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BIFURCATION AND CONTROL OF A PREDATOR-PREY SYSTEM
WITH TWO TIME DELAYS

Jinting Lin', Changjin Xu?®', Yingyan Zhao!, Yicheng Pang!, Zixin Liu®

and Jianwei Shen?

Abstract To describe the dynamic behavior within ecosystems, we develop a novel predator-
prey model that incorporates two distinct time delays in this research. Firstly, by employ-
ing fixed-point theorem, inequality technique, and construct an appropriate function, the
trait (e.g., existence, uniqueness, non-negativity) of the solution of this delayed predator-
prey model is proved. Secondly, the critical value of time delay of this system’s stability is
sought and the stability and Hopf bifurcation of this model are investigated. A new delay-
independent criterion for the stability and bifurcation of this model is presented. Lastly,
three delay feedback controllers are designed to adjust the stability region and the onset of
bifurcation phenomena of this model. The parameter conditions of this system to maintain
stability under the delay feedback controller and the bifurcation phenomenon are discussed.
Furthermore, the correctness of the conclusions derived from this study is verified through
simulation experiments.

Keywords Predator-prey model, time delay, Hopf bifurcation, stability, delay feedback
controller.
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1. Introduction

Predator-prey model stands as a pivotal category within population dynamics, it delineates the
intricate interplay between predators and prey. It has aroused great interest in the disciplines of
ecology and biomathematics. Time delay is an ubiquitous phenomenon in the real world, which
has an important effect on the dynamical properties of system. In predator-predator model,
time delay may be manifested as delay in predator’s response time to the prey, delay in prey
growth and reproduction, and so on. Both domestically and internationally, numerous schol-
ars have explored the dynamic behavior of predator-prey model with time delay and obtained
some valuable results. For example, Zhang and Huang [39] investigated the Hopf bifurcation
phenomenon of a rigid guide rail maglev system with time delay feedback, they clarified the
feedback gain condition required for the stability of this system without time delay, analyzed
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the stability variation curves under two times delay, distinguished stable and unstable regions
and revealed the phenomenon of periodic solutions arising through Hopf bifurcation. Li et
al. [16] proposed a novel fractional-order Lengyel-Epstein model incorporating time delay. By
analyzing the distribution of the roots of its characteristic equation, the authors established
the time-delay dependent criteria for stability and bifurcation. With the utilization of nonlinear
time-delay feedback and hybrid controllers, the stability region and bifurcation time of the model
can be effectively controlled. Gao and Li [3] investigated the sufficient conditions for system
stability and Hopf bifurcation. Under the influence of the fractional-order PD controller, they
studied the impact of the proposed controller on system stability and Hopf bifurcation. Li et
al. [12] studied the conditions of local stability of positive equilibrium point and the conditions
of Hopf bifurcation driven by delay are given. By adjusting the control parameters reasonably,
the stability region of the system is enhanced effectively, and the position of Hopf bifurcation
periodic solution is changed. Lan et al. [10] discussed the roots of the characteristic equation
and the sufficient conditions for the system to exhibit periodic oscillation. The stability region of
the system was successfully expanded by incorporating a linear delayed feedback controller into
the system, Li et al. [15] established a new fractional order BAM neural network model with five
neurons and time delay, the authors explored the characteristics of its solutions and developed
a new sufficient criterion for the onset of Hopf bifurcation stability in the fractional-order BAM
neural network model. The bifurcation time and stability region of fractional-order delayed
BAM neural network model are controlled by a delayed feedback controller. Li et al. [17] built
a new fractional delay duopoly game model for insurance market. The research indicates that,
in the fractional-order delayed duopoly game model, the delay plays a crucial role in control-
ling the stability of the system and the time of Hopf bifurcation occurrence. For more detailed
researches, one can see [2,5,8,23,24,34-37].
In 2014, Sharma and Samanta. [30] proposed the following two prey one predator system:

(duy uy(t) cuq (t)us(t)
dCTt =) <1 ok ) o+ EBua(t) +ua(t)
% = pus(t) — Sus(t)us(t), (1.1)
dus buy (t)us(t)

|G = @ B + g e m ),

where uq (t), ua(t), us(t) represent the population densities of the first prey, the second prey, and
the predator, respectively. The intrinsic growth rate and carrying capacity of the first prey are
represented by r and h. The second prey’s intrinsic growth rate and predation rate are denoted
by p and &, respectively. v represents the efficiency at which the second prey consumed by the
predator is converted into predator biomass, while n denotes the predator’s mortality rate in the
absence of prey. Assume that the growth of the second prey is exponential, the population of
the second prey is abundant in the absence of predators. Consequently, there is no time required
for the predator to search for the second prey, and all of r, h, a, b, ¢, n, &, p, B, J, ¥ are positive
numbers.

Sharma and Samanta [30] discussed the use of Lotka-Volterra function responses to describe
predator-prey interactions, and the effect of time delay on model stability. In many cases, con-
sidering that the time delay in population development can affect the densities of prey and
predators, introducing time delay into predator-prey models becomes crucial. Guided by this
consideration, we can develop a more fitting predator-prey model that incorporates delay. As-
sume that the density of first prey is affected by the self-feedback delay (say 71) from u; to uq,
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the density of predators is affected by the feedback time delay (say 72) from u; to ug. In many
cases, the self-feedback delay from u; to u; and the feedback delay from u; to ug are different,
then we can modify the model (1.1) as follows

dU1 . ul(t — 7'1) Cul(t)U3(t)

ddT = ru(?) <1 Tk ) " a+ EBus(t) + w (1)

% = pus(t) — Sus(t)us(t), (1.2)
duz buy (t — 12)us(t) -

A at Bus®) +ua(t — ) + yuz(t)us(t) 3(1),

where 71, 75 are delays. In model (1.2), we divide the time delays into the following five specific
scenarios: (11 =17 =0;71=0,72>0; o =0,71 > 0; 71 =79 =7; 71 = 72 # 0). Through these
classifications, we comprehensively investigate the effect of time delays on the stability and Hopf
bifurcation of this model.

Numerous studies have confirmed that time delay plays a crucial role in the dynamic char-
acteristic system. In instances, time delay often leads to the loss of system stability, the
emergence of bifurcation phenomena, and the occurrence of chaotic behavior, among oth-
ers [1,4,7,11,13,14,19-22,26-29,31-33,38,40-43,45]. Particularly, delay-induced Hopf bifurcation
stands out as a significant dynamic feature. In the field of biology, it effectively uncovers the
balance mechanism among biological population densities. Given this, we think that it of great
theoretical significance to conduct an in-depth exploration of delay-induced Hopf bifurcation
in predator-prey models. Based on the above understanding, we plan to investigate the delay-
induced Hopf bifurcation and its control strategies in model (1.2). Just specific, we will focus
on exploring the following core issues:

(1) Analyze the existence and non-negative of the solution of system (1.2). (2) Investi-
gate the stability and Hopf bifurcation phenomena of system (1.2). (3) Design delay feedback
controller to adjust the stability region and the onset of bifurcation phenomena of system(1.2)
under different delay cases.

The primary points of emphasis in this study are as follows: (i) Building upon previous
works, a novel delay-independent criterion for the stability and bifurcation of system (1.2) is
presented. (ii) Investigate the stability and Hopf bifurcation and the effect of two time delays
on the population density of predator and prey of system (1.2). (iii) By virtue of three delay
feedback controllers, the onset of bifurcation phenomena and stability region of system (1.2) are
available adjusted.

The basic structure of this paper is as follows. The existence, uniqueness, non-negativity of
system (1.2) are demonstrated in Section 2. Sections 3 discusses the stability and bifurcation
phenomena of the system (1.2) by dividing the two delays into five cases. Sections 4 focuses on the
bifurcation control issue of system (1.2) with 71 = 7o = 7 by virtue of reasonable delay feedback
controller. Sections 5 deals with the bifurcation control issue of system (1.2) with 71 > 0,72 =0
through a practical delay feedback controller. Sections 6 deals with the bifurcation control issue
of system (1.2) with 7 = 0,79 > 0 by employing a advisable delay feedback controller. Section
7 conducts computer experiments to verify the validity of the key conclusions obtained. Finally,
Section 8 concludes the study with a concise summary.

2. Peculiarity of solution

In this section, we will employ the fixed point theorem, inequality techniques, and construct
an appropriate function to investigate the properties of the solutions to system (1.2), including
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existence, uniqueness, non-negativity.

Theorem 2.1. Let ¥ = {(uy,u2,u3) € R® : max{|u1|, |ua|, lus|,} <U}, where U > 0 represents
a constant. For every (uig,ugo,uso) € Y, system (1.2) under the initial condition (u1g, u20, u30)

admits a unique solution U = (uy,ug,us) € Y.

Proof. Define a mapping as follows:

fU) = (HU), f2(U), f3(U)),

where

9

B ui(t — 1) cuq (t)us(t)
0 =runo) (1= ) -
fo(U) = pua(t) — dug(t)us(t),

B buy (t — 12)us(t)
fsU) = a+&Pua(t) +ur(t — 72)
For every U,U € Y, we can get

1) = F(O)]]

[rm(t) (1 - ul(th Tl>> _ cm(tus(t

B [rﬂl(t) (1 B ul(th— n)) B Cul(t)u;g(t;

+ |pua(t) — dua(t)us(t) — [puz(t) — dua(t)us ()]
|: bU3(t)U1(t — 7’2)
a+&Puz(t) +ui(t — 72)
B |: bﬂ3(t)ﬂ1(t — 7'2)
a+ EBus(t) + ur(t — 72)
<rlu — @]+ %L{|u1 — |+ %u ur (t — 1) — @1 (t — 7))

+ yua(t)us(t) — nus(t).

