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DIAGONAL AND NEW MODIFIED GRADIENT-BASED ITERATIVE

ALGORITHMS FOR SYLVESTER TENSOR EQUATIONS∗
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Abstract The main objective of this work is to construct some new gradient-based iterative
(GI)-like algorithms for solving the (coupled) Sylvester tensor equations. In this paper, we
first derive the optimal parameter and the corresponding optimal convergence factor of the
GI algorithm (Math. Probl. Eng. 819479 (2013) 1-7) in terms of matricization of a tensor
and straightening operator. In order to reduce the computation cost of each iteration of the
GI algorithm, enlightened by the idea of the Jacobi method, we replace the system matrices
in the GI algorithm by their diagonal parts, and design the diagonal GI (DGI) algorithm for
the Sylvester tensor equations. And we derive the sufficient convergence condition, quasi-
optimal parameter and quasi-optimal convergence factor of the DGI algorithm. Furthermore,
we apply a new update strategy to the GI algorithm and develop the new modified GI (NMGI)
algorithm for the Sylvester tensor equations. The proposed NMGI algorithm is different from
the MGI one (Math. Probl. Eng. 819479 (2013) 1-7), and can make more full use of the
latest computed results and has faster convergence rate than the MGI one for many cases.
Also, by utilizing the properties of the tensor norm and techniques of inequalities, we prove
that the proposed NMGI algorithm is convergent under proper restrictions. Lastly, some
numerical examples are given to validate the efficiencies and advantages of the proposed
algorithms for the (coupled) Sylvester tensor equations.

Keywords Sylvester tensor equation, optimal parameter, DGI algorithm, quasi-optimal
parameter, NMGI algorithm, convergence properties.
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1. Introduction

In this paper, we aim to compute the numerical solution of the following Sylvester tensor equation

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W, (1.1)

where V1 ∈ RL1×L1 , V2 ∈ RL2×L2 , V3 ∈ RL3×L3 , W ∈ RL1×L2×L3 are given, and the unknown
tensor Y ∈ RL1×L2×L3 needs to be computed. The operators ×j (j = 1, 2, 3) in (1.1) are defined
as in the next section. When Y ∈ RL1×L2 and W ∈ RL1×L2 are matrices, Sylvester tensor
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equation (1.1) reduces to the Sylvester matrix equation as follows

V1Y+YVT
2 = W. (1.2)

Sylvester matrix equations are widely used in control theory [8, 9, 11, 28, 44], model reduc-
tion [2], image process [5], quantum information [35], disturbance decoupling problem [7] and
system identification [10, 27, 36]. Thus it is meaningful to design efficient methods to establish
the numerical solutions of the Sylvester matrix equations. These methods mainly can be divided
into to two categories: iterative methods and direct methods. The simplest direct method for
the matrix equation (1.2) is the Kronecker product method [15], but it requires huge compu-
tation and memory space. Another direct method is to transform the coefficient matrix into a
special form and then solve another matrix equation that is easy to compute, for instance, Schur
canonical form, Hessenberg-Schur form and so forth [16,17,26,31,34], but these approaches are
costly.

Therefore, using iterative methods to solve the Sylvester matrix equation (1.2) may be more
efficient than the direct methods. Hence, the research of iterative methods for the matrix
equations has attracted considerable attention from many researchers, and a large number of
efficient iterative methods have been developed for solving different kinds of Sylvester matrix
equations. For example, Ding and Chen [9, 11, 13] proposed some simple and efficient iterative
methods for solving the matrix equations, which are easy to implement. Bai [1] designed a
Hermitian and skew-Hermitian splitting (HSS) method to solve (1.2). Then the modified HSS
method has been proposed in [45] to improve the convergence speed of the HSS one. In addition,
Li and Wu [25] extended the single-step HSS (SHSS) method for saddle point problems. Yan
and Ma [41] designed an iterative algorithm to solve a class of generalized coupled Sylvester-
transpose matrix equations over bisymmetric or skew-anti-symmetric matrices. And Wu and
Zeng [39] proposed the ADMM-based methods to solve the nearness symmetric solution of the
system of matrix equations A1XB1 = C1 and A2XB2 = C2. Recently, Wang and Song [38]
proposed a new BCR algorithm to compute the constraint solution of the coupled operator
equations. Apart from the methods mentioned above, Krylov subspace methods for solving (1.2)
have also been developed in [19,20,29]. Based on the hierarchical identification principle [10,12],
Ding et al. [9,14] established the GI algorithms to solve the coupled Sylvester matrix equations
and generalized Sylvester matrix equations. In order to improve the computational efficiency
of the GI algorithm, its many improved versions have been proposed in recent years. For
example, Niu et al. [32] derived the relaxed GI (RGI) method for solving the Sylvester equation.
Besides, Xie and Ma [40] combined the update strategy with and the relaxation technique, and
constructed the accelerated GI (AGI) algorithm for solving the generalized Sylvester-transpose
matrix equations.

As the generalization of the Sylvester matrix equation (1.2), Sylvester tensor equation (1.1)
have widely applications in many fields, such as finite element, finite difference, image processing,
discretization of high-dimensional linear partial differential equations and convection-diffusion
equations, spectral methods and so forth, see [3,21,24,30,43] and the references therein. There
are some illustrations:

• By applying a standard finite difference discretization on equidistant nodes and a second
order convergent scheme to the following convection-diffusion equation [43]

−xΦy + zTΨy = g, in Γ = [0, 1]× [0, 1]× [0, 1],

x = 0, on ∂Γ,
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we can obtain the Sylvester tensor equation (1.1) with
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• The three-dimensional microscopic heat transport problem can be discretized and solved
via a mixed collocation-finite difference technique. In accordance with this description,
the Sylvester tensor equation (1.1) is constructed such that the entries of the coefficient

matrices V1 = (v
(1)
ij ) ∈ RL1×L1 , V2 = (v

(2)
ij ) ∈ RL2×L2 and V3 = (v

(3)
ij ) ∈ RL3×L3 , scaled

through a mesh grid L1 × L2 × L3, are expressed as [30]
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As mentioned before, the Sylvester tensor equations arise widely in scientific and engineering
fields. Thus it is meaningful to design efficient algorithms for solving the Sylvester tensor equa-
tions, and a great many of methods for Sylvester tensor equation (1.1) have been presented in
recent years. In these methods, GI-like algorithms is a type of effective methods for the Sylvester
tensor equations. So far, some GI-like algorithms for the Sylvester matrix equations have been
extended to solve the Sylvester tensor equation (1.1). For example, Chen and Lu [6] extended
the GI and the modified GI (MGI) algorithms to compute the numerical solutions of (1.1).
Then Zhang and Wang [43] applied the relaxation technique to the GI and MGI algorithms, and
proposed the relaxed GI (RGI) and modified RGI (MRGI) algorithms for the Sylvester tensor
equation (1.1). Numerical results in [43] show that the RGI and MRGI algorithms have better
numerical performances than the GI and MGI ones, respectively, by choosing proper relaxation
parameters. Nevertheless, it can be found that the optimal parameter of the GI algorithm has
not been derived, which plays a key role in the implementation of the GI algorithm. Moreover,
when the system matrices V1, V2 and V3 in (1.1) are large and dense, the computations of the
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mode products in the GI and MGI algorithms may require a large amount of calculation and
consume much time. Thus the purpose of this paper is to perfect the theories of the existing GI
algorithm in [6], and construct some new GI-like algorithms to reduce the computation of the GI
and MGI ones in [6] and ameliorate their numerical performances. We first deduce the optimal
parameter and the corresponding optimal convergence factor of the GI algorithm in [6] based
on mode-1 matricization and straightening operator of a tensor. Besides, inspired by the ideas
of [18, 37], we replace the system matrices in the GI algorithm by their diagonal parts, then
develop the diagonal GI (DGI) algorithm for the Sylvester tensor equation (1.1). Compared
with the GI algorithm in [6], the proposed DGI algorithm requires less computational cost. To
further improve the efficiency of the MGI algorithm proposed in [6] and reduce its computation,
we introduce a new update strategy for the GI algorithm and replace the system matrices by
their diagonal parts, then establish a new MGI (NMGI) algorithm for (1.1). In addition, we
deduce the convergence properties of the proposed DGI and NMGI algorithms, including the
quasi-optimal parameter and quasi-optimal convergence factor of the DGI algorithm, and suffi-
cient convergence conditions of the DGI and NMGI algorithms. Also, we extend the DGI and
NMGI algorithms to solve the coupled Sylvester tensor equations (with two unknowns). Lastly,
several numerical examples are provided to verify that the proposed algorithms are efficient and
outperform the GI, RGI, MGI and MRGI ones in terms of numerical performance.

The remainder of this paper is organized as below. Several useful notations, definitions
and lemmas are listed in Section 2. In Section 3, we deduce the optimal parameter and the
corresponding optimal convergence factor of the GI algorithm in [6]. Then we propose the
diagonal GI (DGI) algorithm by replacing the system matrices in the GI algorithm by their
diagonal parts, and derive its convergence conditions, quasi-optimal parameter and quasi-optimal
convergence factor. In addition, we apply a new update strategy and the diagonal substitution
technique to the GI algorithm, then construct a new MGI (NMGI) algorithm and investigate its
convergence condition. We extend the DGI and NMGI algorithms to solve the coupled Sylvester
tensor equations (with two unknowns) and discuss their convergence properties in Sections 4–
5. In Sections 6–8, several numerical examples are given to illustrate the effectivenesses and
advantages of the proposed DGI and NMGI algorithms. Lastly, some conclusions and outlooks
are given to end this paper in Section 9.

2. Preliminaries

In this section, we list some notations, definitions and lemmas, which will be used in the subse-
quent sections.

To improve readability, matrices and tensor are written as capital and Euler script letters,
respectively. Ik stands for the k × k identity matrix. Let H = [h1, · · · , hl] ∈ Rk×l with ht
(1 ≤ t ≤ l) being the t-th column of H, then the vector stretching operation of H is defined as

vec(H) = [hT1 , h
T
2 , · · · , hTl ]T.

The set of all order m dimension L1×L2×· · ·×Lm tensors over R is denoted by RL1×L2×···×Lm .
If U ∈ RL1×L2×···×Lm , then it can be expressed as

U = (ui1i2···im), ui1i2···im ∈ R, 1 ≤ ij ≤ Lj , 1 ≤ j ≤ m.

In addition, we present several useful definitions below.



DGI and NMGI algorithms for Sylvester tensor equations 583

Definition 2.1 ( [22]). If Y ∈ RL1×L2×···×Lm and G ∈ RJ×Ln , then the t-mode product of Y
and G is defined as

(Y ×t G)p1···pt−1qpt+1···pm =

Lt∑
pt=1

yp1···pt···pmgqpt ,

which is an L1 × · · · × Lt−1 × J× Lt+1 × · · · × Lm tensor.

Definition 2.2 ( [42]). If Y = (yi1i2···im) ∈ RL1×L2×···×Lm , then its mode-n matricization Y(n)

is an Ln × L1 · · ·Ln−1Ln+1 · · ·Lm matrix with

(Y(n))inl = yi1i2···im , l = 1 +

m∑
q=1,q ̸=n

(iq − 1)Jq, Jq =

q−1∏
p=1,p ̸=n

Lp.

Definition 2.3 ( [43]). Let Y ∈ RL1×···×Lm , the operator vec(Y) is the column stacking form
of the corresponding matrix Y(1). The inner product of G = (gp1···pm) ∈ RL1×···×Lm and H =

(hp1···pm) ∈ RL1×···×Lm is defined as

⟨G,H⟩ = vec(G)Tvec(H) =

L1∑
p1=1

L2∑
p2=1

· · ·
Lm∑

pm=1

gp1p2···pmhp1p2···pm .

Then the induced Frobenious norm of Y is

∥Y∥2 =
L1∑

p1=1

L2∑
p2=1

· · ·
Lm∑

pm=1

y2p1p2···pm .

Next, some significant lemmas are reviewed in the following.

Lemma 2.1 ( [23, 33]). Let G,H ∈ RL1×···Ln×···×Lm be two tensors, then the following conclu-
sions hold:
1) If H = G ×1 C1 ×2 C2 ×3 · · · ×m Cm holds and Cp ∈ RLp×Lp (1 ≤ p ≤ m), then

H(t) = CtG(t)(Cm ⊗ · · · ⊗ Ct+1 ⊗ Ct−1 ⊗ · · · ⊗ C1)
T.

2) For Cp ∈ RLp×Lp and Cq ∈ RLq×Lq (1 ≤ p, q ≤ m), then it has

G ×p Cp ×q Cq =

{
G ×p (CqCp), if p = q,

G ×q Cq ×p ×Cp, if p ̸= q.

3) For Cp ∈ RLp×Lp (1 ≤ p ≤ m), it holds that ⟨G,H×p Cp⟩ = ⟨G ×p C
T
p ,H⟩.

4) 2⟨G,H⟩ ≤ ∥G∥2 + ∥H∥2, ⟨G,H⟩ ≤ ∥G∥∥H∥.
5) Let Cp ∈ RLp×Lp, then ∥G ×pCp∥ ≤ ∥G∥∥Cp∥2 (1 ≤ p ≤ m), where ∥Cp∥2 denotes the spectral
norm of the matrix Cp.

By making use of Lemma 2.1, Sylvester tensor equation (1.1) can be transformed into the
following linear equation

(IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1)vec(Y) = vec(W). (2.1)
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Lemma 2.2. Let G = (gxyz),H = (hxyz) ∈ CL1×L2×L3, then ∥G +H∥ ≤ ∥G∥+ ∥H∥.

Proof. By straightforward calculations, it has

∥G +H∥2 =
∑
xyk

(gijk + hijk)
2

=
∑
xyk

(g2ijk + 2gijkhijk + h2ijk)

=
∑
xyk

g2ijk + 2
∑
xyk

gijkhijk +
∑
xyk

h2ijk

= ∥G∥2 + 2⟨G,H⟩+ ∥H∥2. (2.2)

By Lemma 2.1, we get ⟨G,H⟩ ≤ ∥G∥∥H∥. Thus 2⟨G,H⟩ ≤ 2∥G∥∥H∥, which together with (2.2)
yields that ∥G + H∥2 ≤ ∥G∥2 + 2∥G∥∥H∥ + ∥H∥2 = (∥G∥ + ∥H∥)2, and therefore ∥G + H∥ ≤
∥G∥+ ∥H∥.

3. The DGI and NMGI algorithms and their convergence prop-
erties

In this section, we first deduce the optimal parameter of the GI algorithm in [6], then construct
two new GI-like algorithms referred to as the DGI and NMGI algorithms for the Sylvester tensor
equation (1.1). At last, we deduce the convergence properties of the proposed algorithms. Before
that, we first review the GI algorithm in [6]. Based on the hierarchical identification principle,
Chen and Lu [6] designed the GI algorithm for solving the Sylvester tensor equation (1.1). The
framework of the GI algorithm is as below.

Algorithm 3.1. The gradient-based iterative (GI) algorithm (see [6]):

Step 1. Given matrices V1 ∈ RL1×L1 , V2 ∈ RL2×L2 , V3 ∈ RL3×L3 , a tensor W ∈ RL1×L2×L3 ,
and two constants γ, η > 0. Choose the initial tensor Y0, and set l = 0.

Step 2. If τl =
∥W−Yl×1V1−Yl×2V2−Yl×3V3∥
∥W−Y0×1V1−Y0×2V2−Y0×3V3∥ = ∥Rk∥

∥R0∥ < η, stop; otherwise, go to Step 3.

Step 3. Compute Y l+1 by the following procedure

Y l+1
1 = Y l + γRl ×1 V

T
1 ,

Y l+1
2 = Y l + γRl ×2 V

T
2 ,

Y l+1
3 = Y l + γRl ×3 V

T
3 ,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3

3
.

Step 4. Set l := l + 1 and return to Step 2.

Theorem 3.1. Let M = IL3 ⊗ IL2 ⊗ V1 + IL3 ⊗ V2 ⊗ IL1 + V3 ⊗ IL2 ⊗ IL1, and λmax and λmin

be the maximum and minimum eigenvalues of the matrix MTM , respectively. Suppose that the
Sylvester tensor equation (1.1) has a unique solution Y∗. Then the GI algorithm is convergent
if and only if

0 < γ <
6

λmax
.
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And the optimal parameter γopt and the corresponding optimal convergence factor ρopt of the GI
algorithm are

γopt =
6

λmax + λmin
, ρopt =

λmax − λmin

λmax + λmin
.

Proof. Define the error tensors

Ỹ l = Y l − Y∗, Ỹ l
j = Y l

j − Y∗ (j = 1, 2, 3).

In view of the expression of Ỹ l+1
1 , we derive

Ỹ l+1
1 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×1 V

T
1 .

Let Y = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×1 V
T
1 , then from Lemma 2.1 we can deduce that

Y = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×1 V
T
1

= Ỹ l ×1 (V
T
1 V1) + Ỹ l ×1 V

T
1 ×2 V2 + Ỹ l ×1 V

T
1 ×3 V3

= Ỹ l ×1 (V
T
1 V1)×2 IL2 ×3 IL3 + Ỹ l ×1 V

T
1 ×2 V2 ×3 IL3 + Ỹ l ×1 V

T
1 ×2 IL2 ×3 V3.

By taking the mode-1 matricization of Y, we have

Y(1) = VT
1 V1Ỹ l

(1)(IL3 ⊗ IL2)
T +VT

1 Ỹ l
(1)(IL3 ⊗V2)

T +VT
1 Ỹ l

(1)(V3 ⊗ IL2)
T. (3.1)

Applying the stretching operator on both sides of (3.1) results in

vec(Y) = [IL3 ⊗ IL2 ⊗ (VT
1 V1) + IL3 ⊗V2 ⊗VT

1 +V3 ⊗ IL2 ⊗VT
1 ]vec(Ỹ l).

Therefore we can obtain the following results

vec(Ỹ l+1
1 ) = [IL1L2L3 − γ(IL3 ⊗ IL2 ⊗ (VT

1 V1) + IL3 ⊗V2 ⊗VT
1 +V3 ⊗ IL2 ⊗VT

1 )]vec(Ỹ l)

= M1vec(Ỹ l)

= M1vec(Y l − Y∗)

= M1vec[
1

3
(Y l

1 − Y∗) +
1

3
(Y l

2 − Y∗) +
1

3
(Y l

3 − Y∗)]

= M1vec[
1

3
Ỹ l
1 +

1

3
Ỹ l
2 +

1

3
Ỹ l
3]

=
1

3
M1[vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3)], (3.2)

where M1 = IL1L2L3 − γ(IL3 ⊗ IL2 ⊗ (VT
1 V1) + IL3 ⊗V2 ⊗VT

1 +V3 ⊗ IL2 ⊗VT
1 ). It follows from

Line 2 of Step 3 of the GI algorithm that

Ỹ l+1
2 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×2 V

T
2 .

Let Ỹ = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×2 V
T
2 , then it holds that

Ỹ = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×2 V
T
2

= Ỹ l ×1 V1 ×2 V
T
2 + Ỹ l ×2 (V

T
2 V2) + Ỹ l ×2 V

T
2 ×3 V3
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= Ỹ l ×1 V1 ×2 V
T
2 ×3 IL3 + Ỹ l ×1 IL1 ×2 (V

T
2 V2)×3 IL3 + Ỹ l ×1 IL1 ×2 V

T
2 ×3 V3.

Taking the mode-1 matricization of Ỹ leads to

Ỹ(1) = V1Ỹ l
(1)(IL3 ⊗VT

2 )
T + IL1Ỹ l

(1)(IL3 ⊗VT
2 V2)

T + IL1Ỹ l
(1)(V3 ⊗VT

2 )
T. (3.3)

By utilizing the stretching operator to both sides of (3.3), we obtain

vec(Ỹ) = [IL3 ⊗VT
2 ⊗V1 + IL3 ⊗ (VT

2 V2)⊗ IL1 +V3 ⊗VT
2 ⊗ IL1 ]vec(Ỹ l),

from which one can deduce that

vec(Ỹ l+1
2 ) = [IL1L2L3 − γ(IL3 ⊗VT

2 ⊗V1 + IL3 ⊗ (VT
2 V2)⊗ IL1 +V3 ⊗VT

2 ⊗ IL1)]vec(Ỹ l)

= M2vec(Ỹ l)

= M2vec(Y l − Y∗)

= M2vec[
1

3
(Y l

1 − Y∗) +
1

3
(Y l

2 − Y∗) +
1

3
(Y l

3 − Y∗)]

= M2vec[
1

3
Ỹ l
1 +

1

3
Ỹ l
2 +

1

3
Ỹ l
3]

=
1

3
M2[vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3)], (3.4)

where M2 = IL1L2L3 − γ(IL3 ⊗VT
2 ⊗V1 + IL3 ⊗ (VT

2 V2)⊗ IL1 +V3 ⊗VT
2 ⊗ IL1). From Line 3 of

Step 3 of the GI algorithm, it is obtained that

Ỹ l+1
3 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×3 V

T
3 .

Let
˜̃Y = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×3 V

T
3 , then straightforward computations give

˜̃Y = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×3 V
T
3

= Ỹ l ×1 V1 ×3 V
T
3 + Ỹ l ×2 V2 ×3 V

T
3 + Ỹ l ×3 (V

T
3 V3)

= Ỹ l ×1 V1 ×2 IL2 ×3 V
T
3 + Ỹ l ×1 IL1 ×2 V2 ×3 V

T
3 + Ỹ l ×1 IL1 ×2 IL2 ×3 (V

T
3 V3).

