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DIAGONAL AND NEW MODIFIED GRADIENT-BASED ITERATIVE
ALGORITHMS FOR SYLVESTER TENSOR EQUATIONS*
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Abstract The main objective of this work is to construct some new gradient-based iterative
(GI)-like algorithms for solving the (coupled) Sylvester tensor equations. In this paper, we
first derive the optimal parameter and the corresponding optimal convergence factor of the
GI algorithm (Math. Probl. Eng. 819479 (2013) 1-7) in terms of matricization of a tensor
and straightening operator. In order to reduce the computation cost of each iteration of the
GI algorithm, enlightened by the idea of the Jacobi method, we replace the system matrices
in the GI algorithm by their diagonal parts, and design the diagonal GI (DGI) algorithm for
the Sylvester tensor equations. And we derive the sufficient convergence condition, quasi-
optimal parameter and quasi-optimal convergence factor of the DGI algorithm. Furthermore,
we apply a new update strategy to the GI algorithm and develop the new modified GI (NMGT)
algorithm for the Sylvester tensor equations. The proposed NMGI algorithm is different from
the MGI one (Math. Probl. Eng. 819479 (2013) 1-7), and can make more full use of the
latest computed results and has faster convergence rate than the MGI one for many cases.
Also, by utilizing the properties of the tensor norm and techniques of inequalities, we prove
that the proposed NMGI algorithm is convergent under proper restrictions. Lastly, some
numerical examples are given to validate the efficiencies and advantages of the proposed
algorithms for the (coupled) Sylvester tensor equations.

Keywords Sylvester tensor equation, optimal parameter, DGI algorithm, quasi-optimal
parameter, NMGI algorithm, convergence properties.
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1. Introduction

In this paper, we aim to compute the numerical solution of the following Sylvester tensor equation
VX1 Vi+Yxo Vo+Yx3Vs=W, (1.1)

where V; € Rivxli v, ¢ RlzxLz2 y, e REsxLs W ¢ RI1xL2xLs are given, and the unknown

tensor Y € RE1*E2XLs peeds to be computed. The operators x; (j = 1,2,3) in (1.1) are defined
as in the next section. When Y € RIXI2 and W € RX1*2 are matrices, Sylvester tensor
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equation (1.1) reduces to the Sylvester matrix equation as follows
VY + YV =W (1.2)

Sylvester matrix equations are widely used in control theory [8,9, 11,28, 44], model reduc-
tion [2], image process [5], quantum information [35], disturbance decoupling problem [7] and
system identification [10,27,36]. Thus it is meaningful to design efficient methods to establish
the numerical solutions of the Sylvester matrix equations. These methods mainly can be divided
into to two categories: iterative methods and direct methods. The simplest direct method for
the matrix equation (1.2) is the Kronecker product method [15], but it requires huge compu-
tation and memory space. Another direct method is to transform the coefficient matrix into a
special form and then solve another matrix equation that is easy to compute, for instance, Schur
canonical form, Hessenberg-Schur form and so forth [16,17,26,31,34], but these approaches are
costly.

Therefore, using iterative methods to solve the Sylvester matrix equation (1.2) may be more
efficient than the direct methods. Hence, the research of iterative methods for the matrix
equations has attracted considerable attention from many researchers, and a large number of
efficient iterative methods have been developed for solving different kinds of Sylvester matrix
equations. For example, Ding and Chen [9,11,13] proposed some simple and efficient iterative
methods for solving the matrix equations, which are easy to implement. Bai [1] designed a
Hermitian and skew-Hermitian splitting (HSS) method to solve (1.2). Then the modified HSS
method has been proposed in [45] to improve the convergence speed of the HSS one. In addition,
Li and Wu [25] extended the single-step HSS (SHSS) method for saddle point problems. Yan
and Ma [41] designed an iterative algorithm to solve a class of generalized coupled Sylvester-
transpose matrix equations over bisymmetric or skew-anti-symmetric matrices. And Wu and
Zeng [39] proposed the ADMM-based methods to solve the nearness symmetric solution of the
system of matrix equations A; XB; = €7 and A3 X By = Cy. Recently, Wang and Song [38]
proposed a new BCR algorithm to compute the constraint solution of the coupled operator
equations. Apart from the methods mentioned above, Krylov subspace methods for solving (1.2)
have also been developed in [19,20,29]. Based on the hierarchical identification principle [10,12],
Ding et al. [9,14] established the GI algorithms to solve the coupled Sylvester matrix equations
and generalized Sylvester matrix equations. In order to improve the computational efficiency
of the GI algorithm, its many improved versions have been proposed in recent years. For
example, Niu et al. [32] derived the relaxed GI (RGI) method for solving the Sylvester equation.
Besides, Xie and Ma [40] combined the update strategy with and the relaxation technique, and
constructed the accelerated GI (AGI) algorithm for solving the generalized Sylvester-transpose
matrix equations.

As the generalization of the Sylvester matrix equation (1.2), Sylvester tensor equation (1.1)
have widely applications in many fields, such as finite element, finite difference, image processing,
discretization of high-dimensional linear partial differential equations and convection-diffusion
equations, spectral methods and so forth, see [3,21,24,30,43] and the references therein. There
are some illustrations:

e By applying a standard finite difference discretization on equidistant nodes and a second
order convergent scheme to the following convection-diffusion equation [43]

—x®y + 27Uy =g, inT =10,1] x [0,1] x [0,1],
x =20, ondl,
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we can obtain the Sylvester tensor equation (1.1) with
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e The three-dimensional microscopic heat transport problem can be discretized and solved
via a mixed collocation-finite difference technique. In accordance with this description,
the Sylvester tensor equation (1.1) is constructed such that the entries of the coefficient

matrices Vj = (vl(]l)) € REvxL1 v, = (vz(f)) € RE2%E2 and V3 = (US’)) € REsxLs | scaled
through a mesh grid Ly x Ly x L3, are expressed as [30]
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As mentioned before, the Sylvester tensor equations arise widely in scientific and engineering
fields. Thus it is meaningful to design efficient algorithms for solving the Sylvester tensor equa-
tions, and a great many of methods for Sylvester tensor equation (1.1) have been presented in
recent years. In these methods, GI-like algorithms is a type of effective methods for the Sylvester
tensor equations. So far, some Gl-like algorithms for the Sylvester matrix equations have been
extended to solve the Sylvester tensor equation (1.1). For example, Chen and Lu [6] extended
the GI and the modified GI (MGI) algorithms to compute the numerical solutions of (1.1).
Then Zhang and Wang [43] applied the relaxation technique to the GI and MGI algorithms, and
proposed the relaxed GI (RGI) and modified RGI (MRGI) algorithms for the Sylvester tensor
equation (1.1). Numerical results in [43] show that the RGI and MRGI algorithms have better
numerical performances than the GI and MGI ones, respectively, by choosing proper relaxation
parameters. Nevertheless, it can be found that the optimal parameter of the GI algorithm has
not been derived, which plays a key role in the implementation of the GI algorithm. Moreover,
when the system matrices V7, Vo and V3 in (1.1) are large and dense, the computations of the

\
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mode products in the GI and MGI algorithms may require a large amount of calculation and
consume much time. Thus the purpose of this paper is to perfect the theories of the existing GI
algorithm in [6], and construct some new Gl-like algorithms to reduce the computation of the GI
and MGI ones in [6] and ameliorate their numerical performances. We first deduce the optimal
parameter and the corresponding optimal convergence factor of the GI algorithm in [6] based
on mode-1 matricization and straightening operator of a tensor. Besides, inspired by the ideas
of [18,37], we replace the system matrices in the GI algorithm by their diagonal parts, then
develop the diagonal GI (DGI) algorithm for the Sylvester tensor equation (1.1). Compared
with the GI algorithm in [6], the proposed DGI algorithm requires less computational cost. To
further improve the efficiency of the MGI algorithm proposed in [6] and reduce its computation,
we introduce a new update strategy for the GI algorithm and replace the system matrices by
their diagonal parts, then establish a new MGI (NMGI) algorithm for (1.1). In addition, we
deduce the convergence properties of the proposed DGI and NMGI algorithms, including the
quasi-optimal parameter and quasi-optimal convergence factor of the DGI algorithm, and suffi-
cient convergence conditions of the DGI and NMGI algorithms. Also, we extend the DGI and
NMGI algorithms to solve the coupled Sylvester tensor equations (with two unknowns). Lastly,
several numerical examples are provided to verify that the proposed algorithms are efficient and
outperform the GI, RGI, MGI and MRGI ones in terms of numerical performance.

The remainder of this paper is organized as below. Several useful notations, definitions
and lemmas are listed in Section 2. In Section 3, we deduce the optimal parameter and the
corresponding optimal convergence factor of the GI algorithm in [6]. Then we propose the
diagonal GI (DGI) algorithm by replacing the system matrices in the GI algorithm by their
diagonal parts, and derive its convergence conditions, quasi-optimal parameter and quasi-optimal
convergence factor. In addition, we apply a new update strategy and the diagonal substitution
technique to the GI algorithm, then construct a new MGI (NMGI) algorithm and investigate its
convergence condition. We extend the DGI and NMGI algorithms to solve the coupled Sylvester
tensor equations (with two unknowns) and discuss their convergence properties in Sections 4—
5. In Sections 6-8, several numerical examples are given to illustrate the effectivenesses and
advantages of the proposed DGI and NMGI algorithms. Lastly, some conclusions and outlooks
are given to end this paper in Section 9.

2. Preliminaries

In this section, we list some notations, definitions and lemmas, which will be used in the subse-
quent sections.

To improve readability, matrices and tensor are written as capital and Euler script letters,
respectively. I stands for the k x k identity matrix. Let H = [hy,---, k] € R¥*! with hy
(1 <t <) being the t-th column of H, then the vector stretching operation of H is defined as

VGC(H) = [h?a hga Tty th} T‘

The set of all order m dimension L; x Ly X - - - X Ly, tensors over R is denoted by R > L2x:xLm
If U € REv<LaxxLm then it can be expressed as

U= (ui1i2...im), Uiyigiyy € R, 1 < ij < Lj, 1< <m.

In addition, we present several useful definitions below.
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Definition 2.1 ( [22]). If Y € RIxl2xXXIm and @ € R7*En then the t-mode product of )
and G is defined as

(y Xt G)pl“'pt—lqpt+l"‘Pm = E :ypl“'pt'“ngq}?t’
pt=1

which isan Ly X -+ X L1 X J X Lyy1 X -+ X Ly, tensor.

Definition 2.2 ( [42]). If ¥ = (yiyiyi,,) € REVE2Dm then its mode-n matricization Y,
isan L, X Ly -+ Ly—1Lnp41 -+ - Ly, matrix with

(y(n))znl Yivia-im> =1+ Z H L

q=1,qg#n p=1,p#n

Definition 2.3 ( [43]). Let ) € RIv*Im the operator vec())) is the column stacking form
of the corresponding matrix )(;). The inner product of G = (gp,..p,,) € RIvxxLm and H =
(hpyopy,) € REVXEm g defined as

L1 Lo

(G, H) = vec(G) Tvec(H Z Z Z Ip1p2-pm Mp1p2--pim

p1=1p2=1 Pm
Then the induced Frobenious norm of Y is

L1 Lo

=2 > - Z A

p1=1p2=1 pm=1

Next, some significant lemmas are reviewed in the following.

Lemma 2.1 ( [23,33]). Let G,H € REXInxXLm pe o tensors, then the following conclu-
stons hold:
1) If H=G x1 C1 X3 C3 X3+ Xy, Cp, holds and C, € RE»>Ip (1 <p<m), then

Huy = Ctg(t)(cm R RCG11QG 1Q-® C1)T.
2) For C, € Rlr*Ir and C; € Rf*La (1 < p,q <m), then it has

g x, (C,C), ifp=q,
gxpCpquq: p(qp) fp’q
G x4 Cy xp xCp, ifp #q.
3) For C, € Rl»*Ir (1 <p < m), it holds that (G, H x, Cp) = (G %, C, 7—[>
4) 23, H) <IGI1” + I1HI1%, (G, 1) < IGIIH]].
5) Let Cp € RE»*Lv  then ||G Xp Cpll < NG Cpll2 (1 < p < m), where ||Cpll2 denotes the spectral
norm of the matriz C,.

By making use of Lemma 2.1, Sylvester tensor equation (1.1) can be transformed into the
following linear equation

([L3 & IL2 ® Vi+ [L3 ® Vo ® IL1 + V3 ® [L2 &® ILl)VeC(y) = VGC(W). (2.1)
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Lemma 2.2. Let G = (gyy2), H = (hyy.) € CE1*E2XLs then |G + H|| < ||G|| + [|H]]-

Proof. By straightforward calculations, it has

IG + HI* = Z(gijk + hiji)?

zyk
= (9% + 29i8hajn + hijp)
zyk
=D 95k T2 gigkhign + )
zyk xyk zyk
= [1GI> +2(G, 1) + 1H]]*. (2.2)

By Lemma 2.1, we get (G, H) < ||G||[|H||. Thus 2(G,H) < 2||G||||H||, which together with (2.2)
yields that [|G + H[* < [|G[I* + 2/G[II1H[ + [[%]* = (IG] + [H])?, and therefore [|G + H|| <
G + [I#]]. O

3. The DGI and NMGI algorithms and their convergence prop-
erties

In this section, we first deduce the optimal parameter of the GI algorithm in [6], then construct
two new Gl-like algorithms referred to as the DGI and NMGI algorithms for the Sylvester tensor
equation (1.1). At last, we deduce the convergence properties of the proposed algorithms. Before
that, we first review the GI algorithm in [6]. Based on the hierarchical identification principle,
Chen and Lu [6] designed the GI algorithm for solving the Sylvester tensor equation (1.1). The
framework of the GI algorithm is as below.

Algorithm 3.1. The gradient-based iterative (GI) algorithm (see [6]):

Step 1. Given matrices Vi € RE*¥I 1, € RE2xL2 Vg € REsXIs | g tensor W € RIvxl2xls
and two constants y,7 > 0. Choose the initial tensor Y, and set [ = 0.

W—=Yx1 Vi—=YVlxa Va—Yl x5 V. RF .
Step 2. If 7; = ||HW—)%)0:11V11—3)2)0§22 Vi—)J)iOXxsg V33”H = HROH < n, stop; otherwise, go to Step 3.

Step 3. Compute Yt by the following procedure

VL= Yh 4 4R <y v
VAL — YLy AR o VI
VI = Yl R <y VE,

y{Jrl +yé+l +y§+1

1 _
Y= 3

Step 4. Set [ := [+ 1 and return to Step 2.

Theorem 3.1. Let M =1;,, @I, @ V1 + 11, @ Va® I, + Va® I, ® I, and Apax and Amin
be the mazimum and minimum eigenvalues of the matriz M™T M, respectively. Suppose that the

Sylvester tensor equation (1.1) has a unique solution Y*. Then the GI algorithm is convergent
if and only if

6
0<y< .

)\max
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And the optimal parameter v,y and the corresponding optimal convergence factor pop: of the GI
algorithm are

6 )\max - )\min

Yopt = b\ » Popt = 2

max T >\min max T )\min

Proof. Define the error tensors

Y=y -y, Y=y -y (j=123).

