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Abstract Based on Lie superalgebra spl(2N,1), a generalized nonisospectral multi-
component super Ablowitz-Kaup-Newell-Segur (AKNS) integrable hierarchy is obtained.
Then, we present a generalized nonisospectral three-component coupled super AKNS inte-
grable hierarchy associated with Lie superalgebra spl(6,1) which is a a special case of the Lie
superalgebra spl(2N,1) when N = 3. Using of supertrace identity, the super bi-Hamiltonian
structures of the generalized multi-component and three-component coupled super AKNS in-
tegrable hierarchies are obtained. Additionally, we investigate the Darboux transformation
of the generalized nonisospectral three-component coupled super AKNS integrable hierarchy.
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1. Introduction

In recent years, super integrable systems have received much attention in the field of soliton
and integrable systems. Super integrable systems have many features, including supersymmetry
[17,24], conservation laws [19,25], and so on [5–7,9]. Various methods have been used to generate
integrable hierarchies, such as the AKNS method [1, 3, 4, 11, 16], the Lax pair method [2], the
Tu scheme [29], and so on. Among that, the Tu scheme is a powerful tool for generating the
Hamiltonion structures by introducing trace identity. Many integrable hierarchies and their
Hamiltonian structures have been obtained by means of Tu scheme [23,32,37]. Based on the Tu
scheme, a method was proposed for deriving isospectral and nonisospectral integrable hierarchies
by Zhang et al. [39, 40]. Moreover, Wang and Zhang [33] investigated the generation of the
infinite-dimensional isospectral and nonisospectral integrable hierarchies by constructing a multi-
component non-semisimple Lie algebra.

Many mathematical physicists were interested in the derivation of the generalized hierarchies
of soliton equations [8, 10, 30, 36]. Shen [27] obtained a generalized integrable hierarchy by
introducing a perturbation term in spectral problems for AKNS integrable coupling. Shen
generalized the spatial spectral problem of the AKNS integrable system as follows:

Y =

(
Y1 Y2
0 Y1

)
=


λ+ h p1 0 p2
q1 −λ− h q2 0

0 0 λ+ h p1
0 0 q1 −λ− h

 , h = η(p1q2 + q1p2). (1.1)
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Here, h is a nonlinear perturbation term, and η is an arbitrary even constant. In this paper,
we extend the above two-dimensional generalized AKNS spectral problem to its N-dimensional
counterpart. To our knowledge, this generalization remains largely unexplored in the literature.
Moreover, Han and Yu [12] derived a generalized super integrable AKNS hierarchy associated
with Lie superalgebra spl(2, 1). Then a nonlinear generalized super AKNS integrable coupling
was derived by Hu et al. [14]. However, the investigation of multi-component integrable hier-
archies is notably lacking in mathematical physics [15,26,38], and generalized multi-component
systems have been virtually unexplored. Recently, Wang et al. [34] obtained a multi-component
super integrable Dirac hierarchy by constructing a new type of multi-component Lie superalge-
bra sl(2N, 1). Then they also realized a multi-component extension of Lie superalgebra spl(2, 1)
to Lie superalgebra spl(2N, 1) [31]. In this work, we construct a new class of higher-dimensional
generalized nonisospectral AKNS hierarchy based on a newly developed higher-dimensional Lie
superalgebra spl(2N, 1).

This paper is organized as follows. In Section 2, we review the form of the Lie superalge-
bra spl(2N, 1) and its commutation relations, along with some related concepts. Based on our
previous work, we apply the Lie superalgebra spl(2N, 1) to a generalized spectral problem by
introducing a perturbation term. In Section 3, we obtain a generalized nonisospectral multi-
component super AKNS hierarchy associated with the Lie superalgebra spl(2N, 1). In Section
4, we obtain a generalized nonisospectral three-component coupled super AKNS integrable hi-
erarchy associated with the Lie superalgebra spl(6, 1) and derive its Darboux transformation.
Using the supertrace identity [21], the super bi-Hamiltonian structures of the generalized non-
isospectral multi-component and three-component coupled super AKNS integrable hierarchies
are obtained.

2. Preliminaries

Given a superalgebra A′ with elements x, y ∈ A′, where xy denotes its multiplicative operation,
we define a new bracket operation ⟨x, y⟩ through the following graded (anti-)commutation rela-
tions [28]:
(1) When either x ∈ A′

0 or y ∈ A′
0:

⟨x, y⟩ = [x, y] = xy − yx.

(2) When both x ∈ A′
1 and y ∈ A′

1:

⟨x, y⟩ = [x, y]+ = xy + yx.

This bracket operation induces a Lie superalgebra A. Here A′=A′
0⊕A′

1, A′
0 is called the even

subspace of A′ and A′
1 is called the odd.

Let us review a basis for the Lie superalgebra spl(2,1)

E1 =

e1 0
0 0

 , E2 =

I2 0
0 2

 , E3 =

e2 0
0 0

 , E4 =

e3 0
0 0

 ,

E5 =

0 e10

0 0

 , E6 =

0 e01

0 0

 , E7 =

 0 0

eT10 0

 , E8 =

 0 0

eT01 0

 ,

(2.1)
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where

e1 =

1 0

0−1

 , e2 =

0 1

0 0

 , e3 =

0 0

1 0

 , I2 =

1 0

0 1

 , e10 =
(
1 0
)T

, e01 =
(
0 1
)T

. (2.2)

The commutative relations of (2.1) are

[E1, E2] = 0, [E1, E3] = 2E3, [E1, E4] = −2E4,

[E1, E5] = 0, [E1, E6] = −E6, [E1, E7] = −E7,

[E1, E8] = E8, [E2, E3] = 0, [E2, E4] = 0, [E2, E5] = −E5, [E2, E6] = −E6, [E2, E7] = E7,

[E2, E8] = E8, [E3, E4] = E1, [E3, E5] = 0, [E3, E6] = E5, [E3, E7] = −E8, [E3, E8] = 0,

[E4, E5] = E6, [E4, E6] = 0, [E4, E7] = 0, [E4, E8] = −E7, [E5, E5]+ = 0, [E5, E6]+ = 0,

[E5, E7]+ =
1

2
(E1 + E2), [E5, E8]+ = E3, [E6, E6]+ = 0, [E6, E7]+ = E4,

[E6, E8]+ =
1

2
(E2 − E1), [E7, E7]+ = 0, [E7, E8]+ = 0, [E8, E8]+ = 0.

Considering a N × N block matrix of the form:

W (A1, A2, · · · , AN , B,C,D) =



A1 AN AN−1 · · · A4 A3 A2 B

A2 A1 AN · · · A5 A4 A3 B

A3 A2 A1 · · · A6 A5 A4 B
...

...
...

. . .
...

...
...

...

AN−2 AN−3 AN−4 · · · A1 AN AN−1 B

AN−1 AN−2 AN−3 · · · A2 A1 AN B

AN AN−1 AN−2 · · · A3 A2 A1 B

C C C · · · C C C D



, (2.3)

where Ak, 1 ≤ k ≤ N, represent N arbitrary square matrices, B is a column vector, C is a row
vector and D is a first-order matrix. The Lie superalgebra spl(2,1) can be enlarged to the Lie
superalgebra spl(2N,1) by means of (2.3) in [31] and [35]:

E4m+1 =W
( m+ 1

0 · · · 0 e1 0 · · · 0 0 0 0
)
,

E4m+2 =W
( m+ 1

0 · · · 0 I2 0 · · · 0 0 0 2
)
,

E4m+3 =W
( m+ 1

0 · · · 0 e2 0 · · · 0 0 0 0
)
,

E4m+4 =W
( m+ 1

0 · · · 0 e3 0 · · · 0 0 0 0
)
,
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m = 0, 1, . . . , N − 1,

E4N+1 =W
(
0 · · · 0 0 0 · · · 0 e10 0 0

)
, E4N+2 =W

(
0 · · · 0 0 0 · · · 0 e01 0 0

)
,

E4N+3 =W
(
0 · · · 0 0 0 · · · 0 0 eT10 0

)
, E4N+4 =W

(
0 · · · 0 0 0 · · · 0 0 eT01 0

)
.

The above matrices satisfy the following (anti) commutative relations

[E4m+1, E4n+1] = [E4m+2, E4n+2] = [E4m+3, E4n+3] = [E4m+4, E4n+4] = 0,

[E4m+1, E4n+3] = 2E4(m+n−σN)+3,

[E4m+1, E4n+4] = −2E4(m+n−σN)+4,

[E4m+3, E4n+4] = E4(m+n−σN)+1,

[E4m+3, E4N+1] = [E4m+3, E4N+4] = [E4m+4, E4N+2] = [E4m+4, E4N+3] = 0,

[E4m+1, E4N+1] = −[E4m+2, E4N+1] = [E4m+3, E4N+2] = E4N+1,

− [E4m+1, E4N+2] = −[E4m+2, E4N+2] = [E4m+4, E4N+1] = E4N+2,

− [E4m+1, E4N+3] = [E4m+2, E4N+3] = −[E4m+4, E4N+4] = E4N+3,

[E4m+1, E4N+4] = [E4m+2, E4N+4] = −[E4m+3, E4N+3] = E4N+4,

[E4N+1, E4N+1]+ = [E4N+1, E4N+2]+

= [E4N+2, E4N+2]+

= [E4N+3, E4N+3]+

= [E4N+3, E4N+4]+

= [E4N+4, E4N+4]+

= 0,

[E4N+1, E4N+3]+ =
N−1∑
i=0

1

2
(E4m+1 + E4m+2),

[E4N+1, E4N+4]+ =

N−1∑
i=0

E4m+3,

[E4N+2, E4N+3]+ =
N−1∑
i=0

E4m+4,

[E4N+2, E4N+4]+ =
N−1∑
i=0

1

2
(−E4m+1 + E4m+2), m, n = 0, 1, ..., N − 1,

where

σ =

{
0, 0 ≤ m+ n ≤ N − 1,

1, N ≤ m+ n ≤ 2N − 2.
(2.4)

