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DELAY-INDUCED HOPF BIFURCATION OF A FRACTIONAL-ORDER
NEURAL NETWORK WITH BOTH NEUTRAL
AND INERTIAL TERMS*

Xueying Shi!, Xiaoping Chen®' and Chengdai Huang?

Abstract This paper focuses on the stability and bifurcation in a fractional-order neutral-
type inertial neural network with time delay. We mainly analyze the new system with time
delay by using Cramer’s rule to derive precise bifurcation conditions. The accuracy of the
theoretical findings is ultimately confirmed through two numerical experiments. Moreover,
the remarkable advantages of the fractional-order model are found in delaying the occurrence
of inherent bifurcations and enhancing the stability performance.
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1. Introduction

Currently, research on fractional-order neural networks is garnering significant attention, as their
qualitative analysis and containment research hold substantial value. This is largely due to the
fact that Neural networks have attained extraordinary success across numerous domains, in-
cluding image processing [20], combinatorial optimization [15], associative memory [21], pattern
recognition [14] and so on. As we know, fractional calculus serves as a highly effective mathemat-
ical tool for depicting the inherent non-locality and hereditary characteristics of real materials
and processes. Besides, it can accurately capture the memory characteristics of neural networks,
thereby enhancing their realism [2,25,28]. Consequently, the research of fractional-order neural
networks aligns more closely with reality. Time delay is a prevalent phenomenon that often
leads to instability and oscillations within the neural network systems [7,19,24]. Given the
existence of various types of time delays, each type manifests distinct dynamic characteristics.
Hopf bifurcation is a significant dynamic issue that typically arises in a category of differen-
tial equation systems featuring nonlinear coupling terms. Within these systems, as a particular
parameter undergoes variation, the stability of the systems will be altered. This induces remark-
able changes in the behavior of the systems [8,16,18]. Thus, it is of paramount importance to
investigate the bifurcation issues in different systems. We have conducted extensive research on
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the asymptotic stability analysis of various types of neural networks with time-varying delays.
The Hopfield neural network is the most prevalent type. Regarding the Hopfield neural network,
relevant research has yielded significant findings, covering scenarios ranging from integer-order
to fractional-order, from one-dimensional and two-dimensional to high-dimensional, and even
from single-delay to multi-delay [9, 10, 23].

In 1997, Wheeler and Schieve pioneered the introduction of a second-order inertial neural
network model [26]. They examined the stability, bifurcation, and chaos phenomena at the
system’s equilibrium point. It has been demonstrated that the dynamic behavior becomes more
sophisticated when inertial terms are included in neural networks, which has sparked scholars’
interest in studying inertial neural networks [1]. The issue of anti-synchronization in switched
inertial neural networks with constant leakage delay and time-varying mixed delay was explored
in [29]. In [22], the Lyapunov comparison principle was utilized to investigate the dynamic
behavior of fractional-order generalized reaction-diffusion inertial neural networks with time de-
lay. In the practical scenarios, the dynamic behavior of some systems is influenced not only
by delays in their state variables but also by delays in the derivatives of these state variables.
Such systems are specifically categorized as neutral systems. Consequently, the authors initi-
ated research on neural networks featuring neutral time-varying delays and introduced delays
in the neutral case [6]. When set against their integer-order counterparts in neural networks,
neutral fractional-order neural networks exhibit superior stability performance. In contrast to
traditional delayed neural networks, they can achieve shorter convergence times by selecting ap-
propriate parameters. For instance, in [12], the authors concentrated on the stability analysis of
fractional-order neural networks with neutral delay and effectively created bifurcation diagrams
for various delays. It was demonstrated that both time delay and fractional order significantly
affect the stability of the developed fractional-order neural networks. It was also observed that
fractional-order neural networks with neutral delay can delay the occurrence of bifurcation.
In [5], the Lyapunov functional method was employed to study the global exponential stability
of neutral Cohen-Grossberg neural networks incorporating multiple discrete neutral delays with
time-varying characteristics.

Building upon previous research, a new research domain has emerged, known as neutral in-
ertial neural networks. In [4], the authors developed novel neutral-type differential inequalities
and Lyapunov methods to investigate the global exponential dissipation rate of neutral-type
BAM inertial neural networks with mixed time-varying delays. Furthermore, in [27], the au-
thors explored the global dissipation issue of memristive neutral inertial neural networks with
distributed and discrete time-varying delays. A review of existing literature reveals that research
in this area is rather limited, with only a handful of papers available. In comparison with previ-
ous models, neutral inertial neural networks possess more intricate dynamic characteristics and
hold greater research value.

The aim of this paper is to explore the dynamic characteristics of a fractional-order neutral-
type inertial neural network with time delay. The key innovations of this study are outlined as
follows.