In view of the expression of y{“, we derive

VHL YL y(Ph 5y Vi D X Vo + Y xs Vs) xq VI
Let Y = (j}vl x1 Vi + Y xo Vo4 V! x4 V3) x1 VI, then from Lemma 2.1 we can deduce that

Y= (jﬂ X1 Vl—l-j}l X9 Vg—l-:)N}l X3 Vg) X1 VlT
=V (VIV1) + D! 1 VExa Vo + V! xq VX3 V3
=V xq (VEVY) xo I, x5 I, + V' x1 VE xo Vo xg I, + V' xq VI xo I, x3 Vs,

By taking the mode-1 matricization of ), we have

Yay = ViViViy U, @ I,) "+ VIV (I, @ Vo) T+ VIV (Vs @ I,) " (3.1)
Applying the stretching operator on both sides of (3.1) results in

vee(V) = [Ty @ I, @ (VI V1) + I, ® Vo @ VI + Va3 ® I, @ V{vec(d).
Therefore we can obtain the following results

vee(VHY) = I, 11 — YTy @ I, @ (VIV) + I, © Vo @ VI 4 V3 @ I, @ VI)]vee(D)
= Myvec()')
= Mlvec(yl )

1 1 1
=Mmﬂ§%—yﬂ+;%—yﬂ+;%—yw
lo 1~ 1=~
= Mlvec[gy{ + 5375 + gy;lv,]

= & Mifvec(3) + vee(3%) + vee(F4)], (3.2)

where My = I, 1yrs — Y(Ir, @ I, @ (Vi) + I, @ Vo @ VE+ Va® I, ® VI). Tt follows from
Line 2 of Step 3 of the GI algorithm that

j}v;rl = j}vl —'y(j)l x1 V1 'f‘j}l X9 Vo "‘5)[ x3 V3) X2 VQT'
Let Y = (V! xy Vi + Y xg Vo + Yt x3 V3) xo VI, then it holds that

)7:(37 X1 Vl—l-j}l X9 V2+j}l X3 V3) X9 VQT
:jilel Vi X9 VQT-Fjl XQ(VQTVQ)-FS)Z X9 V2T><3 V3
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=V %y Vi xg VI xa Iy + V! xq I, xo (VEVR) x3 Iy + V! X1 I, X2 VE x5 Va.
Taking the mode-1 matricization of Y leads to
Yy = ViV Iy ® Vi) "+ 1, V() (T, ® V3 Vo) T+ I,V (Vs @ V). (3.3)
By utilizing the stretching operator to both sides of (3.3), we obtain
vec(V) = [, @ Vi@ Vi + I, @ (VA Vo) ®@ I, + V3 ® Vi @ I, Jvec(V)),
from which one can deduce that
vec(VoYY = (I, 115 — V(I © VE @ Vi + I, @ (VEVR) @ I, + Va © VI © I, )]vec(D)
= Myvec()')
= Myvec(Y! — V)
1 l * 1 l * 1 l *
= Myveel3 (1 — V") + 104~ ) + 1 (%4 - )
1 1o 1<
= MQVGC[gy{ + gyé + gy;lg]

= & Mslvec() + vee(F8) + vee(F4)], (3.4)

where My = Ir, 1,1, — Y1, @ Vi@ Vi + I, @ (VIVa) @ I, + Va3 ® VI ® I1,). From Line 3 of
Step 3 of the GI algorithm, it is obtained that

37:l3+1 =YV — (V' 51 Vi + D! %o Va+ V! x5 V3) x3 V4.

Let 37 = ()Nil x1 Vi + )~ﬂ x9 Vo + )71 x3 V3) X3 Vg, then straightforward computations give

V= (37 X1 Vi4+ Y %o Vo + D x3 V3) x3 V3
:;)NJI x1 Vi X3 Vg-l—.f)l X9 Vo X3 Vg—l—j’l Xg(VgV;g)
=Y x1 Vi xo I, X3 V3T+)~7[ x1 I, X2 Vo X3 Vg,T—i-JN)l X1 I, X2 I, X3 (V:J,TVS)‘

By taking the mode-1 matricization of 37, it has

Yy = ViV (V3 @ I,) " + I, Vi) (V3 @ Vo) T+ I, Yy (Vi Vs @ I1,) ™. (3.5)

Then using vector stretching operator to both sides of relation (3.5) and applying Lemma 2.1
yield that

vec(V) = [VE@ I, @ Vi+ Vi@ Vo I, + (VI V) ® Ip, © I, Jvec(D).
As a consequence, the following result is valid

vee(Vs™) = (I o1 —Y(VE @ I, @ Vi + Vi @ Va® I, + (VA V3) @ I, ® I, )Jvee(V)

= Msvec()')
= Mzvec(Y' — V*)



DGI and NMGI algorithms for Sylvester tensor equations 587

1 o1 \
- Mgvec[ V=Y + 505 =) + 505 = )]
1~

= Mgvec[gyl + gyg + gy;lg]

1 —~ ~ ~
= gMg[vec(yb + vec(h) + vec(V4)],

where M3 = I, 1,1, — Vi@ I, ® Vi+ VI® Vs ®IL1 (VT V3) ® I, ®IL1) Since vec(YIH1) =
[vec(ylH) + Vec(ylﬂ) + vec(V5HY)] and vec(yl) [vec(yl) + vec(VL) + vec(L)], it has

vee(JH1) = ; vee(FH) + vee(FE) + vee(FEH)]

1.1

~3gh Sy + 2 M) (vec(7) + vee(3R) + vec(33))

= (4\41 + a4 fMg)veCON/l). (3.6)
3 3 3

Let P=I, I, @ (ViV)+ I, @ Ve Vi+ eI, Vi+ I, VIie Vi +1I, ®
(V2TV2)®1L1—|— Vs ® V2T®IL1+ Vg®fL2® Vi + Vg@ V2®]Ll+(VgV3)®[L2®IL1 =
(I, @I, @ Vi+11,® VoI, + Va@I,® I, ) "I, ® I, @ Vi+11,® Vo Iy, + Va1, ®1I1, ) = MTM
with M = IL3 I, @ Vi+ 1, ® Va ® IL1 + V3 ® I, ® Ir,,. Then it follows from (3.6) that
vec(PH1) = (3Mi+5Mo+ 1 L M3 )vee(Y!) = 231, 11, —YP)vec(V') = (I, 151, — 3 P)vec(Y') and
I 1,1, — 3P is the iteration matrix of the GI algorithm. By assumptions, (2.1) has a unique
solution, thus M is of full column rank and hence P = MTM is a symmetric positive-definite
matrix. Let \; > 0 (i = 1,2,- L1L2L3) be the eigenvalues of P, then p(Ip, 1,1, — 3P) =

max {[1 - 3N} = max{|1 2 Amin; |1 — 3 Amax|}. By some calculations, it holds that
1<i<LiLoL3

1= Dhin, iy < 5

x+)\ in’
p(IL1L2L3 - %P) = e i

Y .
I — 1, iy > — >
3 e 7 )\max + >\min

When v < m, p(Ir, 1,15 — 3 P) = 1 — 3 Aqin is monotonic decreasing about v. And when
v > m, p(Ir 1oL — gP) = g)\max — 1 is monotonic increasing about the variable v, then

the optimal parameter yop¢ is
6

Topt = )\max + )\min .

Taking yopt into p(I— 3 P) = 1 — 3 Apin leads to the optimal convergence factor popy = ;\\Z:iim

According to the framework of the GI algorithm, it can be observed that the Step 3 of this
algorithm may consume much time when the matrices V; (i = 1,2,3) are large and dense. In
order to reduce the computation of the GI algorithm, motivated by the ideas of [18,37], we
replace the system matrices V;.T (1 = 1,2,3) by their diagonal parts in the GI algorithm. This
can reduce the computing time of each iteration of the GI algorithm, and the total calculation
time decreases. In view of it, we will design a new algorithm called the diagonal GI (DGI)
algorithm for the Sylvester tensor equation (1.1). The derivation process of the DGI algorithm
is as below.
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We first split the system matrices V; into V; = D; + C; (j = 1,2,3) with C; and D; being
the non-diagonal and diagonal parts of Vj, respectively. Then from (1.1), we can deduce that

YVxiVi+YxoVo+YVx3Va=W =Y x1 (D1 +C1)+Yx2Va+Yx3Vz=W,
YVxiVi+YxoVa+Yx3Va=W =Y x1Vi+)Y xo(D2+Ca)+Y x3Vz =W,
YVxiVi+YxoVa+Yx3Va=W =Y x1 Vi+YxaVo+)Y x3(D3+C3) =W,

which results in

YVx1D1=W-=Yx1C1 =Y x2Vo =Y x3V3,
VxoDy=W-=Yx1 V] =Y xa0C; =Y x3 V3,
yX3D3:W—yX1‘/1—yX2%—yX303. (37)

Based on the GI algorithm and (3.7), we establish the following diagonal GI (DGI) algorithm.

Algorithm 3.2. The diagonal gradient-based iterative (DGI) algorithm:
Step 1. Given matrices Vi € RIxI 1, ¢ RE2xl2 1, ¢ RE3XIs 5 tensor W € RI1xl2xls
and two constants 7,7 > 0. Choose the initial tensor J°, and set [ = 0.

_ WY =Y X Vo=Yixa Vsl IRl . ;
Step 2. If 7; = V=51 V=305 Va— s Vs — RO < ' stop; otherwise, go to Step 3.

Step 3. Compute V't by the following procedure

W=V 4R xa Dl
VI = Y4 AR x4 DT,
VI = Y4 AR x5 DY,

I+1 [+1 I+1
piet ATV Y
3

Step 4. Set [ := [+ 1 and return to Step 2.

In what follows, by using the techniques applied in Theorems 4.1 and 4.2 in [18], we de-
duce the sufficient convergence condition, quasi-optimal parameter and the corresponding quasi-
optimal convergence factor of the DGI algorithm in the following two theorems.

Theorem 3.2. Suppose that the assumptions in Theorem 3.1 are valid, and Re(\,) > 0 with
Ap (p=1,---,L1LyL3) being the eigenvalues of GF{ Go, where

Gi=11,011,D1 + I, ® Do @ I, + D3 ® Ir,, ® I,
Go=1I1, 1, @ Vi + I, @ VoI, + V3a® I, ® I,

Let Imy = e [Im(\y)|, Remax = 1§prgnLai)EQL3{Re()\p)} and Remin = 1§p£132L3{R6(Ap)}.

Then the DGI algorithm is convergent provided that

6 Rem;
MR as Imy > /Remax Remin »

0<~< Refmn+1’m%’
6 Remax
R4 Im2’ as Imy < \/ RepaxRemin -
max 1
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Proof. Define the error tensors
Y=y -y, V=Yl -y (j=123)
It follows from the expression of y{“ in the DGI algorithm that
yiﬂ = YAV x1 A1+ D' X9 Ag 4+ V! x5 A3) xq DY (3.8)
Let Z = (J7l x1 Vi + A X9 Vo + V! x3 V3) X1 DlT. By making use of Lemma 2.1, it has

Z = (jﬂ X1 V1+3~}l X9 V2+3~}l X3 Vg) X1 DlT
:)7[ X1 (D1TV1)—|—j7’ X1 DlT X9 VQ—I—jﬂ X1 DiTX3 V3
:jl X1 (DlTvl) X9 IL2 X3 [Ls —|—j}l X1 DlT X9 V2 X3 IL3 —|—§l X1 DlT X9 IL2 X3 V3.

By taking the mode-1 matricization of Z, we have

2y = D Vidyy (I, ® I,) " + DIV} (I, @ Vo) + DIV (Vs @ In,) ™. (3.9)
Then taking the stretching operator into both sides of (3.9) yields that

vec(Z) = I, ® I, ® (DI V1) + I, ® Vo ® DY + V3 @ I, @ D{Jvec(V").

Let My = I, 1,1, — v(Ip, ® I, ® (DTVY) 4+ I, ® Vo ® DI + Vi ® I, ® D). Then it follows
from (3.8) that

vec(VIh) = (I 11y — Y1y ® I, @ (DY V1) + Iy @ Va® DI + V3 @ I, @ DI )]vec()')
= ]\Zvec(f)l)
= ]\Zvec()ﬂ -
— 1 1 1
= Mivec[3(V1 = Y7) + 5002 = V") + 505 = ")
1o 1~ 1~
— Mlvec[gy{ + gyé + gyé]
_ %]\Z[vec(y{) +veo(IL) + vee(FL)]. (3.10)

In view of the expression of )/é“, it has
Vet = Y — (V' %1 Vi + V! xo Vo + Y x5 V3) x2 DJ. (3.11)
Let Z = (JNJZ x1 V1 + jivl X9 Vo + fl x3 V3) Xo DQT, then we can deduce that

22 (yl X1 Vl—{—j}l X9 VQ—Fj}vl X3 Vg) X9 D2T
:fl x1 Vi X9 DQT—Fj}Vl X9 (D2TV2)+J~Jl X9 Dér X3 V3
= V! xy Vi xo DI x5 I, + V' %1 I, xo (DFVa) x3 Iy + V' x4 11, xo DY x5 Vs,

in terms of Lemma 2.1. By taking the mode-1 matricization of Z , it holds that

2(1) = Vlj}él) (IL3 ® DQT)T + [Llj}él) (IL3 ® D2TV2)T + ILlj}él)< V3 ® D2T) T (3'12)
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Using stretching operator to both sides of (3.12) leads to
vee(Z) = [I, @ DT @ Vi + Ip, @ (DI Vo) @ I, + Vs ® DI @ Ip, Jvec(D)). (3.13)

Let My = I, 1,1, — (I, @ DT @ Vi+ I, @ (DI Vo) @ I, + Vs® DY @ I1,). Then the combination
of (3.11) and (3.13) results in

vec(VetY) = Iy 1o15 — V(I © DY @ Vi + I, © (DI Vo) ® I, + Vi ® DY @ Ir,)]vec(D')

= ]\/ngec(f)l)

= J’\szec(yl ~ V)

1 sy o L *
= Myveels (%) — V") + 304 = ") + 5 (0% - 77)]
— 1~
= M2V€C[§y1 + gyz + gy:lz]
1 — ~ - ~
= gMg [vec(DL) + vec(Dh) + vec(JL)]. (3.14)
Besides, from Line 3 of Step 3 of the DGI algorithm, we have
jjé—’_l = jl — ’y(j}l x1 V1 —|—yl X9 Vo —I—j}l X3 V3) X3 Dg

Let Z = (JN)Z x1 Vi + Y xo Vo + P! x3 Vi) X3 Dg, then it can be derived that

= (V' x1 Vi+ Y xg Vo4 D! x3 V3) x3 DI
=Y x1 Vi x3 DT + Y x5 Vy x5 DI + Y x5 (DI V3)
:)7[ X1 Vi Xg IL2 X3 Dg-f-j)l X1 ILl X9 Vo X3 Dg—{—j)l X1 ILl X9 IL2 X3 (DgV3)

By taking the mode-1 matricization of Z. it follows that
Zay = ViVy(D3 @ Ir,) " + 1, V) (DF @ Vo) T + 10, Yy (D Vs @ I1,) ™

Taking straightening operator into both sides of the relations Z and yl“ results in
vec(Vs™) = (I 11 — Y(D¥ @ I, ® Vi + DI @ Va @ I, + (DI V3) @ I, ® I, )Jvec(V')
= ]\%vec(f/l)
= Mzvec(Y' — V")
= Myvec 5 (% — V") + 5 (0% = ¥) + 5 (0% = V7))
—~ 1y 1~ 1<
= Myvec[; Vi + 3V + 3V
1~ ~ ~ ~
=3Ms [vec(V1) + vee(V3) + vee(I3)],

where My = Ip, 1,1, —v(Di © I, ® Vi + DI @ Vo ® I, + (DIV3) @ I, ® Ir,). Owing to
vec(YH1) = é[vec(ylﬂ) —|—Vec(yl+1) +vec(yl+1)] and vec()') = 1 [vec(yl) —l—vec(yQ) —|—Vec(y3)]
we have

vec(YH1) = é[vec(j}iﬂ) + Vec(ylﬂ) + Vec(ylﬂ)]
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= S+ 30y + £ 1) (vec(3R) + vec(3R) + vec(33))

l— 1— 1—

Let

P =1, @I, ®(D{Vi)+ I, ® Vo DI + V3 ® I, ® DI
+ 1, DI @ Vi+ I, @ (DIVo) @ I, + Va® DI @ I,
+Dion, e Vi+Die Voo Iy, + (D)@ I, ® I,
=(In, ® I, @ Dy + I, ® Do @ I, + Dy @ I, @ I, )"
X (Ig @I, @ Vi+ I, @ VoI, + Vs ® I, @ In,)
=Gl Gy, (3.16)

which together with the forms of ]\/\4/1, ]\7[/2, ]\A/./tg and (3.15) gives

~ 1~ 1~ 1~ - 1 ~

vec(YHH) = (ng + §M2 + §M3)Vec(yl) = (I 1,05 — gfyGlTGg)vec(yl).
Then the matrix Iy, 1,1, — %fy GIT (3 is the iteration matrix of the DGI algorithm, and hence the
DGI algorithm is convergent if and only if p(Ir, 1,7, — %fy GTGy) < 1. Tt is not difficult to verify
that

1 1 .
Aillniang = 376 Go) = 1= 290(GI Ga)s i = 1,2, L1 Lo Ls.
We will study the condition of v such that p(I,1,z, — 37GL G2) < 1. Let \(G{ Ga) =

Re(\;) +iIm(\;) (i = 1,2,--- L1LyL3) be the eigenvalues of the matrix GY Ga, then p(Ir, 1,1, —
%leTGg) < 1 is equivalent to

1 1
INi(1LyLy1s — gWGszﬂ = |1 — —v\(G Ga)|

3
1 1 .
=1- nge()\i) - g’ylm()\i)ﬂ

= \/(1 — é’yRe()xi)y + (%VIm(Ai))Z

<1, (3.17)
which together with Re(\;) > 0 for i = 1,2--- L1 Lo L3 results in

6Re(\;)

0 i .
Rt 1<i€IhLaLs Re(X;)? + Im(X;)?

