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GENERALIZED NONISOSPECTRAL MULTI-COMPONENT SUPER
INTEGRABLE HIERARCHY AND DARBOUX TRANSFORMATION

Haifeng Wang, Jinxiu Li and Huiqin Caof

Abstract Based on Lie superalgebra spl(2N,1), a generalized nonisospectral multi-
component super Ablowitz-Kaup-Newell-Segur (AKNS) integrable hierarchy is obtained.
Then, we present a generalized nonisospectral three-component coupled super AKNS inte-
grable hierarchy associated with Lie superalgebra spl(6,1) which is a a special case of the Lie
superalgebra spl(2N,1) when N = 3. Using of supertrace identity, the super bi-Hamiltonian
structures of the generalized multi-component and three-component coupled super AKNS in-
tegrable hierarchies are obtained. Additionally, we investigate the Darboux transformation
of the generalized nonisospectral three-component coupled super AKNS integrable hierarchy.
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1. Introduction

In recent years, super integrable systems have received much attention in the field of soliton
and integrable systems. Super integrable systems have many features, including supersymmetry
[17,24], conservation laws [19,25], and so on [5-7,9]. Various methods have been used to generate
integrable hierarchies, such as the AKNS method [1,3,4, 11, 16], the Lax pair method [2], the
Tu scheme [29], and so on. Among that, the Tu scheme is a powerful tool for generating the
Hamiltonion structures by introducing trace identity. Many integrable hierarchies and their
Hamiltonian structures have been obtained by means of Tu scheme [23,32,37]. Based on the Tu
scheme, a method was proposed for deriving isospectral and nonisospectral integrable hierarchies
by Zhang et al. [39,40]. Moreover, Wang and Zhang [33] investigated the generation of the
infinite-dimensional isospectral and nonisospectral integrable hierarchies by constructing a multi-
component non-semisimple Lie algebra.

Many mathematical physicists were interested in the derivation of the generalized hierarchies
of soliton equations [8, 10,30, 36]. Shen [27] obtained a generalized integrable hierarchy by
introducing a perturbation term in spectral problems for AKNS integrable coupling. Shen
generalized the spatial spectral problem of the AKNS integrable system as follows:

Ad+h m 0 D2

y= (1) @ —A—=h g 0
( 0 Y1> 0 0 A+h p n(p1g2 + q1p2) (1.1)
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Here, h is a nonlinear perturbation term, and 7 is an arbitrary even constant. In this paper,
we extend the above two-dimensional generalized AKNS spectral problem to its N-dimensional
counterpart. To our knowledge, this generalization remains largely unexplored in the literature.
Moreover, Han and Yu [12] derived a generalized super integrable AKNS hierarchy associated
with Lie superalgebra spl(2,1). Then a nonlinear generalized super AKNS integrable coupling
was derived by Hu et al. [14]. However, the investigation of multi-component integrable hier-
archies is notably lacking in mathematical physics [15,26,38], and generalized multi-component
systems have been virtually unexplored. Recently, Wang et al. [34] obtained a multi-component
super integrable Dirac hierarchy by constructing a new type of multi-component Lie superalge-
bra sl(2N, 1). Then they also realized a multi-component extension of Lie superalgebra spl(2, 1)
to Lie superalgebra spl(2N, 1) [31]. In this work, we construct a new class of higher-dimensional
generalized nonisospectral AKNS hierarchy based on a newly developed higher-dimensional Lie
superalgebra spl(2N,1).

This paper is organized as follows. In Section 2, we review the form of the Lie superalge-
bra spl(2N, 1) and its commutation relations, along with some related concepts. Based on our
previous work, we apply the Lie superalgebra spl(2N,1) to a generalized spectral problem by
introducing a perturbation term. In Section 3, we obtain a generalized nonisospectral multi-
component super AKNS hierarchy associated with the Lie superalgebra spl(2N,1). In Section
4, we obtain a generalized nonisospectral three-component coupled super AKNS integrable hi-
erarchy associated with the Lie superalgebra spl(6,1) and derive its Darboux transformation.
Using the supertrace identity [21], the super bi-Hamiltonian structures of the generalized non-
isospectral multi-component and three-component coupled super AKNS integrable hierarchies
are obtained.

2. Preliminaries

Given a superalgebra A’ with elements z,y € A’, where zy denotes its multiplicative operation,
we define a new bracket operation (x,y) through the following graded (anti-)commutation rela-
tions [28]:

(1) When either z € Aj or y € Aj:

(z,y) = [r,y] = 2y —ya.
(2) When both z € A} and y € A}:

<$ay> = [l'ay]+ =zy +yz.

This bracket operation induces a Lie superalgebra A. Here A'=Aj®A), Aj is called the even

subspace of A" and A} is called the odd.
Let us review a basis for the Lie superalgebra spl(2,1)

e1 0 0 ez 0 e3 0
E1: ! ; E2: ? ’ E3: ? ’ E4: ’ 3
00 02 00 00
(2.1)
Oe Oe 00 00
E5: 0 ) EGZ o ) E7: ’ ESZ )

00 00 el 0 el 0
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where

10 01 00 10 T T
el = , €2 = , €3 = , Ir = , €10 = (10) , €01 = (Ol) . (2.2)
0-1 00 10 01

The commutative relations of (2.1) are

[E1, E2] =0, [E1, Es] =2Es, [Ei,Es=—2E;,

[E1, E5] =0, [E1, E¢]=—Fs, [E1,E7]=—Ey,

[Er, Es] = Es, [Ep, E3] =0, [Es, E4] =0, [Ey Es]=—FE5 [Ey Ee¢|=—Fs, [Ey Er|l=Er,
[Eo, E5] = Eg, [Es,E4] = E1, [Es,E5| =0, [Es,E¢]=FEs, [Es,E7]=—FEs, [Fs3, Eg]=0,
[Ey, E5] = Eg, [E4,Eg| =0, [E4,E7]=0, [E4, Es]=—FE7, [Es, E5]+ =0, [Es, Egl+ =0,
[Es5, Erly = %(El + Ey), [Es, Esly = Es, [Eg, Ee]+ =0, [Es, Er|y = Ey,

1
[Ee, Es]+ = 5 (B2 — Bv), [Br, Eq]+ =0, [Br, Bsly =0, [Es, Esly = 0.
Considering a N x N block matrix of the form:

Ay Ay An_q1--- A4 A3 Ay B
Ay A Ay - As A, As B
As Ay A, - Ag As A, B
W(AL, Ao, Ax,B,C,D)=| — T (23)
AN 2 AN 3AN_4--- AJAN AN B
AN 1 AN 2AN_3--- A2 Ay AN B
AN AN 1AN-2--- A3 Ay A1 B
C C c -.-.C C C D

where Ag,1 < k < N, represent N arbitrary square matrices, B is a column vector, C is a row
vector and D is a first-order matrix. The Lie superalgebra spl(2,1) can be enlarged to the Lie
superalgebra spl(2N,1) by means of (2.3) in [31] and [35]:
m+1
Eyppr=W (0 --- 0 e 0 -+ 00 00
m+1

Eypi2=W (0 --- 0 Ir 0O --- 00 0 2
0O --- 0 €2 0O --- 00 0 O

m—+1
0o --- 0 es o --- 00 00O

( )
( )
(00 )
( )
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m=0,1,...,N—1,
E4N+1=W<0~-000---061000), E4N+2:W<0---000~'-0€0100>>

E4N+3:W<O~--000---006{00>, E4N+4:W(O---000-'-OOeOTIO>.