By taking the mode-1 matricization of
˜̃Y, it has

˜̃Y(1) = V1Ỹ l
(1)(V

T
3 ⊗ IL2)

T + IL1Ỹ l
(1)(V

T
3 ⊗V2)

T + IL1Ỹ l
(1)(V

T
3 V3 ⊗ IL2)

T. (3.5)

Then using vector stretching operator to both sides of relation (3.5) and applying Lemma 2.1
yield that

vec(
˜̃Y) = [VT

3 ⊗ IL2 ⊗V1 +VT
3 ⊗V2 ⊗ IL1 + (VT

3 V3)⊗ IL2 ⊗ IL1 ]vec(Ỹ l).

As a consequence, the following result is valid

vec(Ỹ l+1
3 ) = [IL1L2L3 − γ(VT

3 ⊗ IL2 ⊗V1 +VT
3 ⊗V2 ⊗ IL1 + (VT

3 V3)⊗ IL2 ⊗ IL1)]vec(Ỹ l)

= M3vec(Ỹ l)

= M3vec(Y l − Y∗)
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= M3vec[
1

3
(Y l

1 − Y∗) +
1

3
(Y l

2 − Y∗) +
1

3
(Y l

3 − Y∗)]

= M3vec[
1

3
Ỹ l
1 +

1

3
Ỹ l
2 +

1

3
Ỹ l
3]

=
1

3
M3[vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3)],

where M3 = IL1L2L3 −γ(VT
3 ⊗ IL2 ⊗V1+VT

3 ⊗V2⊗ IL1 +(VT
3 V3)⊗ IL2 ⊗ IL1). Since vec(Ỹ l+1) =

1
3 [vec(Ỹ

l+1
1 ) + vec(Ỹ l+1

2 ) + vec(Ỹ l+1
3 )] and vec(Ỹ l) = 1

3 [vec(Ỹ
l
1) + vec(Ỹ l

2) + vec(Ỹ l
3)], it has

vec(Ỹ l+1) =
1

3
[vec(Ỹ l+1

1 ) + vec(Ỹ l+1
2 ) + vec(Ỹ l+1

3 )]

=
1

3
(
1

3
M1 +

1

3
M2 +

1

3
M3)(vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3))

= (
1

3
M1 +

1

3
M2 +

1

3
M3)vec(Ỹ l). (3.6)

Let P = IL3 ⊗ IL2 ⊗ (VT
1 V1) + IL3 ⊗ V2 ⊗ VT

1 + V3 ⊗ IL2 ⊗ VT
1 + IL3 ⊗ VT

2 ⊗ V1 + IL3 ⊗
(VT

2 V2) ⊗ IL1 + V3 ⊗ VT
2 ⊗ IL1 + VT

3 ⊗ IL2 ⊗ V1 + VT
3 ⊗ V2 ⊗ IL1 + (VT

3 V3) ⊗ IL2 ⊗ IL1 =
(IL3⊗IL2⊗V1+IL3⊗V2⊗IL1+V3⊗IL2⊗IL1)

T(IL3⊗IL2⊗V1+IL3⊗V2⊗IL1+V3⊗IL2⊗IL1) = MTM
with M = IL3 ⊗ IL2 ⊗ V1 + IL3 ⊗ V2 ⊗ IL1 + V3 ⊗ IL2 ⊗ IL1 . Then it follows from (3.6) that
vec(Ỹ l+1) = (13M1+

1
3M2+

1
3M3)vec(Ỹ l) = 1

3(3IL1L2L3 −γP)vec(Ỹ l) = (IL1L2L3 −
γ
3P)vec(Ỹ

l) and
IL1L2L3 −

γ
3P is the iteration matrix of the GI algorithm. By assumptions, (2.1) has a unique

solution, thus M is of full column rank and hence P = MTM is a symmetric positive-definite
matrix. Let λi > 0 (i = 1, 2, · · · , L1L2L3) be the eigenvalues of P, then ρ(IL1L2L3 − γ

3P) =
max

1≤i≤L1L2L3

{|1− γ
3λi|} = max{|1− γ

3λmin|, |1− γ
3λmax|}. By some calculations, it holds that

ρ(IL1L2L3 −
γ

3
P) =


1− γ

3
λmin, if γ ≤ 6

λmax + λmin
,

γ

3
λmax − 1, if γ >

6

λmax + λmin
.

When γ ≤ 6
λmax+λmin

, ρ(IL1L2L3 −
γ
3P) = 1− γ

3λmin is monotonic decreasing about γ. And when

γ > 6
λmax+λmin

, ρ(IL1L2L3 −
γ
3P) =

γ
3λmax − 1 is monotonic increasing about the variable γ, then

the optimal parameter γopt is

γopt =
6

λmax + λmin
.

Taking γopt into ρ(I− γ
3P) = 1− γ

3λmin leads to the optimal convergence factor ρopt =
λmax−λmin
λmax+λmin

.

According to the framework of the GI algorithm, it can be observed that the Step 3 of this
algorithm may consume much time when the matrices Vi (i = 1, 2, 3) are large and dense. In
order to reduce the computation of the GI algorithm, motivated by the ideas of [18, 37], we
replace the system matrices V T

i (i = 1, 2, 3) by their diagonal parts in the GI algorithm. This
can reduce the computing time of each iteration of the GI algorithm, and the total calculation
time decreases. In view of it, we will design a new algorithm called the diagonal GI (DGI)
algorithm for the Sylvester tensor equation (1.1). The derivation process of the DGI algorithm
is as below.
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We first split the system matrices Vj into Vj = Dj + Cj (j = 1, 2, 3) with Cj and Dj being
the non-diagonal and diagonal parts of Vj , respectively. Then from (1.1), we can deduce that

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W ⇒ Y ×1 (D1 + C1) + Y ×2 V2 + Y ×3 V3 = W,

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W ⇒ Y ×1 V1 + Y ×2 (D2 + C2) + Y ×3 V3 = W,

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W ⇒ Y ×1 V1 + Y ×2 V2 + Y ×3 (D3 + C3) = W,

which results in

Y ×1 D1 = W −Y ×1 C1 − Y ×2 V2 − Y ×3 V3,

Y ×2 D2 = W −Y ×1 V1 − Y ×2 C2 − Y ×3 V3,

Y ×3 D3 = W −Y ×1 V1 − Y ×2 V2 − Y ×3 C3. (3.7)

Based on the GI algorithm and (3.7), we establish the following diagonal GI (DGI) algorithm.

Algorithm 3.2. The diagonal gradient-based iterative (DGI) algorithm:

Step 1. Given matrices V1 ∈ RL1×L1 , V2 ∈ RL2×L2 , V3 ∈ RL3×L3 , a tensor W ∈ RL1×L2×L3 ,
and two constants γ, η > 0. Choose the initial tensor Y0, and set l = 0.

Step 2. If τl =
∥W−Yl×1V1−Yl×2V2−Yl×3V3∥
∥W−Y0×1V1−Y0×2V2−Y0×3V3∥ = ∥Rl∥

∥R0∥ < η, stop; otherwise, go to Step 3.

Step 3. Compute Y l+1 by the following procedure

Y l+1
1 = Y l + γRl ×1 D

T
1 ,

Y l+1
2 = Y l + γRl ×2 D

T
2 ,

Y l+1
3 = Y l + γRl ×3 D

T
3 ,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3

3
.

Step 4. Set l := l + 1 and return to Step 2.

In what follows, by using the techniques applied in Theorems 4.1 and 4.2 in [18], we de-
duce the sufficient convergence condition, quasi-optimal parameter and the corresponding quasi-
optimal convergence factor of the DGI algorithm in the following two theorems.

Theorem 3.2. Suppose that the assumptions in Theorem 3.1 are valid, and Re(λp) > 0 with
λp (p = 1, · · · , L1L2L3) being the eigenvalues of GT

1 G2, where

G1 = IL3 ⊗ IL2 ⊗D1 + IL3 ⊗D2 ⊗ IL1 +D3 ⊗ IL2 ⊗ IL1 ,

G2 = IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1 .

Let Im1 = max
1≤p≤L1L2L3

|Im(λp)|, Remax = max
1≤p≤L1L2L3

{Re(λp)} and Remin = min
1≤p≤L1L2L3

{Re(λp)}.
Then the DGI algorithm is convergent provided that

0 < γ <


6Remin

Re2min + Im2
1

, as Im1 ≥
√
RemaxRemin ,

6Remax

Re2max + Im2
1

, as Im1 ≤
√
RemaxRemin .
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Proof. Define the error tensors

Ỹ l = Y l − Y∗, Ỹ l
i = Y l

j − Y∗ (j = 1, 2, 3).

It follows from the expression of Y l+1
1 in the DGI algorithm that

Ỹ l+1
1 = Ỹ l − γ(Ỹ l ×1 A1 + Ỹ l ×2 A2 + Ỹ l ×3 A3)×1 D

T
1 . (3.8)

Let Z = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×1 D
T
1 . By making use of Lemma 2.1, it has

Z = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×1 D
T
1

= Ỹ l ×1 (D
T
1 V1) + Ỹ l ×1 D

T
1 ×2 V2 + Ỹ l ×1 D

T
1 ×3 V3

= Ỹ l ×1 (D
T
1 V1)×2 IL2 ×3 IL3 + Ỹ l ×1 D

T
1 ×2 V2 ×3 IL3 + Ỹ l ×1 D

T
1 ×2 IL2 ×3 V3.

By taking the mode-1 matricization of Z, we have

Z(1) = DT
1 V1Ỹ l

(1)(IL3 ⊗ IL2)
T +DT

1 Ỹ l
(1)(IL3 ⊗V2)

T +DT
1 Ỹ l

(1)(V3 ⊗ IL2)
T. (3.9)

Then taking the stretching operator into both sides of (3.9) yields that

vec(Z) = [IL3 ⊗ IL2 ⊗ (DT
1 V1) + IL3 ⊗V2 ⊗DT

1 +V3 ⊗ IL2 ⊗DT
1 ]vec(Ỹ l).

Let M̃1 = IL1L2L3 − γ(IL3 ⊗ IL2 ⊗ (DT
1 V1) + IL3 ⊗ V2 ⊗ DT

1 + V3 ⊗ IL2 ⊗ DT
1 ). Then it follows

from (3.8) that

vec(Ỹ l+1
1 ) = [IL1L2L3 − γ(IL3 ⊗ IL2 ⊗ (DT

1 V1) + IL3 ⊗V2 ⊗DT
1 +V3 ⊗ IL2 ⊗DT

1 )]vec(Ỹ l)

= M̃1vec(Ỹ l)

= M̃1vec(Y l − Y∗)

= M̃1vec[
1

3
(Y l

1 − Y∗) +
1

3
(Y l

2 − Y∗) +
1

3
(Y l

3 − Y∗)]

= M̃1vec[
1

3
Ỹ l
1 +

1

3
Ỹ l
2 +

1

3
Ỹ l
3]

=
1

3
M̃1[vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3)]. (3.10)

In view of the expression of Y l+1
2 , it has

Ỹ l+1
2 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×2 D

T
2 . (3.11)

Let Z̃ = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×2 D
T
2 , then we can deduce that

Z̃ = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×2 D
T
2

= Ỹ l ×1 V1 ×2 D
T
2 + Ỹ l ×2 (D

T
2 V2) + Ỹ l ×2 D

T
2 ×3 V3

= Ỹ l ×1 V1 ×2 D
T
2 ×3 IL3 + Ỹ l ×1 IL1 ×2 (D

T
2 V2)×3 IL3 + Ỹ l ×1 IL1 ×2 D

T
2 ×3 V3,

in terms of Lemma 2.1. By taking the mode-1 matricization of Z̃, it holds that

Z̃(1) = V1Ỹ l
(1)(IL3 ⊗DT

2 )
T + IL1Ỹ l

(1)(IL3 ⊗DT
2 V2)

T + IL1Ỹ l
(1)(V3 ⊗DT

2 )
T. (3.12)
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Using stretching operator to both sides of (3.12) leads to

vec(Z̃) = [IL3 ⊗DT
2 ⊗V1 + IL3 ⊗ (DT

2 V2)⊗ IL1 +V3 ⊗DT
2 ⊗ IL1 ]vec(Ỹ l). (3.13)

Let M̃2 = IL1L2L3 −γ(IL3 ⊗DT
2 ⊗V1+IL3 ⊗(DT

2 V2)⊗IL1 +V3⊗DT
2 ⊗IL1). Then the combination

of (3.11) and (3.13) results in

vec(Ỹ l+1
2 ) = [IL1L2L3 − γ(IL3 ⊗DT

2 ⊗V1 + IL3 ⊗ (DT
2 V2)⊗ IL1 +V3 ⊗DT

2 ⊗ IL1)]vec(Ỹ l)

= M̃2vec(Ỹ l)

= M̃2vec(Y l − Y∗)

= M̃2vec[
1

3
(Y l

1 − Y∗) +
1

3
(Y l

2 − Y∗) +
1

3
(Y l

3 − Y∗)]

= M̃2vec[
1

3
Ỹ l
1 +

1

3
Ỹ l
2 +

1

3
Ỹ l
3]

=
1

3
M̃2[vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3)]. (3.14)

Besides, from Line 3 of Step 3 of the DGI algorithm, we have

Ỹ l+1
3 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×3 D

T
3 .

Let
˜̃Z = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×3 D

T
3 , then it can be derived that˜̃Z = (Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×3 D

T
3

= Ỹ l ×1 V1 ×3 D
T
3 + Ỹ l ×2 V2 ×3 D

T
3 + Ỹ l ×3 (D

T
3 V3)

= Ỹ l ×1 V1 ×2 IL2 ×3 D
T
3 + Ỹ l ×1 IL1 ×2 V2 ×3 D

T
3 + Ỹ l ×1 IL1 ×2 IL2 ×3 (D

T
3 V3).

By taking the mode-1 matricization of
˜̃Z, it follows that˜̃Z(1) = V1Ỹ l

(1)(D
T
3 ⊗ IL2)

T + IL1Ỹ l
(1)(D

T
3 ⊗V2)

T + IL1Ỹ l
(1)(D

T
3 V3 ⊗ IL2)

T.

Taking straightening operator into both sides of the relations
˜̃Z and Ỹ l+1

3 results in

vec(Ỹ l+1
3 ) = [IL1L2L3 − γ(DT

3 ⊗ IL2 ⊗V1 +DT
3 ⊗V2 ⊗ IL1 + (DT

3 V3)⊗ IL2 ⊗ IL1)]vec(Ỹ l)

= M̃3vec(Ỹ l)

= M̃3vec(Y l − Y∗)

= M̃3vec[
1

3
(Y l

1 − Y∗) +
1

3
(Y l

2 − Y∗) +
1

3
(Y l

3 − Y∗)]

= M̃3vec[
1

3
Ỹ l
1 +

1

3
Ỹ l
2 +

1

3
Ỹ l
3]

=
1

3
M̃3[vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3)],

where M̃3 = IL1L2L3 − γ(DT
3 ⊗ IL2 ⊗ V1 + DT

3 ⊗ V2 ⊗ IL1 + (DT
3 V3) ⊗ IL2 ⊗ IL1). Owing to

vec(Ỹ l+1) = 1
3 [vec(Ỹ

l+1
1 )+vec(Ỹ l+1

2 )+vec(Ỹ l+1
3 )] and vec(Ỹ l) = 1

3 [vec(Ỹ
l
1)+vec(Ỹ l

2)+vec(Ỹ l
3)],

we have

vec(Ỹ l+1) =
1

3
[vec(Ỹ l+1

1 ) + vec(Ỹ l+1
2 ) + vec(Ỹ l+1

3 )]
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=
1

3
(
1

3
M̃1 +

1

3
M̃2 +

1

3
M̃3)(vec(Ỹ l

1) + vec(Ỹ l
2) + vec(Ỹ l

3))

= (
1

3
M̃1 +

1

3
M̃2 +

1

3
M̃3)vec(Ỹ l). (3.15)

Let

P1 =IL3 ⊗ IL2 ⊗ (DT
1 V1) + IL3 ⊗V2 ⊗DT

1 +V3 ⊗ IL2 ⊗DT
1

+ IL3 ⊗DT
2 ⊗V1 + IL3 ⊗ (DT

2 V2)⊗ IL1 +V3 ⊗DT
2 ⊗ IL1

+DT
3 ⊗ IL2 ⊗V1 +DT

3 ⊗V2 ⊗ IL1 + (DT
3 V3)⊗ IL2 ⊗ IL1

=(IL3 ⊗ IL2 ⊗D1 + IL3 ⊗D2 ⊗ IL1 +D3 ⊗ IL2 ⊗ IL1)
T

× (IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1)

=GT
1 G2, (3.16)

which together with the forms of M̃1, M̃2, M̃3 and (3.15) gives

vec(Ỹ l+1) = (
1

3
M̃1 +

1

3
M̃2 +

1

3
M̃3)vec(Ỹ l) = (IL1L2L3 −

1

3
γGT

1 G2)vec(Ỹ l).

Then the matrix IL1L2L3 − 1
3γG

T
1 G2 is the iteration matrix of the DGI algorithm, and hence the

DGI algorithm is convergent if and only if ρ(IL1L2L3 − 1
3γG

T
1 G2) < 1. It is not difficult to verify

that

λi(IL1L2L3 −
1

3
γGT

1 G2) = 1− 1

3
γλi(G

T
1 G2), i = 1, 2, · · · , L1L2L3.

We will study the condition of γ such that ρ(IL1L2L3 − 1
3γG

T
1 G2) < 1. Let λi(G

T
1 G2) =

Re(λi) + iIm(λi) (i = 1, 2, · · ·L1L2L3) be the eigenvalues of the matrix GT
1 G2, then ρ(IL1L2L3 −

1
3γG

T
1 G2) < 1 is equivalent to

|λi(IL1L2L3 −
1

3
γGT

1 G2)| = |1− 1

3
γλi(G

T
1 G2)|

= |1− 1

3
γRe(λi)−

1

3
γIm(λi)i|

=

√
(1− 1

3
γRe(λi))2 + (

1

3
γIm(λi))2

< 1, (3.17)

which together with Re(λi) > 0 for i = 1, 2 · · ·L1L2L3 results in

0 < γ < min
1≤i≤L1L2L3

6Re(λi)

Re(λi)2 + Im(λi)2
. (3.18)

Then, it follows from straightforward computations that a sufficient condition for guaranteeing
(3.18) holding is

0 < γ < min
1≤i≤L1L2L3

6Re(λi)

Re(λi)2 + Im2
1

, (3.19)

where Im1 = max
1≤i≤L1L2L3

|Im(λi)|. Define a function h(t) = t
t2+Im2

1
, t ∈ [Remin, Remax] with

Remax = max
1≤p≤L1L2L3

{Re(λp)} and Remin = min
1≤p≤L1L2L3

{Re(λp)}. With concrete computations,
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we obtain h′(t) =
Im2

1−t2

(t2+Im2
1)

2 . Below we distinguish three cases to discuss:

(i) If Im1 ≥ Remax, then h(t) is monotonically increasing with t. Thus it follows that

min
1≤i≤L1L2L3

6Re(λi)

Re(λi)2 + Im2
1

=
6Remin

Re2min + Im2
1

. (3.20)

(ii) If Im1 ≤ Remin, then h(t) is monotonic decreasing about t, which leads to

min
1≤i≤L1L2L3

6Re(λi)

Re(λi)2 + Im2
1

=
6Remax

Re2max + Im2
1

. (3.21)

(iii) If Remin < Im1 < Remax, then by some calculations, it holds that

min
1≤i≤L1L2L3

6Re(λi)

Re(λi)2 + Im2
1

=


6Remin

Re2min + Im2
1

, if Im1 ≥
√

RemaxRemin ,

6Remax

Re2max + Im2
1

, if Im1 ≤
√
RemaxRemin .

We obtain the following results by summarizing the above discussions

0 < γ <


6Remin

Re2min + Im2
1

, as Im1 ≥
√
RemaxRemin ,

6Remax

Re2max + Im2
1

, as Im1 ≤
√
RemaxRemin .

The proof of this theorem is completed.

Theorem 3.3. Let the conditions of Theorem 3.2 be satisfied, then the quasi-optimal parameter
γopt and the corresponding quasi-optimal convergence factor of the DGI algorithm are
(1) If Im1 ≥

√
RemaxRemin, then

γopt =
3Remin

Re2min + Im2
1

, ρopt(IL1L2L3 −
1

3
γGT

1 G2) =
Im1√

Re2min + Im2
1

;

(2) If Im1 ≤
√
RemaxRemin, there are two cases:

(i) When 0 < γ ≤ 6
Remax+Remin

, if Im2
1 < Remin(Remax−Remin)

2 , then γopt = 6
Remax+Remin

and

ρopt(IL1L2L3 − 1
3γG

T
1 G2) =

√
(Remax−Remin)2+4Im2

1

Remax+Remin
. If Im2

1 ≥ Remin(Remax−Remin)
2 , then γopt =

3Remin

Re2min+Im2
1
and

ρopt(IL1L2L3 −
1

3
γGT

1 G2) =
Im1√

Re2min + Im2
1

;

(ii) When 6
Remax+Remin

≤ γ < 6Remax

Remax+Im2
1
, then γopt =

6
Remax+Remin

and

ρopt(IL1L2L3 −
1

3
γGT

1 G2) =

√
(Remax −Remin)2 + 4Im2

1

Remax +Remin
.
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Proof. Define the function B(Re(λi), Im(λi)) = (1 − 1
3γRe(λi))

2 + (13γIm(λi))
2 with respect

to Re(λi) and Im(λi). Inasmuch as B(Re(λi), Im(λi)) is increasing about Im(λi)
2, we have

maxB(Re(λi), Im(λi)) ≤ maxB(Re(λi), Im1) = max[(1− 1

3
γRe(λi))

2 + (
1

3
γIm1)

2]. (3.22)

Moreover, we can deduce that maxB(Re(λi), Im1) = max[B(Remax, Im1),B(Remin, Im1)], from
which one can deduce the following result

maxB(Re(λi), Im1) =


(1− 1

3
γRemin)

2 + (
1

3
γIm1)

2, if γ ≤ 6

Remax +Remin
,

(1− 1

3
γRemax)

2 + (
1

3
γIm1)

2, if γ ≥ 6

Remax +Remin
.

