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CRITICAL TRAVELING WAVES IN A DELAYED DIFFUSIVE
EPIDEMIC SYSTEM

Jingdong Wei!, Han Jiang!, Zaili Zhen' and Jiangbo Zhou!

Abstract In this paper, we investigate the existence of critical traveling wave solutions in a
diffusive epidemic system with delay. The existence of super-critical traveling wave solutions
is well-known. By constructing suitable upper-lower solutions of wave system and applying
Schauder’s fixed point theorem coupled with delicate analysis, we derive the existence of
non-trivial positive bounded critical traveling wave solution for the first time. Moreover, if
the transmission rate equals to the removed rate, then the nonexistence of traveling wave
solutions with any positive wave velocity is obtained.
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1. Introduction and main results

The investigation of existence of super-critical and critical traveling wave solutions for diffusive
epidemic systems have been paid much attention since they can describe the spatial transmission
patterns of disease. We refer to some classical results by Diekmann [4, 5], Ducrot et al. [7,8],
Hosono and Ilyas [11], Li and Zou [12], Wang and Wu [19], Wang et al. [18] and other related
references [1-3,6,17,20-30, 32, 33,35]. The reaction-diffusion system

BS(x,t)I(x,t)
S(x,t) + I(x,t)’

O R(x,t) = d3Op R(x,t) + vI(x,t),

8t5(33,t) = dlamxs(xvt) -

Ol (x,t) = doOyrI(x,t) +

was suggested by Wang et al. [18] as a mathematical model to describe the disease transmission
into the susceptible individuals from the initial equilibrium to a final equilibrium. In (1.1),
S(x,t), I(xz,t) and R(z,t) denote the densities of susceptible, infected and removed individuals
at location x and time ¢, respectively. The transmission coefficient 5, removed rate -y, spatial
motility of each class d; (i = 1,2,3) are positive constants. Since R(x,t) does not appear in
the first two equations in (1.1), they just considered the subsystem for S-component and I-
component. With the aid of upper-lower solutions method and Schauder’s fixed point theorem,
they showed that if 8 > 7 and the wave velocity ¢ > ¢* = 24/da(5 — ) (¢* is the critical wave
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velocity), then (1.1) has a non-trivial and non-negative traveling wave solution (S, I)(z + ct)
satisfying

cS' =d1S" — BSI/(S + 1),

=dol" + BST/(S+ 1) —~I, (1.2)

S(—OO) = So, S(OO) € [Oaso)a I(:l:OO) =0,
where Sy > 0 is a given constant. Utilizing the bilateral Laplace transform, they proved that
(1.1) has no non-trivial and non-negative traveling wave solutions for 5 < v or ¢ < ¢*. In the
Section 5.1 of [18], they listed two open problems. One is the exact value of S(oo), the other
is the existence or nonexistence of the critical traveling wave solution. In our recent work [34],

motivated by [9,13,14,18], we established the existence of the critical traveling wave solution in
(1.1), which satisfies

(5, 1)(=00) = (50,0), (8, I)(0) = (0,0),

for a given constant Sy > 0. Moreover, we proved that the critical traveling wave solution is
positive on the real line; S(z) is strictly decreasing on R; I(z) is a unimodal function on R. The
nonlocal delayed version of (1.1)

BS(x,t)J * I(x,t)

S(x,t) + J *xI(z,t)’

BS(x,t)J x I(x,t)
S(x,t)+ J*xI(x,t)
O R(x,t) = d30rx R(x,t) + vI(x,1),

atS(l‘,t) = d18m8(a:,t) —

Ol (x,t) = doOy I (2, ) + — yI(z,t), (1.3)

where
JxI(x,t) / / (y,8)I(x —y,t — s)dyds,

has been investigated by Li et al. Note that the third equation in (1.3) is relatively
dependent, they only studied the ﬁrst two equations. Under certain assumptions on kernel
function J(y, s), they obtained that if 8 > = and the wave velocity ¢ > ¢* (¢* > 0 is the critical
wave velocity), then (1.3) has a positive traveling wave solution satisfying

(5, 1)(=00) = (50,0), (8, 1)(0) = (0,0),

for a given constant Sy > 0. On the other hand, they derived that if 5 <y and ¢ > 0 or 8 >~
and ¢ < ¢, then (1.3) has no non-trivial positive bounded traveling wave solutions. In view of
these results, there exist two open problems.