The above matrices satisfy the following (anti) commutative relations

where

Eim+1, Eant1 [E4m+27 Eun+2] = [Eam+3, Eanys] = [Eam+a, Eanya) =0,

Eam+1, Eanys Esm+n—on)+3,

E4m+3,E4n+4 E 4(m+n—oN)+1>

[ ] =
[ =
[Eam+1, Eanya] = _2E4(m+n oN)+4
[ =
[Eama3, Ean 1] = [Eamy3, Ean+a] = [Eam1a, Eany2] = [Eamia, Eany3] = 0,
[

Esmi1, Eany1] = —[Eamy2, Eany1] = [Eams3, Eany2] = Eanya,
= [Bim+1, Eany2] = —[Eam+2, Eanyo] = [Eamia, Eani1] = Eanyo,
— [Bam+1, Bany3] = [Bama2, Bany3] = —[Eamya, Eanya] = Eanys,
[Eam+1, Ean+4] = [Eamt2, Ban 4] = —[Eam+3, Eant3] = Ean 14,

[Ean+1, BEany1)+ = [Ean+1, Eant2]+

= [Esn+2, Eanyo]+

]

]

= [Eany3, Eanis]+

= [Ean+3, Eanta]+
]

= [E4nt4, Eanya)+

-0,
N-1
[Ean+1, Eanis]y = §(E4m+1 + Etm+2),
1=0
N-1
[Ean+1, Eanya]+ = Eim+3,
1=0
N-1
[Ean+2, Eany3]+ = Eymsa,
=0
N-1
[Ean+2, BEanya]+ = 5(_E4m+1 + Eymy2), my,n=0,1,..,N -1,
=0

(2.4)

0, 0<m+n<N-—1,
g =
1, N<m+n<2N -2

3. A generalized nonisospectral multi-component super integrable
AKNS hierarchy

In this section, we derive a new generalized nonisospectral multi-component super integrable
AKNS hierarchy associated with the Lie superalgebra spl(2N,1). We consider the spectral prob-
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lems with a perturbation term hy

(wtﬂ :?wu wt = 21/}7 )‘t = Z k’b(t))\_la

i>0
Y =W(Y, Yo+ Yy Y, Y} 0)

N
=(A+hn)Er + Z(piE4i—1 + qiEyi)
=1
+aFsNi1 + BEsNt2 + YEuN 3 + CEyN 4,
Z =W (Zy Zy--- Zn Zq Zp Ze)
N
= (aiBsi—3 + biEsi_s + c;Esi_1 + diEy;)
=1
+ pEsN 1 + VEsN 2 + 0EiNn13 + O BN 14,

where

A+ h 0 p,;
Y] = ( N) 4! Y= Dy ’

a —(A+hy) q; 0

Y, = (a5>T, Y, = (7C>v j=2,...N,

am +b c T
Zm = m m m , Za — (/’L V> ,
dm _am+bm
N
Zy = (Q 5) , Le= Z(Qbi)’ m=1,2,...,N,
i=1

here hy = n(>_ (pign+1—i + oy + BC)), n is an arbitrary even constant. py,, ¢m, m =1,..., N,
i>1

are bosonic, while a, 3, v , ¢ are fermionic. And @, by, Cm, dp commuting, while u, v, o, §

anticommuting.

Taking the following Laurent series expansions
Qm = Zami)\_za by = mel)\—z’ dpm = dei/\—z’
i=0 i=0 i=0
o oo o
Cm =Y CmiA " =) AT v=) wid T (3:2)
i=0 i=0 i=0
oo o0
Q:Zgi)fz, 52251')\71, m=1,2,...,N,
i=0 i=0
in the stationary zero curvature equation
Y
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we have

1
ae=pidi —qer+ Y (prdi — qrar) + Jlae+yu =P8 —Cr)+ X,

k-+l=N+2
2<k,I<N
1
Apgy = Z (pidj - QiCj) + Z (prd; — qrc) + 5(04@ + vy — po — Cv),
i+j=r+1 k+l=r+N+1
1<i,j<r r1<k,I<N

1
bm,:c = §(CKQ+’YM+,B(5+ C’/>7

Cmx = 2()\ + hN)Cm - Z 2piaj - Z 2ppa; + ad — ,UJCa
i+j=m+1 k+l=m+N+1
1<6,j<m mA1<k,I<N

dno = =20+ hn)dm+ D> 2qa;+ > 2qpa+ Bo— v,

i+j=m-+1 k+l=m+N+1 3 4
1<ij<m mA1<k,I<N (3.4)

r=2,....,N, m=12,...,N,

N
pe = A+ hn)p+ Y (piv + a(—ai + b)) — Bei),
i1
N
ve = —(A+hn)v+ > (gip+ Blai + bi) — ady),

=1

N
0 =—(A+hn)o+ D (—ad +y(ai — b) + (dy),
i=1
N
0o = A+ hn)d+ > (=pio — Clai + bi) + yei).
i=1

Taking Z(" = ()\”2)+ + An, A§”) = 3" ki(t)A\"", where the modification term
=0

7

Fy 0 -~ 0 0 0
0 —Fy--- 0 0 0

N R 55

0 0 ---Fy 0 0
0 0 0 —FnO
0 0 0 0 O

Solving the zero curvature equation

or. | ‘lYAgn) _ 7 47,20 0,
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we derive

which give rise to the identity

(hnt, = Fe,

Pm,t, = 2Cm,n+1 + 2pm Fn,
qm,t, = *2dm,n+1 —2qmFN,
at, = pnt1 +aly,

Bt, = —Vn+1 — BEN,

Y, = —Ont+1 — VN,

Gt = On41 + CEN,

O (pigv1-i + @y + B, = (—2anm11)e-

i>1

Therefore, we obtain Fiy = —2nan+1, here 7 is an arbitrary even constant.

generalized nonisospectral multi-component super AKNS hierarchy is derived:

Pm

Ug,, =

~ 2 ™ 2

ln

2¢mmnt1 + 2pm(—2naNn11)

—2dm g1 — 2qm(—20aNn41)
fn+1 + a(=2nanni1)
~Vnt1 — B(—2nanni1)

—0n+1 — Y(—2nann+1)

Ont1 +¢(—2nann11)

(3.7)

Then the

In (3.2), the coefficients @i, bii, ¢mi, etc. represent undetermined functions. These coefficients
are uniquely determined through (3.4), which itself is specified by initial conditions. The AKNS
hierarchy (3.8) is then obtained by applying these initial conditions to (3.4) and subsequently
solving the resulting zero-curvature equation.

3.1. Super bi-Hamiltonian structure

Making use of the supertrace identity, we can obtain the super bi-Hamiltonian structure as-
sociated with the Lie superalgebra spl(2N,1). The following results are obtained by a direct

calculation from (3.1):

~ Y

~ 9Y
(Z,—-v) =2Nay, <Z7%> = 2nNgna1 + Ndy,
1

"IN
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~ oY ~ Y

7,2 = 29N~ay — No, (Z,2-) = 2qNCa; — N

( ,8a> nN~a1 — No, ( 785) nN¢a; — N§,

~ Y ~ Y

<27;>:_2nNaa1+Nﬂ, <Z,(ZC>:—27]NBCL1—|—NU, r=2,...,N. (3.9)

Taking the Laurent series expansions (3.2) in the supertrace identity
5 [,5 0Y & 5 Y
o~ Zvid :)\_'Yi)\'YZ’T’ u= ) s Gy My )y Ta :1>27"'7N7

and comparing the powers of A , we have

2ngna1 pt1 + dipt1
2NpNa1 1 + C1nt1
2ngN-101,n+1 + AN nt1

2NPN-1a1,n+1 + CNt1

St + damss _ 5Hq;+1’ f{'nJrl = / n—li— . (—2aq py2)dx. (3.10)
2npra1 pi1 + C2 g1
2NYa1,n+1 — Ont1
2n¢a1n+1 — dnt1

—2naay pi1 + ot

—2nBaini1 + Va1

Therefore, the super bi-Hamiltonian structure of the generalized nonisospectral multi-
component super integrable AKNS hierarchy is obtained:
0Hni1
ou
~ ~ ~ §H, -~ - - -
= QNLNRNW + (—2nQNLNGN + QNMpN)kn(t)z,

ut, = éNéN ZWQNCNJNan(t)x

(3.11)

where Gy = (gv pn av-1 pn-1 - @ ;1Y ¢ —a —B)T, and My = (q1_p1 qv Py av-1
PN—1 - @2p2 —7 —C « B)T, N > 2, and the super Hamiltonian operators Qn, Ry, Ly are
presented in Appendix A.

4. A generalized nonisospectral three-component coupled super
AKNS integrable hierarchy

In this section, when N=3, the Lie superalgebra spl(2N,1) could be reduced to the Lie superalge-
bra spl(6,1). In order to better understand our paper, we obtain the generalized nonisospectral
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three-component coupled super AKNS integrable hierarchy associated with the Lie superalge-
bra spl(6,1). Then, the super bi-Hamiltonian structure of the generalized nonisospectral three-
component coupled super AKNS integrable hierarchy is derived.