(1) Currently, research on fractional-order neural networks that incorporate time delay, iner-
tia term and neutral delay is quite limited. This paper extends the model in [13] by introducing
neutral delay, thereby making it more aligned with the characteristics of realistic complicated
networks.

(2) This paper explores the dynamic properties of the system under two conditions. We
investigate the dynamic characteristics of the system without time delay and also analyze the
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system that incorporates time delay. Subsequently, we derive precise criteria for identifying the
bifurcation point.

(3) In our study, we find that fluctuations in time delay or fractional order can shift the
bifurcation point of the system. By manipulating the variations of two orders, we analyze the
changes in fractional order at the system’s bifurcation point.

(4) Tt is observed that fractional-order neural networks can enhance the stability of the
system more effectively compared to integer-order neural networks.

The primary structure of this paper is summarized as below. Section 2 introduces the
definition of Caputo fractional derivative along with its associated Laplace transform. Section 3
constructs the main model studied in this paper. In Section 4, the conditions for the existence
of Hopf bifurcation and the accurate expression of bifurcation points are obtained by selecting
time delay as bifurcation parameter. In Section 5, the validity of the key findings is illustrated
by two examples. Finally, a summary of this paper is provided in Section 6.

2. Principal conceptions

In this section, we introduce Caputo fractional derivative along with its corresponding Laplace
transform.

Definition 2.1. [17] The definition of Caputo fractional derivative is given below

D40 = g [ (€ 9 g sy
L'(p—h) Jo ’
where p — 1< h <p € Z* and I'(+) is the Gamma function.

The corresponding Laplace transform of Caputo fractional derivative is
p—1
L{D"f(t);s} = s"F(s) = > _s"*1f80), p—1<h<pez’
k=0
It fM)(0) = 0 with k =1,2,..., u, then L{D"f(t); s} = s"F(s).

3. Model formulation

In this section, the system is established to discuss the dynamical behavior. The model analyzed
in this paper is given below.

DMy (t) = —=mi D" xa () — prxa(t) + pn Fia(xa(t — ) + paaFia(xa(t — <))
+ a1 D" x3(t — ¢) + ara D™ xa(t — <),

DMy (t) = —maD"xa(t) — paxa(t) + pa1 Far (x3(t — <)) + p2aFaa(xa(t — <))
+an DM x3(t — <) + age D" xa(t — <),

DM x3(t) = —maD"x5(t) — psxs(t) + vi1Gr1(xa (t —
+ Bu D" xa1(t = <) + fr2aD" xa(t = <),

DMiyy(t) = —maD" x4(t) — paxa(t) + v21G21(x1(t — <)) + v22Gaa(x2(t — <))
+ B DM xa(t = <) + B2 D" xa(t — <),

(3.1)
S)) +v12G12a(x2(t — <))
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where D"y, (t) symbolizes the inertial terms with + = 1,2,3,4, x,(t) denotes state variables
with ¢« = 1,2, 3,4, h, stands for the fractional orders and h, € (0, 1] with + = 1,2,3, m, > 0 is the
coefficient of damping terms with + = 1,2, 3,4, p, > 0 represents self-regulating parameters with
v =1,2,3,4, p,y and v,, signifies connection weights with ¢,7 = 1,2, a,, and 3,, mean neutral
connection weights with 1,7 = 1,2, F,(-) and G,,(-) indicate activation functions with 2,7 = 1,2,
and ¢ is communicate delay.

Remark 3.1. The system considered in this paper is revised from [13], which investigated the
subject in the matter of bifurcations in a fractional-order neural network incorporating time
delay and inertia terms. This paper adds neutral delay to the model in [13].

Remark 3.2. It is worth noting that if a,, = §,, = 0 with 2,7 = 1,2, system (3.1) becomes
an inertial neural network. In [13], Huang et al. carefully studied this type. In addition, when
m, = 0 with » = 1,2, 3,4, system (3.1) converts to the neutral type neural network. In [11], the
fractional-order neutral bidirectional associative memory neural network under this type was
considered.

Remark 3.3. It is noteworthy that system (3.1) can be transformed into the retarded fractional-
order neural network when both m, = 0 and o, = 3,, = 0 are satisfied. It should be pointed
out that system (3.1) is more complex and has higher research value.

Remark 3.4. Insystem (3.1), there is no need to sustain a fixed size relationship between h; and
ho. Whether h; > hg or hy > hy, system (3.1) can also be turned into the form of a generalized
fractional-order neutral-type inertial neural network by implementing some measures.

4. Key results

In this section, we will analyze the dynamic properties in two circumstances. The first scenario
involves system (3.1) without time delay, while the second scenario focuses on investigating the
system that incorporates time delay.

In order to continue the derivation, we are required to put forward the following premise.

(H1) F,(-),G,(-) € C(R,R), and F,,(0) = G,;(0) = 0 where 2,y =1, 2.