_l’_

+ yua(t)us(t) — nus(t)} ‘

+2Uuy — |+ SEBUP [t — | + 5 EBUP Ju — o
+§U |lug — 3| + a%ug lug — us| + G%SBUQ lug — 1]
+p lug — Ug| + OU |ug — tz| + U |usz — |

—i-gl/l lur (t — 12) — a1 (t — 72)| + YU |ug — G|

+@ b¢B

- b _ _
Z/{2 ”U/Q — UQ‘ + U ‘U3 — ’U,3’ + —QUQ ’u;g — U3’
a a a

b _ _ _

+¥U2 lug — ag| + YU |uz — as| + n|ug — us|
T a
<r ]ul — 17,1| + QEU |U1 — @1‘ + EU|U1 — 7]1|

c B c B
+¥§ﬁu2 lug — a1] + ¥§5U2 |ug — U]

c ~ c B c B
+Eu luz — us| + ﬁuz lug — us3| + ESBUZ lug — us|
+plug — ug| + U |ug — us| + 0U |us — us|

bé s

202 o — @
sa U [uz — g

b
—|—;U [y — wy| 4+ U |ug — u2| +

(2.1)
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b b
+5U ’u?, — ﬂg| + %UQ |U3 — ﬂ3|

b
+?U2 lug — ag| + U |uz — ag| + n |ug — us|

< mur — ] + m2 lug — Ua| + 03 |ug — s, (2.3)
where 5 €5
r o c c 9
= 9 4+ 24 = ol
m=r—+U( h+a+a)+ GZZ/I,
c b
772=p+2/l(5+’y)+1/12(ai2ﬁ+%), (2.4)
b ¢ 9, b c b¢B &P
n3:n+U(7+5+5+5)+u(¥+a—2+?+?).
Let

1 = max {1,712, 73} - (2.5)
As a result of (2.3), it can be deduced that

IF(U) = FO)I| <nllU =Tl (2.6)
Therefore, the function f(U) satisfies the Lipschitz condition with respect U (see [11]). By
applying the fixed point theorem, it can be readily inferred that Theorem 2.1 holds valid.  [J
Theorem 2.2. Every solution to system (1.2) that originates from Ri 18 non-negative.
Proof. Based on the first equation of system (1.2), we can obtain

w5 gt ) 2D

which leads to

(o [ () g e e
then one obtains
e [ [ (1) - ) e

i (t) = u1(0) exp{/ot {r <1 - ul(sh_ Tl)) - a+552:?£)8)+ ul(s)} ds} >0.  (2.10)

Equally, we know

Thus

us(t) = us(0) exp {/Ot [ — dus(s)] ds} >0, (2.11)

us(t) = us(0) exp {/Ot [a - wzz(ls()tﬂs —y Hel) + n] ds} >0, (212)

Consequently, Theorem 2.2 is valid. ]

Remark 2.1. In a biological sense, non-negativity of solutions of system (1.2) implies that the
population densities of the first prey, the second prey, and the predator are reasonable.
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3. Exploration of bifurcation of model (1.2)

In this segment, we will delve into the bifurcation and stability issues of model (1.2). We
postulate that E(u1iy, uoy, us,) represents the equilibrium point of model (1.2), then wuyy, uoy, Uz«
comply with the given condition:

u (1 _ &) _ CUTxU3% _
™ h a+ EPugy + u,
pu2. — Oug,uge = 0, (3.1)
bu1,usz,

+ Yuo,uz, — nug, = 0.
a—l—fﬁug*—l—ul* YU2x U3 % 2%

Let

2(t) — uax, (3.2)

’L_Lg(t) = Ug(t) — U3x.

A
Do
—
N

I
<

By substituting system (3.2) into system (1.2), we derive the linear system of model (1.2) at the
equilibrium point E(t1., Uae, Uz ):

du

7; =kiu; — kQTLl(t — 7'1) + ksug — kqtis,

dii

% = ksug — keus, (3.3)

du

7; = k7ﬂ1(t — 7'2) + kgtig + kotis,

where
TUx CU3x CUIxU3x
kl =Tr— - + PR
h a+EPuse +ure  (a+ EPuae + ury)
]{3 . TU%
2 — h ’
kg = c€ Bur Uz,
(a + EBugy + uis)?’
kg — CULx
TTar EBugy + ury’
ks = p — dusy, (3.4)
k‘ﬁ = 5’LL2*,
e = bus, _ bu1,uz.
a+ EPuss +urx  (a+ EBugy + uty)?’
ks = g, — b€ Bt U3
* (a + EPuny + ue)?’
buix
kg = + Yug, — n.
\ ’ a+§6“2* + Uix 2
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The expression for the characteristic equation pertaining to system (3.3) is given below:

A— ki + kQB_ATl —ks k4

det 0 AN—ks kg | =0, (3.5)
—k‘767)‘72 —kg Akg
which leads to
N+ A2 4+ mad + m3 + (mad? + msh + meg)e N + (mr + mg)e 2 = 0, (3.6)

where

my = —k1 — ks — ko,

mao = kiks + ksko + k1kg + keks,
m3 = kikeks — k1ksko,

ma =k, (3.7)
ms = —kokg — koks,
me = kaoksky — kokeks,
my7 = kakz,
mg = kakekr — kakskr.
Case 1. 71 = 7 = 0. Then, Eq. (3.6) becomes
N+ (my 4+ ma) A2 + (ma + ms + m7) X+ m3 + mg + mg = 0. (3.8)

Therefore, the necessary and sufficient condition for all roots of Eq. (3.6) to have negative real
parts

Al =mq+my >0,

mi+m 1
(01) 4 Ay = det P >0, (3.9)

ms + mg + mg mo + ms + my

Az = (ms + mg + mg)Ay > 0.

is fulfilled, then all three roots A1, A2, A3 of Eq. (3.8) exhibit negative real parts. Thus the
equilibrium point E(u1y, s, us,) of system (1.2) with 71 = 7o = 0 is locally asymptotically
stable.

Case 2. 71 > 0,75 = 0. In this manner, Eq. (3.6) can be simplified to
A+ mi A2 + (ma + ma)XA 4+ mz 4+ mg 4 (ma A2 + msA + mg)e M = 0. (3.10)
Hypothesize that A = ie; (e; > 0) is the root of Eq. (3.10), then Eq. (3.10) becomes

(i61)3 + mq (’i61)2 + (mao + m7>i61 + mg3 + mg + [m4(i61)2 + msie] + mﬁ]e_ielﬁ =0, (3.11)



814 J. Lin, C. Xu, Y. Zhao, Y. Pang, Z. Liu & J. Shen

which leads to

dy(e1)sine;my — da(€1) cos 1 = ds(€r),

(3.12)
dy(€1) cos ey + da(er) sinerm = da(er),
where
dy = mseq,
do = m4e2 — mg,
' (3.13)
d3 = mi€; —m3 — ms,
dy = 6? — (mz + m7)€1.
In consideration of d3 + d3 = d3 + d3, we gain
& + Ere} + Baél + E3 =0, (3.14)
where
Ei=mq — 2(m2 + m7) — mi,
Ey = 2mamg — 2(mymg + mymg) — m3, (3.15)
Es = (mg + m8)2 — m%
Let
(131(61) = 6? + Elezll + EQE% + Fs. (316)

Suppose that
(02) E3 <0

holds true, it follows that ®;(0) < 0 and lim¢, o0 ®1(€1) = +00 > 0, Eq. (3.14) possesses at
least one positive real root. Hence, Eq. (3.10) admits at least one pair of purely imaginary

roots. Without loss of generality, we can assume that Eq. (3.14) has six positive real roots (say
€1(5),j=1,2,3,---,6). Based on Eq. (3.12), we know

Tl(k) - [arccos (dl(j)dg(j) — dg(j)dg(j)> +2km |, (3.17)
W ap) i)+ dag)
where
di(j) = msei()),
do(iy = ma€s - — M,
20) T SO (3.18)
dg(j) = mlel(j) — m3 —ms,
dygj) = €15 — (m2 + my)ey),
and j =1,2,3,---,6;k=0,1,2,---. Assume that 7{ = min{jzl&,,,76;k:0,172’,,,}{7-1(8)} and given

that when 71 = 7', Eq. (3.10) possesses a pair of imaginary roots die;q).
Next we put forward the following assumption:

(O3) FirFog + FirFar >0,
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where

Fig = =36} ) + ma + m7 + 2maey ) sin e10) 75,

Fip = 2myeq(g) + 2maeq(g) €os €10y Ty — M sin ey )7y, (3.19)
Fyp = mgeq(o) sin €1 ()77 — m5€%(0) COS €1(0)T1 5

Fyr = (mﬁel(o) — m4e?(0)) Ccos El(O)Tf + (m4e?(0) + m5e%(0)) sin 61(0)7'1*.

Lemma 3.1. Given that \(m1) = o1(m1) + io2(m1) is the root of Eq. (3.10) at 1 = 7 and
satisfies o1 (1) = 0, oo(717) = €1(0), then Re (ccliT/\l) > 0.

TI=T{,€1=€1(0)

Proof. By utilizing Eq. (3.10), we can derive the following result:

dA d\
[(3)\2 4+ 2mi\ +mo + m7)] — 4+ (2mg\ + m5)e_)‘71 —_—
dn dn
dA
—(maA? 4+ ms\ + mg)e (A + ?ﬁ) = 0. (3.20)
1
It signifies that
A\ R\ 7
2) = -4 3.21
(d’]’1> B\ A7 (3.21)
where
FiL(N) = 302 4 2mi )\ + (mg + m7)(2ma) + ms)e M, (3.22)
Fo(\) = (mad2 + msA +mg)e A, '
Thus
A\ ! Fi(A FipFor + FiF.
e (d) ] - [Fl(d =S e)
T TI=T] ,€1=¢€1(0) 2(3) TI=T{ €1=€1(0) sr T 1'ag

According to the assumption (Os), we derive

(jjl)_l] > 0. (3.24)

TI=T{ ,€1=€1(0)

Re

This thereby proves the conclusion. O
Based on the preceding discussion, the subsequent outcome can be readily inferred.