Lie superalgebra spl(6,1) whose basis is

eg 000 I 000 es 000
0eg 00 0,00 0ex 00
Elz y EQZ ) E3: )
00e0 0010 0 0ex0
0000 0002 0000
e3 000 0 0e 0 00IL,0
Oez3 00 eg 000 I, 000
E4: ) E5: ) Eﬁ_ )
0 0e30 0ep 00 0,00
0000O0 0000 0002
0 0ey0 0 0e30 0ep 00
es 0 00 e3 000 0 0e1 0
E7: ) ESZ ) E9_ )
0ex 00 Oez3 00 e1 000
0000 00O00O0 0000
0,00 0ea 00 Oez3 00
00I,0 0 0ey0 0 0e30
Eqo = , B = , Fia = ;
I, 000 es 000 e3 0 00
0002 0000 0000
000eg 000en 0 0 00O
000610 000601 0 0 00O
Ey3 = , B = , Ei5= ;
000610 000601 0 0 00O
000 0 000 0 elyely el 0
0 0 0O
0 0 00O
Eig = (4.1)
0 0 00O
e0T1€E‘)F1€0T10
which satisfy
[E1,Eo] =0, [Ei, Es] =2E3, [Ey, Ey =—-2E, [E,E5]=0, [E,Es =0,
[E1, E7] = 2E5, [Er, Es| = —2Fs, [E1, Ey| =0, [E1,Eio] =0, [Er, En]=2En,
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Ey,E3] = —2Ey2, [E1, E13] = E13, [E1, Ev4] = —Eg,
E\,E5] = —E5, [E1, Ei6] = Eis,

, [E2, Ey] =0,

Ey,E19] =0, [Es,En] =0, [Ea E] =0, [Ey, E3]=—Es,
Ey, B4l = —FEv4, [Es, Eis] = Eis,

Es, Eve) = E16, [E3,E4) = E1, [E3, Es| = —2E7, [E3, Eg] =0,
| =0, [Es, Es] = Ex,

| = —2E11, [E3,E10] =0, [E3, En|=0, [E3, E3]= Ey,
E3,E13] =0, [E3, E4] = E3,

B3, Ev5] = —Ene, [E3, Erg] =0, [Ea, E5] =2Eg, [Ey, Eg] =0,
E, = —F5, [Ey, Eg] =0,
Ey =2FE12, [E4,E10] =0, [Ey, En]=—FEy, [E4, E2]=0,
Ey, E13] = B4, [Ey, B14] =0,

Ey, E15] =0, [Ey, B¢l = —E15, [Es, Eg) =0, [Es, Er] =2FE1,
Es,Eg) = —2E12, [Es,E9| =0,

Es, B0l =0, [Es, En1] = 2E3, [E5, E1o] = —2Ey4,

Es,E13] = E13, [Es, Ei4] = —FEug,

Es,E15] = —E15, [Es, Ei6] = Eie, [E6, E7] =0,

Es,Eg]) =0, [Eg, E9] =0, [Es, E1p] =0,

E¢,E11] =0, [Eg, E12] =0, [Es, B3] = —E13, [Es, B14] = —FEh4,
Eg, E15] = E1s, [Es, Erg] = i,

Er, Eg] = Ey, [F7,E9| = —2Es, [E7,E10)=0, [E7,E11]=0,
Er7,E19] = B, [E7,Ei3] =0,

E7, E14] , |7, E15] = —FE16, [E7,E16] =0, [Es, Eg| = 2E4,
Eg, Eyo) =0, [Es, E11] = —FEx,

Eg, Eys) [Eg, E13] = B4, [Eg, E14] =0, [Eg, E15] =0,

Eg, Ey¢) = —E15, [Eg, E1o] = 0,

Ey | =2E;, [Ey, E12] = —2E3, [Ey, F13] = E13,

Ey, B4 = —FEv4, [Ey, E15] = —Eis,

Ey ]

Evo, Ers] = Ers, [Evo, Eis] = Ee, [Eri, Ei2) = Es, [En, B3] =0,
Ei1, Ei5) = —Ei6, [En, Eigl =0, [Eig, Ei3) = Fia, [Ei2,E14] =0,

3 [E27 E4] — 0) [E27 E5] - 07 [E27 EG} - 05 [E27 E7] - 07

,E16) = E16, [Er0,E11] =0, [Ei, E12) =0, [Eio, E13] = —Eh13, [Eio, E14] = —FEa,

[Ev1, Era] = Ens,
[E12, Eq5] =0,

1
[Ei2, Ev6] = —E15, [Eis, By =0, [Eis, Ei5]4 = §(E1 + Ey + Es + Eg + Eg + Eqp),

[Ehs, Ei6)l+ = B3+ E7 + En, [Ew, Eis)+ = Eq+ Eg + Eg,
1

(B4, Er6l4+ = 5(—E1 + Ey — E5 + Eg — Eg + Eqp),

[Eis, E16l+ =0, [Ei3, B3]+ =0, [Ei4, E1a)4 =0,
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[E1s, E1s)y =0, [Eie, Bty =0,

where €1, €2, €3, €10, €01 are given by (22), El, EQ, Eg, E4, E5, Eg, E7, Eg, Eg, Elo, EH, E12 are
even, E13, E14, E15, F1g are odd, € € R, [., .] is commutator and |. , .|+ denotes anticommutator.
Let Gl :span{El, EQ, Eg, E4, E5, E6, E7, Eg, Eg, ElO, EH, E12}, ngspan{Elg, E14, E15, E16}, then
spl(6,1) = G; @@ Ga. Denoting

[Gz‘, Gj] = {[C, D”C e G;,D e Gj}, [Gz’,Gj]_;,_ = {[C, D]+’C e G;,D e Gj},
the closure properties between (G; and Gg are given by
[leGl] g Gl; [GlaGQ] g G27 [G27G2]+ g Gl-

Considering the super AKNS spectral problems related to the Lie superalgebra spl(6,1):
Va=Y0, vr =70, M=) k(AT
i>0
YiYsYa Y,
YaY1Y3Y,
YsYaY1Y,
Yo %Y, 0
=(A+h3) By +p1E3 + By + pa By + g s + p3 By
+ q3Er2 + aErs + BE14 + vE15 + CEng, (4.2)
Z Ly 3 L,
Lo 2y Zy Ly
Z3 Zy 71 Zg
Zy Zy Ly L,
=a1FE1 + b1 By + c1 B3 + diEy + asEs + baEg + co By
+ daEg + azEg + b3 Ero + c3 B + d3Fag
+ pE13 + vE14 + oE15 + 0Eqg,

N
I

where

(A + h3) p1
q1 —()\ + hg)

Y, =

0
Yé: b2 ;

g2 0

0

YE’): b 5
g3 0

Y, = (aﬁ)T, Y= (v¢)

ar+br
1= )
dy —a1+ by
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as + by &)
2 — ’
do  —ag+ by

as+b c
7, = 3 3 3 7

ds —as+ bs

7y = (W)T, 7, = <Q5), Zo = 2(by + b + b3),

P1, 41, P2, G2, P3, g3 are even, while «, 8, v, C are odd, ay, by, ¢1, di, az, by, 2, da, as, b3, c3, d3 are
commuting fields, while p, v,0, § are anticommuting fields. Here hs = n(p1gs + p3q1 + oy + 5¢),
1 is an arbitrary even constant.
Solving the stationary zero curvature equation
_ oY _

we obtain the recursion relations
1
Az = —q1¢1 — q3¢2 — qac3 + prdy + p3ds + pads + 5(040 +p— B6 — (V) + A,

1
a2y = —@2C1 — q1C2 — q3€3 + padi + pida + p3ds + < (o + v — B0 — (),

2
a3z = —q3C1 — q2C2 — q1¢3 + p3dy + pady + prd3 + %(a@ +p— B0 — (),
bia = 500+ i+ 5 + (),
baw = 50+ + B5 + (),
b = 50+ + B5 + (),

c1z = 2(A + h3)e1 — 2prar — 2p3az — 2p2az + ad + Cp,

2z = 2(A + h3)ca — 2paar — 2prag — 2p3as + ad + (p,

3z = 2(A + h3)es — 2p3ar — 2paag — 2pras + ad + (p,

diz = —2(X + h3)dy + 2q1a1 + 2q3a2 + 2g2a3 + Bo + v,

doz = —2(\ + h3)da + 2qea1 + 2q1a2 + 2q3a3 + Bo + v,

d3z = —2(\ + h3)d3 + 2q3a1 + 2q2a2 + 2q1a3 + Bo + v,

Uy = (/\ + hg)ﬂ + (p1 + p2 +p3)V + (—a1 —ag —az + by + by + bg)a — (61 +co + 03)5,
ve=—(A+h3)v+ (@1 + g2+ g3)p+ (a1 +ag + a3 + by + by +b3)8 — (d1 + da + d3)a,
0: = —(A+h3)o— (@1 +g2+g3)0 + (a1 +az + a3 — by — by — b3)y + (d1 + d2 + d3)(,
[0 = (A+h3)d — (p1 +p2+p3)o+ (—a1 —ag —az — by — by — b3)( + (¢1 + c2 + ¢3)7.