Does the traveling wave solutions of (1.3) exist if 5 > v and ¢ = ¢* or =+ and ¢ > 07
How the number of change of removed individuals in (1.3)7

The aim of the present paper is to solve above problems for (1.3) with J(y,s) = 0(y)d(s — )
and §(-) is the Dirac-delta function. In other words, we consider these problems in the following
functional differential system

BS(%, t)[(l’, l— T)

S(z,t)+ (x,t — 1)’

BS(QS‘, t)I(.I‘, l— 7-)
S(z,t)+ I(z,t —T)
OiR(x,t) = d30zz R(x,t) + vI(z,1),

GtS(x,t) = d1<9m5($>t) -
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where the constant 7 > 0 is the time delay. We should mention that an infinite domain is slightly
easier to handle than a finite one because, in the latter case, the individuals, as well as moving
around, may have been interacting with the domain’s boundaries. Meanwhile, we assume the
individuals are performing an unbiased random walk, so that the motion can be modelled in
terms of Laplacian diffusion with one-dimensional infinite domain. Herein, for (1.4), we shall
work on the infinite one-dimension spatial domain x € R. For our purpose, we state the following
lemma.

Lemma 1.1. Assume 3 >~ and let
F(\ ¢) i=daA> — ch + Be T — 4,
then there exists a positive pair (\*,c*) such that
F(\*,c") = Fx(\",¢") =0. (1.5)

Proof. This lemma can be proved similarly as that in [10, Lemma 2.1]. For the sake of
completeness, we still provide a detail proof. Due to 3 > 7, we get that F(\,0) = daA\2+3—v > 0
and F(0,¢) =  —~v > 0. For every fixed A > 0, it follows that lim. o, F'(A\,c) = —oo and
F.(\¢) = =\ — BATe™T < 0. For every fixed ¢ > 0, we deduce that limy_,, F/(\,¢) = oo and
F\(0,¢) = —c— Ber < 0. Notice that Fyx(\, ¢) = 2da + S22 > 0 for all (\,¢) € RxR. By
the intermediate value theorem, monotonicity and convexity properties, there exists a positive
pair (A*, ¢*) such that F'(A*,c*) = Fx(\*,¢*) = 0. The proof is finished. O

A critical traveling wave solution of (1.4) is a special solution in the form of (S(x,t), I(z,1),
R(z,t)) = (S(2),1(z),R(2)), where z := x + ¢*t is the moving coordinate and c* is the critical
wave velocity. Meanwhile, (S(z),1(z), R(z)) € C?(R,R3) is the wave profile that propagates in
the one-dimension spatial domain at the constant critical wave velocity and connects the initial
equilibrium to the final equilibrium. Inserting (S(x,t), I(z,t), R(x,t)) = (S(2),1(z), R(2)), z =
x + ¢*t, into (1.4) yields

d1S"(2) — c*S'(2) —

doI"(2) — c*I'(2) + —~I(z) =0, (1.6)

dsR"(z) — ¢*R'(z) + I
Then our first task is to establish the existence of positive solutions of (1.6) satisfying
(8,1, R)(=00) = (50,0,0), (S,I,R)(c0)=(0,0,80) for B>1, (1.7)

where Sy > 0 is a given constant. Moreover, our second task is to show the nonexistence of
positive solutions of (1.6) satisfying (1.7) if 5 =~ and ¢ > 0.
Now we state our results.

Theorem 1.1. If 8 > v and c = c¢*, then system (1.4) admits a critical traveling wave solution
(S(z),1(2), R(z)) satisfying asymptotic boundary (1.7). Furthermore,

(i) S'(z), I'(2), R'(2), S"(z), I"(2), R"(2) = 0 as z — +o0;
(1) 0 < I(z) < @5’0 and 1(z) = O(—ze\"?) as z — —oo;
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(111) S(z) is strictly decreasing on R and 0 < S(z) < Sp;
(iv) R(z) is strictly increasing on R and 0 < R(z) < Sp;

() 7 fp 1(2)dz = B o srom—dz = ¢*Sp.

Theorem 1.2. If 3 =~ and ¢ > 0, then system (1.4) admits no positive traveling wave solutions
(S(2),1(2), R(z)) satisfying asymptotic boundary (1.7).

Remark 1.1. Theorem 1.1 shows that (1.4) has a non-trivial positive bounded critical traveling
wave solution and gives a explicit description for the number of change of removed individuals,
ie., R(—o00) = 0 and R(oo) = Sp. By the monotonicity and asymptotic boundary of S(z)
and R(z), we obtain that S-component and R-component look like front-type solution. From
the positiveness and asymptotic boundary of I(z), we have that [-component seems pulse-type
solution. Theorem 1.2 reflects that the restriction on the infection force (i.e., = 7) in model
(1.4) leads to the non-existence of traveling waves in (1.4), which indicates that this restriction
can cut off the spread of real-life disease.

