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OPTIMAL TIME-DECAY FOR EULER-FOURIER SYSTEM WITH
DAMPING IN THE CRITICAL L? FRAMEWORK

Jing Liu! and Lianchao Gu®'

Abstract This paper is concerned with the large time behavior of solutions to the Euler-
Fourier system with damping in R? (d > 1). In this study, a time-weighted energy argument
has been developed within the L? framework to derive the optimal time-decay rates. A
great part of our analysis relies on the study of a Lyapunov functional in the spirit of [18],
which mainly depends on some elaborate use of non-classical Besov product estimates and
interpolations. Furthermore, exhibiting a damped mode with faster time decay than the
whole solution also plays a key role.
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1. Introduction

In this paper, we consider the following compressible Euler system with damping and heat
conduction in RT x R? (d > 1):

pt + div(pu) = 0,
(pu)i + div(pu ® u) + VP = —apu, (1.1)
(pE): + div(pu€ + uP) = —apu® + kAT,

with the initial data
(p,u, T)(z,0) = (po, uo, To)(z) — (p,0,T), |x| — oo, (1.2)

where p > 0 and T > 0 are some given constants. Here p = p(x,t), u = u(x,t) € R, T = T(x,1)
and P = P(z,t) denote the mass density, velocity, absolute temperature and pressure function of
the fluid respectively. The total energy £ = e—l—@, where e is the internal energy. The parameter
a > 0 is the friction coefficient and k£ > 0 is the heat conductivity coefficient, respectively.

It is well known that all thermodynamics variables p, T, e, P as well as the entropy s can be
denoted by functions of any two of them. The nonlinear coupling of p and 7" in the pressure
function, which makes the overall estimation more complicated, is a challenging issue. Therefore,
in this paper, we will consider ideal, polytropic fluids, so that the equations of state for the fluids
are given by

P = RpT, e=c,T,
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where R > 0 and ¢, > 0 are the universal gas constant and the specific heat at constant volume,
respectively. Thus (1.1) can reduce to the following system:

pt + div(pu) =0,

put + pu-Vu+ VP = —apu,
1 k (1.3)
oLy + pu - VT + — Pdivu = — AT,

Cy Cy

(pv u, T)(.%', 0) = (PO, UQ, Tg)(.f)

In this paper, we focus on the Cauchy problem (1.3) and investigate the asymptotic behavior
of global solutions. Let us review some works related to the subject of this paper. In the one-
dimensional space case, Nishida [22,23] firstly obtained the global existence of a smooth solution
with small data and [14,15,22,23] for the large-time behavior of the solution, and the references
therein. In multi-dimension space case, the global existence of the small smooth solutions was
proved by different methods in [13,25,27,33] and the large-time behavior of the solution was
studied in [8,13,21,26,27] and the references therein. For the non-isentropic flow, the global
existence of small smooth solutions to the Cauchy problem was proved in [16] in one dimension,
and the large time behavior of these solutions can be seen in [17,19]. For multi-dimensions, Tan,
Wu and Huang [28] proved the global existence of the small smooth solutions and showed that
under the additional assumption that the initial data are bounded in the L' space. Subsequently,
Wu and Miao [29] obtained the global existence and large time behavior of the solution when
the initial data is close to its equilibrium in H3-norm. In contrast to [28], this work removed
additional L' assumptions for the initial value.

In this paper, our aim of this paper is to prove (more accurate) decay estimates in the critical
regularity Besov spaces, which is close to the framework of weak solutions. Xu and Kawashima
[31, 32] investigated partially dissipative hyperbolic system for balance laws, including Euler
system with damping, and established the global existence and optimal decay estimates of
classical solutions in critical Besov spaces under the Shizuta-Kawashima condition (see [24]).
Recently, Crin-Barat and Danchin [2-4] made improvements to the results presented in [31,
32]. They proved the global existence and uniqueness of solutions on the L2 — L type hybrid
homogeneous Besov spaces with different regularity exponents in low and high frequencies and
derive the optimal time-decay rates of global solutions. In their study, a specific damped mode
emerged, which is a key finding of their research and exhibits a faster time decay compared to
the whole solution.

The rest of this paper is organized as follows. In Section 2, we state the main results and
explain the strategies of this paper. In Section 3, we establish the low-frequency and high-
frequency analysis for the Cauchy problem (2.1). In Section 4, we carry out the proofs of
Theorems 2.2 on the optimal time-decay rates of the global solution. In the appendix, we
present some notations of Besov spaces and recall related analysis tools used in this paper.

2. Main results and strategy of proof

2.1. Main results

Without loss of generality, set
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Define the perturbation
a:=p—1, ag:=po—1, :=T -1, 6y :=Ty—1.

Then, the Cauchy problem (1.1)-(1.2) can be reformulated into

oa+u-Va+ (1+ a)divu =0,

0 —
du+Va+u+VO+u-Vu+ a
a+1

1
00 + (1 + 0)divu +u - VO — ——A0 =0,
a+1

Va =0,
(2.1)

(a,u,0)(x,0) = (ag,uo, bp)(z) — (0,0,0), |z|— oco.

\

It is clear that the second equation on w is a damping equation and the third equation on
6 is a heat equation. In this paper, we focus on the Cauchy problem (2.1) and investigate the
asymptotic behavior of global solution. First of all, let us take a look at the spectral analysis
briefly, which was made by Chen, Tan and Wu [7]. It is not difficult to check that the linearized
system (around the equilibrium) reads

ora + divu = 0,
Oiu+Va+u+Ve=0,
00 + divu — A =0

witha=p—1,60 =T — 1. It follows from [7] that

Ce=+EPt @] + [¢lem 2o+ e G| + em2o €% 8y)),  |¢] — 0,

at, &) ~ - - B
C(e=®o| + e[| + [¢] " e %(Go]), €] — oo,
i, &) C(|€lee+ P G| + e~ 3| + [¢le 2+ €8y )),  [¢] = 0,
u\t, ~/ B _ o~
C(e~%ag| + e~*|uo| + |£|"Te=*|00]), |€] — oo,
and
At €) C(e 2o+ Pt Gy |+ |€lem 2+ 6P g | 4 e 2o+ 168 gg)), [¢] — 0,

C(I]™ e~ aol + I§]~ e~ [to| + [€]7%e~I60]), €] = o0,

where c4, ¢ are generic constants. One can observe that a is associated with a parabolic be-
havior at low frequencies and an exponentially damped behavior at high frequencies; while
u is associated with exponentially damped behavior at both low and high frequencies; 0 is
associated with a parabolic behavior at both low and high frequencies. If the initial data
|(ao,60)|l 1 + HUOHL% < +00, then one can conclude the optimal decay rates:

_3 _5
(@)l S A +0)75,  lull2 S (T +1)74.