(3.23)

If Im1 ≥
√
RemaxRemin, then it holds that

6Remin

Re2min + Im2
1

≤ 6

Remin +Remax
.

Therefore, it follows from (3.23) that

maxB(Re(λi), Im1) = (1− 1

3
γRemin)

2 + (
1

3
γIm1)

2.

By some calculations, the minimum point of maxB(Re(λi), Im1) is γopt =
3Remin

Re2min+Im2
1
.

In addition, if Im1 ≤
√
RemaxRemin, it follows that

6Remax

Re2max + Im2
1

≥ 6

Remin +Remax
.

Then, there are two cases to consider:
(i) If 0 < γ ≤ 6

Remax+Remin
, then it follows from (3.23) that maxB(Re(λi), Im1) = (1 −

1
3γRemin)

2 + (13γIm1)
2, which yields that γ̄opt =

3Remin

Re2min+Im2
1
. If Im2

1 < Remin(Remax−Remin)
2 , then

6
Remax+Remin

< 3Remin

Re2min+Im2
1
is valid. Taking into account that maxB(Re(λi), Im1) is decreas-

ing about γ in the interval (0, 6
Remax+Remin

], it has γopt = 6
Remin+Remax

. Besides, if Im2
1 ≥

Remin(Remax−Remin)
2 , then 3Remin

Re2min+Im2
1
≤ 6

Remax+Remin
and hence γopt =

3Remin

Re2min+Im2
1
.

(ii) If 6
Remin+Remax

≤ γ < 6Remax

Re2max+Im2
1
, then from (3.23) we can obtain maxB(Re(λi), Im1) =

(1 − 1
3γRemax)

2 + (13γIm1)
2. After some computations, we derive γ̃opt = 3Remax

Re2max+Im2
1
. Since

maxB(Re(λi), Im1) is increasing about γ in the interval [ 3Remax

Re2max+Im2
1
,+∞) and 6

Remax+Remin
≥

3Remax

Re2max+Im2
1
, we conclude that maxB(Re(λi), Im1) is increasing about γ in the interval [ 6

Remin+Remax
,

6Remax

Re2max+Im2
1
] and therefore γopt =

6
Remin+Remax

.

Algorithm 3.3. The new MGI (NMGI) algorithm:

Step 1. Given matrices V1 ∈ RL1×L1 , V2 ∈ RL2×L2 , V3 ∈ RL3×L3 , a tensor W ∈ RL1×L2×L3 ,
and two constants γ, η > 0. Choose an initial tensor Y0, and set l = 0.

Step 2. If τl =
∥W−Yl×1V1−Yl×2V2−Yl×3V3∥
∥W−Y0×1V1−Y0×2V2−Y0×3V3∥ = ∥Rl∥

∥R0∥ < η, stop; otherwise, go to Step 3.

Step 3. Compute Y l+1 by the following procedure

Y l+1
1 = Y l + γRl×1D

T
1 ,
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Ỹ l =
Y l+1
1 + Y l + Y l

3
,

Y l+1
2 = Ỹ l + γR̃l×2D

T
2 ,

Y l
=

Y l+1
1 + Y l+1

2 + Y l

3
,

Y l+1
3 = Y l

+ γRl×3D
T
3 ,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3

3
.

Step 4. Set l := l + 1 and return to Step 2.

Theorem 3.4. The NMGI algorithm is convergent if the parameter γ is selected to satisfy
1
3q1 +

1
3q2q3 +

1
9q1q4 +

1
9q2q3q4 +

1
9q4 < 1, where

q1 = ∥IN1 − γDT
1 V1∥2 + γ∥D1∥2∥V2∥2 + γ∥D1∥2∥V3∥2,

q2 = ∥IN1 −
1

3
γDT

1 V1∥2 +
1

3
γ∥D1∥2∥V2∥2 +

1

3
γ∥D1∥2∥V3∥2,

q3 = ∥IN2 − γDT
2 V2∥2 + γ∥D2∥2∥V1∥2 + γ∥D2∥2∥V3∥2,

q4 = ∥IN3 − γDT
3 V3∥2 + γ∥D3∥2∥V1∥2 + γ∥D3∥2∥V2∥2.

Proof. We define the error tensors

−→
Y l = Y l − Y∗,

−→
Ỹ l = Ỹ l − Y∗,

−→
Y l = Y l − Y∗,

−→
Y l+1

i = Y l+1
i − Y∗ (i = 1, 2, 3).

According to Line 1 of Step 3 of the NMGI algorithm, it follows that

−→
Y l+1

1 =
−→
Y l − γ(

−→
Y l ×1 V1 +

−→
Y l ×2 V2 +

−→
Y l ×3 V3)×1 D

T
1

=
−→
Y l − γ

−→
Y l ×1 (D

T
1 V1)− γ

−→
Y l ×1 D

T
1 ×2 V2 − γ

−→
Y l ×1 D

T
1 ×3 V3

=
−→
Y l ×1 (IL1 − γDT

1 V1)− γ
−→
Y l ×1 D

T
1 ×2 V2 − γ

−→
Y l ×1 D

T
1 ×3 V3. (3.24)

By making use of the expression of Ỹ l in the NMGI algorithm, we deduce

−→
Ỹ l =

−→
Y l ×1 (IL1 −

1

3
γDT

1 V1)−
1

3
γ
−→
Y l ×1 D

T
1 ×2 V2 −

1

3
γ
−→
Y l ×1 D

T
1 ×3 V3. (3.25)

From the expression of Y l+1
2 in the NMGI algorithm, we derive

−→
Y l+1

2 =
−→
Ỹ l − γ[

−→
Ỹ l ×1 V1 +

−→
Ỹ l ×2 V2 +

−→
Ỹ l ×3 V3]×2 D

T
2

=
−→
Ỹ l − γ[

−→
Ỹ l ×1 V1 ×2 D

T
2 +

−→
Ỹ l ×2 D

T
2 V2 +

−→
Ỹ l ×2 D

T
2 ×3 V3]

=
−→
Ỹ l ×2 (IL2 − γDT

2 V2)− γ
−→
Ỹ l ×1 V1 ×2 D

T
2 − γ

−→
Ỹ l ×2 D

T
2 ×3 V3. (3.26)

In view of the expression of Y l+1
3 in the NMGI algorithm, it has

−→
Y l+1

3 =
−→
Y l − γ[

−→
Y l ×1 V1 +

−→
Y l ×2 V2 +

−→
Y l ×3 V3]×3 D

T
3

=
−→
Y l − γ[

−→
Y l ×1 V1 ×3 D

T
3 +

−→
Y l ×2 V2 ×3 D

T
3 +

−→
Y l ×3 (D

T
3 V3)]
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=
−→
Y l ×3 (IL3 − γDT

3 V3)− γ
−→
Y l ×1 V1 ×3 D

T
3 − γ

−→
Y l ×2 V2 ×3 D

T
3 . (3.27)

The combination of Lemma 2.2 and (3.24) leads to

∥
−→
Y l+1

1 ∥ = ∥
−→
Y l ×1 (IL1 − γDT

1 V1)− γ
−→
Y l ×1 D

T
1 ×2 V2 − γ

−→
Y l ×1 D

T
1 ×3 V3∥

≤ ∥
−→
Y l ×1 (IL1 − γDT

1 V1)∥+ γ∥
−→
Y l ×1 D

T
1 ×2 V2∥+ γ∥

−→
Y l ×1 D

T
1 ×3 V3∥

≤ ∥
−→
Y l∥∥IL1 − γDT

1 V1∥2 + γ∥
−→
Y l∥∥D1∥2∥V2∥2 + γ∥

−→
Y l∥∥D1∥2∥V3∥2

= ∥
−→
Y l∥[∥IL1 − γDT

1 V1∥2 + γ∥D1∥2∥V2∥2 + γ∥D1∥2∥V3∥2]

= q1∥
−→
Y l∥, (3.28)

where q1 = ∥IL1 −γDT
1 V1∥2+γ∥D1∥2∥V2∥2+γ∥D1∥2∥V3∥2. Besides, it follows from (3.25) that

∥
−→
Ỹ l∥ = ∥

−→
Y l ×1 (IL1 −

1

3
γDT

1 V1)−
1

3
γ
−→
Y l ×1 D

T
1 ×2 V2 −

1

3
γ
−→
Y l ×1 D

T
1 ×3 V3∥

≤ ∥
−→
Y l ×1 (IL1 −

1

3
γDT

1 V1)∥+
1

3
γ∥

−→
Y l ×1 D

T
1 ×2 V2∥+

1

3
γ∥

−→
Y l ×1 D

T
1 ×3 V3∥

≤ ∥
−→
Y l∥∥IL1 −

1

3
γDT

1 V1∥2 +
1

3
γ∥

−→
Y l∥∥D1∥2∥V2∥2 +

1

3
γ∥

−→
Y l∥∥D1∥2∥V3∥2

= ∥
−→
Y l∥[∥IL1 −

1

3
γDT

1 V1∥2 +
1

3
γ∥D1∥2∥V2∥2 +

1

3
γ∥D1∥2∥V3∥2]

= q2∥
−→
Y l∥, (3.29)

with q2 = ∥IL1 − 1
3γD

T
1 V1∥2 + 1

3γ∥D1∥2∥V2∥2 + 1
3γ∥D1∥2∥V3∥2. It can be derived from (3.26)

that

∥
−→
Y l+1

2 ∥ = ∥
−→
Ỹ l ×2 (IL2 − γDT

2 V2)− γ
−→
Ỹ l ×1 V1 ×2 D

T
2 − γ

−→
Ỹ l ×2 D

T
2 ×3 V3∥

≤ ∥
−→
Ỹ l ×2 (IL2 − γDT

2 V2)∥+ γ∥
−→
Ỹ l ×1 V1 ×2 D

T
2 ∥+ γ∥

−→
Ỹ l ×2 D

T
2 ×3 V3∥

≤ ∥
−→
Ỹ l∥∥IL2 − γDT

2 V2∥2 + γ∥
−→
Ỹ l∥∥V1∥2∥D2∥2 + γ∥

−→
Ỹ l∥∥D2∥2∥V3∥2

= ∥
−→
Ỹ l∥[∥IL2 − γDT

2 V2∥2 + γ∥V1∥2∥D2∥2 + γ∥D2∥2∥V3∥2]

= q3∥
−→
Ỹ l∥, (3.30)

in terms of Lemma 2.2, where q3 = ∥IL2 − γDT
2 V2∥2 + γ∥V1∥2∥D2∥2 + γ∥D2∥2∥V3∥2. By Line 4

of Step 3 of the NMGI algorithm, it holds that

∥
−→
Y l∥= ∥1

3

−→
Y l+1

1 +
1

3

−→
Y l+1

2 +
1

3

−→
Y l

3∥

≤ 1

3
∥
−→
Y l+1

1 ∥+ 1

3
∥
−→
Y l+1

2 ∥+ 1

3
∥
−→
Y l

3∥

≤ 1

3
q1∥

−→
Y l∥+ 1

3
q3∥

−→
Ỹ l∥+ 1

3
∥
−→
Y l∥

≤ 1

3
q1∥

−→
Y l∥+ 1

3
q3q2∥

−→
Y l∥+ 1

3
∥
−→
Y l∥

= (
1

3
q1 +

1

3
q3q2 +

1

3
)∥
−→
Y l∥. (3.31)
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By applying the Frobenious norm to (3.27) and using Lemmas 2.1–2.2, we get

∥
−→
Y l+1

3 ∥= ∥
−→
Y l ×3 (IL3 − γDT

3 V3)− γ
−→
Y l ×1 V1 ×3 D

T
3 − γ

−→
Y l ×2 V2 ×3 D

T
3 ∥

≤ ∥
−→
Y l ×3 (IL3 − γDT

3 V3)∥+ γ∥
−→
Y l ×1 V1 ×3 D

T
3 ∥+ γ∥

−→
Y l ×2 V2 ×3 D

T
3 ∥

≤ ∥
−→
Y l∥∥IL3 − γDT

3 V3∥2 + γ∥
−→
Y l∥∥V1∥2∥D3∥2 + γ∥

−→
Y l∥∥V2∥2∥D3∥2

= ∥
−→
Y l∥[∥IL3 − γDT

3 V3∥2 + γ∥V1∥2∥D3∥2 + γ∥V2∥2∥D3∥2]

= q4∥
−→
Y l∥, (3.32)

where q4 = ∥IL3 − γDT
3 V3∥2 + γ∥V1∥2∥D3∥2 + γ∥V2∥2∥D3∥2. The combination of (3.31) and

(3.32) gives ∥
−→
Y l+1

3 ∥ ≤ q4∥
−→
Y l∥ ≤ q4[

1
3q1 + 1

3q3q2 + 1
3 ]∥

−→
Y l∥, which combines with ∥

−→
Y l+1

2 ∥ ≤

q3∥
−→
Ỹ l∥ ≤ q3q2∥

−→
Y l∥ and ∥

−→
Y l+1

1 ∥ ≤ q1∥
−→
Y l∥ leads to

∥
−→
Y l+1∥ = ∥1

3

−→
Y l+1

1 +
1

3

−→
Y l+1

2 +
1

3

−→
Y l+1

3 ∥

≤ 1

3
∥
−→
Y l+1

1 ∥+ 1

3
∥
−→
Y l+1

2 ∥+ 1

3
∥
−→
Y l+1

3 ∥

≤ 1

3
q1∥

−→
Y l∥+ 1

3
q2q3∥

−→
Y l∥+ 1

3
(
1

3
q1q4 +

1

3
q2q3q4 +

1

3
q4)∥

−→
Y l∥

= [
1

3
q1 +

1

3
q2q3 +

1

9
q1q4 +

1

9
q2q3q4 +

1

9
q4]∥

−→
Y l∥

≤ [
1

3
q1 +

1

3
q2q3 +

1

9
q1q4 +

1

9
q2q3q4 +

1

9
q4]

l+1∥
−→
Y 0∥.

Thus if 1
3q1 +

1
3q2q3 +

1
9q1q4 +

1
9q2q3q4 +

1
9q4 < 1, then lim

l→+∞
∥
−→
Y l+1∥ = 0 and therefore Y l →

Y∗(l → +∞), i.e., the NMGI algorithm is convergent.

4. The DGI and NMGI algorithms for the coupled Sylvester ten-
sor equations

In this section, we extend the DGI and NMGI algorithms to solve the more general coupled
Sylvester tensor equations, whose form is as followsY ×1 V1 + Y ×2 V2 + Y ×3 V3 = W1,

Y ×1 T1 + Y ×2 T2 + Y ×3 T3 = W2,
(4.1)

where V1, T1 ∈ RL1×L1 , V2, T2 ∈ RL2×L2 , V3, T3 ∈ RL3×L3 , W1,W2 ∈ RL1×L2×L3 , and the
unknown tensor Y ∈ RL1×L2×L3 needs to be computed.

Based on the hierarchical identification principle, we can establish the following GI algorithm
for solving the coupled Sylvester tensor equation (4.1).

Algorithm 4.1. The gradient-based iterative (GI) algorithm:

Step 1. Given matrices V1, T1 ∈ RL1×L1 , V2, T2 ∈ RL2×L2 , V3, T3 ∈ RL3×L3 , two tensors
W1,W2 ∈ RL1×L2×L3 , and positive constants γ, η. Choose the initial tensor Y0, and set l = 0.

Step 2. If τl =

√
∥W1−Yl×1V1−Yl×2V2−Yl×3V3∥2+∥W2−Yl×1T1−Yl×2T2−Yl×3T3∥2√
∥W1−Y0×1V1−Y0×2V2−Y0×3V3∥2+∥W2−Y0×1T1−Y0×2T2−Y0×3T3∥2
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< η, stop; otherwise, go to Step 3.

Step 3. Compute Y l+1 by the following procedure

Rl
1 = W1 − Y l ×1 V1 − Y l ×2 V2 − Y l ×3 V3,

Rl
2 = W2 − Y l ×1 T1 − Y l ×2 T2 − Y l ×3 T3,

Y l+1
1 = Y l + γRl

1 ×1 V
T
1 ,

Y l+1
2 = Y l + γRl

1 ×2 V
T
2 ,

Y l+1
3 = Y l + γRl

1 ×3 V
T
3 ,

Y l+1
4 = Y l + γRl

2 ×1 T
T
1 ,

Y l+1
5 = Y l + γRl

2 ×2 T
T
2 ,

Y l+1
6 = Y l + γRl

2 ×3 T
T
3 ,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l+1

6

6
.

Step 4. Set l := l + 1 and return to Step 2.

We decompose the system matrices Vj into Vj = Dj +Cj (j = 1, 2, 3) with Cj and Dj being
the non-diagonal and diagonal parts of Vj , respectively. Meanwhile, we split the system matrices
Tj into Tj = Djj +Cjj (j = 1, 2, 3) with Cjj and Djj being the non-diagonal and diagonal parts
of Tj , respectively. Then it follows from (4.1) that

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W1 ⇒ Y ×1 (D1 + C1) + Y ×2 V2 + Y ×3 V3 = W1,

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W1 ⇒ Y ×1 V1 + Y ×2 (D2 + C2) + Y ×3 V3 = W1,

Y ×1 V1 + Y ×2 V2 + Y ×3 V3 = W1 ⇒ Y ×1 V1 + Y ×2 V2 + Y ×3 (D3 + C3) = W1,

Y ×1 T1 + Y ×2 T2 + Y ×3 T3 = W2 ⇒ Y ×1 (D11 + C11) + Y ×2 T2 + Y ×3 T3 = W2,

Y ×1 T1 + Y ×2 T2 + Y ×3 T3 = W2 ⇒ Y ×1 T1 + Y ×2 (D22 + C22) + Y ×3 T3 = W2,

Y ×1 T1 + Y ×2 T2 + Y ×3 T3 = W2 ⇒ Y ×1 T1 + Y ×2 T2 + Y ×3 (D33 + C33) = W2.

(4.2)

Equations (4.2) directly lead to the following results

Y ×1 D1 = W1 − Y ×1 C1 − Y ×2 V2 − Y ×3 V3, Y ×2 D2

= W1 − Y ×1 V1 − Y ×2 C2 − Y ×3 V3,

Y ×3 D3 = W1 − Y ×1 V1 − Y ×2 V2 − Y ×3 C3, Y ×1 D11

= W2 − Y ×1 C11 − Y ×2 T2 − Y ×3 T3,

Y ×2 D22 = W2 − Y ×1 T1 − Y ×2 C22 − Y ×3 T3, Y ×3 D33

= W2 − Y ×1 T1 − Y ×2 T2 − Y ×3 C33.

(4.3)

By combining (4.3) with the GI algorithm, we can establish the following diagonal GI (DGI)
algorithm.
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Algorithm 4.2. The diagonal GI (DGI) algorithm:

Step 1. Given matrices V1, T1 ∈ RL1×L1 , V2, T2 ∈ RL2×L2 , V3, T3 ∈ RL3×L3 , two tensors
W1,W2 ∈ RL1×L2×L3 , and positive constants γ, η. Choose the initial tensor Y0, and set l = 0.

Step 2. If τl =

√
∥W1−Yl×1V1−Yl×2V2−Yl×3V3∥2+∥W2−Yl×1T1−Yl×2T2−Yl×3T3∥2√
∥W1−Y0×1V1−Y0×2V2−Y0×3V3∥2+∥W2−Y0×1T1−Y0×2T2−Y0×3T3∥2

< η, stop; otherwise, go to Step 3.

Step 3. Compute Y l+1 by the following procedure

Rl
1 = W1 − Y l ×1 V1 − Y l ×2 V2 − Y l ×3 V3,

Rl
2 = W2 − Y l ×1 T1 − Y l ×2 T2 − Y l ×3 T3,

Y l+1
1 = Y l + γRl

1 ×1 D
T
1 ,

Y l+1
2 = Y l + γRl

1 ×2 D
T
2 ,

Y l+1
3 = Y l + γRl

1 ×3 D
T
3 ,

Y l+1
4 = Y l + γRl

2 ×1 D
T
11,

Y l+1
5 = Y l + γRl

2 ×2 D
T
22,

Y l+1
6 = Y l + γRl

2 ×3 D
T
33,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l+1

6

6
.

Step 4. Set l := l + 1 and return to Step 2.

We will discuss the convergence properties of the GI algorithm for the coupled Sylvester
tensor equation (4.1), which include its convergence condition, optimal parameter and optimal
convergence factor.

