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STABILIZATION OF A PARABOLIC PDE SANDWICHED
BY TWO NONLINEAR ODES

Qian Gao®'', Bao Shi! and Xiaodong Zhang?

Abstract This paper is devoted to the stabilization of a class of nonlinear parabolic ODE-
PDE-ODE systems constituting by a parabolic equation sandwiched by two nonlinear ODEs.
Different from the related literature where both the two ODE subsystems are linear time
invariant (LTT) or only the ODE subsystem proximal to the control input is nonlinear but
that distal to the input is LTI, serious nonlinearities are contained in the system under
investigation since both the two ODE subsystems (no matter proximal or distal to the input)
are all nonlinear which lead to the incapability of the control schemes on this topic. To
solve the control problem, a novel control framework is established by smartly combining
infinite-dimensional backstepping method with the the finite-dimensional one. Specifically,
three steps of backstepping transformations are subsequently introduced for the system,
which include two finite-dimensional ones respectively for the distal and proximal ODE
subsystems and an infinite-dimensional one for the PDE subsystem. Then, a new target
system is obtained under the backstepping transformations while a state-feedback controller
is explicitly designed. Finally, by recursive analysis from the target system, desirable stability
of the resulting closed-loop system is obtained, i.e., all the states of the resulting closed-loop
system are bounded and converge to zero ultimately. A simulation example is provided to
validate the effectiveness of the proposed theoretical results.

Keywords ODE-PDE-ODE systems, nonlinearity, backstepping, stabilization, distributed
parameter systems.

MSC(2010) 93C20, 35Q93.

1. Introduction

In practice, many dynamic systems are insufficient to be described by pure partial differential
equations (PDEs) or ordinary differential equations (ODEs) but must be by a composite one
that involves both PDEs and ODEs (see e.g., [2,5,7-10,13-16,18,19,21,23,26-30]). Such as the
overhead crane with flexible string and payload [21], the tubular chemical reactor with actuator
or sensor dynamics [9], etc. For such systems, the resolution of certain control problems requires
a skilful incorporation of the schemes from both these two types of systems. However, strong
coupling of these two subsystem with distinctive characteristics usually brings huge obstacles
in control design and analysis. Thus, many interesting control problems in this field remain
unsolved and deserve investigation.
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Over the past two decades, stabilization of the composite PDE and ODE systems in different
setups has received extensive attention (see e.g., [2,5,7,9,10,13-16,18,19,23,26,28-30]). As the
previous works on this topic, works [2,9, 10,13, 18,26, 29, 30] consider one setup that cascaded
PDE-ODE systems, where a LTI ODE system is actuated by different classes of PDE actuators,
such as the first-order hyperbolic equation, diffusion equation, reaction-diffusion equation and
wave equation. Latterly, works [5,7,14,23] consider the counteraction from the PDE actuator
to the controlled ODE which leads to heavy interactions of the subsystems and hence results
in a more general setup, i.e., coupled PDE-ODE systems. Note that an infinite-dimensional
backstepping method has been used to the explicit design of the feedback controller for the
systems with above setups. Another representative setup in the field is cascaded ODE-PDE
system where a PDE is actuated by an ODE actuator. Specifically, in [19], Lyapunov direct
method is used for a Burger’s equation with first-order dynamic boundary condition (which
implies a first-order actuator). In [15] and [28], infinite-dimensional backstepping method is used
for a reaction-diffusion equation with first- and high-order linear actuator dynamics, respectively.
In [16,17], two steps of backstepping which involves one infinite- and then one finite-dimensional
backstepping transformations is used for reaction-diffusion equation with high-order nonlinear
actuator dynamics.

Recently, stabilization has drawn much investigation for sandwiched ODE-PDE-ODE sys-
tems which are more general than the PDE-ODE or ODE-PDE ones mentioned above. For
such systems with different setups, multiple control methods are proposed for the stabilization
controller design. Specifically, one step infinite-dimensional backstepping method is adopted
in [1,20] for two classes of simple hyperbolic ODE-PDE-ODE systems, where both the two
ODE subsystems are LTI while that proximal to control input must be one-dimensional. Once
the ODE subsystems proximal to control input are multi-dimensional but lower-triangular, two
steps of backstepping transformations involving an infinite- and a finite-dimensional ones are
subsequently used in [12, 24, 25] for ODE-PDE-ODE systems with PDE subsystems being de-
scribed by a 2 x 2 hyperbolic equations and diffusion equation, respectively. In [3,4], multiple
steps of infinite-dimensional backstepping transformations joint with decoupling transformations
are used for hyperbolic and parabolic ODE-PDE-ODE systems with more general form where
both the two ODEs are LTI multi-dimensional systems without being lower-triangular. It is
necessary to point out that, the aforementioned results are severely restricted by the strong
assumptions that all the ODE subsystems must be LTI. However, nonlinearities usually (or even
ineluctably) exist in practical dynamic systems which render the incapability of the traditional
control methods. Then, a natural and nontrivial control problem arises, that is, for a sand-
wiched ODE-PDE-ODE system with serious nonlinearities, how does one design a stabilizing
controller?

Towards the problem just raised, only one work (i.e., [6]) is found to make some progress but
limited by the system nonlinearities. Specifically, in [6], multi-step infinite-dimensional back-
stepping method is used for hyperbolic and parabolic ODE-PDE-ODE systems with nonlinear
actuator dynamics (which imply a nonlinear ODE subsystem proximal to the control input)
but the distal ODE subsystem must be LTI. Remark the fact that all the existing results for
ODE-PDE-ODE systems (as well as the PDE-ODE ones as special cases) require the distal
ODE subsystem to be LTI, which has been a huge and essential obstacle of the application of
the existing schemes. Once the distal ODE subsystem is nonlinear, the existing control schemes
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would be ineffective. Thus, a powerful control scheme requires to be developed in this field.