However, there are few results to our knowledge on the global existence and large time
behavior of solutions to (2.1) in spatially critical spaces. Then, we establish the global existence
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of the solution to the Cauchy problem (2.1) for the initial data close to the equilibrium state
below. Recently, Gu and Liu [12] established the global existence of small strong solution to
(2.1) in the L? critical hybrid Besov space. For convenience, we state it as follows (the reader is
also referred to [12]).

Theorem 2.1. For any d > 1, there exists a constant €9 > 0 such that if the initial data

o . d . diq
(ao, uo, Bo) satisify (ag,uo,b0) € B3, N B2, and

Xy £ ||(ao, uo, 00| 4
322,1

h
+ ”(a07 uo, 90)”35;-1

< €p, (2.2)

then the Cauchy problem (2.1) admits a unique global strong solution (a,u, ), which satisfies

. d ~ . d . d ~ . d
a € G(RY; B )N IR B3, ), a" € G(RY; Bz ) nI*®RY; B ),
. d ~ . d . d ~ . d
ul € C(RT; B ) NIARY; BE)), ol € G(RT; B3, )N LA(RY; B ), (2.3)

. d ~ . d . d ~ . d
0" € C(RY; B2 )N I2(RY; B3, ), 0" € Go(RY; B2 ) n I2(RT; B3 ),

and
Xé ||(a’u’0)”€~ .4 +||(a7ua0)“}i .44 —|—(CL,€9)||Z~ .44
LE(B3y) LE(B3y ) LE (B3 )
L h h
+ ||u + l(a,u + |0 (2.4)
I Hzg 5, I1( )H? s | HZg(Bﬁf%

< CAXy, t>0,

for C > 0 a constant independent of time.

For Besov spaces, the readers can refer to Definitions 5.1-5.2 in the appendix. Next, we
study the optimal time-decay rates of global solutions to system (2.1).

Theorem 2.2. For any d > 1, let (a,u,0) be the corresponding global solution to (2.1) con-
structed in Theorem 2.1. If the low-frequency part of the initial data (ag,uo,00) additionally

fulfills

L d d
(a0au0a‘90)€ € BQ,ool fOT o1 € (_§a 5]7 (25)

then it holds for any t € RT that

d
(0, 0)(1) 55, < Coo(1 40D, g€ (o1, 5], (2.6
where C' > 0 is a generic constant independent of time and

60 £ ||(ao, uo, 00) |~y + ll(a0, w0, 0)lI" 4 .- (2.7)

2,00 B3,

Furthermore, if d > 2, then the following time-decay estimate holds:

—1(1+o+01) d
||UHBgl < Coo(l+1t) 2 , o€ (—oq, 5~ 1]. (2.8)
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._d
Remark 2.1. Due to the embedding L' — B, 2

9,000 the above assumption (2.5) with o1 = %

covers the classical L! condition as first presented by Matsumura and Nishda in [20]. Moreover, it
should be noted that the smallness of the norm ||(ag, ug, 0o) H% _, isno longer needed. The crucial

2,1
part of proof of Theorem 2.2 lies in the evolution of negative Besov norms at low frequencies
(see Lemma 4.1 for details).

Remark 2.2. More precisely, one can obtain the classical decay rates. For instance, if takigng
oc=0] = %, then the solution decays in the spatially critical space L at the rate of O(t™2).
If taking 0 =0, 01 = %, then the solution decays in L? at the rate of (’)(t_%) and the damping

term w in the velocity equation is at the enhanced rate of (’)(f%), which were shown by Chen,
Tan and Wu [7] in the framework of Sobolev spaces with higher regularity.

2.2. Strategy of proofs

In the proof of Theorem 2.2, we adapt the work by Xin-Xu [30] about optimal time-decay
rates for the compressible Navier-Stokes equations without additional smallness assumptions.
Motivated by the interesting works [5, 18], we establish a new time-weighted functional X (t),
defined in (2.4) with the time weighted (1 + 7)™ for M > 1 + %(% + 01). Actually, we derive
the following time-weighted inequality,

I+ (@ w0l 4 + 0 +7)"(a,6)
L (B31)

HA+n)Mulll g IO+ DY (@ u o)

L7 (B31) LBy )

M h
HlO+D"@wl” g,

t P 1

+1

I, 4
L¥(B3: )

+ (1 +7)Mo|"
I ) HZ?(%%’?Q)

d

1/,d
S <|r<a,u,e>fuzgo<sz,g> +lau e)\;m@m) (14 b,
t 2,1

This leads to the desired decay estimate (2.6) with the aid of interpolation tricks. Here, the
crucial part of the decay proof lies in the nonlinear evolution of the BQ_ ol-norm in low frequencies,
which is a weaker assumption than the usual L' assumption. Then, the faster time decay rates
in (2.8) are obtained by capturing the damping effects in the equation (2.1),. In addition,
compared with the isentropic case, the non-isentropic case includes a temperature equation,
which gives rise to some more complex nonlinear terms.

Notation. Throughout the paper, we denote by C harmless positive constants that may change
from one line to the other. We sometimes write A < B instead of A < C'B. Likewise, A ~ B
means that C1B < A < (3B with absolute constants Cp,Cy. For any Banach space X and
f,g € X, we agree that ||(f,9)|lx £ ||fllx + llgllx. For all T > 0 and g € [1, cc], we denote by
L8.(X) £ L2([0,T); X) the set of measurable function f : [0,T] — X such that ¢ — || f(t)||x is
in L2(0,T).