(4.4)
By substituting the Laurent series expansions

o0 00
Am = Z AN, by = E brni A",
1=0 =0

00 00
Cm = E Cmi)\_za dp, = dez)\_zy
i=0 1=0
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[e.e] o0
m=12 o= oA, §=2) &7,
i=0 i=0
o0 o0
W= Z,ui)\_i, V= Z A",
1=0 1=0

into (4.4), the recursion relations are derived as follows:

1
A1iz = —q1C1i — q3C2 — q2¢3; + p1di; + pada; + pads; + - (s + v — B0 — Cv) + ki(t),

2
1

a2i ¢ = —Qq2C1; — q1C2; — q3€3; + padi; + prda; + p3ds; + i(OéQi + vy — B — (),
1

a3iz = —Qq3C1i — q2C2; — q1¢3; + p3di; + pada; + prds; + 5(0491 + v — B — (i),

1
biiz = 5(0@' + ypi + Bo; 4 Cvi),

1
boiz = 5(0@' + ypi + Bo; 4 Cvi),

b3iz = %(0@' + i + B + Cvi),

clig = 2(A + h3)c1; — 2p1a1; — 2p3ag; — 2p2az; + ad; + (i,

c2ip = 2(A + h3)cai — 2p2a1; — 2p1ag; — 2p3as; + ad; + (i,

c3ie = 2(X + h3)czi — 2p3ar; — 2paag; — 2p1az; + ad; + (i,

diie = —2(A + h3)dy; + 2qra1; + 2q3a2; + 2q2a3; + Bo; + v,

doie = —2(A + h3)da; + 2qea1; + 2qra2; + 2q3a3; + Bo; + v,

d3iz = —2(X + h3)ds; + 2q3a1; + 2q2a2; + 2q1as; + Boi + Vv,

iz = (A + h3)pi + (p1 + p2 + p3)vi + (—a1; — azi — azi + byg + ba; + bzi)a — (c1i + c2i + ¢34) B,
Vie = —(A+h3)vi + (q1 + g2 + q3) i + (ari + azi + azi + b1 + ba; + b3;) B — (dis + do; + d3;),
0iz = —(A+ h3)oi — (q1 + @2 + @3)0; + (a1; + ag; + az; — by — ba; — b3;)y + (di; + dai + d3;)C,

diz = (A + h3)d; — (p1 + p2 + p3)oi + (—a1; — agi — azi — b1y — bai — b3i)C + (c1i + c2i + €3i)7-
(4.5)

\

Taking initial values

aip = azy = azp = 1,
bio = bao = b3g = c10 = c20 = €30 = d1g = doo = d3o = 00 = 0o = po = Vo = ko(t) =0,

then we obtain

aiy = ki(t)r, as =asz =0,

bi1 = ba1 = b31 =0,

€11 = €21 = €31 = P1 + P2 + P3,

din=do1 =ds1=q +q+q3, m=3a, v1=38, 01=3y, 0 =3

1 3 3
aip = —5(291 +po+p3)(@1+q2+q3) + Je + §Cﬂ + ka(t)z,

1 3 3
a = —5(]01 +po+p3)(q1 +q2+q3) + 57 + iCﬁ,
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1 3 3
aza = —=(pr+p2 +p3)(q1 + 2 + q3) + sy + iCﬁ,

2 2

bz = bay = b3z = %Wa - gCﬂ}

cl2 = %(pu + P2z + p3z) — h3(p1 + p2 + p3) + prka(t),
o2 = %(phg + P2z + P3z) — ha(p1 + p2 + p3) + p2ki(t),
c32 = %(plx + pox + p3a) — h3(p1 + p2 + p3) + pski(t),
diz = _%(QM + q2e + q32) — h3(q1 + @2 + q3) + @1k (t),
do = _%((hx + @20 + q32) — h3(q1 + @2 + @3) + @2k1(t),
dzz = _%(QI:E + q2r + q32) — h3(q1 + @2 + g3) + g3k (t),

po = 3o — 3hga + aky(t)x, vo = =30, — 3hsf + Bki(t)x,
02 = =37z — 3hgy +vk1(t)z, 62 = 3 — 3hs( + Cki(t),

1 1
c13 = Z(pla:x + P2za + P3zx) — §h3x(p1 + p2 + p3) — h3(P1e + Pow + D32) + h3(p1 + P2 + p3)
1 3 3 3
- 5(291 +p2+p3)* (@1 + g2 +q3) + 5(131 + p2 + p3)yo + 5(}01 +p2 +p3)(B — §a<x
3 1 1
- igaaz + (§p1x$ + oP1 = hspirx)ki(t) + prka(t)z,
1 1 )
c23 = 7 (P1aw + P2aa + P3aa) — §h3x(p1 + p2 + p3) — h3(P1o + p2u + P3x) + h3(p1 + P2 + p3)

1 3 3 3
— 5P+ P2+ p3) (@1 + a2+ s) + S (1 + P2+ pa)ve + S (P P2+ p3)CB = Sak

2 2 2
3 1 1
- 54% + (§p2mw + ke hapax)ki1(t) + p2ka(t)x,

1 1
c33 = Z(le + P2za + P3zz) — §h3x(p1 + p2 + p3) — h3(P1e + Pow + D32) + h3(p1 + P2 + p3)

1 3 3 3
= 51+ P2t p3) (a0 + a2+ a3) + 51+ P2+ pe)yat o1+ pat pa)(B - Sk

g) 1 1
- icaaz + (§p3:c«’13 + 53— hapsx)k1(t) + pska(t)x,
diz = i((ﬂ:w + Qe + q32x) + %h3z<QI + a2 + q3) + h3(q1e + @20 + @32) — %(m + g2+ 3)%(p1
+p2 +p3) + g(‘h + a2+ g3)ve+ g(m + a2+ 63)C8 + hi(a + a2 + ¢3) — ;6% - g’yﬁz
— (hsqrx + %Cﬁxm + %fh)kl(t) + qika2(t),
doz = i(‘hxw + @2z + q322) + %h?’x(éh + g2+ q3) + h3(qz + g2z + g32) — %(m + a2+ 43)° (1
Fptp) 4 (@ @ et S+ i+ a)B W o+ a) — 8% — v

1 1
— (hggoz + 592t + 5Q2)k1(t) + qoka(t)x,
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1 1 1
dsz = —(Qize + Qee + @Baa) + §h3m<QI + g2+ q3) + ha(que + g2 + @32) — =(q1 + g2 + ¢3) (1

4 2
+p2 +p3) + g((h + a2+ g3)ve + g(% + a2+ 63)C8 + hi(a + a2 + ¢3) — ;B% - g’yﬂz
— (hsgzx + %%ﬂ + %(B)k’l(t) + qzka(t),

ags = —ia_l(fh + g2 + @3) (P1ow + P22z + P3wa) + 28_1(}91 + p2 + p3)(Q1ez + G2z + G3ax)
+ %3’1(—(131)1 — P22 — p3qu + v+ (B)ki(t) + 28717/6(]7190 + P2 + P3e — Q1 — Q22 —432)
+ 3ayhs + 38Chs — gﬂcx - gCﬁx + ga% + g’yax + (p1 + p2 + p3)hs(q1 + g2 + g3)
+ %(—P1CI3 —p2g2 — p3q1 + o + (B)ki(t)z,

(13 = 3z — 3haga — 6h3ay + 3h3a + 3(p1 + p2 + p3)fe — §04(191 +p2+p3)(q1 + 2 + q3)

2
3
+ 55(291:;: + P2z + p32) + 9alB + (apx + a — hgax)ki(t) + ake(t)x,

3
V3 = 3Bue + 3haef + 6h3fBe + 3h23 + 3(q1 + ¢2 + q3)ar — 55(171 +p2 +p3)(q1 + 2 + q3)

2 e + @2 + a52) + 987 — (Bo + B + haBr)ki(t) + Bha(t)a,

2
3
03 = 3Vew + 3h3ey + 6h3ve + 3h3y — 3(q1 + g2 + q3)C — 57(171 +p2+p3)(q1 + q2 + q3)
3
- 5(((119: + @2z + @2) + 9B — (Ve + v + hayx)ki(t) + vka(t)z,
3
63 = 3oz — 3h3:C — 6h3C, + 3h3C — 3(p1 + P2 + P3)Ye — 5((]91 +p2+p3)(q1 + g2 + g3)

- %’Y(@hx + @2z + q32) + 9va + (Gox + ¢ — haCx)ki (t) + Cha(t)x.