3.A generalized nonisospectral multi-component super integrable
AKNS hierarchy

In this section, we derive a new generalized nonisospectral multi-component super integrable
AKNS hierarchy associated with the Lie superalgebra spl(2N,1). We consider the spectral prob-
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lems with a perturbation term hN

ψx=Ỹ ψ, ψt = Z̃ψ, λt =
∑
i≥0

ki(t)λ
−i,

Ỹ =W (Y1 Y2 · · · YN Ya Yb 0)

=(λ+ hN )E1 +
N∑
i=1

(piE4i−1 + qiE4i)

+ αE4N+1 + βE4N+2 + γE4N+3 + ζE4N+4,

Z̃ =W (Z1 Z2 · · · ZN Za Zb Zc)

=
N∑
i=1

(aiE4i−3 + biE4i−2 + ciE4i−1 + diE4i)

+ µE4N+1 + νE4N+2 + ϱE4N+3 + δE4N+4,

(3.1)

where

Y1 =

(λ+ hN ) p1

q1 −(λ+ hN )

 , Yj =

 0 pj

qj 0

 ,

Ya =
(
α β
)T

, Yb =
(
γ ζ
)
, j = 2, ..., N,

Zm =

am + bm cm

dm −am + bm

 , Za =
(
µ ν
)T

,

Zb =
(
ϱ δ
)
, Zc =

N∑
i=1

(2bi), m = 1, 2, ..., N,

here hN = η(
∑
i≥1

(piqN+1−i + αγ + βζ)), η is an arbitrary even constant. pm, qm, m = 1, . . . , N,

are bosonic, while α, β, γ , ζ are fermionic. And am, bm, cm, dm commuting, while µ, ν, ϱ, δ
anticommuting.

Taking the following Laurent series expansions

am =

∞∑
i=0

amiλ
−i, bm =

∞∑
i=0

bmiλ
−i, dm =

∞∑
i=0

dmiλ
−i,

cm =
∞∑
i=0

cmiλ
−i, µ =

∞∑
i=0

µiλ
−i, ν =

∞∑
i=0

νiλ
−i,

ϱ =
∞∑
i=0

ϱiλ
−i, δ =

∞∑
i=0

δiλ
−i, m = 1, 2, . . . , N,

(3.2)

in the stationary zero curvature equation

Z̃x =
∂Ỹ

∂λ
λt + [Ỹ , Z̃], (3.3)
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we have

a1,x = p1d1 − q1c1 +
∑

k+l=N+2
2≤k,l≤N

(pkdl − qkcl) +
1

2
(αϱ+ γµ− βδ − ζν) + λt,

arx =
∑

i+j=r+1
1≤i,j≤r

(pidj − qicj) +
∑

k+l=r+N+1
r+1≤k,l≤N

(pkdl − qkcl) +
1

2
(αϱ+ γµ− βδ − ζν),

bm,x =
1

2
(αϱ+ γµ+ βδ + ζν),

cm,x = 2(λ+ hN )cm −
∑

i+j=m+1
1≤i,j≤m

2piaj −
∑

k+l=m+N+1
m+1≤k,l≤N

2pkal + αδ − µζ,

dm,x = −2(λ+ hN )dm +
∑

i+j=m+1
1≤i,j≤m

2qiaj +
∑

k+l=m+N+1
m+1≤k,l≤N

2qkal + βϱ− νγ,

r = 2, . . . , N, m = 1, 2, . . . , N,

µx = (λ+ hN )µ+
N∑
i=1

(piν + α(−ai + bi)− βci),

νx = −(λ+ hN )ν +

N∑
i=1

(qiµ+ β(ai + bi)− αdi),

ϱx = −(λ+ hN )ϱ+
N∑
i=1

(−qiδ + γ(ai − bi) + ζdi),

δx = (λ+ hN )δ +
N∑
i=1

(−piϱ− ζ(ai + bi) + γci).

(3.4)

Taking Z̃(n) = (λnẐ)+ +∆N , λ
(n)
t =

n∑
i=0

ki(t)λ
n−i, where the modification term

∆N =



FN 0 · · · 0 0 0

0 −FN · · · 0 0 0
...

...
. . .

...
...

...

0 0 · · · FN 0 0

0 0 · · · 0 −FN 0

0 0 · · · 0 0 0


. (3.5)

Solving the zero curvature equation

∂Ỹ

∂ũ
ũt +

∂Ỹ

∂λ
λ
(n)
t − Z̃(n)

x + [Ỹ , Z̃(n)] = 0,
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we derive 

hN,tn = FNx,

pm,tn = 2cm,n+1 + 2pmFN ,

qm,tn = −2dm,n+1 − 2qmFN ,

αtn = µn+1 + αFN ,

βtn = −νn+1 − βFN ,

γtn = −ϱn+1 − γFN ,

ζtn = δn+1 + ζFN ,

(3.6)

which give rise to the identity

(
∑
i≥1

(piqN+1−i + αγ + βζ))tn = (−2aN,n+1)x. (3.7)

Therefore, we obtain FN = −2ηaN,n+1, here η is an arbitrary even constant. Then the
generalized nonisospectral multi-component super AKNS hierarchy is derived:

ũtn =



pm

qm

α

β

γ

ζ


tn

=



2cm,n+1 + 2pm(−2ηaN,n+1)

−2dm,n+1 − 2qm(−2ηaN,n+1)

µn+1 + α(−2ηaN,n+1)

−νn+1 − β(−2ηaN,n+1)

−ϱn+1 − γ(−2ηaN,n+1)

δn+1 + ζ(−2ηaN,n+1)


, m = 1, 2, . . . , N. (3.8)

In (3.2), the coefficients ami, bmi, cmi, etc. represent undetermined functions. These coefficients
are uniquely determined through (3.4), which itself is specified by initial conditions. The AKNS
hierarchy (3.8) is then obtained by applying these initial conditions to (3.4) and subsequently
solving the resulting zero-curvature equation.

3.1. Super bi-Hamiltonian structure

Making use of the supertrace identity, we can obtain the super bi-Hamiltonian structure as-
sociated with the Lie superalgebra spl(2N,1). The following results are obtained by a direct
calculation from (3.1):

⟨Z̃, ∂Ỹ
∂λ

⟩ = 2Na1, ⟨Z̃, ∂Ỹ
∂p1

⟩ = 2ηNqNa1 +Nd1,

⟨Z̃, ∂Ỹ
∂q1

⟩ = 2ηNpNa1 +Nc1,

⟨Z̃, ∂Ỹ
∂pr

⟩ = 2ηNqN−r+1a1 +NdN−r+2,

⟨Z̃, ∂Ỹ
∂qr

⟩ = 2ηNpN−r+1a1 +NcN−r+2,
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⟨Z̃, ∂Ỹ
∂α

⟩ = 2ηNγa1 −Nϱ, ⟨Z̃, ∂Ỹ
∂β

⟩ = 2ηNζa1 −Nδ,

⟨Z̃, ∂Ỹ
∂γ

⟩ = −2ηNαa1 +Nµ, ⟨Z̃, ∂Ỹ
∂ζ

⟩ = −2ηNβa1 +Nν, r = 2, . . . , N. (3.9)

Taking the Laurent series expansions (3.2) in the supertrace identity

δ

δũ

∫
⟨Z̃, ∂Ỹ

∂λ
⟩dx = λ−γ ∂

∂λ
λγ⟨Z̃, ∂Ỹ

∂ũ
⟩, ũ = (pm, qm, α, β, γ, ζ)

T , m = 1, 2, . . . , N,

and comparing the powers of λ , we have

2ηqNa1,n+1 + d1,n+1

2ηpNa1,n+1 + c1,n+1

2ηqN−1a1,n+1 + dN,n+1

2ηpN−1a1,n+1 + cN,n+1

...

2ηq1a1,n+1 + d2,n+1

2ηp1a1,n+1 + c2,n+1

2ηγa1,n+1 − ϱn+1

2ηζa1,n+1 − δn+1

−2ηαa1,n+1 + µn+1

−2ηβa1,n+1 + νn+1



=
δH̃n+1

δũ
, H̃n+1 =

∫
1

n+ 1
(−2a1,n+2)dx. (3.10)

Therefore, the super bi-Hamiltonian structure of the generalized nonisospectral multi-
component super integrable AKNS hierarchy is obtained:

ũtn = Q̃N R̃N
δH̃n+1

δũ
− 2ηQ̃N G̃Nkn+1(t)x

= Q̃N L̃N R̃N
δH̃n

δũ
+ (−2ηQ̃N L̃N G̃N + Q̃NM̃N )kn(t)x,

(3.11)

where G̃N = (qN pN qN−1 pN−1 · · · q1 p1 γ ζ − α − β)T , and M̃N = (q1 p1 qN pN qN−1

pN−1 · · · q2 p2 − γ − ζ α β)T , N ≥ 2, and the super Hamiltonian operators Q̃N , R̃N , L̃N are
presented in Appendix A.

4. A generalized nonisospectral three-component coupled super
AKNS integrable hierarchy

In this section, when N=3, the Lie superalgebra spl(2N,1) could be reduced to the Lie superalge-
bra spl(6,1). In order to better understand our paper, we obtain the generalized nonisospectral



Generalized multi-component hierarchy 53

three-component coupled super AKNS integrable hierarchy associated with the Lie superalge-
bra spl(6,1). Then, the super bi-Hamiltonian structure of the generalized nonisospectral three-
component coupled super AKNS integrable hierarchy is derived.

