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GROUND STATE TO A NEW CLASS OF KIRCHHOFF-TYPE
EQUATION WITH DOUBLY CRITICAL
HARTREE-TYPE NONLINEARITIES*

Li Zhou', Chuanxi Zhu?*%' and Shufen Liu*

Abstract In this paper, we consider the following class of Kirchhoff-type equation with
doubly critical Hartree-type nonlinearities

—(a+ b/ |Vul?dz)Au 4 V(x)u = (I * [u|P)|ulP~2u + (I * |u|?)|u|?%u, in RY,
RN
u € HYRY),

wherea >0,0>0, N >3, a € (N—-2,N),p= %tg‘, q= %, V : RY — R is a potential
function and I, is a Riesz potential of order « € (N —2, N). Under certain assumptions on
potential function V(x), we prove that the equation has at least a ground state solution by

variational methods.

Keywords Kirchhoff equation, ground state solutions, Pohozaev identity, Nehari manifold.
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1. Introduction

In this article, we study the following Kirchhoff-type equation
—(a+ b/RN |Vu?dz)Au+ V(2)u = (Iy * [ulP)|ulP2u + (Iy * |u|9)|u|?%u, in RY,

(1.1)
u € HY(RN),

where a >0,0>0, N >3, o« € (N—2,N), p= %fg,q:%, V : RV — R is a potential
F(NQ—O(

N
D(§)m 2 2%alN -

(67
function and I,, is a Riesz potential whose order is &« € (IN—2, N) defined by I,=
and V(z) : RN — R is a potential function which satisfies:
(V1) V € CYRN)N L>™ and there exists a constant A € (0,a) such that

A
2[?

[(VV(2),2)] <

fThe corresponding author.
'Department of Mathematics, Zhejiang University of Science & Technology, Hangzhou, Zhejiang
310023, China
2School of Mathematics, Dalian University of Technology, Dalian, Liaoning 116024, China
3Department of Mathematics, Nanchang University, Nanchang, Jiangxi 330031, China
4Department of Basic Discipline, Nanchang JiaoTong Institute, Nanchang, Jiangxi 330031, China
*The authors were supported by Scientific research start-up fund (Grant No. F701108M03), National
Natural Science Foundation of China (11771198, 11901276) and Science and Technology project of
Education Department of Jiangxi Province (Grant No. GJJ2403004).
Email: 397621669Qqq.com(L. Zhou), 2544537705@Qqq.com(C. Zhu), 2573627764Qqq.com(S. Liu)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20250159

1096 L. Zhou, C. Zhu & S. Liu

for all x € RNV \ {0},
(V2) there exists a constant Vs, > 0 such that for all z € RY,
0 <V(z) <liminfV(y) = Vo < +o0.
ly|—=+o00

In recent years, many scholars have been studying various related problems of the solutions
for the Kirchhoff-type equation:

—(a + b/ |Vu?dz)Au+ V(z)u = g(z,u), in R3,
R3 (1.2)

u € HY(R?),

where a > 0, b > 0, V : R® — R is a potential function and g € C(R? x R, R). Problem (1.2)
is a nonlocal problem because of the presence of the term b ng |Vu|?dz, which provokes some
mathematical difficulties, but on the other hand, makes the research of this problem particular
interesting. Besides, this problem has a very important physical background. In fact, if we set
V(x) = 0 and replace R? by a bounded domain 2 C R3 in (1.2), then we get the following
Kirchhoff Dirichlet problem

—(a+ b/ |Vul?dz)Au = g(z,u), =€ Q,
Q
u=0 x e 0.

(1.3)

It has relation to the stationary analogue of the equation
uy — (a+ b/ |Vul?dz)Au = g(z,u). (1.4)
Q

Such a hyperbolic equation is a general version of the equation
0%u E (I ou 0%u
- 2 [ 1500 T

Ox Ox

Porz ~ \ T 2L J, =0

which was first proposed by G. Kirchhoff as an extension of classical D’Alembert’s wave equations
for free vibration of elastic strings. Soon after, J. L. Lions [15] finished the previous work and
introduced a functional analysis approach.