Theorem 4.1. Let M1 = IL3 ⊗ IL2 ⊗V1+ IL3 ⊗V2⊗ IL1 +V3⊗ IL2 ⊗ IL1, N1 = IL3 ⊗ IL2 ⊗T1+
IL3 ⊗T2 ⊗ IL1 +T3 ⊗ IL2 ⊗ IL1, and λmax and λmin be the maximum and minimum eigenvalues
of the matrix MT

1 M1 +NT
1 N1, respectively. Suppose that the coupled Sylvester tensor equation

(4.1) has a unique solution Y∗. Then the GI algorithm is convergent if and only if

0 < γ <
12

λmax

.

And the optimal parameter γopt and the corresponding optimal convergence factor ρopt of the GI
algorithm are

γopt =
12

λmax + λmin

, ρopt =
λmax − λmin

λmax + λmin

.

Proof. Define the error tensor Ỹ l = Y l−Y∗. It follows from the framework of the GI algorithm
that

Y l+1 = Y l +
γ

6
(Rl

1 ×1 V
T
1 +Rl

1 ×2 V
T
2 +Rl

1 ×3 V
T
3 +Rl

2 ×1 T
T
1 +Rl

2 ×2 T
T
2 +Rl

2 ×3 T
T
3 ).

Inasmuch as

Rl
1 = W1 − Y l ×1 V1 − Y l ×2 V2 − Y l ×3 V3 = −(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3),
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Rl
2 = W2 − Y l ×1 T1 − Y l ×2 T2 − Y l ×3 T3 = −(Ỹ l ×1 T1 + Ỹ l ×2 T2 + Ỹ l ×3 T3),

it has

Ỹ l+1 = Ỹ l − γ

6
[Ỹ l ×1 (V

T
1 V1)×2 IL2 ×3 IL3 + Ỹ l ×1 V

T
1 ×2 V2 ×3 IL3 + Ỹ l ×1 V

T
1 ×2 IL2 ×3 V3

+Ỹ l ×1 V1 ×2 V
T
2 ×3 IL3 + Ỹ l ×1 IL1 ×2 (V

T
2 V2)×3 IL3 + Ỹ l ×1 IL1 ×2 V

T
2 ×3 V3

+Ỹ l ×1 V1 ×2 IL2 ×3 V
T
3 + Ỹ l ×1 IL1 ×2 V2 ×3 V

T
3 + Ỹ l ×1 IL1 ×2 IL2 ×3 (V

T
3 V3)

+Ỹ l ×1 (T
T
1 T1)×2 IL2 ×3 IL3 + Ỹ l ×1 T

T
1 ×2 T2 ×3 IL3 + Ỹ l ×1 T

T
1 ×2 IL2 ×3 T3

+Ỹ l ×1 T1 ×2 T
T
2 ×3 IL3 + Ỹ l ×1 IL1 ×2 (T

T
2 T2)×3 IL3 + Ỹ l ×1 IL1 ×2 T

T
2 ×3 T3

+Ỹ l ×1 T1 ×2 IL2 ×3 T
T
3 + Ỹ l ×1 IL1 ×2 T2 ×3 T

T
3 + Ỹ l ×1 IL1 ×2 IL2 ×3 (T

T
3 T3)]. (4.4)

Applying straightening operator to (4.4) yields that

vec(Ỹ l+1)

= vec(Ỹ l)− γ

6
[IL3 ⊗ IL2 ⊗ (V T

1 V1) + IL3 ⊗ V2 ⊗ V T
1 + V3 ⊗ IL2 ⊗ V T

1 + IL3 ⊗ V T
2 ⊗ V1

+IL3 ⊗ (V T
2 V2)⊗ IL1 + V3 ⊗ V T

2 ⊗ IL1 + V T
3 ⊗ IL2 ⊗ V1

+V T
3 ⊗ V2 ⊗ IL1 + (V T

3 V3)⊗ IL2 ⊗ IL1

+IL3 ⊗ IL2 ⊗ (T T
1 T1) + IL3 ⊗ T2 ⊗ T T

1 + T3 ⊗ IL2 ⊗ T T
1 + IL3 ⊗ T T

2 ⊗ T1

+IL3 ⊗ (T T
2 T2)⊗ IL1 + T3 ⊗ T T

2 ⊗ IL1 + T T
3 ⊗ IL2 ⊗ T1 + T T

3 ⊗ T2 ⊗ IL1

+(T T
3 T3)⊗ IL2 ⊗ IL1 ]vec(Ỹ l)

= vec(Ỹ l)− γ

6
[(IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1)

T

×(IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1)

+(IL3 ⊗ IL2 ⊗ T1 + IL3 ⊗ T2 ⊗ IL1 + T3 ⊗ IL2 ⊗ IL1)
T

×(IL3 ⊗ IL2 ⊗ T1 + IL3 ⊗ T2 ⊗ IL1 + T3 ⊗ IL2 ⊗ IL1)]vec(Ỹ l)

= vec(Ỹ l)− γ

6
(MT

1 M1 +NT
1 N1)vec(Ỹ l)

= vec(Ỹ l)− γ

6

(
MT

1 NT
1

)M1

N1

 vec(Ỹ l)

:= vec(Ỹ l)− γ

6
KTKvec(Ỹ l)

= (IL1L2L3 −
γ

6
KTK)vec(Ỹ l),

where K =

M1

N1

. Hence IL1L2L3 −
γ
6K

TK is the iteration matrix of the GI algorithm. By

assumptions, (4.1) has a unique solution, then it holds that the matrix K is of full column
rank and hence KTK = MT

1 M1 + NT
1 N1 is a symmetric positive-definite matrix. Let λi > 0

(i = 1, 2, · · · , L1L2L3) be the eigenvalues of MT
1 M1 + NT

1 N1, then ρ(IL1L2L3 − γ
6K

TK) =
max

1≤i≤L1L2L3

{|1− γ
6λi|} = max{|1− γ

6λmin|, |1− γ
6λmax|}. Then the GI algorithm is convergent if

and only if ρ(IL1L2L3−
γ
6K

TK) = max
1≤i≤L1L2L3

{|1− γ
6λi|} < 1, which is equivalent to 0 < γ < 12

λmax
.
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In addition, by some computations, we have

ρ(IL1L2L3 −
γ

6
KTK) =


1− γ

6
λmin, if γ ≤ 12

λmax + λmin

,

γ

6
λmax − 1, if γ >

12

λmax + λmin

.

When γ ≤ 12
λmax+λmin

, ρ(IL1L2L3 − γ
6K

TK) = 1 − γ
6λmin is monotonic decreasing about γ.

And when γ > 12
λmax+λmin

, ρ(IL1L2L3 −
γ
6K

TK) = γ
6λmax − 1 is monotonic increasing about the

variable γ, then the optimal parameter γopt is

γopt =
12

λmax + λmin

.

Taking γopt into ρ(IL1L2L3 −
γ
6K

TK) = 1− γ
6λmin yields the optimal convergence factor ρopt =

λmax−λmin

λmax+λmin
.

In what follows, we establish the convergence properties of the DGI algorithm for the coupled
Sylvester tensor equation (4.1).

Theorem 4.2. Assume that the conditions of Theorem 4.1 are satisfied, and Re(δq) > 0 with

δq (q = 1, · · · , L1L2L3) being the eigenvalues of KT
1 K, where K1 =

M1

N1

, K =

M1

N1

 and

M1 = IL3 ⊗ IL2 ⊗D1 + IL3 ⊗D2 ⊗ IL1 +D3 ⊗ IL2 ⊗ IL1 ,

N1 = IL3 ⊗ IL2 ⊗D11 + IL3 ⊗D22 ⊗ IL1 +D33 ⊗ IL2 ⊗ IL1 ,

M1 = IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1 ,

N1 = IL3 ⊗ IL2 ⊗ T1 + IL3 ⊗ T2 ⊗ IL1 + T3 ⊗ IL2 ⊗ IL1 .

Let Im1 = max
1≤q≤L1L2L3

|Im(δq)|, Remax = max
1≤q≤L1L2L3

{Re(δq)} and Remin = min
1≤q≤L1L2L3

{Re(δq)}.
Then the DGI algorithm is convergent provided that

0 < γ <


12Remin

Re
2
min + Im

2
1

, as Im1 ≥
√
RemaxRemin ,

12Remax

Re
2
max + Im

2
1

, as Im1 ≤
√
RemaxRemin .

Proof. Define the error tensor Ỹ l = Y l − Y∗. From the framework of the DGI algorithm, it
has

Y l+1 = Y l +
γ

6
(Rl

1 ×1 D
T
1 +Rl

1 ×2 D
T
2 +Rl

1 ×3 D
T
3 +Rl

2 ×1 D
T
11

+Rl
2 ×2 D

T
22 +Rl

2 ×3 D
T
33). (4.5)

Applying straightening operator to (4.5) and making use of Lemma 2.1 yield that

vec(Y l+1) = vec(Y l) +
γ

6
[(IL3 ⊗ IL2 ⊗DT

1 + IL3 ⊗DT
2 ⊗ IL1 +DT

3 ⊗ IL2 ⊗ IL1)vec(Rl
1)
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+(IL3 ⊗ IL2 ⊗DT
11 + IL3 ⊗DT

22 ⊗ IL1 +DT
33 ⊗ IL2 ⊗ IL1)vec(Rl

2)]

= vec(Y l) +
γ

6
[M

T
1 vec(Rl

1) +N
T
1 vec(Rl

2)]. (4.6)

Direct computations give

vec(Rl
1) = −vec(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)

= −(IL3 ⊗ IL2 ⊗V1 + IL3 ⊗V2 ⊗ IL1 +V3 ⊗ IL2 ⊗ IL1)vec(Ỹ l)

= −M1vec(Ỹ l),

vec(Rl
2) = −vec(Ỹ l ×1 T1 + Ỹ l ×2 T2 + Ỹ l ×3 T3)

= −(IL3 ⊗ IL2 ⊗ T1 + IL3 ⊗ T2 ⊗ IL1 + T3 ⊗ IL2 ⊗ IL1)vec(Ỹ l)

= −N1vec(Ỹ l).

Thus it follows from (4.6) that

vec(Ỹ l+1) = vec(Ỹ l) +
γ

6
[M

T
1 vec(Rl

1) +N
T
1 vec(Rl

2)]

= vec(Ỹ l)− γ

6
(M

T
1 M1 +N

T
1 N1)vec(Ỹ l)

= vec(Ỹ l)− γ

6

(
M

T
1 N

T
1

)M1

N1

 vec(Ỹ l)

:= vec(Ỹ l)− γ

6
KT

1 Kvec(Ỹ l)

= (IL1L2L3 −
γ

6
KT

1 K)vec(Ỹ l),

where K1 =

M1

N1

 and K =

M1

N1

. Hence IL1L2L3 −
γ
6K

T
1 K is the iteration matrix of the

DGI algorithm. Similar to the derivation of Theorem 3.2, we can obtain the conclusions of this
theorem.

Theorem 4.3. Assume that the assumptions in Theorem 4.2 are valid, then the quasi-optimal
parameter γopt and the corresponding quasi-optimal convergence factor of the DGI algorithm are

(1) If Im1 ≥
√
RemaxRemin, then

γopt =
6Remin

Re
2
min + Im

2
1

, ρopt(IL1L2L3 −
1

6
γKT

1 K) =
Im1√

Re
2
min + Im

2
1

.

(2) If Im1 ≤
√
RemaxRemin, there are two cases:

(i) When 0 < γ ≤ 12
Remax+Remin

, if Im
2
1 < Remin(Remax−Remin)

2 , then γopt = 12
Remax+Remin

and

ρopt(IL1L2L3 − 1
6γK

T
1 K) =

√
(Remax−Remin)2+4Im

2
1

Remax+Remin
. If Im

2
1 ≥ Remin(Remax−Remin)

2 , then γopt =

6Remin

Re
2
min+Im

2
1

and

ρopt(IL1L2L3 −
1

6
γKT

1 K) =
Im1√

Re
2
min + Im

2
1

.
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(ii) When 12
Remax+Remin

≤ γ < 12Remax

Remax+Im
2
1

, then γopt =
12

Remax+Remin
and

ρopt(IL1L2L3 −
1

6
γKT

1 K) =

√
(Remax −Remin)2 + 4Im

2
1

Remax +Remin

.

Proof. The proof is similar to that of Theorem 3.3, hence it is omitted.

By applying the new update strategy to the DGI algorithm, we can construct the new MGI
(NMGI) algorithm for the coupled Sylvester tensor equation (4.1) as follows.

Algorithm 4.3. The new MGI (NMGI) algorithm:

Step 1. Given matrices V1, T1 ∈ RL1×L1 , V2, T2 ∈ RL2×L2 , V3, T3 ∈ RL3×L3 , two tensors
W1,W2 ∈ RL1×L2×L3 , and positive constants γ, η. Choose the initial tensor Y0, and set l = 0.

Step 2. If τl =

√
∥W1−Yl×1V1−Yl×2V2−Yl×3V3∥2+∥W2−Yl×1T1−Yl×2T2−Yl×3T3∥2√
∥W1−Y0×1V1−Y0×2V2−Y0×3V3∥2+∥W2−Y0×1T1−Y0×2T2−Y0×3T3∥2

< η, stop; otherwise, go to Step 3.

Step 3. Compute Y l+1 by the following procedure

Y l+1
1 = Y l + γRl

1×1D
T
1 ,

−→
Y l =

Y l+1
1 + 5Y l

6
,

Y l+1
2 =

−→
Y l + γ

−→
R

l

1×2D
T
2 ,

Y l
=

Y l+1
1 + Y l+1

2 + 4Y l

6
,

Y l+1
3 = Y l

+ γRl
1×3D

T
3 ,

Ŷ l =
Y l+1
1 + Y l+1

2 + Y l+1
3 + 3Y l

6
,

Y l+1
4 = Ŷ l + γR̂l

2×1D
T
11,

Y̌ l =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + 2Y l

6
,

Y l+1
5 = Y̌ l + γŘl

2×2D
T
22,

Ý l =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l

6
,

Y l+1
6 = Ý l + γŔl

2×3D
T
33,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l+1

6

6
.

Step 4. Set l := l + 1 and return to Step 2.

In the following theorem, we give the convergence analysis of the NMGI algorithm.

Theorem 4.4. The NMGI algorithm is convergent if the parameter γ is selected to satisfy
w1 + w2u2 + w3u3 + w4u4 + w5u5 + w6u6 < 6, where

w1 = ∥IL1 − γDT
1 V1∥2 + γ∥D1∥2∥V2∥2 + γ∥D1∥2∥V3∥2,
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w2 = ∥IL2 − γDT
2 V2∥2 + γ∥V1∥2∥D2∥2 + γ∥D2∥2∥V3∥2,

w3 = ∥IL3 − γDT
3 V3∥2 + γ∥V1∥2∥D3∥2 + γ∥V2∥2∥D3∥2,

w4 = ∥IL1 − γDT
11T1∥2 + γ∥D11∥2∥T2∥2 + γ∥D11∥2∥T3∥2,

w5 = ∥IL2 − γDT
22T2∥2 + γ∥T1∥2∥D22∥2 + γ∥D22∥2∥T3∥2,

w6 = ∥IL3 − γDT
33T3∥2 + γ∥T1∥2∥D33∥2 + γ∥T2∥2∥D33∥2,

u2 =
w1

6
+

5

6
, u3 =

w1

6
+

w2u2
6

+
2

3
, u4 =

w1

6
+

w2u2
6

+
w3u3
6

+
1

2
,

u5 =
w1

6
+

w2u2
6

+
w3u3
6

+
w4u4
6

+
1

3
, u6 =

w1

6
+

w2u2
6

+
w3u3
6

+
w4u4
6

+
w5u5
6

+
1

6
.

Proof. We define the following error tensors

Ỹ l = Y l − Y∗,
−̃→
Y

l

=
−→
Y l − Y∗, Ỹ

l
= Y l − Y∗,

˜̂Y l

= Ŷ l − Y∗, ˜̌Y l
= Y̌ l − Y∗,˜́Y l

= Ý l − Y∗, Ỹ l+1
i = Y l+1

i − Y∗ (i = 1, · · · , 6).

According to Line 1 of Step 3 of the NMGI algorithm, it follows that

Ỹ l+1
1 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3)×1 D

T
1

= Ỹ l ×1 (IL1 − γDT
1 V1)− γỸ l ×1 D

T
1 ×2 V2 − γỸ l ×1 D

T
1 ×3 V3. (4.7)

Similarly, from the expressions of Y l+1
2 , Y l+1

3 , Y l+1
4 , Y l+1

5 and Y l+1
6 , we have

Ỹ l+1
2 =

−̃→
Y

l

×2 (IL2 − γDT
2 V2)− γ

−̃→
Y

l

×1 V1 ×2 D
T
2 − γ

−̃→
Y

l

×2 D
T
2 ×3 V3,

Ỹ l+1
3 = Ỹ

l
×3 (IL3 − γDT

3 V3)− γỸ
l
×1 V1 ×3 D

T
3 − γỸ

l
×2 V2 ×3 D

T
3 ,

Ỹ l+1
4 =

˜̂Y l

×1 (IL1 − γDT
11T1)− γ

˜̂Y l

×1 D
T
11 ×2 T2 − γ

˜̂Y l

×1 D
T
11 ×3 T3,

Ỹ l+1
5 = ˜̌Y l

×2 (IL2 − γDT
22T2)− γ ˜̌Y l

×1 T1 ×2 D
T
22 − γ ˜̌Y l

×2 D
T
22 ×3 T3,

Ỹ l+1
6 =

˜́Y l

×3 (IL3 − γDT
33T3)− γ

˜́Y l

×1 T1 ×3 D
T
33 − γ

˜́Y l

×2 T2 ×3 D
T
33,

from which one can deduce that

∥Ỹ l+1
1 ∥ ≤ ∥Ỹ l∥(∥IL1 − γDT

1 V1∥2 + γ∥D1∥2∥V2∥2 + γ∥D1∥2∥V3∥2) := w1∥Ỹ l∥,

∥Ỹ l+1
2 ∥ ≤ ∥

−̃→
Y

l

∥(∥IL2 − γDT
2 V2∥2 + γ∥V1∥2∥D2∥2 + γ∥D2∥2∥V3∥2) := w2∥

−̃→
Y

l

∥,

∥Ỹ l+1
3 ∥ ≤ ∥Ỹ

l
∥(∥IL3 − γDT

3 V3∥2 + γ∥V1∥2∥D3∥2 + γ∥V2∥2∥D3∥2) := w3∥Ỹ
l
∥,

∥Ỹ l+1
4 ∥ ≤ ∥ ˜̂Y l

∥(∥IL1 − γDT
11T1∥2 + γ∥D11∥2∥T2∥2 + γ∥D11∥2∥T3∥2) := w4∥ ˜̂Y l

∥,

∥Ỹ l+1
5 ∥ ≤ ∥ ˜̌Y l

∥(∥IL2 − γDT
22T2∥2 + γ∥T1∥2∥D22∥2 + γ∥D22∥2∥T3∥2) := w5∥ ˜̌Y l

∥,

∥Ỹ l+1
6 ∥ ≤ ∥ ˜́Y l

∥(∥IL3 − γDT
33T3∥2 + γ∥T1∥2∥D33∥2 + γ∥T2∥2∥D33∥2) := w6∥ ˜́Y l

∥, (4.8)

in terms of Lemma 2.1. By making use of Lemma 2.2, it holds that

∥
−̃→
Y

l

∥ ≤ ∥Ỹ l+1
1 ∥+ 5∥Ỹ l∥

6
≤ (

w1

6
+

5

6
)∥Ỹ l∥ := u2∥Ỹ l∥,
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∥Ỹ
l
∥ ≤ ∥Ỹ l+1

1 ∥+ ∥Ỹ l+1
2 ∥+ 4∥Ỹ l∥
6

≤ (
w1

6
+

w2u2
6

+
2

3
)∥Ỹ l∥ := u3∥Ỹ l∥,

∥ ˜̂Y l

∥ ≤ ∥Ỹ l+1
1 ∥+ ∥Ỹ l+1

2 ∥+ ∥Ỹ l+1
3 ∥+ 3∥Ỹ l∥

6
≤ (

w1

6
+

w2u2
6

+
w3u3
6

+
1

2
)∥Ỹ l∥ := u4∥Ỹ l∥,

∥ ˜̌Y l
∥ ≤ ∥Ỹ l+1

1 ∥+ ∥Ỹ l+1
2 ∥+ ∥Ỹ l+1

3 ∥+ ∥Ỹ l+1
4 ∥+ 2∥Ỹ l∥

6

≤ (
w1

6
+

w2u2
6

+
w3u3
6

+
w4u4
6

+
1

3
)∥Ỹ l∥

:= u5∥Ỹ l∥,

∥ ˜́Y l

∥ ≤ ∥Ỹ l+1
1 ∥+ ∥Ỹ l+1

2 ∥+ ∥Ỹ l+1
3 ∥+ ∥Ỹ l+1

4 ∥+ ∥Ỹ l+1
5 ∥+ ∥Ỹ l∥

6

≤ (
w1

6
+

w2u2
6

+
w3u3
6

+
w4u4
6

+
w5u5
6

+
1

6
)∥Ỹ l∥

:= u6∥Ỹ l∥. (4.9)

Therefore, it is obtained from (4.8) and (4.9) that

∥Ỹ l+1∥ ≤ ∥Ỹ l+1
1 ∥+ ∥Ỹ l+1

2 ∥+ ∥Ỹ l+1
3 ∥+ ∥Ỹ l+1

4 ∥+ ∥Ỹ l+1
5 ∥+ ∥Ỹ l+1

6 ∥
6

≤ (
w1

6
+

w2u2
6

+
w3u3
6

+
w4u4
6

+
w5u5
6

+
w6u6
6

)∥Ỹ l∥.