Lie superalgebra spl(6,1) whose basis is

E1 =


e1 0 0 0

0 e1 0 0

0 0 e1 0

0 0 0 0

 , E2 =


I2 0 0 0

0 I2 0 0

0 0 I2 0

0 0 0 2

 , E3 =


e2 0 0 0

0 e2 0 0

0 0 e2 0

0 0 0 0

 ,

E4 =


e3 0 0 0

0 e3 0 0

0 0 e3 0

0 0 0 0

 , E5 =


0 0 e1 0

e1 0 0 0

0 e1 0 0

0 0 0 0

 , E6 =


0 0 I2 0

I2 0 0 0

0 I2 0 0

0 0 0 2

 ,

E7 =


0 0 e2 0

e2 0 0 0

0 e2 0 0

0 0 0 0

 , E8 =


0 0 e3 0

e3 0 0 0

0 e3 0 0

0 0 0 0

 , E9 =


0 e1 0 0

0 0 e1 0

e1 0 0 0

0 0 0 0

 ,

E10 =


0 I2 0 0

0 0 I2 0

I2 0 0 0

0 0 0 2

 , E11 =


0 e2 0 0

0 0 e2 0

e2 0 0 0

0 0 0 0

 , E12 =


0 e3 0 0

0 0 e3 0

e3 0 0 0

0 0 0 0

 ,

E13 =


0 0 0 e10

0 0 0 e10

0 0 0 e10

0 0 0 0

 , E14 =


0 0 0 e01

0 0 0 e01

0 0 0 e01

0 0 0 0

 , E15 =


0 0 0 0

0 0 0 0

0 0 0 0

eT10 e
T
10 e

T
10 0

 ,

E16 =


0 0 0 0

0 0 0 0

0 0 0 0

eT01 e
T
01 e

T
01 0

 , (4.1)

which satisfy

[E1, E2] = 0, [E1, E3] = 2E3, [E1, E4] = −2E4, [E1, E5] = 0, [E1, E6] = 0,

[E1, E7] = 2E5, [E1, E8] = −2E8, [E1, E9] = 0, [E1, E10] = 0, [E1, E11] = 2E11,
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[E1, E12] = −2E12, [E1, E13] = E13, [E1, E14] = −E14,

[E1, E15] = −E15, [E1, E16] = E16,

[E2, E3] = 0, [E2, E4] = 0, [E2, E5] = 0, [E2, E6] = 0, [E2, E7] = 0,

[E2, E8] = 0, [E2, E9] = 0,

[E2, E10] = 0, [E2, E11] = 0, [E2, E12] = 0, [E2, E13] = −E13,

[E2, E14] = −E14, [E2, E15] = E15,

[E2, E16] = E16, [E3, E4] = E1, [E3, E5] = −2E7, [E3, E6] = 0,

[E3, E7] = 0, [E3, E8] = E7,

[E3, E9] = −2E11, [E3, E10] = 0, [E3, E11] = 0, [E3, E12] = E9,

[E3, E13] = 0, [E3, E14] = E13,

[E3, E15] = −E16, [E3, E16] = 0, [E4, E5] = 2E8, [E4, E6] = 0,

[E4, E7] = −E5, [E4, E8] = 0,

[E4, E9] = 2E12, [E4, E10] = 0, [E4, E11] = −E9, [E4, E12] = 0,

[E4, E13] = E14, [E4, E14] = 0,

[E4, E15] = 0, [E4, E16] = −E15, [E5, E6] = 0, [E5, E7] = 2E11,

[E5, E8] = −2E12, [E5, E9] = 0,

[E5, E10] = 0, [E5, E11] = 2E3, [E5, E12] = −2E4,

[E5, E13] = E13, [E5, E14] = −E14,

[E5, E15] = −E15, [E5, E16] = E16, [E6, E7] = 0,

[E6, E8] = 0, [E6, E9] = 0, [E6, E10] = 0,

[E6, E11] = 0, [E6, E12] = 0, [E6, E13] = −E13, [E6, E14] = −E14,

[E6, E15] = E15, [E6, E16] = E16,

[E7, E8] = E9, [E7, E9] = −2E3, [E7, E10] = 0, [E7, E11] = 0,

[E7, E12] = E1, [E7, E13] = 0,

[E7, E14] = E13, [E7, E15] = −E16, [E7, E16] = 0, [E8, E9] = 2E4,

[E8, E10] = 0, [E8, E11] = −E1,

[E8, E12] = 0, [E8, E13] = E14, [E8, E14] = 0, [E8, E15] = 0,

[E8, E16] = −E15, [E9, E10] = 0,

[E9, E11] = 2E7, [E9, E12] = −2E8, [E9, E13] = E13,

[E9, E14] = −E14, [E9, E15] = −E15,

[E9, E16] = E16, [E10, E11] = 0, [E10, E12] = 0, [E10, E13] = −E13, [E10, E14] = −E14,

[E10, E15] = E15, [E10, E16] = E16, [E11, E12] = E5, [E11, E13] = 0, [E11, E14] = E13,

[E11, E15] = −E16, [E11, E16] = 0, [E12, E13] = E14, [E12, E14] = 0, [E12, E15] = 0,

[E12, E16] = −E15, [E13, E14]+ = 0, [E13, E15]+ =
1

2
(E1 + E2 + E5 + E6 + E9 + E10),

[E13, E16]+ = E3 + E7 + E11, [E14, E15]+ = E4 + E8 + E14,

[E14, E16]+ =
1

2
(−E1 + E2 − E5 + E6 − E9 + E10),

[E15, E16]+ = 0, [E13, E13]+ = 0, [E14, E14]+ = 0,
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[E15, E15]+ = 0, [E16, E16]+ = 0,

where e1, e2, e3, e10, e01 are given by (2.2), E1, E2, E3, E4, E5, E6, E7, E8, E9, E10, E11, E12 are
even, E13, E14, E15, E16 are odd, ε ∈ R, [. , .] is commutator and [. , .]+ denotes anticommutator.
Let G1=span{E1,E2,E3,E4,E5,E6,E7,E8,E9,E10,E11,E12}, G2=span{E13,E14,E15,E16}, then
spl(6, 1) = G1

⊕
G2. Denoting

[Gi, Gj ] = {[C,D]|C ∈ Gi, D ∈ Gj}, [Gi, Gj ]+ = {[C,D]+|C ∈ Gi, D ∈ Gj},

the closure properties between G1 and G2 are given by

[G1, G1] ⊆ G1, [G1, G2] ⊆ G2, [G2, G2]+ ⊆ G1.

Considering the super AKNS spectral problems related to the Lie superalgebra spl(6,1):

ψx=Y ψ, ψt = Zψ, λt =
∑
i≥0

ki(t)λ
−i,

Y =


Y1 Y3 Y2 Ya

Y2 Y1 Y3 Ya

Y3 Y2 Y1 Ya

Yb Yb Yb 0


=(λ+ h3)E1 + p1E3 + q1E4 + p2E7 + q2E8 + p3E11

+ q3E12 + αE13 + βE14 + γE15 + ζE16,

Z =


Z1 Z2 Z3 Za

Z2 Z1 Z2 Za

Z3 Z2 Z1 Za

Zb Zb Zb Zc


= a1E1 + b1E2 + c1E3 + d1E4 + a2E5 + b2E6 + c2E7

+ d2E8 + a3E9 + b3E10 + c3E11 + d3E12

+ µE13 + νE14 + ϱE15 + δE16,

(4.2)

where

Y1 =

(λ+ h3) p1

q1 −(λ+ h3)

 ,

Y2 =

 0 p2

q2 0

 ,

Y3 =

 0 p3

q3 0

 ,

Ya =
(
α β
)T

, Yb =
(
γ ζ
)
,

Z1 =

a1 + b1 c1

d1 −a1 + b1

 ,
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Z2 =

a2 + b2 c2

d2 −a2 + b2

 ,

Z3 =

a3 + b3 c3

d3 −a3 + b3

 ,

Za =
(
µ ν
)T

, Zb =
(
ϱ δ
)
, Zc = 2(b1 + b2 + b3),

p1, q1, p2, q2, p3, q3 are even, while α, β, γ, ζ are odd, a1, b1, c1, d1, a2, b2, c2, d2, a3, b3, c3, d3 are
commuting fields, while µ, ν,ϱ, δ are anticommuting fields. Here h3 = η(p1q3 + p3q1 +αγ + βζ),
η is an arbitrary even constant.

Solving the stationary zero curvature equation

Zx =
∂Y

∂λ
λt + [Y , Z], (4.3)

we obtain the recursion relations

a1x = −q1c1 − q3c2 − q2c3 + p1d1 + p3d2 + p2d3 +
1

2
(αϱ+ γµ− βδ − ζν) + λt,

a2x = −q2c1 − q1c2 − q3c3 + p2d1 + p1d2 + p3d3 +
1

2
(αϱ+ γµ− βδ − ζν),

a3x = −q3c1 − q2c2 − q1c3 + p3d1 + p2d2 + p1d3 +
1

2
(αϱ+ γµ− βδ − ζν),

b1x =
1

2
(αϱ+ γµ+ βδ + ζν),

b2x =
1

2
(αϱ+ γµ+ βδ + ζν),

b3x =
1

2
(αϱ+ γµ+ βδ + ζν),

c1x = 2(λ+ h3)c1 − 2p1a1 − 2p3a2 − 2p2a3 + αδ + ζµ,

c2x = 2(λ+ h3)c2 − 2p2a1 − 2p1a2 − 2p3a3 + αδ + ζµ,

c3x = 2(λ+ h3)c3 − 2p3a1 − 2p2a2 − 2p1a3 + αδ + ζµ,

d1x = −2(λ+ h3)d1 + 2q1a1 + 2q3a2 + 2q2a3 + βϱ+ γν,

d2x = −2(λ+ h3)d2 + 2q2a1 + 2q1a2 + 2q3a3 + βϱ+ γν,

d3x = −2(λ+ h3)d3 + 2q3a1 + 2q2a2 + 2q1a3 + βϱ+ γν,

µx = (λ+ h3)µ+ (p1 + p2 + p3)ν + (−a1 − a2 − a3 + b1 + b2 + b3)α− (c1 + c2 + c3)β,

νx = −(λ+ h3)ν + (q1 + q2 + q3)µ+ (a1 + a2 + a3 + b1 + b2 + b3)β − (d1 + d2 + d3)α,

ϱx = −(λ+ h3)ϱ− (q1 + q2 + q3)δ + (a1 + a2 + a3 − b1 − b2 − b3)γ + (d1 + d2 + d3)ζ,

δx = (λ+ h3)δ − (p1 + p2 + p3)ϱ+ (−a1 − a2 − a3 − b1 − b2 − b3)ζ + (c1 + c2 + c3)γ.