According to the hypothesis (H1), we notice that there is an equilibrium point E* =
(0,0,0,0) for system (3.1). By the Laplace transformation, the linearization modality of system
(3.1) can be denoted as

(D" x1(t) = —mi D™ x1(t) — prxa(t) + krixs(t — <) + kzxa(t — <)
+an DM xs(t — <) + a1 D" xa(t — <),

DM xa(t) = —ma D" xa(t) — pax2(t) + karxs(t — <) + kaaxa(t — <)
+ a1 D" x3(t — <) + aga DM xa(t — <),

DMxs(t) = —maD"2x3(t) — paxa(t) + Mixa(t — <) + Maxa(t — <)
+ B11 D" x1 (t — ) + Br2D"3xa(t — <),

DM xa(t) = —maD"x4(t) — paxa(t) + Aarxa(t — <) + Aaaxa(t — <)
+ B2 D™ X1 (t — <) + Baa DM xa(t — <),

(4.1)

where k,; = p1,,F;,(0) and \,; = v,,G7(0) with 2,5 = 1,2.
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4.1. Case 1. ¢ =0

In this section, we analyze the dynamic characteristics of system (3.1) in the absence of time
delay. Under this condition, system (4.1) transforms into

DMxi(t) = —mi D™y (t) — pixa(t) + kiixs(t) + kiaxa(t) + a1 D" x3(t) + a12D"x4(t),
D" xa(t) = —=ma D" xa(t) — paxa(t) + karxa(t) + kaaxa(t) + 21 D" xs(t) + aga D" xa(t),
DMxs(t) = —msD"™x3(t) — psxs(t) + Aiixa(t) + Maxa(t) + B11 D" x1 () + B2 D™ xa (1),
DM xy(t) = =maD"x4(t) — paxa(t) + Aarx1(£) + Aazxa(t) + Bar D™ x1(t) + Bo2 D" xa(t).

)
(4.2)
The above system’s characteristic equation (4.2) can be attained as

No + Rys™ 4 Ros?M 4 Ras3 4 Ny 4 Rysh2 4 Rgs?P2 4 R76302 4 Rgs?h2 4 Ry 4 Ry 23
+ N1183h3 + N1284h3 + N138h1+h2 + N14sh1+h3 + N15Sh2+h3 + N168h1+h2+h3 + N173h1+2h2
+ N185h1+2h3 + N198h2+2h3 + N2082h2+h3 + N215h1+3h2 + N2282h1+h2 + N2352h1+h3

+ N2482h1+2h2 + N25$2h1+2h3 + N2683h1+h2 + N278h1+h2+2h3 + N28$2h2+2h3 — 0, (43)
where

Ro = —ko1A12p1pa — kaaAo2p1ps + p1papspa + ki1keae A1 A22 — k11 A11p2pa
— k12ko1 A11A22 — K11koaA12 o1 + k12ka1 A2 o1 — k12 A21p2ps,

Ny = —(k21A12p1 + k21 A12ps + ko2 Xoap1 + ka2 Aoop3 + k11 A1ip2 + k11 A11pa
+ k12A21p2 + k12A21p3 — P1p2ps — P1P2P4 — P1P3Pa — P2P3P4),

Ny = —(k21A12 + k222 + k11 A11 + k12A21 — p1p2 — p1p3 — p1pa — p2p3
— P2p4 — P3P4),

N3 = p1 +p2 + p3 + pa,

Ny =1,

N5 = — (k21 A12m1ps + ka1 Aamupr + kaaAaamips + kag Aoamspr + k11 A11mapy
+ k11A11mape + k12 Aa1maps + k12 A21mspa — mipapsps — map1p3pa
— M3pP1P2Ps — M4P1P2P3),

Ng = — (k21 A12m1my + ko Aoamims + kit Airmamy + k1o Aarmams — mimapspy
— M1M3P2P4 — MIM4P2P3 — M2M3P1P4 — M2MAP1P3 — M3M4P1P2),

N7 = mimamaps + mimomaps + mimamapa + mamsmapi,

Ng = mymamgzmy,

Ng = —(a21A12p1P4 + @22 A22p1P3 + Br2k21p1p4a + Bazkaop1ps — ar1kaaA11A22
+ a12ko1 A11A22 + a21k12A11A02 — aoki1A11A22 — Briki1kea A2z + Bi1k11papa
+ B11k12k21 Aog — Bazki1kao A1 + Bazki2kor A1 + an1kaaA12A21 — aigka1 A12A21
+ a12A21p2p3 — a21k12A 1221 + 22k11 A 12221 + Bi2k11k22 o1 — Br2ki2ka1 A2t
+ a11A11p2ps + Borki1koa A2 — Barki2kor A2 + Ba1kiapaps),

N1g = —(21B812p1P4 + 22 B22p1P3 — Q11022 11 A22 — 11 B11k22M22 + Q11 511P2p4

— a11B22k22 A 11 + 12021 A\11A02 + 12B11k21 22 + a12B22k01 A11 + a1 B11k12A20
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N9
N3