(3.18)

Then, it follows from straightforward computations that a sufficient condition for guaranteeing
(3.18) holding is

0<~< A 3.19
7S 1<ifhiLaLs Re(N)? + Im? (3.19)
o . . _ t . .
where Im; = 131'2;?)52@ |Im(A;)|. Define a function h(t) = FERyn t € [Remin, Reémax] with
Remax =  max  {Re()\p)} and Remin =  min  {Re(\p)}. With concrete computations,

1<p<LiL2L3 1<p<LiL2L3
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2 42
we obtain A/ (t) = % Below we distinguish three cases to discuss:
1

(i) If Imy > Remax, then h(t) is monotonically increasing with ¢. Thus it follows that

. 6R6’(/\i) 6R€min
“min 3 7= 53 5 -
1<i<LiLsLs Re(N;)2 +1Im{  Re?. + Imj

min

(3.20)

(ii) If Imy < Remin, then h(t) is monotonic decreasing about ¢, which leads to

GRG()\Z) 6 Remax

\<itlilals ReO0)2 + Im?  Re2. + Im2’
SIS Lyl li3 (AWaYi + ml €maX+ ml

(3.21)

(iii) If Remin < Imy < Remax, then by some calculations, it holds that

%, if fmy > v/ Remax Remin |
6Re(\i) Reg i, + Imy

min B ¥ ——
1<i<LyiL2Ls Re()\Z)Q + Im% 6Remax i Iml < \/W .
Re2 + _[m%’ — max min

max
We obtain the following results by summarizing the above discussions

6 Remi
%, as Imy > V Repax Remin
Re; i, + Imy

6R max
“ma as Im; < v/ RemaxReémin -

2 29
Reg . + Im]

0<y<

The proof of this theorem is completed. O

Theorem 3.3. Let the conditions of Theorem 3.2 be satisfied, then the quasi-optimal parameter
Yopt and the corresponding quasi-optimal convergence factor of the DGI algorithm are

(1) If Im1 > v/ Remax Remin, then

3Remin
Re2. + Im?’

min

Im1

\/ R, + Im?

1
Yopt = Popt(IL, LyLs — g’YGsz) =

(2) If Imy < v/ RemaxRemin, there are two cases:

. 6 . 2 Remin(R@max*Remin) _ 6
(i) When 0 < v < go—p—, if Imj < 2 s then Yopt = Fer SR, 0N

1 T (Remax—Remin)2+4Im? 2 Reémin (Remax— Remi
PoptIL 1,1 — 37G1L G2) = v Remmet Remm - 4 Tmi 2 wind PR mm)’ then Yopr =
3Remin
—S=emin__ and
Re?nin—"_lm%
1 Im
T 1 .
popt(ILngLg - §7G1 GQ) - 5 27
Rez ;. + Imy

.. 6 < _ 6Remax = 6
(ZZ) Wh@n Remax+Remin — /y < Remax+lm%} then ’yOpt - Remax+Remin and

\/(RemaX — Remin)? + 4Im%

1
popt(IL1L2L3 - ngGlTGb) = Re + Re.;
max min
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Proof. Define the function B(Re();), Im(\;)) = (1 — 3yRe(A;))? + (37Im(\;))? with respect
to Re(\;) and Im();). Inasmuch as B(Re();), Im()\;)) is increasing about Im()\;)?, we have

1

(gfy]ml)Q]. (3.22)
Moreover, we can deduce that maxB(Re();), Im1) = max[B(Remax, Im1), B(Remin, Im1)], from
which one can deduce the following result

max B(Re(\;), Im(\;)) < max B(Re(\;), Imy) = max[(1 — g’yRe(/\i))2 +

1 1 . 6
(1- g’YR@min)2 + (g'yIml)Q, ify < Reo+ Rer
maxB(Re(\;), Imy) = 1 1 max 6 B (3.23)
1—-4R 24 (GyIm)?, iy > ——————
( 3’7 emaX) + (37 ml) ’ ! ’y - Remax—'l_Remln
If Imq > / Remax Remin, then it holds that
6 Remin < 6
R min + Iml Remin + Remax .
Therefore, it follows from (3.23) that
1 1
maxB(Re()\;), Imy) = (1 — gfyRemin)Q + (g’y]ml)Q.
By some calculations, the minimum point of maxB(Re(X;), Im1) is Yopt = %.
In addition, if Im; < v/ RemaxRemin, it follows that
6 Remax S 6
R€I2nax + Im% o Remin + Remax '
Then, there are two cases to consider:
(i) Ifo < v < m, then it follows from (3.23) that maxB(Re(\;),Im;) = (1 —
1 2 1 2 : : = _ 3R min 2 R min(R max—R min)
3YRemin)” + (57Imy1)?, which yields that Jop; = m. If Im; < =< s min) " then

6 < 3Remm
Remax+Remin Re? +Im

min

is valid. Taking into account that maxB(Re(\;), Imp) is decreas-

ing about ~ in the 1nterval (0, ﬁ], it has yopt = ﬁ. Besides, if Im? >
max min min max
Remin(Remafoemin) Remin 6 . Remm
2 ’ then Re ?nm""[m% S Remax+Remin and hence 70pt " Re mm+]m1

(i) If m << R;Reifm, then from (3.23) we can obtain maxB(Re(\;),Im) =

(1- %'yRemax)z + (%'ylml)Q. After some computations, we derive Jopy = R%ii‘f}‘m%
. . . . : 3R max
maxB(Re(\;), Imy) is increasing about 7 in the interval [m, +00) and

Since

6
Remax+Remin —

3Remax . P . . . 6

Rz L We conclude that max B(Re(A;), Imy) is increasing about v in the interval [g—7 —,
6 Remax _ 6

e Im?] and therefore yop; = T - O

Algorithm 3.3. The new MGI (NMGI) algorithm:
Step 1. Given matrices Vi € RIv<l 1, ¢ RE2xl2 V¢ RE3XLs 5 tensor W € RI1xLexls
and two constants 7,7 > 0. Choose an initial tensor )°, and set [ = 0.

W=t ViV xa Va=Yixs Vsl Rl
Step 2. If 7 = IW=Y0x1 Vi—Y0x3 Va—)0x3 V]| — RO

< n, stop; otherwise, go to Step 3.
Step 3. Compute Yt by the following procedure
V=V 4R D,
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j;/l B y{-f—l +yl +yl
==l
Y = 5 4 Rixa D,
5 YHL Lyt |yl
— . ,
ylﬂ yl + VﬁlX:%Dg,
YL L Y 4yl
2 )

I+1
y-i—

Step 4. Set [ := [+ 1 and return to Step 2.

Theorem 3.4. The NMGI algorithm is convergent if the parameter v is selected to satisfy
201+ 30203 + 510 + 424304 + a1 < 1, where

a1 = |[In, — DI Villz + vl Dill2|| Vallz + ¥l Dall2]l V32,
1 1 1
a2 = |In, — §7D1TV1H2 + nglDllle Vall2 + §7||D1||2H V3|2,

a3 = |[In, — v D3 Vall2 + [ D22l Villz + ]| D212 V3]l2,
a1 = | Iy — v D3 Vall2 + ]| Dsl2l| Villz + ]| Ds|l2|| Vallz-

Proof. We define the error tensors
= =
yl :yl _y*7 yl :yl _y*’ yl :y _y*’ yé-&-l :yf—‘rl _y* (Z — 1’2’3)
According to Line 1 of Step 3 of the NMGI algorithm, it follows that

§l1+1 :j}l —’Y(?l x1 Vi +7l X2 V2+§l x3 V3) x1 Df’
_ —731 x1 (D{ V7) —7§l x1 D X2 Vy _7§l x1 Dy x5 Vs
_ Py, (I, — vDI'W) _7?1 x1 DI %y Vs —7})1 x1 Di x3 V3. (3.24)

By making use of the expression of V! in the NMGI algorithm, we deduce
yl X1 ILl ’)/Dl V1 — *")/yl X1 Dl X9 V2 — *’Y?l X1 Dl X3 Vg. (3.25)

From the expression of yl“ in the NMGI algorithm, we derive

?H_l 3 ylxl V1+y X9 Vg—i-y X3 V3]X2D2
= yl —V[yl x1 Vi xo DI + yl xo Dy Vo + yl X2 Dj x5 V3]
:>l T :>l T :>l T
= y X9 (IL2 —’}/DQ VQ) —’)/y X1 V1 X9 D2 —732 X9 D2 X3 V3. (326)

In view of the expression of y};rl in the NMGI algorithm, it has

ylﬂ 5

= ? gl

X1 V1+y X9 Vg-l-y X3 Vg] ><3.D3

?
=2 = T
Yix 1V1><3D3+y xo Vo x3 D + V' x5 (D] V3)]
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jl T jl T jl T
= y X3 ([L3 —’}/D3 Vg) —’yy X1 V1 X3 D3 —’yy X9 V2 X3 D3. (327)
The combination of Lemma 2.2 and (3.24) leads to
1P = 13 x4 (I, — DT VA) =/ ¥ xy D x3 Vo — 42! % DI x5 Vi
< 1P 1 (I, — v DT V)| + 41D x1 DI s Val + 7] P! 1 DF x5 V|
<1311, = DT Villa + A1 P D1 Lol Valla + A P Dl Va2
= ||§l||[HIL1 — D Vo + || Dall2|| Vall2 + [ D1ll2]| Val|2]
= |, (3.28)

where q; = || I, — vD{ Villa + || D1ll2]| Vall2 + 7| D1ll2]| V3|2 Besides, it follows from (3.25) that

= 1 1 1
”ylH = Hj}l X1 (ILl - §7D1TV1) - g’Yyl X1 D1T Xo Vo — g,y?z X1 D1T X3 V3H
1 1 1
< IV x1 (I, = 37DI VD) + 570 xa DT Vall + 3911V 1 D s Vi

3

<1l — vDI Villa + fyu?lmwln | Valla + vuiluumn 1 V]l

= 1202z, — le Villa + V||D1|!2||V2H2 + 7||D1||2\|V3Hz}

= ) P, (3.29)

with g2 = |, — 37D{ Vill2 + 3711 D1ll2]l Vall2 + 37/ D1 l2]| Vsll2- It can be derived from (3.26)
that

IF4 = 170 x5 (T, — 7 DI Va) — 43! 1 Vi x DF — 73! x5 2 Df 3 Vi
< 13" %2 (I, —ADE Vo)l + 4 3" x1 Vi x5 D] +v|ryl <2 DY x3 Val
<13z, = ADT Valla + A1 D Valla Dl + A1 P 1 Dallall Vall
19Uz, — 4DE Valls + 1 Vill2| Dl + ~1Dallo Vo]
= q3|!57>1||7 (3.30)

in terms of Lemma 2.2, where g3 = ||I, — DI Valla + 7| V1|2 D22 + || D2||2|| V3||2- By Line 4
of Step 3 of the NMGI algorithm, it holds that

= 1 1 1
IYl= 159+ 535+ 3 P4l

1 1 1

< I+ 1P+ I

1 TR e TR Sy

< Z — Z

< sal )+ 5asll Y+ 5157

1 1 1

< fqlui“n + fq3q2||5”|| + 519
1
-5

R A (3:31)
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By applying the Frobenious norm to (3.27) and using Lemmas 2.1-2.2, we get

o 4 - -
||§é+1\| = | V! x3 (I — yDIV3) — 4V x1 Vi x3 DI — 4! x5 Vo x3 DI|
jl T jl T :>l T
<" x5 (I, = ¥DFVa)ll + 71 V' x1 Vi x5 DY + 411" x2 Va x3 DY
jl T jl jl
< VM zs = YDY Valls + IV Vill2l Dallz + 1 V11| Valle | Dalla
=
= |9 llllZz, — ¥DF Vallz + A1 Vllal| Dsllz + 7 Vellzl| Dsll2]
=
= a| V', (3.32)
where g4 = || I, — 7D§V3||3>+ Y Vill2||Dsll2 + ]| Vall2||Dsl|2. The combination of (3.31) and
(3:32) gives 17571 < aall V')l < qaldar + Sasge + 3119 which combines with |5 <
asll V1l < a52l| P and [P < a| Pl Teads to

1 1 1
IV =1 P+ g I g I
1 1 1
< I+ I P+ 51 5

1 1 1.1 1 1
< 30l + 30wl V' + 5 Goa + 3eaa+ 50

— [2q1 + 200 + ~1gs + 202008 + waal| P
= 3Q1 3QQQ3 9(]1Q4 9<I2Q3Q4 QQ4

1 1 1 1 1
< [§q1 + 34203 + g0 + 5420304 + §q4]l+1|!52°|!.

Thus if %ql + %QQQ:), + %q1q4 + %QQ(]3Q4 + $Q4 < 1, then l_l)i_irfloonyl"'lu = 0 and therefore Y} —
Y*(I = +00), i.e., the NMGI algorithm is convergent. O

4. The DGI and NMGI algorithms for the coupled Sylvester ten-
sor equations

In this section, we extend the DGI and NMGI algorithms to solve the more general coupled
Sylvester tensor equations, whose form is as follows

Y x1 Vi+Yxo Vo+ )Y x3 Vz=W,
Vx1Ti+YxoTo+Y x3 T3 =Wy,

(4.1)

where Vi, Ty € Rivxln v, T, € Rlzxle yy Ty € RE3XLs W, Wy € RExL2xIs  gnd the
unknown tensor Y € RI1x12xL3 peeds to be computed.
Based on the hierarchical identification principle, we can establish the following GI algorithm

for solving the coupled Sylvester tensor equation (4.1).
Algorithm 4.1. The gradient-based iterative (GI) algorithm:
Step 1. Given matrices Vq, Ty € Riv<l v, Ty, € REexl2 Vi, Ty € RE3XI3 two tensors
Wi, Wy € REv<L2xLs and positive constants «, 7. Choose the initial tensor )°, and set [ = 0.

VW1 =Yix1 Vi—Yixo Va—Ylxs V|24 Wa =V x1 T1 =Y xo To— Yl x5 Ts|2
\/||W1—y0><1 Vi=Y0Xo Vo—YOx3 V3|24 |[Wa2—=YO0x1 T1 —YOx o To— YO x3 T3|?

Step 2. If ; =
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< n, stop; otherwise, go to Step 3.
Step 3. Compute Y1 by the following procedure

Ry =W =V 51 Vi =V xo Vo — Y x5 Vs,
RY =Wy =V x1 Tt — V! xa Ty — V! x3 T,
V=Y 4R > VT,
Vit =Y+ 4R x2 V3,
VI = Y+ 4R x5 VY,
Vit =Y+ R > T,
Vit =V 4R %o T3,
Vet =Y+ Ry x5 T4,

YL L YL ikl il yled gyl

41 _
Y 6

Step 4. Set [ := [+ 1 and return to Step 2.

We decompose the system matrices V; into V; = D; + C; (j = 1,2, 3) with C; and D; being
the non-diagonal and diagonal parts of V}, respectively. Meanwhile, we split the system matrices
Tj into T; = Dj; + Cj; (j = 1,2,3) with C}; and Dj; being the non-diagonal and diagonal parts
of Tj, respectively. Then it follows from (4.1) that

VxiVi+YxaVoa+YxgVs=W1 =Y x1 (D1 +C1)+Y x2Vo+Yx3Vz =W,
VxiVi+YVxoVa+ Y x3Vs=W; =Y x1 Vi +)Y xa (D2 +Ca) +Y x3 V3 =W,
VxiVi+YVxaVa+ Y x3Vs=W; =Y x1 Vi1 +)Y xaVa+Y x3(D3+C3) =W,
VYxiTi+YxoTo+Yx3Ts =Wy =Y x1 (D11 +Ci1)+YxoTo + Y x3T5 =Wy,
VYxiTi+YxoTo+Yx3T3 =Wy =Y x1T1 +Y X3 (Do + Co2) + Y x3T5 =Wy,
Vx1T1+YxaTo+ Y x3T3 =Wy = Y x1T1+ Y x2Ta + Y x3 (D33 + C33) = Wh.

(4.2)
Equations (4.2) directly lead to the following results
YVx1 D1 =W =Y x1C1 =Y xaVo—=Yx3Vs, YVxoDy
=W =Y x1 Vi =Y x2Cy =Y X3 Vs,
Y x3D3 =W =Y x1 Vi =Y xa2Vo—=Yx3C3, Y x1 Dy
=Wo =Y x1C11 =Y x2Tp =Y x3 T3,
Y X9 Doy =Wo =Y x1T1 =) x2Co =Y x3T3, YV X3 D33
=Wo —Yx1Th =Y x2T5 — Y x3Css.
(4.3)

By combining (4.3) with the GI algorithm, we can establish the following diagonal GI (DGI)
algorithm.
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Algorithm 4.2. The diagonal GI (DGI) algorithm:

Step 1. Given matrices Vq, Ty € Rixl v, Ty, € RE2xl2 v, Ts € RE3XI3 two tensors
Wi, Wy € REv<L2xLs and positive constants v, 7. Choose the initial tensor )°, and set [ = 0.
VW1 =Yix 1 Vi—Yixo Va—Ylxs V|24 Wa =V x1 T =V x o To— Yl x 3 Ts|2

VIIWL=Y0x1 Vi=Y0x 5 Va—Y0 x3 V3|2+|[Wa—Y0x1 T1 —Y0 x5 To— YO0 x 3 T5||?
< 7, stop; otherwise, go to Step 3.