This paper is devoted to make remarkable progress on the problem raised above by con-
sidering the stabilization of a class of nonlinear parabolic ODE-PDE-ODE systems. Notably,
both the two ODE subsystems are nonlinear while heavily coupled with the parabolic equation
in-domain and at one boundary, respectively. Then, existing methods in the related literature
are ineffective. For this, a novel control framework is established by a skilful combination of
the infinite- and finite-dimensional backstepping methods. Specifically, a series of state trans-
formations are firstly introduced for the distal ODE and PDE subsystems, respectively. By
finite-dimensional backstepping method, a new PDE-ODE subsystem (i.e., (£, v) given by (3.11)
below) is obtained by the smart choice of the virtual controls in recursive step. Then, for the new
PDE subsystem (i.e., v subsystem), an infinite-dimensional backstepping transformation and its
inversion are adopted to change system (£,v,Z) into a new one (i.e., (§,w,Z)). Finally, for
the newly obtained system, finite-dimensional backstepping method is used again under another
series of state transformations, which recursively derives the controller while leads to the final
target system (i.e., system (&, w, {) given by (3.16) joint with (4.1) below) . With the help of the
further dynamics of the target system, a recursive analysis step is given to show the stability of
the final target system which implies that of the original system.

The remainder of the paper is organized as follows. Section 2 formulates the control problem.
Section 3 gives the procedure of control design while Section 4 gives the performance analysis
of the resulting closed-loop system. Section 5 provides a numerical example to validate the
effectiveness of the theoretical results. Section 6 concludes the paper with some remarks. This
paper ends with an appendix which collects some useful inequalities and the detailed proof of
some propositions as well as some important claims.

Notation. Throughout the paper, the following notations are used. Let R and R"™ denote
the set of all the real numbers and the n-dimensional real space, respectively. For a vector
&= (&, ,fn)T, let & = (&1, ,&)T, ¢T denote its transpose and |¢| denote its Euclidean

norm. For a function w(z) : [0, 1] = R, let ||w]| = \/fol w?(z)dz. For areal-valued time-varying

1
function f(t), f € £, means ([;°|f()[Pdt)? < oo with p > 1 and particularly f € Lo means
sup;>q | f(t)| < oo. Let £, denote the function which belongs to L.

2. Problem formulation

In this paper, we consider stabilization of the following systems which are constituted of a
parabolic equation sandwiched by two nonlinear ODEs:

Xi(t) = Xip1(t) + fi(Xpp),i =1, ,n—1,
X (t) = u(0,1) + fu(X),

u(w,t) = Pu(z,t) + Mu(x, t) +e(x) X,
2u(0) =0, u(l) =21,

i) =Zjpa(t) + g5 (Z) 5 =1, ,m—1,
m(t) =U() + gm(2),

Q

(2.1)

N

N
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where (z,t) € [0,1] x [0, +00), X = X|;,) € R", Z = Z};,) € R™, u € R are system states, U is
control input of the entire system, A > 0 is a positive constant, €(x) is a matrix functions with
appropriate dimension and 5(22‘—1)(0) =0,7=1,2,---, f; and g; are nonlinear functions which
satisfy Assumption 2.1 below. Remark that the above system is of practical significance since
it can be degenerated to a class of lower-triangular nonlinear systems or a reaction-diffusion
equation which describe most of the dynamics in chemistry and mechanism, while the whole
system can describe the dynamics of a chemical reactor with both finite-dimensional nonlinear
actuator dynamics [3,6].

Assumption 2.1. Fori=1,--- ,n and j=1,--- ,m, the following inequalities hold

(2 (2
(X <o D> Xkl [95(Z)| < 09 > 1 2], (2.2)
k=1 k=1
with oy, o4 being some positive constants.

The control objective of the paper is to design a state-feedback controller such that all the
closed-loop system states are bounded while the original system states, i.e., u, X and Z converge
to zero.

The following twofold aspects show the distinctive characteristics of system (2.1) while ana-
lyze the ineffectiveness of the existing schemes:

() More serious nonlinearities are involved than the sandwiched ones in [1,3,4,6,12,20,24,25].
Since both the two ODE subsystems (distal or proximal to the control input) in system
(2.1) are nonlinear, the controller cannot be designed by merely using (one- or multiple-
step) infinite-dimensional backstepping transformation as in [1, 3,4, 6,20]. Moreover, the
compensation of nonlinearities is required which makes the control design and performance
analysis more difficult than those of [12,24,25].

(#8) More complicated configuration is contained than the PDE-ODE and ODE-PDE systems
in [2,5,7,9,10,13-16,18,19,23,26,28-30]. The sandwiched configuration of system (2.1)
involves an additional ODE subsystem (distal or proximal to the control input) than the
PDE-ODE and ODE-PDE ones in the literature. This, together with the nonlinearities
therein, brings essential technique obstacles of the traditional control schemes in the liter-
ature.

3. Control design

This section presents the procedure of control design. Seeing from equation (2.1) that the investi-
gated system possesses lower-triangular structure since u(0,t) and Z; can be respectively viewed
as the inputs of the distal ODE subsystem and the PDE subsystem while both the X and Z sub-
systems are lower-triangular. Motivated by such structure, the controller is explicitly designed
by a combination of the finite- and infinite-dimensional backstepping methods. Specifically, the
control procedure is divided into three parts. First, a finite-dimensional backstepping design is
given for the distal ODE subsystem (i.e., X-subsystem). Then, an infinite-dimensional backstep-
ping design is subsequently given for the distal ODE-PDE subsystem (i.e., (X, u)-subsystem).
Finally, the control procedure ends with a finite-dimensional backstepping for the whole system
(i.e., (X, u, Z)-system).
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3.1. Stabilization of X-subsystem

In this subsection, a finite-dimensional backstepping step is provided for the X-subsystem. For
this, the following pivotal state transformation is first introduced for system (2.1):

=X, &=Xi—71, v(zt)=ulz,t)-N(@)§, i=2,--,n, (3.1)
where & = (&1, -+ ,fn)T, v are the new system states, 7;’s are the virtual control inputs to be
determined later, N(x) is given as follows:

0N -G I
N(z) = [h, 0]exp ([ ]x) , (3.2)
I 0 0

Wlth hn = (hn71> hn,27 e 7hn7n) and

hor—q1 heo—qio 1
: 1

hn,l — dn—1,1 hn,? —dqn—-12 """ hn,n —Adn—1n

h;; and ¢; ; being some constants to be given in the following derivations. Remark that N(x)
given above satisfies the following equations which will be used later

N"(z) + N(z)(M — G) = 0,
N'(0) =0, (3.3)
N(0) = hy,.

Then, a recursive step is given as follows.

Step 1. We first choose Lyapunov function V; = %f% Then, computing V; along the solutions
of system (2.1) by noting &; f1 < afff with o1 being certain positive constant, we have

Vi=a X+ A)=6&+n+hH)<&(&+n+op&).
By choosing
1 =—(c1 +op)& 2 hia&,
we directly have

{51 =&L+7n+ fi=8+hii& + fis
Vi < —aéf + 6.