After that, more and more researchers have paid much attention to (1.3). Many of them
focused on the Kirchhoff type problem defined on the whole space R? (even RY), i.e., problem
(1.2). However, most of their results need assume V verifies

inf V(z):=Vy>0
z€ER3 ( ) 0
and g satisfies classical Ambrosetti-Rabinowitz condition

(A — R) condition: There exists p > 2 such that

0 < pG(x,s) < sg(z,s)

for all s > 0. It is worth mentioning that in [8], Guo studied the following Kirchhoff-type
problem:
—(a+ b/ |Vul?dz)Au+ V(z)u = f(u), in R,
R3 (1.5)
u € HY(R3).



Kirchhoff-type equation with doubly critical Hartree-type nonlinearities 1097

He obtained the existence of positive ground states to (1.5) and in his paper. There is no
(A-R) type condition. He defined a new manifold which could be called the Nehari-Pohozaev
manifold. Besides he used Jeanjean’s monotonicity trick [9] in his paper. We must point out
that f € C! and the forth assumption about f are very important in Guo [8]. Actually, under
above assumptions, M is a C'' manifold and the Implicit Function Theorem can be used.

Most remarkably, as early as 2006, Ruiz [29] first proposed the prototype of this Nehari-
Pohozaev manifold in his study of the Schrodinger-Poisson equation, which is a very great work.
Besides, readers can see [4,20] for recent work.

But unfortunately, there still are very few results of existence of ground state solution to
(1.2) with Hartree-type nonlinearities.

Actually, when a = 1, b =0, g = (I * |u[P)|u|P~2u, the equation (1.2) becomes

—Au+V(2)u = Iy * |uP)|ulP~2u, (1.6)

which is usually called nonlinear Choquard type equation. It also has several interesting physical

origins. In the physical case V(z) =1, @ = 2 and p = 2, (1.6) becomes

—Au —|—1u = (I * |[u|*)u, in R, (1.7)
u € HY(R3),

which is also known as the stationary Hartree equation or the nonlinear Schrédinger-Newton
equation [22]. It goes back to the description of the quantum mechanics of a polaron at rest
by S. I. Pekar in 1954 [28]. In 1976, P. Choquard used (1.7) to describe an electron trapped in
its own hole, in a certain approximation to Hartree-Fock theory of one component plasma [13].
In 1996, R. Penrose proposed (1.7) as a model of self-gravitating matter, in a programme in
which quantum state reduction is understood as a gravitational phenomenon [22]. The existence
of solutions for (1.7) was proved by variational methods by E. H. Lieb, P. L. Lions and G.
Menzala [13,16,21] and also by ordinary differential equations techniques [6,22, 31].

It is well known that (1.6) have a solution if and only if Y32 < p < JE2[[19], Theorem 1] (see
also [ [7], Lemma 2.7]). Under some cretain assumptions when p > 2, Ma and Zhao [19] proved
that every positive solution for (1.6) is radially symmetric and monotone decreasing about some
point. Moreover, for the optimal range of parameters, Moroz and Van Schaftingen [23] showed
the regularity, radial symmetry and decay character of ground state solutions for (1.6).

Besides, readers can see [2,5,10,11,24,26,27,30,33] for recent achievements. Especially in [24]
and [17], the authors studied (1.6) under the general Berestycki-Lions type conditions.

Inspired by the above works, especially by [3,8,10,17], we now research problem (1.2) in RY
with Hartree-type nonlinearities g(z,u) = (I * |u|P)|ulP~2u + (I * |u|?)|u|?"2u which may be
regarded as a Kirchhoff-type perturbation to (1.6). As we all know, there are very few results
to (1.2) with Hartree-type nonlinearities with critical growth.

Our main results is as follows:

Theorem 1.1. If V satisfies (V1)-(V2), then problem(1.1) has at least a ground state solution.

Hereafter for the convenience of narration, we will use the following notations:

e X := H'(R") is a Hilbert space in which an equivalent norm is defined as

Jull =1 (@lVuP + V(p)aal?,
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e L"(RM)(1 < r < c0) denotes the Lebesgue space in which the norm is defined as follows

fuly = ( / " da) /"
RN

e For any u € H'(RM)\ {0}, u; is denoted as:
0, t=0,
= \/%u(%), t>0.
o C.C.,C1,C5, ... denote positive constants which are possibly different in different lines.