3. Low-frequency and high-frequency analysis

We are going to establish a Lyapunov-type inequality for energy norms by using a pure energy
argument. For clarity, the proof is divided into several steps.
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3.1. Low-frequency analysis

In this subsection, we first establish the a priori estimates of solutions to the Cauchy problem
(2.1) in the low-frequency region {£ € R? | [¢| < 8}. Note that (2.3) implies

1 1 3
sup  a(z,t)| <5 =5 <e=1+a<g,
(2,t) R (0,T) 2 2 2 -
- . 1)
sup 0(z,t)| <= =-<T=14+60<_-, ifAHKL
(2,)€RIX (0,T) 2 2 2
The property (3.1) will be used to handle the nonlinear terms f;T‘ll and 14%(1 in (2.1) by the

continuity of composition estimates in Proposition 5.1. For any j € Z, applying the operator
Aj to (2.1), we get

O Aja+ Ajdivu + Ajdiv(au) = 0,

atAj’LL + AjVa + Aju + A]VO + A](’LL -Vu) + Aj(z;ﬁva) =0, (32)
0 A0 — AjAG + Ajdive + Ajdiv(ub) + Aj (5% A0) = 0.

First, we derive a low-frequency Lyapunov type inequality of (3.2).

Lemma 3.1. Let (a,u,0) be any strong solution to the Cauchy problem (2.1). Then, it holds
for any 5 <0 that

d
£51,j(t) + D1 (1)

SIA; (au) |22 ]1(A;Va, Aju)| 2

. . O—a . : (3.3)
(A (u- V), A (== Va)) 2l (Aju, A;Va)l 12

. . a . - a A
10 00), A (VO 2185980 2 + 185 (V20 )9) 2102

where &1 j(t) and D1 ;(t) are defined by
1 . ) ) ) )
gl,j(t) = §||(Aja,Aju, AJG)Hiz +m /d AjVaAjud:U,
R
Du;j(t) = | Ajullze + [1A;V0)72 +mllA;ValZ. — mllA; divul|7, (3.4)

+771/ AjuAjVadx+n1/ A;VOA;Vadz
R4 Rd

with constant ny € (0,1) to be determined later.

Proof. Taking the L? inner product of (3.2),, (3.2), and (3.2); with Aja, Aju and A;6,
respectively, we have

1d . o o .
§£||A]’a||%2 = _/[Rd Ajdivuljadr — /Rd Ajdiv(au)Ajadz, (3.5)
1d, . . . . . .

——||Ajull2s + | Ajull3s = —/ A;VaAjudzr —/ A;VOAudx

2dt R4 Rd



The Euler-Fourier system with damping 561

- / Aj(u- Vu)Ajude —/ A0 =090 A ud, (3.6)
Rd R4 a + 1
and
1d, o o . ) . . .
——|18;0]|72 + |1A; VO] = — [ Ajdiv(ub)A;0dx — AjdivuAj0dx
2 dt R4 R4 (3 7)
. a . ’

By performing an integration by parts in the third term on the right-hand side of (3.7), we get

. a .
. . a . . a .
-/ Ajdlv(a_i_lVG)Adex—/Rd Ay (V)90 A0
. a . . a .
= — A 0)A\;VOdr — A ——)V0O)A,0dzx.
/]Rd ](a+1V) JV dz /Rd J(V(G—I—l)v) juar

By applying Cauchy-Schwarz’s inequality, the combination of (3.5)-(3.7) leads to

1d . . . . .
5o l(Aja, A, A;0) |32 + 1A ullfa + 14, V0]
<A (aw) || z2llA;Val r2 + | A (u - V) || 2] Ajul| 2
. 0—a ) . . a ) (3.8)
185GV 28l + 1| ( Ayub), Ay (5 6) ) 112114, V6]

. a .
1A (V2000 214561 2
In order to obtain the dissipation of a, we make use of (3.2); and (3.2), to have
/ A;Vahjude + | A;Va|2a — [|A;divul2,
dt Rd

+ AjuAjVad:L‘ + AjVQAjVadx
R R (3.9)
<||Ajdiv(auw)|| 2| Ajdivul| g2
0—a

)52 ) 14, al

a+

(18500 Fu)le + 1,
According to (3.8)-(3.9) and the Bernstein inequality, (3.3) follows. O

3.2. High-frequency analysis

In this subsection, we establish solutions to the Cauchy problem (2.1) in the high-frequency
region {¢£ € R? | [¢] > %} To this end, we show a high-frequency Lyapunov type inequality of
(3.2).
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Lemma 3.2. Let (a,u,0) be any strong solution to the Cauchy problem (2.1). Then, it holds
for any j > —1 that

d
*52,j(t) + D2 (1)
1+6

<alla (g a1 + [ (155

1 + 0 , ) . )
e v( 7| 185l + Sldivull | Agul3s + 14 (u6) | 214,76 2

)|, 145l 10l

umuAjveuiz (3.10)

IV e 145V 2211 A0 2 + [

1 +a
1 1+6 ; ) ; 53 ;

+ | R] ||L2||ﬁ‘|L°°||AjaHL2 + [R5l 2l Ajull 2 + [ B[ 2] ;6] 12
2 Agdiv(an) | 2 Agdival 2 + 2 A - V)2l Ay Val 2

o 0—a
2 A (

)izl A;Vall e,

where € j(t) and D j(t) are defined by

£25(1) % ( /R d aljae)zmja)? T (Aju)? + (Aj9>2dx)

+7722_2j/ A;VaA udz,
Re 0 (3.11)

Do j(t) = [|Ajullfz + 1A, V0|72 + 102 7||A;Val|72 — n2272 || Ajdivul| 7,

+1p27% /Rd AjuAjVadm + 12 Y /]Rd AjV(‘)AjVada:

with constant ny € (0,1) to be determined later.

