Tos) + py(d(s) +9 (36)
M M+ b [ To) + o6 llldofs) +9),

Using Lemmas 2.7 and 3.6, there exists a constant Gy > 0, independent of y and A € (0,1),
then |ly(¢)|| < Go,t € Jy. From condition Fy, we have

111 (yey + be)|| < e1(KuGo + L) + di = 1,
11 (yey + be)l| < c2(KpGo + L) + do =: 1.

When t € Ji, g1 € Gy(J1, X), we have
Hgi(t)n < MTt;Jrad + M[‘Pl + b(q/)l + QN)]

b Mypkob? (M, + 51 Ky Glo) /O * 10a(5) + pp(5)]d(w(s) + 5)
(M + Mrt9)(L + KyGo) / 19g(5) + py()]d(w(s) + 5)

M+ Mrtg(1+ sikob) K, / [Po(s) +ps(s)] sup || (7)lld(w(s) + 5),

t1 t1<7<s



200 W. Liu & S. Xie

where ||g(t,z¢)|| < N, (t,x¢) € J x Vi, and V; C B is bounded.

sup |71 (s)|| < Mrty™d + Moy + b(y1 + 2N)]
t1<s<t

b Mypkob? (M, + 51 Ky Glo) /O % 9a(5) + py(s)]d(w(s) + 5)
(M + Mrt$)(L + KyGo) /0 19y (5) + py())d(w(s) + 5)

+[M+MTt3(1+H1kob)]Kb/ [pg(s) +ps(s)] sup [lgi(7)[ld(w(s) + ).

t1 t1<7<

Thus, there exists a constant G; > 0 independent of y; and A € (0, 1), then ||y1(¢)|| < G1,t €
J1 and ||y(t)|| < Gy,t € Ji.

Similarly, we can infer that there exists a constant G; > 0, then ||y(t)|| < Gi,t € J;,i =
1,2,--+ ,n. Let G = max{G; : 0 <i <n}, we have ||y(t)|| < G,t € J and € is a bounded set.

Let R> G and Qp = {x € S(b) : ||z||p < R}. Therefore, 0 € Qi and Qp is a bounded open
set, and when z € 9Qr and A € (0,1), we get x # A\Fx.

Step II. F(QR) is equiregulated on .J.
When 6y € Jy = [0,t1), we have

9 ~
IF)E) = FGED < [ py(s) e+ s

0 -~ ~
+ Myt /9+ Py (s)(Ilys + dsll + ([ Ky(s) + Ko(s)|]) + d]dw(s)
0

< Mrtgdfu(6) — w8+ MUKR+ L) | py(s)ds

0
M (R4 Dt + Ko+ 1) [ py(s)du(s).
0,

0

From the given conditions, since w is a regular function, py(s) is continuously integrable, and
ps(s) € HLSE (J,RT), we can conclude that when 6 — 67, we have ||F(y)(0) — F(y)(63 )| — 0.

By employing the same approach, we can similarly demonstrate that || F(y)(6,)— F(y)(0)| — 0
as § — 6 for every 6y € Jy = (0,t1].

When 60 € Jy = (t1,t2], we have
1E(y)(0) = F(y)(05)l <1540 —t1) — Se(67 — t1)lln

0 0
e [+ 2Mds 0 [yl + Bl
1 0

9 -~ ~
+ Mrt; /0+ s (s)(lys + dslls + [ Ky(s) + Ké(s)|]) + dldw(s)

<184(0 — t1) = S(67 — t1) o1 + Mrt§d[w(0) — w(0y)]
0 0

—|—M/ (¢1+2N)ds+M(KbR+L)/ Pg(s)ds

oF o+

0
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[
b MptS (R + L) (kota + Ky + 1) /+ py(s)dw(s).
0

0

Accordingly, we can deduce that when § — 6], we have ||F(y)(0) — F(y)(67)| — 0. By
employing the same approach, we can similarly demonstrate that ||F(y)(6;) — F(y)(0)| — 0 as
0 — 07 for every 6 € J; = (t1,1t2].

Similarly, we can prove that for any 0; € J; = (t;,ti+1],4 = 1,2,--- ,n, when 0 — 0i+ then
1F(y)(0)—F () (0;)] — 0 and | F(y)(0)—F(y)(6; )| — 0as § — 0 for every 0; € J; = (ti,tit1].
So F(§2R) is equiregulated on J.