Step 2. If 1; =

Step 3. Compute Y1 by the following procedure
Ry =W =V x1 Vi =V xa Vo — Y x5 V3,
RY=Wo =V x1 T1 = Y xo To — Y x3 T,
Vi =Y+ yRE <o D,
Vit =Y+ 4R x4 D],
Vi =Yt 4R} x5 DY,
Vit =Y+ Ry > Dy,
Vit = V' + 4R x2 D,
Vit = Y+ yRY x5 D,

y{+1 _{_yéJrl + yéJrl +yi+1 _|_yé+1 +yé+1

I+1 _
Y 6

Step 4. Set [ := [+ 1 and return to Step 2.

We will discuss the convergence properties of the GI algorithm for the coupled Sylvester
tensor equation (4.1), which include its convergence condition, optimal parameter and optimal
convergence factor.

Theorem 4.1. Let My = [L3 ®IL2 ® Wi +IL3 & V2®IL1 + V3®[L2 ®IL1, Ny = IL3 ®IL2 ® T+
I, @ To® I, + T3 ® I, ® I, , and Amax and Amin be the mazimum and minimum eigenvalues
of the matrix MlTMl + NlTNl, respectively. Suppose that the coupled Sylvester tensor equation
(4.1) has a unique solution Y*. Then the GI algorithm is convergent if and only if

12
O0<y< =—.
max

And the optimal parameter y,p; and the corresponding optimal convergence factor pop: of the GI
algorithm are

12 Xmax - Xrnin

Yopt = = > Popt = m

>\max + Xmin

Proof. Define the error tensor )71 = Yl —Y*. Tt follows from the framework of the GI algorithm
that

Y=yl %(Rl1 x1 VI +RL xo VI +RY x5 VI 4+ RL xq TT + RL %o T + RL x5 TT).
Inasmuch as

RQ:WI—ylxl Vl—leQ VQ—yl X3 V3:—(§ZX1 Vl—l-j}l X9 Vg—l-:)N}l X3 V3),
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RE =Wy =V 5y Ty =V xg Ty = V! x3 Tz = —(V! x1 Ty + V! %o To 4+ Y x5 Ts),
it has

yit—yl _ Z[jivl <1 (VIVA) xg Iy x5 I, + V' x1 Vi o Va g I, + V' 5y VT xg I,y x5 Vs
6

D)y Vi xa Vi g Iy + V! xy Iy <o (Vol Va) X3 Iy + V' xq Iy xa Vil x3 Vs
+V! 5y Vi xg Iy x3 ViE + Y xq I, xo Vo xz Vil + Vb sy I, xo 11, x3 (Vi Vs)
V! 5y (TETY) xo Iy x3 Iy + Y xa T xo To x3 I, + V' 5y TE xo I, x5 T
V! )y Ty xo T X3 Iy + V' xq Iy xo (T4 To) x3 Iy + V' x1 Iy x2 T x3 Ty
+VE )y T xo I, x3 TE + V! xy I, xo Ty x3 T4 4+ Y xq I, %o Ir, x5 (T4 Ts)]. (4.4)

Applying straightening operator to (4.4) yields that

Vec(jl—&-l)

= Vec()jl) — %

I, @ (Vi) @I, + Vo Vi @I, + Vi @ I, @ W
+Vi @ Va® I, + (V5 Va) @ I, ® I,
I, @I, (T T+ I, T T + T3 R I, 9TL + 11, @ T4 @ T
I, @(TET) @I, + T3 Ty @I, + T4 @I, @Ty + T4 @ Ty ® I,
+(TTTy) @ I, @ Ip,,]vec(P)
= vee(V) = Ly ® I, ® Vi + 11, ® Vo @ Iy + Vs @ I, @ I1,)”
X(In, @I, @ Vi+ 11, @ Vo I, + Va® I, ® I1,)
(I, @I, @ T+ I, @ o I, + T3 ® I, @ I,) "
XTI @1, @ T1 + 11, @ To@ I, + T3 ® I, ® le)]VGC(S/l)
= vec(Y!) — %(MlTMl + NTNy)vee(D)

I, @I, @ (VIV) + I, VoV +Va@ I, @V + 1, 0Vy) @W

~ M ~
= vec()!) — % (MlT NlT) Nl vec()')
1

.= vec(J') — %KTKvec(f)l)

= (Iny 1oty — %KTK)veC(JN/l),

My
where K = . Hence Iy, 1,1, — %KTK is the iteration matrix of the GI algorithm. By

Ny
assumptions, (4.1) has a unique solution, then it holds that the matrix K is of full column
rank and hence KT K = M{ M; + N{ N; is a symmetric positive-definite matrix. Let \; > 0
(i = 1,2,---,L1LaL3) be the eigenvalues of M{ My + N{ Ny, then p(Ip 1,0, — %KTK) =

19?5?}22%{\1 — AN} = max{|1 — I Aminl, |1 — ZAmax|}. Then the GI algorithm is convergent if

and only if p(Ir, 1,1, — 1 KTK) = 1<igll,8;)£2L3{’1_%Xi’} < 1, which is equivalent to 0 < vy < Tix’
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In addition, by some computations, we have

3 . 12
g = i i 7S 5
IO(ILlLQLg - EKTK) = e max i min
*)\max - 1, Zf NS =
6 )‘max + >\min

When ~ < %, oI, Lors — %KTK) =1- %)\min is monotonic decreasing about ~.
And when v > %, P(IL Lors — TKTK) = ZAmax — 1 is monotonic increasing about the
variable 7, then the optimal parameter vypt is

12
Yopt = =——————.
max + )\min

Taking Yopt into p(Ir, 1,05 — K TK)y=1- %Xmin yields the optimal convergence factor popt =
Amax—Ami
7max 7mln D

Amax+)\min )
In what follows, we establish the convergence properties of the DGI algorithm for the coupled

Sylvester tensor equation (4.1).
Theorem 4.2. Assume that the conditions of Theorem 4.1 are satisfied, and Re(5,) > 0 with

, , . M, My
dg (g =1,---,L1LoL3) being the eigenvalues of Ki{ K, where K1 = | |, K = and
Ny N

My=1I5,®1I1, 9D+ I, @ Do @ I, + D3 @ I1,, ® I,
Ny =1, @I, ® Diy + Iy @ Doy ® I1,, + D33 @ I, ® I,
My =1, @I, @ Vi+ I, @ VoI, + V3® I, ® I,
Ni=1I,I1,@T1 + I, @ To@ I, + T3 ® I, ® I, .

Let I'my = 1§q1£r2al)22L3 |Im(dq)|, Remax = 1SqunLal)Eﬂ@~{Re(6q)} and Repin = 1gqglLlﬁ2L3{Re(5Q)}'

Then the DGI algorithm is convergent provided that

12Emin
f—) bR
Remin + Iml
12Emax
bR

ﬁ?nax + Iml

as Im1 > \/ RemaxReémin ,

0<y<
as Imy < \/ Remax Remin -

Proof. Define the error tensor jivl = Y — Y*. From the framework of the DGI algorithm, it
has

Y=yl %(Rll w1 DT+ RY x5 DI + RY x5 DI + RL x; DL
+R, x9 DIy + R, x5 DL). (4.5)

Applying straightening operator to (4.5) and making use of Lemma 2.1 yield that

vec(YH1) = vec(V') + %[(IL3 @I, ® D" + I, DY @ I, + DY @ I, ® I, )vec(RL)
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+(I, ® I, ® DI, + I, ® DL, @ I, + DI, ® I, ® I, )vec(RY)]
= vec()') + %[Milrvec(Rll) + N?Vec(Rg)]. (4.6)

Direct computations give

vec(RY) = —vec(V! x1 Vi 4+ Y x5 Vo + V! x5 V)
= I, @I, @Vi+ I, @ VoI, + Va® I, ® ILl)VeC(jZ)
= — Mjvec(Y'),

VGC(RlQ) = —Vec(jivl x1 Ty + Y xo Ty + V! x5 Ts)
= (I, @I, ® Ty + I, ® To® I, + T3 I, ® I, Jvec()')
= —Nyvec(YV).

Thus it follows from (4.6) that
vee(YH) = vee(Y') + %[vaec(”lill) + vaec(Ré)]
= vec(jﬂvl) — %(M{Ml —I—WITNl)VeC(jJVl)
= vee(V) — 3 (31] ) M e
Ny
.= vec(Y) — %KlTKvec(yl)

= (IL1L2L3 - leK)VeC(yl%

6
1 1
where K1 = | and K = . Hence Iy, 1,10, — %K?K is the iteration matrix of the
Ny N
DGI algorithm. Similar to the derivation of Theorem 3.2, we can obtain the conclusions of this
theorem. O

Theorem 4.3. Assume that the assumptions in Theorem 4.2 are valid, then the quasi-optimal
parameter vyopt and the corresponding quasi-optimal convergence factor of the DGI algorithm are

(1) Ifml > V Emaxﬁminy then

6Remin 1 or Imy
Yopt = —5  —=3> Popt(ILleLs - 67K1 K) - (— —
Remin + Iml Remin + Iml
(2) ]fml < \/m, there are two cases:
. 12 T2 Emin(ﬁmax_ﬁmin) e 12
(i) When 0 < v < 72— if Im; < > s then Yopr = e and
J— — — 9 — - J—
1 T (Remax*Remin)2+4Im1 72 Remin (Reémax—Remin
popt(IL1L2L3 . g,yKl K) — \/ o - ) If Iml > ( o ), then Yopt =
% and
Remitl+1m1 e
1 T Iml
popt(ILngLg - 67K1 ) = f—

Reoo + Im.



602 F. Li, Z. Huang, J. Cui & X. Zheng

12 12Re, 12
12 - _liRemax _ = ="
(ZZ) When REmax+Rem1n =7 < Remax"rlm? ’ then ’}/Opt Remax+Remin and

— — —2
\/(Remax — Remin)? + 4Im]
Emax + Emin ‘

1
popt(ILngLg - E’YKITK) =

Proof. The proof is similar to that of Theorem 3.3, hence it is omitted. ]
By applying the new update strategy to the DGI algorithm, we can construct the new MGI
(NMGI) algorithm for the coupled Sylvester tensor equation (4.1) as follows.

Algorithm 4.3. The new MGI (NMGI) algorithm:

Step 1. Given matrices V;, Ty € RivxI v, Th € RE2xl2 Vi, Ty € REBXI3 two tensors
Wi, W, € REv<L2xLs and positive constants v, 7. Choose the initial tensor )°, and set [ = 0.
VW1 =Yix 1 Vi—Yixo Va—Ylxs V|24 Wa =V x1 T1 =Y xo To— Yl x3 Ts|2

\/||VV1—370 X1 V1=YOxo Vo—=YO0x3 V3||2+||Wa—YOx1 T1 —YO X2 To—)0x 3 T3||?
< n, stop; otherwise, go to Step 3.

Step 2. If ; =

Step 3. Compute Y'*! by the following procedure

Vi =Y+ 4R X1 DY
N + 5!
yl+1 yl‘i"YﬁlMDm

. yl+1 +yl+1 +4yl

Y = 5 ;

ylH y + 7731 x3D5 ,
ST M Mok A
6 bl
Vit =Y ARy < Dy,
S T O O 4 Y 4 2!
6 M
yl+1 yl +,YR X2Dg2,
yl+1 +yl+1 +yl+1 _|_yl+1 _I_yl+1 +yl
6 M
yl+1 Y ’YRI ><3D337
yl+1 + yl-i—l +yl+1 +yl+1 +yl+1 +yl+1
6 .

Step 4. Set [ := [+ 1 and return to Step 2.

In the following theorem, we give the convergence analysis of the NMGI algorithm.

Theorem 4.4. The NMGI algorithm is convergent if the parameter v is selected to satisfy
w1 + waoly + w3ug + wauy + wsus + weug < 6, where

wy = ||I, = vD{ Vill2 + | D12l Vall2 + v D12l Vall2,
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wy = ||z, —vD3 Vall2 + yIIVa 2l Dall2 + vI| D22 V5|2,
w3 = ||z, — D3 Vsll2 + Vil Dsll2 + vl Vall2l| Ds|l2,
wq = |1z, — D] Till2 + vl Dull2]| Tall2 + Y| Dia ll2l| T2,
ws = || I, — D33 Tall2 + YI|T1ll2l| Dazll2 + ¥I| Dazll2]| T 2,
wg = || I, — D33 Tsll2 + Y| T1 /|2l Dssll2 + Y[ Tall2]| Dssll2,

. w1 5 . w1 wau9 2 _ w1 wauU2 ws3us 1
B R L L T S

_wy | woup | wauz  waug 1 Wy | WaUp | W3U3 | W4ly | W5U5 1
Us =g g 6 6 3T T T T T o

Proof. We define the following error tensors

~ =l ~1 o ~1 . ~1
V=Y—y ¥ =Py Y=Yy, Y=y, Y=y,
~1 , ~
Y=Y -y, Yy =yt yt (i=1,---,6).

According to Line 1 of Step 3 of the NMGI algorithm, it follows that

VL =YLy (P 5y Vi+ D o Vo + Y xg V) xy DE
:yl X1 (ILl —")/D1TV1) —’Yyl X1 DlT X9 VQ —73)’ X1 DlT X3 V3. (47)

Similarly, from the expressions of Y, I+1 yl“ yl“ yl“ and yl“ we have

—~l

~ ~
yHl y Xo (I, — yDIVy) —’Y? x1 Vi Xa -D2T_’Y§ xo DY x3 V3,
~I ~1
I, — D3 V3) =Y x1 Vi x3 DI — Y x3 Vo x3 Di,

P Z T sy (
ylﬂ x1 (I, — DL Ty) —757[ x1 D xo Ty —757[ x1 DI x5 T,
T = 3 o (I, — YD T) — 73 1 Tt xa DIy — 3 xa DLy x5 T,
Vi = y x3 (I, —YD43 T3) — 7331 x1 Ty x3 Dgs — 75’71 xo Ty x3 Di,

from which one can deduce that
IVE < I, = DI Vil + A Dilla | Valla + ] Dol Vallz) s= wr 3]
B < 1 1012, — 9DVl + 3VilllDall + Dl Valle) = s I
IS0 < 137 101z = 2D Valla + 21Vi o Dall + 21Vl D3 ) = wall 1,
I35 < 13 10z, 305 Tl + MDua b Tolla + 1 Dua o] Tolls) = w3,
I < 03 1z — ¥DB Talla + YT | Dazll + 71Dzl Tl2) = s 1,

Y611 < HS/H(HILg — D33 Tsl2 + Y Thll2| Dssll2 + 7| T2 l2l| Dssll2) = w6\!3~>l!!, (4.8)

in terms of Lemma 2.1. By making use of Lemma 2.2, it holds that

w1
< (—
_(6+

—~l 41 !
Yy + 5[]V 1SS S
19 < sl 2T = wall 3,
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||y+1||+\|y+1\|+4\|ylll wauy | 2~ S
171 < : < (4 221 515 = w3,
VI A+ VS A+ IVE Y+ 31 _ wr | waup | wsug 1 i
< < (== 4 =2 - —
3 ) - < (G4 2 I L ) = )
||J~7l|| < IV 15+ VS + 15+ 219
6
w1 wauU2 ws3us w4y 1 =~
< (B4 2 T B 1
= us|| Y]],
IIJJ | < IV A+ VS + IV + IV + IV ]+ 19
6
Wi | WUy | W3UZ | W4U4 | WsUs } ~
= u6||yl||. (4.9)

Therefore, it is obtained from (4.8) and (4.9) that

)l )l 1)l ! ol )l
IV 195+ 1Y+ I+ 15+ 16

51 < :
w1 wouU2 w3uz ~ Wal4 ~ WsUS5 w6u6 5
< (—=
S R e
This implies that if fL + ©2%2  ©858 4 faed 4 L2I6  DEA6 < e, wy + watz + w3u3 + wauy +
wsus + weug < 6, then the NMGI algorithm is convergent. ]

5. The DGI and NMGI algorithms for the coupled Sylvester ten-
sor equations with two unknowns

In this section, we extend the DGI and NMGI algorithms to solve the coupled Sylvester tensor
equations with two unknowns, whose form is as below

VX1 Vi+YXo Vo+YVx3 Vsg+2Z X1 Pi+4+ 2Z X9 Py+ Z x3P3=W,,
Yx1Ti+YVxoTo+Yx3T3+2Z X1 Q)+ 2 X2 Qg+ Z X3 Q3 =W,

(5.1)

where Vi,T1,P1,Q1 € RIAXL Vy Ty Py, Qo € RI2XL2 Wy Ty Py, Q3 € RB3¥Is Wy W, €
RE1xL2xLs and the unknown tensors Y, Z € RL1xL2XLs peed to be computed.