Step 2. Vo =V; + %f% As preparation, 7 is first given as follows:

= hil& + h1,1& + hi1fi We then choose



Stabilization of a parabolic PDE 275

2 i+ qeée + a1 f-

Then, Vs is given along the solutions of system (2.1) and using (3.4), i.e.,

Vo< —a1€l+6&+ & (Xs+ fo— 1)
=—&f+66+ & (G + fo—qa& — a2l — i f)- (3.5)

By Assumption 2.1 and using Young’s inequality, the following estimations are obtained

~dhalafr < laaloy o] < 26 + a1 PoiE,
§afo < oo ([&a] + [€2 + h1161])
< 38 +orBop oG,
which gives
) (—Qi,lfl + f2) < 5% + (Uf2 tor+ U?hil + ;|q/1,1|2‘7]20> f%
£¢f + a6,
Substituting above inequality into (3.5) and then choosing
To = —co€y — &1 + q1 161 + Q1262 — 02€s £ ho 1€l + hobo,
we have
2
b=&G+n-—f+ =&+ Z (hoi —qui) & — dvaf1 + fo,
i1

Vo < — (1 — 1) €2 — 026% + &63.

(3.6)

Step k (3,--- ,n—1). Suppose that the first k — 1 steps have been completed. Then, we obtain
the following virtual control

k—1
T =Y b1, (3.7)
i=1
which gives that
k—1 k—2
S =S+ Y (hnori — Go—2) & — Y Gho:fi + fe1,
i=1 i=1
k—1
Vier S = (e = (k—i—1)& + &1&,
=1

and hence

k-1 i i—1
Foo1 =D hpori |G+ Y (hij —Gio1) & — > 185 + fi
i=1 j=1 =1
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k k—1
£ Z Qe—1,:& + Z Q1,3 fi-
i=1 i=1

Choose V. = Vi1 + %{g Then, computing Vi along the solutions of (2.1) leads to

Vie = Vi1 + & (&1 + T + & — To-1)

k-1
<= (ei—(k—1-1)& + & 1&
i1
k k-1
+&k <§k+1 + 7+ fr — Z qr—1,i& — Z Q§c1,ifi> .
i1 i—1

By Assumption 2.1 and using Young’s inequality, the following estimation is obtained

k—1 k—1
& (fk -3 qzl,ifz) <Y &+ ot
i=1 =1

which leads to that

i=1 i=1

k-1 k
V<= (ci—(k—1)& +& <€k—1 toh T — Y qr-14bi+ kak) - (3.8)

Then, by choosing the following virtual control

k k
Th = —Ck&k — &1+ D Qho1.i&i — Ok 2D hiib,
i=1 i=1
we obtain that

k k—1
S =1+ D (hei — ah14) & — D Ghorifi + i
. =1 =1 (39)
Vi <= (ci— (k=) & + &bira-
i=1
Step n. Choose V,, = V,,_1 + %5,% Letting z = 0 in the last equality of (3.1) and noting

N(0) = hy, (given by (3.2)) leads to that u(0) = v(0) + N(0)§. Then, by the similar derivation
as those of (3.8), we obtain that

n—1
V<= (ci—(n—1)& —cnly
=1
+§n (&1—1 + 1)(0, t) + N(0)€ - Z Qn—l,igi + O'nfn + Cn€n> .
=1

By letting

N(O)g = _gnfl + Z anl,igi - (Cn + Un) én

=1
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n—2
= Z anu& + (QHfl,nfl - 1) En—1+ (anl,n — Cnp — Un) gn
izl
£ Z P i&i
i=1
= hné,
with N(0) = h,,, we obtain that
n n—1
€ =0(0) + > (hni = Gn-1.)& — Y dorifi + fur
o=l i=1 (3.10)
Vo <= (e = (n—14)) & + &0(0).

=1

3.2. Stabilization of (X, u)-subsystem

In this subsection, an infinite-dimensional backstepping step is used for the subsequent control
design for the stabilization of (X, u)-subsystem. First, as preparation, by transformation (3.1),
(X, u)-subsystem is changed into a new one, i.e., (£, v)-subsystem whose dynamics are given in
the following proposition with detailed proof being postponed in Part A of Appendix at the end

of the paper.

Proposition 3.1. By transformation (3.1) with the choice of T; given above, the following new

system is obtained:

§ = GE+ W(HE) + Bo(0),

v = 920 + v — N(z)U(HE) + e(x)HE — N(z)Bv(0),
d,v(0) = 0,

v(1) = Z1 = N(1),

where G has been given before, B = (0,--- ,0, 1)T € R" and

h
fo—qi1h
‘I/: . s
n—1
fn—zqq/m,ifl
L i=1 §
1 0 -+ .- 0
hi1 1 v .0
H=1 hyy heo 1 o0

| fn—11 hp—12 -+ An—1n—11]

(3.11)
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Then, we give the following infinite-dimensional backstepping transformation and its inver-

w(a) = ole) ~ [ w(e.v)o(u)d,
0 (3.12)
o) = w(e) + [ degut)ay
where k(x,y) = Ki(&,n), v(z,y) = > Li(€,n) with § =2 +y, n =2 — y and
Ko=Lo=—3(€+n) + [ N©Bag,
Kiy1 = K;(r,s)dsdr + — K;(r, s)dsdr
L s .

2n—s
L
2 )y /. 2
AT AT
Li+1 :—/ / LZ’(T,S)deT—/ / Li(T,S)deT.
2Jo Jo 4.J, Jo

Remark that the detailed expressions of x and ¢ have been given in [22] (by letting ¢ = 1,
b=q=0, f(z) =0, \Mz) = \, g(x) = —N(x)B therein). Moreover, the following properties
hold for x and ¢ which will be used later: (I) They are smooth with respect to z, y on [0, 1].

i(1,s)drds,

(2 Their partial derivatives with respective to x, y in various orders are uniformly bounded for
0<y<z<1,i.e., there exists an positive constant C such that

sup lﬁiaiﬁ(x,y)] <C, sup \8;8§L(x,y)] <C, Vi,j=0,1,---. (3.14)
0<y<z<1 0<y<z<1

(3) k satisfies the following equations

02k(z,y) — 02k(z,y) = Me(,y),

)
0yr(@.0) = ~N@B + [ r(e.n)N () By, (3.15)
k(z,x) = 7?.