Theorem 3.1. Assume that (O1)-(O3) are valid, then the equilibrium point E(uis, Uk, uss) of
model (1.2) maintains locally asymptotically stable state when 1 € [0,71). Additionally, model
(1.2) arises a cluster of Hopf bifurcations surrounding the equilibrium point E(u1x, U2, Uss) when
T =T

Case 3. 71 = 0,72 > 0. In this situation, Eq. (3.6) transforms into
A 4 (my + mg) N2 + (ma + ms) X + m3 + me + (m + mg)e 2 = 0. (3.25)
Assume that A = iey is the root of Eq. (3.25), subsequently, Eq. (3.25) becomes

<i62)3 + (mq + m4)(i62)2 + (’mg + mg)ieg + mg + mg + [TrL7(i€2) + Tng]@_ieﬂ2 =0, (3.26)
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which leads to

g1(€2) sin eama + ga(€2) cos eamo = g3(€2),

(3.27)
g1 (62) COS €27 — g2(62> sin €9Ty = g4(62),
where
g1 = mreg,
= m y
2= (3.28)
g3 = (m1 + m4)€g — m3 — Mg,
[ 91 = €3 — (ma + ms)ea.
In view of g7 + g3 = g3 + g3, we gain
€S + Gres 4+ Goed + G3 = 0, (3.29)
where
G = (m1 + m2)2 — 2(m2 + m5),
Gy = (mg + m5)2 — m% — 2(m1 + m4)(m3 + mﬁ), (3.30)
Gs = (mg + m6)2 — m%
Let
@2(62) = 68 + Gle% + GQE% + Gs. (3.31)

Assume that condition
(04) Gs <0

holds, it follows that ®2(0) < 0 and lim, o P2(e2) = +00 > 0. Consequently, Eq. (3.29)
possesses at least one positive real root. Therefore, Eq. (3.25) has at least one pair of purely
imaginary roots. Without loss of generality, we can suppose that Eq. (3.29) has six positive real
roots (say €y(;),J = 1,2, ,6). Relying on (3.27), we know

1 NGa(i) + go(i ;
7'2(8) = —— |arccos (gl(])gg(]) gz(])gg(])> + 2km |, (3.32)
€2(9) 91G) T 920
where
.
91(j) = M7€2(j)s
= ms,
92 = ) (3.33)
93(j) = (m1+ m4)€2(j) — m3 — Mg,
L 9405) = 63(;’) — (ma +ms)eg(),
and j =1,2,--- ,6;k=0,1,2,---. Assume 75 = ming;—qo,... 76?’“:07172""}{72(8)} and suppose that

when 73 = 75, Eq. (3.25) has a pair of imaginary roots d-iey(q).
Moving forward, we introduce the following hypothesis:

(Os) HigrHar + HirHar > 0,
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where
Hip = —3€5)) + ma + ms + mz cos ey )75 ,

Hyp = 2(my + ma)es(o) — mr sin exo)75, (3.34)

. * 2 *
Hyp = mgey o) siney0y 7o — M7EY() COS €3(0) T3 5

. * *
Hyr = M7€y(0) S €2(0) Ty + MgEL(0) COS €2(0)To -

Lemma 3.2. Assume that A(12) = d1(m2) + i02(72) is the root of Eq. (3.25) at 79 = 75 and
meet 1(73) = 0, G2(75) = €3(0), then Re <%> >0

T2=T5 ,€2=€2(0)

Proof. Employing Eq.(3.25), we can acquire

dA dA
[(3)\2 + 2(m1 -+ 'm4))\ + mo + m5)] — + 77’L7€_>\T27
dry dm
dA
—(maX +mg)e A2 (N + ——73) = 0. (3.35)
dry
This suggests that
AT Q) (3.36)
dry Hy(\) X’ '
where
Hi(A) = 3)? +2(my + my) A+ mg + ms + mre 2, (3.37)
Hy(\) = (myX 4 mg)e 2. ‘
Hence
A\ Hy(M HipHap + HyrH.
Re (d> ] _ Re [H1(/\)] _ 1RH§R -I-H;] 21 (3.38)
2 To=T] ,e2=€2(0) 2( ) T2=T3 ,€2=€2(0) 2r T 4131

Under the assumption (Oj), we obtain

(;2) _1] > 0. (3.39)

T2=T5 ,€2=€3(0)

Re

The proof is complete. O
Based on the preceding discussion, the following conclusion can be easily deduced.

Theorem 3.2. Under the assumptions (O1), (Oy4), (Os), then the equilibrium point E ()4, oy,
us«) of model (1.2) holds locally asymptotically stable state when 7o € [0,75). Furthermore, a
cluster of Hopf bifurcations arise surrounding the equilibrium point E(u14, Uos, usy) when 1o =
Ty.
Case 4. i =1 =T1.

Under the circumstance, the corresponding characteristic Eq. (3.6) changes to

A miA? + mo 4 ma 4 [mad? + (ms + mo)XA + mg + mg]e_” =0. (3.40)
Assume that A = iw (w > 0) is the root of Eq. (3.40), then Eq. (3.40) becomes

(iw)3 + my (iw)? 4+ maiw + ms + [ma(iw)? + (ms + mz)iw + me + mgle ™™ =0, (3.41)
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which leads to

l1(w) sinwt — la(w) coswt = l3(w),

(3.42)
l1(w) coswT + lo(w) sinwt = ly(w),
where
.
I = me + mg — maw?,
lo = (ms + m7)w,
2 = (ms +m) (3.43)
ls = mow — w3,
l4 = m1w2 — ms.
In view of 12 + 13 = I3 + I3, we gain
WS + Lyw* + Low? + Ly = 0, (3.44)
where
L1 —m2 2
1 =mj] —my — 2ma,
Ly = m3 + 2my(mg + mg) — 2myms, (3.45)
L3 = m% — (m6 + m8)2 — (m5 + m7)2.
Let
®3(w) = w® 4+ Liw? + Low? + L3. (3.46)

Assume that
(O@) L3 <0

is satisfied,then the ®3(0) < 0 and lim, o P3(w) = +oo > 0,then Eq. (3.44) at least one
positive real root. Hence, Eq. (3.40) at least one pair of purely imaginary root. Without loss

of generality, we can assume that Eq. (3.44) has six positive real roots (say wj,j =1,2,---,6).
Relying on (3.42), we know
1 Lienlacn — lognlac
T](k) =— [arccos ( 1(]);(]) lz(j) 30) 2k7r>] , (3.47)
wi 1) * '20)
where

.
ll(j) = Mg + Mg — M4Wj,

laj) = ms + mz,

(3.48)
ls(j) = mawj — wj,
L) = muw; — ma,
and j =1,2,--- ,6;k=0,1,2,---. Assume 7" = min{jzl,gw.76;;6:071,2,...}{7]@)} and suppose that

when 7 = 7%, Eq. (3.40) has a pair of imaginary roots +iwy.
We present the following assumption:

(O7) MipMaog + MMy > 0,
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where

Mip = —3w8 + 2mywp sinwoT* + (ms + my) coswoT”,
My = 2mywp + 2mywg coswot™ — (M5 + my7) sinwy™,
Mg = [(ms + mr7)wd + (me + mg)wo — mawd] sin wer™ (3.49)

—(ms + m7)w3 coswoT*,

| Mar = (mewo + mgwo — m4w8) coswyT .

Lemma 3.3. Suppose that o(T) = 01(7) + i02(7) is the root of Eq. (3.40) at T = 7* such that
01(7*) =0, 02(7*) = wo, then Re (%) ‘ > 0.

T=T%,Ww=wo

Proof. Utilizing Eq. (3.40), we can obtain
dA dA
2 iy —AT =
[(BA\% + 2miX + my)] -+ [2m4\ + ms + mrle =
dA

—[maX? + (ms + m7)A 4+ me + mgle (A + ET) =0. (3.50)

This implies that

<d)\>1 _ My T (3.51)

dr My(A) N
where
Mi(A) =302 4+ 2my A + ma + (2mu\ + ms + myr)e’, (3.52)
My(N) = [maA? + (ms + m7) X + mg 4+ mgle 2.
Therefore
d\\ M (A MipMag + My M
el@) ] L e

Based on the assumption (O7), we gain

(;2‘) 1] > 0, (3.54)

T=T*,w=wo

Re

which ends the proof. O
Based on the preceding discussion, the subsequent conclusion can be readily inferred.

Theorem 3.3. Provided that (O1), (Og), (O7) are valid, then the equilibrium point E(u14, o,
uz«) of model (1.2) maintains locally asymptotically stable state when T € [0,7*). In addition,
model (1.2) arises a cluster of Hopf bifurcations surrounding the equilibrium point E(t1x, Uz, Usy)
when T = T*.

Case 5. 71 # 0,7 # 0.

(i) For ;1 > 0,72 € [0,75), in this situation, we take 71 as bifurcation parameter and place 7o
within a stable interval. Let A = iv; (v > 0)be a root of Eq. (3.6), then Eq. (3.6) transforms
into

(iV1)3 + ml(iul)Q + Moty +ms + [m4(i1/1)2 + msgivy + mﬁ]e_i"”1
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+(myivy +mg)e” "1™ =0, (3.55)

which leads to

ny(v1)sinvym — no(vy) cosvim = n3(v1),

(3.56)
ni(v1) cosvim + na(vy) sinvym = ng(vr),
where
(
ny = msly,
nog = ’17141/2 me
- 1 )
(3.57)
ns = mlyi’ — mg — myy sin(v ) — mg cos v T),
(4 = uf — MmaVy — M3V COS V1 T2) — Mg sin(v17a).
On account of n? + n% = n3 + n3, we gain
§ 4+ Nivi 4+ Novd + N3v? + N. N5 =0 3.58
vy + Nivyp + Novy + N3vp + Ngvp + Ny =0, (3.58)
where
Ny = m% — mi — 2mg — 2m7 coS V1 T2,
No = —2mimy sin vy 1o — 2mg Sin v 7y,
22 2 2
N3 = mz sin® v1 712 + 2mame + (ma + myzcosvim2)” — m;
(3.59)
—2my1mg cos V1 Te — 2mims,
Ny = 2mgmy sin vy + 4dmymg sin v 79 cos v Te + 2maomg sin vy,
N5 = (m3 + mgcosvim)? + mésin vy — m2
5 — 3 8 172 8 172 6
Let
4
Oy(v1) = v + N1 + Novd + N3v? 4+ Nyvy + N, (3.60)

Assume that
(Og) N5 <0

is satisfied, then the ®4(0) < 0 and lim,, oo P4(r1) = +00 > 0, then Eq. (3.58) at least
one positive real root. Hence, Eq. (3.6) possesses at least one pair of purely imaginary root.
Without loss of generality, we can assume that Eq. (3.58) has six positive real roots (say
vi@),t=1,2,---,6). Additionally, based on (3.56), we know