Step III. Claim that F is continuous on Qg.
Suppose {y(”)}%o:l C Qp such that y™ — 2z as n — oo. Furthermore, from axiom Hs, we
know that

1™ = yills < ra(t) sup{[ly™(s) — y(s)]| : 0 < 5 < £} + r2(®) (™ — wolls
< Kysup{|ly™ (s) — y(s)|| : 0 < s < t}
S KbHy(n) - y”oo
—0 (n—o0),te]0,b].

Thus, by Fi, Fy and Fy, for ¢t € [0,b], we see that

g(t,yt(n) + ¢A5t) — g(t,ye + qﬁ:) as n — 0o,
f<t7y,:(n) + <$t,Kyt") + Kq@) — f(t,ye + (@,,Kyt + K(Zt) as n — oo.

Moreover, for t € [0,t1], we have
1E ()™ (1) = F(y)(t)l]

t o~ o~
<M /0 1905, 5 + G2) — gls,ys + G|l ds

t o~ o~ o~ o~
+ Myt /0 1 (5,95 + b, Ky{™ + Kbs) — (5, ys + bs, Kys + K s)||dw(s).
Similarly, for ¢ € (¢y, t2], we have
IF(y) ™ (t) — F(y)(t)|

t
< KyMerlly™ — ylloo + KypMes / 19 — ylods
t1

t

t —~
+2K,M (pg(8)+01)Hy§f)—ytllldS+M/O lg(s,yS™ + b) — g(s5,ys + ) ds
t1

t
+ Mrtg /O 1F (5,98 + by Kyl + K ) = f(5,ys + b, Kys + K )||duw(s).

Similarly, one can demonstrate that for any t € (¢;,¢;41],¢ = 1,2, ,n, from the above in-
equalities and the dominated convergence theorem for the Henstock-Lebesgue-Stieltjes integral,
we infer that ||F(y)™(t) — F(y)(t)|| — 0 as n — oo.

Moreover, by Step 11, it can shown that {F (y(”))};’f:l is equiregulated. Therefore, by Lemma
2.1, we get that {F(y™)} converge uniformly to {F(y)}. Thus, F is a continuous operator.

Step I'V. We demonstrate that all conditions of Lemma 2.8 are met.
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Let V C eo({0} U F(V)(t)) and the set V C Qg be countable, we have
V(t) Cceo({0} UF(V)(t)),t € [0,0].

With conditions F, Fy, F} satisfied, and given that operators S, o ) ¢(t)(t € J) are strongly

continuous, it is not difficult to prove that FV (t),t € J;(i = 0, 1,2,---,n)is equlcontlnuous In
the following proof, we shall not differentiate between V[, and Vi (z =1,2,- ) where V|,
is a subset of V on J;(i = 0,1,2,--- ,n), and V is equicontinuous on J;, (z = 0, 1, 2,---,n).

When t € Jy, based on conditlons Fy(iti), F»(iii), Lemma 2.6, and the properties of non-
compactness measures, we get

BV (1) < BU(FV)(1))
<o / Vi)ds + 20t / L (9)[B(Va) + BV (s))]duw(s),

sup 5(V(s)) <2 /0 MUy (s) + Mt (1 + rakoty)L ()] B(Va)d(w(s) + 5)

< 28, [ [M1,(5) + Mrt§ (1 sakat)ig(s)] s SOV ()l(s) + ).

0<7<s

Therefore, 5(V(t)) = 0,t € Jy. The set V C G(Jp, X) is relatively compact.
Since

ﬁ(ll(v;fl +yt1)) = /B(Jl(‘/tl +yt1)) =0,
B(g(tl,th +yt1)) = ﬁ(g(tlvwl + Yy + Il(th +yt1))) =0.

When t € J;, we get

sup ,B(V(S)) <2Kj /t[Mlg(S) + MTt?(l + Iilkotg)lf(s)]

t1<s<t t1

x sup B(V(r))d(w(s)+ s).

t1<7<s

Thus, B(V(t)) = 0,t € Jy. The set V C G(J1, X) is relatively compact.

Similarly, we can readily demonstrate that every set V. .C G(J;, X),i = 1,2, -+ ,n is relatively
compact. Therefore, the set V' C S(b) is relatively compact. According to Lemma 2.8, we can
deduce that F has a fixed point y € Qp, and y + qb is a mild solution to problem (1.1). O

Theorem 3.3. Assuming that conditions (F{), (Fy) and (Fy) are satisfied, then the equation
(1.1) has a unique mild solution.