By infinite-dimensional backstepping transformation (3.12), system (3.11) is changed into a
new one which is given in the following proposition. Its proof has been postponed to part B of
Appendix for readability.

Proposition 3.2. System (3.11) is changed into the following new one by (3.12):

£ = GE+ V(HE) + Bw(0,1),
ow = 02w + ®(z,€),
0,w(0) =0,

w(l) =21 —

(3.16)
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with
o = ([ sV - ¥ ) wiere)
([ rteetnay - <(a)) e (3.17)

1
x—Nuﬁ+An@mwm@.

Remark that ® given by (3.17) satisfies the following property which will be used later:

@] < Clgl,
9Ld(z,8)|| < Cl¢l,
|05z, )] < e -
0, @(1, )] < Cl¢],
92 12(0,¢) =0,
with ¢ = 1,2,--- and C being certain positive constant. In fact, the first three inequalities of

(3.18) can be directly obtained by (3.14) and the boundedness of N(x), e(z). The last equality
is derived by noting N~ (0) = 0 and £*~1(0) = 0.

3.3. Stabilization of entire system (X, u, Z)

In this subsection, a finite-dimensional backstepping stepping step is given for the stabilization
of the whole system and hence to complete the control design procedure. For this, define the
following transformation

Clzw(l)zzl_X7 Ci:Zi_ai—ly ’5227 , M, (319)

with a;’s being certain virtual controls to be determined later.

Step n+ 1. We first choose Lyapunov function V,,11 =V, + QC%HUJHQ + 2(%2(12 Then, computing

Vn+1 along the solutions of (3.16) gives that

. . 1 ! 1 .
Voe1=Vp + CQ/ w (8326111 + (I)(x,g)) dr + @Cl@
0

<= (e~ (1= )€+ E(0) + yu(Ddew(1) — .
=1

1 .
*cl2/0 w(x)cp(x,g)dx+c—12<1g.

By Poincare’s inequality and then Agmon’s inequality (See Lemmas G.2 and G.1 in Part G
of Appendix at the end of the paper), we have w?(0) < 3w?(1) + 5||0,w||?>. Then, by the first
equality of (3.18) while using Young’s inequality, we obtain that

1 3 )
&(0) < €5+ “FuP(1) + 7 0l

1 [t 1 1
L < a2 L 2 2
02/0 w(z)®(x,§)dr < 12V (1) + 2CQII@f:wH + 2[¢|7,
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with g > 0 being certain to-be-determined constant. Thus, there holds that

— 1 1 )
Vi1 < — Z (n—i)—2)& — ( _M_2>2 <2C2—5>Haxw||2

- 2
CLC <3NC C1+1C1+8 w(l )+g1-5<+(2+041)~

By choosing

3uC2

C1— 1C1 — g1+ X — Oyw(l)
= _axw(l) + P1 (Zl) X X) ; (320)

a1 = —Cp41G1 —

we obtain that

Vet < Z (i) -2 - ( —1—2)52

I

1 Y0} 2 Cn+1
—<262—4) R

Step n + 2. First, we choose V10 = V11 + 2%2{22 By (3.16), we obtain that

d1 = —0i0,w(1) + p1
1

. 8 opr
__93 - § : YPL(i41)

which helps to give Vn+2, ie.,

. ) 1.
Vi =Vogr1 + @CQCQ

— 1 1 5)
Z =)= (-1 -2) &~ (55 - %) louul?

n op1
€ +1C1 + CQCz <C1+C3+Oéz + g2+ Ow(1 )—8721(22+91)

1

0
+0,®(1,€) — 23;(1 l+1)>.

1=0

By (3.18) and using Young’s inequality, we have

1 1
G700:®(1,€) < 55 + [¢f,

which gives that

1 1 )
Visa < - Z ==& - (-1 -3)& - (55 - L) houul?
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_Cn op1
+1C1 CQC2 (C1+C2+C3+062+92+33 (1) — 7 L (Zy+ )

_Z 3/71 z+1 )

Then, the choice of the following virtual controller

op1 15)
Qg = —Cpi2a — (1 — G2 — g2 — PPw(l) + A (Z2 +q1)+ Z ;1 X+
=0

:—a§w<1>—cn+2(z2+azw<> prZ1xN) ) =G =G

dp1
- YD
92+8Z (Z2+aq1) +§ a (Z
2 —w(1) + p21dyw(1) + pa (Z[z],fc[z]), (3.21)

gives that

— 1 1 5
Vo < — Z (n—1i)—3)¢& —( _M_3> 721—<202—f> |9w]?

_Cn
+1 Cl CQ Z C’I’L-i-’LC'L C2 C243

Step n+k (k=3,---,m — 1). Suppose that the first n + k — 1 steps have been completed.

Then, we have

k-3
h-1 = —Cpnik-1C1 — Ch-2 — Gr—1 — Cr1 — O2FBw(1) + ZPk—Q,iag%H_lw(l)
=1
k2 k2
Opr—2 k=2 _(i41)
Zi i X
+Zz; aZZ ( +1 +g)+ r 6X(Z) X
k-2 ‘
L 02 Pw(1) + ) pe-1402 w(1) + pr— 1<Z[k 1> X[k— 1])
i=1
) n—1 1
Vino1 < — (cz-—(n—i)—k:) 2 <cn——k) €2
=1 K

1 5 g 1 — 2, 1
~ 50z = 7 ) 10wl = 55 ;cnﬂ-g + 53Ck-1Gk

Then, along the solutions of (3.16), we obtain

Qp—1 = —8t8§k_3 )+ Zpk 1 zat ( )+ Pr—1

o)~ 80
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k—2
+ Zpk—u (07 w(1) + 07 '@ (1,9))
i—1
3pk L 8Pk 1 (D)
+ Z z+1 + gz + Z . (322)