Ny

N5

Nig

Nog

Noq
Noo

+ a1 B22k12A11 — a2 B11k11A22 — a2 B22k11A11 — Bi1Beoki1kes + B11B22ki2ka1
+ arnageAi2A21 + a1 B2k Ao + a11f21kaa 12 — ar2a01 A12A21 — a12B812k21A21
— a12f21k21 12 + 12821p2ps — a21B12k12A21 — 21 821k12A12 + e B12k11A21

+ agefarkii A2 + Br2fa1k11ke — Br2f21ki2kar1),

a11092811 002 + 119282211 + 11811822k — a1o21 S11A22 — 12001 B22 A 11
— 12311 P22ko1 — 21811 B22k12 + 2211 B22k11 — a11002B12A01 — 11022821 A12
— a11 812001 ko2 + a1o21 1221 + ar2a01 B21 A 12 + 1212821 k21 + a21 812821 k12

— af12P21k11,

= 04110422[311622 - 04120421611522 - 05110422612621 + 05120521612/8217

No3 =

Noy
Nos
Nog
No7

— (k21 Aiama + kot Aamy + koo Aoamy + kagAooma + ki Adiime + ki1 Aiimy
+ k12A21m2 + ki12A21m3 — mipaps — mip2ps — M1p3ps — M2p1pP3 — MaP1P4
— M2P3p4 — M3P1P2 — M3P1P4 — M3P2P4 — MaP1P2 — M4P1P3 — M4P2P3),
—(a21A12p1 + 21 A12p4 + @22 A22p1 + @22 A22p3 + Br2ka1p1 + Bi2ka1pa

+ Baokoap1 + Bazkoaps + Bi1k11p2 + Bi1ki1pa + Barkizpz + Ba1ki2ps + a11A11p2
+ a11A11p4 + a12X21p2 + @12 X21p3),

—(a12A21map3 + a12A21m3p2 + a21 A 12m1ps + 21 Ad12mypr + a2 A2mp3
+ oo Aoamizp1 + a1 A11meps + ar1A1imaps + Barkiameps + Po1kiamaps

+ Biokarmaps + Pr2kormapr + Baokoamaps + Bazkoamapr + Brikiimapy

+ Brikiimapz),

—(Ba1kiama + Barkiams + Biakaimy + Br2kaimy + Paokoamy + Bagkaams
+ Brikiima + frikiima + agi Aiamy + g1 Ai2ma + aoaAoami + iz Aams
+ A iima + a1 Adiima + aiedoima + agadaims),

m1maps3 + Mm1maps + Mimapz + M1M3pa + M1m4Pa + M1MaP3 + Mams3p1
+ Mam3ps + Mamap1 + MamaP3 + M3map1 + M3mapa,

—(a21812p1 + Q21 B12p4 + 22822p1 + a22B22p3 + 11112 + 11 511P4

+ a12821p2 + a12821p3),

— (21 B12m1ps + a21B12mapr + a2 fBaamips + e Bamapr + a11Sr1maps
+ a11B11mup2 + a12B21maps + a1221m3p2),

— (21 A12mimy + agedoamims + ar1A11mamy + a1z A21mams

+ Br2kormimy + Paskogmims + Brikiimamy + farkiamams),

m1mamsa -+ Mmimamy + M1M3my + Mamamy,

m1p2 + mi1p3 + Mips + Map1 + Map3 + Map4 + M3p1 + M3p2 + M3p4

+ myp1 + Map2 + Map3,

—(a21A12 + 2222 + a11A11 + @12A21 + Brzkar + Bazkas + Brikir + Baiki2),
mima + mimg + mimy + Mmama + Mamy + mMm3my,

— (21812 + 22822 + 11811 + 12321),

m1 + mo + mg + My,

— (21 B12m1 + @21 B1ama + agafaami + aaafB2ams + aq1 Srime
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+ ai1B11ma + aq2B21me + ar2f1ms),

Nog = —(a21B12mimy + aoafoamims + a1 frimama + ai2B21mams).

Assuming that all roots s of Eq. (4.3) satisfy |arg(s)| > h,m/2 with + = 1,2,3. According to
Corollary 1 of [3], we can obtain that system (4.2) is asymptotically stable when ¢ = 0.