TI(Z)) = [arccos ( = )n;( ) n ni( 730 2k‘7r>] , (3.61)
1(4) 2(1)
where
N1y = MsV1(),
2
No(i) = M4li) — M, (3.62)
n3(y = mluf(i) —mg — myvy(;) sin(vy;)T2) — Mg COS Vi (;)T2),

T4(i) = Vi’(i) — Malq;) — M3V1(;) COS Vl(i)TQ) — ms Sin(”l(i)72)7
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andi=1,2,---,6;k=0,1,2,---. Assume 77 = ming_; 5 ... 650,12 7}{7'1(2?)} and suppose that
when 71 = 71, Eq. (3.6) has a pair of imaginary roots +iv;q).
Next, we put forward the following assumption:

(O9) S1rS2R + S11521 > 0,
where
( Sir = —SVf(O) + mag + 2mavy (o) sin vy gy Tix + M5 COS V()T
+(m7 — mgT2) €os V(0 T2 — M7T2V(0) SN V1 () T2,
S11 = 2mavy (o) + 2mavy (o) COS Yy (yT7 — M5 Sin vy o) Ty (3.63)
+(mgT2 — my) sin vy (972 — M7T2V1(0) COS V1 () T2,

Saor = (mevy(0) — m41/f’(0)) sinvy ()77 — m51/12(0) CoS V()77 5

Sor = m5uf(0) sin I/l(O)Tf + (m6V1(0) - m47/i9)(0)) cos Vl(O)Tf'

Lemma 3.4. Suppose that \(11) = ¥1(11) + i2(11) is the root of Eq. (3.6) at 71 = 1, and
satisfy 91(77) = 0, Y2(77) = vy(0), then Re (%) ‘ > 0.

TI=T*,V=V1(0)

Proof. By employing Eq. (3.6), we can derive

dA dA
(3% + 2ma A + ma2)] o+ (@mar+ m5)e—>\71d7
1 1
dA dA
—(m4)\2 +ms\ + mg)e_ATl A+ —m)+ m7e_M2—
dry dn
— T2 dA
—(m7\ + mg)e ng—ﬁ = 0. (3.64)
In other words L
d\\ T Si(\) m
(&) =20 259
where
S1(N) = 3M% + 2my A + ma + (2ma) + ms)e™
+mrer? — (mg X + mg)er 21, (3.66)
So(N) = (myA? + ms\ + mg)e A,
Hence
e ( dx ) 1] Re [Sl(A)] _ SirSon+ SuSar (3.67)
= = 2 2 : :
dn TI=T{ ,V1=V1(0) SQ()\) TL=T{HI=V(0) S2R * Szl

Through the assumption (Oyg), we get

(j:l)l] > 0, (3.68)

T1 :’7'1* V1 :VI(O)

Re

which completes the proof. O
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On the basis of the above discussion, the following result can be effortlessly deduced.

Theorem 3.4. If (01), (Os), (Og) hold, then the equilibrium point E(u1x, Uz, ug+) of model
(1.2) maintains locally asymptotically stable state when T € [0, 77). Moreover, model (1.2) arises
a cluster of Hopf bifurcations surrounding the equilibrium point E(uiy, ok, us,) when 7 = 77.
(ii) For 7o > 0,71 € [0,77), we take 7o as bifurcation parameter and place 7 within a stable
interval. Let A =ivy (r2 > 0) be a root of Eq. (3.6), then Eq. (3.6) becomes

(il/g)3 + ml(iyg)2 + maivy + ms + [m4(i1/2)2 + msivy + mG]e_il’m

+(myivy + mg)e” 2™ =0, (3.69)

which leads to

M7Va Sin VaTy — Mg Cos VaTa = by (12),

(3.70)
M7V COS VaTo + Mg sin Vo = ba (1),
where
by = mlz/g —msg + (m41/22 + M) COS VaT] — Mo Sin VoY, (3.71)
by = Vf‘ — Mgl — M3l COS 1Ty — Mg SiN V1 Ty.
Due to m2v3 + m2 = b3 + b3, we gain
6 5 4 3 2 _
Uy + B]_V2 + 327/2 + BSVQ + B4V2 + B5V2 + B6 = O, (372)
where
Bi = —2mysinveTy,
By = (m1 + my cos 1/27'1)2 + mi sin? v — 2mg — 2ms cos VT,
Bg = (27TLQTn4 — 2m1m5 — 2m6) sin Vo711,
By = (mg 4 ms cosvam )% 4 (2myme — 2mamy) cos vom (3.73)
+m§ sin? vy + 2mymeg — 2mims — m%,
Bs = (2mgmg + 2mgms) sin veT,
Bg = m% sin2 VT + (m3 — Mg COS 1/27'1>2 — mg
Let
®5(vy) = 1S + Bivs + Bavy + Bsvs + Byva + Bsvy + By, (3.74)

Assume that
(O10) Bs <0

is fulfilled, it follows that ®5(0) < 0 and lim,,_, P5(r2) = +00 > 0, then Eq. (3.72) at least
one positive real root. Hence, Eq. (3.6) at least one pair of purely imaginary root. Without loss
of generality, we can assume that Eq. (3.72) has six positive real roots (say va(;),7 = 1,2, -+ ,6).
Depending on (3.56), we know

b1y + i) ba(i
TZ(Z)) _ [arccos (m8 10 T T7V2(5)72() + 2k7r>] , (3.75)

2 2,2
mg + mavy)
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where
by = mlyg(i) —ms3 + (m41/§(i) + M) COS Vy(j)T1 — M5V () SIN Vo T, (3.76)
baiy = VS(Z») — MaVy(;) — M3lo(j) COS V() Ta — Mg SIN Vo) T,
andi=1,2,---,6;k=0,1,2,---. Assume 75 = ming_; 5 ... 6:5—0,1,2, ,}{72(2))} and suppose that
when 79 = 73, Eq. (3.6) has a pair of imaginary roots +ivyq).
Afterward, we propose the following assumption:
(011) TirTer + T1T2r > 0,
where
( .
Tir = —3V§(O) +msa + (2m41/2(0) — M5Va(0)) SN Vy(0)T1
+(ms + m41/22(0) + M) COs V()1 + M7 Sin vy T3,
Tir = 2myv + (2myv — mgL. COS Vy(0)\T1
¥ 20) + ( 2(0) 2(0)) 2(0) (3.77)

—(ms + m41/22(0) + meg) sin v ()71 — My sin vy 73,

. * 2 *
Tor = mgvy(g) Sin vy) 73 — m71/2(0)) COS Vo(0) T3 5

T2I — m7y22(0)) sin VZ(O)TS + mSVQ(O) sin 1/2(0)7'5.

Lemma 3.5. Let A(12) = U1(72) + id2(m2) be the root of Eq. (3.6) at o = 75, and when

> 0.

T2 =T2* V2 :IJQ(O)

51(75) =0, @2(75) = Vy(0), then Re (%)

Proof. By Eq. (3.6), we can gain

dX dX
[(3)\2 +2miA + m2)] — + (2m4/\ + ’ITL5)€_>\T1 —
dmy dmy

AT1 Eﬁ + mpe AT axr

dry dm
dA

—(mzA + TrLg)e_>‘T2 A+ Tzd—7_2) =0,

_(m4)\2 + msA + m6)e_

which indicates

( dX )‘1 Ti(\) 7

dry To(\) A’
where
Ti(N\) = 302 + 2my A + mag + (2ma) + ms)e
—(maX? + msA + me)e T + mre N2,
To(N) = (mzX + mg)e "2\,
Thus
Re (‘D‘> _1] _ Re [Tlo\)} _ DirTer + TirTor
dTo To=T§ V2=V (o) O T2=T3 V2 =V(0) T22R + T22[

(3.78)

(3.79)

(3.80)

(3.81)
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(j:;) _1] > 0, (3.82)

T2=T3 ,V2=V3(0)

By (O11), we know

Re

which ends the proof. O
According to the above analysis, we can draw the following conclusions.

Theorem 3.5. If (O1), (O19), (O11) hold, then the equilibrium point E(uix, ok, us«) of model

(1.2) maintains locally asymptotically stable state when T2 € [0,75). Besides, model (1.2) arises

a cluster of Hopf bifurcations surrounding the equilibrium point E(uiy, oy, us«) when 7 = 3.

Remark 3.1. In model (1.2), there exist two different delays. If there are three or more delays,
it is difficult to explore the impact of different delays on the stability and bifurcation of model
(1.2). We leave it for future work.

4. Control of bifurcation for model (1.2) with 7, = » = 7 using
delay feedback controller

In this segment, we will apply a delay feedback controller to dominate stability region and the
time of generation of Hopf bifurcation of system (1.2) under the condition of 71 = 75 = 7. By
means of the ideas of [41-43], we set up the following controlled predator-prey model:

(duy Cwt-7)\  cn(tus(t)
ddt—?"Ul(t) <1 n > a—i—ﬁﬁm(t)—i—m(t),
% = pua(t) — Sua(t)us(t) — s(ua(t) —ua(t — 7)), (4.1)
B I ottt

where ¢ denotes feedback gain parameter. System (4.1) owns the same equilibrium point
E (U1, U2s, us«) as that in system (1.2). Let

e = ug(t) — i (t),
Uz = u1(t) — Ua(t), (4.2)

Uy = UQ(t) — U1 (t)

The linear system of system (4.1) near E(u1y4, U2x, U2,) Teads as:

diq _ _ _ _

% = aiju; — agul(t — 7') + aszuz — aqus,

du

7; = azlo + a7ﬂ2(t — T) — arus, (4-3)
diio

P agts(t — 7) + agio + ajous,
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where
U CU3% CUTxU3%
ay =nr— - + PR
h a+EPuse +ur  (a+ EPuas + uiy)
TULx
a - M
" h
az = C{BUI*U?)*
(a + &EBugy + u1y)?’
CU1x
a4 = )
a + &Pugy + Uik
a5:p_5u3*_§7 (44)
ag = G,
a7 = 5“/2*7
ag = busy . but,us,
a+£5u2* + Uix (a+£/8u2* +u1*)2’
v — g, — DBz
* T (a+ &Buns +ure)?
bul* +
ajg — YU2x — M.
\ a+ f,B'LLQ* + Uix *
The characteristic equation of system (4.3) owns the following expression:
X —aj + age AT —as aq
det 0 A —as —age ™ ay =0, (4.5)
—age’)”' —ag A —aqg
which results in
3 2 2 —AT =217 __
A2+ DAY+ po A+ p3 + (p4)\ +p5/\+pﬁ)e + (p7/\+p8)e =0, (4.6)
where
p1 = —aip —as — ay,
p2 = asayip + arag + aijaip + aias,
b3 = ai1asaip — aiaraio,
P4 = G2 — Gg
’ (4.7)

Ps = agaip + arag + asasg — azas — azall,

D6 = agas5a10 + agarag + azayag — 446508 — 146410,

pr = —a2ag,

\ Pbs = a2a6a10 — A40608.