Choose Viyp = V-1 + gC,f, the following inequalities hold by using (3.22)
1 1 5u
"+k< Z(Cl (n—1) )@2_(%—”_]“)5% <2CQ—>||8 H
! 2, 1 2k—1
2 ch+z‘@ + 7Ck Che1 + Crop1 + o+ g + 057 w(1)
=1
+0;7D(1,6) — Zpk 1 (02 w(1) 4+ 0% 18(1,€))

k—1 k—1
0 0 i
Plk— 1 (Zisr + gi) — Pk )X( +1))>‘

1 8ZZ- aX(l

By (3.18) and using Young’s inequality, we obtain

256 (a% (1,6) - Zpk L0z (L, 5)) < Clgciﬂsr?,

=1

which, together with the choice of ay given as follows

k—2
k= —CnpkCe = Coo1 — gk — G — 02 w(1) + > pe—1,:02 w(1)
=1
= Pr—1 Opk-—
1 1 (z+1
+ i 8Z z+1 Jrgz Z a )
= —aik ! )+ Zpk 1821 Lw ) + pr <Z[k] X[ }) (3.23)
leads to that
n—1
. . 1 1 Y]
Viak < — i—n—i)—k—-1)¢—(ecn———k—1 — — =) 10w|?
e S R R e O e e R C [

k
1 1
—o E entiCE + @Ck(kﬂ-
i1

Step n + m. Choose Vi1 = Vorm—1 + gC,Qn. By the similar derivation as previous step, we
obtain that

m—2

U= _CnerCm — Cm—1—9Gm — Cm - a%m—lw(l) + Z pmfl,iaii—i_lw(l)
=1
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m—1 p m—1 0
m—1l (i+1)
+ Z aZZ (Zerl +gz) + ' 8 0)
i=1 =0
which brings that
1
b <=3 (6= (0= == 1)t~ (e -1
1 5u 1 &
<2€2 ~ ) [0,w]* — &) ch+i€i2'
i=1
Noting that —||d,w||? < 2w?(1) — $|lw||® (see Poincaré’s inequality), we arrive at
2 1 2
n+m§ Z( (n —1) _1)§i_ cpn———m-—1]&
—1 H
L/ 1  dp 2 Cn+1 1 sp
il T (- (e 1)) 4@ chﬂg.
By choosing
cG>n—t+m-+1, 1=1,--- ,n—1,
2
0<p< ,
"= 5e2
1
cn > —+m+1,
I
1 5uC?
(1=

Cn+1 > 4 ( 9 > s

Cnti >0, =2, m,
we obtain that

Vner < _UVn+ma (325)

with ¢ being certain positive constant.

4. Stability analysis

This section analyzes the stability of the resulting closed-loop system. As preparation, we
first give two propositions which respectively present two pivotal new systems. Specifically,
Proposition 4.1 gives the dynamics of (;’s which can be directly obtained by transformation
(3.19) with the choices of virtual controls and actual control given above whose proof is omitted.
Proposition 4.2 gives the further dynamics of w-subsystem whose proof is somewhat long and

hence postponed to Part C of Appendix at the end of the paper.



284

Q. Gao, B. Shi & X. Zhang

Proposition 4.1. By the choice of virtual controls (3.20), (3.21), (3.23) and actual control (3.24),
the dynamics of C is given as follows:

¢ = a11C1 + G — d,w(1),
o = a1 + azaCa + (3 + 0, D(1,€),

(k= an1Ce1 + aroCr + Grpr + 02F30(1,€) (4.1)
k—2
= PP TIB(1LE), k=3, .,
\ =1

with a; ; being certain constants and (1 = 0.

Proposition 4.2. With controller (3.24) in loop, w given in (3.16) satisfies the following equa-

tions:

where Yy, is
as follows:

ko = k2w 4 0k d(x, €),
IFw = 02w + Ty (x, €, w(0), Jw(0), - - -, AF~2w(0)),
O2Flw(0) =0, k=1,2,---,
3#0(1) —0,w(1) + 11 (C) 5 (4.2)
Fw(l) = —w(1) + Yo ({3, ew(1)) + Aa(€),
Fu(1) = =02 (1) + Vo (G, Dew(1), B2 (1), -+, 92Sw(1) )
8k (€ w(0), B (0), -+, O Fw(0)), k=3, ,m,

certain linear function with respect to the arguments therein, I'y and Ay are given

= (I)(:E7£)a

= 070(z, &) + 0¢P(x,€) (GE + U(HE) + Bw(0)),
k—3
T}, = 02®(z, &) + Ok 15+Z 8F’“ 1 8Z+1w(0),

Az = by 10,9(1,¢), (4.3)
2
Ag = o0y 1 B(1,€) + DeAs(6)E,
S
A = Z b0y ' D(1,6) + A2 (6)€ + Z y—k(l))aﬁlwwx
=1

with b; ; being certain constant.

In the following, we turn to give the stability results of the resulting closed-loop system. First,
a proposition (i.e., Proposition 4.3) is given to present the stability of states ¢, £ and w. Then,
another proposition (i.e., Proposition 4.4) is given to show the integrability and boundedness of

some system signals. Finally, the stability of the original system states are given in a theorem
(i.e., Theorem 4.1).
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Proposition 4.3. The designed controller (3.24) guarantees that X, &, ¢ and sup,co 1 w(z,t)
are bounded while

Ty 40 (1€ + IC] + Do o, 1)) =0,

Opw(1), Opw(1), ||0%w]| € Lo, w(0),]|0zw| € L2 N Lo
Proof. The boundness and convergence of &, ¢ and ||w|| can be directly obtained by (3.25)
which gives that V,, 1, (t) < Viem(0)e %

By the first equality of (3.16) while using Young’s inequality and noting Yi, ||®| € L2, we
have

thua w2 = Byw(1)0w(1 / 2w (9w + B(x, £)) da

1
= 0,(1) (~0u(1) + 1) = 2wl - [ u()b(e,Oda
0
1 2 Ly o
< —3 (Ozw(1))” — §H8xw\| + 1.
Integrating both sides of above inequality leads to ||0,w|| € Lo, Orw(1), ||0?w]| € L2, hence

Jyw(1) € Lo (seen from the fourth equality of (4.2)). Then, Agmon’s inequality brings that
lim¢—s 400 SUP,efo,1) [w(2, )| = 0 and w(z,t) is bounded on [0, 1] x [0, +00). O

Proposition 4.4. The designed controller (3.24) guarantees that (fori=1,2,--- ,m)

{aia Zi7 Zi+1? ||8;%Zw||7 ”822+1w”> agi_lw(l)a a}?w(l)a agw(o)ax(z) € £oo N £27 (4 4)

102+2w]|, 02 w (1), iy, Zira, 0 rw(1), x O € Lo,

with Zm—',—l =U.
Proof. Such proposition is proven by recursive steps.