We take 2™ = (A\"Z) . + Ay, Aﬁ”) = f:ok‘i(t))\"_i, here Ag is the modification term:
F5 0 0 0 0 O
0—-F30 0 0 O
0 0 F3 0 0 O
0
0

A3=10 0 0—F;0 (4.6)

o o o o o

0 0 F3
0 0 0 —-F30
0 0 0 00

o o O

0
0
0

To obtain the generalized nonisospectral super AKNS hierarchy, we solve the zero curvature
equation
oYy oYy — — =
C i+ Tz 4y, 2™ =0,
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and derive
h3t, = F3z,

P1t, = 2C1n+1 + 2p1 k3,

Q1 t, = —2d1 41 — 21 F3,

P2t, = 2C2n+1 + 2p2 k3,

Q2.t, = —2dan1 — 2213,

P3t, = 2C3n+1 + 2p3F3, (4.7)
43, = —2d3n1 — 2q3F3,

at, = pnt1 + aF3,

Bt, = —Vnt1 — BF3,

Vtn = —Ont1 — VE3,

Gt,, = On+41 + CF5,

which give rise to the identity

(143 + p2g2 + P3q1 + oy + B, =2¢3¢1 n+1 — 2p1d3 041 — 2p3d1 41 + 2q1C3 041 + 2G2C2 41
— 2pada i1 + fnt1Y — Q0nt1 — Vnt1C + Bopg
:(_2a3,n+1)m- (48)

Hence, we find F3 = —2nas n41, where 7 is an arbitrary even constant. Then the generalized
nonisospectral super AKNS hierarchy is obtained:

p1 2¢1 41 — 4Np1az ni1

Q1 —2d1 41 + 4Anqraz nta

P2 2¢2n41 — ANp2a3 i1

q2 —2d2 41 + 4Ng2az n41

T, = ps{  _ 2c3 nt1 — 4ANp3ag n+1 ‘ (4.9)

q3 —2d3n11 + 4Nq3a3n41

a Hnt1 — 2NQa3 pn41

B —Vn+41 + 2n8a3 ni1

g —On+1 T 21743 n41

¢ Ont1 — 2nCazni1

tn

The terms ., bmi, Cmi, €tc. in the Laurent expansion are undetermined coefficients. These co-
efficients are uniquely specified by (4.5), which is itself determined through initial conditions. By
applying these initial conditions to (4.5) and solving the corresponding zero-curvature equation,
we derive the complete 10-component system (4.9).

When n=1 in (4.7), we get

DLy = Pie + D2x + paz — 2h3(p1 + p2 + p3) + 20p1(p1 + 2+ p3) (@1 + @2 + q3) — 6np1ya
— 6np1(B + 2p1k1(t)z,
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@ty = Qe + @2 + @32 + 2h3(q1 + a2 + q3) — 2nq1(p1 + P2 + p3) (1 + @2 + ¢3) + 6Ny

+61q1¢B — 2q1 k1 (t)x,

Doty = Pl + P2z + P3x — 2h3(p1 + p2 + p3) + 2np2(p1 + p2 + p3) (@1 + @2 + g3) — 6npaya

— 6mp2( B + 2p2ki (t)x,

@4, = iz + @2 + @32 + 2h3(q1 + g2 + ¢3) — 21nq2(p1 + P2 + p3) (1 + g2 + ¢3) + 6Ny

+ 6nq2CB — 2q2k1 (1),

D341 = Pl + P2z + p3z — 2h3(p1 + p2 + p3) + 20p3(p1 + p2 +p3) (@1 + g2 + g3) — 6np3ya

— 6np3(B + 2p3ki(t)x,

@3ty = Qz + @22 + @32 + 2h3(q1 + 2 + @3) — 2ng3(p1 + p2 + p3)(q1 + q2 + g3) + 6ngz3YQx

atl

/Btl
Y1

+ 61938 — 2q3k1(t),
= 3oz — 3hza + an(pr + p2 +p3)(q1 + g2 + q3) — 3nalB + aky(t)x,
= 3Bz + 3h3B —nB(p1 + p2 + p3) (@1 + g2 + q3) + 3nBya — Bk (1),
= 372 + 3hgy — ny(p1 + p2 + p3) (a1 + g2 + q3) + 3B — k1 (V)

Gty = 3¢ — 3haC +n¢(p1 +p2 + p3)(q1 + g2 + q3) — 3nCya + Chi(t)z.

When n=2 in (4.7), we have

pl,t2 -

Q1,t2

p2,t2 -

1
i(plw:v + Poxa + p3a:x) - h3x(p1 + p2 + p3) - 2h3(p1x + P2z +p3x) + 2h§(p1 + p2 +p3)

— (p1r+p2+p3)*(q1 + @2 + @3) + 3(p1 + P2 + p3)ya + 3(p1 + p2 + p3)CB — 3al, — 3Cay
+np1(q1 + g2 + q3)(P1a + P2o + P32) — np1(p1 + P2 + P3)(q1e + @20 + G32)

— 3010~ YB(Pra + P2z + P3e — Qlz — Q2e — G3a) — 2np1(6avhs + 65Chs — 3¢, — 3( B,
+ 30z 4 3yas + 2(p1 + p2 + p3)hs(q + g2 + a3)) + (2nplas® + 2np1p2ger + 2np1psqra
— 2npryax — 2np1CB + prax + p1 — 2hapr)k(t) — 2010~ (—gsp1 — paga — P3qu + Y
+ (B)k1(t) + 2prka(t)z,

1
= ——(Qrex + Qez + @az) — hae(q1 + @2 + @3) — 2h3(q1z + G2z + q32) — 2R3 (1 + @2 + g3)

2
+ (g1 + g2+ @3)*(p1 + 2+ p3) — 3(a1 + @2 + @3) v — (@1 + g2 + ¢3)CB + 3872 + 376z
—nq1(q1 + @2 + 3) (P12 + P22 + P32) + 191 (P1 + P2 + P3)(q1z + G20 + G32)
+ 3010 VB (P12 + Pox + P3e — Qie — @20 — G30)
+ 2nq1(6aryhs 4 63Chs — 36C, — 3CBz + 3ay, + 3y,
+2(p1 + p2 + p3)hs(q1 + g2 + ¢3)) + (—2n@p1g3 — 2n@P2q2x — 290G p3T + 2@y
+ 201 Ba + 2hsqix + quo® + q1)k1(t) + 2010 (—g3p1 — P2g2 — P3q + Yo + (B)ka(t)
—2q1ko(t)z,

1
i(plm + P2zx + p3xm) - h3m(p1 + p2 + p3) - 2h3(p1:r + pog +p3x) + 2h§(ﬁ1 + p2 +p3)

— (p1+p2+13)*(q1 + g2 + q3) + 3(p1 + p2 + p3)ya + 3(p1 + p2 + p3)(B — 3aly — 3Cag
+np2(q1 + g2 + q3)(P1z + P22 + P3) — Mp2(P1 + P2 + p3)(q1z + 2z + ¢32)

— 3np20 " Y B(Pra + P2e + P32 — Gz — G2z — @32) — 2np2(6ayhs + 68Chs — 3¢ — 3¢ B,

+ 30y, 4 3v0 + 2(p1 + p2 + p3)hs(q + @2 + @3)) + (2npapras + 20p3qex + 2np2psi@
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— 2npayax — 2npa( BT + pao + P2 — 2hapaz) ki (t) — 20p20 " (—gs3p1 — P2g2 — P3q1 + Yo
+ CB)k1(t) + 2p2ka(t)x,
1
@ty = — = (Qrex + Quz + @3az) — hae (@1 + @2 + 3) — 2h3(q1z + G2z + q32) — 203 (1 + @2 + g3)

2
+ (g4 a2+ a3)*(p1 + P2+ p3) — 3(q1 + a2 + g3)va — 3(q1 + g2 + 43)CB + 387z + 3v6s
—1g2(q1 + @2 + 43) (P12 + P2z + P3a) + 1q20" " (p1 + P2 + P3)(G1z + Q20 + G32)
+ 310920 VB (P12 + Pox + P3r — Qix — G2 — Q32
+ 2nq2(6ayhs 4 65Chs — 3¢, — 3(fs + 3oy, + 3va,
+2(p1 + p2 +p3)h3(qr + g2 + q3)) + (—2nq2p1g37 — 2Ng2p2q2x — 21N@2P3q1T + 2ng2 YT
+ 2ng2( B + 2h3qax + qao® + q2)k1(t) + 2020 (—q3p1 — P2g2 — P3q1 + Yo + (B)ka(t)
— 2qoko(t)x,