Proof. From conditions (F]) and (F3), we get

lg(t, o)l < Lllzlls, B(g(t, Vi) < LgB(Vi),t € J,x € B,
17t 2,9l < Le(llzlls + llyl) +sup 1F(£,0,0)[,t € Jox € B,y € X,
S

B Ve, KV (1)) < Ly[B(Ve) + B(KV (1), V C Gy(J, X).

Hence, according to Theorem 3.2, we can deduce that equation (1.1) has at least one mild
solution.
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Assuming u € Qr and v € Qp are two fixed points of the operator F.
If t € Jy = [0, 1], we get

[u(t) = o@)| = [|Fu(t) = Fo@)]

t
< MLg/ lus — vs||pds
0
t
+ Mrti Ly / (lus = vsll5 + kot1[lu(s) — v(s)l[)dw(s)
0

t
< [MLg + MTt?Lf(l + kotllﬂ)]Kb/ ||u — v||5d(w(s) + S),
0

which can prove that u(t) = v(t),t € Jo, and us, = vy,.
Ift € J1, we have

[u(t) = o@)| = [|Fu(t) — Fo@)|

t

< [MLg+ Mpt§Ls(1+ kotgm)]Kb/ s<ug l|u(r) —v(7)||d(w(s) + s),
t; t1<7<s

which can prove that u(t) = v(t),t € Jy,u(t) = v(t),t € J1, and uy, = vy,.
Similarly, we can readily demonstrate that u(t) = v(t),t € J;,i = 1,2,--- ,n. Hence u(t)
u(t),t € J.

Theorem 3.4. Assuming that function h : J x B x X — X satisfies F3 and I; : X — X (i
1,2,---,n) satisfies Fy, then the problem (1.2) has at one mild solution.

Proof. The operator ® : Gy(J, X) — Gy(J, X) is defined as follows

Ol

Qx(t) = Sy(t)zo + Z Sq(t —ti)Li(x(ts)) + /0 Ty(t — s)h(s,z(s), Kz(s))dw(s). (3.7)

t;<t
The definition of ® is valid and continuous. Now we prove that the set
Q={z€5(b),z=APz, X € (0,1)},

is bounded. In fact, if there exists a A € (0, 1), such that z = APz, z € Q. Let pj = sup,c; pn(s).
If t € Jp = [0, 1], we get

Iz < [[@z(8)]]
< MT/O (t =) "pa(s) ()]l + 1K ()| + d)dw(s) (3.8)
< Mpa™'b%d(w(t) — w(0)) + MTpZ/O [(t — 8)! 4 koa 1% || 2(5) ||dw(s).

Using Lemmas 2.7 and 3.8, there exists a constant Gy > 0, independent of z and A € (0, 1),
then ||z(t)|| < Go,t € Jy. The proof process below is identical to that of Theorem 3.2, hence we
omit it. O

Theorem 3.5. Assuming that conditions (F3) and (Fy) are satisfied, then the equation (1.2)
has a unique mild solution.

Proof. The proof process is similar to that of Theorem 3.3. Therefore, we have shown that
problem (1.2) has a unique mild solution. O
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4. Application

Example 4.1. Consider the following impulsive fractional measure driven differential equations
with infinite delay of the form

p

t i
D u(t,z) — / / b(s — t,m, 2)u(s, m)dnds]
—o0 JO
2 t

:éigu@x)+§[ﬁfﬂ@5—ﬂu@ﬁ%k+:éemeandeG%te[Qﬂ\{ML
u(t,0) = u(t,m) = 0,t € [0, 1],
u(@,z) = ¢(0,2),0 € (—o0,0],z € [0, 7],

0 (4.1)
@U(O,x) = z(x),z € [0,7],

t;
Au(t;, x) = / qi(s —t))u(s,x)ds,i =1,2,-- ,n,

ti u(s, z)
A/ (t;,x) = Gi(s —t:)——2"7 _ds.i=1.2. -
U(Z,LL’) /Ooqz(s Z)1+|U(S,l‘)‘ S,1 )< » 1,
where J = [0, 1], D{* is Caputo fractional derivative of order € (0,1),0 <3 <ty <--- <t, <1
and z € X, p € B.