The rest of the paper is organized as follows. In Section 2, we obtain the existence of critical
traveling wave solution by Schauder’s fixed point theorem coupled with upper-lower solutions
method. In Section 3, we prove the positiveness, boundedness, non-triviality of critical traveling
wave solution by subtle analysis. In Section 4, using contradictory argument we establish the
nonexistence of non-trivial positive bounded traveling wave solutions for 8 = v and ¢ > 0.

2. Existence of critical traveling wave solution

Motivated by [9,13,31,34], we define the following functions on R.

.
—Lize*?, 2 < 21,

Si(z) :== So, I (2):=¢ _
Ia z 2z 21,
So — qeM?, z < 2o, [-Liz — Lg(—z)%}eA*z, z < 23,
S_(z) := I_(2):=
ere N 2 > 2, 0, 2 > z3,
R, (z) := Lze®*, R_(z) :=0,

where A\* is defined in Lemma 1.1,

_ ﬁ—7 - 1 L% ATt 5
1= So, L1 = eX"I = —— =——, A , Adg = —
~ 0, L1 =€eAn [, z1 ek z3 L%’ 1 = min o le 2= o

29,4, €1,€2, Lo, Ly € R are constants to be determined later.
Lemma 2.1. For given small enough €3 > 0 and large enough Lo > 0, Lz > 0, ¢ > Sy, there
exist zo € R, €1 > 0 such that S_(z) is continuous and
S _ k
B D= g (2.1)
St(2)+1-(z —c*7)

BILE) - L)+ T T () <0, s #a (22

015 (2) — ¢S (z)
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dsR! (z) — "R/ (z) + 7[+(z) 0, zeR, (2.3)
1" * Ql (Z) (Z —-C T)

di1S%(z) —c*SL(z) — (z) T (=) >0, =z# 2, (2.4)

dol” (2) — I (2) + (z)(z—i)— T ((Zz__CCTT)) I (2) >0, z# z3, (2.5)

dsR" (z) — "R _(2) +y1_(2) >0, z€R. (2.6)

Proof. By the explicit expressions of S4(z), I_(z) and R_(z) on R, one can easily obtain that

(2.1) and (2.6) hold trivially. In the following, we give the detailed proofs for (2.2)-(2.5).
Proof of (2.2). If z < 2, then I, (2) = —Lize*# and I, (z — ¢*1) = —L1(z — ¢*1)eN (5=¢"7),

By (1.5), we get

5S4 ()L (2 — 1)

-l

S S A e

<doI'l () — I (2) + BI (2 — 1) — 7L (2)

=— L1eM* [F()\*, )z + Fy(\', c*)]

=0.

AT (2) — T (2) +

If 2> 2y, then I, (z —c*7) < I, (2) =1 = %So and S;(z) = Sp. It follows that

BSol -

BS1(2)+(z — c*7)
—~vli(z) < - —~I =0.
7 ( ) - SO + I v

Sy (2) + 1 (z — c*7)

Proof of (2.3). Choose large enough Lz > 0 and ez € (0, min{c*/d3, A*}) such that

AT (2) — T (=) +

vL1

d3ed — cfey — 22N T2 <0, 2 < 2, (2.7)
Ls
and 7
dge% —cfey + %6_622 <0, z> 2. (2.8)
3

If 2 < 21, then Ry (2) = L3e®® and I, (z) = —L1ze *. We have from (2.7) that

dsR (z) — ¢*R! (2) + 71+ (2)
=d3L3€2e®?* — ¢* Lyeye?® — yLyze™

L «
=L3e%?? d36 —c'ey — T e(r=e2)z
L3

<0, z<z.

If 2 > 21, then Ry = L3e®® and I (z) = I. We infer from (2.8) that
dsR! (z) — ¢* Rl (2) + 714 (2)
:d3L3626522 — C*L3€26622 + ’)/j
271
= L3627 |d3es — c*ey + ——e™2?
Ls°
<0, z2> 2.
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Proof of (2.4). Let ¢ > Sy be large enough and €; > 0 such that Sy — ¢geM? = e;e7*2% admits
two negative real roots and we select zo as the bigger one. Again let ¢ > Sy be large enough
such that

g (¢* — diAy) + BL1(z — ¢ r)eN AT S 00 2 <z (2.9)

If 2 < 29, then S_(2) = Sy — geM? > 0. From (2.9), we compute that
- BS_(9)I4(z—c'T)