2. Preliminaries

Problem(1.1) has a variational structure, i.e., the critical points of the functional

1 b
I(u) =3 /RN [a|Vul? + V(z)u?]dx + 4(/RN Vul?dz)?
(2.1)
1 1
— g [ U e = 5 [ (@ s s

are weak solutions of equation (1.1).

Lemma 2.1. (Hardy-Littlewood-Sobolev inequality [14]) Let 0 < a« < N, p,g > 1 and1 <r <

s < oo be such that
1+1_1+a 1
P q N r s N’

1. For any f € LP(RY) and g € LY(RY), one has
f(@)g(y)
BURSELAL o < C(N .
’/RN /RN ’x_y’N—adxdy = C( 7aap)HfHLp(]RN)HgHLq(RN)

2. For any f € L"(R") one has

1
H\-rN—a*f

< C(N,a, )| fllr vy
Ls(RN)

Lemma 2.2. (Pohozaev identity [1,23,24,32]) Suppose V(z) satisfies (V1)-(V2) and let uw € X
be a weak solution of Problem(1.1), then we have the following Pohozaev identity:

0 =Py (u)

:a(N—Z)/ ]Vu|2da:+N/ V(x)|u*dz
2 RN 2 RN

_ 2.2
+ ;/RN(VV(:U),:E)uFdx—i— LNQ 2) (/RN |Vu]2dx)2 (2:2)

N+ « N+«
2p

/ (Lo * |u|P)|u|Pde — / (Lo * |u]?)|u|dz.
RN RN
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In particular, if V =V, we have:

0 =Py (u)
a(N —2) 9 N/ 9 b(N—2)/ 91 \9
Sl A de+ = |% de + ——— d
5 /RN |Vul“dz + 3 Jon o|u|*dz + 5 ( x |Vul“dz) (2.3)
N+« N+«
_ I, PYlulPde — I, NS
5o [ G e = S22 (1 ot alras

3. Ground state solution for the “limit problem” of equation (1.1)

In this section, we study the following limit problem associated to problem (1.1):

—(a+ b/ |Vu]2)Au + Voou = (I * |u\p)|u|p_2u + (I * |u|q)|u|q_2u, in RV,
RN

(3.1)
u € HYRY).
The asscoiated energy functional is given by:
1 2 2 b 2 2
Io(u) == [a|Vu]® + Voeu®]dz + —( [Vu|*dz)
2 RN 4 RN
1 1 (3.2)
~ % RN(Ia * |u|P)|ulPdex — % /RN(Ia  |u|?)|u|9dz.
Next, we prove the following results.
Lemma 3.1. I is not bounded from below.
Proof. For all u € X\{0} and ¢ > 0, we have:
Lo (us) = Lo (Vtu(t 'z))
N-1 tN+1 pe2N—2 2
_ ¢ / |Vu|*dz + / Vaou?dz + / |Vu)?dz
2 RN 2 RN 4 RN
tp+N+Oz tq+N+a
S | e s [ o fuas
2p  JrN RN
— —00
as t — oo, since o > N — 2, then we can get the conclusion. ]
Next we define My = {u € X\{0} : Goo(u) = 0}, where
L
Goo(u) :§<Ioo(u)7u> + Poo(u)
N-1 N+1 b(N —1 2
_a()/ |Vul*dz + +/ Voou?da + MN 1) / |Vu|?dx
2 RN 2 RN 2 RN (3 3)
N N ‘
_ p++a/ (Lo % |ufP)|ulPde — M‘/ (Lo * |u|7)|u]%da
2p RN 2q RN

dt |,
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Remark 3.2. For ¢t > 0, we set

V() =Ioo(ur)

V-1 , (N+1 , 2N -2 ;2
= d Voou=d d
5 /]RN |Vu|*dz 4+ 5 /RN u*dz + 1 (/RN |Vul x) (3.4)

tPJrN +a g+N+a

t
/(Ia*]u|p)|u|pdx— /(Ia*|u|q)|u|qu.
RN 2q RN

2p
Lemma 3.3. Let c1, ca, c3, c4, c5 be positive constants and u € X\{0}. Then the function
n(t) = etV Tl eptN T 4 gtV T2 — g tP TN 0N for £ >0

has a unique positive critical point which corresponds to its mazrimum.

Proof. By elementary calculation we can obtain the result. O
Lemma 3.4. For any u € X\{0}, there exists a unique to > 0 such that uy, € M. Moreover,
Ino(uty) = r?fugdoo(ut).