Let the phase space B = PCy x L%(p, X) in [23], with the norm

0
vlls = 16O+ ([ po)le)ds)?,

—00
where p is a positive Lebesgue integrable function. We take X = L?[0, 7] and define the operator
A:D(A) C X - X by Ay = ¢y” with domain D(A) = {y € X : ¢¥/,y" € X,y(0) = y(7) = 0}.
It is commonly recognized that A acts as the infinitesimal generator for a strongly continuous
cosine family (C(t))ier on X and [|C(#)[|1(x) = 1.

Defineg: J xB— X, f: JxBxX — X and [;, J; : B— X, respectively, as

0 T
o(t, d)(x) = / /0 b(6, 1, )66, n)dndb,

f(t, &, Bu(t))(x) =/ pu(t, 0)¢(0, x)df + Bu(t, x),

— 00

0

Ko@) = [ a®)00,2)d0,i =12, n,

—00

0 x
1Ow = [ a0 20D =10,

0,t <0,
1t+1(t)0<1t<11
7/{ —_—
2 2’

wt) =4 1 1 1
t4+ (1= )kt — (1 — 1— t<1—= 2,n €N
+(A =Dkt =1 =) 1 - == <t<1-—n>2neN,
t+1,t=1
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1, t >0,
k(t) =
0, t <0.
Obviously, w is a nondecreasing and left continuous function, ¢(6,z) = ¢(0)(z), (6,x) €
(—00,0] x [0,7], u(t,z) = u(t)(z) and Bu(t,z) = fg e'~Su(s,x)ds, k(t,s) = e'~%. Thus, the
system (4.1) can be modeled as the abstract form given by (1.1). Assuming the system (4.1)

satisfies the following conditions:
(i) b(s,n,x), % are measurable, b(s,n,0) = b(s,n,7) = 0 and

oot [ [

(ii) u € C(R2,R) and d(t) = ([°__ p2(t,0)p~ (0)d0)2 € C(J,RY).
(iii) ¢ € C(R,RY) and ¢; = (f°_ ¢*(0)p~ (0)d0)? < 00,i=1,2,---,n
(iv) g, € C(R,RY) and d; = ([°_q2(0)p~(0)d0)2 < 00,i =1,2,--- ,n

Moreover, g,I are bounded linear operators and ||J;(¢)|| < d;||¢|5,i = 1,2,---,n for
(t, ¢, Bu(t)), (t,¢, Bv(t) € J x Bx X — X, we have

T 0 1
< /0 ( / u(t,0)[B(0, 2) — (0, 2)]d0)’dr)

—0o0

Take,

=

tk=0,1} < o0.

+ (/OW(Bu(t,m) - B’U(t,l’))2d1’)%

G ) o o
S(/_OO 2(0) d9/_oo p(0)|9(0,-) — (6, -)|72d0)2 + |Bu(t) — Bo(t)|L

d(t)l|¢ — ¢lls + | Bu — B||
< L¢(ll¢ — ¥l + | Bu — Bol)),
where Ly = max{supg<;<; d(t),1}. All conditions of Theorem 3.3 being satisfied, we can con-
clude that system (4.1) possesses at least one mild solution. We can take H = 1, M(t) =
7%(—75) and K(t) = 1+ (ff)tp(e)dﬂ)%,t > 0. When we set p(s) = e™*, qi(s) = s, we get
c1 = (fi)oo s2e%ds)? = /2. However,

[NIE

[1+</ p(t)d)][L +max{</ W2(8)p7 (5)ds) 8, 1} + S (e + di)] > 1

-1 - i=1

with the condition of being less than 1 no longer met, our findings diverge from the previously
known results.

Example 4.2. Consider the following impulsive fractional measure driven differential equations

Dt%u(t,:n) = C,%u(t,:r) + h(t,u(t,z), Bu(t,z))dw(t),t € [0,1] \ {t1},
u(t,0) = u(t,m) =0,t € [0, 1],
u(ty, ) 1 (4.2)
Au(ty, ) = mﬂfl =5 TE [0, ],
uw(0,7) = zo(x),x € [0, 7,
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1
where D/ is the Caputo fractional derivative operator. Define

h(t,u(t), Bu(t))(x) = \/56_ [u(t, ) + /0 e Pu(s,x)ds], t € [0,1]\ {t1},

mel +et
u(ty, z) 1
Il(u(tl))(x) = mvtl = 571. € [077‘—]7“’ € X.