By making use of the hierarchical identification principle, we can construct the GI algorithm
for the coupled Sylvester tensor equation with two unknowns (5.1) as follows.

Algorithm 5.1. The gradient-based iterative (GI) algorithm:

Step 1. Given matrices V1,11, P1,Q1 € R Vo Ty, Py, Qo € RI2XL2 Vo Ts P3 Q3 €
RE3%L3 two tensors Wi, Wy € R *E2XLs - and positive constants v, 7. Choose the initial tensors
V0, 20 and set [ = 0.

\/”Wl— Zl Yix;Vi— Zl ZIx P2+ || Wa— Zl Yhx ;T — 21 Zx;Q50?
J= J= J= J=

Step 2. If ;, = < 1, stop; otherwise,

3 3 3 3
\/||W1— _Zl YOx;Vj— _Zl Z0x; Pj|12+ W2 — _Zl YOx;T;— _Zl 20%;Q;1?
j= j= j= j=
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go to Step 3.
Step 3. Compute Yt and Z!*! by the following procedure

RI=Wr =V x1 Vi =V xy Vo=V x3 Va— 2! xq Py — 2! % Py — 2! x5 P,
RYy=Wo —Vxi T =V xo Ty — Y x3 T3 — 2 51 Q) — 21 xo Qy — 2! x3 Qs
VHL = Y AR« VE 2 = 2L 4 4R % P
Vit =V 4 4R xo V3, 25 = 21+ yR] o ],
Vil = Yy 4RE xg VI 2 = 24 AR x5 P
Wi =V 4Ry < T, 21 = 204 9RE > QF
Vi =V 4Ry x2 Ty, 25 = 21+ 9R %0 Q5
Vet =V +Rh x5 Ty, 26t = 2!+ 4R x5 QF,
YL L Yl oyl ity 4yl

yl+1 - 3
6
1+1 I+1 I+1 +1 1+1 1+1
Zl+1 _ Zl+ + Zer + Z3+ + Z4+ + Z5+ + Z6+
6 .

Step 4. Set [ := [+ 1 and return to Step 2.

We will establish the convergence theorem of the GI algorithm for the coupled Sylvester
tensor equation with two unknowns (5.1).

Theorem 5.1. Let H; = IL3 ® I, ® V1 + IL3 VI, + Vs3I, ®I,, Hy = IL3 @I, ®
N+ I, @Ta® I, + T3® I, @I, H3 = I, ® I, @ Py + I, @ Po® I, + P3 ® I, @ I, ,
Hy Hs ~
Hy=1,®1I,® @ + I, ® @y ® I, + Qg ® I, ® I, and U = . And let Apax and
Hy Hy
Xmm be the mazimum and minimum eigenvalues of the matriz UTU, respectively. Assume that
the coupled Sylvester tensor equation with two unknowns (5.1) has a unique solution (Y*,Z*).
Then the GI algorithm is convergent if and only if
12
max
And the optimal parameter o, and the corresponding optimal convergence factor pop: of the GI
algorithm are

min

)N >

Yopt = = y  Popt =

12 Xmax -
Amax + /)\\min /):

max T Amin

Proof. We first define the error tensors JNﬂ =Y — Y* and zZl — zl _ z* 1t follows from the
framework of the GI algorithm that

i+t :j}vl-i-%(Rll x1 VE+ R xo VE+ R x3 VI+ R, xy TF

+RE xo T + R x5 TD),
ZHl_ Zl %(Rll x1 PE4+RL xo PT 4+ R x5 PT+ R, x1 QF
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+Rh %2 QF +Rh x5 QF). (5.2)

Taking straightening operator into (5.2) yields that

vee(YH1) = vee(W') + %[(ILS @I, o Vi+I, 0o Ve, +VIel,®I,)vec(R)

(I, @I, @ TE + I, ® T4 @ I, + T4 ® I, ® Ir, )vec(RS)]
= Vec(3~)l) + %[Hi‘rvec(Rll) + Hgvec(RlZ)],

vec(ZH1) = vee(Zh) + %[(IL3 @I, @ Pl + 1, ® PL @ I, + P} @ I, ® Ir, )vec(R})

+(I, @I, @ QT + I, 0 QY @ I, + QT ® I, ® I, )vec(RY)]
— vec(ZY) + %[Hgvec(nﬁ) + HT vee(RL)). (5.3)

By some computations, it holds that

vec(RY) = —vec(V! x1 Vi + V! xo Va4 Y x5 Vs + 2 xq Py + 2! xy Py + Z x5 P3)
= (I, @I, @ Vi+ 1, @ Voa® I, + Va® I, @ I, Jvec(D')
—(Ipy ® I, @ Py 4 I, ® Py ® I, 4 P3 @ I, ® I, )vec(Z))
= —Hlvec(yl) — H3V€C(§l),
vec(RY) = —vec(V X1 Ty + V! xo To + V! x5 Ts + 28 x1 Q) + 2 x5 Qy + 2! x5 Q)
= (I, @I, @ Ty + 1, ® Ty ® I, + Ts ® I, @ I, Jvec(D)

(I, @I, @ Q + 11, @ Q@ I, + Qs ® I, ® I, )vec(2)
= — Hyvec(Y') — Hyvec(Z). (5.4)

Substituting (5.4) into (5.3) results in

vec(YHH) = Vec(JN)l) + %[HlTvec(Rll) + Hlvec(RY)]
=vec(Y') — %{Hf [Hyvec(Y') + Hyvec(Z)] + HY [Hovec(D') + Hyvec(Zh)]}
= vec(P') — %{(HlTHl + HY Hy)vee(V') + (HT Hs + HT Hy)vec(2Y)},
vec(ZH1) = vee(Zh) + %[Hgvec(Rll) + HIvec(RY)]
= vec(Z}) — %{H3T [Hyvee(V') + Havec(ZY)] + HY [Hyvee(Y') + Hyvec(Z)]}
= vec(2) — %{(HSTHl + HE Hy)vee(P') + (HT Hy + HT Hy)vec(2Y)},
which leads to
vec(PHH1) B vec(Y1) ~ ( H' Hy + H] Hy H Hs + HI H, vec(Y))
vec(ZH1) - vec(Zh) 6 HIH, + HI Hy HF Hs + H Hy ) \ vec(ZY)
~ ( Hi H3 ' H, Hs vec(1)
= |lor,LoLs 6 .y
Hy Hy Hy H, vee(Z1)
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vec(P)
i = (lariLoLs — %UTU) -
vec(Z!)
Hy Hs
where U = . Therefore Ior, 1,15 — %UTU is the iteration matrix of the GI algorithm.
Hy Hy

By assumptions, (5.1) has a unique solution, then the matrix U is of full column rank and
hence UTU is a symmetric positive-definite matrix. Let A; > 0 (i = 1,2,---,2L;LyL3) be the
eigenvalues of UTU, then by utilizing the similar methods applied in Theorems 3.1 and 4.1, we

can conclude that the GI algorithm is convergent if and only if 0 < v < =t2-. And we can derive

the optimal parameter and the corresponding optimal convergence factor of the GI algorithm

are Yopt = . M, respectively. O
>\min+)\max

>\min max

Let Dj, Djj, Dj;j; and Djj;; be the diagonal parts of the matrices Vj, Tj, P; and Q; (j =
1,2,3), respectively. In order to reduce the computation of the GI algorithm, we replace the
system matrices in the GI algorithm by their diagonal parts, and establish the following diagonal

GI (DGI) algorithm for the coupled Sylvester tensor equation with two unknowns (5.1).
Algorithm 5.2. The diagonal GI (DGI) algorithm:

Step 1. Given matrices V1,71, P,Q1 € R Vo Ty Py, Qs € RE2XL2 V3 Ty P3.Q3 €
RE3%L3 two tensors Wi, Wy € RI1XE2XLs - and positive constants v, 7. Choose the initial tensors
W0, 20 and set | = 0.

and popt =

3 3 3 3
\/HWl—ZllejVj—ZlZlXij2+||W2—Zly’XjTj—lelXij2

Step 2. If 7, = — = — =
||W1—ZlyOXjVj—ZIZOXijHz-i-HWz— ZlyOXjTj—ZIZOXijHQ

J= J= J= J=

< 1, stop; otherwise,

go to Step 3.
Step 3. Compute Yt and Z!*! by the following procedure
RE=W —VExy V=Y xg Vo — Y xg Vs — Zhxy Py — 2l xo Py — 2! x3 Ps,
RYy=Wo =V xi T =V xo Ty — Y x3 T3 — 2 %1 Q) — 21 xo Q) — 2! x3 Qs
W =Y 4R >0 DI, 217 = 28+ 4R <1 Dy,
VL =Yl AR, xo DI, 200 = 28 4 AR} xo DLy,
Vi =V 4R x3 DY, 257 = 21 4 4R] x5 Dis,
Vitt =Y +aRy < Dy, 25 = 28+ 4Ry < Dl
Vi = V4 9RY xo Dy, Z5 = 2!+ 4R} X2 Diyn,
VL = Y4 ARE x3 DL, 20 = 28 4 AR, x5 DL,
R T LT A N e A T

yl—l—l _
6 )
I+1 I+1 I+1 1+1 1+1 1+1
Zl+1 _ Zl+ + ZQJr + Z3+ + Z4+ 4 Z5+ + ZG+
6 .

Step 4. Set [ := [+ 1 and return to Step 2.

Below we investigate the convergence properties of the DGI algorithm for the coupled
Sylvester tensor equation with two unknowns (5.1).



608 F. Li, Z. Huang, J. Cui & X. Zheng

Theorem 5.2. Suppose that the conditions of Theorem 5.1 are satisfied, and Re(gq) > 0 with Sq

: : T H, Hy Hy H3
(g=1,---,2L1LaL3) being the eigenvalues of Uy U, where Uy = | |, U=
H, H, Hy, H,

Hy=1I,®1I,@D1 + I, ® Do ® I, + D3 ® I, ® I,
Hy=1I5,®1I, ® Dy + I, ® Doo ® I, + D33 ® I, ® I,

H3 = I, ® I, ® Di11 + I, ® Dago @ I, + D333 ® I, ® I,
Hy=1Ip, @ I, ® Dttt + I, @ Dagga @ I1, + D3gaz @ I, ® I,

and H; (i =1,2,3,4) are defined as in Theorem 5.1. Let Imy = 1§qgn212?L2L3 |Im(gq)], Remax =
1<q<H21%i{L2L3{R6( q)} and Remin = <q<2L1L2L3{R€( q)}. Then the DGI algorithm is convergent
if
,\Q—emmga as I'my > V Remax Remin
0 < v < Re €min + Iml
12 Re s _ ——
%, as Imy < \/ RemaxRémin -
Re €max + Iml

Proof. Define the error tensors jﬁvl =Yl — Y* and zl — zl _ z* 1In view of the framework of
the DGI algorithm, we deduce that

Y=y 4 (R’ w1 DT+ RY x5 DI + RL x5 DT
+RY x1 Dy + Ry x2 Dy + R x3 Di),
ZH oz %(Rll 1 DL +RE %y DL, + RY x5 DLy
+Rb X1 Dii1y + R X Doy + R X3 Digas). (5.5)

Applying straightening operator to (5.5) results in

vee(YHY) = veeV!) + 1[I, ® I, ® DY + I, © DY @ I, + DY @ I, ® I, )vec(RY)

6
+(I, ® I, ® DIy + I, ® DL, @ I, + DI, @ I, ® I, )vec(RY)]
= vec(Y) + %[ﬁfvec(Rll) + HIvec(RY)],
vee(Z211) =vee(2!) + (11, @ Iy ® Dy + I, © Dy @ I, + Dy @ I, © I, )vec(RY)

+(I, ® I, ® Dy + Iy ® Dhyoo @ Iy + Digas ® I, @ I, Jvec(RY)]
= vec(Z!) + %[E@T vec(RY) + A vec(RL)]. (5.6)

According to (5.4), we have vec(R}) = —Hyvee(Y') — Havec(Z') and vec(RL) = — Hyvee(Yh) —
Hyvec(Z'), which together with (5.6) gives

vee(Y'H) = vec(J) — %{FI;‘F[HlveC(JNJZ) + Havec(ZH] + HY [Hyvec(Y') + Hyvec(Z1)]}
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= vec(P') — %{(ﬁfﬂl + H] Hy)vee(V') + (HT Hs + HJ Hy)vec(Z2Y)},

vec(ZH1) = vec(Z) — %{ﬁg [Hyvec(Y') + Havec(ZY)] + HI [Hyvee(V') + Hyvec(Z)]}

= vec(Z!) — %{(H{Hl + H] Hy)vee(V') + (HI Hs + HY Hy)vec(Z")}. (5.7)
(5.7) can be equivalently transformed into the following equation
Vec(jivlﬂ) Vec(yl) v Hile + H2TH2 ﬁ;f’Hg + ﬁ;[H4 vec(yl)
vec(ZH) vec(ZY) 6\ ATH, + HTH, HTH; + HT H, vec(Z!)
— — T ~
~ ( Hi H; H, Hs vec(Q')
= |lrirans =g | -
H2 H4 H2 H4 vec(Zl)
vec(Y1)
= (I2L1L2L3 - %UIFU) - )
vec(Z)
H, H; Hy H3 Trr s : : :
where Uy = | and U = . Thus Ior,1y15 — %Ul U is the iteration matrix of
Hy Hy Hy Hy
the DGI algorithm. Similar to the derivation of Theorem 3.2, the conclusions of this theorem
are obtained. O

Theorem 5.3. Assume that the conditions of Theorem 5.2 are satisfied, then the quasi-optimal
parameter vyope and the corresponding quasi-optimal convergence factor of the DGI algorithm are

(1) If I/;FLI > \/ -é\emaxé\eminy then Yopt = % and

emir\+Iml
1 Im
pOPt(IQLleLs - 67 UlTU) = —> 5"
Re i, +Imy

(2) If .7/7711 <4/ ]jz\(amaxf/f\emin, there are two cases:

—~2 oo oo oo
. 12 . Remin(Remafoemin) 12
1) When 0 < v < =——=—, ifIm; < then = =——=— and
() = Remax+Remin ’ f 1 2 ’ ’yopt Remax+Remin

— — —2
\/(RemaX — Remin)? + 4Im;

Remax + Remin

1
pOPt(IQIALst - B’YU?U) =

—~2 B (B P -
If Im 2 Rlen(Remdx Remll’l) then ryo : = % and
1 2 ’ P e +Im;
min
1 Im
T o 1
Popt(I2L1L2L3 - 67 Ul ) — — —
Re_;, +Im,
. 12 12Re 12
i) When ———4—— <y < ——=Hmax_  thep ~, = ———=~— and
( ) Remax+Remin K Remax+lm?7 o Remax+Remin

— — —2
\/(Remax — Remin)? + 4Im;

Remax + Remin

1
pOPt(IQL1L2L3 - EVU?U) =
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Proof. The proof is similar to that of Theorem 3.3, hence it is omitted. O
By applying the new update strategy to the DGI algorithm, we design the new MGI (NMGI)
algorithm for the coupled Sylvester tensor equation with two unknowns (5.1) as below.

Algorithm 5.3. The new MGI (NMGI) algorithm:

Step 1. Given matrices V1,71, P, Q1 € RLlXLl, Vo, T, P5,Qy € RL2XL2, Vs, T35, P3,Q3 €
RE3>XL3 two tensors Wi, Wy € RI1*E2XLs and positive constants v,7. Choose the initial tensors
V0 20 and set [ = 0.

\/IIW1— > VI V=30 ZUG P12+ IWe— 3 VT — 30 2 Q412
= = =1 =1
Step 2. If 7; = ! ! ! !

- - - - < 1, stop; otherwise,
||W1—ZlyOXjVj—ZIZOXJ'PJ'HQ-FHW‘FZlyOXjTj—leoijjllz
Jj= Jj= Jj= Jj=

go to Step 3.
Step 3. Compute Y'! and Z'*! by the following procedure

Vit =Y R D, 21 = 2+ yRyxa Dy,
yl B y{+l + 5yl 21 B ZiJrl + 5zl

-6 T 6

l l

Wt = Vi 7ﬁ1 xo Dy, Z5tt = 2y ’Yﬁlx?DgQ%
A A A B A Mk

B 6 T 6 ’

3t -l -l -l

Vit =Y +aR xs D5, 25t =20 4 Ry x3Digs,

j)l o y{+1 + yéJrl + yéJrl + Byl 21 B Zi+1 + Zé+1 + Zé+1 4 3zl
= c : _ . |

Vit =V ARy DYy, 23 = 2L 4+ Ry Dy,

R Ak e Al At VA BT A - - Vol Aok 2
— : . : |

yé+1 — :)v)l + 77?}2)(21)%12, ZéJrl _ Zl + WﬁéX2D§2227

- Vit Pirtp it ittt 4yl S 24 gl g gl gl gl g
= - A : |

Vst =V + Ry xsDis, ZH = 21+ 4Ry x5 Diggs,

yi-‘rl _|_yé+1 + yé—i—l +yzll+1 +yé+1 _|_yé+1

yH—l — )
6
ZlJrl B ZiJrl +Z§+1 +Z§+1 +Zi+l +Zé+1 +Zé+1

Step 4. Set [ := [+ 1 and return to Step 2.