S_(2) +I+(z —c*7)
>d1 5" (z) — ¢*S_(2) — BLi(z — 1)
> dlq/\%e)\lz + C*)\lqe)\lz + BLI(Z N C*T)e)\*(z—c*’r)
:6)\12 [q)\l (C* - dlAl) + BLI(Z - C*T)e(,\*_,\l)z—,\*c*r]
>0, 2z < 29.

di1S” (z) — "S5 (2)

If 2 > 29, then S_(z) = e;e™*?*. Using the definition of \a, we have that

d1S" (2) — ¢*S"(2) — siz)@fﬁé__ig)
> 415" (2) — ¢S (2) — BS_(2)

> dierN2e 2% 4 cep hge 2% — Beje 2

= 16727 (d1 A2 + ¢y — B)

>0, z> 2.

Proof of (2.5). Select large enough L > 0 such that z3 < 29, 23 < 21, Sp — qeM? > Sy/2 and

1

QSJIL%(—Z)%(—Z + ¢*7)2eN (FT) < ELQ(C*)2T2, z < z3. (2.10)
Then we get for z < z3 that
I(2) = I(2) — La(—2)2e™=,  S_(2) > So/2. (2.11)
An elementary computation gives
I (2) = T (2) + ¢* Lye [;(z)_; - )\*(z)é] , (2.12)

and

doI" (2) = do I’/ (2) + daLoe™™* [i(—z)g + N (=2) 72 - (A*)Z(_Zﬁ] (2.13)

1

> doI” (2) + daLoe * [\ (=2) 77 — (\)2(=2)2], 2 < z.

By Taylor’s theorem, we obtain for z < z3 that

[
Nl

e - @R (PP (1)

DN | =

(~z+ )t < (~2)
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From (2.11), we have that

pS_(2)I (2 = c¢'1)
S—(

—AL(z -+ z2)+1_(z—c*r)

BI2 (2 — c*T)
S_(z2)+1_(z—c*T) (2.15)
BI% (2 — c*T)

- S_(z)
—28,1BL3(—2 + ¢*r)2e2A (retT),

z < z3.

(1.5) and (2.10)-(2.15), we derive for z < z3 that
1 * 7/ BS—(Z)I—(Z — C*T)
doI” (z) — "I (2) + Sl =) vI_(2)

=dol”(2) — I (2) + BI_(2 — c*1) —vI_(2)
BS_(2)I-(z — c*T)
—BL(z=c'r)+ S_(z2)+1-(z—c*1)

> doI(2) — "I (2) + BLy (2 — ') — 7L4(2)
+ dyLye?? [)\*(— )72 — (A)2(— )%} — ¢*Lye™ [2( > }

By

N

11t o X

*

— BLa(—2+ C*T)%GA*(Z_C*T) + ng(—z)%e)‘ z

— 28,1 BLE(—2 + c*r)2e?N et
> LieM'? [F(A*, )z + Fy(\F, c*)] + dyLye*™* [)\*(—z)2 — (A2 (= )é}

* 1 *
— " Lye?? [2(—7;)_; - )\*(—z)é] —I—'ng(—z)%e)‘ *
— 25,1 BLY (—z + )2 EET) gL, |:(—z)% +

]. ]. * *
(et . _3 16(6*)37_3(_2)3]6)\ (z—c*T)

[;FA(/\*, &)+ FOV, c*)z]

(ST

:LQ@A*Z(_Z)_
+ ﬁLZeX‘(z—c*T) 1(6*)27'2(—2)_5 -
8 16
_25()_15[/%(_2"’_6*7—)2 2M\*(z—c*T)
:ﬁ(—Z)_%GA*(Z_C*T) |:16L2( ) 7_ . 2‘51071[/%(_
i *\2, 2/ -3 A (z—c*T) c'r
-1—1651)2(6)7'( z) 2e 1+ .

>0.

If z > 23, then I_(z) = 0 and inequality (2.5) holds trivially.
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Introduce a functional space
B.(R,R%) ‘:{90(2) = (p1(2), p2(2), 3(2)) € C(R,R?) = sup [ (2)[e I < oo,

zeR
i = 1,2,3},

endowed with the norm |¢], := max { sup,cg lpi(z)|e Ml i = 1,2,3}, where p € (e2,p10) is a
constant and pg will be specified later. Define a cone by
S() < S(2) < 84.(2),
S:=14 (S,I,R)(2) € Bu(R,R®) | I_(2) < I(2) < I.(2),
R_(z) < R(z) < Ry (2)