This implies that if w1
6 + w2u2

6 + w3u3
6 + w4u4

6 + w5u5
6 + w6u6

6 < 1, i.e., w1 +w2u2 +w3u3 +w4u4 +
w5u5 + w6u6 < 6, then the NMGI algorithm is convergent.

5. The DGI and NMGI algorithms for the coupled Sylvester ten-
sor equations with two unknowns

In this section, we extend the DGI and NMGI algorithms to solve the coupled Sylvester tensor
equations with two unknowns, whose form is as belowY ×1 V1 + Y ×2 V2 + Y ×3 V3 + Z ×1 P1 + Z ×2 P2 + Z ×3 P3 = W1,

Y ×1 T1 + Y ×2 T2 + Y ×3 T3 + Z ×1 Q1 + Z ×2 Q2 + Z ×3 Q3 = W2,
(5.1)

where V1, T1, P1, Q1 ∈ RL1×L1 , V2, T2, P2, Q2 ∈ RL2×L2 , V3, T3, P3, Q3 ∈ RL3×L3 , W1,W2 ∈
RL1×L2×L3 , and the unknown tensors Y,Z ∈ RL1×L2×L3 need to be computed.

By making use of the hierarchical identification principle, we can construct the GI algorithm
for the coupled Sylvester tensor equation with two unknowns (5.1) as follows.

Algorithm 5.1. The gradient-based iterative (GI) algorithm:

Step 1. Given matrices V1, T1, P1, Q1 ∈ RL1×L1 , V2, T2, P2, Q2 ∈ RL2×L2 , V3, T3, P3, Q3 ∈
RL3×L3 , two tensors W1,W2 ∈ RL1×L2×L3 , and positive constants γ, η. Choose the initial tensors
Y0,Z0, and set l = 0.

Step 2. If τl =

√
∥W1−

3∑
j=1

Yl×jVj−
3∑

j=1
Zl×jPj∥2+∥W2−

3∑
j=1

Yl×jTj−
3∑

j=1
Zl×jQj∥2√

∥W1−
3∑

j=1
Y0×jVj−

3∑
j=1

Z0×jPj∥2+∥W2−
3∑

j=1
Y0×jTj−

3∑
j=1

Z0×jQj∥2
< η, stop; otherwise,
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go to Step 3.

Step 3. Compute Y l+1 and Z l+1 by the following procedure

Rl
1 = W1 − Y l ×1 V1 − Y l ×2 V2 − Y l ×3 V3 −Z l ×1 P1 −Z l ×2 P2 −Z l ×3 P3,

Rl
2 = W2 − Y l ×1 T1 − Y l ×2 T2 − Y l ×3 T3 −Z l ×1 Q1 −Z l ×2 Q2 −Z l ×3 Q3,

Y l+1
1 = Y l + γRl

1 ×1 V
T
1 , Z l+1

1 = Z l + γRl
1 ×1 P

T
1 ,

Y l+1
2 = Y l + γRl

1 ×2 V
T
2 , Z l+1

2 = Z l + γRl
1 ×2 P

T
2 ,

Y l+1
3 = Y l + γRl

1 ×3 V
T
3 , Z l+1

3 = Z l + γRl
1 ×3 P

T
3 ,

Y l+1
4 = Y l + γRl

2 ×1 T
T
1 , Z l+1

4 = Z l + γRl
2 ×1 Q

T
1 ,

Y l+1
5 = Y l + γRl

2 ×2 T
T
2 , Z l+1

5 = Z l + γRl
2 ×2 Q

T
2 ,

Y l+1
6 = Y l + γRl

2 ×3 T
T
3 , Z l+1

6 = Z l + γRl
2 ×3 Q

T
3 ,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l+1

6

6
,

Z l+1 =
Z l+1
1 + Z l+1

2 + Z l+1
3 + Z l+1

4 + Z l+1
5 + Z l+1

6

6
.

Step 4. Set l := l + 1 and return to Step 2.

We will establish the convergence theorem of the GI algorithm for the coupled Sylvester
tensor equation with two unknowns (5.1).

Theorem 5.1. Let H1 = IL3 ⊗ IL2 ⊗ V1 + IL3 ⊗ V2 ⊗ IL1 + V3 ⊗ IL2 ⊗ IL1, H2 = IL3 ⊗ IL2 ⊗
T1 + IL3 ⊗ T2 ⊗ IL1 + T3 ⊗ IL2 ⊗ IL1, H3 = IL3 ⊗ IL2 ⊗ P1 + IL3 ⊗ P2 ⊗ IL1 + P3 ⊗ IL2 ⊗ IL1,

H4 = IL3 ⊗ IL2 ⊗Q1 + IL3 ⊗Q2 ⊗ IL1 +Q3 ⊗ IL2 ⊗ IL1 and U =

H1 H3

H2 H4

. And let λ̂max and

λ̂min be the maximum and minimum eigenvalues of the matrix UTU , respectively. Assume that
the coupled Sylvester tensor equation with two unknowns (5.1) has a unique solution (Y∗,Z∗).
Then the GI algorithm is convergent if and only if

0 < γ <
12

λ̂max

.

And the optimal parameter γopt and the corresponding optimal convergence factor ρopt of the GI
algorithm are

γopt =
12

λ̂max + λ̂min

, ρopt =
λ̂max − λ̂min

λ̂max + λ̂min

.

Proof. We first define the error tensors Ỹ l = Y l − Y∗ and Z̃ l = Z l − Z∗. It follows from the
framework of the GI algorithm that

Ỹ l+1 = Ỹ l +
γ

6
(Rl

1 ×1 V
T
1 +Rl

1 ×2 V
T
2 +Rl

1 ×3 V
T
3 +Rl

2 ×1 T
T
1

+Rl
2 ×2 T

T
2 +Rl

2 ×3 T
T
3 ),

Z̃ l+1 = Z̃ l +
γ

6
(Rl

1 ×1 P
T
1 +Rl

1 ×2 P
T
2 +Rl

1 ×3 P
T
3 +Rl

2 ×1 Q
T
1
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+Rl
2 ×2 Q

T
2 +Rl

2 ×3 Q
T
3 ). (5.2)

Taking straightening operator into (5.2) yields that

vec(Ỹ l+1) = vec(Ỹ l) +
γ

6
[(IL3 ⊗ IL2 ⊗VT

1 + IL3 ⊗VT
2 ⊗ IL1 +VT

3 ⊗ IL2 ⊗ IL1)vec(Rl
1)

+(IL3 ⊗ IL2 ⊗ T T
1 + IL3 ⊗ T T

2 ⊗ IL1 + T T
3 ⊗ IL2 ⊗ IL1)vec(Rl

2)]

= vec(Ỹ l) +
γ

6
[HT

1 vec(Rl
1) +HT

2 vec(Rl
2)],

vec(Z̃ l+1) = vec(Z̃ l) +
γ

6
[(IL3 ⊗ IL2 ⊗ PT

1 + IL3 ⊗ PT
2 ⊗ IL1 + PT

3 ⊗ IL2 ⊗ IL1)vec(Rl
1)

+(IL3 ⊗ IL2 ⊗QT
1 + IL3 ⊗QT

2 ⊗ IL1 +QT
3 ⊗ IL2 ⊗ IL1)vec(Rl

2)]

= vec(Z̃ l) +
γ

6
[HT

3 vec(Rl
1) +HT

4 vec(Rl
2)]. (5.3)

By some computations, it holds that

vec(Rl
1) = −vec(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3 + Z̃ l ×1 P1 + Z̃ l ×2 P2 + Z̃ l ×3 P3)

= −(IL3
⊗ IL2

⊗V1 + IL3
⊗V2 ⊗ IL1

+V3 ⊗ IL2
⊗ IL1

)vec(Ỹ l)

−(IL3
⊗ IL2

⊗ P1 + IL3
⊗ P2 ⊗ IL1

+ P3 ⊗ IL2
⊗ IL1

)vec(Z̃ l)

= −H1vec(Ỹ l)−H3vec(Z̃ l),

vec(Rl
2) = −vec(Ỹ l ×1 T1 + Ỹ l ×2 T2 + Ỹ l ×3 T3 + Z̃ l ×1 Q1 + Z̃ l ×2 Q2 + Z̃ l ×3 Q3)

= −(IL3
⊗ IL2

⊗ T1 + IL3
⊗ T2 ⊗ IL1

+ T3 ⊗ IL2
⊗ IL1

)vec(Ỹ l)

−(IL3 ⊗ IL2 ⊗Q1 + IL3 ⊗Q2 ⊗ IL1 +Q3 ⊗ IL2 ⊗ IL1)vec(Z̃ l)

= −H2vec(Ỹ l)−H4vec(Z̃ l). (5.4)

Substituting (5.4) into (5.3) results in

vec(Ỹ l+1) = vec(Ỹ l) +
γ

6
[HT

1 vec(Rl
1) +HT

2 vec(Rl
2)]

= vec(Ỹ l)− γ

6
{HT

1 [H1vec(Ỹ l) +H3vec(Z̃ l)] +HT
2 [H2vec(Ỹ l) +H4vec(Z̃ l)]}

= vec(Ỹ l)− γ

6
{(HT

1 H1 +HT
2 H2)vec(Ỹ l) + (HT

1 H3 +HT
2 H4)vec(Z̃ l)},

vec(Z̃ l+1) = vec(Z̃ l) +
γ

6
[HT

3 vec(Rl
1) +HT

4 vec(Rl
2)]

= vec(Z̃ l)− γ

6
{HT

3 [H1vec(Ỹ l) +H3vec(Z̃ l)] +HT
4 [H2vec(Ỹ l) +H4vec(Z̃ l)]}

= vec(Z̃ l)− γ

6
{(HT

3 H1 +HT
4 H2)vec(Ỹ l) + (HT

3 H3 +HT
4 H4)vec(Z̃ l)},

which leads tovec(Ỹ l+1)

vec(Z̃ l+1)

=

vec(Ỹ l)

vec(Z̃ l)

− γ

6

HT
1 H1 +HT

2 H2 H
T
1 H3 +HT

2 H4

HT
3 H1 +HT

4 H2 H
T
3 H3 +HT

4 H4

vec(Ỹ l)

vec(Z̃ l)


=

I2L1L2L3 −
γ

6

H1 H3

H2 H4

T H1 H3

H2 H4



vec(Ỹ l)

vec(Z̃ l)


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: = (I2L1L2L3 −
γ

6
UTU)

vec(Ỹ l)

vec(Z̃ l)

 ,

where U =

H1 H3

H2 H4

. Therefore I2L1L2L3 −
γ
6U

TU is the iteration matrix of the GI algorithm.

By assumptions, (5.1) has a unique solution, then the matrix U is of full column rank and
hence UTU is a symmetric positive-definite matrix. Let λ̂i > 0 (i = 1, 2, · · · , 2L1L2L3) be the
eigenvalues of UTU , then by utilizing the similar methods applied in Theorems 3.1 and 4.1, we
can conclude that the GI algorithm is convergent if and only if 0 < γ < 12

λ̂max
. And we can derive

the optimal parameter and the corresponding optimal convergence factor of the GI algorithm

are γopt =
12

λ̂min+λ̂max
and ρopt =

λ̂max−λ̂min

λ̂min+λ̂max
, respectively.

Let Dj , Djj , Djjj and Djjjj be the diagonal parts of the matrices Vj , Tj , Pj and Qj (j =
1, 2, 3), respectively. In order to reduce the computation of the GI algorithm, we replace the
system matrices in the GI algorithm by their diagonal parts, and establish the following diagonal
GI (DGI) algorithm for the coupled Sylvester tensor equation with two unknowns (5.1).

Algorithm 5.2. The diagonal GI (DGI) algorithm:

Step 1. Given matrices V1, T1, P1, Q1 ∈ RL1×L1 , V2, T2, P2, Q2 ∈ RL2×L2 , V3, T3, P3, Q3 ∈
RL3×L3 , two tensors W1,W2 ∈ RL1×L2×L3 , and positive constants γ, η. Choose the initial tensors
Y0, Z0, and set l = 0.

Step 2. If τl =

√
∥W1−

3∑
j=1

Yl×jVj−
3∑

j=1
Zl×jPj∥2+∥W2−

3∑
j=1

Yl×jTj−
3∑

j=1
Zl×jQj∥2√

∥W1−
3∑

j=1
Y0×jVj−

3∑
j=1

Z0×jPj∥2+∥W2−
3∑

j=1
Y0×jTj−

3∑
j=1

Z0×jQj∥2
< η, stop; otherwise,

go to Step 3.

Step 3. Compute Y l+1 and Z l+1 by the following procedure

Rl
1 = W1 − Y l ×1 V1 − Y l ×2 V2 − Y l ×3 V3 −Z l ×1 P1 −Z l ×2 P2 −Z l ×3 P3,

Rl
2 = W2 − Y l ×1 T1 − Y l ×2 T2 − Y l ×3 T3 −Z l ×1 Q1 −Z l ×2 Q2 −Z l ×3 Q3,

Y l+1
1 = Y l + γRl

1 ×1 D
T
1 , Z l+1

1 = Z l + γRl
1 ×1 D

T
111,

Y l+1
2 = Y l + γRl

1 ×2 D
T
2 , Z l+1

2 = Z l + γRl
1 ×2 D

T
222,

Y l+1
3 = Y l + γRl

1 ×3 D
T
3 , Z l+1

3 = Z l + γRl
1 ×3 D

T
333,

Y l+1
4 = Y l + γRl

2 ×1 D
T
11, Z l+1

4 = Z l + γRl
2 ×1 D

T
1111,

Y l+1
5 = Y l + γRl

2 ×2 D
T
22, Z l+1

5 = Z l + γRl
2 ×2 D

T
2222,

Y l+1
6 = Y l + γRl

2 ×3 D
T
33, Z l+1

6 = Z l + γRl
2 ×3 D

T
3333,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l+1

6

6
,

Z l+1 =
Z l+1
1 + Z l+1

2 + Z l+1
3 + Z l+1

4 + Z l+1
5 + Z l+1

6

6
.

Step 4. Set l := l + 1 and return to Step 2.

Below we investigate the convergence properties of the DGI algorithm for the coupled
Sylvester tensor equation with two unknowns (5.1).
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Theorem 5.2. Suppose that the conditions of Theorem 5.1 are satisfied, and Re(δ̂q) > 0 with δ̂q

(q = 1, · · · , 2L1L2L3) being the eigenvalues of UT
1 U , where U1 =

H̄1 H̄3

H̄2 H̄4

, U =

H1 H3

H2 H4

,

H̄1 = IL3 ⊗ IL2 ⊗D1 + IL3 ⊗D2 ⊗ IL1 +D3 ⊗ IL2 ⊗ IL1 ,

H̄2 = IL3 ⊗ IL2 ⊗D11 + IL3 ⊗D22 ⊗ IL1 +D33 ⊗ IL2 ⊗ IL1 ,

H̄3 = IL3 ⊗ IL2 ⊗D111 + IL3 ⊗D222 ⊗ IL1 +D333 ⊗ IL2 ⊗ IL1 ,

H̄4 = IL3 ⊗ IL2 ⊗D1111 + IL3 ⊗D2222 ⊗ IL1 +D3333 ⊗ IL2 ⊗ IL1 ,

and Hi (i = 1, 2, 3, 4) are defined as in Theorem 5.1. Let Îm1 = max
1≤q≤2L1L2L3

|Im(δ̂q)|, R̂emax =

max
1≤q≤2L1L2L3

{Re(δ̂q)} and R̂emin = min
1≤q≤2L1L2L3

{Re(δ̂q)}. Then the DGI algorithm is convergent

if

0 < γ <


12R̂emin

R̂e
2

min + Îm
2

1

, as Îm1 ≥
√
R̂emaxR̂emin ,

12R̂emax

R̂e
2

max + Îm
2

1

, as Îm1 ≤
√
R̂emaxR̂emin .

Proof. Define the error tensors Ỹ l = Y l −Y∗ and Z̃ l = Z l −Z∗. In view of the framework of
the DGI algorithm, we deduce that

Ỹ l+1 = Ỹ l +
γ

6
(Rl

1 ×1 D
T
1 +Rl

1 ×2 D
T
2 +Rl

1 ×3 D
T
3

+Rl
2 ×1 D

T
11 +Rl

2 ×2 D
T
22 +Rl

2 ×3 D
T
33),

Z̃ l+1 = Z̃ l +
γ

6
(Rl

1 ×1 D
T
111 +Rl

1 ×2 D
T
222 +Rl

1 ×3 D
T
333

+Rl
2 ×1 D

T
1111 +Rl

2 ×2 D
T
2222 +Rl

2 ×3 D
T
3333). (5.5)

Applying straightening operator to (5.5) results in

vec(Ỹ l+1) = vec(Ỹ l) +
γ

6
[(IL3 ⊗ IL2 ⊗DT

1 + IL3 ⊗DT
2 ⊗ IL1 +DT

3 ⊗ IL2 ⊗ IL1)vec(Rl
1)

+(IL3 ⊗ IL2 ⊗DT
11 + IL3 ⊗DT

22 ⊗ IL1 +DT
33 ⊗ IL2 ⊗ IL1)vec(Rl

2)]

= vec(Ỹ l) +
γ

6
[H̄T

1 vec(Rl
1) + H̄T

2 vec(Rl
2)],

vec(Z̃ l+1) = vec(Z̃ l) +
γ

6
[(IL3 ⊗ IL2 ⊗DT

111 + IL3 ⊗DT
222 ⊗ IL1 +DT

333 ⊗ IL2 ⊗ IL1)vec(Rl
1)

+(IL3 ⊗ IL2 ⊗DT
1111 + IL3 ⊗DT

2222 ⊗ IL1 +DT
3333 ⊗ IL2 ⊗ IL1)vec(Rl

2)]

= vec(Z̃ l) +
γ

6
[H̄T

3 vec(Rl
1) + H̄T

4 vec(Rl
2)]. (5.6)

According to (5.4), we have vec(Rl
1) = −H1vec(Ỹ l)−H3vec(Z̃ l) and vec(Rl

2) = −H2vec(Ỹ l)−
H4vec(Z̃ l), which together with (5.6) gives

vec(Ỹ l+1) = vec(Ỹ l)− γ

6
{H̄T

1 [H1vec(Ỹ l) +H3vec(Z̃ l)] + H̄T
2 [H2vec(Ỹ l) +H4vec(Z̃ l)]}
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= vec(Ỹ l)− γ

6
{(H̄T

1 H1 + H̄T
2 H2)vec(Ỹ l) + (H̄T

1 H3 + H̄T
2 H4)vec(Z̃ l)},

vec(Z̃ l+1) = vec(Z̃ l)− γ

6
{H̄T

3 [H1vec(Ỹ l) +H3vec(Z̃ l)] + H̄T
4 [H2vec(Ỹ l) +H4vec(Z̃ l)]}

= vec(Z̃ l)− γ

6
{(H̄T

3 H1 + H̄T
4 H2)vec(Ỹ l) + (H̄T

3 H3 + H̄T
4 H4)vec(Z̃ l)}. (5.7)

(5.7) can be equivalently transformed into the following equationvec(Ỹ l+1)

vec(Z̃ l+1)

 =

vec(Ỹ l)

vec(Z̃ l)

− γ

6

H̄T
1 H1 + H̄T

2 H2 H̄
T
1 H3 + H̄T

2 H4

H̄T
3 H1 + H̄T

4 H2 H̄
T
3 H3 + H̄T

4 H4

vec(Ỹ l)

vec(Z̃ l)


=

I2L1L2L3 −
γ

6

H̄1 H̄3

H̄2 H̄4

T H1 H3

H2 H4



vec(Ỹ l)

vec(Z̃ l)


:= (I2L1L2L3 −

γ

6
UT
1 U)

vec(Ỹ l)

vec(Z̃ l)

 ,

where U1 =

H̄1 H̄3

H̄2 H̄4

 and U =

H1 H3

H2 H4

. Thus I2L1L2L3 −
γ
6U

T
1 U is the iteration matrix of

the DGI algorithm. Similar to the derivation of Theorem 3.2, the conclusions of this theorem
are obtained.

Theorem 5.3. Assume that the conditions of Theorem 5.2 are satisfied, then the quasi-optimal
parameter γopt and the corresponding quasi-optimal convergence factor of the DGI algorithm are

(1) If Îm1 ≥
√
R̂emaxR̂emin, then γopt =

6R̂emin

R̂e
2

min+Îm
2

1

and

ρopt(I2L1L2L3 −
1

6
γUT

1 U) =
Îm1√

R̂e
2

min + Îm
2

1

.

(2) If Îm1 ≤
√

R̂emaxR̂emin, there are two cases:

(i) When 0 < γ ≤ 12

R̂emax+R̂emin
, if Îm

2

1 <
R̂emin(R̂emax−R̂emin)

2 , then γopt =
12

R̂emax+R̂emin
and

ρopt(I2L1L2L3 −
1

6
γUT

1 U) =

√
(R̂emax − R̂emin)2 + 4Îm

2

1

R̂emax + R̂emin

.