When 7 = 0, the formulation of Eq. (4.6) is as follows:

N+ (h1 + ha)N? + (ha + hs)A + hg + he + hy = 0.
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If
R1=p1+ps>0,
+h 1
Q1) d Ro=det | 7T >0, (4.9)
P3 + Pe + P8 P2 + Ps + Pr

\§R3 = (p3 + pe + ps) N2 > 0,

is valid, then the three roots A1, A2, A3 of Eq. (4.8) have negative real parts. Thus the equilibrium
point E(u1x, U2s, us,) of system (4.1) with the delay 7 = 0 maintains locally asymptotically
stability.

Assume that A =i¢ (¢ > 0) is the root of Eq. (4.6), then Eq. (4.6) becomes:

[(i¢)* + p1(i¢)* + p2ich + p3le™®™ + pa(id)? + psid + ps + (pridy + ps)e " = 0. (4.10)

It follows from Eq. (4.10) that

U1(¢) sin g7 + Wy(9) cos g7 = W3(¢)),

(4.11)
Wy (@) sin g7 + W5(¢) cos o7 = Wg(9),
where
Uy = ¢ + pro — p2g,
Uy =ps + Py — p1¢?,
_ 2
V3 = p1¢” — pe, (4.12)
Uy = p3 — ps — p16°,
U5 = pep — Prp — ¢°,
L Y6 = —p5¢.
By (4.11), one gains
sin o1 = Lol — ¥s¥s
U0y — U0
cos ¢T = —\Ilzgwi — \1/11\1156 1
WUy — U0
In consideration of cos? ¢7 + sin ¢ = 1, we obtain
[Wo(p7)W6(p7) — W3(d7)Ws(p7)]) + [W3(67)Wa(pT) — U1 (¢7)Ws(67))
= [Wa(p7)Wa(¢7) — W1 (d7)W5(97)]%. (4.14)

The result is as follows

¢ — W19" — Wag® — Wig® — Wag! — Wi® — Wi = 0, (4.15)
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where

Wi = pj + 4p2 — 2p7,

W = 4(p1ps + pi** + p? — pipr) + 2(p3pr — P2t — pavs — p3) — p? — pi,

W3 = 8(p1p3pr — paps — p1peps) + 4(pips + p3 + P2 + papaps — papepr
—papsps) — 2(p1pips + PEP7 + P§ — P2pipPT — P1P3DT — P21}
—p1paps — P — Pipi — pip3) + pipd + p3pi + Pip? + v} + pivi,

Wy = —8(p1papeps + p1p2psp7) — 6pip3 + 4(p2papepr + P1P3PADS
+P3D% + p2p32 + P73 + P1P3pF + P1P3D3 + PsDePs + D2papsps
—pipaps — pap? — p3pr — papi — Papspps) + 2(pipd — P1psp? (4.16)
—PEpT — P3PaPs — PaPePs — Papg — P3PIPS — P2PEPT — PiP3Ds)
+p3pi + pipd + ppr + P3pE + Pt — P,

W5 = 4(psp — 4p7ps + p1p} — p1p3p3 — p2p7p3) + 2(pspeprps + P2P3P5D6
+P3D3 + P3P3 — P2DEPT — P3PaD6 — PaP6PR — P1P3DG
—PapePg — P3PsPePT — P2PsPePs — P3P — P3P3) + P3p3 + pspips + PEp3
+P3DE + PEPF — P3DEDs,

| W = p3pé + 2p3p3 + 2ps5pepps — 2p3pips — P3 — Ps — 2p2pspeps.
Define
Dg(¢) = ¢ — Wio'" — Wag® — Wig® — Wae! — Wse? — W (4.17)

Assume that

(013) Weg > 0.

If (Q13) holds, then ®4(0) = —Ws < 0, notice that limg_,oc Pe(¢) > 0. So we know Eq. (4.15)
admits at least one positive real root. Therefore Eq. (4.6) has at least one pair of purely
imaginary roots. Without loss of generality, we suppose that Eq. (4.15) has six positive real
roots (say ¢;,j =1,2,3,--- 12). Relying on (4.13), we know

(k) _ 1 [ ( W3(d;)Pa(d;) — Vi(¢;)Ve(9;) )]
7,7/ = — |arccos + 2kw ||, 4.18
Y o (d5)(Va(es) — V1(e;) W5 (o)) (4.18)
where j = 1,2,3,--- 6;k = 0,1,2,---. Let 70) = min{j:1,2737..,12;k:071727...}{7}k)} and suppose

that when 7 = 7, Eq. (4.6) has a pair of imaginary roots +igo.

Now we present the following assumption:

(O11) QirQ2r + Q11Q2r > 0,
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where

Qir = —3¢%0) + 2pad(0) Sin (o) T(0) + P5 COS G (0)T(0) + P7 COS 200y T(0)5
Q11 = 2p19(0) + 2Pad(0) €OS P(0)T(0) — P5 50 d(0)T(0) — P7 510 20(0)T(0)
Qar = (Ps{o) + Pod(0) — Padi(o)) Sin b(0)T(0) — P5 (o) €08 (o) (o) (4.19)
—2p7¢{y) €08 2¢(0)T(0) + 2psd(0) Sin 26 0)T(0),

Qar = (P6do) — Pad{y)) €08 b(o)T(0) + 2P767) sin 26(0) (o)

+2ps®(0) COS P(0)T(0)-

Lemma 4.1. If (1) = hi(7) + iha(7) is the root of Eq. (4.6) near T = 7(o) that adheres

hl(T(o)) =0, hQ(T(O)) = ¢(0), then Re (%) > 0.
T=T(0):9=9(0)
Proof. It follows from Eq. (4.6) that
NP 4 pIA? + pad + ps + (paX” + psA +pe)e T + (prd + pg)e T =0, (4.20)

we can get

dA d\
(3/\2 + 2p1 A —|—p2)5 + (2Aps + p5)e”\7— — (p4)\2 + psA + ps)

dr
d\ d\ d\
TN 4 pr——e BT — (pr A+ pg)2e (=21 + )) =0, (4.21)

— AT
( dr dr dr

xXe

which indicates

A\ @) 7
<dT> T Q) N (4.22)
where
Q1(N) = 3N+ 2p1 A + pa + (2pad + ps)e ™ + pre N, (423
Q2()\) = (p4)\2 + psA —|-p6)e—/\7' + 2(]?7)\ +p8)€_2>\7—/\.
Hence
A Qi) Q1rQ2r + Q11Q21
- <d7> ] o [Q (A)] T Qe
T=T(0),$=¢0 2 T=T(0),$=¢0 2R 27
By (O14), we get
—1
Re (2) ] > 0. (4.25)
T=T(0),$=%0

The proof is concluded. O
From the above discussion, the following theorem is derived.

Theorem 4.1. If (O12)-(O14) hold, then the equilibrium point E(ui., s, us,) of model (4.1)

maintains locally asymptotically stable state if T € [0, 7)) and model (4.1) generates a cluster

of Hopf bifurcations around the equilibrium point E(u1x, uz«, us«) when 7 € [0, 7(g)).
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5. Control of bifurcation for model (1.2) with 74 > 0,75 = 0 using
delay feedback controller

In this segment, we will apply a delay feedback controller to dominate stability region and the
time of generation of Hopf bifurcation of system (1.2) under the condition of 71 > 0,75 = 0. By
means of the ideas of [41-43], we set up the following controlled predator-prey model:

duy —— (1 w (t — 7'1)> cuy (t)us(t)

dt h a+EPun(t) +ua(t)

—w(u1(t) —ui(t — 1)),
2 pu(t) = dua(t)us (1), o)
duz buy (t)us(t)

+ yua(t)us(t) — nus(t),

L dt a+&EBus(t) +ui(t)

where w denotes feedback gain parameter. System (4.1) owns the same equilibrium point
E(t1y, U2s, us,) as that in system (1.2). Let

u1, = u(t) — u1(?),
Uy = ug(t) — ua(t), (5.2)
U3e = U3(t) — ’L_Lg(t).

The linear system of system (4.1) near E(u1yx, U2, U2,) Teads as:

diq _ _ _ _
7 Vol (t — T1) + V3t — V43,
dii
% = vpliz — VU3, (5.3)
dii
% = v7u1 + v]Ug + VoUs3,
where
o1 — 1 — TULx o — CU3x + CUTxU3x%
' h 0+ EBugs + ure | (a+ EPuze + urn)?’
Tul*
V2 = h + w,
vz = € Buus.
(CL + €BU2* + Ul*)2 ’
CUT%
Vg4 = 3
a—+ gBUQ* + Ui
V5 = p — OUsy, (5.4)
Vg = 5’LL2*,
vy = buz, _ b1, U3y
a+ EPuss +urx  (a+ EBugy + uty)?’
Vs = YUz, — b€ Bur,uz,
8 o (a + £Bugy + uiy)?’
bu.
Vg = + YU, — N.
YT a+ EPugy + Uiy Tt
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The characteristic equation of system (5.3) owns the following expression:

AT1

A — vy +voe” —v3 Uy
det 0 )\ — Vs Ve — O, (55)
—U7 —vs A— (s}
which results in
A2 4+ 01 AZ 4 Do + b3 + (DaA + bs A + bg)e Tt = 0, (5.6)
where
€1 = —Ug — Us — U1,

Co = V2Vg + VgUg + V1Vg + V1VUs5 + V407,

€3 = V3U7V6 — V1U5V9 — V1V6U8 — V4VU5V7,

(5.7)
€y = V2,
C5 = —U2V¢ — V2Us5,
C6 = VaUsV9 — V2UgUS.
When 71 = 0 the formulation of Eq. (5.6) is as follows:
N+ (er+ )N+ (ca+c5)A+ 3+ ¢ = 0. (5.8)
If
Al =c1+cg >0,
O d Apmdet [T | S, (5.9)

c3+ cgca +cs

kA?’ = (03 + cg)Ag > 0,

is valid, then the three roots A1, Ag, A3 of Eq. (5.8) have negative real parts. Thus the equilibrium
point E(u1y, Ugy, us,) of system (5.1) with the delay 71 = 0 maintains locally asymptotically
stability.