It is not difficult to verify that S is non-empty, bounded, closed and convex in BM(R,R3). Let
«a > [ be a constant and recall that S > =, then one can see that:

_ BSE(z—c'T)
S(z)+ I(z —c*1)

Hy[S,I,R](z) := aS(z)

is increasing with respect to .S and decreasing with respect to I;

BS(z2)I(z — c*1)
S(z)+ I(z —c*1)

Hs[S,I,R](z) := + (a—)I(z)

is increasing in both .S and I;
H3[S,I,R](z) == aR(z) + vI(2)

is increasing in both I and R. For any (S, I, R) € S, define a nonlinear map M := (M1, My, M3)
on the space B,(R,R?) by

1 z [o¢]
M1 B = A [ e s rdn+ [T e s 1 R,
where
* *)2 4 i * [ %)2 4 i
Uilzc (c)* + da70i2=c Ve da,Az‘Zdi(Uz‘Q—Uﬂ),i=1,2,3-

2d;

Lemma 2.2. M(S)CS.

Proof. Obviously, (M[S,I, R](z), M2[S, I, R|(z
(1=1,2,

2d;

)7M3[57[7R](Z)) € BH(RaRg) for any (S>I>
3), we need to show that

R) € §. Then by the monotonicity of H; 1,
S_(z) < My[S_, I, R](z) < My[S,I,R](z) < My[S4,I-,R](2) < Si(2), (2.16)
I_(z) < Mo[S_,I_,R|(z) < M3[S,I,R|(z) < Ma[S+, I+, R](2) < I+(2), (2.17)
R_(2) < M3[S,I-,R_|(z) < M3[S,I,R](z) < M3[S,I+,R{]|(2) < Ri(2) (2.18)
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Proof of (2.16). Using (2.1) and Sy (z) = Sp, we have that

1 z
M[S4, 1, R](z) = /\1{/ e T [S4, T, R)(n)dn
+

/ ealz(z—n)Hl[5+,I,R](ﬁ)dn}

z

1 z
< Al{ | et as. )+, tn) - il

—0o0

+ / eo12(2—n) [S4(n) + C*Sg_ (n) — d1Sf{_ (ﬁ)]dn}

A1 —o0 z

It follows from (2.4) that
Ml[s,u,R](z):l{ © e[S, 1L Ri(n)dn
[ e s 1 |
zl{ T emGaS_(n) + ¢S () — S ()d

/ " e aS_ () + ¢S (n) — i (nNdn}
e (=2 [ (25 +0) — 5 (2 — 0))]

012 — 011

=5_(2)+
>S_(2), z# 2.
By the continuity of both M;[S_, I}, R](z) and S_(z), we obtain that

M[S_, I, R](z) > S_(2), z€eR.

Proof of (2.17). From (2.2) and (2.5), we get that
Mo[Sy, T, ] Alg{ G (S, L, R ()
+ [T et s, 1 B}
Alg{ 71 =ML, (n) + I (n) — dol” ()] dn
+ / 2 M oI, (n) + I (n) — dﬂi(ﬁ)]dn}

N 71 =2 (21 4 0) — I (21 — 0)]
022 — 021
<Ii(2), z#a,
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1
Ma [5—7[—7 { 021 N n)Hz S—’I—7R](77)d77

2

/.
[T, f_,RMn)dn}
nt L

o[ e at 4 1) - len
1

Ao
(d

e oI (n) + T’ (n) — doI" (n)]dn

{ / 721 (=) |:(d2()\*)2 — N —a)Lyne™
* 1 *
2(A)? = A" — @) Lp(—) 2N — LdaLa(—m) 2 } dn
23
+/ e722(2=m) [(dg()\*)2 — ¢\ —a)Line™

* 1 *
+ (da(X)? = N = @) Ly(=m) 2N — ZdaLa(—n) 2 n} dn}

=[-L1z— Lz(—z)%]e)‘ 4+ 2122 e 73 p022(2—23)
>1_(2), z< zs,
and L e
Mo[S_,I-, R|(z) = AQ/ 2GS I R](n)dn > I_(2), z> z3.

Using the continuity of both Ms[Sy, I+, R](z) and I (z), we have that
Mo[Sy, I, R](2) < I1(2), Ma[S_,I_,R|(z) > I-(z), z€R.