Step 1. We choose E; = 3 (||0?w]|? + [|93w]|?). Computing E; along the solutions of system
(4.2) by using integration by parts while noting 9,0, w(0) = 0, d3w(0) = 0, ||0L®@|| € Lo and
using Young’s inequality, we obtain that

f= ' Pw0,0ud + / ' ButPuds
— 82uw(1)d D / Ow (83w + 0,8 (x, £)) do
0P (1), / Ow (0w + 02 (x, £)) do
< B ()ad(1) + (A - Dl - Lot 6. (45)

By using the following estimation whose proof is given in Part D of Appendix,

02w(1)0,0rw(1) < * (BPw(1) + 61,
Claim (D: 4 1 )
I3w(1)020,w(1) < -5 (Bw(1))” + 44,
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we arrive at

By == (@8w(1))’ — L%l — L0kl + 6,
which gives that Fy, ||02w||, [|03w|| € Lo and 2w(1), ||03w], ||0w| € L2 by integrating over
[0,t] and [0, 400), respectively. Then, (4.2) with (3.17) gives that ||Ow]||, ||Ow]||, X € Lo, and
moreover, Agmon’s inequality brings that d,w(1) € L. Thus, there subsequently hold that
dw(1), Bw(0), a1, Za, Z1 € Loo N La, ||07w]], X, 02w (1), ag, Z3, d}w(1) € Ly (seen from (4.2)
and (3.20), (3.21), respectively).

Step 2. We choose E» = 1 (||02w]|? + [|85w||?). Computing E> along the solutions of system
(4.2) by using integration by parts while noting 9;02w(0) = 0, 2w(0) = 0, ||9.®|| € L2 and
using Young’s inequality, we obtain that

By = / Drwdydtwdr + / OPwd O3 wdz

— 9hw(1)9, 05w / P (0w + 020(x, €)) do
+0Pw (1), w( / w (00w + 19 (x, £)) da
< Ghw(1)Ddw(1) + w1k (1) — 305wl — Lau]| + b (4.6)

Then, by using the following claim whose proof is given in Part E of Appendix

(1330w (1) <~ (8Pw(1)* + 41,
Claim (2): 4 1 9
Ruw(1)ai0pw(1) < —3 (82w (1))” + 41,

we arrive at
. 1 2 1 1
By = =1 (2w(1)” = S9%w]? - 5 |0w] + &,

integrating which over [0,¢] and [0, 4+00) respectively gives that Ea, ||03w||, ||03w| € Lo and
OSw(1), |05w||, |0%w|| € Ls. Then, (4.2) with (3.17) gives that ||0?w||, [|0?v]|, ¥ € Lo, and
moreover, Agmon’s inequality brings that 02w(1) € L. Thus, there subsequently hold that
?w(1), B2w(0), ag, Z3, Zs € Loo N La, [|03w]], xP), as, Zs, BPw(1) € Ly (seen from (4.2) and
(3.21), (3.23), respectively).

Step k (k = 3,--- ,m). Suppose that the first k—1 steps have been completed. Then, (4.4) holds
fori=1,--- ,k—1. Choose Ej, = 1 (|02 w]|? + [|92**'w]|?). Computing E}, along the solutions
of system (4.2) by using integration by parts while noting 8;02*~'w(0) = 0, 92*+1w(0) = 0,
|0L®|| € Lo and using Young’s inequality, we obtain that

1 1
Ey :/ 02w, 02 wda +/ 210,07k Lpd
0 0

1
= 92Fw(1)8,0% 1w (1) — / §2k+1yy (agkﬂu) + 0219z, g)) da
0
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1
+02 1 (1)9,0% (1) — / 02w (022w + 020 (2, 6) ) d
0

1 1
<8 w(1)0,07" w(1) + 03 w(1)9,07 w (1) — 5\\@%’““"«01\ - 5!\3§k+2wH +4. (4.7)
Then, by using the following claim whose proof is given at Part F of Appendix

G2 ()52 Dpw(1) < L2l + 6,
Claim (3): 2 )
923 (1)92m 20w (1) < —i(a;j‘m”w(l)) + 41,

we obtain that

By=—7 (81w(0)) = S8 wl — S92l + 4,

integrating which over [0,#] and [0, +00) respectively gives that Ej, ||0%*w||, ||02*tw|| € Lo
and 9251w (1), |02+ 1w, |02+ 2w]| € Lo. Then, (4.2) with (3.17) gives that ||0Ffw]|, x*) € Lo,
and moreover, Agmon’s inequality brings that 02*~!w(1) € L. Thus, there subsequently hold
that Ofw(1), dFw(0), a, Zks1, Zk € Loo N Lo, |08 w||, x*D) apyr, Ziir, OF  w(1) € Ly
(seen from (4.2) and (3.23), respectively). This completes the proof. O

It is a position to give the main results of the resulting closed-loop system which are sum-
marized in the following theorem.

Theorem 4.1. Consider system (2.1) under Assumption 2.1. The designed controller given by
(3.24) guarantees that all the system signals of the resulting closed-loop system are bounded while
original system states X, Z and u(x,t) converge to zero, i.e.,
lim [X|=0, lim |[Z]=0, lim sup |u(z,t)|=0.

t——+o00 t——+o0 t——+o00 z€[0,1]
Proof. Then, convergence of X is direct since X = H{ and limy_, 1 o || = 0 (given by Propo-
sition 4.3). Moreover, by (4.4), we know that Z;, Zi€ Logand Z; € Lo, i =1,---,m + 1.
Then, by the well-known Barbalat’s Lemma, we obtain that lim; i |Z| = 0.Noting that
lim¢—s 400 SUP,efo,1) [w(2, )| = 0, transformation (3.12) gives that limy— 4 Sup,epo 17 [v(2, 1) = 0.
Then, the third equality of (3.1) gives that lim;—, oo SUP,cpo 1) [u(z, )] = 0. O

5. Simulation results

In this section, we validate the effectiveness of the proposed theoretical results for system (2.1)
with n = m = 2, fi = sin(X1), fo = 2X; cos(X2) + 3sin?(X3), g1 = cos(Z1), g2 = 271 sin(Zs)
and A = 5, e(z) = (cos(x), cos(x?)). Then, we can find oy = 3 and o4 = 2 for Assumption 2.1.
In this section, we assume that the initial condition is X;(0) = 3.8, X2(0) = —1.5, Z;(0) = —8.8,
Z5(0) = 10.5 and u(z,0) = 2 cos(z) + 23.