1
P34y = = (Plzx + Powz + P3zx) — haz(P1 + D2 + p3) — 2h3(Prz + p2w + P3x) + 2h3(p1 + P2 + p3)

2

— (p1+p2 +p3)* (a1 + @2 + a3) + 3(p1 + p2 + p3)ya + 3(p1 + p2 + p3)(B — 3als — 3Cay
+np3(q1 + g2 + q3)(Prz + P22 + P3z) — MP3(P1 + P2 + p3)(Q1z + G2z + G32)

— 3np30 ' YB(P1a + P2z + DP3w — Gz — G2x — G30) — 20p3(6ayhs + 68Chs — 38( — 3¢S,
+ 30y, + 3v0 + 2(p1 + p2 + p3)hs(q1 + @2 + q3)) + (2npspras + 2npspagex + 2nP3q1T
— 2np3yax — 20p3CBr + paut + p3 — 2hap3x)ky (t) — 2np30~ (—qzp1 — page — P3q1 + Yo
+ ¢B)k1(t) + 2p3ka(t)z,

1
Bty = — = (Qrax + Gez + Goz) — M3 (@1 + q2 + @3) — 2h3(q1z + G2z + @32) — 213 (1 + @2 + ¢3)

2
+ (g1 +q2+q3)* (01 +p2+p3) — 31 + @2+ @3)va — 3(q1 + g2 + @3)CB + 387x + 376

— ng3(q1 + g2 + @3) (Pre + P2z + P32) + 1930 (p1 + P2 + p3) (Q1z + G20 + G30)

+ 31930 YB(P12 + P2x + P3z — Qe — G20 — G32)

+ 2nq3(6avhs + 68Chs — 38C: — 3¢Bz + 3ays + 3yay

+2(p1 + p2 + p3)hs(qr + g2 + 3)) + (—2np1a3x — 2ngapaqs — 2ngspsqr + 2ngzyaw
+ 20g3( BT + 2h3q37 + q3.x + g3)k1 (1) + 2ng30 ™ (—gsp1 — paga — p3qy + v + (B)ka (t)
— 2q3ka(t)z,

3
Qty = 30y — 3hgza — 6hzay + 3hia+ 3(p1 + pa + p3)Be — —a(p1 +p2 +p3)(q1 + g2 + g3)

2

3 1
+ 5/3@71&: + p2z + p3z) + 9a(B + 57704(611 + @2 + ¢3) (P12 + P2s + D32)

1 3 _
- 5"704(1)1 + p2 + p3)(qie + @20 + q32) — 5"7048 Y B(p1x + por + D3z — Gz — G2z — Q32

- 7704(604’Yh3 + 65<h3 - 36Ca: - SCBQP + 3&73:
+ 3va, + 2(p1 + p2 + p3)ha(qr + ¢2 + q3)) — na(—p1g3 — p2g2 — p3q1 + Yo+ (B)k1(t)x
—nad N (—gsp1 — pagz — p3q1 + ya + CBk1(t) + (awx + o — hgax)ky (t) + aks(t)r,

3
Bty = 3Bux — 3h3ef — 6h3fy 4+ 3h3B — 3(q1 + g2 + q3) s + 513(171 +p2+p3)(q1 + g2 + g3)

3 1
- 504(%3: + qop + q32) — 9Py — 5775((11 + @2 + ¢3) (P12 + P2z + D32)
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63

1 3 _
+ 5775(191 + p2 + p3)(qiz + 2w + @32) + 5"758 YB(p1e + P2z + D3z — Q1o — @20 — Q32)

+nB(6ayhs + 65Chs — 38 — 3Bz + 3o

+ 3vag +2(p1 + p2 + p3)ha(q1 + g2 + @3)) + 1B8(—=p1g3 — pP2g2 — p3q1 + ya + (B)ki(t)x

+ 1B~ (—q3p1 — p2g2 — p3sq1 + va + (B)k1(t) + (Bax + B+ haBa)ki (t) — Bha(t)z,

3
Yy = —3Vaz — 3h3ay — 6h3ye — 3h3y + 3(q1 + g2 + ¢3)Ce + 57(?1 +p2+p3)(q1 + a2 +q3)

2

2
+ ny(6ayhs + 65Chs — 38C — 3¢Sz + 3o

3 1
+ =C(q1z + @22 + q32) — 9YCB — 577’7((11 + g2 + ¢3) (P12 + P2z + P32)

1 3 1
+ =ny(p1 + p2 + p3)(Q1z + @20 + @32) + 577’73 YB(P1z + P2z + P3z — Qiz — G20 — Q32)

+ 3y + 2(p1 + p2 + p3)hs(qr + g2 + g3)) + 1y (—p1gs — P22 — p3q1 + Yo + (B)ki(t)x

+ 70" H(—a3p1 — p2g2 — p3q1 + Yo+ CB)k1(t) + (Yux + v + hav)ki(t) — vh2 (),

3
Cty = 3Cow — 3h3aC — 6h3Ce + 3h3C — 3(p1 + P2 + P3) Ve — §C(p1 +p2+p3)(q1 + g2 + g3)

3 1
— 57(6113: + @2z + @32) + 9y + 5?7(((11 + @2 + @3) (P12 + P2z + D32)

1 3 .
- 5774(1?1 +p2 +p3)(qiz + @20 + @32) — 577(3 YB(P1z + P2z + P3x — Qi — G20 — G32)

— n¢(6ayhs + 65Chs — 36 — 3¢Sz + 3o

+ 3yaz + 2(p1 + p2 + p3)hs(q1 + g2 + q3)) — 1¢(—p1g3 — p2g2 — p3q1 + ya + (B)k1(t)x

—n¢O™ (—a3p1 — p2g2 — p3qu + v + CB)k1(t) + (Cow +  + haCa)ka (t) + Cha(t)m.

4.1. Super bi-Hamiltonian structure

Making use of (4.2), we get

7,550 =6, (7 50) = bnasar + 34,

(z, g;> = 6npsar + 3c1, (Z, gg> = 6ngea1 + 3ds,
(Z, (‘8)3];> = 6npeai + 3c3, (Z, 2};> = 6nqra; + 3ds,
(Z, g;} = 6npra1 + 3co, (Z, g%) = 6nya; — 3o,
(Z, ?B/> = 6nCa; — 36, (Z, (2;;> = —6naay + 3u,
(Z, ?g) = —6nBa; + 3v.

Substituting (4.10) into the supertrace identity

5 [ — 0y o _ oYy
i il — Y Y il
5u/<Z’ oy 1= AT G2 o),

u = (p17 q1,P2,492,P3,43, Oé,ﬁ,’}/, C)T7

(4.10)
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then comparing the powers of A , we have

2nq3a1 1 + di g1
20p3a1 py1 + €11
21ng201 1 + d3 g1

2np2a1 i1 + C3 11

555 / Y1 niady = (7 —n —1) zUQIal,nJrl + d2n+1 (4.11)
NP1a1,n+1 + C2n41
2yan41 — Ons1
2nCant1 — Op1
—2naan+1 + pnt1
—2nBan+1 + Vns1
Substituting n = 0 into (4.11), we find v = 0. Hence, we derive
2nq3a1n41 + di it
20p3a1 nt1 + C1nt1
2ng2a1,n41 + d3 nt1
20p2a1 nt1 + 3 n41
00041+ dant = @, Hyp1 = /—%Lmdx. (4.12)
2np1a1 ne1 + C2ng1 0w n+1

2nYan41 — Ont1
277Can+1 - 6n+1

—2NQan4+1 + Hnt1

—2nBany1 + Va1

By using the recursion relations (4.5), we obtain

d1m+1 din
C1n+1 Cln
d3n+1 dsn
C3,n+1 C3n
onir | _ L3 G2 + Mk, (1),
C2,n41 Con
—On+1 —On
_5n+1 _571
Hn+1 Hn

