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LEGENDRE SPECTRAL METHOD FOR THE NONLINEAR TIME
FRACTIONAL MIXED SUB-DIFFUSION AND DIFFUSION-WAVE
EQUATION WITH SMOOTH AND NON-SMOOTH SOLUTIONS*
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Abstract In this paper, we propose a Legendre spectral method for solving the nonlin-
ear time-fractional mixed sub-diffusion and diffusion-wave equations with smooth and non-
smooth solutions. By using the L1 scheme to discretise the Caputo fractional derivative
in time and the Legendre spectral method in space, a fully discrete scheme is constructed.
A prior estimate and the existence and uniqueness of numerical solution are derived. The
stability and convergence of the fully discrete scheme are strictly proved, and the conver-
gence order is proved to be O(Tmin{‘g_%z_a} + N'7%). Finally, numerical experiments are
presented to verify the theoretical convergence results.

Keywords Mixed sub-diffusion and diffusion-wave equation, L1 scheme, Legendre spectral
method, stability and convergence.
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1. Introduction

Fractional differential equations better describe some natural phenomena of physics and en-
gineering, providing a more comprehensive explanation for materials with memory and ge-
netic properties [20]. Due to the difficulty of finding the analytic solutions for fractional dif-
ferential equations [25,26], the numerical solution has received extensive attention. Here are
some commonly used numerical methods: The finite difference method [12,15], finite element
method [5,16], and spectral method [3,9, 14], etc.

The time fractional diffusion and diffusion-wave equations replaced the time derivatives in
the classical diffusion and wave equations by fractional derivatives of order 0 < o < 1, 1 <y < 2,
respectively [18]. The fractional derivatives commonly used include the Caputo fractional deriva-
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tive, the Riemann-Liouville fractional derivative, the Griinwald-Letnikov derivative. However,
compared with classical diffusion and wave equations, time fractional mixed sub-diffusion and
diffusion-wave equations are more consistent and accurate in depicting the anomalous diffusion
process and modeling viscoelastic damping. In recent years, time fractional mixed sub-diffusion
and diffusion-wave equations have been extensively studied [1,2,4,8,10,11,17,21,24].

In this paper, we use the Legendre spectral method to approximate the nonlinear time
fractional mixed sub-diffusion and diffusion-wave equation:

COD?U + CO’DQ/’U’ — Ugg + g(U) = f(I',t), ({Bat) € (_17 1) X (07 T]v
u(—1,t) =0,u(1,t) =0,t € [0,T7, (1.1)
u(z,0) = ug(x), u(z,0) = Y(x),z € [—1,1],

where f is a given function, g(u) is a nonlinear term satisfies ¢’(u) > 0 and |¢'(u)| < L. Without

loss of generality, let g(0) = 0. §D?u and D] u denote the Caputo time fractional derivatives
of u give by

1 t /
CDYu = / w(s) ds, 0 <a <1,
Nl—a)Jy (t—s)>
and .
1 u”(s
cnv, —
D/u= ds, 1 <y <2
D=5y ) G 10 <2
respectively.

There are several numerical methods to solve fractional diffusion and diffusion-wave equa-
tions. Chen et al. [8] used the finite difference/Legendre spectral method to approximate multi-
term linear time fractional diffusion and diffusion-wave equations with variable coefficients, and
obtained a convergence order is O(72 + N'=™). Sun et al. [21] studied the time fractional mixed
sub-diffusion and diffusion-wave equations using the standard finite difference method based
on the L1 scheme, proposed a new analytical technique, and obtained the time convergence
order of O(7™n{2=3=7})  Liu et al. [17] proposed a numerical solution for a novel linear time
fractional mixed diffusion and diffusion-wave equation based on finite difference discretization
in time and Legendre spectral approximation in space, and obtained the unconditional stabil-
ity and convergence of the fully discrete spectral scheme. A meshless method for solving the
nonlinear time fractional mixed diffusion and diffusion-wave equation is given in [4]. Cui [10]
studied the 2-D multi-term time-fractional mixed diffusion and diffusion-wave equation using the
compact finite difference method, achieving a convergence order of O(72 + h + h‘;). By employ-
ing the L1 approximation coupled with the Crank-Nicolson scheme in temporal direction and
EQ"°" nonconforming finite element in spatial direction, Fan et al. [11] presented the uncondi-
tional stable numerical approximation for the multi-term time-fractional mixed sub-diffusion and
diffusion-wave equation on anisotropic meshes. Alikhanov et al. [2] introduced a second-order
temporal convergence order linearized L2-type difference scheme to approximate the nonlinear
time-fractional mixed sub-diffusion and diffusion-wave equation with delay. In [1] Alikhanov et
al. provided a priori estimates of the exact solution and employed an L2-type formula to ap-
proximate the Caputo derivative for the time-fractional mixed sub-diffusion and diffusion-wave
equation, and obtained the unconditional stability of the proposed difference scheme. In [24],
Zhang et al. proposed two numerical schemes for multi-term time-fractional mixed sub-diffusion
and diffusion-wave equation, a direct numerical scheme that uses quadratic Charles Hermite and
Newton (H2N2) interpolation polynomials approximations in the temporal direction and finite
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element discretization in the spatial direction, and a new fast numerical scheme based on H2N2
interpolation and an efficient sum-of-exponentials approximation for the kernels.