4.2. Case 2. ¢ #0

This part delves into the bifurcation analysis of system (3.1) incorporating time delay. By
applying the theoretical results presented in [3], the characteristic equation of system (4.1) can
be expressed as the equation below

Ro(s) + Ri(s)e 2 + Ry(s)e 4 =0, (4.4)

where

Ro = p1papapa + (p1paps + P1p2pa + Pipapa + papaps)s™

+ (p1p2 + p1p3 + p1pa + paps + papa + papa) s + (p1 + p2 + p3 + pa)s®M 4 st
+ (mipap3ps + map1p3ps + mapipaps + 7”'14101102193)5h2

+ (mimapsps + mimspaps + mimapaps + Mamapipa + Momap1ps + mamapip2)s
4hs

2ho

+ (mimamsps + mimamaps + mimgmaps + mamamap1 )s°'2 + mimaemamas
+ (m1p2p3 + mipaps + mip3ps + Map1p3 + Map1pa + Mapaps + map1p2 + M3p1pa
+ m3paps + Map1p2 + Map1ps + mapaps) s T + (mimaps + mimops

+ M1m3pz + M1m3pa + M1MaP2 + M1Map3 + Mamgp1 + Mmamaps + mamupi

+ mamaps + mamapy + mamapg)s™ T2 4 (

h1+3h2 + (

m1mams —+ mimammy + M1msmy
+ momsmy)s mip2 + mi1p3 + mips + map1 + maps + Mmapyg + m3p1

+ maps + maps + map1 + maps + maps) s 4 (my + ma + mg + my)sP T2

+ (myma + mymg + mimy + mams + mamg 4+ mamy)sZ1 22

J1 = —k11A1p2pa — k12A21p2ps — ka1 A12p1pa — kaaA22p1ps — (K11 A11p2
+ k11A11pa + k12A01p2 + k12 A21p3 + k21 A12p1 + k21 A12pa + kaaAaapr
+ kaodaops)s™ — (ki Aiimaopa + kiidiimaps + ki2daimoaps + k12 Aaimaps
+ ka1 Mamaps + ko Aramapr + kao Aoamaps + kazdoomap)s”™ — (a1 Ai1p2ps
+ a12A21p2ps + a1 A12p1pa + a2 A2op1ps + Brikiipapa + Br2kaipipa
+ Borki2paps + Bozkoapi1ps)s™ — (ki1Ain + ki2Aar + karAiz + ko dao)s*™
— (ki Aiimama + ki Aormams + ka1 Aamima + kaadogmyms) s>
— (a11B11p2p1 + 12B21p2p3 + 21 B12p1pa + 22 Boop1ps) ™ — (k11 Ai1me
+ k11 A1ima + kiaAoima + k12 Aoims + ka1 Aiama + ka1 Adrama + ks Asamy
+ kagdooms)s™ T2 — (ay A1pe + @i Aiips + aiade1pe + ai2Aa1ps
+ a21A12p1 + 21 A 12p4 + Qo2A29p1 + 22 A22ps + Brikiipe + Brikiipa
+ Broko1p1 + Biokaips + Barkiapa + Borkiaps + Baokoopt + Baokaops)s™ Th
— (a11A11M2ps + @11 A\11mMap2 + 12 21Meps + a12A21m3p2 + o1 A12mpy
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Ry =

+ o1 A12myp1 + aoaAoemaps + aeAemspr + Biikiimeps + Br1kiimaps

+ Biz2ka1maps + Prakoimapr + Barkiamaps + Barkiamspe + Baakeamips

+ Baokaamapr)s"2 1 — (a1 dima + ari Adiima + azdaims + aizdorms

+ o1 A12m1 + a1 A12my + e Aoamy + asaoamg + Brikiime + Brikiimy

+ Brokarmi + Bizkarma + Barkiama + Barkiams + Boskasmy + Boskagms)s™ theths
— (c11B11p2 + @11 B11p4 + 12821p2 + 128213 + 2181201 + 21 12p4 + 222201

hi+2h
1S — (aqy Brimaps + ar1 frimape + ciafaimaps + a2 B21maps

ho+2h3

+ a22B22p3) 8
+ ag1812mips + o1 B12map1 + azBasmaps + sz Bramapr)s
— (a1 A1 + a19)a1 4+ aih2 4 aadas 4 Brikin + Brakar + Borkiz + Bagko)s?iths
— (@11 A 11mamy + a1aAa1mams + a1 A\1amymy + agaAoemims
+ Brikiimamy + Brakoymymy + Barkiomams + Baokgamims)s2hzths

— (01811 + 12821 + 21812 + @22022)s*M1 28 — (a1 Brimamy + a12B21mams

2ha42h
21203 (a1 Br1ma + a11B11ma + 12 Ba1ma
hi+ho+2hs
b

+ a1 Bramimy + agefloamimg)s
+ a12B21m3 + a1 B12m1 + o1 B12my + azeBrami + e Baamsa)s
k11kaoA11Xag — k12ka1 A11A22 — k11koa A 1221 + k1okai A2 o1 + (ar1kaaA11 A2