By the control design procedure given above, we obtain the controller as follows:

U=—cso—C1 —Co—go — Pw(l) + ¥

3 1 . g1
- <03 i 4> (Z2+g1—X) — TZI(Zerm),
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where w has been given by the first line of (3.12) with x(x,y) being given by infinite series (3.13)
which is truncated at ¢ = 15 for simulation, (; = Z; — x, (2 = Zs — a7 and

. 3 1
a1 ==0u() + i~ (ea- 35— ) (1= - an
0M -G 1
N(z) =[h2 O]exp <[ ]x) ,
I 0 0
ho = [h%; —1,h1g — 03 — 2],
G hl,l 1 ’
-1 —09 — C2

with hy 1 = —c1 —0p, 00 = O'J% +op+ %hilafb Thus, by using the explicit forward Euler method
with 20-step discretization in Matlab, we implement the above controller with 6 = 5, ¢y = 50,
co = 120, ¢5 = 15, ¢4 = 2. Consequently, four simulation figures are obtained (see Figures 1-4
for detail) which indicate that the both the original system states and control input are bounded
and converge to zero ultimately.

T T T T T T T T T
— =X,
3 1

-2

. . . . . . . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
tfs tfs

Figure 1. Trajectory of system state X. Figure 2. Trajectory of system state Z.

104
T

40

204

-40 4

T

80 >w_5
0 50 : . 2

T
100 150 o 0 10° 107 10 10° 10! 10°
t/s

tfs

Figure 3. Trajectory of system state w. Figure 4. Trajectory of control input U.
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6. Concluding remarks

In this paper, stabilization of a class of nonlinear ODE-PDE-ODE systems has been solved.
Owing to the presence of serious nonlinearities involving in the two ODE subsystems which
are respectively located at both distal and proximal to the control input, the traditional con-
trol schemes are incapable. Then, a novel control framework is established in this paper by a
smart combination of the infinite- and finite-dimensional backstepping method. By the proposed
scheme, a state-feedback controller is explicitly designed which guarantees the desirable stability
of the resulting closed-loop system. The future interesting research directions are twofold. First,
stabilization of other nonlinear ODE-PDE-ODE systems with PDE subsystem being replaced by
other ones, such as wave equation or the first-order hyperbolic equation. Second, stabilization
via output feedback. For this, certain observer design schemes for the ODE and PDE systems
should be designed to reconstruct the system states, and hence challenge the control design.

Appendix

A. Proof of Proposition 3.1

The last equality of (3.11) can be directly obtained by letting = 1 in the third equality of (3.1)
while noting (1) = Z; (shown in (2.1)). Moreover, letting 2 = 0 in 9,v(z, t) = Oyu(x, t)—N'(x)¢€
gives the third equality of (3.11) by noting d,u(0) = 0 and N’(0) = 0. By transformation (3.1)
with the choice of 7;, we directly obtain that X = HE. Then, the first lines of (3.4), (3.6), (3.9),
(3.10) directly give the first equation of (3.11).

By computing the second-order partial derivative with respect to x of v from the third
equality of (3.1) while using (3.3), we directly bring that

8%1} = Bgu — N"(2)¢,
= 0%u+ N(z)(\ — G)E. (A1)

Moreover, computing the partial derivative with respect to ¢ of v from the third equality of (3.1)
while using (2.1) and the first equality of (3.11), we obtain

v =%u+ I +e(x)X — N(z)€
=02u+ Au+¢e(z)X — N(z)(GE + U(HE) + Bv(0))
=2u+ v +e(z)X + N(z)(AI — G)¢ — N(z) (¥ (HE) + Bu(0)).

Subtracting both sides of above equalities from those of (A.1) while using (3.3) leads to the
second equality of (3.11).

B. Proof of Proposition 3.2

First, letting = 0 in the first equality of (3.12) directly gives that w(0) = v(0). Then, the first
equation of (3.16) is obtained from that of (3.11). Moreover, letting z = 1 in the first equality
of (3.12) directly gives the fourth equality of (3.16). Second, computing d,w and §%w from the
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first equality of (3.12) gives that

Orw = Opv — K(x, z)v /aﬁxy y)dy,
8210—82@—%/43(:(} x)v(x) — k(z, 2)0pv(x) (B.1)
—Oypk(x, )V /82 k(z,y)v

Letting x = 0 in the first equality of (B.1) while noting x(0,0) = 0, 9,v(0) = 0 leads to
0,w(0) = 0, which is the third equality of (3.16).

Moreover, computing the time derivative of both sides of the first equality of (3.12) while
using integration by parts, we obtain that

Oyw = Opv — /w k(z,y)0ww(y)dy
0
= 0% + M — N(z)W(HE) 4 e(x)HE — N(x)Bv(0)
= [ et (SR04 r0 - MR + el - N(y)va))dy
=0%v+ M — N(z)U(HE) + e(x)HE — N(2) Bu(0) L0(2)
+£(x,0)0,v(0) + Oyk(x, x)v(x) — Oyk(z,0)v / 82

3 [ wteapotnay - [ wten(- v + e(y)Hg) ay
+ /x k(z,y)N(y)dyBv(0).
0

Subtracting both sides of above equality from those of the second equality of (B.1) while using
(3.15) gives the second equality of (3.16).

C. Proof of Proposition 4.2

By computing the k-th partial derivatives with respect to z of both sides of the second equality
of (3.16) directly gives the first line of (4.2). The second line is obtained by recursive step.
First, by computing the partial derivative with respect to ¢t of both sides of the second equality
of (3.16) while using the first line of (4.2), we obtain

OPw = 0;0%w + 9, ®(x, €)
= 04w + O28(x, &) + 0 D(x,
= 0fw + 02®(z, &) + 9 ®(x,
2 Opw + Ty(x, &, w(0)),

33
€) (GE + T(HE) + Bw(0))

which shows that the second equality of (4.2) holds for £ = 2. Suppose that the second equality
of (4.2) holds for k =1(l =2,--- ,m — 1). Then, we have

otw= 92w + Ty(z, & w(0),0w(0), -, w(0)).
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Computing the partial derivative with respect to t of both sides of above equality leads to that

o w = 9,0%w + 8,1
[—

[\

. or .
= 220 + 02 ®(2,&) + 0TI+ > —— 01 w(0
@O+ 2 oy O

= 8:12:l+2w + Fl+1(l‘, 57 w(0)7 atw(o y T T 78£_1W(0))

Thus, the second line of (4.2) is obtained.