In this paper, we construct a fully discrete scheme for the nonlinear mixed diffusion and
diffusion wave equation with smooth and non-smooth solutions by using the L1 approximation
for the temporal direction and the Legendre spectral method for the spatial direction. By a
priori estimates, the well-posedness and convergence of the fully discrete scheme are analyzed,
respectively.

The rest of this paper is organized as follows. In Section 2, the relevant symbols and lemmas
are presented. The fully discrete spectral scheme is constructed in Section 3. Based on a priori
estimate, the existence and uniqueness of the fully discrete scheme are given in section 4, and the
stability and convergence of the fully discrete scheme are analyzed in Section 5. Some numerical
examples are provided in Section 6 and some conclusions are made in the last section.

2. Preliminaries and notations

Some notations and lemmas are introduced in this section, which will be used in the context.
Let H™(Q) = {u € L?(2); D%u € L*(Q),0 < |a] < m} represents Sobolev spaces equipped
with norm | - ||, m > 0. In particular, L?(2) = H°(Q2), || - || indicates the norm of L?(2).
PY(Q) = {v e Pn(Q) s v(£l) =0}, HY(Q) = {v:v e H(Q),v(£l) = 0}.
Let 7711\}0 . H}(Q) — PY(Q) be the Hi-orthogonal projection operator, such that for all
(8x7r]1\}0u,3xv) = (Dpu, 0pv),Yv € PY(Q).

If the boundary conditions are non-homogeneous, the following transformation can be made

1 1
%a(—u) + x

u(z,t) = a(x,t) + a(1,t),

then we can obtain homogeneous boundary conditions.

Lemma 2.1. [6] For all s > 1, if u € H(Q) N H%(Y), then
lu = 7§ ull < CN**Jlulls, 1=0, 1,

where C' is a positive constant independent of N and u.
The Poincaré’s inequality and the discrete Gronwall inequalities are given below.
Lemma 2.2. [7] For any u(z) € C'[-1,1], with u(—1) = u(1) = 0, we have

Jul < =l
ul] < —=llugl.
— \/i x
Lemma 2.3. [19] Assume that {k,} and {g,} are nonnegative sequence, and the sequence {¢y,}
satisfies

(;50 < 90,

n—1

¢n < Gn—1 + Zkl¢la n > 1a
=0
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where go > 0. Then the sequence {¢,} satisfies

n—1
¢n < gn—1€xp (Z k‘l) , > 1
=0

Lemma 2.4. [13] Let k, B and ay, by, cu, Yy, for integer ;1 > 0, be nonnegative numbers
such that

n n n
an+kY by <kY uau+kY cut+ B, n>0.
n=0 n=0 n=0

Suppose that kv, < 1, for all u, set 5, = (1 — kv,)~!, then
an + k Z b, < exp(k Z I Z ¢, + B).
p=0 ©=0 pn=0

3. The construction of fully discrete scheme

Let M be a positive integer, t, = k7, kK = 0,1,..., M, where 7 = % is the time step size. To
simplify the notation, assume u" = wu(z,t,). For the grid function w = {w"|0 < n < M}, we
define . .
i —(w" 4w, S : = —(w" —w" ).
2 T
In order to perform a numerical approximation of the Caputo fractional derivatives of a(0 <
a < 1) and y(1 <y < 2), we use the L1 approximation as in [22].

Suppose u(t) € C?[tg,t,] and 0 < a < 1. Then

-1

3

—a
CDYu(t,) = F(;—i (aou (n—k-1 — an—p)u* — an—1U0> +0(r*7%)
k=1
l-a

_ T . 2—«
mZan k(St’LL 2"‘0( )

where a; = (I + 1)17* — 179 ag = 1, @ > a;41(I > 0). For any 0 < a < 1, we have
C11'=% < (@)~ < Cyl' =@, where C; and Cy are positive constants.
Suppose u(t) € C3[tg,t,] and 1 < v < 2. Then

1
B (COD7 (tn) + G DT ultn- 1))
o <b5 -3 nz:l(b b p)0eub 5 — byl (1 )>+0( 3-)
By re—— 00tU - n—k—1 — On—k)0tU — Op—1U (70 T 3
'3 —7) —

where by = (I +1)277 =277, 1> 0, b; > (2 — )M, For any 1 < v < 2, we have
0<bp<bp_1<--<by<by=1.