If Îm
2

1 ≥
R̂emin(R̂emax−R̂emin)

2 , then γopt =
6R̂emin

R̂e
2

min+Îm
2

1

and

ρopt(I2L1L2L3 −
1

6
γUT

1 U) =
Îm1√

R̂e
2

min + Îm
2

1

.

(ii) When 12

R̂emax+R̂emin
≤ γ < 12R̂emax

R̂emax+Îm
2

1

, then γopt =
12

R̂emax+R̂emin
and

ρopt(I2L1L2L3 −
1

6
γUT

1 U) =

√
(R̂emax − R̂emin)2 + 4Îm

2

1

R̂emax + R̂emin

.
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Proof. The proof is similar to that of Theorem 3.3, hence it is omitted.

By applying the new update strategy to the DGI algorithm, we design the new MGI (NMGI)
algorithm for the coupled Sylvester tensor equation with two unknowns (5.1) as below.

Algorithm 5.3. The new MGI (NMGI) algorithm:

Step 1. Given matrices V1, T1, P1, Q1 ∈ RL1×L1 , V2, T2, P2, Q2 ∈ RL2×L2 , V3, T3, P3, Q3 ∈
RL3×L3 , two tensors W1,W2 ∈ RL1×L2×L3 , and positive constants γ, η. Choose the initial tensors
Y0, Z0, and set l = 0.

Step 2. If τl =

√
∥W1−

3∑
j=1

Yl×jVj−
3∑

j=1
Zl×jPj∥2+∥W2−

3∑
j=1

Yl×jTj−
3∑

j=1
Zl×jQj∥2√

∥W1−
3∑

j=1
Y0×jVj−

3∑
j=1

Z0×jPj∥2+∥W2−
3∑

j=1
Y0×jTj−

3∑
j=1

Z0×jQj∥2
< η, stop; otherwise,

go to Step 3.

Step 3. Compute Y l+1 and Z l+1 by the following procedure

Y l+1
1 = Y l + γRl

1×1D
T
1 , Z l+1

1 = Z l + γRl
1×1D

T
111,

−→
Y l =

Y l+1
1 + 5Y l

6
,
−→
Z l =

Z l+1
1 + 5Z l

6
,

Y l+1
2 =

−→
Y l + γ

−→
R

l

1×2D
T
2 , Z l+1

2 =
−→
Z l + γ

−→
R

l

1×2D
T
222,

Y l
=

Y l+1
1 + Y l+1

2 + 4Y l

6
, Z l

=
Z l+1
1 + Z l+1

2 + 4Z l

6
,

Y l+1
3 = Y l

+ γRl
1×3D

T
3 , Z l+1

3 = Z l
+ γRl

1×3D
T
333,

Ŷ l =
Y l+1
1 + Y l+1

2 + Y l+1
3 + 3Y l

6
, Ẑ l =

Z l+1
1 + Z l+1

2 + Z l+1
3 + 3Z l

6
,

Y l+1
4 = Ŷ l + γR̂l

2×1D
T
11, Z l+1

4 = Ẑ l + γR̂l
2×1D

T
1111,

Y̌ l =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + 2Y l

6
, Ž l =

Z l+1
1 + Z l+1

2 + Z l+1
3 + Z l+1

4 + 2Z l

6
,

Y l+1
5 = Y̌ l + γŘl

2×2D
T
22, Z l+1

5 = Ž l + γŘl
2×2D

T
2222,

Ý l =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l

6
, Ź l =

Z l+1
1 + Z l+1

2 + Z l+1
3 + Z l+1

4 + Z l+1
5 + Z l

6
,

Y l+1
6 = Ý l + γŔl

2×3D
T
33, Z l+1

6 = Ź l + γŔl
2×3D

T
3333,

Y l+1 =
Y l+1
1 + Y l+1

2 + Y l+1
3 + Y l+1

4 + Y l+1
5 + Y l+1

6

6
,

Z l+1 =
Z l+1
1 + Z l+1

2 + Z l+1
3 + Z l+1

4 + Z l+1
5 + Z l+1

6

6
.

Step 4. Set l := l + 1 and return to Step 2.

In what follows, we discuss the convergence properties of the NMGI algorithm.

Theorem 5.4. The NMGI algorithm is convergent if the parameter γ is selected to satisfy
ρ(d1 + d2f1 + d3f2 + d4f3 + d5f4 + d6f5) < 6, where

p1 = ∥IL1 − γDT
1 V1∥2 + γ∥D1∥2∥V2∥2 + γ∥D1∥2∥V3∥2,

p̄1 = γ(∥DT
1 P1∥2 + ∥D1∥2∥P2∥2 + ∥D1∥2∥P3∥2),
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p2 = γ(∥DT
111V1∥2 + ∥D111∥2∥V2∥2 + ∥D111∥2∥V3∥2),

p̄2 = ∥IL1 − γDT
111P1∥2 + γ∥D111∥2∥P2∥2 + γ∥D111∥2∥P3∥2,

p3 = ∥IL2 − γDT
2 V2∥2 + γ∥V1∥2∥D2∥2 + γ∥D2∥2∥V3∥2,

p̄3 = γ(∥P1∥2∥D2∥2 + ∥DT
2 P2∥2 + ∥D2∥2∥P3∥2),

p4 = γ(∥V1∥2∥D222∥2 + ∥DT
222V2∥2 + ∥D222∥2∥V3∥2),

p̄4 = ∥IL2 − γDT
222P2∥2 + γ∥P1∥2∥D222∥2 + γ∥D222∥2∥P3∥2,

p5 = ∥IL3 − γDT
3 V3∥2 + γ∥V1∥2∥D3∥2 + γ∥V2∥2∥D3∥2,

p̄5 = γ(∥P1∥2∥D3∥2 + ∥P2∥2∥D3∥2 + ∥DT
3 P3∥2),

p6 = γ(∥V1∥2∥D333∥2 + ∥V2∥2∥D333∥2 + ∥DT
333V3∥2),

p̄6 = ∥IL3 − γDT
333P3∥2 + γ∥P1∥2∥D333∥2 + γ∥P2∥2∥D333∥2,

p7 = ∥IL1 − γDT
11T1∥2 + γ∥D11∥2∥T2∥2 + γ∥D11∥2∥T3∥2,

p̄7 = γ(∥DT
11Q1∥2 + ∥D11∥2∥Q2∥2 + ∥D11∥2∥Q3∥2),

p8 = γ(∥DT
1111T1∥2 + ∥D1111∥2∥T2∥2 + ∥D1111∥2∥T3∥2),

p̄8 = ∥IL1 − γDT
1111Q1∥2 + γ∥D1111∥2∥Q2∥2 + γ∥D1111∥2∥Q3∥2,

p9 = ∥IL2 − γDT
22T2∥2 + γ∥T1∥2∥D22∥2 + γ∥D22∥2∥T3∥2,

p̄9 = γ(∥Q1∥2∥D22∥2 + ∥DT
22Q2∥2 + ∥D22∥2∥Q3∥2),

p10 = γ(∥T1∥2∥D2222∥2 + ∥DT
2222T2∥2 + ∥D2222∥2∥T3∥2),

p̄10 = ∥IL2 − γDT
2222Q2∥2 + γ∥Q1∥2∥D2222∥2 + γ∥D2222∥2∥Q3∥2,

p11 = ∥IL3 − γDT
33T3∥2 + γ∥T1∥2∥D33∥2 + γ∥T2∥2∥D33∥2,

p̄11 = γ(∥DT
33Q3∥2 + ∥Q1∥2∥D33∥2 + γ∥Q2∥2∥D33∥2),

p12 = γ(∥DT
3333T3∥2 + ∥T1∥2∥D3333∥2 + γ∥T2∥2∥D3333∥2),

p̄12 = ∥IL3 − γDT
3333Q3∥2 + γ∥Q1∥2∥D3333∥2 + γ∥Q2∥2∥D3333∥2,

d1 =

p1 p̄1

p2 p̄2

 , d2 =

p3 p̄3

p4 p̄4

 , d3 =

p5 p̄5

p6 p̄6

 , d4 =

p7 p̄7

p8 p̄8

 ,

d5 =

 p9 p̄9

p10 p̄10

 , d6 =

p11 p̄11

p12 p̄12

 ,

f1 =
d1
6

+
5

6
I2, f2 =

d1
6

+
d2f1
6

+
2

3
I2, f3 =

d1
6

+
d2f1
6

+
d3f2
6

+
1

2
I2,

f4 =
d1
6

+
d2f1
6

+
d3f2
6

+
d4f3
6

+
1

3
I2, f5 =

d1
6

+
d2f1
6

+
d3f2
6

+
d4f3
6

+
d5f4
6

+
1

6
I2,

f6 =
d1
6

+
d2f1
6

+
d3f2
6

+
d4f3
6

+
d5f4
6

+
d6f5
6

.

Proof. We define the following error tensors

Ỹ l = Y l − Y∗,
−̃→
Y

l

=
−→
Y l − Y∗, Ỹ

l
= Y l − Y∗,

˜̂Y l

= Ŷ l − Y∗,˜̌Y l
= Y̌ l − Y∗,

˜́Y l

= Ý l − Y∗, Ỹ l+1
i = Y l+1

i − Y∗,
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Z̃ l = Z l −Z∗,
−̃→
Z

l

=
−→
Z l −Z∗, Z̃

l
= Z l −Z∗,

˜̂Z l

= Ẑ l −Z∗,˜̌Z l
= Ž l −Z∗,

˜́Z l

= Ź l −Z∗, Z̃ l+1
i = Z l+1

i −Z∗ (i = 1, · · · , 6).

It follows from Line 1 of Step 3 of the NMGI algorithm that

Ỹ l+1
1 = Ỹ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3 + Z̃ l ×1 P1 + Z̃ l ×2 P2 + Z̃ l ×3 P3)×1 D

T
1

= Ỹ l ×1 (IL1 − γDT
1 V1)− γỸ l ×1 D

T
1 ×2 V2 − γỸ l ×1 D

T
1 ×3 V3

−γZ̃ l ×1 (D
T
1 P1)− γZ̃ l ×1 D

T
1 ×2 P2 − γZ̃ l ×1 D

T
1 ×3 P3,

Z̃ l+1
1 = Z̃ l − γ(Ỹ l ×1 V1 + Ỹ l ×2 V2 + Ỹ l ×3 V3 + Z̃ l ×1 P1 + Z̃ l ×2 P2 + Z̃ l ×3 P3)×1 D

T
111

= Z̃ l ×1 (IL1 − γDT
111P1)− γZ̃ l ×1 D

T
111 ×2 P2 − γZ̃ l ×1 D

T
111 ×3 P3

−γỸ l ×1 (D
T
111V1)− γỸ l ×1 D

T
111 ×2 V2 − γỸ l ×1 D

T
111 ×3 V3.

Similarly, in view of the expressions of Y l+1
2 , Z l+1

2 , Y l+1
3 , Z l+1

3 , Y l+1
4 , Z l+1

4 , Y l+1
5 , Z l+1

5 , Y l+1
6

and Z l+1
6 , it has

Ỹ l+1
2 =

−̃→
Y

l

×2 (IL2 − γDT
2 V2)− γ

−̃→
Y

l

×1 V1 ×2 D
T
2 − γ

−̃→
Y

l

×2 D
T
2 ×3 V3

− γ
−̃→
Z

l

×1 P1 ×2 D
T
2 − γ

−̃→
Z

l

×2 (D
T
2 P2)− γ

−̃→
Z

l

×2 D
T
2 ×3 P3,

Z̃ l+1
2 =

−̃→
Z

l

×2 (IL2 − γDT
222P2)− γ

−̃→
Z

l

×1 P1 ×2 D
T
222 − γ

−̃→
Z

l

×2 D
T
222 ×3 P3

− γ
−̃→
Y

l

×1 V1 ×2 D
T
222 − γ

−̃→
Y

l

×2 (D
T
222V2)− γ

−̃→
Y

l

×2 D
T
222 ×3 V3,

Ỹ l+1
3 =Ỹ

l
×3 (IL3 − γDT

3 V3)− γỸ
l
×1 V1 ×3 D

T
3 − γỸ

l
×2 V2 ×3 D

T
3

− γZ̃
l
×1 P1 ×3 D

T
3 − γZ̃

l
×2 P2 ×3 D

T
3 − γZ̃

l
×3 (D

T
3 P3),

Z̃ l+1
3 =Z̃

l
×3 (IL3 − γDT

333P3)− γZ̃
l
×1 P1 ×3 D

T
333 − γZ̃

l
×2 P2 ×3 D

T
333

− γỸ
l
×1 V1 ×3 D

T
333 − γỸ

l
×2 V2 ×3 D

T
333 − γỸ

l
×3 (D

T
333V3),

Ỹ l+1
4 =

˜̂Y l

×1 (IL1 − γDT
11T1)− γ

˜̂Y l

×1 D
T
11 ×2 T2 − γ

˜̂Y l

×1 D
T
11 ×3 T3

− γ
˜̂Z l

×1 (D
T
11Q1)− γ

˜̂Z l

×1 D
T
11 ×2 Q2 − γ

˜̂Z l

×1 D
T
11 ×3 Q3,

Z̃ l+1
4 =

˜̂Z l

×1 (IL1 − γDT
1111Q1)− γ

˜̂Z l

×1 D
T
1111 ×2 Q2 − γ

˜̂Z l

×1 D
T
1111 ×3 Q3

− γ
˜̂Y l

×1 (D
T
1111T1)− γ

˜̂Y l

×1 D
T
1111 ×2 T2 − γ

˜̂Y l

×1 D
T
1111 ×3 T3,

Ỹ l+1
5 = ˜̌Y l

×2 (IL2 − γDT
22T2)− γ ˜̌Y l

×1 T1 ×2 D
T
22 − γ ˜̌Y l

×2 D
T
22 ×3 T3 − γ ˜̌Z l

×2 (D
T
22Q2)

− γ ˜̌Z l
×1 Q1 ×2 D

T
22 − γ ˜̌Z l

×2 D
T
22 ×3 Q3,

Z̃ l+1
5 = ˜̌Z l

×2 (IL2 − γDT
2222Q2)− γ ˜̌Z l

×1 Q1 ×2 D
T
2222 − γ ˜̌Z l

×2 D
T
2222 ×3 Q3

− γ ˜̌Y l
×2 (D

T
2222T2)− γ ˜̌Y l

×1 T1 ×2 D
T
2222 − γ ˜̌Y l

×2 D
T
2222 ×3 T3,

Ỹ l+1
6 =

˜́Y l

×3 (IL3 − γDT
33T3)− γ

˜́Y l

×1 T1 ×3 D
T
33 − γ

˜́Y l

×2 T2 ×3 D
T
33 − γ

˜́Z l

×3 (D
T
33Q3)
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− γ
˜́Z l

×1 Q1 ×3 D
T
33 − γ

˜́Z l

×2 Q2 ×3 D
T
33,

Z̃ l+1
6 =

˜́Z l

×3 (IL3 − γDT
3333Q3)− γ

˜́Z l

×1 Q1 ×3 D
T
3333 − γ

˜́Z l

×2 Q2 ×3 D
T
3333

− γ
˜́Y l

×3 (D
T
3333T3)− γ

˜́Y l

×1 T1 ×3 D
T
3333 − γ

˜́Y l

×2 T2 ×3 D
T
3333,

from which one can deduce that

∥Ỹ l+1
1 ∥ ≤ ∥Ỹ l∥(∥IL1 − γDT

1 V1∥2 + γ∥D1∥2∥V2∥2 + γ∥D1∥2∥V3∥2)
+γ∥Z̃ l∥(∥DT

1 P1∥2 + ∥D1∥2∥P2∥2 + ∥D1∥2∥P3∥2)
:= p1∥Ỹ l∥+ p̄1∥Z̃ l∥,

∥Z̃ l+1
1 ∥ ≤ γ∥Ỹ l∥(∥DT

111V1∥2 + ∥D111∥2∥V2∥2 + ∥D111∥2∥V3∥2)
+∥Z̃ l∥(∥IL1 − γDT

111P1∥2 + γ∥D111∥2∥P2∥2 + γ∥D111∥2∥P3∥2)
:= p2∥Ỹ l∥+ p̄2∥Z̃ l∥,

∥Ỹ l+1
2 ∥ ≤ ∥

−̃→
Y

l

∥(∥IL2 − γDT
2 V2∥2 + γ∥V1∥2∥D2∥2 + γ∥D2∥2∥V3∥2)

+γ∥
−̃→
Z

l

∥(∥P1∥2∥D2∥2 + ∥DT
2 P2∥2 + ∥D2∥2∥P3∥2)

:= p3∥
−̃→
Y

l

∥+ p̄3∥
−̃→
Z

l

∥,

∥Z̃ l+1
2 ∥ ≤ γ∥

−̃→
Y

l

∥(∥V1∥2∥D222∥2 + ∥DT
222V2∥2 + ∥D222∥2∥V3∥2)

+∥
−̃→
Z

l

∥(∥IL2 − γDT
222P2∥2 + γ∥P1∥2∥D222∥2 + γ∥D222∥2∥P3∥2)

:= p4∥
−̃→
Y

l

∥+ p̄4∥
−̃→
Z

l

∥,

∥Ỹ l+1
3 ∥ ≤ ∥Ỹ

l
∥(∥IL3 − γDT

3 V3∥2 + γ∥V1∥2∥D3∥2 + γ∥V2∥2∥D3∥2)

+γ∥Z̃
l
∥(∥P1∥2∥D3∥2 + ∥P2∥2∥D3∥2 + ∥DT

3 P3∥2)

:= p5∥Ỹ
l
∥+ p̄5∥Z̃

l
∥,

∥Z̃ l+1
3 ∥ ≤ γ∥Ỹ

l
∥(∥V1∥2∥D333∥2 + ∥V2∥2∥D333∥2 + ∥DT

333V3∥2)

+∥Z̃
l
∥(∥IL3 − γDT

333P3∥2 + γ∥P1∥2∥D333∥2 + γ∥P2∥2∥D333∥2)

:= p6∥Ỹ
l
∥+ p̄6∥Z̃

l
∥,

∥Ỹ l+1
4 ∥ ≤ ∥ ˜̂Y l

∥(∥IL1 − γDT
11T1∥2 + γ∥D11∥2∥T2∥2 + γ∥D11∥2∥T3∥2)

+γ∥ ˜̂Z l

∥(∥DT
11Q1∥2 + ∥D11∥2∥Q2∥2 + ∥D11∥2∥Q3∥2)

:= p7∥ ˜̂Y l

∥+ p̄7∥ ˜̂Z l

∥,

∥Z̃ l+1
4 ∥ ≤ γ∥ ˜̂Y l

∥(∥DT
1111T1∥2 + ∥D1111∥2∥T2∥2 + ∥D1111∥2∥T3∥2)

+∥ ˜̂Z l

∥(∥IL1 − γDT
1111Q1∥2 + γ∥D1111∥2∥Q2∥2 + γ∥D1111∥2∥Q3∥2)

:= p8∥ ˜̂Y l

∥+ p̄8∥ ˜̂Z l

∥,

∥Ỹ l+1
5 ∥ ≤ ∥ ˜̌Y l

∥(∥IL2 − γDT
22T2∥2 + γ∥T1∥2∥D22∥2 + γ∥D22∥2∥T3∥2)



614 F. Li, Z. Huang, J. Cui & X. Zheng

+γ∥ ˜̌Z l
∥(∥Q1∥2∥D22∥2 + ∥DT

22Q2∥2 + ∥D22∥2∥Q3∥2)

:= p9∥ ˜̌Y l
∥+ p̄9∥ ˜̌Z l

∥,

∥Z̃ l+1
5 ∥ ≤ γ∥ ˜̌Y l

∥(∥T1∥2∥D2222∥2 + ∥DT
2222T2∥2 + ∥D2222∥2∥T3∥2)

+∥ ˜̌Z l
∥(∥IL2 − γDT

2222Q2∥2 + γ∥Q1∥2∥D2222∥2 + γ∥D2222∥2∥Q3∥2)

:= p10∥ ˜̌Y l
∥+ p̄10∥ ˜̌Z l

∥,

∥Ỹ l+1
6 ∥ ≤ ∥ ˜́Y l

∥(∥IL3 − γDT
33T3∥2 + γ∥T1∥2∥D33∥2 + γ∥T2∥2∥D33∥2)

+γ∥ ˜́Z l

∥(∥DT
33Q3∥2 + ∥Q1∥2∥D33∥2 + γ∥Q2∥2∥D33∥2)

:= p11∥ ˜́Y l

∥+ p̄11∥ ˜́Z l

∥,

∥Z̃ l+1
6 ∥ ≤ γ∥ ˜́Y l

∥(∥DT
3333T3∥2 + ∥T1∥2∥D3333∥2 + γ∥T2∥2∥D3333∥2)

+∥ ˜́Z l

∥(∥IL3 − γDT
3333Q3∥2 + γ∥Q1∥2∥D3333∥2 + γ∥Q2∥2∥D3333∥2)

:= p12∥ ˜́Y l

∥+ p̄12∥ ˜́Z l

∥,

in terms of Lemmas 2.1–2.2. In consequence, we have that∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

 ≤

p1 p̄1

p2 p̄2

∥Ỹ l∥

∥Z̃ l∥

 := d1

∥Ỹ l∥

∥Z̃ l∥

 ,

∥Ỹ l+1
2 ∥

∥Z̃ l+1
2 ∥

 ≤

p3 p̄3

p4 p̄4


∥

−̃→
Y

l

∥

∥
−̃→
Z

l

∥

 := d2

∥
−̃→
Y

l

∥

∥
−̃→
Z

l

∥

 ,

∥Ỹ l+1
3 ∥

∥Z̃ l+1
3 ∥

 ≤

p5 p̄5

p6 p̄6

∥Ỹ
l
∥

∥Z̃
l
∥

 := d3

∥Ỹ
l
∥

∥Z̃
l
∥

 ,

∥Ỹ l+1
4 ∥

∥Z̃ l+1
4 ∥

 ≤

p7 p̄7

p8 p̄8


∥ ˜̂Y l

∥

∥ ˜̂Z l

∥

 := d4

∥ ˜̂Y l

∥

∥ ˜̂Z l

∥

 ,

∥Ỹ l+1
5 ∥

∥Z̃ l+1
5 ∥

 ≤

 p9 p̄9

p10 p̄10

∥ ˜̌Y l
∥

∥ ˜̌Z l
∥

 := d5

∥ ˜̌Y l
∥

∥ ˜̌Z l
∥

 ,

∥Ỹ l+1
6 ∥

∥Z̃ l+1
6 ∥

 ≤

p11 p̄11

p12 p̄12


∥ ˜́Y l

∥

∥ ˜́Z l

∥

 := d6

∥ ˜́Y l

∥

∥ ˜́Z l

∥

 .