Assume that A = ip (> 0) is the root of Eq. (5.6), then Eq. (5.6) becomes:

((ip)® + c1(ip)? + caip + c3 + (ca(ip)? + csip + cg)e” ™ = 0. (5.10)
It follows from Eq. (5.10) that

©1(p) sin 1 + O2(p) cos pum = O3(p),

(5.11)
©1(p) cos pr1 — O2(p) sin ity = O4(p),
where )
e1 = C5U,
Oy = cg — capt,
2 6 — Capt (5.12)

2
O3 = c1p” — c3,

Oy = pi® — cop.



Bifurcation and control of a predator-prey system with two time delays 831

In consideration of ©2 + 03 = ©2 + O3, we gain

(8 + Crph + Copd + C3 =0, (5.13)
where

Oy = ¢ —2c1 — cf,

Cy = 3 4 2cqc6 — 2c103 — €2, (5.14)

O3 =c3 —c2.
Let

Oy (p) = pu® + Cr1p* + Cop® + Cs. (5.15)
Assume that
(O16) C3<0

holds, then ®7(0) < 0 and lim, oo ®7(1t) = +00 > 0, then Eq. (5.13) admits at least one positive
real root. Therefore Eq. (5.10) has at least one pair of purely imaginary root. Without loss
of generality, we suppose that Eq. (5.13) has six positive real roots (say u(j),j = 1,2,---,6).
Relying on (5.11), we know

1 01Oy + O, O35
7.1(;9)1 — —— |arccos ( 1(5) ‘21(3) ;(J) 3(])) 4 2% , (516)
1) O10) + Oz
where
.
O1(j) = eshG)
Oy(jy = 6 — Capiy,
S (5.17)
O3(5) = cungg) — ¢,
3
Ou(j) = 1) — catigy);
and j =1,2,--- ,6;k=0,1,2,---. Assume 7{ = min{j:m’_._’6;n:071727._.}{7'1(6))} and suppose that
when 7 = 7{, Eq. (3.25) has a pair of imaginary roots £ifi.
Now we present the following assumption:
(O17) JirJ2gr + JirJar >0,
where
Jip = —3/;2 4 C2 + 24 ft4 SIN 4Ty + C5 COS s Ty,
J1r = 2¢1bs + 2€4 COS 4y To — C5 SIN Ly Ty, (5.18)

Jor = (cepbs — C4,u‘:’) SIN f1sTo — C5Mza

Jor = cs5p2 Sin Ty + (Cofin — C4pt2) COS [T

Lemma 5.1. Suppose that \(11) = 71(71) +192(71) is the root of Eq. (5.10) at 7y = 1{ such that
n(m) =0, g2(1{) = p«, then Re (% > 0.

TL=T] = H
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Proof. By Eq. (5.10), we can gain

dA dA
(BA? + 201X + ca) 5= + (2c4A + ¢5)e M
dry dn
dA
—(caN? 4 s\ + cg)e AN+ dfﬁﬁ) =0, (5.19)
which indicates )
dX\ Ji(A) 7T
—_— = - = 5.20
<d7-1> Jo(A) N ( )
where
JI(N) = 3X2 4260\ + ¢ + (eah + ¢5)e ™,
1(A) 1 2 + (ca 5) (5.21)
Jo(A) = (70 + s\ + o) e L.
Hence .
Re <d/\> N _ Re [h@\)] _ Dror + Jirdar (5.22)
dn TI=TL = 210V PR, T3p + T3
By (O17), we get
A\ 7!
7'1:7{#1«*:/1*
the proof is concluded. O

From the above discussion, the following theorem is derived.

Theorem 5.1. If (O15)-(O17) are valid, then the equilibrium point E(uix, Ugx, us,) of model
(5.1) maintains locally asymptotically stable state if 1 € [0,7}). Moreover, model (5.1) generates
a cluster of Hopf bifurcations around the equilibrium point E(ui4, u2x, us.) when 1 = 71.

6. Control of bifurcation for model (1.2) with 7, = 0,7 > 0 using
delay feedback controller

In this segment, we will apply a delay feedback controller to dominate stability region and the
time of generation of Hopf bifurcation of system (1.2) under the condition of 71 = 0,79 > 0. By
means of the ideas of [41-43], we set up the following controlled predator-prey model:

duy _ Cw(t)\  cun(t)ug(t)
@ - 1(t) (1 h ) 0+ EBus(t) + ur(t)’
% = pua(t) — duz(t)us(t) — x(ua(t) — uz(t — 12)), (6.1)
duz buy (t — 12)us(t)
\ & = T EBuD twt —7a) + yug (t)us(t) — nus(t),

where x denotes feedback gain parameter. System (6.1) owns the same equilibrium point
E(u14, uax, uss) as that in system (1.2). Let

ure = up(t) — w1 (t),
Uy = ua(t) — ua(t), (6.2)

UGy = U3(t) — ﬂg(t).
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The linear system of system (6.1) near E(u1y, U2, U2,) can be expressed as follows:

duq _ B 3
—— = 21Uy — 29Ug — 23Us3,
at 1U1 2U2 3U3
dus _ _ 3
‘g{*::Z4u2-FZ5u2(t—-72)—-Z6u37 (6.3)
dig _ _ _
ke 271 (t — T2) + 2812 + 29Us,
where
27U 4 CU3% CUTxU3%

21 =T— — + 3
h a + EPugy + Uiy ((l + &Bug. + Ul*)

29 = c€ Putusy

(a + 55“2* + U1*>2’

CU1x

z3 =

a + §Puzgy + (.
Z4:p—5u3*_X7

z5 = X, (64)
26 = 5u2*7
= bus, _ bu1,uz.
a—+ S/BUQ* + Uix (CL + §5U2* + Ul*)2 ’
28 = Yuze — bﬁﬂul*u;z,*
ST T 0t Bz + un)?
bu
z9 = I + Yuo, — n.

a + §PBugy + uix

The characteristic equation of system (6.3) owns the following expression:

A— 21 —23 z3
det 0 AN—zy—zse ™ 2 | =0, (6.5)
—zpe T2 —23 A— 29
which results in
N A2 £ o 413+ (1 A2 s+ 7“6)67/\72 — rre A2 = ), (6.6)
where
L= —%29 — 24 — 21,

Ty = 2429 + 2628 + 2124 + 2129,

T3 = —R212429 — 212628,

ry = —2zs, (6.7)
rs = 2529 + 2125 + 2327,

T'6 = 222627 — R324%7 — Z1%5%9,

rT = Z32527.



834 J. Lin, C. Xu, Y. Zhao, Y. Pang, Z. Liu & J. Shen

If 79 = 0, then Eq. (6.6) becomes

A (r+ )N+ (2 +15)A + 13 + 16 — 17 = 0. (6.8)
If
Vi=ri+rs >0,
r+r 1
(01)d Vo=det | = " >0, (6.9)

r3+16 —T7T2+ 15

| V3 = (r3+16 —17)V2 >0,

is valid, then the three roots A1, A2, A3 of Eq. (6.8) have negative real parts. Thus the equilibrium
point E(t1y, Uz, us,) of system (6.1) with the delay 79 = 0 maintains locally asymptotically
stable.

Assume that A =ie (¢ > 0) is the root of Eq. (6.6), then Eq. (6.6) becomes:

((ie)® + 71 (ie)* + roic + 13)e™T + r4(ic)? + rsic + 1) — ree” ™ = 0. (6.10)

It follows from Eq. (6.10) that

O1(g)sinemy + Oz(e) cosems = Os,

(6.11)
O1(g) cosemy — Oz(e) sinets = Oy,
where
O1 =13 — 1 — 17,
Oy = 3 — 1ye,
? ? (6.12)
O3 = r48% — 16,
04 = —T5E.
In consideration of 0% + 0% = 0% + O3, we gain
6 4 2 _
e’ + 0™ + O2e” + 03 =0, (6.13)
where
01 = 7“% —2r9 — rz,
O = 211717 + 2ra716 + r% — 2r1r3 — rg, (6.14)
O3 = (r3 —r7)* — 2.
Let
(I)S(E) =6 + 0184 + 0262 + Os. (6.15)

Assume that
(O19) 03<0

is satisfied, then the ®g(0) < 0 and lim._,» Pg(c) = +o00 > 0,then Eq. (6.13) at least one
positive real root. Hence, Eq. (6.10) at least one pair of purely imaginary root. Without loss
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of generality, we can assume that Eq. (6.13) has six positive real roots (say €;,j = 1,2,---,6).
Relying on (6.11), we know
1 O1(\Ou(5y — Og(1\Os3;
TQ(?) = — [arccos ( 16) g(j) Z(]) 39 4 okr , (6.16)
g Oiy) + Oz
where
Ol(j) =73 7’1€§ — T,
Ooriy = &5 — 1roe i
2(4) J ] J (6.17)
Os(j) = 145 — 76,
Oaj) = —7585,
and j =1,2,--- 6;k =0,1,2,---. Assume 75 = min{j:m’...,G;k:071,27.._}{72(6.))} and suppose that
when 75 = 74, Eq. (6.10) has a pair of imaginary roots tie,.
Next we present the following assumption:
(O20) O1rRO2Rr + 011021 > 0,
where
O1igr = —353 + 1o 4 2r4e, Sin €475 + 15 COS E4Ty,
O11 = 27164 + 2744 COS E4 T — T5 SIN E4 T+,
2 2 (6.18)

Osr = (16 — 2176, — Ei’) sine, 5 — 562 cos ExTo,

\ Os1 = (r6es — 21784 — si’) COS E4xT5 + 7"5{—:3 sine,7s.