Un+1 Un
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where
LyLyLsGH
L3l Lo GH
L3 = Lo L3 Ly GH |,
PPPST
O0O0OUV
with
1
@107 'p1 + 307 pa + 20 1 ps — 53 — h3 —107 1 — @307 g2 — 207 g3
L1 =
1 )
P10 p1 + p30ps + P20~ p3 —p10~ 1 — p30 gy — p20~ g3 + 53 — h3
I @10 'p2 + @307 ps + 207 p1 —107 2 — @307 g3 — 207y
2 — )
P10 'pa + p30ps + 20 p1 —p107 g2 — p30 gz — P20
I @10 'ps + @307 p1 + @20 p2 —107 g3 — 3071 — @207
3 — ’
P10~ ps 4+ p30~Ip1 + p20~tpe —p107 g — p30 g — P20 ge
1 1 1
—§(Q1 + g2+ q3)0 ta — 55 §(Q1 + g2+ q3)07 18
G =
1 1 1 ’
—5(1)1 +p2+p3)0 5(1?1 +p2+p3)0 1B+ e
1 B 1 U
5(611 +q2+q3)0 Y —§(Q1 +q2+q3)0" (+ 37
H =
1 1 9
5(]?1 +p2+p3)0 1y — 3¢ —5(191 + p2 +p3)07 ¢
p_ [ O P2 ps) ¢ V0T @+ a2t as)
—CO p1+p2+ps) O Mo+ q@+a)+y
0— ad H(pr+p2+p3) —ad a1 +a2+aq3) + B
BO(p1+p2+p3) —a —BO a1+ a2+ g3)
g —0 — h3 —3y0718 — (1 + g2+ q3)
3¢0 Yo+ p1 + p2 + p3 O — hs
_ 0 307 ¢
30y 0 )
U 0 32071
—380a 0 |
v — 0 — h3 —3ad71(¢ - (p1 + p2 + p3)

3807 v+ 1 + g2 + g3 —vd — hg



66 H. Wang, J. Li & H. Cao

So, the generalized nonisospectral super AKNS hierarchy (4.9) has the following super bi-
Hamiltonian structure:

~ ~ 0H, ~
Uy, = Q3Rs——L — 29Q3Cakn (t)x
(4.13)

M, L
= Q3L3R3ﬁ + (—2nQ3L3G3 + Q3 M3)k,(t)x,

where Gz = (g3 p3 2 p2 qapLv ¢ —a =BT, My= (@1 p1 33 g2p2 —7 —C a B)T. The
super Hamiltonian operators ()3, R3 are given by:

Q13 Q11 Q12 G1 Hy
Q23 Q21 Q22 G2 Ha
@3= | Q33Q31 Q32Gs Hs | +J,
Ps PP P, ST
O3 O O,b UV

where

—4np0~'p; Anpi0~ g, —2nad~p; 2nad~lq;

Ang;0~'p; —4ng;0'q; 2nBO~1p; —2nB0~g;

200~ 'p; —2n70g; 2n p;0~ta —2np;071p

—onColp; mCo gy ) —2ng;0 ' 2ng;07'B

—2np; 0"y 2mp;0 ! adta —nad™!

| 2ROy 20 ¢ I nad—p 0<ii<s,
2nq;0 'y —2nq;07'¢ —nBo~ta npo~'p
o [0y nad™i¢ . 0~ ta 0B v Mo~y =9 ¢
nBo~ty —nBO~¢ n¢o~ta —nCo~'p —n¢oty n¢o~¢
and
0200000000
2000000000
0000020000
0000-200000
~_|oo002000000

00-20000000
0000000010
0000000001
0000001000
0000000=100
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4.2. Darboux transformation of the spectral problem

In the following, we would discuss Darboux transformations [13,20,22] of the spectral problem
Y in (4.2). The transformation can be set:

¢ =T,
where ¢ and ¢ satisfying the following equations
¢s =Y ¢,
{¢; =Y'¢,
Y’ has the same form as Y but with D1, P2, P3, 41, q2, q3, <, B, 7, ¢, and hs, replaced by

plv p2) p3, Q17 QQa q37 a, ﬁa 77 Caand h’3- ,
We can express the spectral matrices Y and Y in the following forms:

(4.14)

A+hs  p 0 P3 0 P2«

a —(\+h3) g 0 g2 0 B

0 Do A+ hs 1 0 D3 «Q

V=] ¢ 0 @ —(A+hs) a3 o B

0 D3 0 D2 A+ h3 D1 e

qs 0 72 0 @1 —(A+hs3) B

Y ¢ Y ¢ Y ¢ 0

=\Y) + Y,
1000000 hs pr 0 p3 0 po «
0-100000 @1 —hsgqgs 0 g 0 B
0010000 0 p2 h3 ;1 0 p3 a
=Al000-1000(+|qg 0 g —hsqgs 0 B,

0000100 0 p3 0 p2 hg p1 «
00000-10 3 0 @ 0 ¢ —h3p
0000000 ¥y ¢ v ¢ v ¢O0

)\—i-hé pll 0 p'3 0 p/2 o

a ~(A+hs) g 0 4 U

0 Py A+hy P 0 py o

Y= 4 0 a —(A+hy) g 0 5

0 Py 0 py  A+hy  pp o

as 0 8 0 @ —(A+hy) B

o4 ¢ ol ¢ Y ¢ 0
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=\Yp + Y]
1000000 hy py 0 py 0 py o
0-100000 q —hsqy 0 g 0 8
0010000 0 py hy p; 0 ps3 a
=X[000-1000|+|qg 0 ¢ —hzqgs 0
0000100 0 ps 0 py hy p, @
00000-=10 5 0 q 0 q —hyf
0000000 O A S
For (4.14), T satisfies the following equation:
T, +TY =Y T. (4.15)
Assume that
T =)\I1 + Ty
Apn A1z 0 Ay 0 Agg Asr Bi1 Biz 0 By 0 Big Bir
Agy Agg Aaz 0 Ags 0 Agy Ba1 Bag Baz 0 Bas 0 Boy
0 Aig A1 A1z 0 Ay Ay 0 Big Bi1 Biz2 0 B4 Bir (4.16)
=A| Az 0 Apy Aoy Aoz 0 Ay [ + | Bas 0 Boy Bay Bag 0 Bay
0 Ay 0 Ay Apg Az Arr 0 Bis 0 Big Bi1 Bia Bir
Agz 0 Ags 0 Agy Az Aoy Bas 0 Bas 0 Ba By By
A7y A7g Ay Aza Anyp Az O Br1 Bra Bri Bra Bri Brz 0
Form (4.15), we have
Ty =Alio+Ton=Y T —TY. (4.17)

Comparing the powers of A; (7 =0,1,2) in the above equations, the case of j = 2 gives rise to
YoIt — T1Yy =0, (4.18)

and

Ag = A1y = A1 = A7 = Ao = Aoz = Ao = Aoy = Azg = Azy = Az =0,

4.19
Ay = Ayz = Ays = Asp = Asy = Ase = A1 = Aez = Aes = A71 = A7 = 0. (4.19)

When j = 1, the following equations are derived:

Ty = YTy + Y, Ty — ThY: — ToYo, (4.20)
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and
(All,z = (hé - h‘3)A11 — A11 = ehS_h37

Agg = (hg — hg)Agy = Agg = "3~ 13,

1
By = §(P1A22 +p1an),

1
Bis = - (p3A2 + p3A11),

2

1
Big = < (py Az + p2Air),

% (4.21)
By = 5((1,11411 + q1A),

1

Bos = 5((1;1411 — q3A),

1,
Bos = =(gaA11 — q2422),

2
Bi7 = Ana,
Ba7 = Agf3.

For 7 = 0, the results are given by
Tow = Y, Ty — ToYs, (4.22)
and

Biig = (hy — h3)Bu1 + pyBa1 + pyBas + pyBas + o By — (1 Bia + q2Bua + q3Bis + vBir),
Bioy = (hy + h3)312 + pyBas + ' Bra — p1 By — CBir,

Biay = (hy + h3)Bia + p3Baz + o Bra — p3 By — (B,

Bi6 s = (hy + h3)Big + pyBas + o' Bra — Biips — (B,

Birg = h3Bir + (py + py + py) Bar — aBiy — B(Biz + By + Big),

By = q;B11 — (hy + h3)Boy + 8 B — q1 Bag — v Bar,

Baoy = ¢y Bia + (hg — hy)Bag + g3 Bis + qaBia + 8 Bra — (p1 B2t + paBag + p3Bas + (Bar),
Bss g = —(hy + h3)Bas + q3B11 + 8 Br1 — q3Bas — vBor,

Bysw = —(hy + h3)Bas + ¢ Bi1 + ' Bri — (¢2Baz + vBar),

Borx = (¢) + gy + q3) Bi7 — hyBar — (aBay + aBas + aBas + 8Bas),

Briy =~ Bi1 + ¢ Bay + ¢ Bas + ¢ Bas — h3Bri — (q1 + g2 + q3) Bra,

| Br2e = ¢'Bag + 7' Bia ++ Bia + 7 Big — (p1 + p2 + p3) Br1 + haBra.