Thus, the system (4.2) can be modeled as the abstract form given by (1.2) and we have

2
|h(t, w, Bu) — h(t,v, Bv)|2 < \/;(|u —v|r2 + |Bu — Bvl|r2), (4.3)
t€[0,1],u,v € X, [l (u(t1))lr2 < |u(ty)|ge-

All conditions of Theorem 3.4 being satisfied, we can conclude that system (4.2) possesses
at least one mild solution. But

M
Mpa™ 0Ly (1 + kob)]b = ——v/m =2>1,
I'(3)
with the condition of being less than 1 no longer met and I;(-) does not satisfy the Lipschitz
condition.

Remark 4.1. The results of this study demonstrate that for the infinite delay impulsive neutral
type second-order measure differential equation, the existence of mild solutions can be ascer-
tained without relying on the compactness conditions of the impulsive term, restrictive a priori
estimates, or noncompactness measure estimates.

Acknowledgements

This work has been supported by Natural Science Foundation of Anhui Province (2023AH051433,
2024AH050885) and Anhui Educational Committee (11040606M01), China.

References

[1] A. Anguraj, S. Kanjanadevi and D. Baleanu, On mild solution of abstract neutral fractional
order impulsive differential equations with infinite delay, J. Comput. Anal. Appl., 2018,
24(7), 1232-1244.

[2] K. Balachandran, S. Kiruthika and J. J. Trujillo, Ezistence results for fractional impulsive
integrodifferential equations in Banach spaces, Commun. Nonlinear Sci. Numer. Simul.,
2011, 16(4), 1970-1977.

[3] K. Balachandran and J. J. Trujillo, The nonlocal Cauchy problem for nonlinear fractional in-
tegrodifferential equations in Banach spaces, Nonlinear Anal. Theory Methods Appl., 2010,
72(12), 4587-4593.

[4] B. Brogliato, Nonsmooth Mechanics: Models, Dynamics and Control, Springer, Berlin,
1996.

[5] Y. J. Cao and J. T. Sun, Existence of solutions for semilinear measure driven equations, J.
Math. Anal. Appl., 2015, 425(2), 621-631.



Existence results of mild solutions for impulsive fractional... 207

[6]

[10]
11]
12]
13]
14]
15]
[16]
17)

[18]

[23]
[24]

[25]

Y. J. Cao and J. T. Sun, Measures of noncompactness in spaces of requlated functionwith
application to semilinear measure driven equations, Bound. Value Probl., 2016, 2016(38),
1-17.

Y. J. Cao and J. T. Sun, Practical stability of nonlinear measure differential equations,
Nonlinear Anal. Hybrid. Syst., 2018, 30, 163-170.

J. Dabas, A. Chauhan and M. Kumar, Fzxistence of the mild solutions for impulsive frac-
tional equations with infinite delay, Int. J. Differ. Equat., 2011, 2011(1), 793023.

P. C. Das and R. R. Sharma, On optimal controls for measure delay differential equations,
SIAM. J. Control., 1971, 9(1), 43—61.

P. C. Das and R. R. Sharma, FEzistence and stability of measure differential equations,
Czech. Math. J., 1972, 22(1), 145-158.

A. Diop, On approzimate controllability of multi-term time fractional measure differential
equations with nonlocal conditions, Fract. Calc. Appl. Anal., 2022, 25, 2090-2112.

A. Diop, Ewistence of mild solutions for multi-term time fractional measure differential
equations, The Journal of Analysis, 2022, 30, 1609-1623.

M. Federson, J. G. Mesquita and A. Slavik, Measure functional differential equations and
functional dynamic equations on time scales, J. Differ. Equ., 2012, 252(6), 3816-3847.

C. A. Gallegos, H. R.Henriquez and J. G. Mesquita, Measure functional differential equa-
tions with infinite time-dependent delay, Math. Nachr., 2022, 295(7), 1327-1353.

C. A. Gallegos, I. Marquéz Albés and A. Slavik, A general form of Gronwall inequality with
Stieltjes integrals, J. Math. Anal. Appl., 2025, 541, 128674.

H. D. Gou, On the S-asymptotically w-periodic mild solutions for multi time fractional
measure differential equations, Topol. Methods. Nonlinear. Anal., 2023, 62(2), 569-590.