Proof. The Cauchy problem (3.2) can be reformulated as

ﬁtAja + uAjVa + (1 + a)Ajdivu = R]l’
. . . . 140 . ~
0 Aju+ Aju+ A;V0 + uA;Vu + ILA-V@ - B2, (3.12)

A0 + Ajdivu — AjA0 + Ajdiv(ub) — A Al = R3,

where

R} = ~[A;,(1+ a)ldivu — [A;,u]Va,

- , . 1+0
Ry = —[Aj,u]Vu - [A;

3 m]vaa (3.13)

a
Pat1

By similar arguments to Lemma 3.1, we obtain

1d 1+6 . 140, 140
—— ————(Aja)d Ajdivudjad A;VaAad
th/Rd(l‘Fa)Q( ;@) x—i—/Rdl ivu ax+/Rd(1+a)u VaAjadx

R} =[A,; | AG.
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OO (A2 o 150 4
B /Rd ot <<1+a>2> (Aja) df‘f‘+/Rd Rj(lm)gﬁgadw, (3.14)

2dt”A uHL2 + HA uHL2 +/ ul;Vul judx
1+0 .
+ [ A;VOAude +/ A VaA judr = / R Ajudz, (3.15)
R4 R4
as well as

2dt||A 012, + [|A; V02, +/ A;divudA ;0dx + y A;div(ub)A;0da
(3.16)
—/ A ABA,; de—/ R3A;0dz.
Rd 1 Rd

The combination of (3.14)-(3.16) leads to

1d 1+0 . . . ) .
1d ( /. TGP+ Byt + (Aj9)2dw> Al + 1A, 962,

2 dt 1+a)?
<35 (@)l |Aa|L2+HVGIz>H 1A sull 21 Azall 2

1 1446
s (), sl + Seivulsn 14,
+ 5llav( )], auLz+ vl e | Agul3, _

+ 1A (ud) 1211 A5V 2 + IV e 185V0] 2[1 46 2

1+0 ;
o= 1250172 + HRIHLQHﬁHL“’”A]’a”LQ

o

+ 1Rl 2 1A ull 22 + 1R 22| A8 2
By virtue of (3.9) and (3.17), the Bernstein inequality and the fact 277 < 2, (3.10) holds. [

4. The proof of Theorem 2.2

In this section, we establish the decay estimates of the global solution given by Theorem 2.2.
Our method is partially inspired by the time-weighted Lyapunov energy method in [18] which
contains the following two key steps:

(1) The evolution of negative Besov norm under particular regularity —o7;

(2) Time-weighted estimates and asymptotic behaviors.

4.1. The regularity evolution of negative Besov norms

In this subsection, we turn to bound the evolution of negative Besov norm, which is the main
ingredient in deriving the Lyapunov-type inequality for energy norms.

Lemma 4.1. If (a,u,0) is the global solution to the Cauchy problem (2.1) given by Theorem
2.1, then for all t > 0 the following inequality holds:
A ¢ ¢ ¢
X1 0) 2 o O oy + ol Wl + W ey
< Cdp.

Here C > 0 is a uniform constant, and d¢ is defined by (2.7).



564 J. Liu & L. Gu

Proof. Recall that & ;(t) and Dy ;(t) given by (3.4) satisfy the Lyapunov type inequality (3.3).
One can show for any j < 0 that

1 n . . . 1 n . . .
(5 = (A, Ayu A0)[3 < 1500) < (5 + D (Aja, gu A0)[3 (42

and

Dj(t) > Cm2¥ || Ajalfz + (1= 2%m — COm)||AjullZ

, . 4.3
+2%(1 = Cm)||A;0)3, -

where C' > 1 denotes a sufficiently large constant independent of time. Choosing a sufficiently
small constant 1, € (0,1), we deduce by (4.2)-(4.3) for any j < 0 that
E1j(t) ~ [[(Aja, Aju, Aj0)|7 (4.4)

and
D1 ;(t) 2 2% (Aja, Aj0)|132 + ||Ajul3.. (4.5)

By first integrating (3.3) over [0,t], then combining the inequalities in (4.4)-(4.5), and finally
taking the square root of both sides of the resulting inequality, we obtain

1(Aja, Aju, Aj0)[| oo 2y + 27 11(Aja, Aj0) | 22y + 1 Ajullraze)

<A ja0, Aguo, Agbo)l 2 + || (&), Ay Vu), & (ub) )|

&

Multiplying (4.6) by 279/ and taking the supremum on both [0,%] and j < 0, we get

L2(L2) (4.6)

+ 1A (V(
L2(22) VT

“va),Aj(ailve)) 1)v0)HL1 1)

¢ ¢ £
10,6015 oy + 1 O vy il o

5”(0’07 uo, GO)HEB;’ZJ + H(CLU, u- Vu, UG)H%Q B*‘o’é) (47)
6 —a ¢
IG5V, W oy + IV ()0 s
In what follows, we focus on the nonlinear terms on the right-hand side of (4.7). According to
Proposition 5.1 and Proposition 5.2 with s; = %, S$9 = —01, one can get
[CORTE SR P
Shas s )| zeo 5oy 1wy VU)!L k)
2 1
S (XL +X( ))/1’( ), (4.8)
0
s )H B
<li(a, 9)H~ (58 HaHLz sy tlall | g HQHLz 71t
2 2

t

S(XLo, + X( ))X( ); (4.9)
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and

Ve )WH

L2(B2H HHHLQ °1+1)

<|r !L2 4
L3 (B3,

S X() (Ko + X(1)).
Substituting the estimates (4.8)-(4.10) into (4.7), we have

XL:O'I 5 H(aoaan 90)”632_01 + X(t) (XL#H + X(t)) .

(4.10)

+1 4 HL2 *01“)

Making use of (2.4), X(t) < X(0) < 1 and H(ag,u(],Go)Hg,Ul + X(0) ~ &g, we prove (4.1). O
2,00

4.2. Time-weighted Lyapunov approach

Next, we introduce a new time-weighted energy functional

X () 21+ 1Y (@w,0)C 4+ +7)Y (@ )]

dyq
Ly (Bsy) L (B3, )
+11(1 + 7)Mu)* + 11+ 7)M(a,u,6)||”
Il e I+ ol (a.11)
+(1+7 " + 11+ 7)Mo ,
11+ 1) (a, )| E st (1 +7) IIZ?(BZ%?Q)

where M > 0 is chosen sufficiently large. Consequently, we have the following time-weighted
Lyapunov estimates.