Proof. Consider the function 7(¢) defined above. By Lemma 3.3, 7(¢) has only one critical point
to > 0 corresponding to its maximum. Then n(tg) = max n(t) and n'(tg) = 0. Since Ioo(ut) has
the form of 7(t), then it follows that Guoo(u,) = ton'(tg) = 0. This implies uy, € Moo and
Ino(us,) = rgzagc]oo(ut). O

Lemma 3.5. The functional I, possesses the mountain-pass geometry, that is

1. there exist p,6 > 0 such that Inc > ¢ for all ||ul| = p;
2. there exists e € H'(RN) such that |le]| > p and I.(e) < 0.

Proof. (1) By Lemma 2.1(1), one can get
1
Too(u) = S [lull® = Cy[lul* — Cajul|*".

Thus there exists p,d > 0 such that I > ¢ for all ||u|| = p > 0 small enough.
(2) For any u € X\{0}, by the definition of I, (u;), one can have I (u;) < 0 for t > 0 large.
Note that

Hut||2:atN_1/ IVu!2d:c+tN+1/ Viou2dz.
RN RN

So we can take e = uy, with top > 0 large, then we get ||e]| > p and I (e) < 0. O
Hence we define the mountain-pass level of I.:

Coo = Inf max Io(v(t)) > 0,

vel' t€]0,1]
where: I' = {y € C([0,1], X) : 7(0) = 0, Ino(7y(1)) < 0}.
Let
Moo = Inf  Iso(u),
UEMoo
then for any u € My, we have
1
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Hence my is well defined. In addition, by the similar argument as Chapter 4 [32], we have the
following characterization

Coo = Inf maxl(uy) =me = inf Io(u).
ueX\{0} t>0 UEMeo

Theorem 3.6. Problem (3.1) has a ground state solution.

Proof. Let {u,} C My be a minimizing sequence of I, in My, i€, Ioo(un) — Mmoo as
n — oo. Similar to the proof of lemma in [10] and [8], we know that {u,} C M is also a (PS)
sequence of I, i.e Ino(uy) — Mmoo and I (u,) — 0 as n — oo. It follows from I’ (u,) — 0 and
Goo(un) = 0 that

Moo + 0(1) [[un||

> Ioo(un)

= Io(un) — 2(N1_1)Goo(un)

— Z/RN |V, [2dz + 43;__31) /RN Voot da + W /RN(Ia * |unl?)[up |Pdz
i W /R (o Dl 1z

> a/ |V, |2dz.
4 Jon

Therefore, {|Vu,|3} is bounded. Next we prove that {|u,|3} is also bounded. By Lemma 2.1(1)
and the definition of G (uy) and Sobolev inequality, we have

N+1

+/ Veou2 dz
2 RN
N N

= PESEE | G iz + SEEES [ ufuprda
2p RN 2q RN

N-1 N-1 2
- a()/ |V, |*de — N 1) / |V, |*d
2 RN 2 RN

N N
<PtV ta / (I * |uf?)ufPdz + L2 / (I * [u]?)|u]?dz
2p RN 2(] ]RN

< C(Jun[%y + [unl3?)
N-2

< (| Vunl3” + [Vunl3?),
which implies {|u,|3} is bounded. Thenlet 6 = lim sup [, W) |up|Pdz. We claim § > 0. On the
n—00 RN 1y

contrary, by Lions’ concentration compactness principle in [23], we have [y (Io*|tn[P)|u, [Pdz —
0 and [pn (Lo * |un|?)|us|?dz — 0. Together with Py (u,) = 0, we can deduce u, — 0 in X. This
is a contradiction with the fact that c,, > 0. Hence § > 0 and there exists {y,} C RY such that
fB1(yn) |up|Pdz > % > 0. We set vp,(x) = up(x + yn), then |Juy|| = ||onll, fBl(O) | |Pde > g and
Ino(vn) = Moo, Goo(vyn) = 0. Therefore there exists vg € X\{0} such that

vy — g in X,
vp — vo inL¥ (RV), Vs € [1,2%),

loc

v, — o a.e. on RV,
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It follows from I’ (u,) — 0 that

a/ aVUOVgodx—i-/ Voov()(pdac—i-b(/ \va\zdx)/ aVuoVede
RN RN RN

+a P p—1 q q—1
/] ) <rvo<x>\ ()" | feo(a) o) >¢(y)dxdy
RN xRN I'( %)7m |z -yl [z =yl

for p € C°(RY). Then vy is a critical point for I,. Therefore (I. (vo),vo) and Pu(vg) = 0,
which implies that vy € Mg
Denote v} = v, — vg, then v} — 0 in X as n — oo. By lemma 2.4 in [23], we have