The following lemma plays a vital role in the theoretical analysis.
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Lemma 3.1. [21] For ¥, Vi, Va,...,Var € PY(R), it holds that

ao ¢ n Up—k + An_1—k % <rn ap ~— nn2
ok el TR P — <m<
Z( V+Z 5 vk vm) > 2Z\VH,1_m_M,
n=1 k=1 n=1
and
m n—1
D> V" = (bn—p1 = bp—i)VF = by11p, V)
n=1 k=1
1

l\D

> bkl IVEIP = baallyl?), 1<m < M.
k=1 n=1

Specifically, using % to approximate %‘W where G(u fo . The

Legendre spectral method is used to discrete the space direction, the fully dlscrete Scheme of
problem (1.1) is: Find u%, € PY, such that

n—1
1 n—l k_l
- (bo5tUN 7 — Z(bn—k—l - bn—kz)(stu]v ? - bnﬂ%U)

H k=1
1 (a0, n-t | = anok+ kot k-3
2 - —h— 2
+X 55tuN +k212 5tuN U
= . (3.1)
_1 Gu%) — G(u?
+(“Xfx2’“z)+< (uR) n(l]V ),U>
un — uy
:(f”_%,v,VUGPO,
u(])\,:w]l\}ouo,

where A = 7971'(2 — @) and p = 7771T(3 — 7).

4. Existence and uniqueness of the fully discrete scheme

In order to analyze the existence and uniqueness of the numerical solutions, we first introduce
the following Brouwer fixed point theorem and a priori estimate of the numerical solution.

Lemma 4.1. [23] Let X be a finite-dimensional Hilbert space with inner product (-,-) and norm
|| - ||, and let P be a continuous mapping from X into itself such that

(P(&),6) >0, for |l§]| =k > 0.
Then there exists £ € X, ||£]| < k, such that P(§) = 0.
Lemma 4.2. Suppose that {uN}” L be the solution of problem (3.1), if 7 < 719, T0 =

1 _ — .
(%W) e , then uly  satisfies

luf, 2 <A, 1<n<M,

where A > 0 is independent of M.
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_1
Proof. Taking v = 5,51& ? and summing for n from 1 to m in (3.1), then

1 “ n—i = k-1 n—1i
; Z bodrtny 2 = D (bn—k—1 — bnk)Setly > — b 10, Spuy 2
k=1
ap . n—1i Ay + Qpp—f—1 1 1 e n—1 n—1
+ - Z 5tU’N _{_Zf&tujv 5tuN +Z(UN1 ’6tuNx )
k=1 n=1
Gluy) — Gu™) | o
- uh — L ; Orty + Z(f 2,00y 7). (4.1)
n=1 N N n=1
For the first and second terms on the left of (4.1), according to Lemma 3.1, we have
1 “ n—1i i, k-2 n—2
; Z bodiuy * — Z(bnfkfl —bp_p)0tuy > — by_19, Spuy
= k=1

(4.2)

1
= (me ellsy 2P - an 1|WJHZ>

and

k=1

a n—1 an + ap, 5 n
AZ( 2y ? +Z%5ﬂw : Oty 2) > ——ZHétuN 32, (4.3)

respectively.
For the third term on the left side of equation (4.1), using the Holder’s and Young’s inequal-

ities, we get
m

n—=% n—1
Sy, 2 by ?) = <|r 2= [12)- (4.4)

n=1

The first term on the right side of equation (4.1) is estimated as follows, it holds that

Gu) — Gu! 1 uN
= =) IO
Uy —uy uy —uy - Juyt
1
—/ g(ut + 0(uly —ulyh))db. (4.5)
0

By mean value theorem, ¢g(0) = 0 and (4.5), yields

u) — wv 1 n—l 1 n—=
_<G< v) Gy ) oo ):—( [0 (3 + 00y =) a0, iy ) (4.6)

un — Uy

According to ¢’ > 0, the Holder’s and Young’s inequalities, we can infer that
1 L
- </O g'(&) (O(ufy —uly ™)) do, Spuy 2> <0,

/ n—1 n—s 2 n—=32
— do, biuy 2| < Upy 2
</0 g (g)UN » OtU Ny > > Cb . || || 8 ”
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Substituting above two inequalities into (4.6), we get

m -1 m m
Gul) — Guy ) 1 L B b1 1
Yo TN Sy ) < e ST R S sy 2R (4T)
=1 Uy — Uy bin—1 5= 8u
n= n= n=

To the second term on the right of (4.1), using the Holder’s and Young’s inequalities, we obtain

Y n—3 n—3 2“ - n—Li2 bmfl “ n—1 2
nzz:l (f 2,(5tUN 2> < bmlnzz:le 2" + 81 nz::ln(;tu]v 2)12. (4.8)

Taking (4.2)-(4.4) and(4.7)-(4.8) into (4.1), we conclude that

1 m k—1 n 1 " n—=
il (Z br—k |0y 2 12 — an1||1/1||2) o Z [|dpupy 2 [&
k=1 n=1 n=1

24

1
+ o= (e, 1P = lug, I1%)