Proof of (2.18). From (2.3), (2.6) and the expressions of R4 (z), we deduce that
1
MalS, Lo Re1(:) = - [ e s 1 R wan
As

/ 2GS I, Ry](n )dn}

1

A{ eo31(2—n) [@R4(n) + C*Rg_(n) - d3Rl(77)]d77
3

+/ "2 [aR, () + "R (n) —daR’i(n)]dn}

= z € R,
and
1 z
MslS. L R_](2) = A{/ e T[S, 1, R (m)d

3 —00

n / 6032(2—77)]—[3[5', I,R](ﬁ)dn}
z
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1
A{ 1M aR_(n) + ¢* R (n) — dsR" (n)]dn
3
+/ 72N [aR_(n) + ¢ R (n) — ng’i(n)]dn}
=R_(2), z€eR
The proof is finished. .

Lemma 2.3. The map M := (M1, Ma, M3) is completely continuous with respect to the norm
|- | in BH(R,R?’).

Proof. For any ¥y = (51,11, R1) € S and Wy = (S9, I, R) € S, we derive that

|H1(S1, I, R1)(2) — H(Ss, Is, Ro)(2)|e !
<(a+ B)|S1(z) — Sa(2)|e ™l + BTy (2 — ¢*1) — Ia(z — ¢*7) e 1]
<(a+ B)[S1 — Salu + Be" 7| — I,
<y — Uy,
|Ho(S1, I, Ry)(2) — Ha(Ss, Is, Ro)(2)|e !
<B|S1 — S|+ (a+ BT + )| — L),
<l|Uy — Wq,,

and

|H3(S1, I1, Ry)(2) — H3(Sa, T2, Ra)(2)|e !
<alRi — Rolu + [ — oy
<l Wy — g,

where | = a + 8 + v + e 7. Then choosing p € (e2, —0;1), we have that
|M;[S1, I, Ra](2) — Mi[S, Ia, Ro] (2)]e
1 z
S A7|HZ(SL Il, Rl) — H/L'(SQ, IQ, R2)|M |:/ 6Cfi1(z—7l)elv‘|77|—#\z|dn

—00
N / % oiale—n) pulnl—nl2 dn]
z

< L|‘I’1 — Wy /z erm(2—77)6u|17—z|d77+/OO 2 (z=m) ghln=2I gy,
- A'L a —00 z
1(2p 4 o1 — 042) ,
— v, —v ) L= 1a 2a 35
di(0i2 — 0i1)(0i2 — p) (i1 + 1) 1 2l

which implies that M is continuous with respect to the norm |- |, in B,(R,R3).
For any (S,I,R) € S, we deduce for z € R that

‘ dM1[S, I, R](z)
dz

— j\ll/ et H, (S, 1, R](n)dn
1 J-co

+ % 72T HY[S, 1, R)(n)dn
1 Jz
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<50 [ e (s 1 Ry

+7\12/ 6012(2*’7)H1[5,I,R](77)d77
1 Jz

) onaS, /z e (=) gy 4 013{150 /OO 7121 gy
1 z

1 —0o0

B 2S¢
= A

021 / eazl(z_n)HQ[S,I, R} (U)dn

(2.19)

‘ dMy[S, I, R)(z)
dz

L 92 6022(2’—77)}[2[5',[, R](ﬁ)dn’

z

< _021/ eozl(z—")Hg[S,I,R](n)dn

o2 2= [, (S, I, R](n)dn
A2 z

Ao

—0o0

Ao z

_ Aot B

(2.20)

and

dMs3[S, I, R](z)

o3 / e~ Hy[S, I, R)(n)dn

+% / eagz(zn)Hg[s,I,R}(n)dn’
3 Jz

< _om / ea3l(z_n)(C¥L3662n + ’y[_)dn (2.21)

oo
+ 032 / 6032(2*77)(aLgeQ77 + ’yI_)d??
4

2vI
As’

als[2031032 — €2(031 + 032)]
Asz(e2 — 031) (€2 — 032)

€22

By Lemma 2.2, we get that |M1[S, I, R](z)|+|M2[S, I, R|(2)|+|Ms[S, I, R](2)| < So+I+ Lse*
on R. Recall that g > e5. Then for any € > 0, there is a sufficiently large number N > 0 such
that

{\Ml[s, I,RI(2)| + |Ma[S. I, RI(2)| + | Ms[S. I, R](Z”}ew

< (So+1I+ L3€62z)6_m2| o
< (So+ D)e N 4 Lzelz=mN
<e, |z|>N.
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Applying (2.19)-(2.21) and Arzera-Ascoli theorem, one can choose finite elements in M(S) such
that they are a finite e-net of M(S)(z) on [N, N] with the supremum norm, which is also a
finite e-net of M(S)(z) on R with the decay norm |- |, (see (2.22)). Hence M is compact with
respect to the norm |- |, in B,(R,R?). O

Utilizing Lemmas 2.2, 2.3 and Schauder’s fixed point theorem, we obtain that M has a fixed
point (S,I, R)(z) € S, which is a solution of

d1S"(2) — c*S'(2) —

(2.23)

doI"(2) — c*I'(2) +
dsR"(z) — ¢*R'(z) +vI(2) = 0.