In what follows, we discuss the convergence properties of the NMGI algorithm.
Theorem 5.4. The NMGI algorithm is convergent if the parameter v is selected to satisfy
pldi +daf1 +dsfo + dafs + dsfs+ dsfs) <6, where
p1 = |, =vD{ Villz + v D12l Vall2 + || Dillall Va2,
p1 =YD Pillz + | Dil2]| P2l + | Da 2| Psl2),
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p2 = (| Df11 Villa + | Diaallal| Vall2 + | Dunall2l Vall2),

P2 = |1, = ¥Di11 Prll2 + vl Danll2l| Pall2 + ¥1| Dia 2| Psll2,

p3 = I, — vD5 Vall2 +YIIVill2l| Dall2 + vl Dall2|| Va2,

p3 = (|1 Prll2l| Dall2 + | D3 Pall2 + || Dall2|| Ps|l2),

pa = (Vi Dazall2 + [ D322 Vall2 + | Daall2]|Va|l2),

Pa = I, — ¥D3aa Pall2 + Yl Prl2l| D2z ll2 + Y[ D22zl P32,

ps = |y — 7D3 Vsllz + v[[Vill2l Dsll2 + ([ Vall2l| Ds |2

s = V(I Prll2l| Dsll2 + || Pal|2| Dsll2 + |13 Ps|l2),

p6 = Y(IVall2l| Dassll2 + [[Vall2| Dassll2 + 1 D335 V3]l2),

P6 = 11z — D333 Psll2 + V1| Prll2l| Dassll2 + vI| Pall2 || Dsss |l 2,

pr = L, =D Till2 + vl Dull2]| Tall2 + ]| Diallal| T2,

pr =(ID11Qull2 + D12l Qall2 + 1 D11 ]12/1Q3l2),

ps = Y111 Thll2 + [ Duanll2 | Tall2 + [1D111 ll2]|T3l2),

Ps = 11z, = vDi111 Qull2 + [ Dinna 2l Qall2 + Yl Dinaa |2l Qs 2,
P9 = 1L, — D3y Tal2 + Y| ||2[| Dazll2 + 7| Dazll2 || T3]z,

Po = V([ Qull2ll Dazll2 + | D32 Qa2 + | D2zll2]|@Q3]l2),

P10 = V(I Tall2l| Dazazl2 + || Dazas Tal2 + [ Dazasll2|| T3]l2),

P10 = |1z, — D222 Qoll2 + V[ Q1 l2l| Dazazl2 + vI| Daaz 1211 Q32,
P11 = Ly — D33 Tsll2 + vl T1 |2l Dssll2 + V[ T2 ]| Dssll2,

P11 = V(1 D33 Qsll2 + 1Q1 2]l D3sll2 + v[| Q22| D3sll2),

p12 = Y1 D333 Tsll2 + | T1]|2]| D3sssll2 + [ T2zl Dssssll2),

P12 = Ly — ¥ D333 Qsll2 + V1| Q1 2l Dssssll2 + Y| Q2 12l Dssss 2,

4 — P1 D1 dy = D3 D3 dy = D5 D5 = p7 D7 ’
P2 P2 P4 P4 D6 Pe P8 Ps
ds — P9 P9 dg = P11 P11 7
P10 P10 P12 P12
d1 5 da f1 di  daft  d3fa
°F Q@i 2y @, ©2h, B2 I
f 6 6 29 f2 6 + 6 +3 29 f3 6 + 6 + 6 + 29
di doft  ds3fa  dafs di  daft  dzfa d4f3 ds f4
,[ I
=gt Tt * 2’f56+6+6+6+6+62’
_dy | dafi | dsfa | dafs d5f4 ds f5
f6—6+6+6+6+6+6.

Proof. We define the following error tensors

~ —~l ~1 _ ~I ~
V=Y -y, Y =Py Y=y -y =3y
~1 . ~1 , ~

Y=y, Yy =y -y, Yt =y oy,
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Z_z_z ?l:?—z*, F_F oz ioz
~1 ~1 , ~
z =z _z Z —F _z Zfﬂ :Zf“—Z* (i=1,---,6).
It follows from Line 1 of Step 3 of the NMGI algorithm that
ﬂ“zjﬂvl — AP x1 Vi4+ Y xg Va4 V! x3 Vs + ZE xy Py + ZF X9 Py + ZF x5 P3) x1 DT
= V' x1 (I, —yDIVy) =4V x1 DI xg Vo — 4V x1 D x5 Vs
—7Z %1 (DIPy) —~Z" %y D] x9 Py —~vZ' x1 DI x5 Ps,
ZH 2 (Y xy V4D X Va4 Y xg Va4 2L xq P+ 2! xo Py + 2! x3 P3) xq D,
= Z' %1 (I, = vDL P) — vZ' x1 DL, x9 Py —vZ' 1 DI, x3 Ps
—AV! 5y (DI, Vi) — AV xy DL xo Vo — Y x1 DL x5 Vs.

L P . 41 Zl+l i+l 2+l Nl 2+l i+l Zl+l i+l
Slmllafl}i', in view of the expressions of Vo™, Z57 ", V57, Z57°, Vi, Z0, Vs, 257, Vg
and ZG+ , it has

—~l

~I ~I
o :? X2 (I, — vD3 Va) —’Yy x1 V1 Xo DQT—’YT} xo D3 x3 V3
~I ~I ~
—’y? X1 P1 XQDg—’y? X9 (DQTPQ)—’)/Q X9 DQT X3 P3,
—1 —~ !
Zé+1 :2 X9 (IL2 — ’YDQTQQPQ) — ’y? X1 P1 X9 D2T22 — ’y? X9 DgQQ X3 P3
—~I —~I —~I
- 75} x1 Vi X9 Djgy — ’Yj} X9 (Dagy Vo) — 75} 3 Dagy X3 V3,
Sl 5 T 5! r 5 T
s =Y X3 ([L; —vD3 V3) =Y x1 Vi x3 D3 —~7Y x2Va x3 D3
~l T ~l1 T ~l T
—’}/Z x1 Pp ><3D3 —’)/Z X9 Py ><3D3 —’yZ X3 (D3P3),
~ ~1 ~1 ~1
ZUV =Z x3 (I, —yD53P3) —vZ X1 Py x3 DLy —4Z x5 Py x3 DL
~1 ~I ~1
— Y x1 Vi x3 Digg — Y X2 Vo x3 Dizg — 7Y X3 (Dis3 Vs),
~ =1 =1 =1
L =Y %y (I, — DL T) — 7Y x1 DL x9 To —~4Y x1 DI x3 T3
~1 ~1 ~1
—vZ x1(D{1Q)) —vZ x1 D} x2 Qy —vZ x1 Df} x3 @5,
~ ~I ~! ~1
Zzllﬂ =2 x1 (I, — 7D1Tn1 Q) —vZ x4 D1T111 Xo @y —7Z X1 D1Tl11 X3 Q3
~l ~1 ~1
-7y x1 (D1T111 T) —vY x1 D{fnl Xg To —vY X1 D1T111 x3 T3,
S 3 T 3! T 35! T 3! T
5 =Y X2 (Ip, —vDyT2) =Y x1T1 X2 Dag =Y X2 Dy x3T3 —yZ X2 (DyyQs)
~l ~I1
—vZ x1 Q1 x2 D3y —¥Z X3 D3y X3 Q3,
Si+1 3 T 3! T 3! T
ZgT =Z X9 (Ir, — 7D3g00 @) —vZ X1 Q1 X2 Doy —¥Z X2 Diggs X3 Q3
~1 ~1 ~1
=Y Xa (D2T222 Ta) =Y x1T1 X2 D2Tz22 =Y Xa D2TQz2 x3 T3,

" ~1 ~1 ~1 ~1
0 =Y x5 (I, — D33 T3) — 7Y x1 T x3 Dig — Y xo T x3 Dis — vZ X3 (Di3Qs)
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~l1 ~l1
—7Z X1 Q1 x3 Dy —vZ x5 Qq x3 DL,
~ ~l ~1 ~!
ZE =2 x5 (I, — vDi333Q3) — 72 x1 Q1 X3 Digg3 — V2 X2 Qo x3 Digss
~1 ~1 ~1
— Y %3 (Dis33T3) —7Y x1Ti X3 Diggs —vY X2 Th X3 Disss,

from which one can deduce that

IV < 1ML, — vDE Valla + I D1 llal Vallz + Yl Dal2]| Val|2)
Y ZYIDE P2 + (| D1 |2l Pall2 + (| D1 2]l Psll2)
=pi ||V + ;I 21,
IZFH < AIVIADE, Vallz + [[D1anll2ll Vallz + [ Dia 2 Vsll2)
HIZ' (M, — ¥DEh1 Prll2 + Yl Dunalll| Pall2 + vl Dina ll2 ]| Psl2)
= po V'] + pal| 2],

IV < ||§l”(|l’[L2 — D3 Valla + 7I[Villal| Dall2 + v[I D22 Vall2)
2 1(IPull2| Dallz + | DY Palls + | Dellz] Py )
=l 1+ mIZ
1257 < ’Y||§ll\|(||V1”2||D222H2 + (1 D322 Vall2 + [ Dazzll2[|Va|l2)
HIZ 111 2, — YDy Pallz + Y Pill2l Daszllz + Y| Dase 2| Poll2)
SIS EAL
IV < \|§l||(H[L3 — D3 Vslla + 7I[Vill2l| Dsll2 + v[IVall2]| Ds]l2)
+7H§1H(HP1||2HD3H2 + || Pall2]| Dsll2 + | D3 Psl2)
=0l I+ 512 .
125 < ’Yllilll(HVﬂlzllD%slb + [Vall2l| Dassll2 + [ D335 V5ll2)
+H§lll(||fL3 — D33 Pslla + vl Prll2| Dassll2 + 71| Pall2]| Dassll2)
=0l I+ 562 ],
IV < H3~>l||(HIL1 — D Ti|l2 + || Dus 2]l Tall2 + 41| Dualla | T3l2)
+’YH§IH(HD§F1Q1H2 + [ D11l2]|Q2ll2 + | D11]l2[|Qs]l2)
—pel3 I+ 572 1.
125 < ’7||3~>l||(HDleT1Hz + D1t ll2]| T2 l2 + 1 D1 [l2l|T512)
+H§lll(\|fL1 — D111 Qi ll2 + Y| Diana 12l Qoll2 + Yl Diaia 2] @sll2)
sl N+ sl Z I,

~ ~l1
IVEF < 1V (1M Ly — ¥D3 Toll2 + V|| Tall2]| Dozll2 + Yl Da2ll2 ]| T5]l2)
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P Z (1@ 2l Dazlls + DB Qallz + 1D 215 2)
=pol¥ 1+ 3l 2,
12571 < 7||I)~7[||(HT1\|2||D2222||2 + (| D3a2 Toll2 + (| Dazaall2|| Tl 2)
Z (s — ADEa Oylls + 12| Dazzalla - 4 DazzallallQslla)
= ol 1+ 0l 2,
IS < 19 11z — D Tlla + ATl Dssla + 11731 Dss )
FZ 1015 @l + 1@l Dssls + 11@alel Dssl)
=l I+l 2,
270 < 213 0D Tll + T3l Dl + 7l D)
+Hg’l”(”[L3 — ¥ D335 Qsll2 + Y| Q1 12l Dssss |2 + /| Q2l2]| Dssss |l 2)
= pal® I+ 2l 2 1,

in terms of Lemmas 2.1-2.2. In consequence, we have that

11 pip\ [ IV 1Y
Zl+1 = - Zl = d =1
127 pep2 ) \Z' 127l
—~l —~l
1Y fesms\ (10} _ (19
~ = —~l = a2 —~1 9
(B paps) \ |2 Ex
~ ~1 ~1
157 psps | [Vl 1V
S141 < B ~1 - d3 ~1 )
1257 pebs ) \|Z | 12l
~1 ~1
< ) - -
1V pror\ [ IVl 1V
sS4 < B ~1 = d4 ~1 )
127 s ) \ |Z ] 12|
~ ~1 ~1
l ) - -
1V P9 Do [hal [N
Fi+1 < _ ~l = ds ~1 )
1257 P10 P10 1Z | 12|l
~ Sl ~l
167 pupn | [V 1V
Zl+1 = - ! = ds L
126l p2piz) \ |Z | I1Z ||
By making use of Lemma 2.2, we deduce that
—~
P\ 119 5 (1Y di 5 1] [Nl
AN s \yz ) = ez ) T2
1
I1Z | [Pral IZ'] B [E4l
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~1 ~ ~ ~
AR 11V 2 (V']

<= + = + 5
~1 = ~ ~ ~
iz S \uzy ) sz ) 3\
d d 2 V!
S(éJr 26f1+§12) H~lH
124
(I
Ed
1Y) _1 (19 1 15 1 [MAe LI
=l =6 Fl+1 6 \ |zt 6 \ [zt 2 \ 1z
A 125 1257 125 [

NUNES S0 1 (3?)
12|
( yl)
12
(y“) (%ﬂ) ! (”*1) (N’“) (il)
12 [ B Enal 12

d d d 1 A%
S(il_i_ 2f1+ 3f2+ 4f3+7]2) ||~||
6 3z
&l
121
~l1 ~
[V ] IV 1[IV AN 1[IV
=l Fl+1 + 6 Fl+1 + 6 Fl+1 + 6 Sl+1
1Z || 127l 1257 1257l 1257
1[IV 1 1Y)
6 Sl+1 +6 Z1
125"l 12°]]
di dofi  dafy dafs  dsfs 1 [Nl
<4 r
<G T T e Tl 12
V]

12°]
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Thus it holds that

IV 1 (I 1 IS 1 (IR I
1z ) ez ) e\t S\ ) o\
1 IVEY 1 (1
+6 S141 +6 St
125 1257
d d d d d d Y
<hy 2fi | dsfa  dafs | dsfs | dsfs ||~||
6 6 6 6 6 6"\ 2
(1
124

This shows that if p(fs) < 1, i.e., p(dy + daf1 + dsfo + dafs + dsfs + dsfs5) < 6, then the NMGI
algorithm is convergent. O

6. Numerical experiments for Sylvester tensor equations

In this section, three numerical examples are performed to validate the correctness of theories,
and the effectiveness, feasibilities and advantages of the optimal GI (OGI), DGI and NMGI
algorithms for the Sylvester tensor equations, with respect to the number of iteration steps
(IT) and the elapsed time in seconds (CPU). In Example 6.1, the specific matrices come from
Example 5 in [6] and Example 4.1 in [43]. Using the same system matrices in [6,43] makes the
numerical comparisons more convincing. And the system matrices in Example 6.2 are taken as
in Example 4.2 of [43] and the selection of them is random, then the results obtained by these
matrices have certain universal applicable. Besides, by applying the proper finite difference
discretization method to the convection-diffusion equation [4], it can be obtained the specific
matrices involved in Example 6.3, which shows that the proposed methods can be utilized to
solve the practical problems and have certain practicabilities.

All numerical experiments are computed in MATLAB (version R2018a) in a personal com-
puter with Intel (R) Core (TM) i9-10900 2.81 GHz and 32.0 GB RAM. In our computations, the
initial tensors are taken to be Y9 = yg = yg =10°6. tenones(L1, Lo, L3), whose all elements
are 1. And all runs are terminated once

W =Vt xq Vi = Y xo Vo — Y x3 V3|

RES = <n,
IV =05, Vi — D0 xa Vo — 30 x5 V|| =

with n > 0, or the IT exceeds lax = 10000. We denote the latter case by “Invalid” and “~” in
tables. According to [6,43], Theorems 3.1 and 3.3, the parameters of the tested algorithms are
taken as follows

1
YGI = )
VAll3 + V2l + [1V3]3
6
OGI = v v
7 AmaLx"i‘)\min
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1
YRGI = )
(a=B)BIVill3 + (1 = @)B[Vall5 + (1 — a)(e = B)[IV3ll5
. 6 or 3Remin
TG = Remin + Remax Re?nin + Im%7

where Amax, Amin and Renin, Remax, Imq are defined as in Theorem 3.1 and Theorem 3.2, re-
spectively. Besides, the parameters adopted in the MGI, MRGI and NMGI algorithms are the
experimental optimal ones that minimize their IT as n = 1076.