2T
[ m i b1 m nel 21 m 1 (49)
<c D Iy P+ I e N P Ad |
bm—l — 8,u 1 bm—l 1
n= n—= n—=
+ bm—l i ”5tun—%|‘2
N )
8/1 n=1
the inequality (4.9) can be rewritten as
b1 n-l 1 o=, n-l 1
e I LU S Sl Lo (A
n=1 n=1
o 1 o - 1 (4.10)
<— S b1l + — Q|12 + ¢ L2 o n—312.
g D bt P4 P e P S P 2 S

Using Poincaré’s inequality, we derive that

m m

™ cuT 1 4T 1

Il 17 < ==l ]1* + llup I + Dol P ==l
M m—1 "] m—1 "]

By Lemma 2.3, we can obtain

T 4T &N 1 cuT
O e e e o T R (1+ )éA,
H bin— bin—1

1 n=1

where A is a positive constant.
The proof is complete. O
Next, we analyze the existence of the numerical solution.

Theorem 4.1. Suppose that {ugv};‘:_ol are given, there exists the solution u’y satisfying (3.1).
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Proof. Define a mapping Z : P{(Q) — PY(2), for all w € PY(Q2), such that:

n—1

bo w 1 k-1 bn,1 1
(2(w),0) =2H(T0) — ;wnkl = bi) (B *0) = == (0) + g5 (Tv)
n—1
1 Ap—f + Qn—k—1 k-1 1 ne1
+)\;2(5tuN 27U)+§(wfmvlv)+(uNI 7U96) (411)
G n—1y G n—1
+ < (w oy ) = Gluy ),v> —(f"3,0), Yo PY
w
Taking v = w, then
(Z(w),0) =l + gyl + 3l + (3 )
’ T 2\T 21" Ny 2%
n—1 n—1
1 Ap—k + Qp_k—1 k-1 1 k-1
+5 > S By w) — . > (b1 = bui) (Sruy *,w) (4.12)
k=1 k=1
bn— G n—1 -G n—1
B ) 4 ( v oy ) - Gluy ),w) ().
i w
Using the Holder’s and Young’s inequalities, we obtain
. 1, . 1
(i ) > — 3 B I = 2l (113
n—1
1 Ap—k + Ap_k—1 k-1 2 . 2 1
5 7 Sk b (5578 ) > = = il = el (114)
k=1
n—1
et = b Gy ) 2 = W R = el 419
and b 1
n—1 T 2 2
— > —— - — . 4.16
(,w) = MIWII 4WIIwH (4.16)
By (4.5) and mean value theorem, it holds
G n—1y G n—1 1
( (wt uy u)) (uy ),w> = </ g'(&) (uy ' + w) d@,w) : (4.17)
0

Therefore, we have

1
(/ g’(f)deH,w) >0,
0
! ! 1 12 1
n— < n—
([ s@ustan.w) < curl 12+

Substituting the above inequalities into (4.17), we deduce that

(G(w Ful ) - Gul !
w

lw]?.

1 2
. 4.18

),w> > —cprluy|* —
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Similarly, the following inequality can be obtained

n_l 'n,—l 2 1 2
- > — - — . 4.19
(f"72,w) = —pr| 72| 4M||w|| (4.19)
Taking (4.13)-(4.16) and (4.18)-(4.19) into (4.12), then

1 1 _ 2 _ 2 2) _
(20100 2 g ol = I = S P =
4.20

2\ T _ _1
- EHUS)V_THQ - ;WHQ = cprlluy H® = prll 7E 2.

By the Poincaré’s inequality and Lemma 4.2, we deduce that

1 202 4+ 2)\2
7 >__ 2_ B T e
(Z(w),w) = ol - =5

T _1
- ;Illﬁll2 —prl e

PPAT 4 4p? + 4N + cpPAT?

A
22T

I

Denote
2(pPAT + 4p® 4 402 + cuPAT?)
HA

4(2p% + 2)%)
N P S A
K 2(= 5

[ + A+472||y|

1
ANt
—|—415272\|f”_§||2) ‘)

Then (Z(w),w) > 0, if |w|| = K. According to Lemma 4.1, there is w1 € P, ||w" 1| > 0
satisfying Z(w" 1) = 0. Let uf = w" ! +u !, then u% exists. O
We give the uniqueness analysis as follows.

Theorem 4.2. The solution uy, of problem (3.1) is unique.