H. D. Gou, Monotone iterative technique fractional measure differential equations in ordered
Banach space, J. Appl. Anal. Comput., 2024, 14(54), 2673-2703.

H. B. Gu ang Y. Sun, Nonlocal controllability of fractional measure evolution equation, J.
Inequal. Appl., 2020, 2020(1), 1-18.

M. Haase, The Functional Calculus for Sectorial Operators, Birkh&user, Basel, 2006.

J. K. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funkcialaj,
Ekvac., 1978, 20(1), 11-41.

H. P. Heinz, On the behaviour of measures of noncompactness with respect todifferential and
integration of vector-valued functions, Nonlinear Anal., 1983, 7, 1351-1371.

E. Herndndez, K. Balachandran and N. Annapoorani, Ezistence results for a damped second
order abstract functional differential equation with impulses, Math. Comput. Model., 2009,
50(11), 1583-1594.

Y. Hino, S. Murakami and T. Naito, Functional Differential Equations with Infinite Delay,
Springer Verlag, Berlin, 2006.

Y. J. Kim, Stieltjes derivatives and its applications to integral inequalities of Stieltjes type,
J. Korean Soc. Math. Educ. Ser. B Pure App. Math., 2011, 18(1), 63-78.

S. Kumar, On approximate controllability of non-autonomous measure driven systems with
non-instantaneous impulse, Appl. Math. Comput., 2023, 441, 127695.



208 W. Liu & S. Xie

[26] S. Kumar, Approzimate controllability of time-varying measure differential problem of sec-
ond order with state-dependent delay and noninstantaneous impulses, Math. Meth. Appl.
Sci., 2024, 47(1), 190-205.

[27] S. Kumar and R. P. Agarwal, Ezistence of solution for non-autonomous semilinear measure
driven equations, Differ. Equ. Appl., 2020, 12(3), 313-322.

[28] Y. Y. Liu and Y. S. Liu, Controllability of fractional measure evolution systems with state-
dependent delay and nonlocal condition, Evol. Equ. Control. Theory., 2023, 12(2), 1-17.

[29] C. Lizama and G. M. N'Guérékata, Mild solutions for abstract fractional differential equa-
tions, Applicable Anal., 2013, 92(8), 1731-1754.

[30] L. Ma, H. Gu and Y. Chen, Approzimate controllability of neutral measure evolution equa-
tions with nonlocal conditions, J. Math., 2021. DOI: 10.1155/2021/6615025.

[31] H. Mdnch, Boundary value problems for nonlinear ordinary differential equations of second
order in Banach spaces, Nonlinear Anal., 1980, 4(5), 985-999.

[32] S. S. Omar and Y. H. Xia, An analysis on the stability and controllability of non-linear
measure differential equations, J. Comput. Appl. Math., 2025, 453, 116140.

[33] I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1993.

[34] B. Satco, Regulated solutions for nonlinear measure driven equations, Nonlinear Anal. Hy-
brid Syst., 2014, 13, 22-31.

[35] R. R. Sharma, An abstract measure differential equation, Proc. Amer. Math. Soc., 1972,
32(2), 503-510.

[36] A. Sivasankari, A. Leelamani and D. Baleanu, Ezistence results for impulsive fractional
neutral integro-differential equations with nonlocal conditions, Appl. Math. Inf. Sci., 2018,
12(1), 75-88.

[37] A. Slavik, Measure functional differential equations with infinite delay, Nonlinear. Anal.
Theory. Methods. Appl., 2013, 79, 140-155.

[38] N. V. Wouw and R. I. Leine, Tracking control for a class of measure differential inclusions,
in: Proceedings of the 47th IEEE Conference on Decision and Control, Cancun, Mexico,

2008. DOI: 10.1109/CDC.2008.4738683.

[39] J. K. Wu and X. L. Fu, On solutions of a semilinear measure driven evolution equation with
nonlocal conditions on infinite interval, Math. Nachr., 2024, 297(8), 2986-3002.

[40] S. L. Xie, Solvability of impulsive partial neutral second order functional integro differential
equations with infinite delay, Bound. Value. Probl., 2013, 2013(203), 1-19.

[41] Y. T. Xu, Functional Differential Equations and Measure Differential Equations, Sun Yat
Sen University Press, Guangzhou, 1988.

Received December 2024; Accepted July 2025; Available online August 2025.



	Introduction
	Preliminaries
	Main results
	Application