In Table 1, the comparisons for the number of arithmetic operations of the tested algorithms
are reported. As observed in Table 1, the number of arithmetic operations for each iteration of
the DGI algorithm is the least, and it is nearly a half of, a third of and a fourth of those for GI
and RGI, NMGI, and MGI and MRGI ones, respectively. This indicates that the DGI algorithm
may be less than the other tested ones if their IT are comparable. Although the computational
complexity of the NMGI algorithm is more than the GI and RGI ones, the former has faster
convergence speed for many cases, thus the CPU time of the former may be more than the
latter ones. Moreover, the number of arithmetic operations for the MGI and MRGI algorithms
are comparable, and they are more than the other ones. Specially, they are nearly 1.33, 2 and
4 times of those for NMGI, GI and RGI, DGI ones, respectively. Nevertheless, the MGI and
MRGI algorithms are established by applying the update strategy to the GI and RGI algorithms,
respectively, then the former ones have faster convergence speeds for almost all cases and their
IT may be far less than the latter ones, which leads to less CPU time. From the perspective
of the computing times for each iteration, the proposed DGI and NMGI algorithms outperform
the MGI and MRGI ones. Specially, if their IT are not much different, then the former ones
need less CPU time. These facts will be verified by numerical results in Tables 2—7.

Example 6.1. [6,43] We compute the approximate solutions of Sylvester tensor equation (1.1),
where

3 1 1 1 1 0
Vi - ) V2 — y ‘/3 - 3
-1 2 -1 1 1 -2
10 13 14 3
W(:v ’ bl RS )_
15 11 3 0

Table 1. The number of arithmetic operations of the tested algorithms.

Algorithm  The computing times for each iteration of the tested algorithms

GI LyiLoL3(4L1 +4Ls +4L3 + 6)
MGI L1L2L3(8L1 + 8Ly + 8L3 + 12)
RGI LiLoL3(4Ly + 4Ly +4L3+8) +9
DGI LiLoL3(2Lq 4+ 2L9 + 2L3 + 12)
MRGI Ly1LoL3(8L1 4+ 8Lg + 8L3 + 18) + 10

NMGI L1LyL3(6Ly + 6Ly + 6Ls + 18)
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. n=1e-6 n=1e-7 n=1e-8

RES(log10)
RES(l0g10)
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Figure 1. RES(logl0) curves of seven algorithms for Example 6.1 with five values of 7.

In Table 2, we report the parameters and numerical results of the seven tested algorithms
with five different values of . It can be observed from Table 2 that all algorithms can successfully
compute approximate solutions satisfying the prescribed stopping criterion within Iy, iteration
steps, and the IT and CPU time of the tested methods increase with decreasing of n. The
RGI algorithm is more efficient than the GI one with respect to IT and CPU time when the
relaxation factor is chosen properly. Meanwhile, the OGI algorithm (GI algorithm with the
optimal parameter 7opt in Theorem 3.1) returns better numerical performance than the GI
one, which further confirms the correctness of Theorem 3.1. In addition, the DGI algorithm
outperforms the GI and RGI ones in terms of computational efficiency due to the fact that the
former requires less I'T and CPU time than the latter ones. Specially, the IT and CPU time of
the DGI algorithm are nearly half of those for the GI and RGI ones. And the MGI algorithm
performs better than DGI, RGI, GI and OGI ones. Although the IT of MGI algorithm is far
less than the OGI one, their CPU time are close. The reason is that each step of the MGI
algorithm needs less basic arithmetic operations than the OGI one, thus total computational
loads of the MGI and OGI algorithms are comparable. This coincides with the results in Table
1. Also, numerical performances of the NMGI and MRGI algorithms are comparable, and they
are superior to the other ones. And their advantages become more pronounced as the value of 7
becomes smaller, because the numerical performances gap between the NMGI, MRGI algorithms
and the remaining tested ones are increasingly larger with the decreases of 7. Last but not least,
the proposed DGI algorithm is more stable than the GI and RGI ones as the changing scope of
the IT for the former is smaller than the latter ones. And the stability of the proposed NMGI
algorithm is the highest among all tested algorithms since the variation range of its IT is the
smallest in all algorithms.
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To better validate the superiorities of the proposed OGI, DGI and NMGI algorithms, Figure
1 displays the curves of the RES in base-10 logarithm for GI, OGI, RGI, DGI, MGI, MRGI and
NMGI algorithms with respect to five different values of 1 in Figure 1. As shown in Figure 1, all
tested algorithms are convergent, and the OGI and DGI algorithm have faster convergence rates
than GI and RGI ones as the former ones require less I'T to achieve the termination criterion.
In addition, the convergence speeds of the MGI, MRGI and NMGI algorithms are comparable
because their IT are close. Also, the MRGI and NMGI algorithms are more efficient than the
other tested ones from perspective of IT, and their advantages become more pronounced as
the value of i decreases. Lastly, the NMGI algorithm requires slightly less IT then the MGI
one, which coincides with the results listed in Table 2. These facts further confirm that the
superiorities of the proposed algorithms for solving the Sylvester tensor equations.
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Figure 4. RES(logl0) curves of seven algorithms for Example 6.2 with five values of n and p = 5.

Example 6.2. [6,43] Consider the Sylvester tensor equation (1.1) with the following system
matrices:

Ly =Ly = L3 =30,

Vi = triu(rand (L1, L1), 1) 4 diag(p + diag(rand(L1))),
Vo = triu(rand (L2, L), 1) 4 diag(p + diag(rand(L2))),
V3 = triu(rand(Ls, L3), 1) + diag(p + diag(rand(L3))),
W = tenrand(Lq, Lo, L3).

In Tables 3-5, we list the numerical results of the seven tested algorithms for solving Example
6.2 with five different values of n for p = 2, p = 3 and p = 5, respectively. The diagonal dominant
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Table 2. Parameters and numerical results of seven tested algorithms for Example 6.1.

Method n 10-6 1077 1078 107 10710
IT 345 415 484 554 623
GI CPU  0.6205  0.7580  0.8855  1.0159  1.1721
v = 0.0574 RES 9.96e-07 9.78¢-08 9.93e-09 9.75e-10  9.89e-11
IT 114 133 153 172 191
OGI CPU  0.2017  0.2473  0.2832  0.3074  0.3499
Yopt = 0.1966 RES  9.09¢-07 9.57e-08 8.95¢-09 9.43e-10 9.93e-11
IT 314 377 440 503 566
RGI CPU 0.6273  0.6771  0.7840  0.9219  1.0047
(o, B,7) = (0.52,0.32,0.6839) RES 9.83¢-07 9.87¢-08 9.91e-09 9.95¢-10 1.00e-10
IT 179 212 244 276 309
DGI CPU  0.3297 0.3835  0.4511  0.5080  0.5716
Yopt = 0.1268 RES  9.82¢-07 9.39¢-08 9.64¢-09 9.90e-10  9.47e-11
IT 46 55 65 75 84
MGI CPU 0.1809  0.2199  0.2524  0.2968  0.3301
v =0.28 RES 8.46e-07 9.86e-08 9.05¢-09 8.30e-10 9.66e-11
IT 38 46 55 63 71
MRGI CPU  0.1466  0.1742  0.2094  0.2407  0.2703
(o, B,7) = (0.48,0.27,3.6) RES 8.92e-07 9.72e-08 7.41e-09 7.93e-10 8.31e-11
IT 44 51 59 66 73
NMGI CPU 01702  0.1991  0.2299  0.2562  0.2719
v =0.178 RES 8.25¢-07 9.19¢-08 7.66e-09 8.70e-10 9.83e¢-11

degrees of the system matrices V; (t = 1,2, 3) in this example become larger with p. According
to the numerical results in Tables 3-5, we can conclude that all tested algorithms are convergent
and feasible for all cases, and their IT and CPU time are increasing with the decreasing of 7.
In the meanwhile, the numerical performances of the GI and the RGI algorithms are almost the
same, and this is also valid for the MGI and MRGI algorithms. And the GI algorithm with
the optimal parameter (OGI) has advantages over the GI and RGI ones because the IT and
CPU time of former are nearly half of those for latter ones. In addition, the proposed DGI
and NMGI algorithms have better numerical performances than the other ones especially for
IT, and their advantages become more evident with the decreases of 1. Specially, the IT of
the DGI algorithm is less than a seventh and a quarter of those for GI, RGI and OGI ones,
respectively. And the IT of the NMGI algorithm is less than a half of those for the MGI and
MRGI ones. Comparing the results in Tables 3—5, we also observe that numerical performances
of all tested algorithms become better as the value of p becomes large, whereas the superiorities
of the proposed DGI and NMGI algorithms to the other tested methods diminish. Also, the
NMGI algorithm performs the best among the tested algorithms from the point of view of IT,
while the CPU time of DGI and NMGI algorithms are close. The reason is that each iteration
of the NMGI algorithm requires more basic arithmetic operations than the DGI one, which is
accordance with the results in Table 1. Finally, The IT of GI, OGI, RGI and MGI, MRGI
algorithms change sharply and change in moderate with respect to 7, respectively, while those
of the proposed DGI and NMGI algorithms change very little as 17 decreases. This reveals that
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Table 3. Parameters and numerical results of seven tested algorithms for Example 6.2 with p = 2.

Method n 10-6 1077 10-8 107° 10~10
IT 1122 1394 1672 1953 2237
GI CPU 38111 44887 54219  6.3403  7.1986
v = 0.0025 RES 9.92e-07 9.98¢-08 9.94e-09 9.95¢-10 9.94e-11
IT 667 779 892 1004 1117
OGI CPU 21485  2.5084  2.8898  3.2480  3.6112
Yopt = 0.0061 RES 9.92e-07 9.99¢-08 9.87¢-09 9.94e-10 9.82e-11
IT 1123 1397 1675 1956 2240
RGI CPU  3.7252  4.5817  5.4901  6.4073  7.3515
(o, B,7) = (0.65,0.34,0.0227) RES 1.00e-06 9.92¢-08 9.92¢-09  9.96e-10  9.99e-11
IT 47 50 53 55 58
DGI CPU 0.1661  0.1789  0.1892  0.1894  0.2114
Yopt = 0.0512 RES 9.41e-07 7.01e-08 5.00e-09 8.43e-10 5.22e-11
IT 184 228 273 319 365
MGI CPU  1.7456  2.1928  2.6830  3.0465  3.4893
v = 0.0102 RES 9.82¢-07 9.82¢-08 9.89¢-09 9.77e-10 9.87e-11
IT 184 228 273 319 365
MRGI CPU 12888  1.5902  1.8913  2.1898  2.5700
(o, B,7) = (2/3,1/3,0.0918) RES 9.82e-07 9.82¢-08 9.89¢-09 9.77e-10 9.87e-11
IT 19 22 25 28 31
NMGI CPU 0.1434  0.1722  0.1790  0.2015  0.2223
v = 0.042 RES 5.72e-07 5.54e-08 6.16e-09 6.48¢-10 6.54e-11

the proposed DGI and NMGI algorithms are insensitive to 1, and have higher stabilities than
the other ones since the variation amplitudes of their I'T are smaller.

To more clear illustrate the advantages of the OGI, DGI and NMGI algorithms, for five
different values of n, we depict the RES(logl0) curves of seven tested algorithms with p = 2,
p =3 and p = 5 in Figures 24, respectively. Here, we adopt the parameters in Tables 3-5 for
the algorithms. By observation, we find that the curves for GI and RGI algorithms are almost
coincident, which implies that their I'T are almost the same and is in accordance with the results
in Tables 3-5. And it also holds for MGI and MRGI ones. Additionally, the OGI algorithm
requires less IT than the GI and RGI ones. Also, the proposed DGI and NMGI algorithms
perform better than the other ones , and their advantages gradually become more pronounced
when n becomes small. Lastly, the NMGI algorithm has the fastest convergence speed in all
algorithms as it needs the least IT for all cases. It also can be seen that the curves of the DGI
algorithm increase first, and then reduce. These results coincide with those in Tables 3-5.

Example 6.3. [4] We compute the approximate solutions of the Sylvester tensor equation (1.1)
arises from the convection-diffusion equation

—e®h + fTUh =¢q, in Q=10,1] x [0,1] x [0, 1],
e=20, on 9.

According to a standard finite difference discretization on equidistant nodes and a second
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Table 4. Parameters and numerical results of seven tested algorithms for Example 6.2 with p = 3.

Method 7 10-6 1077 1078 1077 10710
IT 370 460 551 644 738
GI CPU 1.2373  1.5353  1.8046  2.0976  2.4110
v = 0.0022 RES 9.81e-07 9.78¢-08 9.97e-09 9.94e-10 9.81e-11
IT 234 274 313 352 392
OGI CPU 0.8120  0.9414  1.0729  1.2680  1.4263
Yopt = 0.0051 RES 9.98¢-07 9.59¢-08 9.77e¢-09  9.95e-10  9.56e-11
IT 370 460 551 644 738
RGI CPU  1.2357  1.5303  1.8648  2.2038  2.5286
(o, B,7) = (2/3,1/3,0.0201) RES 9.81e-07 9.78¢-08 9.97¢-09 9.94e-10 9.81e-11
IT 36 38 41 43 45
DGI CPU 0.1360  0.1391  0.1555  0.1629  0.1667
Yopt = 0.0263 RES 6.08¢-07 8.72¢-08 3.70e-09 4.28¢-10 4.77e-11
IT 67 82 98 114 131
MGI CPU 04820 05797  0.6829  0.8253  0.9111
v = 0.00825 RES 8.81e-07 9.38¢-08 9.48¢-09 9.90e-10 9.12e-11
IT 67 82 98 115 131
MRGI CPU  0.4931  0.6047  0.7224  0.8474  0.9413
(o, B,7) = (2/3,1/3,0.074) RES 8.73e-07 9.69¢-08 9.93e-09 9.10e-10 9.72e-11
IT 17 19 20 21 22
NMGI CPU  0.1299  0.1440  0.1496  0.1532  0.1557
v =0.023 RES 5.89¢-07 2.07¢-08 3.43¢-09 5.36e-10 8.20e-11

order convergent scheme, we can derive a Sylvester tensor equation (1.1) with

3 5 1
2,931 _.3-2 9 351 L1
20h™° + 4ch vh 4ch 4ch
1 3 5 1
T R e A | 2, 9231 _3-2 ° 51 L1
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—ch™2— Zcff1
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nxn
We adopt h = n%rl as in [43], then
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Table 5. Parameters and numerical results of seven tested algorithms for Example 6.2 with p = 5.

Method n 1076 1077 1078 107 10710
IT 120 146 172 198 225
GI CPU 04015  0.4740  0.5836  0.6739  0.7377
v =0.0017 RES 9.77e-07 9.35¢-08 9.40e-09 9.80e-10 9.63e-11
IT 83 97 110 124 138
OGI CPU 0.2816  0.3293  0.3738  0.4094  0.4686
Yopt = 0.0036 RES 9.08e-07 8.69e-08 9.84e-09 9.42e-10 9.02e-11
IT 120 146 172 198 225
RGI CPU 04057  0.4929  0.5794  0.6614  0.7560
(o, B,7) = (2/3,1/3,0.0157)  RES 9.77e-07 9.35e-08 9.40e-09 9.80e-10 9.63e-11
IT 25 26 28 30 32
DGI CPU 0.0904 0.0934  0.1041  0.1151  0.1221
Yopt = 0.0109 RES 3.06e-07 8.95¢-08 6.75¢-09 4.68e-10 3.0le-11
IT 29 34 38 43 48
MGI CPU 0.2056  0.2434  0.2727  0.3103  0.3389
v = 0.00535 RES 9.82e-07 4.26e-08 9.97e-09 6.53e-10 5.06e-11
IT 26 32 37 43 48
MRGI CPU 0.1909  0.2324  0.2707  0.3092  0.3631
(o, B,7) = (0.66,0.33,0.0466) RES 9.89e-07 7.15e-08 8.28¢-09 6.89e-10 8.80e-11
IT 12 13 14 16 18
NMGI CPU 0.0814  0.0960  0.1068  0.1185  0.1354
v = 0.009 RES 3.10e-07 3.72e-08 9.74e-09 7.33e-10 5.51e-11

W = tenrand(n,n, n).

Let v = ¢ = 1. Numerical results of the seven tested algorithms for n = 3 and n = 6 are
reported in Table 6 and Table 7, respectively. By comparing the results in Tables 6-7, it is
observed that all tested algorithms are convergent for all cases. When n becomes large, the IT
and CPU time of all tested algorithms increase. And apart from the proposed DGI and NMGI
algorithms, those of the remaining ones grow tenfold from n = 3 to n = 6, i.e., they change
violently with n. While the convergence speeds of the DGI and NMGI algorithms change in
moderate and mild style, respectively, with n. This indicates that the DGI and NMGI algorithms
are more stable than the other ones. Meanwhile, numerical performances of the GI and RGI
algorithms are very close, and it also holds for MGI and MRGI ones. Moreover, GI and RGI
algorithms are less efficient than the OGI one, and I'T and CPU time of the latter are nearly half
of those for the former ones, which reveals that the GI algorithm with the optimal parameter
can improve its computational efficiency. Also, the DGI and NMGI algorithms are much better
than the other ones, because their IT and CPU time are far less than the other ones. And the
NMGI algorithm is the most efficient among the tested algorithms as it requires the least IT
and CPU time. Specially, IT of the DGI algorithm is nearly a seventh of, a twentieth of and
a fortieth of those for MGI and MRGI, OGI, and GI and RGI ones, respectively, for n = 6.
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Table 6. Parameters and numerical results of seven tested algorithms for Example 6.3 with n = 3.