Proposition 4.1. Let (a,u,0) be the global solution to the Cauchy problem (2.1) given by The-
orem 2.1. Under the assumption of Theorem 2.2, it holds that

Xy < o(1+ t)M-z(5+en) (4.12)
for M > 1+ (4 + 1) and t > 0, where &y 2 | (ao, uo, 60)||" By + ||(ao, uo, 00) ||

d
g+1°
B2 1

Proof. The proof is separated into several steps.
e Stepl. Low-frequency estimates.

Let us begin with the Lyapunov type inequality (3.3) in the low-frequency regime. Multiplying
(3.3) by (1 +¢)* and using the fact

1+ L0 = L+ 0Me 1) - 20+ e (),
we obtain

D 0E,0) + (14 1Dy
S+ 6271 5(1)

+ (1+t)2MH ( j(au), Aj(u-Vu),Aj(Z__i_iLVa

el 8,90l g1y

. . a
S0P (800,45 (V8

)) 2214, V8] e

)VO)ll 214,61 2

1 2M A a
+ ()" A (Vo



J. Liu & L. Gu

566
for j <0, which together with (4.4) and (4.5) implies that
1L+ 8)™(Aja, Aju, Aj0) g2 + 27| (1 + )M (Aja, A0) | 22 + (1 + 7)Y Ajull 22
(4.14)

<I(Ajao, Ajug, Ajo)|| 2 + [[(1+ 7)

1(A‘CL,AJ‘U,A]‘9)HL?L2
—a A a
Aj(——=V0o

H L (Ao Ay T A58, 4y )

+ @+ n)MA; (V(a n 1)V9) L (z2y-
Then, we multiply (4.14) by 227, take the supremum on [0,¢], and then sum over j < 0 to get
10+ @u o)l g +IA+DY@OI, 4+ ul
L?O(Bf,l) L%(BZ,l ) (3221)

<ll(ao, uo, o)l 4 + 111+ 7)M 2 (a,u, Q)H(Z 4

B22,1 (3221) (4 15)
0—a :
va, I,

7(B3y)

14+ 7)M - Vu,uf), ——
+ |1+ 7)™ (au,u u,ub, =g
+la+7n)Mv ;
11+ 7)"V( +1) IILI(B )
It is worth emphasized that the second term on the right-hand side of (4.15) plays a key role in
the derivation of decay rates. To bound it, it follows from Lemma 5.2 and Young’s inequality

(4.16)

to deduce
Cau o,
L}(BZ,)

11+ )M
1 M ¢
(T +7)"(a,u,0)||” 4
Lg*(B3,)

<C| 1 +7)" Ya,u,0)°
L{(B3,)
where the first term can be handled as follows
(4.17)
dr.

104" w0l
L}(B3y)
t
1+ 7MY (a,u,0)"| 4
J O+ w0 g

t
S [ @m0
0 322,1
To control the first term on the right- hand side of (4.17), we deduce from Lemma 5.2 with
that

d
s1=—01,82=45+1,p=2and n = +1+d
2
dr
1—mno
deT

t
1+ )M (a,u, 0 4
S w0y

<

t
S [ @ w0 a0
0

< a, u, 0)"] I’70 B / 11+ 1) (a,u, 0) Hl " (1+7)M770 Lir

< (nauu,enﬁg%B;a”)
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L +770

1-mn0
X <||(1 +7)M(a,u,0)" [ ) (1 4 7)ot (4.18)
L}(B3, )

On the other hand, by taking advantage of (5.5) and the dissipation properties of (a,u,#) for

high frequencies, it is easy to verify that

t
/ (1 + M@,y dr
0 B2

2,1

-y 1—no
Sty ) [ (las0Mawlt, ) asentmtar
Lg*(BZ,) 0 B3, o)

1-mno
< 1A +7)M(a,w))"
(\( )7 )”zg(sﬁﬁ
10
h Mno—1
x<u<a,u>uimiﬂ)> i

and

/ (L 0)M1eh)
0 221

L L—=mno
s(ueuh ) /0 (H(HT)MGII;g) (1+7)Mm~1gr (4.20)
2,1

B (Bfy)
1=no 70
S a+n)Me" 0||" 1+ 7)Mmo—1
<H( ) ||zz<3§j2> I IIE?O(B#) 11 +7) | L

By combining (4.16)-(4.20), Young’s inequality and the fact that
S (@ +pM-iEr)™,

(1 +7)

we deduce

_1
I+ 7)Y 2 (w0
L3 (B31)

_ldg
< <||<a,u,e>fuz§o(gzg) w0 (Bglﬂ)) (1+ 1))

1 v
+ 2 I +7)Y (@ o) + 1+ )Mt
4 (H( )7 )Hif(B%H) I( ) HZ?(BQ%J)

2,1

(4.21)

1 M h Mph
+ 7 <||(1+T) (a’u)”ZQ(B%“) + (1 +7) 9||Z§(B§f2) :

t P21

According to Proposition 5.1 and Proposition 5.2, the nonlinearities on the right-hand side of

(4.15) can be estimated by

, vo)|l¢
a1 Mis,

11+ 7)™ (au, u - Vu, b,
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Sliasw, O g 1(1+7)M (u, V)l
L (B3,) (3271)
+l(@,0)__ g [I(1+7)"al +lall, .4 I(1+7)M6)
Ly (B3, L?(Bz, L (B3y) L3 (BFy )
<X (1) (4.22)
and
I+ )MV (- )V9H£ ¢ Sllall It +7)Mell
a+1 iy~ BoE LEs ) (4.23)
S X)X ().
Substituting (4.21)-(4.23) into (4.15), we get
I+ )Y (@,uw 0. o 10+ @O 4, I+ Mullt
L (B3y) Li(B3y ) L{(B31)
<||(aq, ug, 0o)||°
Sli(ao, uo 0)HB§1 (4.24)

+ <||(a,u,9) HLOO ) + |l(a, u, )| 4 ) (1 _|_t)M—%(§+cr1) + X () X (t).

Lge (BQ,1 )
e Step2. High-frequency estimates.