Proof. Suppose {u};} and {a};} are the solutions of problem (3.1) with the same initial value

0 _ ~0 no_ ,mn ~1n
uy = Uy . Denote ni = u’y, — uly;, we have

n—1
1 n—l k_l
- (bo5t"7N ’ = Z(bn—k—l — bp—k)diny 27U>

=

k=1
1/(a 1 g, ta k1
n_l _ L _1
+X (2051”7 2 +Z%®”N 2,1})
k=1
_1 Gu™) — Gyt G — Gt
it (RO Gt G )
Uy — Uy Uy — Uy
_1
Taking v = (5t77?, 2 in above equation, we get
Lis i 1R R N S
—[6my 2| _*Z(bnfkfl —bn—k) 0y *,0my *) + o l10my 2l
% = 2)
124, +a k1L L 1 1
n—k n—k—1 -3 n—s 2 n—1(2
- (5 2.6 2 — % ||© = — 4.21
D ) R o LR ol (421)

k=1
. <G<u7v> —Gluyh) Gy - Gy ) _o.

nl

(57577 2
n _ ,n—1 ~n _ ~n—1 ’ N
Un — Uy Uy — Uy
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Using the Holder’s and Young’s inequalities, then we obtain

n—1

]. b b (5 k*% 5 n*% < ]- n—112 1 5 nfé 9 1 0 12 422
M;( n—k—1 = bpn—1) (0my %, 0y *) < W”UN 1+ ﬂ” N +PH77NH o (4.22)
and
LNS Gnok o Onoen g kod ooned Lotz 1 n—-1 9 L o2
_- In—k T Un—k-1 s 2 5 3 < by Lo 1 1 s
A prt 92 (demy 2,0y %) < 7_2)\”771\7 1© -+ 2>\H I 7_2)\||77N” (4.23)

By (4.5) and mean value theorem, it holds

n—1 ~n—1 ’5t77N

Gluy) —Gluy")  Gay) —Glay ') . n-t
Uy — Uy up — Uy

1 1
_ ( [ @ + ot — ag yan, 5th‘2) |

Then we can obtain
1 1
—< /0 €Oy —n))do, i ®) < 0,
and
! / n—1 n—2 n—112 1 n—2 2
—( /0 (€ a0, b H) < el 2+ 5y I

Further we can infer that

Guy) — Gyl Gay) -Gy - n-t . 1 a1
- ey 2 ) <epllni P4 ol 2P (4.24

Substituting (4.22)-(4.24) into (4.21), then

2 2 2

n |12 n—12 0 (12 n—12

< (— + +cT +(—+ — + . 4.25
””NZH > (M \ c M)H"?N I (M /\)HUNH H77Nz | ( )

By Poincaré’s inequality, we deduce that

1 1 1 1
n o2 < (1 n—1)2 0 12, 4.26
I, 17 < ( +;T +— erp)ling, | +(fm + )Ml (4.26)

Using Lemma 2.3, we have

2 2
no2<o. 14+ =
I, | < 0-exp(L+ =

J‘FCT,U,):O.

Applying Poincaré’s inequality again, we have n%, = 0, then uR}; = @}. Then the solution is
unique. The proof is complete. O
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5. Stability and convergence of the fully discrete scheme

Suppose {5 1Mt e PY(Q), for any v € PY(Q),

n—1
1 n—i k=1 ~
- (bO(StUN ? = E (bn—k—1— bn—k)étu]v ? = bn—l¢’v>

K k=1
1 1 — 1an k+an k—1 k-1
+ Sl 2+ ————————— 6y 2,0
A( N Z N (5.1)
1 G(i el .
+<A 2y >+< 1N ),v>=(f”5,v),
@l = my io.

Following the same lines as in the proof of Theorem 4.2, we can obtain the stability of the
fully discrete scheme.

Theorem 5.1. Suppose {u},}kM:?)l is solution of (3.1), {117](]}24:61 is solution of (5.1), it holds
R 4 4 2T A it A1
i, a1 < exp (1 o) (S 9P w2t - b))

Next, the convergence analysis of the fully discrete scheme (3.1) is given.

Theorem 5.2. Let u be exact solution of (1.1), u’y is solution of (3.1). Assume that u €
L>(0,T; H*(Q)), GDfu € L0, T; H*(Q)), GDfu € L=(0,T; H*(Q)), ¥ € H*(Q), where
s > 1. Thus there exists a positive constant C' independent of T and N, such that

||un _ UR/HQ < C(Tmin{672'y,4f2a} + N2723).

Proof. Let u" —u} = (u" — ﬂ]lvou”) + (7 ]1\[0 " —uR) = é% + é}. By the original equation
(1.1) and the fully discrete scheme (3.1), we have the following error equation

T g(u") +g(Y)  n-t
Doy P+ sy e+ \M%W+T<() W) 5

2
(5.2)
Gufy) = Guy™") -t 12
-7 , 018 2 en |17+ 74,
( ufy —u TN | Z '
where
_1 _1
r = T(D?Tr]lvou” 2 525617 2) —T(CODZU 5,567;, ),

1 1

o 1,0 u 1 ~N—5 C o, n—1 ~N—5

ro = T(Dfimy u" 2,8y 2)77'(0Dtu 2,5teN 2),
n—1

1
7“32*2 n—k—1 — bp— k)(5t€N 5t€N %),
L

Thp—1

_1
T4 = [ (711\}0¢ - wv 6té7\f 2)a
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and
n—1
z Qp—k — Op—k—1 (

A prt 2

For nonlinear terms, by (4.5) and mean value theorem, the following inequality holds

T<“M%§mﬁ4)&Zl)—TC”%W_GW%”ﬁﬁQﬁ

ry = — 5t€N 5teN 2).