(4.4)
By substituting the Laurent series expansions

am =
∞∑
i=0

amiλ
−i, bm =

∞∑
i=0

bmiλ
−i,

cm =
∞∑
i=0

cmiλ
−i, dm =

∞∑
i=0

dmiλ
−i,
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m = 1, 2, ϱ =
∞∑
i=0

ϱiλ
−i, δ =

∞∑
i=0

δiλ
−i,

µ =
∞∑
i=0

µiλ
−i, ν =

∞∑
i=0

νiλ
−i,

into (4.4), the recursion relations are derived as follows:

a1i,x = −q1c1i − q3c2i − q2c3i + p1d1i + p3d2i + p2d3i +
1

2
(αϱi + γµi − βδi − ζνi) + ki(t),

a2i,x = −q2c1i − q1c2i − q3c3i + p2d1i + p1d2i + p3d3i +
1

2
(αϱi + γµi − βδi − ζνi),

a3i,x = −q3c1i − q2c2i − q1c3i + p3d1i + p2d2i + p1d3i +
1

2
(αϱi + γµi − βδi − ζνi),

b1i,x =
1

2
(αϱi + γµi + βδi + ζνi),

b2i,x =
1

2
(αϱi + γµi + βδi + ζνi),

b3i,x =
1

2
(αϱi + γµi + βδi + ζνi),

c1i,x = 2(λ+ h3)c1i − 2p1a1i − 2p3a2i − 2p2a3i + αδi + ζµi,

c2i,x = 2(λ+ h3)c2i − 2p2a1i − 2p1a2i − 2p3a3i + αδi + ζµi,

c3i,x = 2(λ+ h3)c3i − 2p3a1i − 2p2a2i − 2p1a3i + αδi + ζµi,

d1i,x = −2(λ+ h3)d1i + 2q1a1i + 2q3a2i + 2q2a3i + βϱi + γνi,

d2i,x = −2(λ+ h3)d2i + 2q2a1i + 2q1a2i + 2q3a3i + βϱi + γνi,

d3i,x = −2(λ+ h3)d3i + 2q3a1i + 2q2a2i + 2q1a3i + βϱi + γνi,

µix = (λ+ h3)µi + (p1 + p2 + p3)νi + (−a1i − a2i − a3i + b1i + b2i + b3i)α− (c1i + c2i + c3i)β,

νix = −(λ+ h3)νi + (q1 + q2 + q3)µi + (a1i + a2i + a3i + b1i + b2i + b3i)β − (d1i + d2i + d3i)α,

ϱix = −(λ+ h3)ϱi − (q1 + q2 + q3)δi + (a1i + a2i + a3i − b1i − b2i − b3i)γ + (d1i + d2i + d3i)ζ,

δix = (λ+ h3)δi − (p1 + p2 + p3)ϱi + (−a1i − a2i − a3i − b1i − b2i − b3i)ζ + (c1i + c2i + c3i)γ.

(4.5)
Taking initial values

a10 = a20 = a30 = 1,

b10 = b20 = b30 = c10 = c20 = c30 = d10 = d20 = d30 = ϱ0 = δ0 = µ0 = ν0 = k0(t) = 0,

then we obtain

a11 = k1(t)x, a21 = a31 = 0,

b11 = b21 = b31 = 0,

c11 = c21 = c31 = p1 + p2 + p3,

d11 = d21 = d31 = q1 + q2 + q3, µ1 = 3α, ν1 = 3β, ϱ1 = 3γ, δ1 = 3ζ,

a12 = −1

2
(p1 + p2 + p3)(q1 + q2 + q3) +

3

2
γα+

3

2
ζβ + k2(t)x,

a22 = −1

2
(p1 + p2 + p3)(q1 + q2 + q3) +

3

2
γα+

3

2
ζβ,
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a32 = −1

2
(p1 + p2 + p3)(q1 + q2 + q3) +

3

2
γα+

3

2
ζβ,

b12 = b22 = b32 =
3

2
γα− 3

2
ζβ,

c12 =
1

2
(p1x + p2x + p3x)− h3(p1 + p2 + p3) + p1k1(t)x,

c22 =
1

2
(p1x + p2x + p3x)− h3(p1 + p2 + p3) + p2k1(t)x,

c32 =
1

2
(p1x + p2x + p3x)− h3(p1 + p2 + p3) + p3k1(t)x,

d12 = −1

2
(q1x + q2x + q3x)− h3(q1 + q2 + q3) + q1k1(t)x,

d22 = −1

2
(q1x + q2x + q3x)− h3(q1 + q2 + q3) + q2k1(t)x,

d32 = −1

2
(q1x + q2x + q3x)− h3(q1 + q2 + q3) + q3k1(t)x,

µ2 = 3αx − 3h3α+ αk1(t)x, ν2 = −3βx − 3h3β + βk1(t)x,

ϱ2 = −3γx − 3h3γ + γk1(t)x, δ2 = 3ζx − 3h3ζ + ζk1(t)x,

c13 =
1

4
(p1xx + p2xx + p3xx)−

1

2
h3x(p1 + p2 + p3)− h3(p1x + p2x + p3x) + h23(p1 + p2 + p3)

− 1

2
(p1 + p2 + p3)

2(q1 + q2 + q3) +
3

2
(p1 + p2 + p3)γα+

3

2
(p1 + p2 + p3)ζβ − 3

2
αζx

− 3

2
ζαx + (

1

2
p1xx+

1

2
p1 − h3p1x)k1(t) + p1k2(t)x,

c23 =
1

4
(p1xx + p2xx + p3xx)−

1

2
h3x(p1 + p2 + p3)− h3(p1x + p2x + p3x) + h23(p1 + p2 + p3)

− 1

2
(p1 + p2 + p3)

2(q1 + q2 + q3) +
3

2
(p1 + p2 + p3)γα+

3

2
(p1 + p2 + p3)ζβ − 3

2
αζx

− 3

2
ζαx + (

1

2
p2xx+

1

2
p2 − h3p2x)k1(t) + p2k2(t)x,

c33 =
1

4
(p1xx + p2xx + p3xx)−

1

2
h3x(p1 + p2 + p3)− h3(p1x + p2x + p3x) + h23(p1 + p2 + p3)

− 1

2
(p1 + p2 + p3)

2(q1 + q2 + q3) +
3

2
(p1 + p2 + p3)γα+

3

2
(p1 + p2 + p3)ζβ − 3

2
αζx

− 3

2
ζαx + (

1

2
p3xx+

1

2
p3 − h3p3x)k1(t) + p3k2(t)x,

d13 =
1

4
(q1xx + q2xx + q3xx) +

1

2
h3x(q1 + q2 + q3) + h3(q1x + q2x + q3x)−

1

2
(q1 + q2 + q3)

2(p1

+ p2 + p3) +
3

2
(q1 + q2 + q3)γα+

3

2
(q1 + q2 + q3)ζβ + h23(q1 + q2 + q3)−

3

2
βγx −

3

2
γβx

− (h3q1x+
1

2
q1xx+

1

2
q1)k1(t) + q1k2(t)x,

d23 =
1

4
(q1xx + q2xx + q3xx) +

1

2
h3x(q1 + q2 + q3) + h3(q1x + q2x + q3x)−

1

2
(q1 + q2 + q3)

2(p1

+ p2 + p3) +
3

2
(q1 + q2 + q3)γα+

3

2
(q1 + q2 + q3)ζβ + h23(q1 + q2 + q3)−

3

2
βγx −

3

2
γβx

− (h3q2x+
1

2
q2xx+

1

2
q2)k1(t) + q2k2(t)x,
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d33 =
1

4
(q1xx + q2xx + q3xx) +

1

2
h3x(q1 + q2 + q3) + h3(q1x + q2x + q3x)−

1

2
(q1 + q2 + q3)

2(p1

+ p2 + p3) +
3

2
(q1 + q2 + q3)γα+

3

2
(q1 + q2 + q3)ζβ + h23(q1 + q2 + q3)−

3

2
βγx −

3

2
γβx

− (h3q3x+
1

2
q3xx+

1

2
q3)k1(t) + q3k2(t)x,

a33 = −1

4
∂−1(q1 + q2 + q3)(p1xx + p2xx + p3xx) +

1

4
∂−1(p1 + p2 + p3)(q1xx + q2xx + q3xx)

+
1

2
∂−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t) +

3

4
∂−1γβ(p1x + p2x + p3x−q1x−q2x−q3x)

+ 3αγh3 + 3βζh3 −
3

2
βζx −

3

2
ζβx +

3

2
αγx +

3

2
γαx + (p1 + p2 + p3)h3(q1 + q2 + q3)

+
1

2
(−p1q3 − p2q2 − p3q1 + γα+ ζβ)k1(t)x,

µ3 = 3αxx − 3h3xα− 6h3αx + 3h23α+ 3(p1 + p2 + p3)βx −
3

2
α(p1 + p2 + p3)(q1 + q2 + q3)

+
3

2
β(p1x + p2x + p3x) + 9αζβ + (αxx+ α− h3αx)k1(t) + αk2(t)x,

ν3 = 3βxx + 3h3xβ + 6h3βx + 3h23β + 3(q1 + q2 + q3)αx −
3

2
β(p1 + p2 + p3)(q1 + q2 + q3)

+
3

2
α(q1x + q2x + q3x) + 9βγα− (βxx+ β + h3βx)k1(t) + βk2(t)x,

ϱ3 = 3γxx + 3h3xγ + 6h3γx + 3h23γ − 3(q1 + q2 + q3)ζx −
3

2
γ(p1 + p2 + p3)(q1 + q2 + q3)

− 3

2
ζ(q1x + q2x + q3x) + 9γζβ − (γxx+ γ + h3γx)k1(t) + γk2(t)x,

δ3 = 3ζxx − 3h3xζ − 6h3ζx + 3h23ζ − 3(p1 + p2 + p3)γx −
3

2
ζ(p1 + p2 + p3)(q1 + q2 + q3)

− 3

2
γ(q1x + q2x + q3x) + 9γαζ + (ζxx+ ζ − h3ζx)k1(t) + ζk2(t)x.