We recall that the Lyapunov type inequality (3.10) holds for & ; and Dy ; given by (3.11). It is
easy to verify for any j > —1 that

1 . . 1 .
(5 = m)l(Aja, Aju)llZ. + 5 HA 0172 < &4(t) < (5 +m)[[(Aja, Aju) |72 + < Hﬁﬂlliz, (4.25)
and

Dy(t) 2 G lIAjalfz + (1 = Sm)lAzullfz + (1= 5m)2 [ 450072, (4.26)
where in the first inequahty one has used the key fact from (3.1) that
/d W(Aﬂ) dr < HWHLWHAJ‘GHL? ~ [[Ajallze.

By (4.25)-(4.26), for any j > —1, one can choose a sufficiently small constant 72 € (0,1) so that
we have

E2,5(t) ~ [I(Aja, Aju, Aj6)||7 (4.27)

and
Dy (1) 2 [(Aja, Aju)|72 + 27 (|4;0]7-. (4.28)

For any ¢ > —1, multiplying the Lyapunov inequality (3.10) by (1 +¢)?" gives

C 4 PMEx5 (1) + (L4 02Dy 1)

SA+ )M () + (1 + )M + (14 6)*M g, (4.29)
+ (L4 0)*M s+ 275 (1 + 1)*MJy,
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where
2| G )| 1t + ()| 1asualsali
| ((ja‘;u) Ayl vl Al
Jzé|r<Aj<ue> I A 90l 19 B0l ) 8,901
& Rl *Uu IAsallze + 1Rl s + 10 A 0o

(1+a)

0
Ju 2 || A div(au)||p2]| Ajdivel g2 + H( i(u-Vu), A ( a

va) )l 14, Val 2.

By similar arguments as in (4.13)-(4.14) and combining (4.27)-(4.28), the inequality (4.29) im-
plies

(1 + MDA a, Aju, A0) g2 + 11+ 7)Y (Aja, Aju)ll 22 + 27| (14 7)Y A6 2

<II(A a0, Ajug, Ajho)llz2 + (1 +7)M=2 (Aja, Aju, Aj0)|| 22
1/2

+ (/Ot(l +7)2M g, dT> v + </Ot(1 +7)2M g, dT) (4.30)

t 1/2 4 t 1/2
+ (/ (14 7)2M 5 d7> +277 (/ (147)2M, dT)
0 0

Furthermore, it is straightforward to obtain

1+71)M(a,u,0)|" + (14 7)™ (a,u)|" +1I(L+ 7)Mo
0+ @Dl g + 10+ DM )”zw;#) 12+ )0, e,
| (4.31)
a0 00 g, + 10+ B, +Zf“
2,1 t
where
8( 1+6 )
A M _11h
a2 1re ja+n)Mal
8t (1+Cb)2 L?(L"O) L%(B22,1+1)
1+9
H 1+ H(l—l—T)MuH~2 2+l
a L;)O(LOO) Lt(BQ,l )
+ 6
+ i <u> 11+ 7)Mal"
‘ (1 + a)2 L2(L%>) L%(B;,;H)

: M, ik

Flldivelzz e [ (1 4+ 7)Full, 40y
a

g HIVET 2 [+ )M VOIL

.4y
{(B31 ) +a L3(B3y )

I 2|1+ 1) ud||
L

a
oo (700 || (1 Mg\
+H1+aHLt (zeoy|[(1+7) w”zg(ﬁ

é . ~ ~ ~
Iy 2 37 2 (14 )M RY| gy gy + 10U+ 7 B2 yay + 1+ 7)Y Bl is))
Jj=-1
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0—a
d

Va ) h .
a+1 ) ”Z%<B§,1>

12 (14 7)Y (div(eu), (u - Vu), (

By employing a similar procedure leading to (4.16)-(4.21), one can get

(1 +7)M=3 (a,u,0)||"

st
t
1
<C [ 1@+ @u )l g, dr+ 10+ @)l
0 322,1 4 L?O(ng,l ) (4 32)
1 .
<C|(a,u,0)|" 14 ¢)M—2(Gton) 4 = 14+ 7)M(a,u)|"
It )”ztw( 4 (1+1) AN +7)5( )”Z?(B2%,1+1)
1 Mph 1 M h
+—|[(14+7)"80 + -1+ 7)"(a,u,d .
AN +7) ”Eg(Bﬁfz) AN+ 75 )Hif(Bf‘iffl)
The right-hand side of (4.31) can be controlled below. As in (2.1), one can show
0o, 1+0
Ha(m)HLw 5 (1 + H(aa 9)||L°°)||(atavat9)||L°°a
where
oa = —u-Va— (1+ a)divu,
1
00 = —(1+0)divu —u - VO + Af.
a+1
Furthermore, straightforward computations lead to
18allree < Nlull<(Vallze + (1 + lla]| e ) [|divel e,
10:8]| 1o < (1 + 1160 oo ) |divee]| oo + ||ul| Lo VO] oo + (1 + [la] zoo) || A8 oo
With the above preparation, due to (3.1) we have the following estimates:
( 0, 140
H&(W)HL?(LW)
= ||u||L§°(L°°)||va||L§(L°°) + (1 + [lallpee(zooy + H‘9||L;>°(L°°)> ||diVUHL§(L°o)
o ullzze 2oy 1901 3 zoey + (14 Nl e (20) ) 1800 22
1+6
< 9 oo o0
19 () e, 51070 VO, (433)
. 1+6
| (ae)
(1+a)? /llL2(L=)
1+6 1+6 .
S Hv((l + a)2> ‘ L;fO(Loo)HuHLtQ(LOO) + H (1+a)? ‘ Lf(Loo)HleUHL?(LOO)
S Ve, VO g ooy ull 2oy + [[divel| g2 pocy.-

. d
Thence it follows by B§71(Rg) — L®°(R%) and (5.5) that

IS (X)) + X2(1) X (D). (4.34)



The Euler-Fourier system with damping 571

According to Proposition 5.1 and Proposition 5.2, one can get
L S ull 1L+ T)M9H ¢
B;jl t B22:> )
+ (lall_, gin +lall (53 ) [(1+7) M9|| (4.35)
L{(B 2,1 L2 (Bsy 2,1 )

S X(8) X (t).
It follows from the commutator estimate in Proposition 5.3 that

I S (1 + )Ml @+ Mall, gy 116

Q(B?Z-H H HL (32%,;-1) L2(B;21 ) LQ(BQ%;Q)

||~ s I+ Yall g4 (4.36)

L2 (B;1 )

1
+I -+ W g 1l g Hl—i—a

S X ()X (1)
Due to Proposition 5.2, we get

LS lawd)l g l0+ @l

I Y
LB ) 283 (4.37)
S X (O)Xu(1).