1
Uy — Uy (5.3)
<Sion 4 n 5~"—% € n—1 1" -1
—§(€N+UN7 e )+2(6N + Uy 0N ).
Applying the Hoélder’s and Young’s inequalities, we derive that
& 5 n—= N 1
5@%‘*‘”?/7@@7;} )+ 2(67\/ Pray Tt dey )
. ~ 37‘b n—1
<cr|lef|® +erlle|? + erllen1* + erllen P + 1H<5 NI
By Lemma 2.1, we have
g(w") + g ") o -} Guy) = Guy) © n-d
T B N -7 w0 Ol
UN ~UN (5.4)
. _ 37b n—1
<erllEil® + erllen I + eN =2l Fooipiarey + g 06y * I
Now, we estimate r;(i = 1,2, ..., 5).
Due to Holder’s and Young’s inequalities, then
27 1 1 Tb n—1
m < oDy = GO 4 T (5.5)
o1
3T _1 _1 n—1
r2 € T2 DpmNunE = SRR + g P, (56)
r k=32, T =32
r3 < 5= ) (k-1 = bui)llGy * (" + 5 - (bo — ba-1)ll0ey *[I7, (5.7)
[ 1
3rh2 A T n—1
ra < 5 lmy'y — i + grldey I (5.8)
and
— Ap—k—1, « k—% T n—=
rs < Z e L e T (5.9)
k
respectively.
Taking (5.4)-(5.9) into (5.2), we conclude that
n—1
?HéteN I” + *II A
n—1
sn—12 2 | (1sn—1 T k=312
H T er(ler ]l + ey )+EZ(@HH — bnp)lldcep | (5.10)
k=1
37 < ! Ap—t — Qp—k k-1
n—k — Un—k—1 ~K=5 12
I L e

k=1
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where
_ 2TM 1,0 _l e _1
F=cN 25||U”2Lc><>(o,T;Hs) o b, ||D'Y u oDju""2 ||2

37‘bn /\
o a8

3T HDa 10unfl CDa nf—HQ

(= 2 2 _ n—1—k— 2 2 nd ~”_k_% 2
By means of 3 (bu k1 — b_i) |6k 212 = z belsiEn R =S bl AR, yields
k=1 k=0

P

n—k—21
*Zbkl\&e 201 + *||

1, . n—1—k—
S§H€”Nzlll2+CT(H Exll® + 11ex ) +*Zbkll5t6 2H2 (5.11)

37 “ Qp—k — p—k—1 Jc—% 9
4 3T ki s by
k=1

By (5.11), we get

1 ~ } - n—1 .
*H 7 < s llen, P+ erller P+ erlley P+ F D lkllek ), (5.12)
k=0
3 6 1 6 2 3 1
Wherel(]:x,l1:X—|—;,li:X+;(i:2’“,7n—2)7 lnil:x_‘_ﬁ

By the Poincaré’s inequality, we deduce that

n
leR, 12 < D wellek, I” +2F,
k=0

where yo = 27 Mo, y1 = 27 My, y; = QT_lli(i =2,.,n—2), Yp—1 = 14+cT+2r Uy, yp = T

According to Lemma 2.4, we obtain

n
€%, 17 < exp(> Suyn) - 2F. (5.13)
k=0
Applying Lemma 2.1, we derive that
| Dy a2 = G2 |
=|(Dfu"~2 chaun—%H(wN GDpuri — D) (5.14)
+ [Ty (DfwE = GDfu ) — (Dfu 2 —%‘D?u"—%nu |
<er? ™+ eN 7| %D?U"7 | oo (0.7 11%)
Similarly, we have
(5.15)

HDW 1.0 . 1 CDW ne 2” <CT3 T4 eNT SHC’DW QHLOO(O,T;HS)’
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and

Ieh0% — | < N[ s (5.16)
Combining (5.14)-(5.16), the inequality (5.13) can be rewritten as

n
e, HQ < exp(z 5uyk){cN_25HUH%OO(QT;Hs) + 78727 4 ot
k=0

5.17)
_ C _1 — C _1 (
+cN 25” OD?“n 2 ”%OO(O,T;HS) +cN 25” oDy 2 H%OO(O,T;HS)
+ N2}
By Lemma 2.1, we have
e, 117 < eN*722ullF oo (o 15010 (5.18)
Using the triangular inequality [Ju} —uR, || < [[€} || + l€k, II, we get
g — uiy, |
n
< exp(z 5uyk>{CN_2sH“H%OO(O,T;HS) + o707 g ert e
= (5.19)
+eN 7| GDJu"z H%oo(o,T;Hs) +eN 7| GDgu 2 H%OO(O,T;HS) '
+ N2l + eN*2ullF e o s
:C(Tmin{6—27,4—2a} +CN2_2S).
According to Poincaré’s inequality, it holds that
Hun o U?VH2 < C(Tmin{6—2'y,4—2o¢} + CN2_2S).
The proof is complete. ]