Lemma 6.1. Suppose that A\(12) = £1(12) +il2(12) is the root of Eq. (6.10) at 7o = T4 such that

01(75) =0, la(15) = €4, then Re (%) > 0.

TQ=T4,E=€x

Proof. Using Eq. (6.10), we can gain

dA “a dA
(3% + 271\ + 1)) @, Tt rsle A e
2 — AT dA
—(ra\*+ 15X +rg)e (A + —m) =0,
d7'2

which indicates

DNV
dro CVe(A) N
where
VI(A) = 3X2 4 2 A + 19 + (204X + 15)e 72,
Va(\) = (ra\® + 15\ + r6)e AN — 2rre AT,
Therefore
Re ( d\ )1 _Re [‘/1()\)] _ VirVar + VirVar
dTQ To=Ti e=c. ‘/Q(A) TQ=T4,E€=€x Vv22R + V22I

(6.19)

(6.20)

(6.21)

(6.22)
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By the assumption (Oy), we get

Re

(C;i);)_l] > 0, (6.23)

TQ=T4,E=€x

the proof is concluded. O
From the above discussion, the following theorem is derived.

Theorem 6.1. Assume that (O18)-(O20) are valid, then the equilibrium point E (w1, Uz, Usx) Of
model (6.1) holds locally asymptotically stable state if o € [0,74). Moreover, model (6.1) exhibits
a cluster of Hopf bifurcations around the equilibrium point E(uix, U2x, us«) when o = 75.

Remark 6.1. In this paper, although some assumptions are very complex, we can check the
correctness of these assumptions via computer software.

Remark 6.2. Section 4 deals with the bifurcation of model (1.2) with 71 = 7 = 7 via delay
feedback controller. Also we explore the the bifurcation of model (1.2) under other delay cases
via delay feedback controller. We leave it for future research direction.

Remark 6.3. Section 5 deals with the bifurcation of model (1.2) with 71 > 0,72 = 0 via delay
feedback controller. Of course, we can also explore the the bifurcation of model (1.2) under
other delay cases via same delay feedback controller. We need to do numerical simulation and
theoretical analysis to check whether the designed controller is effective or not. We leave it for
future research direction.

Remark 6.4. In terms of the form of the controller, the controllers of Section 4, Section 5
and Section 6 are same. But we add this delay feedback controller to different equations under
different delay cases and then obtain different critical delay values to ensure the onset of Hopf
bifurcation.

7. Matlab simulations

In this section, we carry out Matlab simulation to verify the correctness of the obtained results.

Example 7.1. When 7 > 0,72 = 0, take into account the following system that incorporates
a delay.

du1 (751 (t - ’7'1) 0.3’LL1(t)U3(t)

L —05u(t) (11— -

dt ui(t) ( 0.2 0.57 + 0.1 x 0.2uz(t) + uy (t)’

d

% = 0.39us(t) — 0.9us(t)us(t), (7.1)
dU3 O.9u1(t)U3(t)

=3 = 0.56us (t)us(t) — 0.9us(t).

& 057101 x02u(t) Fayq T OPuetuslt) = 0.9us(t)

It is evident that system (7.1) possesses a unique positive equilibrium point £(0.1283, 1.3227,
0.4333). One can readily confirm that conditions (O;)-(O3) outlined in Theorem 3.1 are all valid.
Numerical simulations are carried out using Matlab software, we are able to obtain 7 ~ 2.4. In
order to confirm the accuracy of the outcomes obtained from Theorem 3.1, for the time-delay
variable 7, we select two distinct values: The first one is 2.0 and the second one is 2.7. If
71 = 2.0 < 7{ = 2.4, the corresponding numerical simulation diagrams are illustrated in Figure
1. In Figure 1, we can clearly observe that ui(t) — 0.1283,ua(t) — 1.3227,u3(t) — 0.4333
when ¢ — +o00. To put it another way, the equilibrium point F(0.1283,1.3227,0.4333) of model
(7.1) possesses locally asymptotically stable state. If 71 = 2.7 > 7§ ~ 2.4, the corresponding
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numerical simulation diagrams are illustrated in Figure 2. In Figure 2, we can clearly observe
that uy(t), ua(t), us(t) will keep oscillate periodically in the vicinity of the values 0.1283, 1.3227,
0.4333 respectively, which means that, a series of periodic solutions (namely, Hopf bifurcations)
emerges in the vicinity of the equilibrium E(0.1283,1.3227,0.4333).

Example 7.2. When 71 = 0,79 > 0, take into account the following system that incorporates
a delay.

duy ui(t) 0.3u1 (t)us(t)

1 05u(t) (1 - -

dt w(t) ( 0.2 > 0.57 + 0.1 x 0.2us(t) + u1 (£)

% = 0.39us(t) — 0.9us(t)us(t), (7.2)
du3 0.9u1(t — TQ)U3(t)

— = . t t) — 0. t).

7t " 05T E01 % 02um(t) +u( =) T 0-P0ua(t)us(t) = 09us(?)

\

It is evident that system (7.2) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). One can readily confirm that conditions (O1), (O4), (Os) outlined in Theorem 3.2 are
all valid. Numerical simulations are carried out using Matlab software, we are able to obtain
75 ~ 0.4. In order to confirm the accuracy of the outcomes obtained from Theorem 3.2, for the
time-delay variable 1o, we select two distinct values: The first one is 0.1 and the second one is
0.8. If » = 0.1 < 75 = 0.4, the corresponding numerical simulation diagrams are illustrated in
Figure 3. In Figure 3, we can clearly observe that u; () — 0.1283, ua(t) — 1.3227, u3(t) — 0.4333
when t — +oo. To put it another way, the equilibrium point F/(0.1283,1.3227,0.4333) of model
(7.) possesses locally asymptotically stable state. If 7 = 0.8 > 75 ~ 0.4, the corresponding
numerical simulation diagrams are illustrated in Figure 4. In Figure 4, we can clearly observe
that u(t), ua(t), us(t) will keep oscillate periodically in the vicinity of the values 0.1283, 1.3227,
0.4333 respectively. which means that, a series of periodic solutions (namely, Hopf bifurcations)
emerge in the vicinity of the equilibrium F(0.1283,1.3227,0.4333).

Example 7.3. When 7 = 7o = 7, take into account the following system that incorporates a
delay.

dup 1(t—7 0.3uq(t)us(t)

it 05ur(t) < ) 057 + 0.1 x 0.2up(t) - un(0)’

% = 0.39us(t) — 0. 9uQ( ) 5(1), (7.3)
dU3 . 0.9u1 (t - T)U3(t)

AT 057100 % 02ua(t) +un(t =y T O-26ua(t)us(t) = 0.9us(t).

It is evident that system (7.3) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). One can readily confirm that conditions (O1), (Og), (O7) outlined in Theorem 3.3 are
all valid. Numerical simulations are carried out using Matlab software, we are able to obtain
7" 2 0.5. In order to confirm the accuracy of the outcomes obtained from Theorem 3.3, for the
time-delay variable 7, we select two distinct values: The first one is 0.1 and the second one is
0.92. If 7 = 0.1 < 7" = 0.5, the corresponding numerical simulation diagrams are illustrated in
Figure 5. In Figure 5, we can clearly observe that u; () — 0.1283, ua(t) — 1.3227, us(t) — 0.4333
when ¢ — +o00. To put it another way, the equilibrium point F(0.1283,1.3227,0.4333) of model
(7.3) possesses locally asymptotically stable state. If 7 = 0.92 > 7* &~ 0.5, the corresponding
numerical simulation diagrams are illustrated in Figure 6. In Figure , we can clearly observe
that u(t), ua(t), us(t) will keep oscillate periodically in the vicinity of the values 0.1283, 1.3227,
0.4333 respectively, which means that, a series of periodic solutions (namely, Hopf bifurcations)
emerge in the vicinity of the equilibrium £E(0.1283,1.3227,0.4333).
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Example 7.4. Consider the following system accompanying delay.

dU1 ul(t — 7'1) 0.3U1(t)U3(t)

T 05u(t) (1 -

dt ui(t) < 0.2 0.57 + 0.1 % 0.2us(t) + ui(t)’

d

% = 0.39us(t) — 0.9us(t)us(t), (7.4)
du3 0.9U1(t — TQ)U3(t)

s 0.56ua(t)uz () — 0.9us(t).

B 057 0.0 x 02u(t) + =) T OP0u(Buslt) = 0-9us(t)

Where 71 > 0,72 = 0.2. It is evident that system (7.4) possesses a unique positive equilib-
rium point F(0.1283,1.3227,0.4333). One can readily confirm that conditions (O1), (Os), (Oy)
outlined in Theorem 3.4 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain 7 ~ 2.2. In order to confirm the accuracy of the outcomes
obtained from Theorem 3.4, for the time-delay variable 71, we select two distinct values: The
first one is 2.0 and the second one is 2.5. If 74 = 2.0 < 7 = 2.4, the corresponding numer-
ical simulation diagrams are illustrated in Figure 7. In Figure 7, we can clearly observe that
up(t) — 0.1283, ua(t) — 1.3227,us(t) — 0.4333 when t — +00. To put it another way, the equi-
librium point E/(0.1283,1.3227,0.4333) of model (7.4) possesses locally asymptotically stable
state. If 71 = 2.5 > 71 = 2.0, the corresponding numerical simulation diagrams are illustrated
in Figure 8. In Figure 8, we can clearly observe that (), ua(t), us(t) will keep oscillate pe-
riodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283,1.3227,0.4333).