— a11kaaA12A21 — a12k21 A\11 022 + 12ka1 A2 A21 — a21k12A11 A2 + 21k12 1221

+ aook11A11A22 — a2k11A 12091 + Biiki1kao Ae — Briki2kar Aoz — Braki1kaa A2

+ Brakiakai A1 — Borki1kao i + Barkiokai Az + Baskiikas A1 — Bazkiokar Ai1)s™

+ (11a22 11222 — ar1a22A 12221 + a11B11k22 22 — a11812k22 021 — a11B21k22 12

+ a11822k22 A 11 — 12021 A11 A2 + 12021 A12A01 — 12B11k21 A2 + a12812k21A21

+ a12B21k21 A2 — a12B22k21 A 11 — a1 B11k12A22 + @21 B12k12A21 + o1 821 k1212

— a1 B22k12 11 + 2o f11k11A22 — a2B12k11A01 — qaBarkii A2 + a2z fBa2k11 A1

+ Br1Bazki1kaz — Bi1Bakiokar — Bi2Barkiikas + BraBarkizkar)s*s — (a12B11 Bazkar
— a1212021ko1 + 21811 822k12 — 21812821 k12 — 22811 822k11 + a2 B12821k11

— anyaeefB11A22 + a11a22812A01 + ariagefar A2 — a1 B A1 — a1 11 B22k22

+ a1 B12B21kon + 12091 BriAa2 — aiaao1 Brador — 12021 Ba1 M2 + aiaan; Bas iy )sP

+ (a11a22ﬁ11/822 - a11a22/812/821 - 04120421/811622 + 04120421/812ﬁ21)34h3~

Multiplying Eq. (4.4) by €2 and e** respectively, yields

(4.5)

Ro(s)e?* + Ry (s) + Ra(s)e 2 =0,
Ro(s)e™ + Ry (s)e?* 4+ Ry(s) = 0.

We postulate that Eq. (4.4) has one imaginary root, which is s = w(cos § + isin §)(w > 0).
For the convenience of calculation, we label the real part and imaginary part of ®,(s)(x = 0, 1, 2)
as RE and R!, respectively. Then the following results can be derived

K11 €os 4ws + K19 sin 4ws + K13 cos 2ws + K14 Sin 2wWS = K15,
K91 €0s 4ws + ko9 sin 4wg + Koz cOS 2WS + Kag Sin 2wWS = Kag,
K31 cos 4w + K3z sin 4w + K33 cos 2ws + K34 Sin 2ws = K3s,

K41 COS 4wS + Kqa sin 4w + K43 COS 2WS + Kygq SIN 2W0S = Kys,
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where
K11 = 0, K12 = 0, K13 = §R0R + §R§, K14 = §R£ - §RI, K15 = —%?,
K921 = O, K99 = 0, K93 = %(I) + %5, K24 = %é% — %g, K95 = —%{,
K31 = %(I)%, K32 = —%6, K33 = 5}3{%, K34 = —%{, K35 = —%f,
= 3?6, Kqg = EFEOR, K43 = §R{, Kag = 5)?{%, K45 = —%5.

After the above substitutions, the determinant of the coefficient matrix of Eq. (4.6) can be
abbreviated as

R11 K12 K13 K14

K21 K22 K23 K24
01 =
K31 K32 K33 K34

R41 K42 K43 K44

To ensure the existence and uniqueness of solutions to Eq. (4.6), we assume that the coef-
ficient matrix associated with Eq. (4.6) is invertible. Then we exploit Cramer’s rule to obtain
the following system:

cos2ws = 22 = (w),

o1 (4.7)

. 03

sin 2wg = = = Eg9(w),
01

(8

[1]
[\&]

where

K11 K12 K15 K14
K21 K22 K5 K24
K31 K32 K35 K34
K41 K42 K45 K44
K11 K12 K13 K15
K21 K22 K23 K25

K31 K32 K33 K35

R41 K42 K43 K45

It follows that

In order to make sure the fidelity of this conclusion, we commit the following assumption.
(H2) Eq. (4.8) possesses one positive real root.
On the basis of Eq. (4.9), we can derive the expression of ¢(*) as

1
§1(L) = %[arccosEl(w) + 22|, ¢=0,1,2,.... (4.10)
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Then the bifurcation point can be signalled as
gO:min{gl(L)}, L:0,1,2,...,

where gfb) is defined by Eq. (4.10).

Remark 4.1. What we need to know is that the method in [13] can still be used in this paper,
but we adopt analytical methods of characteristic equations and Cramer’s rule to derive Hopf
bifurcation criteria.

To establish the conditions for determining the bifurcation, we further propose the following
assumption.

(H3) % # 0, where p1,p2, 31 and Sy are characterized in Eq. (4.14).
1 2

Lemma 4.1. Let s(s) = ((s) + iw(s) be the root of Eq. (4.4) near ¢ = ¢y complying with
=# 0 is tenable.