6. Numerical experiments

In this section, we give two numerical examples with smooth and non-smooth solutions to verify
the theoretical results. Errory := max |[u" — u}|| and Errors = max||u™ — uy| s denotes
the max L?-norm error and the max L®-norm error between the exact solution and numerical

solution, respectively. The rate of convergence is Rates := log, %

Example 6.1. Consider the problem (1.1) with w(z,0) = ¥ (z), g(u) = u® — u. The exact
solution is
u(z,t) = t3sin(mz),

the source term is

6
I'@3-a) I'(4-7)
+ 1% sin3(wz) — 3 sin(mz).

37 sin(mz) + 37 sin(nx) + 72t sin(7z)

f(xvt) =

Figure 1 shows the comparison between the numerical solution and the exact solution, where
N =30, M =1000, T=1, 0 < a < 1, 1 <~ < 2. Certainly, the numerical solutions we have
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acquired closely align with the exact solution. What’s more, it demonstrates that the fully
discrete scheme (3.1) is numerical stability.

> % Exact solution S/ S

— — — Numerical solution

4 e A 4 dopt
-1 08 -06 -04 -02 [ 0.2 0.4 0.6 0.8 1 -1 08 -06 -04 -02 [
X x

02 04 06 08 1

(a) a=01,y=1.1 (b) «a=09,y=1.5

#  Exact solution o S *  Exact solution / Sk
0.8 | — — - Numerical solution b y 0.8 [~ | — — - Numerical solution * N
06 ¥ % 0.6 * *
04 X 04 X
* * hl *
0.2 % 0.2 ¥
% ¥
s 0 # 4 s 0 ¥ 3
* &
02 % 02*
X * X ¥
04f % 04F Y
06 * * 06 * #
*, ! * /
08 N A 08 \, %
4 P | O

-1 -08 06 -04 02 0

x

(¢) a=0.5,y=1.5

02 04 06 08 1

108

06 04 02 0
x

(d) a=0.9,y=1.1

02 04 06 08 1

Figure 1. Exact solutions and numerical solutions for N = 30, M = 1000 in Example 6.1.

Now, we validate temporal accuracy by selecting a sufficiently large value IV in order to reduce
the effect of spatial error. Taking N = 500 and 7 = 1, Tables 1 and 2 show the maximum L?
and L* error and accuracy. We can observe that the temporal accuracy is minimum value of
2 —« and 3 —, which is consistent with the theoretical results, as the values of a and  change.

Table 1. L? error, convergence order with various values of M in Example 6.1.

a=09,v=11 a=05v7=15 a=01~v=11

M Error Order Error Order Error Order
5 2.2347e-04 - 2.5941e-02 - 9.1529e-03 -
10 9.9430e-05 1.1683 9.0526e-03  1.5188 2.5159e-03  1.8631
20 4.4966e-05  1.1449 3.1577e-03  1.5194 6.6238e-04 1.9254
40 2.0602e-05 1.1260 1.1057e-03  1.5139 1.7273e-04  1.9391
80 9.5128e-06  1.1149 3.8828e-04  1.5098 4.4982e-05 1.9411
min{2 — o, 3 — v} 1.1 1.5 1.9

In terms of time direction, we compare the scheme of this paper with that of [4]. Taking
N = 500 and T = 1, it can be seen from the Table 3 that the convergence orders of the two
schemes are similar, but the error in this paper is smaller.

Next, the spatial accuracy is verified, and 7 is taken small enough to avoid the influence of
temporal error. Here we take 7 = 1073 and T' = 1, Figure 2 shows the L? errors with respect
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Table 2. L error, convergence order with various values of M in Example 6.1.

M a=09,y=1.1 a=05v=1.5 a=01y=1.1
Error Order Error Order Error Order
5 2.2347e-04 - 1.4453e-04 - 5.2283e-05 -
10 9.9430e-05 1.1683 5.0305e-05  1.5226 1.4379¢-05 1.8624
20 4.4966e-05  1.1449 1.7502e-05  1.5232 3.7819e-06  1.9268
40 2.0602e-05 1.1260 6.1160e-06  1.5168 9.8495e-07  1.9410
80 9.5128e-06  1.1149 2.1446e-06  1.5119 2.5615e-07  1.9431
min{2 — a,3 — v} 1.1 1.5 1.9

Table 3. Comparison of the L error, convergence order with various values of M in Example 6.1.