By making use of Lemma 2.2, we deduce that∥
−̃→
Y

l

∥

∥
−̃→
Z

l

∥

 ≤1

6

∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

+
5

6

∥Ỹ l∥

∥Z̃ l∥

 ≤ (
d1
6

+
5

6
I2)

∥Ỹ l∥

∥Z̃ l∥

 := f1

∥Ỹ l∥

∥Z̃ l∥

 ,
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l
∥

∥Z̃
l
∥

 ≤1

6

∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

+
1

6

∥Ỹ l+1
2 ∥

∥Z̃ l+1
2 ∥

+
2

3

∥Ỹ l∥

∥Z̃ l∥


≤(

d1
6

+
d2f1
6

+
2

3
I2)

∥Ỹ l∥

∥Z̃ l∥


:=f2

∥Ỹ l∥

∥Z̃ l∥

 ,

∥ ˜̂Y l

∥

∥ ˜̂Z l

∥

 ≤1

6

∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

+
1

6

∥Ỹ l+1
2 ∥

∥Z̃ l+1
2 ∥

+
1

6

∥Ỹ l+1
3 ∥

∥Z̃ l+1
3 ∥

+
1

2

∥Ỹ l∥

∥Z̃ l∥


≤(

d1
6

+
d2f1
6

+
d3f2
6

+
1

2
I2)

∥Ỹ l∥

∥Z̃ l∥


:=f3

∥Ỹ l∥

∥Z̃ l∥

 ,

∥ ˜̌Y l
∥

∥ ˜̌Z l
∥

 ≤1

6

∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

+
1

6

∥Ỹ l+1
2 ∥

∥Z̃ l+1
2 ∥

+
1

6

∥Ỹ l+1
3 ∥

∥Z̃ l+1
3 ∥

+
1

6

∥Ỹ l+1
4 ∥

∥Z̃ l+1
4 ∥

+
1

3

∥Ỹ l∥

∥Z̃ l∥


≤(

d1
6

+
d2f1
6

+
d3f2
6

+
d4f3
6

+
1

3
I2)

∥Ỹ l∥

∥Z̃ l∥


:=f4

∥Ỹ l∥

∥Z̃ l∥

 ,

∥ ˜́Y l

∥

∥ ˜́Z l

∥

 ≤1

6

∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

+
1

6

∥Ỹ l+1
2 ∥

∥Z̃ l+1
2 ∥

+
1

6

∥Ỹ l+1
3 ∥

∥Z̃ l+1
3 ∥

+
1

6

∥Ỹ l+1
4 ∥

∥Z̃ l+1
4 ∥


+

1

6

∥Ỹ l+1
5 ∥

∥Z̃ l+1
5 ∥

+
1

6

∥Ỹ l∥

∥Z̃ l∥


≤(

d1
6

+
d2f1
6

+
d3f2
6

+
d4f3
6

+
d5f4
6

+
1

6
I2)

∥Ỹ l∥

∥Z̃ l∥


:=f5

∥Ỹ l∥

∥Z̃ l∥

 .
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Thus it holds that∥Ỹ l+1∥

∥Z̃ l+1∥

 ≤1

6

∥Ỹ l+1
1 ∥

∥Z̃ l+1
1 ∥

+
1

6

∥Ỹ l+1
2 ∥

∥Z̃ l+1
2 ∥

+
1

6

∥Ỹ l+1
3 ∥

∥Z̃ l+1
3 ∥

+
1

6

∥Ỹ l+1
4 ∥

∥Z̃ l+1
4 ∥


+

1

6

∥Ỹ l+1
5 ∥

∥Z̃ l+1
5 ∥

+
1

6

∥Ỹ l+1
6 ∥

∥Z̃ l+1
6 ∥


≤(

d1
6

+
d2f1
6

+
d3f2
6

+
d4f3
6

+
d5f4
6

+
d6f5
6

)

∥Ỹ l∥

∥Z̃ l∥


:=f6

∥Ỹ l∥

∥Z̃ l∥

 .

This shows that if ρ(f6) < 1, i.e., ρ(d1 + d2f1 + d3f2 + d4f3 + d5f4 + d6f5) < 6, then the NMGI
algorithm is convergent.

6. Numerical experiments for Sylvester tensor equations

In this section, three numerical examples are performed to validate the correctness of theories,
and the effectiveness, feasibilities and advantages of the optimal GI (OGI), DGI and NMGI
algorithms for the Sylvester tensor equations, with respect to the number of iteration steps
(IT) and the elapsed time in seconds (CPU). In Example 6.1, the specific matrices come from
Example 5 in [6] and Example 4.1 in [43]. Using the same system matrices in [6, 43] makes the
numerical comparisons more convincing. And the system matrices in Example 6.2 are taken as
in Example 4.2 of [43] and the selection of them is random, then the results obtained by these
matrices have certain universal applicable. Besides, by applying the proper finite difference
discretization method to the convection-diffusion equation [4], it can be obtained the specific
matrices involved in Example 6.3, which shows that the proposed methods can be utilized to
solve the practical problems and have certain practicabilities.

All numerical experiments are computed in MATLAB (version R2018a) in a personal com-
puter with Intel (R) Core (TM) i9-10900 2.81 GHz and 32.0 GB RAM. In our computations, the
initial tensors are taken to be Y0 = Y0

2 = Y0
3 = 10−6 · tenones(L1, L2, L3), whose all elements

are 1. And all runs are terminated once

RES =
∥W − Y l ×1 V1 − Y l ×2 V2 − Y l ×3 V3∥
∥W − Y0 ×1 V1 − Y0 ×2 V2 − Y0 ×3 V3∥

≤ η,

with η > 0, or the IT exceeds lmax = 10000. We denote the latter case by “Invalid” and “–” in
tables. According to [6, 43], Theorems 3.1 and 3.3, the parameters of the tested algorithms are
taken as follows

γGI =
1

∥V1∥22 + ∥V2∥22 + ∥V3∥22
,

γOGI =
6

λmax + λmin
,
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γRGI =
1

(α− β)β∥V1∥22 + (1− α)β∥V2∥22 + (1− α)(α− β)∥V3∥22
,

γDGI =
6

Remin +Remax
or

3Remin

Re2min + Im2
1

,

where λmax, λmin and Remin, Remax, Im1 are defined as in Theorem 3.1 and Theorem 3.2, re-
spectively. Besides, the parameters adopted in the MGI, MRGI and NMGI algorithms are the
experimental optimal ones that minimize their IT as η = 10−6.

In Table 1, the comparisons for the number of arithmetic operations of the tested algorithms
are reported. As observed in Table 1, the number of arithmetic operations for each iteration of
the DGI algorithm is the least, and it is nearly a half of, a third of and a fourth of those for GI
and RGI, NMGI, and MGI and MRGI ones, respectively. This indicates that the DGI algorithm
may be less than the other tested ones if their IT are comparable. Although the computational
complexity of the NMGI algorithm is more than the GI and RGI ones, the former has faster
convergence speed for many cases, thus the CPU time of the former may be more than the
latter ones. Moreover, the number of arithmetic operations for the MGI and MRGI algorithms
are comparable, and they are more than the other ones. Specially, they are nearly 1.33, 2 and
4 times of those for NMGI, GI and RGI, DGI ones, respectively. Nevertheless, the MGI and
MRGI algorithms are established by applying the update strategy to the GI and RGI algorithms,
respectively, then the former ones have faster convergence speeds for almost all cases and their
IT may be far less than the latter ones, which leads to less CPU time. From the perspective
of the computing times for each iteration, the proposed DGI and NMGI algorithms outperform
the MGI and MRGI ones. Specially, if their IT are not much different, then the former ones
need less CPU time. These facts will be verified by numerical results in Tables 2–7.

Example 6.1. [6,43] We compute the approximate solutions of Sylvester tensor equation (1.1),
where

V1 =

 3 1

−1 2

 , V2 =

 1 1

−1 1

 , V3 =

 1 0

1 −2

 ,

W(:, :, 1) =

 10 13

15 11

 , W(:, :, 2) =

 14 3

3 0

 .

Table 1. The number of arithmetic operations of the tested algorithms.

Algorithm The computing times for each iteration of the tested algorithms

GI L1L2L3(4L1 + 4L2 + 4L3 + 6)

MGI L1L2L3(8L1 + 8L2 + 8L3 + 12)

RGI L1L2L3(4L1 + 4L2 + 4L3 + 8) + 9

DGI L1L2L3(2L1 + 2L2 + 2L3 + 12)

MRGI L1L2L3(8L1 + 8L2 + 8L3 + 18) + 10

NMGI L1L2L3(6L1 + 6L2 + 6L3 + 18)
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Figure 1. RES(log10) curves of seven algorithms for Example 6.1 with five values of η.

In Table 2, we report the parameters and numerical results of the seven tested algorithms
with five different values of η. It can be observed from Table 2 that all algorithms can successfully
compute approximate solutions satisfying the prescribed stopping criterion within lmax iteration
steps, and the IT and CPU time of the tested methods increase with decreasing of η. The
RGI algorithm is more efficient than the GI one with respect to IT and CPU time when the
relaxation factor is chosen properly. Meanwhile, the OGI algorithm (GI algorithm with the
optimal parameter γopt in Theorem 3.1) returns better numerical performance than the GI
one, which further confirms the correctness of Theorem 3.1. In addition, the DGI algorithm
outperforms the GI and RGI ones in terms of computational efficiency due to the fact that the
former requires less IT and CPU time than the latter ones. Specially, the IT and CPU time of
the DGI algorithm are nearly half of those for the GI and RGI ones. And the MGI algorithm
performs better than DGI, RGI, GI and OGI ones. Although the IT of MGI algorithm is far
less than the OGI one, their CPU time are close. The reason is that each step of the MGI
algorithm needs less basic arithmetic operations than the OGI one, thus total computational
loads of the MGI and OGI algorithms are comparable. This coincides with the results in Table
1. Also, numerical performances of the NMGI and MRGI algorithms are comparable, and they
are superior to the other ones. And their advantages become more pronounced as the value of η
becomes smaller, because the numerical performances gap between the NMGI, MRGI algorithms
and the remaining tested ones are increasingly larger with the decreases of η. Last but not least,
the proposed DGI algorithm is more stable than the GI and RGI ones as the changing scope of
the IT for the former is smaller than the latter ones. And the stability of the proposed NMGI
algorithm is the highest among all tested algorithms since the variation range of its IT is the
smallest in all algorithms.
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Figure 2. RES(log10) curves of seven algorithms for Example 6.2 with five values of η and ρ = 2.

Figure 3. RES(log10) curves of seven algorithms for Example 6.2 with five values of η and ρ = 3.
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To better validate the superiorities of the proposed OGI, DGI and NMGI algorithms, Figure
1 displays the curves of the RES in base-10 logarithm for GI, OGI, RGI, DGI, MGI, MRGI and
NMGI algorithms with respect to five different values of η in Figure 1. As shown in Figure 1, all
tested algorithms are convergent, and the OGI and DGI algorithm have faster convergence rates
than GI and RGI ones as the former ones require less IT to achieve the termination criterion.
In addition, the convergence speeds of the MGI, MRGI and NMGI algorithms are comparable
because their IT are close. Also, the MRGI and NMGI algorithms are more efficient than the
other tested ones from perspective of IT, and their advantages become more pronounced as
the value of η decreases. Lastly, the NMGI algorithm requires slightly less IT then the MGI
one, which coincides with the results listed in Table 2. These facts further confirm that the
superiorities of the proposed algorithms for solving the Sylvester tensor equations.

Figure 4. RES(log10) curves of seven algorithms for Example 6.2 with five values of η and ρ = 5.

Example 6.2. [6, 43] Consider the Sylvester tensor equation (1.1) with the following system
matrices:

L1 = L2 = L3 = 30,

V1 = triu(rand(L1, L1), 1) + diag(ρ+ diag(rand(L1))),

V2 = triu(rand(L2, L2), 1) + diag(ρ+ diag(rand(L2))),

V3 = triu(rand(L3, L3), 1) + diag(ρ+ diag(rand(L3))),

W = tenrand(L1, L2, L3).

In Tables 3–5, we list the numerical results of the seven tested algorithms for solving Example
6.2 with five different values of η for ρ = 2, ρ = 3 and ρ = 5, respectively. The diagonal dominant
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Table 2. Parameters and numerical results of seven tested algorithms for Example 6.1.

Method η 10−6 10−7 10−8 10−9 10−10

IT 345 415 484 554 623

GI CPU 0.6205 0.7580 0.8855 1.0159 1.1721

γ = 0.0574 RES 9.96e-07 9.78e-08 9.93e-09 9.75e-10 9.89e-11

IT 114 133 153 172 191

OGI CPU 0.2017 0.2473 0.2832 0.3074 0.3499

γopt = 0.1966 RES 9.09e-07 9.57e-08 8.95e-09 9.43e-10 9.93e-11

IT 314 377 440 503 566

RGI CPU 0.6273 0.6771 0.7840 0.9219 1.0047

(α, β, γ) = (0.52, 0.32, 0.6839) RES 9.83e-07 9.87e-08 9.91e-09 9.95e-10 1.00e-10

IT 179 212 244 276 309

DGI CPU 0.3297 0.3835 0.4511 0.5080 0.5716

γopt = 0.1268 RES 9.82e-07 9.39e-08 9.64e-09 9.90e-10 9.47e-11

IT 46 55 65 75 84

MGI CPU 0.1809 0.2199 0.2524 0.2968 0.3301

γ = 0.28 RES 8.46e-07 9.86e-08 9.05e-09 8.30e-10 9.66e-11

IT 38 46 55 63 71

MRGI CPU 0.1466 0.1742 0.2094 0.2407 0.2703

(α, β, γ) = (0.48, 0.27, 3.6) RES 8.92e-07 9.72e-08 7.41e-09 7.93e-10 8.31e-11

IT 44 51 59 66 73

NMGI CPU 0.1702 0.1991 0.2299 0.2562 0.2719

γ = 0.178 RES 8.25e-07 9.19e-08 7.66e-09 8.70e-10 9.83e-11

degrees of the system matrices Vt (t = 1, 2, 3) in this example become larger with ρ. According
to the numerical results in Tables 3–5, we can conclude that all tested algorithms are convergent
and feasible for all cases, and their IT and CPU time are increasing with the decreasing of η.
In the meanwhile, the numerical performances of the GI and the RGI algorithms are almost the
same, and this is also valid for the MGI and MRGI algorithms. And the GI algorithm with
the optimal parameter (OGI) has advantages over the GI and RGI ones because the IT and
CPU time of former are nearly half of those for latter ones. In addition, the proposed DGI
and NMGI algorithms have better numerical performances than the other ones especially for
IT, and their advantages become more evident with the decreases of η. Specially, the IT of
the DGI algorithm is less than a seventh and a quarter of those for GI, RGI and OGI ones,
respectively. And the IT of the NMGI algorithm is less than a half of those for the MGI and
MRGI ones. Comparing the results in Tables 3–5, we also observe that numerical performances
of all tested algorithms become better as the value of ρ becomes large, whereas the superiorities
of the proposed DGI and NMGI algorithms to the other tested methods diminish. Also, the
NMGI algorithm performs the best among the tested algorithms from the point of view of IT,
while the CPU time of DGI and NMGI algorithms are close. The reason is that each iteration
of the NMGI algorithm requires more basic arithmetic operations than the DGI one, which is
accordance with the results in Table 1. Finally, The IT of GI, OGI, RGI and MGI, MRGI
algorithms change sharply and change in moderate with respect to η, respectively, while those
of the proposed DGI and NMGI algorithms change very little as η decreases. This reveals that
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Table 3. Parameters and numerical results of seven tested algorithms for Example 6.2 with ρ = 2.

Method η 10−6 10−7 10−8 10−9 10−10

IT 1122 1394 1672 1953 2237

GI CPU 3.8111 4.4887 5.4219 6.3403 7.1986

γ = 0.0025 RES 9.92e-07 9.98e-08 9.94e-09 9.95e-10 9.94e-11

IT 667 779 892 1004 1117

OGI CPU 2.1485 2.5084 2.8898 3.2480 3.6112

γopt = 0.0061 RES 9.92e-07 9.99e-08 9.87e-09 9.94e-10 9.82e-11

IT 1123 1397 1675 1956 2240

RGI CPU 3.7252 4.5817 5.4901 6.4073 7.3515

(α, β, γ) = (0.65, 0.34, 0.0227) RES 1.00e-06 9.92e-08 9.92e-09 9.96e-10 9.99e-11

IT 47 50 53 55 58

DGI CPU 0.1661 0.1789 0.1892 0.1894 0.2114

γopt = 0.0512 RES 9.41e-07 7.01e-08 5.00e-09 8.43e-10 5.22e-11

IT 184 228 273 319 365

MGI CPU 1.7456 2.1928 2.6830 3.0465 3.4893

γ = 0.0102 RES 9.82e-07 9.82e-08 9.89e-09 9.77e-10 9.87e-11

IT 184 228 273 319 365

MRGI CPU 1.2888 1.5902 1.8913 2.1898 2.5700

(α, β, γ) = (2/3, 1/3, 0.0918) RES 9.82e-07 9.82e-08 9.89e-09 9.77e-10 9.87e-11

IT 19 22 25 28 31

NMGI CPU 0.1434 0.1722 0.1790 0.2015 0.2223

γ = 0.042 RES 5.72e-07 5.54e-08 6.16e-09 6.48e-10 6.54e-11

the proposed DGI and NMGI algorithms are insensitive to η, and have higher stabilities than
the other ones since the variation amplitudes of their IT are smaller.

To more clear illustrate the advantages of the OGI, DGI and NMGI algorithms, for five
different values of η, we depict the RES(log10) curves of seven tested algorithms with ρ = 2,
ρ = 3 and ρ = 5 in Figures 2–4, respectively. Here, we adopt the parameters in Tables 3–5 for
the algorithms. By observation, we find that the curves for GI and RGI algorithms are almost
coincident, which implies that their IT are almost the same and is in accordance with the results
in Tables 3–5. And it also holds for MGI and MRGI ones. Additionally, the OGI algorithm
requires less IT than the GI and RGI ones. Also, the proposed DGI and NMGI algorithms
perform better than the other ones , and their advantages gradually become more pronounced
when η becomes small. Lastly, the NMGI algorithm has the fastest convergence speed in all
algorithms as it needs the least IT for all cases. It also can be seen that the curves of the DGI
algorithm increase first, and then reduce. These results coincide with those in Tables 3–5.

Example 6.3. [4] We compute the approximate solutions of the Sylvester tensor equation (1.1)
arises from the convection-diffusion equation

−eΦh+ fTΨh = q, in Ω = [0, 1]× [0, 1]× [0, 1],

e = 0, on ∂Ω.

According to a standard finite difference discretization on equidistant nodes and a second
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Table 4. Parameters and numerical results of seven tested algorithms for Example 6.2 with ρ = 3.

Method η 10−6 10−7 10−8 10−9 10−10

IT 370 460 551 644 738

GI CPU 1.2373 1.5353 1.8046 2.0976 2.4110

γ = 0.0022 RES 9.81e-07 9.78e-08 9.97e-09 9.94e-10 9.81e-11

IT 234 274 313 352 392

OGI CPU 0.8120 0.9414 1.0729 1.2680 1.4263

γopt = 0.0051 RES 9.98e-07 9.59e-08 9.77e-09 9.95e-10 9.56e-11

IT 370 460 551 644 738

RGI CPU 1.2357 1.5303 1.8648 2.2038 2.5286

(α, β, γ) = (2/3, 1/3, 0.0201) RES 9.81e-07 9.78e-08 9.97e-09 9.94e-10 9.81e-11

IT 36 38 41 43 45

DGI CPU 0.1360 0.1391 0.1555 0.1629 0.1667

γopt = 0.0263 RES 6.08e-07 8.72e-08 3.70e-09 4.28e-10 4.77e-11

IT 67 82 98 114 131

MGI CPU 0.4820 0.5797 0.6829 0.8253 0.9111

γ = 0.00825 RES 8.81e-07 9.38e-08 9.48e-09 9.90e-10 9.12e-11

IT 67 82 98 115 131

MRGI CPU 0.4931 0.6047 0.7224 0.8474 0.9413

(α, β, γ) = (2/3, 1/3, 0.074) RES 8.73e-07 9.69e-08 9.93e-09 9.10e-10 9.72e-11

IT 17 19 20 21 22

NMGI CPU 0.1299 0.1440 0.1496 0.1532 0.1557

γ = 0.023 RES 5.89e-07 2.07e-08 3.43e-09 5.36e-10 8.20e-11

order convergent scheme, we can derive a Sylvester tensor equation (1.1) with

Vi =



2vh−2 +
3

4
ch−1 −vh−2 − 5
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1
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3
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4
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. . .
. . .