Hence, in view of (4.32), (4.34)-(4.37), it holds that

1L+ 7)Y (a,u, 0)|"

+ 1+7Ma,u h + 11+ 7)Mo
r(sﬁjl I( )7 )szffl) (I¢ ) Hzg s
103
<Il(ao, o, 00)|" 4y T ll(a 0)||" g (1 +t)M2(aton) (4.38)
B21 7 2,1 )

+ X (8) (X (2) + X2(2)).
e Step 3. The gain of time-weighted estimates.

By combining (4.24) and (4.38), we conclude that

X0 (1) < (a0, uo, 00) 1 4+ [l (a0, uo, 60)|" 4 4
B2 B2

2,1 2,1

_led,y
+ <||(a7u7 0)€||f?0(32_;1) + H(aa u79)”%oo(Bg+1)) (1 +t)M 2(z+o1)

t 2,1

+ (X () + X2(1) Xar (1)

Together with the global existence result (Theorem 2.1) that implies X'(t) < g9 < 1, Lemma
4.1 and

la,w, )" 4., < (a0, uo, 00)]|° g + [[(ao, w0, 00) " 4., < €0 S do,
[e's) 2+) B B +

t (32,1 2,1 2,1

we end up with (4.12). Therefore, the proof of Proposition 4.1 is finished. O
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4.3. The optimal decay

This subsection is devoted to the proof of Theorem 2.2. It follows from Proposition 4.1 that

X S So(1+ t)Mzlaton)

(4.39)

for all t > 0 and any suitably large M. Therefore, after dividing (4.39) by (1+t)M, it is easy to

get

1@, u, )]l

l h
B S H(CL,U, 0)(t)||B% + ”(a7u70)<t)” .%+1

1 2,1 2,1

<Go(1+) 2o ¢ >,

Noja,

Then it follows from (4.1), (4.40), and the interpolation inequality (5.6) that

§-o oto
) di, ) di,
I{a, w, 0)" ()l 55| < II(a7u79)"’(t)H,§;ai (@, u, )" @)1 %4
S0 2,1
_1 d
Soo(1+8)727 ), o€ (—on, ).

Regarding the corresponding high-frequency norm, one has

(@, 0" (1)]| g < [l(a,w, O™y < do(1+1)72EF),
2,1 B2

2,1

By (4.40)-(4.42), the optimal time-decay estimates in (2.6) hold.

4.4. Improved time decay rates of u

First, we present the proof of (2.8). Recall (2.1), can be rewritten as

aVa.

ou+u=—-Va—V0—u-Vu—
a+1

Performing a routine procedure yields

lull g, < el .,

t 0—a
—(t—7) i . . i .
+/0 (Ol g1 + - Tl g+ 1 Vel g

According to (2.7) and (5.5), one arrives at

d

4 h

lwollsg, < Nubllgzos + loll" 4., < %o, o € (=01, 5+ 1]
’ 2,1

If o € (01,4 — 1], it follows from (2.6) that
1
) < —35(o+0o1+1)
(0.0l g1 S dof1 + )=o),
Then, we deduce from (2.6), (5.7) and Proposition 5.1 that

_1cd
Ju- Vallgg, S Nl g lullsgn S B0 +0)5ErosmsD),

d
2
2,

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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0—a _1¢d
||ﬁVaHBg1 < ll(a, 9)HBg lall gy S 03(1 +t)~2(E oot (4.47)
, 2, ,

a

Together with (4.45)-(4.47), we conclude that
t ' (t—7) 5(0+o1+1)
Hu||B<2,71 <e HUOHBg’l + 50/0 e (1+1¢t)"2 g

t
+5(2)/ 6—(t—r)(1+t)—%(g+o+2al+1)dT (4.48)
0

< Go(L+ 1) Bty

with o € (—o7, % — 1]. Therefore, the following decay rates holds:

Vi h -1
||“”Bg,1 < JJu| 3, + H“HBgH < (1 +t) 3(l+ot+o1) (4.49)

2,1

Hence, (2.8) is followed by (4.44)-(4.49) directly. The proof of Theorem 2.2 is complete.

5. Appendix

5.1. Littlewood-Paley decomposition and Besov space

Let us briefly review the definition of Besov spaces based on the Littlewood-Paley decomposition.
The interested reader is referred to Chapter 2 and Chapter 3 of [1] for more details. Firstly,
let’s introduce the homogeneous Littlewood-Paley decomposition. For that purpose, we fix some
smooth radial non increasing function xy with Suppx C B (0, %) and y=1on B (O, %), then set

©(&) = x(£/2) — x(§) so that

> p(277) =1, SuppyC {5 eR?: 2 < ¢l < 2}
JEL

For any j € Z, define the homogeneous dyadic blocks Aj by
Ajf £927D)f =F Hp(27)Ff) =202 )« f with h & F o,

where F and F~! are the Fourier transform and its inverse. The following Littlewood-Paley
decomposition of f:
f= Al (5.1)
JEZL

holds true modulo polynomials for any tempered distribution f. In order to have equality in
the sense of tempered distributions, we consider only elements of the set S’(R?) of tempered
distributions f such that '

dim [[Sjfllr~ =0, (5.2)

j——o0
where ij stands for the low frequency cut-off defined by ij 2 x(27/D)f. Indeed, if (5.2)
is fulfilled, then (5.1) holds in S'(R?). For convenience, we denote by S (R?) the subspace of
tempered distributions satisfying (5.2).

Based on those dyadic blocks, Besov spaces are defined as follows.
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Definition 5.1. For s € R and 1 < p,r < 0o, the homogeneous Besov spaces B;T is defined by
By, 2 {fesh:|flz, <+oo},

where
1l = {214 fllze Yiezllir@)- (5.3)

The mixed space-time Besov spaces are also used, which was introduced by J. Y. Chemin
and N. Lerner [6].