We take Z
(n)

= (λnZ)+ +∆n, λ
(n)
t =

n∑
i=0

ki(t)λ
n−i, here ∆3 is the modification term:

∆3 =



F3 0 0 0 0 0 0

0 −F3 0 0 0 0 0

0 0 F3 0 0 0 0

0 0 0 −F3 0 0 0

0 0 0 0 F3 0 0

0 0 0 0 0 −F3 0

0 0 0 0 0 0 0


. (4.6)

To obtain the generalized nonisospectral super AKNS hierarchy, we solve the zero curvature
equation

∂Y

∂u
ut +

∂Y

∂λ
λ
(n)
t − Z

(n)
x + [Y , Z

(n)
] = 0,
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and derive 

h3,tn = F3x,

p1,tn = 2c1,n+1 + 2p1F3,

q1,tn = −2d1,n+1 − 2q1F3,

p2,tn = 2c2,n+1 + 2p2F3,

q2,tn = −2d2,n+1 − 2q2F3,

p3,tn = 2c3,n+1 + 2p3F3,

q3,tn = −2d3,n+1 − 2q3F3,

αtn = µn+1 + αF3,

βtn = −νn+1 − βF3,

γtn = −ϱn+1 − γF3,

ζtn = δn+1 + ζF3,

(4.7)

which give rise to the identity

(p1q3 + p2q2 + p3q1 + αγ + βζ)tn =2q3c1,n+1 − 2p1d3,n+1 − 2p3d1,n+1 + 2q1c3,n+1 + 2q2c2,n+1

− 2p2d2,n+1 + µn+1γ − αϱn+1 − νn+1ζ + βσn+1

=(−2a3,n+1)x. (4.8)

Hence, we find F3 = −2ηa3,n+1, where η is an arbitrary even constant. Then the generalized
nonisospectral super AKNS hierarchy is obtained:

utn =



p1

q1

p2

q2

p3

q3

α

β

γ

ζ


tn

=



2c1,n+1 − 4ηp1a3,n+1

−2d1,n+1 + 4ηq1a3,n+1

2c2,n+1 − 4ηp2a3,n+1

−2d2,n+1 + 4ηq2a3,n+1

2c3,n+1 − 4ηp3a3,n+1

−2d3,n+1 + 4ηq3a3,n+1

µn+1 − 2ηαa3,n+1

−νn+1 + 2ηβa3,n+1

−ϱn+1 + 2ηγa3,n+1

δn+1 − 2ηζa3,n+1



. (4.9)

The terms ami, bmi, cmi, etc. in the Laurent expansion are undetermined coefficients. These co-
efficients are uniquely specified by (4.5), which is itself determined through initial conditions. By
applying these initial conditions to (4.5) and solving the corresponding zero-curvature equation,
we derive the complete 10-component system (4.9).

When n=1 in (4.7), we get

p1,t1 = p1x + p2x + p3x − 2h23(p1 + p2 + p3) + 2ηp1(p1 + p2 + p3)(q1 + q2 + q3)− 6ηp1γα

− 6ηp1ζβ + 2p1k1(t)x,
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q1,t1 = q1x + q2x + q3x + 2h3(q1 + q2 + q3)− 2ηq1(p1 + p2 + p3)(q1 + q2 + q3) + 6ηq1γα

+ 6ηq1ζβ − 2q1k1(t)x,

p2,t1 = p1x + p2x + p3x − 2h23(p1 + p2 + p3) + 2ηp2(p1 + p2 + p3)(q1 + q2 + q3)− 6ηp2γα

− 6ηp2ζβ + 2p2k1(t)x,

q2,t1 = q1x + q2x + q3x + 2h3(q1 + q2 + q3)− 2ηq2(p1 + p2 + p3)(q1 + q2 + q3) + 6ηq2γα

+ 6ηq2ζβ − 2q2k1(t)x,

p3,t1 = p1x + p2x + p3x − 2h23(p1 + p2 + p3) + 2ηp3(p1 + p2 + p3)(q1 + q2 + q3)− 6ηp3γα

− 6ηp3ζβ + 2p3k1(t)x,

q3,t1 = q1x + q2x + q3x + 2h3(q1 + q2 + q3)− 2ηq3(p1 + p2 + p3)(q1 + q2 + q3) + 6ηq3γα

+ 6ηq3ζβ − 2q3k1(t)x,

αt1 = 3αx − 3h3α+ αη(p1 + p2 + p3)(q1 + q2 + q3)− 3ηαζβ + αk1(t)x,

βt1 = 3βx + 3h3β − ηβ(p1 + p2 + p3)(q1 + q2 + q3) + 3ηβγα− βk1(t)x,

γt1 = 3γx + 3h3γ − ηγ(p1 + p2 + p3)(q1 + q2 + q3) + 3ηγζβ − γk1(t)x,

ζt1 = 3ζx − 3h3ζ + ηζ(p1 + p2 + p3)(q1 + q2 + q3)− 3ηζγα+ ζk1(t)x.

When n=2 in (4.7), we have

p1,t2 =
1

2
(p1xx + p2xx + p3xx)− h3x(p1 + p2 + p3)− 2h3(p1x + p2x + p3x) + 2h23(p1 + p2 + p3)

− (p1 + p2 + p3)
2(q1 + q2 + q3) + 3(p1 + p2 + p3)γα+ 3(p1 + p2 + p3)ζβ − 3αζx − 3ζαx

+ ηp1(q1 + q2 + q3)(p1x + p2x + p3x)− ηp1(p1 + p2 + p3)(q1x + q2x + q3x)

− 3ηp1∂
−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)− 2ηp1(6αγh3 + 6βζh3 − 3βζx − 3ζβx

+ 3αγx + 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + (2ηp21q3x+ 2ηp1p2q2x+ 2ηp1p3q1x

− 2ηp1γαx− 2ηp1ζβx+ p1xx+ p1 − 2h3p1x)k1(t)− 2ηp1∂
−1(−q3p1 − p2q2 − p3q1 + γα

+ ζβ)k1(t) + 2p1k2(t)x,

q1,t2 = −1

2
(q1xx + q2xx + q3xx)− h3x(q1 + q2 + q3)− 2h3(q1x + q2x + q3x)− 2h23(q1 + q2 + q3)

+ (q1 + q2 + q3)
2(p1 + p2 + p3)− 3(q1 + q2 + q3)γα− 3(q1 + q2 + q3)ζβ + 3βγx + 3γβx

− ηq1(q1 + q2 + q3)(p1x + p2x + p3x) + ηq1(p1 + p2 + p3)(q1x + q2x + q3x)

+ 3ηq1∂
−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

+ 2ηq1(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx + 3γαx

+ 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + (−2ηq1p1q3x− 2ηq1p2q2x− 2ηq21p3x+ 2ηq1γαx

+ 2ηq1ζβx+ 2h3q1x+ q1xx+ q1)k1(t) + 2ηq1∂
−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t)

− 2q1k2(t)x,

p2,t2 =
1

2
(p1xx + p2xx + p3xx)− h3x(p1 + p2 + p3)− 2h3(p1x + p2x + p3x) + 2h23(p1 + p2 + p3)

− (p1 + p2 + p3)
2(q1 + q2 + q3) + 3(p1 + p2 + p3)γα+ 3(p1 + p2 + p3)ζβ − 3αζx − 3ζαx

+ ηp2(q1 + q2 + q3)(p1x + p2x + p3x)− ηp2(p1 + p2 + p3)(q1x + q2x + q3x)

− 3ηp2∂
−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)− 2ηp2(6αγh3 + 6βζh3 − 3βζx − 3ζβx

+ 3αγx + 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + (2ηp2p1q3x+ 2ηp22q2x+ 2ηp2p3q1x



62 H. Wang, J. Li & H. Cao

− 2ηp2γαx− 2ηp2ζβx+ p2xx+ p2 − 2h3p2x)k1(t)− 2ηp2∂
−1(−q3p1 − p2q2 − p3q1 + γα

+ ζβ)k1(t) + 2p2k2(t)x,

q2,t2 = −1

2
(q1xx + q2xx + q3xx)− h3x(q1 + q2 + q3)− 2h3(q1x + q2x + q3x)− 2h23(q1 + q2 + q3)

+ (q1 + q2 + q3)
2(p1 + p2 + p3)− 3(q1 + q2 + q3)γα− 3(q1 + q2 + q3)ζβ + 3βγx + 3γβx

− ηq2(q1 + q2 + q3)(p1x + p2x + p3x) + ηq2∂
−1(p1 + p2 + p3)(q1x + q2x + q3x)

+ 3ηq2∂
−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

+ 2ηq2(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx + 3γαx

+ 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + (−2ηq2p1q3x− 2ηq2p2q2x− 2ηq2p3q1x+ 2ηq2γαx

+ 2ηq2ζβx+ 2h3q2x+ q2xx+ q2)k1(t) + 2ηq2∂
−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t)

− 2q2k2(t)x,

p3,t2 =
1

2
(p1xx + p2xx + p3xx)− h3x(p1 + p2 + p3)− 2h3(p1x + p2x + p3x) + 2h23(p1 + p2 + p3)

− (p1 + p2 + p3)
2(q1 + q2 + q3) + 3(p1 + p2 + p3)γα+ 3(p1 + p2 + p3)ζβ − 3αζx − 3ζαx

+ ηp3(q1 + q2 + q3)(p1x + p2x + p3x)− ηp3(p1 + p2 + p3)(q1x + q2x + q3x)

− 3ηp3∂
−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)− 2ηp3(6αγh3 + 6βζh3 − 3βζx − 3ζβx

+ 3αγx + 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + (2ηp3p1q3x+ 2ηp3p2q2x+ 2ηp23q1x

− 2ηp3γαx− 2ηp3ζβx+ p3xx+ p3 − 2h3p3x)k1(t)− 2ηp3∂
−1(−q3p1 − p2q2 − p3q1 + γα

+ ζβ)k1(t) + 2p3k2(t)x,

q3,t2 = −1

2
(q1xx + q2xx + q3xx)− h3x(q1 + q2 + q3)− 2h3(q1x + q2x + q3x)− 2h23(q1 + q2 + q3)