(4.23)
From (4.21), we get

1 ! o 1, _a/ I 1, _ I
By :§(P1€h3 hs 4 ehshsp), By = §<P36h3 hs 1 ehshapg), Big = §(p2€h3 his 4 ehs=hsp,),

1,/ ;7 ! 1,/ ! 1 a3/
Bo, Zi(qlehf“’ hs ehshag), Bog = §(Q36h3 hs _ehsThags), Bos = 2(q ghaha _ gha " g9),
1 / 1 o ’ ’ /_ o /
B =70:(y chahs) 25 (¢re"s™h5 4 ehs Mgy 4+ gyelia™s — ehshagy 1 gehahs _ chahagy)
+ s h3h3+ e " (g1 + g2+ as),
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/

1 ’ / 1 , / / , / / , / /

B = 0: (¢ ehshs) — 5%(2916'13‘% + M3y 4 pel s 4 eha T8 py 4 paelsTha 4 ehahe pg)
* %ehs_hs (p1 + P2+ p3) — €"3 3 hs,

Bz =aehs™s By = peha=hs Bry = 4/ehamhs | By = ('ehaha, (4.24)

Therefore, the matrix 7" becomes the following form:

ehs=hs 0 0

0 0 0
0 —ehs—hs g 0 0 0 0
0 0 eshs 0 0 0 0
T=x| o 0 0 —ehshs g 0 0
0 0 0 0 ehhs 0 0
0 0 0 0 0 —ehahsg
0 0 0 0 0 0 0

Bi1 Bia 0 By 0 Big Bir
Bo1 Baa Bag 0 Bas 0 Bay
0 Big Bi1 Biz2 0 Bia Bir
+ | Bas 0 Bay Baa Baz 0 Bog | - (4.25)
0 Bis 0 Big Bi1 Bi2 Bir
Bas 0 Bas 0 By By Bay
B71 Bra B71 Bra Bri Bz 0

5. Conclusions and discussions

In this paper, we considered the NxN matrix spectral problems associated with the Lie su-
peralgebra spl(2N,1). Then we obtained the generalized nonisospectral multi-component super
AKNS hierarchy associated with the Lie superalgebra spl(2N, 1). The generalized nonisospectral
three-component coupled super AKNS hierarchy associated with the Lie superalgebra spl(6, 1)
was also obtained. By using the supertrace identity, we derived the bi-Hamiltonian structures of
the generalized nonisospectral multi-component and the three-component coupled super AKNS
integrable hierarchies. The Darboux transformation of the generalized nonisospectral three-
component coupled super AKNS integrable hierarchy is obtained. When N=1, the Lie superal-
gebra spl(2N, 1) is reduced to Lie superalgebra spl(2,1). When N=1 and 1 = 0 in the generalized
multi-component hierarchy (3.8), we found that (3.8) in our paper can be reduced to (11) in [41].
Comparing (17) with € = 0 in [12], we found that it is equivalent to generalized hierarchy (3.8)
with 7 = 0 in our paper. Moreover, we have derived a new generalized multi-component hierar-
chy associated with the Lie superalgebra sl(2N, 1) [18]. The extension of the Lie superalgebra
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spl(2N, 1) may have contributed to the development of multi-component classification.

Data availability statement. Data sharing not applicable to this article as no datasets were
generated or analysed during the current study.

Conflict of interest. The author declare that they have no conflicts of interest.

Appendix A. The super Hamiltonian operators @ N, ﬁN, L N are given by:

N
Qin Qi1 Q2 - QN1 Gi Hy
Qo Q21 Q22 -+ Qan-—1 G2 Hp
Q3N Q31 Q32 -+ Qsn-1 Gz Hz
Qv = : S : L +7,
N|QnnN Qn1 @n2 -+ Qnn-1 Gy Hy
Pk P P -~ Py, S T
On o Oy - On_1 U Vv
where
0 —dnp;0~'p; Anp;0~ g, P —2nadp; 2nad'q;
i,j — ) 7 = )
dng;0~'p; —4ng01q; 2nBO~'p; —2nBO g,
2nv0 p; —2nv0 g, 2 iﬁ_la —2 ,;8‘1
0, = o0~ p; —2ny0" " q; G- np np;0~ "B L<ii<N.
—2n¢0~'p; 2nCO g, —2nq;0~ e 2ng;07 1
= —2np;d~ 1y 2npi0~ ¢ S nadla —nad1p
g0~y —2ng07'¢) —nBo~ta B8
o [0y nad™i¢ . —0~ e 0718 v Moty =07 ¢
nBoO~ty —nBO~IC n¢o e —n¢o~1p —n¢oty n¢o~¢
N
J0 0 -~ 0 0
0 0 J
0 0 J 0
- : : : 0 2 10
= | - ‘ = D=
0 0 J 0 0 0 0 —20 0-1
N|lo 5 o 0 0
0 0 0 0 Jo
0 0 0 0 J 0




72 H. Wang, J. Li & H. Cao

The super Hamiltonian operator Rn:

N
Ry Ry 2 Rys -+ RynN Gn Hy
Ry_1p Ry-12 Ry-13 -+ Rynoin Gyn-1 Hy-
Rny_21 Ry—22 Rn—23 -+ Rn-on Gy—2 Hy_»
Ry = z s s z S +1,
N| Ria Ri9 Riz -+ RN G1 H,y
P, Py P .- Py S T
o Oy O3 . On U \%
where
. ~20607p; 2607 gy | (20007 p; —2mad ™y
ij , U=
—2np;0~'p; 2npi0 g, 2B~ p; —2nB0~'q;
_ (20T 2md | (nad e g™
- . G =
—2n¢0 " p; 2¢O g, npid~ o —np 0~
—na;0 1 91 O loy —mvo—1
H — ngi0~ "y g0~ ¢ Cs— my o~ B Cl<ij<N,
—npi0 Ly npid1¢ n¢o e —nCo~1p
_— —my @ty a1 . —nad~tanad'p v nad =ty —nad='¢
—n¢d 1y n¢o~1¢ —nBO BB nBo~1y —nBoI¢
and I is an identity matrix with N + 2 degree.
The super Hamiltonian operator
N
L, Ly Ly -~ Ly Ly H
Ly Ly Ly -+ Ly_o Ly_1 G H
Ly Ly Ly -+ Ly3 Lno G H
EN — : : y
Lj Ly Ls 14 Lo G H
N| Ly L3 L4 Ly Ly, G H
P P P P P S T
O O O O O Uu Vv
with
1
I @107 p1 + qnO Ipo + -+ @20 pN — 53 — hs —q07 1 —qnO g — - — 20 gy
1 p—

)

1
P10~ p1 + pnO T lpa + -+ p20 o —p107 g —pNOTlge — - — p20T g + 53 — h3
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O P+ 10 e+ + 0 py =0 — i1 0 e — - — 7!
q P1 T Gi—1 D2 q1 PN —Qq q1 — qi—1 q2 q1 Yy L2<i<N,
PO Ip1 +pic10 I pa+ -+ P10 py —pi0 g — pic107 e — - — P10 N
1 1
*Q(Q1+CJ2+ +(IN)3_1@*§B §(Q1+QZ+"'+QN)8_15
1 1 1 !
2(P1+p2+ 4 pn)0 §(p1+p2+"'+pN)5_15+§0¢
1 1 1
s+et -+ —Sl@ et +an)dTI+ 5y
1 L1 1 ) ’
SPr P2t pN)0T Iy = ¢ o (pr P2t pN)OTC
0 M pr+p2+-4pn)—C WO o+t +an)
—CO Y (pr+p2+-+pn) O Ha+e++av)+y
O- ad(pr+pe+-+pn) —ad Mg+ @t +an)+ 8
BO(p1+p2+-+pNn)—a B Hg+aq++aqn)
o =0 —hy —NYO'8— (g1 + g2+ +qn)
NC8_1a+p1+p2+”-+pN 0—hy
0 N~o~ 1
T Y07 ¢ 7
—NCO~'y 0
0 Nadt
U= b ,
—NBO ' 0
v 0 — hy ~Nad ¢~ (p1 +p2+ - +pN)
NBO Yy +qi+ga+ - +an —0 — hy
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