Method n 1076 1077 1078 10~ 10-10
IT 513 599 686 772 858
GI CPU 09649  1.1263  1.2878  1.4423  1.6166
v =9.0100e — 05 RES 9.93e-07 9.98¢-08 9.76e-09 9.80e-10  9.85e-11
IT 260 304 347 391 434
OGI CPU 0.4938 05578  0.6563  0.7363  0.8194
Yopt = 1.7604e — 04 RES 9.83¢-07 9.59e-08 9.86e-09 9.62e-10 9.89e-11
IT 513 600 686 772 858
RGI CPU 0.9283  1.0888  1.2324  1.3985  1.5492
(o, B,7) = (0.66,0.33,8.1098¢ — 04) RES 9.96e-07 9.75¢-08 9.79e-09 9.84e-10 9.89e-11
IT 42 49 56 63 69
DGI CPU 0.0779  0.0916  0.1091  0.1175  0.1338
v = 2.7073¢ — 04 RES 8.87e-07 8.34e-08 7.85¢-09 7.38¢-10 9.74e-11
IT 94 111 126 154 171
MGI CPU 0.3716  0.4303  0.4962  0.6086  0.6715
v = 3.2525¢ — 04 RES 8.73e-07 8.23e-08 8.86e-09 8.60e-10 7.28e-11
IT 94 111 126 156 173
MRGI CPU  0.3569  0.4242  0.4828  0.6000  0.6624
(o, B,) = (2/3,1/3,0.00293) RES 9.03e-07 7.13e-08 9.77¢-09 6.50e-10 5.24e-11
IT 17 20 23 26 29
NMGI CPU 0.0654  0.0759  0.0891  0.1022  0.1118
v = 0.0005 RES 7.98¢-07 7.17e-08 6.55¢-09 6.03e-10 5.59¢-11

Finally, although IT of the DGI algorithm is 2.5 times of that of the NMGI one for n = 3, their
CPU time are close, and the latter consumes slight less CPU time. The reason is that the basic
arithmetic operation for each iteration of the DGI algorithm is less than that of the NMGI one
as reported in Table 1.

Figures 5 and 6 depict the curves of the RES in base-10 logarithm versus the IT with five
different values of 1 for n = 3 and n = 6, respectively. Here, we adopt the parameters in
Tables 6-7 for the algorithms. The comparisons in Figures 5-6 show that the DGI and NMGI
algorithms have higher computational efficiencies than the other ones because they require less
IT to achieve the stopping criterion, and their advantages become evident when n becomes large
or 1 becomes small. Also, the NMGI algorithm outperforms the DGI one in terms of convergence
rate. Additionally, apart from the MGI and MRGI algorithms, the remaining tested algorithms
have the global linear convergence rate behaviors with respect to RES(log10) of {)'}. Lastly, the
curves of the GI and RGI algorithms are almost overlap, which implies that their convergence
speeds are almost the same. And this also holds for the MGI and MRGI ones.

In summary, diagonal substitution and new update techniques applied in the DGI and NMGI
algorithms can ameliorate the numerical performances of the GI and MGI ones in [6]. Further-
more, the proposed DGI and NMGI algorithms are superior to the other ones from the point of
view of computing efficiency.
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Table 7. Parameters and numerical results of seven tested algorithms for Example 6.3 with n = 6.
Method n 106 1077 10-8 107 10710

IT 5429 6354 7280 8205 9131
GI CPU 9.8370 11.6008 13.1316  15.0639 16.4730
v = 8.4088e — 06 RES 9.98e-07 9.99e-08 9.98e-09 1.00e-09 9.99e-11
IT 2717 3180 3644 4107 4570
OGI CPU  4.9146 5.6784 6.7422 7.3072 8.4561
Yopt = 1.6783¢ — 05 RES 9.99e-07 1.00e-07 9.96e-09 9.96e-10 9.97e-11
IT 5430 6356 7281 8207 9133
RGI CPU 9.7881 11.2032  12.9285 14.6789  16.4045
(o, B,7) = (0.66,0.33,7.5686e — 05) RES 9.98¢-07 9.98¢-08 9.99¢-09 9.99¢-10 9.98e-11
IT 134 157 179 202 225
DGI CPU  0.2397 0.2815 0.3227 0.3639 0.4060
Yopt = 3.0977e — 05 RES 9.77e-07 9.34e-08 9.89e-09 9.46e-10 9.04e-11
1T 914 1069 1226 1383 1540
MGI CPU  3.5202 4.1023 4.7366 5.3219 5.9675
= 3.329¢ — 05 RES 9.80e-07 9.92e-08 9.79¢-09 9.72e-10 9.63e-11
1T 915 1071 1227 1383 1538
MRGI CPU 3.5106 4.0786 4.6462 5.2533 5.9009
(o, B,7) = (2/3,1/3,2.99¢ — 04) RES 9.89¢-07 9.90e-08 9.88¢-09 9.81e-10 9.88e-11
IT 29 34 38 43 47
NMGI CPU 0.1131 0.1329 0.1567 0.1685 0.1855
v = 0.0001 RES 7.35e-07 6.19e-08 8.55e-09 7.19e-10 9.93e-11

7. Numerical experiments for

coupled Sylvester tensor equations

This section provides a numerical example to validate the feasibilities and advantages of the
proposed DGI and NMGI algorithms for the coupled Sylvester tensor equation (4.1) with respect
to IT and CPU time.

All numerical experiments are computed in MATLAB (version R2018a) on a personal com-
puter with Intel (R) Core (TM) i9-10900 2.81 GHz and 32.0 GB RAM. The initial tensors are
taken to be Y0 = yg = yg = yg = yg = yg = 1079 - tenones(L1, La, L3), whose all elements
are 1. All iterations are terminated once the current residual (RES) satisfies

VI =YV =Y X Vo=V X3 VB 2+ Wa =Y 1 T =V x o T =V X3 T3 |
VIIW1=Y0x1 V1 =Y x 2 Va— YO0 x 3 V3|2 +[[Wo — YO x 1 T1 — YO0 x 2 To — VO x 3T |2
<,

RES

with 7 > 0, or the IT reaches the maximal number of iteration steps lpax = 10000. According
to Theorems 4.1 and 4.3, the parameters of the GI and DGI algorithms are taken as

12 12 6 Remin
YOGI = v~ » VDGI = == — or — —>
Amax + Amin Repmin + Remax Refmn + Im?
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Figure 5. RES(logl0) curves of seven algorithms for Example 6.3 with five values of n and n = 3.
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where Amax, Amin and Remin, Rémax, Im1 are defined as in Theorem 4.1 and Theorem 4.2, re-
spectively. In addition, the parameters adopted in the MGI and NMGI algorithms are the
experimental optimal ones that minimize their IT for n = 1072,

Example 7.1. Consider the coupled Sylvester tensor equation (4.1), where

Ql + % _(1 + E) i
h?  4h h? ' 4h 4h
e v 8 v s
4h  h? h? = 4h h?  4h
. k3
1 4h )
4h  h2 h? ' 4h h?  4h
c v 2v 3c
- N _|_ I
4h  h2 h?  4h .
w e v B o
h?  4h h?  4h 8h
c_Lv e v, 3
5h  h2 h?  4h h?  4h
c .
E - 87h y U= 17273a
c v + £ ,(ﬁ i %)
5h  h2 h?  4h h?  4h
e v ¢
5h h2 h? ' 4h s

Wi = tenrand(n, n,n), Wa = Wi,

with h = %H’ v=2>5,c=1and n=6. The system matrices V; and T; (i = 1,2,3) stem from

Example 6.3 with few modifications.

The parameters, I'T, CPU time and RES of the GI, DGI, MGI and NMGI algorithms for
Example 7.1 with respect to four different values of 7 are listed in Table 8. Comparing the
numerical results of Table 8, we see that all tested algorithms can successfully compute approxi-
mate solutions satisfying the prescribed stopping criterion, and their I'T and CPU time increase
gradually with decreasing of 7. Meanwhile, the proposed NMGI algorithm performs far better
than the GI, DGI and MGI ones in terms of both the IT and CPU time. And the IT and CPU
time of the DGI and NMGI algorithms are nearly a twentieth of those for the GI and MGI
ones, respectively, as n = 1072, Additionally, the proposed DGI algorithm is more stable than
the GI one, due to the fact that the variational range of the IT of the former is smaller than
that of the latter. And the stability of the proposed NMGI algorithm is the highest among the
tested algorithms in view of IT. Finally, the numerical results in Table 8 show that the diago-
nal substitution technique and new update strategy applied in the DGI the NMGI algorithms,
respectively, can improve the convergence speeds of the GI and MGI ones effectively, and the
DGI and NMGI algorithms have higher computational efficiencies than the GI and MGI ones.
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Table 8. Parameters and numerical results of the GI, DGI, MGI and NMGI algorithms for Example 7.1.

Method n 5x 107! 107! 5x 1072 1072
IT 83 390 525 1047
GI CPU 0.3101 1.4367 1.8905 3.9371
Yopt = 5.2346e —07  RES 0.4988 9.99¢-02  4.99¢-02  1.00e-02
IT 6 21 28 55
DGI CPU 0.0214 0.0765 0.0997 0.2056
Yopt = 9.5133¢ — 07  RES 0.4633 9.90e-02  4.89¢-02  9.90e-03
IT 15 67 90 178
MGI CPU 0.1529 0.7172 0.9557 1.8489
v = 1.80e — 06 RES 0.4988 9.94e-02  4.96e-02  1.00e-02
IT 2 3 4 7
NMGI CPU 0.0125 0.0226 0.0306 0.0596
v = 6.00e — 06 RES 0.2776 8.17e-02  2.77¢-02  9.80e-03

8. Numerical experiments for coupled Sylvester tensor equations
with two unknowns

This section presents a numerical example to illustrate the feasibilities and superiorities of the
proposed DGI and NMGI algorithms for the coupled Sylvester tensor equation with two un-
knowns (5.1) in terms of both IT and CPU time.

All tests are run by applying MATLAB (version R2018a) in a personal computer with Intel
(R) Core (TM) i9-10900 2.81 GHz and 32.0 GB RAM. We take the initial tensors as Y° = ) =
V=== =20=20=2)=20 = 20 = 20 =1075 - tenones(L1, La, L3), whose all
elements are 1. All iterations are stopped once the RES satisfies

3 3 3 3
\/HW1 - Z:lyl xj Vi — ;Zl X Pjl|2 + [[Wa — ;yl x; Tj — ;Zl x; Q412
RES _ J]= J= J= J]= < T]

3 3 3 3 -
\/le - Zlyo x; Vi — 2130 xj PjlI? + W2 — Zlyo x; Ty — 2130 x; Q17
J= J= J= J=

with > 0, or the IT exceeds lax = 10000. We denote the latter case by “Invalid” and “~” in
tables. According to Theorems 5.1 and 5.3, the parameters of the GI and DGI algorithms are
taken as

12 12 6fg;min
YOGI = == IDGI = = = or —— — 9>
/\max + Amin Remjn + Remax Remin + Iml

where //\\max,/):min and ]/%\emin,]/%\emax,fﬁu are defined as in Theorem 5.1 and Theorem 5.2, re-
spectively. For the MGI and NMGI algorithms, their parameters are the experimentally found
optimal ones which minimize their IT as n = 10719,
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Example 8.1. Consider the coupled Sylvester tensor equation with two unknowns (5.1), where

v bc v 5c c
wim wtwm m
c v 3v b v 51
wowe owtm et
c
Vi= m ,
c v v b v 518
mow R wtw
c v v b
mow oetm )
2v 3¢ 3v 5Y6 c
wha Getwm) ow
c v 2v 3¢ 3v 5c
wow o wmtwm TGty
c
Fj= 4h ’
c v 2v 3¢ 3v 57
wow ot Geta
c v 2v 3¢
mow e2tw )
2v 3¢ v 3c c
Rim wtw @
c v 2v 3c v 3c
wore o wtm T wtaw
c
Tj = m :
c v 2v 3c v 3c
mwow rRrm T wtw
c v 2v 3¢
o owtm )
v b v c c
whta w2 tw @
c v 3v b v c
s e ta TGt
Q= o L j=1,23,
c v 3v b v c
E R ®sm mTR
c v 3v b
sh 2 B2 sh )

Wy = tenrand(n,n,n), Wa = Wy,

with h = n%rl, v=c=1and n = 10. The system matrices Vj, P;, Tj and Q; (j = 1,2, 3) come

from Example 6.3 with few modifications as in Example 7.1.

In Table 9, we list the parameters, IT, CPU time and RES of the tested algorithms for
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Table 9. Parameters and numerical results of the GI, DGI, MGI and NMGI algorithms for Example 8.1.

Method n 10-6 1077 1078 107° 10710
IT 593 723 880 1045 1211
GI CPU  6.4832 7.8923 9.4013  11.2406  12.9087
Yopt = 1.0108¢ — 06 ~ RES  9.81e-07  9.96e-08  9.96e-09  9.88e-10  9.96e-11
IT 265 330 398 468 538
DGI CPU  2.9474 3.6393 4.2425 5.2666 5.7717
Yopt = 1.8293¢ —06  RES  9.65e-07  9.95e-08  1.00e-08  9.77e-10  9.8le-11
IT 127 158 193 226 262
MGI CPU  4.1425 4.9977 5.8496 7.3428 8.6443
v = 2.96e — 06 RES  9.20e-07  1.00e-07  9.02e-09  9.73e-10  8.80e-11
IT 68 85 103 120 138
NMGI CPU  1.8510 2.4194 2.7994 3.4515 4.0439
v = 5.40e — 06 RES  9.77e-07  9.98¢-08  9.27e-09  9.96e-10  9.42e-11

Example 8.1 with five different values of 1. According to the numerical results in Table 9, we
can conclude some observations: Firstly, all tested algorithms are convergent and feasible for all
cases, and their I'T and CPU time are increasing with the decreasing of . Secondly, the IT of the
GI algorithm change sharply with respect to n, which illustrates that its convergence behaviors
are very sensitive to . While the IT of the remaining algorithms change in moderate as 7
decreases, and the proposed NMGI algorithm is the most stable among the tested algorithms,
because the variational range of I'T of the NMGI algorithm is the smallest compared with other
tested ones. Thirdly, the DGI algorithm has faster convergence speed than the GI one, and the
IT and CPU time of the former are less than half of those for the latter. Fourthly, the proposed
NMGI algorithm has better numerical performances and higher stability than the MGI one in
terms of IT and CPU time, and its advantages become more evident with the decreases of 7.
Fifthly, the IT of the NMGI algorithm is far less than the DGI one, but there is no big difference
on their CPU time. The reason is that each iteration of the NMGI algorithm requires more
basic arithmetic operations than the DGI one, which is accordance with the results in Table 1.
Lastly, the performance of the NMGI algorithm is optimal in all tested algorithms in view of I'T
and CPU time.

9. Conclusions

In this work, we establish two new Gl-like algorithms to solve the (coupled) Sylvester tensor
equations and their convergence properties. We first derive the optimal parameter and the cor-
responding optimal convergence factor of the GI algorithm [6] to further perfect its theories. To
reduce the computational complexity of the GI algorithm, based on the hierarchical identifica-
tion principle, we replace the system matrices in the GI algorithm by their diagonal parts and
design the diagonal GI (DGI) algorithm for the (coupled) Sylvester tensor equations. By using
the tensor stretching operator, classification and analysis, we derive the convergence condition
and quasi-optimal parameter of the DGI algorithm. In addition, we apply the diagonal substi-
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tution technique and the new update strategy to the MGI algorithm, then construct the new
MGI (NMGI) algorithm for the (coupled) Sylvester tensor equations. Meanwhile, the sufficient
convergence condition of the NMGI algorithm is established by making use of the properties of
the Frobenious norm of a tensor and n-mode product of a tensor and a matrix. Also, we compare
the number of arithmetic operations of the tested algorithms. Finally, numerical experiments
are performed to validate that the proposed algorithms are efficient, and outperform the GI,
RGI, MGI and MRGI ones for the (coupled) Sylvester tensor equations in view of both IT and
CPU time.

It is noteworthy that the convergent interval of the parameter v and the (quasi-)optimal
parameter of the NMGI algorithm have not been obtained at present, which are significant for
the implementation of the NMGI algorithm. We will investigate these problems in our future
work. Aside from that, convergence conditions of the DGI algorithm derived in this work are
sufficient, then the necessary and sufficient conditions for the convergence of the DGI algorithm
deserve to be further discussed.
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