C(s0) = 0 and w(sp) = wo. Then the transversality condition Re [g—z} (e=eo w=00)

Proof. Taking the derivative of both sides of Eq. (4.4) with respect to ¢ by the implicit
function theorem, we can derive

?Rf)(s)jj + [?R’l(s)jje%g + %1(8)672“( - 2gj§ - 23)}
+ [3‘%’2(3)356_4“ + 8?2(8)6_4“( - 4§§j - 43)} =0. (4.11)
Then we have
;’32 _ gg (4.12)
where
0(s) = s[2R1(s)e 2 + 4Ry (s)e 1%,
I(s) = Rp(s) + [R) () — 26N (8)]e ™25 + [Rh(5) — 4sRa(s)]e . (4.13)
It follows that
o o
Re[jﬂ e = w, (4.14)
where
p1 = w0(2§Rfi sin 2wy — 2§R{ cos 2wpsp + 4%§ sin 4wogy — Zﬂké cos 4wpsp),
o = w0(2§Rfi cos 2wpsp + 2§R{ sin 2woso + 4%5 cos dwgso + 43‘85 sin 4wopsp),
S = §R6R + (%/IR — 2¢oR1Y) cos 2wosp + (5)%/1[ — 2¢oRY) sin 2wogp
+ (R — ARE) cos dwogy + (R — doR2) sin dwos,
Sy =Ry + (Q — 200R]) cos 2woen — (RTF — 260RF) sin 2weo
+ (R — 46oRD) cos 4wy — (R — 4coRE) sin dwoco.
Under the condition that (H3) is constructed, Lemma 4.1 holds true. O

The above process indicates that the following theorem is correct.
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Theorem 4.1. By using hypotheses H1 — H3, the following main results are achieved.

(1) If the s € [0,<0) is satisfied, the equilibrium point E* of system (3.1) is asymptotically
stable.

(2) When ¢ = gy, system (3.1) undergoes Hopf bifurcation at the equilibrium point E*.

Remark 4.2. We study the factors that affect system stability through two numerical simula-
tions. The results indicate that except time delay, changes in fractional order can also influence
the stability of system (3.1). We change one fractional order and control the other two fractional
orders to further analyze the spillover effects of fractional order changes at the bifurcation points
of the system. For system (5.1) and system (5.2), the impact of sequential changes on ¢ are
shown in Figure 5 and Figure 14. With the increase of h; and hg, the value of system bifurcation
can be reduced, and the increase of hs will delay the bifurcation time. Hence, the variation of
fractional order may lead to premature or delayed bifurcations of the system.

Remark 4.3. In Section 5, we compare the simulation results of the fractional-order neural
networks and corresponding integer-order neural networks. The continuous state diagrams of
the two systems are shown in the Figures 6-9 and Figures 15-18. It can be observed that the
bifurcation of integer-order neural networks emerges ahead of time compared with fractional-
order neural networks.

5. Experimental verifications

This section verifies the correctness of the previous theoretical results through two numerical
examples.

5.1. Example 1

In this example, we take the following system into consideration.

DMx(t) = =0.2D" 1 (1) — 0.5x1 () — 0.4F)1 (x3(t — §)) — 0.4F12(xa(t — <))
—0.9D"x3(t — ) — 0.4D"3 x4 (t — <),

DMxa(t) = —=0.3D"x5(t) — 0.5x2(t) + 0.2F2 (x3(t — ) — 0.2Fa(x4(t — <))
— 0.8D"x3(t — <) — 0.3D" x4(t — <),

DMys(t) = —0.7D"2x3(t) — 0.6x3(t) + 0.6G11(x1(t — <)) — 0.2G12(x2(t — <))
—0.1D"x 1 (t — <) — 0.4D" x5 (t — ),

DMxa(t) = —0.3D"2x4(t) — 0.8xa(t) + 1.8Ga1 (x1(t — <)) — 0.7Gaa(xa(t — <))
L —0.9D"x1(t — <) — 0.6D" xa(t — ).

(5.1)

The activation functions are set F,,(-) = G,)(-) = tanh(-), 7,7 = 1,2. The incipient values
are prescribed as (x1(0), x2(0), x3(0), x4(0)) = (0.2,0.3,—-0.3,0.2), hy = 0.95,hy = 0.96 and
h3 = 0.97. When ¢ # 0, we specify ¢ as a bifurcation parameter. By the above deduction, it can
be calculated that wy = 0.726 and ¢o = 0.9733.