(3.5)

/ |v711|2dx:/ |Un|2dx—/ lwo[2dz + 0(1), (3.6)
RN RN RN

/ |Vv7ll|2dx:/ |an|2dx—/ Vg |?dz 4 o(1), (3.7)
RN RN RN

/ (Lo * [l P) 0} Pl = / (Lo * [0 )] vn]Pdlz — / (I * oo ") volPdz + 0(1),  (3.8)
RN RN RN

/ (Ja*|v;|Q)|u;|de:/ (Ia*|vn|q)|vn|qu—/ (L * [oo|D) vl 0dz + 0(1).  (3.9)
RN RN RN

Together with (I’ (vo),vo) = 0 and (I. (vy), v,) = o(1), we have

a/ ]Vv}l|2dm—i—/ Voo|v7ll]2dx+b(/ |Vv711|2d1’)2
RN RN RN

(3.10)
- / (I * [ohP)[ohPdz: — / (I * [oh|9)|ob[odz = o(1).
RN RN
Consequently,
1
Iolon) 2 5 [ [alVeh? + ViclohPlda + ([ [V0h o)’
2 RN 4 RN
1 1
L / (I * [oh|9)obdz + Tno(vo) + 0(1)
2p RN 2(] RN
1 b 2 1
== Voll? + Voo |vl2]d /v”d —/ Voll? + Vo
Q/RNM AP+ VaclodPlde+ 7( [ (90hPda)* = o [ [alVulf? + Vil Pdo
b 1,2 2 1 1 / 1 1
S d - I # [0l 9|0k %da + I 1
2p(/]RN|wn| 2) + (55 = 50) |, U WA IuhI1d + L) + o(1)
> Ioo(vo) + o(1).
(3.11)

Hence I (v9) < Moo = ig\l/fl' I (u). Noting that vy € Moo, thus Ioo(vg) > Moo = i]/f\l/fl’ I (u)
ueMeoo ueMoo
which implies Ioo(vg) = Moo = i/l}/fl. Io(u). Then v is a ground state solution of Eq. (3.1).
ue Moo
The proof is thus complete. O

4. Ground state solution for problem (1.1)

In this section, we prove the main theorem.

Proposition 4.1. (See [9]) Let (X, | - ||) be a Banach space and T C RY be an interval. We
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consider a family of C* functions on X of the form.:
Oy (u) = A(u) — AB(u),VA € T,

with B(u) > 0,V uw € X and either A(u) — 400 or B(u) — 400 as ||u|| — co. We assume that
there are 2 points v1,ve € X such that

ey = inf max @ (v(t)) > max{Py(v1), Pr(v2)}, VA €T,
~vel t€[0,1]

where I' = {y € C([0,1],X) : v(0) = v1,7(1) = va}, then for almost every \ € T, there is a
bounded (PS)., sequence in X.

Set T=[d, 1], where 0 is a positive constant. We investigate a family of functionals on X with
the following form:

1 b 2
Ty (u) :/ [a|Vu|? + V(2)u?]dz + </ |Vu]2dx>
’ 2 RN 4 RN
A
2p RN
Then let Iy x(u) = A(u) — AB(u), where

(Io * [uf?)|ulPdz — )\/ (Io * [u|?)[u|?dz, VA € [6,1].
2(] RN

1

2
A(u) = / [a|Vul* + V (z)u?]dz + b / |Vu|?dz | — +oo, as |jul| = oo
2 RN 4 RN

and
1

1
B(u) = % /RN (Io * [ufP) [ulPdz + 2% /RN (I * [u|?)|u|?dz > 0.
Lemma 4.2. Assume (V2) holds, then we have

1. there ezists a v € X\{0} such that Iy x(v) <0 for all X € [§,1],

2. ¢y = inf max Iy x(y(t)) > max{Iyx(0), Iy x(v)} for all X € [0, 1], where
vel' t€]0,1]