Example 7.5. Consider the following system accompanying delay.

du1 ul(t - Tl) O.3u1 (t)’u,g(t)

—L = 05u(t)(1- -

dt ui(t) ( 0.2 0.57 + 0.1 x 0.2ug(t) +uy(t)’

d

% = 0.39us(t) — 0.9us(t)us(t), (7.5)
dus 0.9u1 (t — m2)us(t)

= 0.56us (t)us(t) — 0.9us(t

B 05T 0.0 x 03m(t) t (i —ry) T P0uzBus(t) = 0-9us(t),

where 75 > 0,77 = 1.8 It is evident that system (7.5) possesses a unique positive equilibrium
point F(0.1283,1.3227,0.4333). One can readily confirm that conditions (O1), (O10), (O11)
outlined in Theorem 3.5 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain 75 ~ 0.6. In order to confirm the accuracy of the outcomes
obtained from Theorem 3.5, for the time-delay variable 75, we select two distinct values: The
first one is 0.3 and the second one is 0.8. If » = 0.3 < 71" = 0.6, the corresponding numer-
ical simulation diagrams are illustrated in Figure 9. In Figure 9, we can clearly observe that
up(t) — 0.1283, ua(t) — 1.3227, uz(t) — 0.4333 when ¢ — +o00. To put it another way, the equi-
librium point F(0.1283,1.3227,0.4333) of model (7.5) possesses locally asymptotically stable
state. If 79 = 0.8 > 75 =~ 0.6, the corresponding numerical simulation diagrams are illustrated
in Figure 10. In Figure 10, we can clearly observe that wu;(t), ua(t), uz(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
FE(0.1283,1.3227,0.4333).
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Example 7.6. Consider the following system accompanying delay.

dup ui(t — ) 0.3uq(t)us(t)

o~ 0hul) <1 02 ) 0.7 4 0.1 x 0.2us(t) 4 ui(t)’

% = 0.39u2(t) — 0.9us(t)us(t) — s[ua(t) — ua(t — 7)], (7.6)
\ % T 057+ O?igzl(g.t2;;(z)eﬁ(21(t —y +0:-56uz(t)us(t) — 0-9us(?).

It is evident that system (7.6) possesses a unique positive equilibrium point £(0.1283, 1.3227,
0.4333). Let ¢ = 0.1, when 7 = 75 = 7, One can readily confirm that conditions (O12)-(014)
outlined in Theorem 4.1 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain 7y ~ 0.8. In order to confirm the accuracy of the outcomes
obtained from Theorem 4.1, for the time-delay variable 7, we select two distinct values: The
first one is 0.55 and the second one is 2.0. If 7 = 0.55 < 71 ~ 0.8, the corresponding numerical
simulation diagrams are illustrated in Figure 11. In Figure 11, we can clearly observe that
ui(t) — 0.1283,ua(t) — 1.3227,u3(t) — 0.4333 when t — +oo. To put it another way, the
equilibrium point £(0.1283,1.3227,0.4333) of model (7.6) possesses locally asymptotically stable
state. If 7 = 2.0 > 7y = 0.8, the corresponding numerical simulation diagrams are illustrated
in Figure 12. In Figure 12, we can clearly observe that wui(t), ua(t), us(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283,1.3227,0.4333).

Example 7.7. Consider the following system accompanying delay.

dU1 ul(t - 7'1) 03u1 (t)u;g(t)
L= 05u(t) (1— -
dt wi(t) ( 0.2 0.57 + 0.1 x 0.2us(t) + us (£)

—wlu(t) —ui(t — )l

% = 0.39ua(t) — 0.9uz(t)us(t), (7.7)
dus 0.9u; ()us(t)

at 0.56us(t)us(t) — 0.9us(t).
7 057701 x020(0) T T P0ueluslt) = 0.9us(t)

It is evident that system (7.7) possesses a unique positive equilibrium point F(0.1283, 1.3227,
0.4333). Let w = 0.02, when 71 > 0,75 = 0, One can readily confirm that conditions (Oi5)-
(O17) outlined in Theorem 5.1 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain 7{ ~ 2.5. In order to confirm the accuracy of the outcomes
obtained from Theorem 5.1, for the time-delay variable 71, we select two distinct values: The
first one is 2.0 and the second one is 2.7. If 7 = 2.0 < 7{ = 2.5, the corresponding numerical
simulation diagrams are illustrated in Figure 13. In Figure 13, we can clearly observe that
ui(t) — 0.1283,ua(t) — 1.3227,u3(t) — 0.4333 when ¢ — +oo. To put it another way, the
equilibrium point £(0.1283,1.3227,0.4333) of model (7.7) possesses locally asymptotically stable
state. If 7 = 2.7 > 71 ~ 2.5, the corresponding numerical simulation diagrams are illustrated
in Figure 14. In Figure 14, we can clearly observe that wui(t), ua(t), us(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerges in the vicinity of the equilibrium
FE(0.1283,1.3227,0.4333).
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Example 7.8. Consider the following system accompanying delay.

du i (t) 0.3us (t)us(t)

dTl ~ o) <1 - 5-2 ) ~0.57+0.1 xlo.zuz(t) +u(t)’

% = 0.39u2(t) — 0.9ua(t)us(t) — @lua(t) — uz(t — )], (7.8)
dug 0.9uq (t — m2)us(t)

+ 0.56UQ(t)U3(t) — O.QU3(t).

At 057+ 0.1 x 0.2uz(f) + ur (£ — 72)

It is evident that system (7.8) possesses a unique positive equilibrium point E£(0.1283, 1.3227,
0.4333). Let ¢ = 0.02, when 71 = 0,72 > 0, One can readily confirm that conditions (O;3)-
(Og) outlined in Theorem 6.1 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain 75 ~ 0.4. In order to confirm the accuracy of the outcomes
obtained from Theorem 6.1, for the time-delay variable m, we selected two distinct values:
The first one is 0.12 and the second one is 1.1. If 7 = 0.12 < 75 ~ 0.4, the corresponding
numerical simulation diagrams are illustrated in Figure 15. In Figure 15, we can clearly observe
that ui(t) — 0.1283, ua(t) — 1.3227,u3(t) — 0.4333 when t — +o00. To put it another way, the
equilibrium point £(0.1283,1.3227,0.4333) of model (7.8) possesses locally asymptotically stable
state. If 71 = 1.1 > 77 = 0.4, the corresponding numerical simulation diagrams are illustrated
in Figure 16. In Figure 16, we can clearly observe that w;(t), ua(t), us(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283,1.3227,0.4333).

Remark 7.1. Based on the numerical simulation graphs of Example 7.3 and Example 7.6, we
know that their bifurcation values are 7* = 0.5 and 7() = 0.8 respectively. This indicates that
we can expand the stability region of system (7.3) through the design of an appropriate delay
feedback controller. From the computer simulation graphs of Example 7.1 and Example 7.7,
we are aware that the respective bifurcation values for them are 7 = 2.4 and 77 = 2.5, which
indicates that we can expand the stability region of system (7.1) by designing a delay feedback
controller.

8. Conclusions

This paper investigates a predator-prey model with two distinct time delays. In the first place, By
using fixed point theorem, inequality transformation and construction of appropriate functions,
the existence, uniqueness and non-negative of the solution of the delayed predator-prey system
are proved. Next, we select time delay as the bifurcation parameter and the two time delays
can be classified into five situations (11 = 75 = 0,77 > 0,72 = 0,72 > 0,77 = 0,77 = 7o =
7,71 = T2 # 0). Further, we explore the delay critical value that ensures the occurrence of
bifurcation phenomena of this model. By utilizing bifurcation and stability theory of delayed
differential equation, the stability and Hopf bifurcation of this model are studied. A new delay-
independent criterion on stability and bifurcation of this model is derived. In the end, in order
to effectively adjust the stability region and the onset of bifurcation phenomena of this model,
three types of delay feedback controllers are designed. Then, the parametric conditions of this
system remains stable under delay feedback controllers as well as the bifurcation phenomena of
this model are explored. This study focuses on exploring predator-prey model with two time
delays, aiming to uncover how two time delays influence the stability and periodic oscillations
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Figure 1. Matlab simulation graphs of system (7.1) under the delay 71 > 0,72 = 0 and 71 = 2.0 < 7 = 2.4.
The equilibrium point £(0.1283,1.3227,0.4333) maintains locally asymptotically stable level.

of ecosystem. In addition, the dynamic behavior of the ecosystem can be further regulated by
designing controllers to delay or advance the occurrence of Hopf bifurcations.
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Figure 2. Matlab simulation figures of system (7.1) under the delay 71 > 0,72

2.4. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point

FE(0.1283,1.3227,0.4333).
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Figure 3. Matlab simulation graphs of system (7.2) under the delay 71 = 0,72 > 0 and 72 = 0.1 < 73 = 0.4.
The equilibrium point £(0.1283,1.3227,0.4333) maintains locally asymptotically stable level.
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Figure 10. Matlab simulation figures of system (7.5) under the delay 7 = 1.8,72 = 0.2 and 72 = 0.8 > 75 =
0.6. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
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Figure 11. Matlab simulation graphs of system (7.6) under the delay 71 = 72 = 7 and 7 = 0.55 < 7y = 0.8.
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Figure 12. Matlab simulation figures of system (7.6) under the delay 71 = 70 = 7 and 7 = 2.0 > 7y =
0.8. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283,1.3227,0.4333).
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Figure 13. Matlab simulation graphs of system (7.7) under the delay 7 = 2.0,72 =0 and 71 = 2.0 < 7f = 2.5.
The equilibrium point £(0.1283,1.3227,0.4333) maintains locally asymptotically stable level.
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Figure 14. Matlab simulation figures of system (7.7) under the delay 7 = 2.0,72 = 0 and 71 = 2.7 > 71 =
2.5. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
FE(0.1283,1.3227,0.4333).
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Figure 15. Matlab simulation graphs of system (7.8) under the delay 71 = 0,72 = 0.12 and 72 = 0.12 < 75 = 0.4.

The equilibrium point £(0.1283,1.3227,0.4333) maintains locally asymptotically stable level.
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Figure 16. Matlab simulation figures of system (7.8) under the delay 7 = 0,72 = 1.1 and 7» = 1.1 > 75 =

0.4. A cluster of periodic solutions (namely, Hopf bifurcations) emerges in the vicinity of the equilibrium point
E(0.1283,1.3227,0.4333).
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