Peﬁnition 5.2. For T > 0,s € R, 1 < r, o < 0o, the homogeneous Chemin-Lerner space
L7(Bj ) is defined by
L5(B;,) 2 { £ € L0, T387) < 1 fllzg s < +o0 b
where o
117 8.y 2 K221 g om Yiez i ay- (5.4)

For notational simplicity, index T" will be omitted if T' = +00. We also use the following
functional space:

CoRes By,) & {f € CRY B | 1F | ey ) < +00)-
The above norm (5.4) may be linked with those of the standard spaces L%(B;T) by means of
Minkowski’s inequality.
Remark 5.1. It holds that
e sy < Iflug sy B 7200 Wllzagss > 1 lasy ) i 7 <o

Restricting the norms in (5.3) and (5.4) to the low frequency part and high frequency part
of distributions will be fundamental to our approach. For example [18], we fix some integer jo
(the value of which will follow from the proofs of our main results) and put*

HfHExQT 2 11{27° 114 fll e }i<jollir and Hf\lhsr 21214 fllze Y i20-1 e,
HfHLg By = 2 {212 f | g (1e) bi<io o and HfHLg By = {2 1A £ 1l g, (1) Yizdo 1 lor-

Define
=Y AN, = r—-f =) A
Jj<-1 Jj=0

It is easy to check for any s’ > 0 that
1/, S UFN, S UFI

By
IIthIBs SIAUE, S0
HféllLe Bs,) S e 5, ) SIFIZ

17"z (55,7 S 111 By~ 1F11%

We also need hybrid Besov spaces for which regularlty assumptions are different in low
frequencies and high frequencies [9]. We are going to recall the definition and properties.

(5.5)
LQ BS S)

L LQ (B.5+5 )

*Note that for technical reasons, we need to a small overlap between low and high frequencies.
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Definition 5.3. Let s,t € R. We define
- JS||A - JE||A -
7y = 3028l + 37 24 e
J<Jjo J>jo
Let m = —[% + 1 — s], we then define
> 7t . 3
B3 (RY) = {f € S'RY) : ||l g < o0}, if m <0,
Byi(RY) = {f € S'RY)/Prm : | fllggs < 00}, if m>0.
Remark 5.2. We have the following properties.
* BS:T - BS,l?
e if s < ¢ then B;i = B3, N BS,. Otherwise, B;i = B3, + B |,
e if 51 < s9 and ¢ > to, then BS}I’“ < B;fl’t?

We recall some basic properties of Besov spaces and product estimates which will be used
repeatedly in this paper. The first lemma is the so-called Bernstein inequalities.

Lemma 5.1. Let ke N, 1 <a <b< oo, Cisa constant and f is an any function in LP, then
we have if Supp Ff C {€ € R?: (€] < RA} for some R >0
1_1
1D fll s < CHHENHIG=0] £ .
More generally, If Supp Ff C {f ceRY: RN €] < Rg)\} for some 0 < Ry < R, we have

C™F N lul| o < (| D*ul|pe < CFFINu| o

Due to the Bernstein inequalities, the Besov spaces have many properties:

Lemma 5.2. Let 1 < p,r,r1,r2 < 00.
e Completeness: B;,r 1s a Banach space whenever s < % or s < % and r = 1.
o Embedding: For any s € R,1 < p1 <pg < o0, and 1 < ry < ry < o0, it holds that
. Ls—d(A -1
By, vy = Bpyry™t 7

1,71

Moreover, For any 1 < p < q < oo, we have the continuous embedding

' : : 11
By I s Bl s B oro =t~ Ly <o
e Interpolation: The following inequalities are satisfied for 1 < p, r1, ro, r < 00, s1 < s2 and
0 e (0,1):
160 1-0
. < 0 1-0 . 1_0
HfHBgi}wL(lfé))sz ~ ||f||B;’1r1 ||f| BZ?rz with . " + . .

Particularly, we have the following optimal interpolation formula

- 0s —0)s < S .5 . .
”fHB197711+<1 0)sy > 9(1 0)(52 Sl) HfHBp,l Hf’ Bp? (5 6)
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System (2.1) also involves multivariate compositions of functions (through &= that are

bounded thanks to the following result:

Proposition 5.1. ( [34]) Let m € N and s > 0. Let G be a function in C*°(R™ x RY) such
that G(0,---,0) = 0. Then for every real valued functions f1,--- , fm € By, N L, the function
G(fi,--, fm) belons to B;T N L* and we have

IGUr = Sadlly, < ClC = )l

a-l—l’ a-l—l

with C' depending only on || fil| (i=1,---,m), G’ (and higher derivatives), s, p and d.

In the case s > —mm(g pci) then f1, -+, fm € Bs N B”1 implies that G(f1, -+, fm) €
d

By, N By, and we have

1

IG(r - sy, < C <1+ 1Al g+ Ul ) 1 Fl -

d
P
P

The following product estimates in Besov spaces play a fundamental role in our analysis of
the nonlinear terms.

Proposition 5.2. The following statements holds:

e Lets>0andl <p,r<oo. Then B;T N L% is an algebra and

1follsy S 17 Nellgllsy .+ Nl s, (5.7

o Let the real numbers s1, so and p satisfy 2 < p < 00, §1 < %, S9 < g and s1 + s > 0.

Then we have

19l sorerd S S g gl g - (5.8)
pl
e Assume that s1, sy and p satisfy 2 < p < o0, 1 < %, Sg < % and s1 + s9 > 0. Then it
holds that
179l oy vepa S Ml gl 2, - (5.9)
BPz

Finally, the following commutator estimates will be useful to control the nonlinearities in
high frequencies.

Proposition 5.3. Letl <p<oo,1<p<ooandseE (—% -1, %]. Then there exists a generic

constant C > 0 depending only on the dimension d and the regular indez s

1A flgllze < Ce279ED | f]] sinlols;
Py (5.10)
1A flglle(rey < Cej27 S*”HJ‘HZQ B lglze= s -
t

p,1

with % == + E and the commutator [A, B] & AB — BA.
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