. . .
. . .

. . .
. . . −ch−2 − 5
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0 · · · −vh−2 +
1
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3

4
ch−1


n×n

, i = 1, 2, 3.

We adopt h = 1
n+1 as in [43], then

Vi =
v

h2



2 −1

−1 2 −1
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Table 5. Parameters and numerical results of seven tested algorithms for Example 6.2 with ρ = 5.

Method η 10−6 10−7 10−8 10−9 10−10

IT 120 146 172 198 225

GI CPU 0.4015 0.4740 0.5836 0.6739 0.7377

γ = 0.0017 RES 9.77e-07 9.35e-08 9.40e-09 9.80e-10 9.63e-11

IT 83 97 110 124 138

OGI CPU 0.2816 0.3293 0.3738 0.4094 0.4686

γopt = 0.0036 RES 9.08e-07 8.69e-08 9.84e-09 9.42e-10 9.02e-11

IT 120 146 172 198 225

RGI CPU 0.4057 0.4929 0.5794 0.6614 0.7560

(α, β, γ) = (2/3, 1/3, 0.0157) RES 9.77e-07 9.35e-08 9.40e-09 9.80e-10 9.63e-11

IT 25 26 28 30 32

DGI CPU 0.0904 0.0934 0.1041 0.1151 0.1221

γopt = 0.0109 RES 3.06e-07 8.95e-08 6.75e-09 4.68e-10 3.01e-11

IT 29 34 38 43 48

MGI CPU 0.2056 0.2434 0.2727 0.3103 0.3389

γ = 0.00535 RES 9.82e-07 4.26e-08 9.97e-09 6.53e-10 5.06e-11

IT 26 32 37 43 48

MRGI CPU 0.1909 0.2324 0.2707 0.3092 0.3631

(α, β, γ) = (0.66, 0.33, 0.0466) RES 9.89e-07 7.15e-08 8.28e-09 6.89e-10 8.80e-11

IT 12 13 14 16 18

NMGI CPU 0.0814 0.0960 0.1068 0.1185 0.1354

γ = 0.009 RES 3.10e-07 3.72e-08 9.74e-09 7.33e-10 5.51e-11

W = tenrand(n, n, n).

Let v = c = 1. Numerical results of the seven tested algorithms for n = 3 and n = 6 are
reported in Table 6 and Table 7, respectively. By comparing the results in Tables 6–7, it is
observed that all tested algorithms are convergent for all cases. When n becomes large, the IT
and CPU time of all tested algorithms increase. And apart from the proposed DGI and NMGI
algorithms, those of the remaining ones grow tenfold from n = 3 to n = 6, i.e., they change
violently with n. While the convergence speeds of the DGI and NMGI algorithms change in
moderate and mild style, respectively, with n. This indicates that the DGI and NMGI algorithms
are more stable than the other ones. Meanwhile, numerical performances of the GI and RGI
algorithms are very close, and it also holds for MGI and MRGI ones. Moreover, GI and RGI
algorithms are less efficient than the OGI one, and IT and CPU time of the latter are nearly half
of those for the former ones, which reveals that the GI algorithm with the optimal parameter
can improve its computational efficiency. Also, the DGI and NMGI algorithms are much better
than the other ones, because their IT and CPU time are far less than the other ones. And the
NMGI algorithm is the most efficient among the tested algorithms as it requires the least IT
and CPU time. Specially, IT of the DGI algorithm is nearly a seventh of, a twentieth of and
a fortieth of those for MGI and MRGI, OGI, and GI and RGI ones, respectively, for n = 6.
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Table 6. Parameters and numerical results of seven tested algorithms for Example 6.3 with n = 3.

Method η 10−6 10−7 10−8 10−9 10−10

IT 513 599 686 772 858

GI CPU 0.9649 1.1263 1.2878 1.4423 1.6166

γ = 9.0100e− 05 RES 9.93e-07 9.98e-08 9.76e-09 9.80e-10 9.85e-11

IT 260 304 347 391 434

OGI CPU 0.4938 0.5578 0.6563 0.7363 0.8194

γopt = 1.7604e− 04 RES 9.83e-07 9.59e-08 9.86e-09 9.62e-10 9.89e-11

IT 513 600 686 772 858

RGI CPU 0.9283 1.0888 1.2324 1.3985 1.5492

(α, β, γ) = (0.66, 0.33, 8.1098e− 04) RES 9.96e-07 9.75e-08 9.79e-09 9.84e-10 9.89e-11

IT 42 49 56 63 69

DGI CPU 0.0779 0.0916 0.1091 0.1175 0.1338

γ = 2.7073e− 04 RES 8.87e-07 8.34e-08 7.85e-09 7.38e-10 9.74e-11

IT 94 111 126 154 171

MGI CPU 0.3716 0.4303 0.4962 0.6086 0.6715

γ = 3.2525e− 04 RES 8.73e-07 8.23e-08 8.86e-09 8.60e-10 7.28e-11

IT 94 111 126 156 173

MRGI CPU 0.3569 0.4242 0.4828 0.6000 0.6624

(α, β, γ) = (2/3, 1/3, 0.00293) RES 9.03e-07 7.13e-08 9.77e-09 6.50e-10 5.24e-11

IT 17 20 23 26 29

NMGI CPU 0.0654 0.0759 0.0891 0.1022 0.1118

γ = 0.0005 RES 7.98e-07 7.17e-08 6.55e-09 6.03e-10 5.59e-11

Finally, although IT of the DGI algorithm is 2.5 times of that of the NMGI one for n = 3, their
CPU time are close, and the latter consumes slight less CPU time. The reason is that the basic
arithmetic operation for each iteration of the DGI algorithm is less than that of the NMGI one
as reported in Table 1.

Figures 5 and 6 depict the curves of the RES in base-10 logarithm versus the IT with five
different values of η for n = 3 and n = 6, respectively. Here, we adopt the parameters in
Tables 6–7 for the algorithms. The comparisons in Figures 5–6 show that the DGI and NMGI
algorithms have higher computational efficiencies than the other ones because they require less
IT to achieve the stopping criterion, and their advantages become evident when n becomes large
or η becomes small. Also, the NMGI algorithm outperforms the DGI one in terms of convergence
rate. Additionally, apart from the MGI and MRGI algorithms, the remaining tested algorithms
have the global linear convergence rate behaviors with respect to RES(log10) of {Y l}. Lastly, the
curves of the GI and RGI algorithms are almost overlap, which implies that their convergence
speeds are almost the same. And this also holds for the MGI and MRGI ones.

In summary, diagonal substitution and new update techniques applied in the DGI and NMGI
algorithms can ameliorate the numerical performances of the GI and MGI ones in [6]. Further-
more, the proposed DGI and NMGI algorithms are superior to the other ones from the point of
view of computing efficiency.
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Table 7. Parameters and numerical results of seven tested algorithms for Example 6.3 with n = 6.

Method η 10−6 10−7 10−8 10−9 10−10

IT 5429 6354 7280 8205 9131

GI CPU 9.8370 11.6008 13.1316 15.0639 16.4730

γ = 8.4088e− 06 RES 9.98e-07 9.99e-08 9.98e-09 1.00e-09 9.99e-11

IT 2717 3180 3644 4107 4570

OGI CPU 4.9146 5.6784 6.7422 7.3072 8.4561

γopt = 1.6783e− 05 RES 9.99e-07 1.00e-07 9.96e-09 9.96e-10 9.97e-11

IT 5430 6356 7281 8207 9133

RGI CPU 9.7881 11.2032 12.9285 14.6789 16.4045

(α, β, γ) = (0.66, 0.33, 7.5686e− 05) RES 9.98e-07 9.98e-08 9.99e-09 9.99e-10 9.98e-11

IT 134 157 179 202 225

DGI CPU 0.2397 0.2815 0.3227 0.3639 0.4060

γopt = 3.0977e− 05 RES 9.77e-07 9.34e-08 9.89e-09 9.46e-10 9.04e-11

IT 914 1069 1226 1383 1540

MGI CPU 3.5202 4.1023 4.7366 5.3219 5.9675

µ = 3.329e− 05 RES 9.80e-07 9.92e-08 9.79e-09 9.72e-10 9.63e-11

IT 915 1071 1227 1383 1538

MRGI CPU 3.5106 4.0786 4.6462 5.2533 5.9009

(α, β, γ) = (2/3, 1/3, 2.99e− 04) RES 9.89e-07 9.90e-08 9.88e-09 9.81e-10 9.88e-11

IT 29 34 38 43 47

NMGI CPU 0.1131 0.1329 0.1567 0.1685 0.1855

γ = 0.0001 RES 7.35e-07 6.19e-08 8.55e-09 7.19e-10 9.93e-11

7. Numerical experiments for coupled Sylvester tensor equations

This section provides a numerical example to validate the feasibilities and advantages of the
proposed DGI and NMGI algorithms for the coupled Sylvester tensor equation (4.1) with respect
to IT and CPU time.

All numerical experiments are computed in MATLAB (version R2018a) on a personal com-
puter with Intel (R) Core (TM) i9-10900 2.81 GHz and 32.0 GB RAM. The initial tensors are
taken to be Y0 = Y0

2 = Y0
3 = Y0

4 = Y0
5 = Y0

6 = 10−6 · tenones(L1, L2, L3), whose all elements
are 1. All iterations are terminated once the current residual (RES) satisfies

RES =

√
∥W1−Yl×1V1−Yl×2V2−Yl×3V3∥2+∥W2−Yl×1T1−Yl×2T2−Yl×3T3∥2√
∥W1−Y0×1V1−Y0×2V2−Y0×3V3∥2+∥W2−Y0×1T1−Y0×2T2−Y0×3T3∥2

≤ η,

with η > 0, or the IT reaches the maximal number of iteration steps lmax = 10000. According
to Theorems 4.1 and 4.3, the parameters of the GI and DGI algorithms are taken as

γOGI =
12

λ̄max + λ̄min
, γDGI =

12

Remin +Remax

or
6Remin

Re
2
min + Im

2
1

,
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Figure 5. RES(log10) curves of seven algorithms for Example 6.3 with five values of η and n = 3.

Figure 6. RES(log10) curves of seven algorithms for Example 6.3 with five values of η and n = 6.
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where λmax, λmin and Remin, Remax, Im1 are defined as in Theorem 4.1 and Theorem 4.2, re-
spectively. In addition, the parameters adopted in the MGI and NMGI algorithms are the
experimental optimal ones that minimize their IT for η = 10−2.

Example 7.1. Consider the coupled Sylvester tensor equation (4.1), where

Vi =
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, i = 1, 2, 3,

W1 = tenrand(n, n, n), W2 = W1,

with h = 1
n+1 , v = 5, c = 1 and n = 6. The system matrices Vi and Ti (i = 1, 2, 3) stem from

Example 6.3 with few modifications.

The parameters, IT, CPU time and RES of the GI, DGI, MGI and NMGI algorithms for
Example 7.1 with respect to four different values of η are listed in Table 8. Comparing the
numerical results of Table 8, we see that all tested algorithms can successfully compute approxi-
mate solutions satisfying the prescribed stopping criterion, and their IT and CPU time increase
gradually with decreasing of η. Meanwhile, the proposed NMGI algorithm performs far better
than the GI, DGI and MGI ones in terms of both the IT and CPU time. And the IT and CPU
time of the DGI and NMGI algorithms are nearly a twentieth of those for the GI and MGI
ones, respectively, as η = 10−2. Additionally, the proposed DGI algorithm is more stable than
the GI one, due to the fact that the variational range of the IT of the former is smaller than
that of the latter. And the stability of the proposed NMGI algorithm is the highest among the
tested algorithms in view of IT. Finally, the numerical results in Table 8 show that the diago-
nal substitution technique and new update strategy applied in the DGI the NMGI algorithms,
respectively, can improve the convergence speeds of the GI and MGI ones effectively, and the
DGI and NMGI algorithms have higher computational efficiencies than the GI and MGI ones.
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Table 8. Parameters and numerical results of the GI, DGI, MGI and NMGI algorithms for Example 7.1.

Method η 5× 10−1 10−1 5× 10−2 10−2

IT 83 390 525 1047

GI CPU 0.3101 1.4367 1.8905 3.9371

γopt = 5.2346e− 07 RES 0.4988 9.99e-02 4.99e-02 1.00e-02

IT 6 21 28 55

DGI CPU 0.0214 0.0765 0.0997 0.2056

γopt = 9.5133e− 07 RES 0.4633 9.90e-02 4.89e-02 9.90e-03

IT 15 67 90 178

MGI CPU 0.1529 0.7172 0.9557 1.8489

γ = 1.80e− 06 RES 0.4988 9.94e-02 4.96e-02 1.00e-02

IT 2 3 4 7

NMGI CPU 0.0125 0.0226 0.0306 0.0596

γ = 6.00e− 06 RES 0.2776 8.17e-02 2.77e-02 9.80e-03

8. Numerical experiments for coupled Sylvester tensor equations
with two unknowns

This section presents a numerical example to illustrate the feasibilities and superiorities of the
proposed DGI and NMGI algorithms for the coupled Sylvester tensor equation with two un-
knowns (5.1) in terms of both IT and CPU time.

All tests are run by applying MATLAB (version R2018a) in a personal computer with Intel
(R) Core (TM) i9-10900 2.81 GHz and 32.0 GB RAM. We take the initial tensors as Y0 = Y0

2 =
Y0
3 = Y0

4 = Y0
5 = Y0

6 = Z0 = Z0
2 = Z0

3 = Z0
4 = Z0

5 = Z0
6 = 10−6 · tenones(L1, L2, L3), whose all

elements are 1. All iterations are stopped once the RES satisfies

RES =

√
∥W1 −

3∑
j=1

Y l ×j Vj −
3∑

j=1
Z l ×j Pj∥2 + ∥W2 −

3∑
j=1

Y l ×j Tj −
3∑

j=1
Z l ×j Qj∥2√

∥W1 −
3∑

j=1
Y0 ×j Vj −

3∑
j=1

Z0 ×j Pj∥2 + ∥W2 −
3∑

j=1
Y0 ×j Tj −

3∑
j=1

Z0 ×j Qj∥2
≤ η,

with η > 0, or the IT exceeds lmax = 10000. We denote the latter case by “Invalid” and “–” in
tables. According to Theorems 5.1 and 5.3, the parameters of the GI and DGI algorithms are
taken as

γOGI =
12

λ̂max + λ̂min

, γDGI =
12

R̂emin + R̂emax

or
6R̂emin

R̂e
2

min + Îm
2

1

,

where λ̂max, λ̂min and R̂emin, R̂emax, Îm1 are defined as in Theorem 5.1 and Theorem 5.2, re-
spectively. For the MGI and NMGI algorithms, their parameters are the experimentally found
optimal ones which minimize their IT as η = 10−10.
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Example 8.1. Consider the coupled Sylvester tensor equation with two unknowns (5.1), where

Vj =



3v

h2
+

5c

4h
−(

v

h2
+

5c

4h
)

c

4h
c

4h
− v

h2
3v

h2
+

5c

4h
−(

v

h2
+

5c

4h
)

. . .

. . .
. . .

. . .
c

4h
c

4h
− v

h2
3v

h2
+

5c

4h
−(

v

h2
+

5c

4h
)

c

4h
− v

h2
3v

h2
+

5c

4h


n×n

,

Pj =



2v

h2
+

3c

2h
−(

3v

2h2
+

5c

4h
)

c

4h
c

4h
− v

h2
2v

h2
+

3c

2h
−(

3v

2h2
+

5c

4h
)

. . .

. . .
. . .

. . .
c

4h
c

4h
− v

h2
2v

h2
+

3c

2h
−(

3v

2h2
+

5c

4h
)

c

4h
− v

h2
2v

h2
+

3c

2h


n×n

,

Tj =



2v

h2
+

3c

4h
−(

v

h2
+

3c

4h
)

c

4h
c

4h
− v

h2
2v

h2
+

3c

4h
−(

v

h2
+

3c

4h
)

. . .

. . .
. . .

. . .
c

4h
c

4h
− v

h2
2v

h2
+

3c

4h
−(

v

h2
+

3c

4h
)

c

4h
− v

h2
2v

h2
+

3c

4h


n×n

,

Qj =



3v

h2
+

5c

8h
−(

v

h2
+

c

h
)

c

4h
c

8h
− v

h2
3v

h2
+

5c

8h
−(

v

h2
+

c

h
)

. . .

. . .
. . .

. . .
c

4h
c

8
− v

h2
3v

h2
+

5c

8h
−(

v

h2
+

c

h
)

c

8h
− v

h2
3v

h2
+

5c

8h


n×n

, j = 1, 2, 3,

W1 = tenrand(n, n, n), W2 = W1,

with h = 1
n+1 , v = c = 1 and n = 10. The system matrices Vj , Pj , Tj and Qj (j = 1, 2, 3) come

from Example 6.3 with few modifications as in Example 7.1.

In Table 9, we list the parameters, IT, CPU time and RES of the tested algorithms for
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Table 9. Parameters and numerical results of the GI, DGI, MGI and NMGI algorithms for Example 8.1.

Method η 10−6 10−7 10−8 10−9 10−10

IT 593 723 880 1045 1211

GI CPU 6.4832 7.8923 9.4013 11.2406 12.9087

γopt = 1.0108e− 06 RES 9.81e-07 9.96e-08 9.96e-09 9.88e-10 9.96e-11

IT 265 330 398 468 538

DGI CPU 2.9474 3.6393 4.2425 5.2666 5.7717

γopt = 1.8293e− 06 RES 9.65e-07 9.95e-08 1.00e-08 9.77e-10 9.81e-11

IT 127 158 193 226 262

MGI CPU 4.1425 4.9977 5.8496 7.3428 8.6443

γ = 2.96e− 06 RES 9.20e-07 1.00e-07 9.02e-09 9.73e-10 8.80e-11

IT 68 85 103 120 138

NMGI CPU 1.8510 2.4194 2.7994 3.4515 4.0439

γ = 5.40e− 06 RES 9.77e-07 9.98e-08 9.27e-09 9.96e-10 9.42e-11

Example 8.1 with five different values of η. According to the numerical results in Table 9, we
can conclude some observations: Firstly, all tested algorithms are convergent and feasible for all
cases, and their IT and CPU time are increasing with the decreasing of η. Secondly, the IT of the
GI algorithm change sharply with respect to η, which illustrates that its convergence behaviors
are very sensitive to η. While the IT of the remaining algorithms change in moderate as η
decreases, and the proposed NMGI algorithm is the most stable among the tested algorithms,
because the variational range of IT of the NMGI algorithm is the smallest compared with other
tested ones. Thirdly, the DGI algorithm has faster convergence speed than the GI one, and the
IT and CPU time of the former are less than half of those for the latter. Fourthly, the proposed
NMGI algorithm has better numerical performances and higher stability than the MGI one in
terms of IT and CPU time, and its advantages become more evident with the decreases of η.
Fifthly, the IT of the NMGI algorithm is far less than the DGI one, but there is no big difference
on their CPU time. The reason is that each iteration of the NMGI algorithm requires more
basic arithmetic operations than the DGI one, which is accordance with the results in Table 1.
Lastly, the performance of the NMGI algorithm is optimal in all tested algorithms in view of IT
and CPU time.

9. Conclusions

In this work, we establish two new GI-like algorithms to solve the (coupled) Sylvester tensor
equations and their convergence properties. We first derive the optimal parameter and the cor-
responding optimal convergence factor of the GI algorithm [6] to further perfect its theories. To
reduce the computational complexity of the GI algorithm, based on the hierarchical identifica-
tion principle, we replace the system matrices in the GI algorithm by their diagonal parts and
design the diagonal GI (DGI) algorithm for the (coupled) Sylvester tensor equations. By using
the tensor stretching operator, classification and analysis, we derive the convergence condition
and quasi-optimal parameter of the DGI algorithm. In addition, we apply the diagonal substi-
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tution technique and the new update strategy to the MGI algorithm, then construct the new
MGI (NMGI) algorithm for the (coupled) Sylvester tensor equations. Meanwhile, the sufficient
convergence condition of the NMGI algorithm is established by making use of the properties of
the Frobenious norm of a tensor and n-mode product of a tensor and a matrix. Also, we compare
the number of arithmetic operations of the tested algorithms. Finally, numerical experiments
are performed to validate that the proposed algorithms are efficient, and outperform the GI,
RGI, MGI and MRGI ones for the (coupled) Sylvester tensor equations in view of both IT and
CPU time.

It is noteworthy that the convergent interval of the parameter γ and the (quasi-)optimal
parameter of the NMGI algorithm have not been obtained at present, which are significant for
the implementation of the NMGI algorithm. We will investigate these problems in our future
work. Aside from that, convergence conditions of the DGI algorithm derived in this work are
sufficient, then the necessary and sufficient conditions for the convergence of the DGI algorithm
deserve to be further discussed.
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