I'={y € C([0,1], X) : 7(0) = 0,7(1) = v}.
Proof. (1) Fix u € X\{0}, then for VA € [0,1] and ¢ > 0, we have

Iy (ug) < Iy 5(uy)

tN_l tN+1
_¢ / |Vu|*dz + / Vaou?dz
RN RN

2 2
bt2N_2 2 6tp+N+oz
+— (/ ]Vu\de> — 2/ (I * |u|P)|u|Pdz
RN p RN
5tQ+N+a
- [ e
— —00

as t — +oo. Taking v = u; with ¢ large, we have Iy ) (u:) < Iy, 5(us) <O0.
(2) By Lemma 2.1(1), we have Iy (u) > 3 ||ul[>— C5/[u[|?” — C4l|u|*?. Since p > 1, we see Iy,\(u)
has a strictly local minimum at 0, i.e., there exists > 0 such that

b= inf IV)\(U) > 0= IV)\(O) > IV’)\(U)

[[ufl=r
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and hence taking u; = v, we get ¢y > max{Iyx(0), Iy x(u;)} = 0. O
Lemma 4.3. (See [9]) Under the assumptions of Proposition 4.1, the map A +— ¢y is non-
increasing and left continuous.

By Theorem 3.6, we conclude that for all A € [§, 1], the “limit problem” of the following
type:

—(a+ b/ |Vu|2)Au + Voo = )\[(Ia * |u]p)|u]p_2u + (Ia * |u|q)|u|q_2u], in ]RN, (4.1)
RN )

u € HYRY),

has a ground state solution uy € H!(RY), that is, for VA € [0, 1], there exists uy € M) = {u €
X\{0} : Go x(u) = 0} such that I{, ,(ux) =0 and Iy \(uy) =my = ir}\fl Iy, A(u). Here
ucMy

1 b 2
Iy, a(u) = 5 /]RN [a\Vu]Q + VOOuQ]d:U + 4</RN ]Vqu:c)
)

A A
- — (Ia * |ulP) [uPdz — / (Ia * [u|?) Ju|?dz,
2]? RN N

N -1 N+1 b(N —1 2
Goon(u) = a()/ |Vul|?de + —— il Vaou?dz + BN 1) / |Vu|*da
’ 2 2 RN 2 ]RN
p+N+a
2p

g+N +a

Y| / (Ia*|u|p)|u\pdw—|—/ (L * [u®)]ul*da)].
RN 2q RN

Lemma 4.4. Suppose that (V1)-(V2) hold and V (x) # Vi, then cx < my for VA € [0, 1].
Proof. Let uy be the minimizer of my. By Lemma 4.2, there exists ¢ € (0, o) such that

X
= < — =
e = ;relgtren[gf]lw(v(t)) Qmax. Iy (Vtux( . ) = va(\/m )

< IVOOv)‘(\/;“/\(?)) = ngdvoo,A(\/%U,\ % )) = Iva(uy) = ma.

O
Next we provide the following global compactness lemma.

Lemma 4.5. (See [3,8,34]) Suppose that (V1)-(V2) hold. For ¢ > 0 and X\ € [),1], let
{un} C X be a bounded (PS). sequence for Iy x. Then there exist a ug € X and A € R such
that Jy,(uo) = 0, where

bA? 1
Jya(u) = ot / a\Vu’de+/ V(x)uzdx
2 RN 2 RN
A A
— 5= (Ia * ]u\p)]u\pdaﬁ — / (Ia * |u]q)|u]qu.
2p Jrn 2q Jrw

Moreover, either
1. u, — ug strongly in HY(RN), or

2. there exists a finite (possibly empty) set {un}n=1,. 1 C X of nontrivial solutions of

(@ bAB) A+ Vi = M(Ta + [al?)ul?~2u + (T + [al)ul 2,
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and yt, CRN, i =1,2,3 ... k(k € N*'), such that

Iyt | — oo, |yl —yl| = coli # i), as n — oo,

bA

k
c+ o = Jya(uo) + Zl Jvo A (i),

k

Un =g — Y (- — yh)us

=1

— 0,

k
A% = [Vugl3 + ) |Vusls,
i=1
where

bA? 1
Jya(u) _at / a|Vul*dz + / Voou?da
’ 2 RN 2 RN

A A
— % o (Ia * |u]p)|u]pdx — 27(] /]RN (Ia * \u|q)\u|qu.
Lemma 4.6. (See [3,8,34]) Suppose that (V1)-(V2) hold. For A € [6,1], let {un} C X be a
bounded (PS)., sequence for Iy . Then there exists a nontrivial uy € X such that u, — uy
strongly in X.