Then the following existence result holds.

Proposition 2.1. If 8 > v and ¢ = ¢*, then system (1.4) admits a traveling wave solution
(S,1,R)(z) such that

Sp(2), I(2) < I(2) < L (2),

R, (2), z€R. (2.24)

S_
R_(2)
3. Properties of critical traveling wave solution

In this section, we focus on some properties of critical traveling wave solution of (1.4).

Proposition 3.1. Let (S,I,R)(z) be the critical traveling wave solution of (1.4) satisfying
(2.24). Then

(1) S(z) >0, I(z) >0 and R(z) > 0 on R;

(2) S(—o0) =Sy, I(—00) =0, R(—00) =0 and I(z) = O(—ze"?) as z — —oo;

(8) S(z) is strictly decreasing and R(z) is strictly increasing on R; S'(z), I'(z), R'(2), S"(z),
I"(z), R"(z) = 0 as z — £o0; S(o0) = 0, I(c0) = 0 and R(co) = So; v Jg [(2)dz =

(4) S(z) < So, I(z) < =2S) and R(z) < Sy on R.

Proof. (1) From (2.24), we have that S(z) > 0 on R. Suppose that I(2) = 0 for some 2 € R.
Then there are two constants a,b € R such that a < 23 < b and a < 2 < b, which implies
that I(z) attains its minimum in (a,b). It follows from the second equation in (2.23) that
—doI"(2) + ¢*I'(z) + vI(z) > 0 for z € [a,b]. By the strong maximum principle, we deduce that
I(z) = 0 for z € [a,b], which contradicts the fact that I(z) > I_(z) > 0 for z € [a, z3). Thus
I(z) > 0 on R. Assume that R(Z) = 0 for some Z € R, then R'(2) =0 and R"(Z) > 0. We infer
from the third equation in (2.23) that I(2) < 0, which contradicts the positiveness of I(z) on R.
This implies that R(z) > 0 on R.
(2) From (2.24), we get that

So — qeM* < S(2) < So,  [~Liz — Lo(—2)7]eN* < I(2) < —Lyze'?,
0 < R(z) < Lze?*, zeR.
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Then using sandwich rule yields that
S(—o0) = Sp, I(—o0) =0, R(—o0) =0 and I(z) = O(—ze?) as z — —o. (3.1)

(3) Since S(z) and I(z) are uniformly bounded on R, we have from the first two equations
in (2.23) that

1 z [ee]
s<z>=Al{ | e nmis LR+ [ ef’lﬂz-mﬂl[s,f,R](n)dn},

) o - (3.2)
1) = A [ s s Ry + [T e s 1 B
where
HS. 1 B)(n) = aS() — o =T
and
HAS, 1 B(n) = 5 =T (o= )T,
Using L’Hoépital rule in (3.2) gives
S'(£00) =0 and [I'(+o0) = 0. (3.3)

Integrating the first equation in (2.23) from —oo to z, using (3.1) and (3.3), we have that

@/ St +I_CTxd = —¢*[S(2) — So] + d15'(2)
<c*So+d1S'(z), zeR.

Again integrating the second equation in (2.23) from —oo to z, utilizing (3.1) and (3.3), we get

that
S LB Sl —en)
[ 1an=S3r =5 / S+ 10— )"
d2 ’ ﬁ —C*T)
SI<Z)+/ S(n —|—I(77—c*7‘)d17
g?()+7%+?ym,zeR

Then by the virtue of (3.3), we further obtain [, I(2)dz < oo, which together with the bound-
edness of I'(z) on R (see (3.3)) implies that

I(c0) = 0. (3.4)

Notice from the first equation in (2.23) that

gy = B S@IE=cT)
[e S )] 4 S(z)+ I(z —c*1)’ (3.5)

Integrating (3.5) from z to oo, utilizing S’(c0) = 0 and S(2),1(z) > 0 on R, we deduce

: B [T s Sy —c'r)
S'(z) = A e Stn) + 10 —c7) dn <0, (3.6)
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which means that S(z) is strictly decreasing on R. This together with S(z) > 0 on R gives
that the limit S(oo) exists. Moreover, inspired by [13,14], we claim that S(co) = 0. If not, we
suppose that S(co) > 0. Using the monotonicity of S(z) on R, we have that I(x,t) = I(z + c*t)
satisfies

BS(c0)(z,t —71) . . ~
S(co) + I(x,t —7) (z,1), () € R x (0,00), (3.7)

I(z,s) =I(z+c"s) >0, (z,s) € Rx [-7,0].

