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BIFURCATION AND CONTROL OF A PREDATOR-PREY SYSTEM

WITH TWO TIME DELAYS

Jinting Lin1, Changjin Xu2,†, Yingyan Zhao1, Yicheng Pang1, Zixin Liu1

and Jianwei Shen3

Abstract To describe the dynamic behavior within ecosystems, we develop a novel predator-
prey model that incorporates two distinct time delays in this research. Firstly, by employ-
ing fixed-point theorem, inequality technique, and construct an appropriate function, the
trait (e.g., existence, uniqueness, non-negativity) of the solution of this delayed predator-
prey model is proved. Secondly, the critical value of time delay of this system’s stability is
sought and the stability and Hopf bifurcation of this model are investigated. A new delay-
independent criterion for the stability and bifurcation of this model is presented. Lastly,
three delay feedback controllers are designed to adjust the stability region and the onset of
bifurcation phenomena of this model. The parameter conditions of this system to maintain
stability under the delay feedback controller and the bifurcation phenomenon are discussed.
Furthermore, the correctness of the conclusions derived from this study is verified through
simulation experiments.

Keywords Predator-prey model, time delay, Hopf bifurcation, stability, delay feedback
controller.

MSC(2010) 34C23, 34K18, 37GK15, 39A11, 92B20.

1. Introduction

Predator-prey model stands as a pivotal category within population dynamics, it delineates the
intricate interplay between predators and prey. It has aroused great interest in the disciplines of
ecology and biomathematics. Time delay is an ubiquitous phenomenon in the real world, which
has an important effect on the dynamical properties of system. In predator-predator model,
time delay may be manifested as delay in predator’s response time to the prey, delay in prey
growth and reproduction, and so on. Both domestically and internationally, numerous schol-
ars have explored the dynamic behavior of predator-prey model with time delay and obtained
some valuable results. For example, Zhang and Huang [39] investigated the Hopf bifurcation
phenomenon of a rigid guide rail maglev system with time delay feedback, they clarified the
feedback gain condition required for the stability of this system without time delay, analyzed
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the stability variation curves under two times delay, distinguished stable and unstable regions
and revealed the phenomenon of periodic solutions arising through Hopf bifurcation. Li et
al. [16] proposed a novel fractional-order Lengyel-Epstein model incorporating time delay. By
analyzing the distribution of the roots of its characteristic equation, the authors established
the time-delay dependent criteria for stability and bifurcation. With the utilization of nonlinear
time-delay feedback and hybrid controllers, the stability region and bifurcation time of the model
can be effectively controlled. Gao and Li [3] investigated the sufficient conditions for system
stability and Hopf bifurcation. Under the influence of the fractional-order PD controller, they
studied the impact of the proposed controller on system stability and Hopf bifurcation. Li et
al. [12] studied the conditions of local stability of positive equilibrium point and the conditions
of Hopf bifurcation driven by delay are given. By adjusting the control parameters reasonably,
the stability region of the system is enhanced effectively, and the position of Hopf bifurcation
periodic solution is changed. Lan et al. [10] discussed the roots of the characteristic equation
and the sufficient conditions for the system to exhibit periodic oscillation. The stability region of
the system was successfully expanded by incorporating a linear delayed feedback controller into
the system, Li et al. [15] established a new fractional order BAM neural network model with five
neurons and time delay, the authors explored the characteristics of its solutions and developed
a new sufficient criterion for the onset of Hopf bifurcation stability in the fractional-order BAM
neural network model. The bifurcation time and stability region of fractional-order delayed
BAM neural network model are controlled by a delayed feedback controller. Li et al. [17] built
a new fractional delay duopoly game model for insurance market. The research indicates that,
in the fractional-order delayed duopoly game model, the delay plays a crucial role in control-
ling the stability of the system and the time of Hopf bifurcation occurrence. For more detailed
researches, one can see [2, 5, 8, 23,24,34–37].

In 2014, Sharma and Samanta. [30] proposed the following two prey one predator system:

du1
dt

= ru1(t)

(
1− u1(t)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)
,

du2
dt

= ρu2(t)− δu2(t)u3(t),

du3
dt

=
bu1(t)u3(t)

a+ ξβu2(t) + u1(t)
+ γu2(t)u3(t)− nu3(t),

(1.1)

where u1(t), u2(t), u3(t) represent the population densities of the first prey, the second prey, and
the predator, respectively. The intrinsic growth rate and carrying capacity of the first prey are
represented by r and h. The second prey’s intrinsic growth rate and predation rate are denoted
by ρ and δ, respectively. γ represents the efficiency at which the second prey consumed by the
predator is converted into predator biomass, while n denotes the predator’s mortality rate in the
absence of prey. Assume that the growth of the second prey is exponential, the population of
the second prey is abundant in the absence of predators. Consequently, there is no time required
for the predator to search for the second prey, and all of r, h, a, b, c, n, ξ, ρ, β, δ, γ are positive
numbers.