The waveform and phase diagrams of ¢ = 0.85 < ¢y = 0.9733 under stable conditions
are simulated in Figures 1-2 and the correctness of the first result in Theorem 4.1 is verified.
Similarly, regarding the instability of ¢ = 1.1 > ¢y = 0.9733 as shown in Figures 3-4, it follows
the description of the second result in Theorem 4.1.
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Figure 5 displays the difference in ¢y caused by fractional-order changes. It can be seen
that as h1 and hy increase, the value of system bifurcation will reduce, and the enhancement
of hsy will delay the bifurcation time. Meanwhile, it shows that when hy = hy = hg = 1, the
bifurcation point of system (5.1) is calculated to be ¢p* = 0.7774 < ¢op = 0.9733. The results as
shown in Figures 6-9 reveal that fractional-order neural networks have better stability compared
to integer-order neural networks.
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Figure 1. The waveform diagrams of system (5.1)
with ¢ = 0.85 < g9 = 0.9733.
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Figure 3. The waveform diagrams of system (5.1)
with ¢ = 1.1 > ¢o = 0.9733.
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Figure 5. Influence of h; on ¢y of system (5.1).
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Figure 6. Comparison on the stability of system  Figure 7. Comparison on the stability of system
(5.1) in integer-order and fractional-order. (5.1) in integer-order and fractional-order.

5.2. Example 2

In this example, the following system is studied.

(DMx1(t) = =0.3D™x1(t) — 0.3x1(t) — 0.5F11 (x3(t — <)) — 0.4F12(xa(t — <))
+0.8D"x3(t — <) — 0.5D" y4(t — <),

DMxa(t) = —0.4D"2x5(t) — 0.5x2(t) + 0.3Fa1 (x3(t — <)) — 0.5Fa2(xa(t — <))
—0.6D"x3(t —¢) — 0.4D"x4(t — <),

DMys(t) = —0.6D"2x3(t) — 0.4x3(t) + 0.5G11(x1(t — <)) — 0.2G12(x2(t — <))
—0.5D"x 1 (t — ) — 0.4D"3 xo(t — <),

DMixa(t) = —0.4D" x4 (t) — 0.7x4(t) + 1.5G21 (X1 (t = <)) — 0.3G22(x2(t — <))
L —0.6D"3x1(t — ) — 0.5D" o (t — ).

(5.2)

The activation functions are set Fy)(-) = G,,(-) = tanh(-), ¢,y = 1, 2. The incipient values are
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Figure 8. Comparison on the stability of system  Figure 9. Comparison on the stability of system
(5.1) in integer-order and fractional-order. (5.1) in integer-order and fractional-order.

prescribed as (x1(0), x2(0), x3(0), x4(0)) = (0.2,0.2,0.3,0.4), h; = 0.91, he = 0.94 and hg = 0.96.
When ¢ # 0, we specify ¢ as a bifurcation parameter. By the above deduction, it can be
calculated that wg = 0.4894 and ¢y = 0.8025.

The waveform and phase diagrams of ¢ = 0.65 < ¢9 = 0.8025 under stable conditions are
simulated in Figures 10-11 and the correctness of the first clause in Theorem 4.1 is verified.
Similarly, regarding the instability of ¢ = 0.9 > ¢y = 0.8025 as shown in Figures 12-13, it follows
the description of the second clause in Theorem 4.1.

Figure 14 displays the difference in ¢y caused by the changes of fractional order. We can see
that as hq and ho increase, the value of system bifurcation will reduce, and the enhancement of
hs will delay the bifurcation time. Meanwhile, we find that the bifurcation point of system (5.2)
is calculated to be ¢p* = 0.4338 < ¢y = 0.8025 when hy = ho = hg = 1. The results as shown
in Figures 15-18 reveal that fractional-order neural networks have better stability compared to
integer-order neural networks.
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Figure 10. The waveform diagrams of system (5.2)  Figure 11. The phase diagrams of system (5.2)
with ¢ = 0.65 < ¢o = 0.8025. with ¢ = 0.65 < g9 = 0.8025.
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with ¢ = 0.9 > ¢o = 0.8025. with ¢ = 0.9 > ¢o = 0.8025.
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Figure 14. Influence of h; on ¢ of system (5.2).
6. Conclusion

This paper has examined the dynamic properties of an inertial neutral fractional-order neural
network. The primary findings of this paper encompass the following aspects. By applying
Cramer’s rule, the characteristic equation has been analyzed. And the stability results and bi-
furcation conditions for the above system have been obtained. We further analyzed the spillover
effects of fractional-order changes at system’s bifurcation points by changing one fractional or-
der and controlling the other two fractional orders. We also have compared the bifurcations
of fractional-order neural networks and corresponding integer-order neural networks, and found
that fractional-order neural networks can better improve the stability of the system compared
to integer-order neural networks.

According to this paper, there are latent and worthwhile research directions that can be
explored. (1) Based on previous studies, leakage delay has a significant impact on the stability
of neural networks. In the future models, the influence of leakage delay on bifurcations can be
considered. (2) Time delays are inherently present in neural networks. Although this paper
focused on equal time delay, models with unequal time delays are equally important. We will
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further investigate this more complex model.
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Figure 16. Comparison on the stability of system
(5.2) in integer-order and fractional-order.
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Figure 18. Comparison on the stability of system
(5.2) in integer-order and fractional-order.
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