Ii(z,t) > dolpp(x,t) +

From the comparison principle (Theorem 2.2 in [15]), we get that I(x,t) is an upper solution of
the following initial value problem

BS(co)v(z,t —7) ol . ~
SEo) +o(mi—r) oD @ ERX 000,

v(x,s) =I(x+c's) >0, (x,s) € Rx[-7,0].

ve(z,t) = dovgy (2, t) +

Applying the theory of asymptotic spreading (Theorem 2.5 in [16]) yields

o _B=n
htrgloglfv((),t) = TS(OO) > 0. (3.9)
Thus
liminf 7(0,¢) > liminfv(0,¢) > 0. (3.10)
t—o00 t—o00

By the invariant form of I(z) and (3.10), we get

liminf 7(0,t) = liminf I(z) > 0,

t—o00 Z2—00

which contradicts (3.4). Thus
S(00) = 0. (3.11)

Moreover, an integration of the first equation in (2.23) over R gives

S(z)I(z — c*T) _
B/R S(z) +I(z —c*7) dz = ¢S, (3.12)

where we have used (3.1), (3.3) and (3.11). Another integration of the second equation in (2.23)
over R yields
S(z)I(z — c*T)
1(z)dz = d 3.13
7/]R (2)dz B/RS(Z)‘FI(Z—C*T) % (3.13)
since I(+00) = I'(£o00) = 0. Solving the third equation in (2.23) and using R(—oc) = 0 lead to

z

S e
I(n)dn + / eds " I(n)dn,

C

R(z) = Cets® + Z/

ct )

where C' is a constant of integration. Since R(z) < Lze®* and e < ¢*/d3 (see the proof of
Lemma 2.1), we obtain

RG) =2 [t L [ an, (3.14)
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We infer from (3.12)-(3.14) and L’Hoépital’s rule that

Mm%:Z/K@M:S@ (3.15)
¢ Jr
Differentiating (3.14) with respect to z and using I(z) > 0 on R, we have
H@yzg/"e%“ﬂxmm>o, (3.16)
3

which means that R(z) is strictly increasing on R. Combining (3.16), I(+o00) = 0 and L’Hopital’s
rule yields
R/ (+00) = 0. (3.17)

Note from (3.1), (3.3), (3.4), (3.11), (3.15), (3.17) and (2.23) that
S"(+o0) =0, I"(+oo)=0 and R"(+oo)=0. (3.18)

(4) Since S(z) is strictly decreasing and R(z) is strictly increasing on R, we obtain S(z) < Sp
and R(z) < Sy for z € R. Now we claim that I(z) < m5’0 on R. For contradiction, we assume
that I(%) = 57;750 for some Z € R. Then I'(Z) = 0 and I”(£) < 0. By the second equation in
(2.23) and S(2) < Sp, we deduce that

S(Z)I(2—-c T)

— I// 2\ *I/ 2
0=dyI"(¢)— ¢ (Z)+S(z)—|—1(z o
BS(Z)I (% — c*1)
< _
SS@+1i—en O
5506%750 B—~
- So
So + 7’8;750 v
=0,

—I(%)

a contradiction occurs. Thus I(z) < B%So on R. O

4. Proof of Theorem 1.2

The proof is based on the reduction to absurdity. Suppose that the continuous positive function
pair (S(z),1(z), R(z)) is a solution of (1.6) and (1.7). This implies that

N B [ e S =)
I )‘dzw—w{/m S I =™

At =S (n —c7)
v/ Sy + Lo —en ™)

(4.1)

where

- — c—\/c%+ 4dyy and Ot — c+ /2 +4dyy

2d2 2d2
Applying L’Hopital rule in (4.1) yields I’(£o00) = 0. Then integrating the second equation in
(1.6) over R and using 8 =y, we obtain

(z —cT)
/ z)dz = S + I e en) dz. (4.2)
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By [pI(2)dz = [ I(z — cT)dz and (4.2), we have

oz) - z—CT)dz =
/]R [S(z) +I(z —cr) o Jdz =0, (4.3)

which together with the positiveness of I(z) and the continuities of S(z),I(z) on R imply that

S(2)
S(z)+1I(z—cT)

=1=1I(2)=0.
A contradiction appears. The proof is finished.
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