Scheme in [4] Scheme in this paper
o v M Error Order Error Order
0.3 1.7 5 4.7296e-02 - 2.0529e-04 -
10 1.9832¢-02  1.25 8.2230e-05 1.32
20 7.8848e-03  1.33 3.3671e-05 1.29
40  3.1419e-03  1.32 1.3659e-05 1.30
80 1.2796e-03  1.30 5.5264e-06 1.31
05 1.6 5 4.4138e-02 - 1.7968e-04 -
10 1.7805e-02  1.31 6.5987e-05 1.45
20  6.6204e-03  1.42 2.4206e-05 1.45
40 2.4329e-03  1.44 8.9718e-06 1.43
80 9.1216e-04  1.41 3.3496e-06 1.42
0.7 15 5 4.8158e-02 - 2.3147e-04 -
10 1.9711e-02 1.28 9.1610e-05 1.34
20 7.3573e-03  1.42 3.6755e-05 1.32
40  2.6980e-03  1.44 1.4753e-05 1.32
80 1.0035e-03  1.42 5.9127e-06 1.32

to N in semi-log scale in four cases. We can observe the error decay exponentially in maximum
L?-norm, which verified the correctness of the theoretical results.

Example 6.2. Consider the problem (1.1) with u(z,0) = ¢(x), g(u) = u?. the exact solution

1S

u(x,t) = t2+7(1 — :B2)x%6,

the source term is

L3+17),0 2y, 16 FB+7) o at 2y, 16
) =—= "1 =TV _ped(q -
+ t2+7(—491)8371?6 - —28837%) + 427 (1 — x2)2x%.

Figure 3 shows the exact solution on the left side and the numerical solution on the right
side, where N = 30, M = 1000, T =1, a = 0.9, v = 1.1. The figures for these two solutions
appear to be nearly identical.
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Error in logscale
Error in logscale

10°

3

<

Error in logscale
Error in logscale

(¢) a=05,y=1.5 (d) a=0.9,y=1.1

Figure 2. L™ and L? errors versus N in Example 6.1.

Exact solution for example6.2 Numerical solution for example6.2

0.12

0.1

0.08

© 0.06
=3

0.04

0.02

Figure 3. Exact solutions and numerical solutions for N = 30, M = 1000 in Example 6.2.

In order to reduce the effect of spatial error, we take N large enough. Here, take T =
1 and N = 60. Table 4 and Table 5 show temporal error and temporal accuracy with the
maximum L?-norm and the maximum L>®-norm. We can see that the according orders are close
to min{2 — «, 3 — v}, aligning well with the agreement of our theoretical analysis.

Figures 4-5 show the L? and L> errors with respect to N in log-log scale. Since its solution
belongs to H°, but not belongs to HY. In the figure we can see the convergence rates between
N—% and N7°. Spatial convergence order achieves spectral accuracy. This shows that the
experimental results are in agreement with the theoretical results.
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Table 4. L? error, convergence order with various values of M in Example 6.2.

M a=09,vy=1.1 a=05v=1.5 a=01y=1.1
Error Order Error Order Error Order
8 2.9363e-04 - 2.3655e-04 - 2.8758e-05 -
16 1.3633e-04 1.1069 8.6020e-05  1.4594 7.8730e-06  1.8690
32 6.3370e-05 1.1053 3.0956e-05  1.4745 2.1397e-06  1.8795
64 2.9480e-05 1.1040 1.1065e-05  1.4842 5.7054e-07 1.9070
128 1.3722¢-05 1.1033 3.9354e-06  1.4914 1.4245e-07  2.0018
min{2 — a,3 — v} 1.1 1.5 1.9

Table 5. L error, convergence order with various values of M in Example 6.2.

M a=09,vy=1.1 a=057v=1.5 a=01,y=1.1
Error Order Error Order Error Order
8 5.3559e-05 - 4.2581e-05 - 5.0384e-06 -
16 2.4926e-05 1.1035 1.5475e-05  1.4603 1.3809e-06 1.8674
32 1.1600e-05 1.1035 5.5684e-06  1.4746 3.7604e-07  1.8766
64 5.4007e-06  1.1030 1.9909e-06  1.4838 1.0093e-07 1.8976
128 2.5153e-06  1.1024 7.0876e-07  1.4901 2.6002e-08  1.9566
min{2 — o, 3 — v} 1.1 15 1.9

—*—0a=02=1.8

S—a=05,1=15

a=0.8,7=1.2
[ N'é
10 F — NS

T

10'6 L

Figure 4. L? spatial convergence orders with various values of o and « in Example 6.2.

7. Conclusion

In this paper, we have developed a Legendre spectral method for solving the nonlinear time
fractional mixed sub-diffusion and diffusion-wave equation. The Caputo fractional derivative is
discretized using the L1 scheme. The existence and uniqueness of the numerical solution, as
well as the stability and convergence of the scheme, have been rigorously proven. The rate of
convergence is O(Tmin{3_7’2_°‘} + N'7%)., Two numerical examples are presented, one with a
smooth solution and the other with a non-smooth solution. It can be found that the spatial
convergence order reaches spectral precision in examples. The numerical results are consistent
with the theoretical analysis. We can consider that using this method to solve the 2D/3D
nonlinear diffusion and diffusion-wave equations.
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10°

Figure 5. L™ spatial convergence orders with various values of o and ~ in Example 6.2.
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