Now, we can prove the main theorem.

Proof of Theorem 1.1. In the view of Proposition 4.1 and Lemma 4.2, we see for a.e.\ € [4, 1]
there exists a bounded sequence {u,} C X such that Iy x(u,) — ca, I{,,(un) = 0. By Lemma
4.6, Iy has a nontrivial critical point uy € X and Iy (uy) = ¢ for ae. A€ [0,1]. Choosing
an arbitrary sequence {\,} C [d, 1] with A\, — 17, then we get a sequence {u),} C X such that
Iy (uy,) = 0 and Iy, (uy,) = cy,. Next we show that {uy, } is bounded in X. By (V1) and
Hardy inequality, using the argument in Theorem 3.6, we can deduce both [Vuy, |2 and |uy, |2
are bounded.Thus {uy, } is bounded in X.
On the other hand, since A, — 17, by Lemma 4.3, we have

A I(ux,)

= lim IV71 (u,\n)
n— o0
1 1
ZMlMM%&HMﬂwwéﬁthmMﬁw+%AAQWWMMNMH

n—o0

= lim c,
n—o0

= Cl
and

lim <I’(u>\n),<p>

n—oo

= 7}5{}0 <I(/,1(U/\n)7 80>

= lim |(Iy,, (ur,), @) + (Ao — 1)</ (Lo * un, P) [un, [Pda +/ (I * |u>\n|q)|uxn|qu>]
RN RN

n—oo

=0.
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That is {uy, } is a bounded (PS)., sequence for I. Again by Lemma 4.6, there exists ug € X
such that I(ug) = ¢1, I'(ug) = 0, which means ug is a nontrivial solution of Problem(1.1).
Finally, we show the existence of ground state solutions. Set m = i%f I(u), where S = {u €

X\{0} : I'(u) = 0}. Now we claim 0 < m < oo. Since ug € S, we see m < ¢; < oco. For any
u € S, we have

0= (I'(u),u)

2
= a/ |Vu\2dx+/ V(x)uldz + b(/ |Vu]2d:n>
RN RN RN

- / (Ia * |ulP) [uPdz — / (In * [u|?) |u|?dz
RN RN
> |Jull* = Cs|lul|* — Cellul/*.

This implies ||u| > ¢ for some § > 0. On the other hand, by the Pohozaev identity, i.e.,
Py (u) = 0. Then by (V1) and Hardy’s inequality, we get:

) = 1) = g5 7). 20 + 2Py (o)
_ Z/RN Vul2dz + 4(]JVV_31) /RN V() |ul2dz — 4(N11) /RN(VV(x),z)ﬁd:c
+ W [ o fu)upda + w /RN(Ia o [u|)ul9dz
> Z/RN Vul2dz — LL(]\;_D/RN(VV(Q;),Q;)UQM
2
> Z/RNWu?dx—S(A;{l)/RN'Zde

a 9 A u?
> ¢ do—— [ 2.4
= 4/RNW“ Y716 S 22T

A
> a/ ]VuZd:c—/ \Vu|?dz
4 RN 4 RN

—A
= / |Vu|?dz.
4 RN

This implies m > 0. In the following, let us rule out m = 0. If m = 0, then there exists
minimizing sequence {u,} C S such that I(u,) — 0, which implies lim [pn [Vu,|*dz = 0.
n—oo

Since (I'(up),un) = 0, we can infer lim [pn |up|?dz = 0. Therefore lim |[u,|/* = 0, which
n—oo n—oo

contradicts to ||uy,|| > . This proves our claim.

Then let {u,} C S be a minimizing sequence such that I'(u,) = 0 and I(u,) — m. By
similar argument as above, we can conclude that {u,} is bounded. Arguing by Lemma 4.6,
there exists a w € X such that u, — u strongly in X. Consequently, I’(u) = 0, I(u) = m. This
means u is a ground state solution for Problem (1.1). The proof is completed. O
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