+ (q1 + q2 + q3)
2(p1 + p2 + p3)− 3(q1 + q2 + q3)γα− 3(q1 + q2 + q3)ζβ + 3βγx + 3γβx

− ηq3(q1 + q2 + q3)(p1x + p2x + p3x) + ηq3∂
−1(p1 + p2 + p3)(q1x + q2x + q3x)

+ 3ηq3∂
−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

+ 2ηq3(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx + 3γαx

+ 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + (−2ηp1q
2
3x− 2ηq2p2q3x− 2ηq3p3q1x+ 2ηq3γαx

+ 2ηq3ζβx+ 2h3q3x+ q3xx+ q3)k1(t) + 2ηq3∂
−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t)

− 2q3k2(t)x,

αt2 = 3αxx − 3h3xα− 6h3αx + 3h23α+ 3(p1 + p2 + p3)βx −
3

2
α(p1 + p2 + p3)(q1 + q2 + q3)

+
3

2
β(p1x + p2x + p3x) + 9αζβ +

1

2
ηα(q1 + q2 + q3)(p1x + p2x + p3x)

− 1

2
ηα(p1 + p2 + p3)(q1x + q2x + q3x)−

3

2
ηα∂−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

− ηα(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx

+ 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3))− ηα(−p1q3 − p2q2 − p3q1 + γα+ ζβ)k1(t)x

− ηα∂−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t) + (αxx+ α− h3αx)k1(t) + αk2(t)x,

βt2 = 3βxx − 3h3xβ − 6h3βx + 3h23β − 3(q1 + q2 + q3)αx +
3

2
β(p1 + p2 + p3)(q1 + q2 + q3)

− 3

2
α(q1x + q2x + q3x)− 9βγα− 1

2
ηβ(q1 + q2 + q3)(p1x + p2x + p3x)
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+
1

2
ηβ(p1 + p2 + p3)(q1x + q2x + q3x) +

3

2
ηβ∂−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

+ ηβ(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx

+ 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + ηβ(−p1q3 − p2q2 − p3q1 + γα+ ζβ)k1(t)x

+ ηβ∂−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t) + (βxx+ β + h3βx)k1(t)− βk2(t)x,

γt2 = −3γxx − 3h3xγ − 6h3γx − 3h23γ + 3(q1 + q2 + q3)ζx +
3

2
γ(p1 + p2 + p3)(q1 + q2 + q3)

+
3

2
ζ(q1x + q2x + q3x)− 9γζβ − 1

2
ηγ(q1 + q2 + q3)(p1x + p2x + p3x)

+
1

2
ηγ(p1 + p2 + p3)(q1x + q2x + q3x) +

3

2
ηγ∂−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

+ ηγ(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx

+ 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3)) + ηγ(−p1q3 − p2q2 − p3q1 + γα+ ζβ)k1(t)x

+ ηγ∂−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t) + (γxx+ γ + h3γx)k1(t)− γk2(t)x,

ζt2 = 3ζxx − 3h3xζ − 6h3ζx + 3h23ζ − 3(p1 + p2 + p3)γx −
3

2
ζ(p1 + p2 + p3)(q1 + q2 + q3)

− 3

2
γ(q1x + q2x + q3x) + 9γαζ +

1

2
ηζ(q1 + q2 + q3)(p1x + p2x + p3x)

− 1

2
ηζ(p1 + p2 + p3)(q1x + q2x + q3x)−

3

2
ηζ∂−1γβ(p1x + p2x + p3x − q1x − q2x − q3x)

− ηζ(6αγh3 + 6βζh3 − 3βζx − 3ζβx + 3αγx

+ 3γαx + 2(p1 + p2 + p3)h3(q1 + q2 + q3))− ηζ(−p1q3 − p2q2 − p3q1 + γα+ ζβ)k1(t)x

− ηζ∂−1(−q3p1 − p2q2 − p3q1 + γα+ ζβ)k1(t) + (ζxx+ ζ + h3ζx)k1(t) + ζk2(t)x.

4.1. Super bi-Hamiltonian structure

Making use of (4.2), we get

⟨Z, ∂Y
∂λ

⟩ = 6a1, ⟨Z, ∂Y
∂p1

⟩ = 6ηq3a1 + 3d1,

⟨Z, ∂Y
∂q1

⟩ = 6ηp3a1 + 3c1, ⟨Z, ∂U
∂p2

⟩ = 6ηq2a1 + 3d3,

⟨Z, ∂Y
∂q2

⟩ = 6ηp2a1 + 3c3, ⟨Z, ∂Y
∂p3

⟩ = 6ηq1a1 + 3d2,

⟨Z, ∂Y
∂q3

⟩ = 6ηp1a1 + 3c2, ⟨Z, ∂Y
∂α

⟩ = 6ηγa1 − 3ϱ,

⟨Z, ∂Y
∂β

⟩ = 6ηζa1 − 3δ, ⟨Z, ∂Y
∂γ

⟩ = −6ηαa1 + 3µ,

⟨Z, ∂Y
∂ζ

⟩ = −6ηβa1 + 3ν.

(4.10)

Substituting (4.10) into the supertrace identity

δ

δu

∫
⟨Z, ∂Y

∂λ
⟩dx = λ−γ ∂

∂λ
λγ⟨Z, ∂Y

∂u
⟩, u = (p1, q1, p2, q2, p3, q3, α, β, γ, ζ)

T ,
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then comparing the powers of λ , we have

δ

δu

∫
2a1,n+2dx = (γ − n− 1)



2ηq3a1,n+1 + d1,n+1

2ηp3a1,n+1 + c1,n+1

2ηq2a1,n+1 + d3,n+1

2ηp2a1,n+1 + c3,n+1

2ηq1a1,n+1 + d2,n+1

2ηp1a1,n+1 + c2,n+1

2ηγan+1 − ϱn+1

2ηζan+1 − δn+1

−2ηαan+1 + µn+1

−2ηβan+1 + νn+1



. (4.11)

Substituting n = 0 into (4.11), we find γ = 0. Hence, we derive

2ηq3a1,n+1 + d1,n+1

2ηp3a1,n+1 + c1,n+1

2ηq2a1,n+1 + d3,n+1

2ηp2a1,n+1 + c3,n+1

2ηq1a1,n+1 + d2,n+1

2ηp1a1,n+1 + c2,n+1

2ηγan+1 − ϱn+1

2ηζan+1 − δn+1

−2ηαan+1 + µn+1

−2ηβan+1 + νn+1



=
δHn+1

δu
, Hn+1 =

∫
−2a1,n+2

n+ 1
dx. (4.12)

By using the recursion relations (4.5), we obtain

d1,n+1

c1,n+1

d3,n+1

c3,n+1

d2,n+1

c2,n+1

−ϱn+1

−δn+1

µn+1

νn+1



= L̃3



d1,n

c1,n

d3,n

c3,n

d2,n

c2,n

−ϱn
−δn
µn

νn



+ M̃3kn(t)x,
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where

L̃3 =



L1 L2 L3 GH

L3 L1 L2 GH

L2 L3 L1 GH

P P P S T

O O O U V


,

with

L1 =

 q1∂
−1p1 + q3∂

−1p2 + q2∂
−1p3 −

1

2
∂ − h3 −q1∂−1q1 − q3∂

−1q2 − q2∂
−1q3

p1∂
−1p1 + p3∂

−1p2 + p2∂
−1p3 −p1∂−1q1 − p3∂

−1q2 − p2∂
−1q3 +

1

2
∂ − h3

 ,

L2 =

 q1∂
−1p2 + q3∂

−1p3 + q2∂
−1p1 −q1∂−1q2 − q3∂

−1q3 − q2∂
−1q1

p1∂
−1p2 + p3∂

−1p3 + p2∂
−1p1 −p1∂−1q2 − p3∂

−1q3 − p2∂
−1q1

 ,

L3 =

 q1∂
−1p3 + q3∂

−1p1 + q2∂
−1p2 −q1∂−1q3 − q3∂

−1q1 − q2∂
−1q2

p1∂
−1p3 + p3∂

−1p1 + p2∂
−1p2 −p1∂−1q3 − p3∂

−1q1 − p2∂
−1q2

 ,

G =

−1

2
(q1 + q2 + q3)∂

−1α− 1

2
β

1

2
(q1 + q2 + q3)∂

−1β

−1

2
(p1 + p2 + p3)∂

−1α
1

2
(p1 + p2 + p3)∂

−1β +
1

2
α

 ,

H =


1

2
(q1 + q2 + q3)∂

−1γ −1

2
(q1 + q2 + q3)∂

−1ζ +
1

2
γ

1

2
(p1 + p2 + p3)∂

−1γ − 1
2ζ −1

2
(p1 + p2 + p3)∂

−1ζ

 ,

P =

−γ∂−1(p1 + p2 + p3)− ζ γ∂−1(q1 + q2 + q3)

−ζ∂−1(p1 + p2 + p3) ζ∂−1(q1 + q2 + q3) + γ

 ,

O =

 α∂−1(p1 + p2 + p3) −α∂−1(q1 + q2 + q3) + β

β∂−1(p1 + p2 + p3)− α −β∂−1(q1 + q2 + q3)

 ,

S =

 −∂ − h3 −3γ∂−1β − (q1 + q2 + q3)

3ζ∂−1α+ p1 + p2 + p3 ∂ − h3

 ,

T =

 0 3γ∂−1ζ

−3ζ∂−1γ 0

 ,

U =

 0 3α∂−1β

−3β∂−1α 0

 ,

V =

 ∂ − h3 −3α∂−1ζ − (p1 + p2 + p3)

3β∂−1γ + q1 + q2 + q3 −v∂ − h3

 .
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So, the generalized nonisospectral super AKNS hierarchy (4.9) has the following super bi-
Hamiltonian structure:

utn = Q̃3R̃3
δHn+1

δu
− 2ηQ̃3G̃3kn+1(t)x

= Q̃3L̃3R̃3
δHn

δu
+ (−2ηQ̃3L̃3G̃3 + Q̃3M̃3)kn(t)x,

(4.13)

where G̃3 = (q3 p3 q2 p2 q1 p1 γ ζ − α − β)T , M̃3 = (q1 p1 q3 p3 q2 p2 − γ − ζ α β)T . The
super Hamiltonian operators Q̃3, R̃3 are given by:

Q̃3 =



Q13 Q11 Q12 G1 H1

Q23 Q21 Q22 G2 H2

Q33 Q31 Q32 G3 H3

P3 P1 P2 S T

O3 O1 O2 U V


+ J,

where

Qij =

−4ηpi∂
−1pj 4ηpi∂

−1qj

4ηqi∂
−1pj −4ηqi∂

−1qj

 , Pj =

−2ηα∂−1pj 2ηα∂−1qj

2ηβ∂−1pj −2ηβ∂−1qj

 ,

Oj =

 2ηγ∂−1pj −2ηγ∂−1qj

−2ηζ∂−1pj 2ηζ∂−1qj

 , Gi =

 2η pi∂
−1α −2ηpi∂

−1β

−2ηqi∂
−1α 2ηqi∂

−1β

 ,

Hi =

−2ηpi∂
−1γ 2ηpi∂

−1ζ

2ηqi∂
−1γ −2ηqi∂

−1ζ

 , S =

 ηα∂−1α −ηα∂−1β

−ηβ∂−1α ηβ∂−1β

 , 0 ≤ i, j ≤ 3,

T =

−ηα∂−1γ ηα∂−1ζ

ηβ∂−1γ −ηβ∂−1ζ

 , U =

−ηγ∂−1α ηγ∂−1β

ηζ∂−1α −ηζ∂−1β

 , V =

 ηγ∂−1γ −ηγ∂−1ζ

−ηζ∂−1γ ηζ∂−1ζ

 ,

and

J =



0 2 0 0 0 0 0 0 0 0

−2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 2 0 0 0 0

0 0 0 0−2 0 0 0 0 0

0 0 0 2 0 0 0 0 0 0

0 0−2 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0−1

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0−1 0 0



.
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4.2. Darboux transformation of the spectral problem

In the following, we would discuss Darboux transformations [13, 20, 22] of the spectral problem
Y in (4.2). The transformation can be set:

ϕ
′
= Tϕ,

where ϕ
′
and ϕ satisfying the following equations{

ϕx =Y ϕ,

ϕ
′
x =Y

′
ϕ

′
,

(4.14)

Y
′
has the same form as Y but with p1, p2, p3, q1, q2, q3, α, β, γ, ζ, and h3, replaced by

p
′
1, p

′
2, p

′
3, q

′
1, q

′
2, q

′
3, α

′
, β

′
, γ

′
, ζ

′
, and h

′
3.

We can express the spectral matrices Y and Y
′
in the following forms:

Y =



λ+ h3 p1 0 p3 0 p2 α

q1 −(λ+ h3) q3 0 q2 0 β

0 p2 λ+ h3 p1 0 p3 α

q2 0 q1 −(λ+ h3) q3 0 β

0 p3 0 p2 λ+ h3 p1 α

q3 0 q2 0 q1 −(λ+ h3) β

γ ζ γ ζ γ ζ 0


=λY0 + Y1

=λ



1 0 0 0 0 0 0

0−1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0−1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0−1 0

0 0 0 0 0 0 0


+



h3 p1 0 p3 0 p2 α

q1 −h3 q3 0 q2 0 β

0 p2 h3 p1 0 p3 α

q2 0 q1 −h3 q3 0 β

0 p3 0 p2 h3 p1 α

q3 0 q2 0 q1 −h3 β

γ ζ γ ζ γ ζ 0


,

Y
′
=



λ+ h
′
3 p

′
1 0 p

′
3 0 p

′
2 α

′

q
′
1 −(λ+ h

′
3) q

′
3 0 q

′
2 0 β

′

0 p
′
2 λ+ h

′
3 p

′
1 0 p

′
3 α

′

q
′
2 0 q

′
1 −(λ+ h

′
3) q

′
3 0 β

′

0 p
′
3 0 p

′
2 λ+ h

′
3 p

′
1 α

′

q
′
3 0 q

′
2 0 q

′
1 −(λ+ h

′
3) β

′

γ
′

ζ
′

γ
′

ζ
′

γ
′

ζ
′

0


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=λY0 + Y
′
1

=λ



1 0 0 0 0 0 0

0−1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0−1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0−1 0

0 0 0 0 0 0 0


+



h
′
3 p

′
1 0 p

′
3 0 p

′
2 α

′

q
′
1 −h′

3 q
′
3 0 q

′
2 0 β

′

0 p
′
2 h

′
3 p

′
1 0 p

′
3 α

′

q
′
2 0 q

′
1 −h′

3 q
′
3 0 β

′

0 p
′
3 0 p

′
2 h

′
3 p

′
1 α

′

q
′
3 0 q

′
2 0 q

′
1 −h′

3 β
′

γ
′
ζ
′
γ

′
ζ
′
γ

′
ζ
′

0


.

For (4.14), T satisfies the following equation:

Tx + TY = Y
′
T. (4.15)

Assume that

T =λT1 + T0

=λ



A11 A12 0 A14 0 A16 A17

A21 A22 A23 0 A25 0 A27

0 A16 A11 A12 0 A14 A17

A25 0 A21 A22 A23 0 A27

0 A14 0 A16 A11 A12 A17

A23 0 A25 0 A21 A22 A27

A71 A72 A71 A72 A71 A72 0


+



B11 B12 0 B14 0 B16 B17

B21 B22 B23 0 B25 0 B27

0 B16 B11 B12 0 B14 B17

B25 0 B21 B22 B23 0 B27

0 B14 0 B16 B11 B12 B17

B23 0 B25 0 B21 B22 B27

B71 B72 B71 B72 B71 B72 0


.

(4.16)

Form (4.15), we have

Tx = λT1,x + T0,x = Y
′
T − TY . (4.17)

Comparing the powers of λj (j = 0, 1, 2) in the above equations, the case of j = 2 gives rise to

Y0T1 − T1Y0 = 0, (4.18)

and

A12 = A14 = A16 = A17 = A21 = A23 = A25 = A27 = A32 = A34 = A36 = 0,

A41 = A43 = A45 = A52 = A54 = A56 = A61 = A63 = A65 = A71 = A72 = 0.
(4.19)

When j = 1, the following equations are derived:

T1,x = Y0T0 + Y
′
1T1 − T1Y1 − T0Y0, (4.20)
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and 

A11,x = (h
′
3 − h3)A11 =⇒ A11 = eh

′
3−h3 ,

A22,x = (h3 − h
′
3)A22 =⇒ A22 = eh3−h

′
3 ,

B12 =
1

2
(p

′
1A22 + p1A11),

B14 =
1

2
(p

′
3A22 + p3A11),

B16 =
1

2
(p

′
2A22 + p2A11),

B21 =
1

2
(q

′
1A11 + q1A22),

B23 =
1

2
(q

′
3A11 − q3A22),

B25 =
1

2
(q

′
2A11 − q2A22),

B17 = A11α,

B27 = A22β.

(4.21)

For j = 0, the results are given by

T0,x = Y
′
1T0 − T0Y1, (4.22)

and

B11,x = (h
′
3 − h3)B11 + p

′
1B21 + p

′
3B25 + p

′
2B23 + α

′
B71 − (q1B12 + q2B14 + q3B16 + γB17),

B12,x = (h
′
3 + h3)B12 + p

′
1B22 + α

′
B72 − p1B11 − ζB17,

B14,x = (h
′
3 + h3)B14 + p

′
3B22 + α

′
B72 − p3B11 − ζB17,

B16,x = (h
′
3 + h3)B16 + p

′
2B22 + α

′
B72 −B11p2 − ζB17,

B17,x = h
′
3B17 + (p

′
1 + p

′
3 + p

′
2)B27 − αB11 − β(B12 +B14 +B16),

B21,x = q
′
1B11 − (h

′
3 + h3)B21 + β

′
B71 − q1B22 − γB27,

B22,x = q
′
1B12 + (h3 − h

′
3)B22 + q

′
3B16 + q

′
2B14 + β

′
B72 − (p1B21 + p2B23 + p3B25 + ζB27),

B23,x = −(h
′
3 + h3)B23 + q

′
3B11 + β

′
B71 − q3B22 − γB27,

B25,x = −(h
′
3 + h3)B25 + q

′
2B11 + β

′
B71 − (q2B22 + γB27),

B27,x = (q
′
1 + q

′
2 + q

′
3)B17 − h

′
3B27 − (αB21 + αB23 + αB25 + βB22),

B71,x = γ
′
B11 + ζ

′
B21 + ζ

′
B23 + ζ

′
B25 − h3B71 − (q1 + q2 + q3)B72,

B72,x = ζ
′
B22 + γ

′
B12 + γ

′
B14 + γ

′
B16 − (p1 + p2 + p3)B71 + h3B72.