The third line of (4.2) is derived by recursive step. Suppose that 92 ~1w(0) holds forl =1, - - -.
Then, by letting # = 0 in the first line of (4.2) with & = 2/ — 1 while noting 92~1®(0,¢) = 0
(given by (3.18)), we obtain that 921w (0) = 9,02 'w(0) — 02~1®(0, &) = 0, and hence brings
the third line of (4.2).

The fourth equality of (4.2) is directly obtained from the first one of (4.1) by noting w(1) = (;.
Computing the partial derivative of both sides of the fourth equality of (4.2) with respect to ¢
brings that

O2w(1)

—00;w(1) + Ty <¢[2})
= —0sw(1) + T2 ((, Orw(1)) + b210:,P(1,€)
£~ 0w (1) + T2 (o, Oew(1)) + Aa(8),
which is the fifth equality of (4.2). The last equality of (4.2) is derived by recursive step. First,
computing the partial derivative with respect to ¢ of both sides of the fifth equality of (4.2) while
using its first line with £ = 1,3 and (4.1) gives that
Ofw(l) = —0,9w(1) + T2 (C.[?,}, 8taa:w(1)) + Ao ()
= —0w(1) + T3 (Cp, Dew(1), O3w(1)) + b3 10, P(1,€)
+b32050(1,6) + D Aa(6)E
2 _Pw(l)+ T3 (C[4],8xw(1),8§w(1)) + As(&, w(0)).

Suppose that the last equality of (4.2) holds for k =1 (Il =4,--- ;m — 1). Then, computing its
time derivative gives that

OF V(1) = —2 (1) + Yo (g, Daw(1), -+, 02 (1))

1 A Y '
b1 021D (1, €) + OeA — 2L gitly(o

2 02 w(1) + Tisr (Greapy ow(1), -+ 02 w(1))
+A111(&w(0), 8w (0), - - -, A 2w(0)).
Thus, the last equality of (4.2) holds.

D. Proof of Claim (1)

From Proposition 4.3, the first equality of (3.12) implies that ||0,v|| € Loo, [|02v]| € Lo. Thus,
there holds that v(0) € Lo N L2, &, ||[v|| € Lo N L2, and hence x € Lo, X, Z1 € Loo N La.
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Noting that 02w (1) = dw(1) — ®(1,€) € La, 00, w(1) = d3w(1) + 0,P(1,€) = Fw(1) + 42
(seen from (4.2) and Proposition 4.3), we obtain the following inequality by Young’s inequality

P2w(1)0,0,w(1) = by (Bw(1) + £o)
(83w ()) + 41,

.-lk\’—‘

which gives the first inequality of Claim (I).
Since ([3), d,w(1) € L2, we have Ty € L2. Moreover, (4.3), together with the integrability of
¢ and w(0), gives that 'y, Ay € L9. Then, (4.2) with (4.3) brings that
0:07w(1) = dgw (1) + 05®(1,€)
= a?w(l) r(1, f, ( )+ 82<I><1,f>
—8310(1) + fg,

T

by which and then using Young’s inequality, we bring that

Bw(1)0,0%w(1) = Bw(l) (~0Pw(1) + L) < —= (Pw(1)) + 1,

| =

which gives the second inequality of Claim (T).

E. Proof of Claim (2)

With the proven fact that (4.4) when ¢ = 1 in hands, (4.3) brings that
Dt (1) = B2w(1) — To(1,£,w(0)) € L2,

202w(1) = Pw(1) + B®(1,€) = ddw(1) + L.

Then, by Young’s inequality, there holds that

Ohw(1)0,3u(1)

0y (02w (1) + £2)
L @20)’ + 01

IN

which gives the first inequality of Claim (2).
Moreover, (4.4) with i = 1 gives that &, w(0), d;w(0), 92®(1,€) € L2N Lo and dw(1) € Lo.
Then, (4.3) gives that T3, I's, A3 € Lo, and hence (4.2) with (4.3) brings that
00zw(1) = Bpw(1) + 9;(1,€)
= 33 (1) = T3(1, & w(0), dw(0)) + 95 (1, €)
= —02w(1) + T3 (Cap, Qew(1), (1)) + Az(€, w(0))
= —agw(l) + 52,

by which and then using Young’s inequality, we obtain that

BPw(1)0,04w(1) = Bw(1) (~0Pw(1) + £y) < —= (Bw(1)) + 1,

| =

which gives the second inequality of Claim (2).
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F. Proof of Claim (3)
With the proven fact that (4.4) when ¢ = k — 1 in hands, (4.3) brings that

02w (1) = 0fw(1) — Tk(1,&w(0),- -+, 0F *w(0)) € Ly,
0;07"  w(1) = 7 w(1) + 031 D(1,€) = 97 w(1) + L.

Then, Young’s inequality leads to that
02 w(1)9,02Lw (1) = £ (ag’f“wu) + 52)
L ookt 2
< - . .
<5 (ax w<1)) + 0 (G.1)
Moreover, (4.4) with i = k — 1 also gives that 92F®(1,&), &, w(0), diw(0), % tw(l) €

LoNLoo,i=1,--- k—1,and 0% 1w(1) € L. Then, (4.3) gives that Tj 1, i1, Apr1 € La,
and hence (4.2) with (4.3) brings that

;0% w(1) = 02 2w (1) + 02+ d(1,¢)
= O w(1) = Thyr (1,€,w(0), iw(0), -+, 0F ~'w(0)) + 977 (1, €)
= _8§k+1w(1) + Tk+1(<[k+2 pw(1), - fﬁk—lw(l))
+Ag1 (€ w(0), B (0) - - 6’“ “w(0))
~Tpt1(1, & w(0),0:w(0), - -+, 0F 'w(0)) + 92F®(1,¢)
= 02" w(1) + £y,

by which and then using Young’s inequality, we obtain that
52+105(1)9,0%w(1) = 92k +Lan(1) (—a§k+lw<1) v gg)

<~ (2w ) +r (G.2)

G. Useful inequalities and criterions

The following four lemmas give some useful inequalities.

Lemma G.1. ([11]) (Agmon’s inequality) For any continuously differentiable function w defined
on [0, 1], there hold

{maX[o,u w(z)? < w(0)? + 2] wl||lwe ],
max(o,1 w(2)? < w(1)? + 2wl [we.

Lemma G.2. ( [11]) (Poincaré’s inequality) For any continuously differentiable function w
defined on [0, 1], there hold

lwl? < 2w(0)* + 4w ||,
lwl? < 2w(1)? + 4w ||
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