(4.23)
From (4.21), we get

B12 =
1

2
(p

′
1e

h3−h
′
3 + eh

′
3−h3p1), B14 =

1

2
(p

′
3e

h3−h
′
3 + eh

′
3−h3p3), B16 =

1

2
(p

′
2e

h3−h
′
3 + eh

′
3−h3p2),

B21 =
1

2
(q

′
1e

h
′
3−h3 + eh3−h

′
3q1), B23 =

1

2
(q

′
3e

h
′
3−h3 − eh3−h

′
3q3), B25 =

1

2
(q

′
2e

h
′
3−h3 − eh3−h

′
3q2),

B11 =
1

γ′ ∂x(γ
′
eh

′
3−h3)− 1

2

ζ
′

γ′ (q
′
1e

h
′
3−h3 + eh3−h

′
3q1 + q

′
2e

h
′
3−h3 − eh3−h

′
3q2 + q

′
3e

h
′
3−h3 − eh3−h

′
3q3)

+ eh
′
3−h3h3 +

ζ
′

γ′ e
h3−h

′
3(q1 + q2 + q3),
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B22 =
1

ζ ′ ∂x(ζ
′
eh3−h

′
3)− 1

2

γ
′

ζ ′ (p
′
1e

h3−h
′
3 + eh

′
3−h3p1 + p

′
2e

h3−h
′
3 + eh

′
3−h3p2 + p

′
3e

h3−h
′
3 + eh

′
3−h3p3)

+
γ

′

ζ ′ e
h
′
3−h3(p1 + p2 + p3)− eh3−h

′
3h3,

B17 =αe
h
′
3−h3 , B27 = βeh3−h

′
3 , B71 = γ

′
eh

′
3−h3 , B72 = ζ

′
eh3−h

′
3 . (4.24)

Therefore, the matrix T becomes the following form:

T =λ



eh
′
3−h3 0 0 0 0 0 0

0 −eh3−h
′
3 0 0 0 0 0

0 0 eh
′
3−h3 0 0 0 0

0 0 0 −eh3−h
′
3 0 0 0

0 0 0 0 eh
′
3−h3 0 0

0 0 0 0 0 −eh3−h
′
3 0

0 0 0 0 0 0 0



+



B11 B12 0 B14 0 B16 B17

B21 B22 B23 0 B25 0 B27

0 B16 B11 B12 0 B14 B17

B25 0 B21 B22 B23 0 B27

0 B14 0 B16 B11 B12 B17

B23 0 B25 0 B21 B22 B27

B71 B72 B71 B72 B71 B72 0


. (4.25)

5. Conclusions and discussions

In this paper, we considered the N×N matrix spectral problems associated with the Lie su-
peralgebra spl(2N, 1). Then we obtained the generalized nonisospectral multi-component super
AKNS hierarchy associated with the Lie superalgebra spl(2N, 1). The generalized nonisospectral
three-component coupled super AKNS hierarchy associated with the Lie superalgebra spl(6, 1)
was also obtained. By using the supertrace identity, we derived the bi-Hamiltonian structures of
the generalized nonisospectral multi-component and the three-component coupled super AKNS
integrable hierarchies. The Darboux transformation of the generalized nonisospectral three-
component coupled super AKNS integrable hierarchy is obtained. When N=1, the Lie superal-
gebra spl(2N, 1) is reduced to Lie superalgebra spl(2, 1). When N=1 and η = 0 in the generalized
multi-component hierarchy (3.8), we found that (3.8) in our paper can be reduced to (11) in [41].
Comparing (17) with ε = 0 in [12], we found that it is equivalent to generalized hierarchy (3.8)
with η = 0 in our paper. Moreover, we have derived a new generalized multi-component hierar-
chy associated with the Lie superalgebra sl(2N, 1) [18]. The extension of the Lie superalgebra
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spl(2N, 1) may have contributed to the development of multi-component classification.

Data availability statement. Data sharing not applicable to this article as no datasets were
generated or analysed during the current study.
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Appendix A. The super Hamiltonian operators Q̃N , R̃N , L̃N are given by:

Q̃N =



N

Q1,N Q1,1 Q1,2 · · · Q1,N−1 G1 H1

Q2,N Q2,1 Q2,2 · · · Q2,N−1 G2 H2

Q3,N Q3,1 Q3,2 · · · Q3,N−1 G3 H3

...
...

...
...

...
...

N QN,N QN,1 QN,2 · · · QN,N−1 GN HN

PN P1 P2 · · · PN−1 S T

ON O1 O2 · · · ON−1 U V


+ J̃ ,

where

Qi,j =

−4ηpi∂
−1pj 4ηpi∂

−1qj

4ηqi∂
−1pj −4ηqi∂

−1qj

 , Pj =

−2ηα∂−1pj 2ηα∂−1qj

2ηβ∂−1pj −2ηβ∂−1qj

 ,

Oj =

 2ηγ∂−1pj −2ηγ∂−1qj

−2ηζ∂−1pj 2ηζ∂−1qj

 , Gi =

 2η pi∂
−1α −2ηpi∂

−1β

−2ηqi∂
−1α 2ηqi∂

−1β

 , 1 ≤ i, j ≤ N,

Hi =

−2ηpi∂
−1γ 2ηpi∂

−1ζ

2ηqi∂
−1γ −2ηqi∂

−1ζ

 , S =

 ηα∂−1α −ηα∂−1β

−ηβ∂−1α ηβ∂−1β

 ,

T =

−ηα∂−1γ ηα∂−1ζ

ηβ∂−1γ −ηβ∂−1ζ

 , U =

−ηγ∂−1α ηγ∂−1β

ηζ∂−1α −ηζ∂−1β

 , V =

 ηγ∂−1γ −ηγ∂−1ζ

−ηζ∂−1γ ηζ∂−1ζ

 ,

J̃ =



N

J1 0 0 · · · 0 0 0 0

0 0 0 · · · 0 J1 0 0

0 0 0 · · · J1 0 0 0
...

...
...

...
...

...
...

0 0 J1 · · · 0 0 0 0

N 0 J1 0 · · · 0 0 0 0

0 0 0 · · · 0 0 0 J2

0 0 0 · · · 0 0 J2 0


, J1 =

 0 2

−2 0

 , J2 =

1 0

0−1

 .
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The super Hamiltonian operator R̃N :

R̃N =



N

RN,1 RN,2 RN,3 · · · RN,N GN HN

RN−1,1 RN−1,2 RN−1,3 · · · RN−1,N GN−1 HN−1

RN−2,1 RN−2,2 RN−2,3 · · · RN−2,N GN−2 HN−2

...
...

...
...

...
...

N R1,1 R1,2 R1,3 · · · R1,N G1 H1

P1 P2 P3 · · · PN S T

O1 O2 O3 · · · ON U V


+ I,

where

Ri,j =

−2ηqi∂
−1pj 2ηqi∂

−1qj

−2ηpi∂
−1pj 2ηpi∂

−1qj

 , Oj =

2ηα∂−1pj −2ηα∂−1qj

2ηβ∂−1pj −2ηβ∂−1qj

 ,

Pj =

−2ηγ∂−1pj 2ηγ∂
−1qj

−2ηζ∂−1pj 2ηζ∂
−1qj

 , Gi =

ηqi∂−1α −ηqi∂−1β

ηpi∂
−1α−ηpi∂−1β

 ,

Hi =

−ηqi∂−1γ ηqi∂
−1ζ

−ηpi∂−1γ ηpi∂
−1ζ

 , S =

ηγ∂−1α−ηγ∂−1β

ηζ∂−1α −ηζ∂−1β

 , 1 ≤ i, j ≤ N,

T =

−ηγ∂−1γ ηγ∂−1ζ

−ηζ∂−1γ ηζ∂−1ζ

 , U =

−ηα∂−1α ηα∂−1β

−ηβ∂−1α ηβ∂−1β

 , V =

ηα∂−1γ −ηα∂−1ζ

ηβ∂−1γ −ηβ∂−1ζ

 ,

and I is an identity matrix with N + 2 degree.
The super Hamiltonian operator

L̃N =



N

L1 L2 L3 · · · LN−1 LN G H

LN L1 L2 · · · LN−2 LN−1 G H

LN−1 LN L1 · · · LN−3 LN−2 G H
...

...
...

. . .
...

...
...

...

L3 L4 L5 · · · L1 L2 G H

N L2 L3 L4 · · · LN L1 G H

P P P · · · P P S T

O O O · · · O O U V


,

with

L1 =

 q1∂
−1p1 + qN∂

−1p2 + · · ·+ q2∂
−1pN − 1

2
∂ − h3 −q1∂−1q1 − qN∂

−1q2 − · · · − q2∂
−1qN

p1∂
−1p1 + pN∂

−1p2 + · · ·+ p2∂
−1pN −p1∂−1q1 − pN∂

−1q2 − · · · − p2∂
−1qN +

1

2
∂ − h3

 ,
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Li =

 qi∂
−1p1 + qi−1∂

−1p2 + · · ·+ q1∂
−1pN −qi∂−1q1 − qi−1∂

−1q2 − · · · − q1∂
−1qN

pi∂
−1p1 + pi−1∂

−1p2 + · · ·+ p1∂
−1pN −pi∂−1q1 − pi−1∂

−1q2 − · · · − p1∂
−1qN

 , 2 ≤ i ≤ N,

G =

−1

2
(q1 + q2 + · · ·+ qN )∂−1α− 1

2
β

1

2
(q1 + q2 + · · ·+ qN )∂−1β

−1

2
(p1 + p2 + · · ·+ pN )∂−1α

1

2
(p1 + p2 + · · ·+ pN )∂−1β +

1

2
α

 ,

H =


1

2
(q1 + q2 + · · ·+ qN )∂−1γ −1

2
(q1 + q2 + · · ·+ qN )∂−1ζ +

1

2
γ

1

2
(p1 + p2 + · · ·+ pN )∂−1γ − 1

2
ζ −1

2
(p1 + p2 + · · ·+ pN )∂−1ζ

 ,

P =

−γ∂−1(p1 + p2 + · · ·+ pN ))− ζ γ∂−1(q1 + q2 + · · ·+ qN )

−ζ∂−1(p1 + p2 + · · ·+ pN ) ζ∂−1(q1 + q2 + · · ·+ qN ) + γ

 ,

O =

 α∂−1(p1 + p2 + · · ·+ pN ) −α∂−1(q1 + q2 + · · ·+ qN ) + β

β∂−1(p1 + p2 + · · ·+ pN )− α −β∂−1(q1 + q2 + · · ·+ qN )

 ,

S =

 −∂ − hN −Nγ∂−1β − (q1 + q2 + · · ·+ qN )

Nζ∂−1α+ p1 + p2 + · · ·+ pN ∂ − hN

 ,

T =

 0 Nγ∂−1ζ

−Nζ∂−1γ 0

 ,

U =

 0 Nα∂−1β

−Nβ∂−1α 0

 ,

V =

 ∂ − hN −Nα∂−1ζ − (p1 + p2 + · · ·+ pN )

Nβ∂−1γ + q1 + q2 + · · ·+ qN −∂ − hN

 .
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