Sharma and Samanta [30] discussed the use of Lotka-Volterra function responses to describe
predator-prey interactions, and the effect of time delay on model stability. In many cases, con-
sidering that the time delay in population development can affect the densities of prey and
predators, introducing time delay into predator-prey models becomes crucial. Guided by this
consideration, we can develop a more fitting predator-prey model that incorporates delay. As-
sume that the density of first prey is affected by the self-feedback delay (say τ1) from u1 to u1,
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the density of predators is affected by the feedback time delay (say τ2) from u1 to u3. In many
cases, the self-feedback delay from u1 to u1 and the feedback delay from u1 to u3 are different,
then we can modify the model (1.1) as follows

du1
dt

= ru1(t)

(
1− u1(t− τ1)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)
,

du2
dt

= ρu2(t)− δu2(t)u3(t),

du3
dt

=
bu1(t− τ2)u3(t)

a+ ξβu2(t) + u1(t− τ2)
+ γu2(t)u3(t)− nu3(t),

(1.2)

where τ1, τ2 are delays. In model (1.2), we divide the time delays into the following five specific
scenarios: (τ1 = τ2 = 0; τ1 = 0, τ2 > 0; τ2 = 0, τ1 > 0; τ1 = τ2 = τ ; τ1 = τ2 ̸= 0). Through these
classifications, we comprehensively investigate the effect of time delays on the stability and Hopf
bifurcation of this model.

Numerous studies have confirmed that time delay plays a crucial role in the dynamic char-
acteristic system. In instances, time delay often leads to the loss of system stability, the
emergence of bifurcation phenomena, and the occurrence of chaotic behavior, among oth-
ers [1,4,7,11,13,14,19–22,26–29,31–33,38,40–43,45]. Particularly, delay-induced Hopf bifurcation
stands out as a significant dynamic feature. In the field of biology, it effectively uncovers the
balance mechanism among biological population densities. Given this, we think that it of great
theoretical significance to conduct an in-depth exploration of delay-induced Hopf bifurcation
in predator-prey models. Based on the above understanding, we plan to investigate the delay-
induced Hopf bifurcation and its control strategies in model (1.2). Just specific, we will focus
on exploring the following core issues:

(1) Analyze the existence and non-negative of the solution of system (1.2). (2) Investi-
gate the stability and Hopf bifurcation phenomena of system (1.2). (3) Design delay feedback
controller to adjust the stability region and the onset of bifurcation phenomena of system(1.2)
under different delay cases.

The primary points of emphasis in this study are as follows: (i) Building upon previous
works, a novel delay-independent criterion for the stability and bifurcation of system (1.2) is
presented. (ii) Investigate the stability and Hopf bifurcation and the effect of two time delays
on the population density of predator and prey of system (1.2). (iii) By virtue of three delay
feedback controllers, the onset of bifurcation phenomena and stability region of system (1.2) are
available adjusted.

The basic structure of this paper is as follows. The existence, uniqueness, non-negativity of
system (1.2) are demonstrated in Section 2. Sections 3 discusses the stability and bifurcation
phenomena of the system (1.2) by dividing the two delays into five cases. Sections 4 focuses on the
bifurcation control issue of system (1.2) with τ1 = τ2 = τ by virtue of reasonable delay feedback
controller. Sections 5 deals with the bifurcation control issue of system (1.2) with τ1 > 0, τ2 = 0
through a practical delay feedback controller. Sections 6 deals with the bifurcation control issue
of system (1.2) with τ1 = 0, τ2 > 0 by employing a advisable delay feedback controller. Section
7 conducts computer experiments to verify the validity of the key conclusions obtained. Finally,
Section 8 concludes the study with a concise summary.

2. Peculiarity of solution

In this section, we will employ the fixed point theorem, inequality techniques, and construct
an appropriate function to investigate the properties of the solutions to system (1.2), including
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existence, uniqueness, non-negativity.

Theorem 2.1. Let Υ = {(u1, u2, u3) ∈ R3 : max{|u1|, |u2|, |u3|, } ≤ U}, where U > 0 represents
a constant. For every (u10, u20, u30) ∈ Υ, system (1.2) under the initial condition (u10, u20, u30)
admits a unique solution U = (u1, u2, u3) ∈ Υ.

Proof. Define a mapping as follows:

f(U) = (f1(U), f2(U), f3(U)), (2.1)

where 
f1(U) = ru1(t)

(
1− u1(t− τ1)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)
,

f2(U) = ρu2(t)− δu2(t)u3(t),

f3(U) =
bu1(t− τ2)u3(t)

a+ ξβu2(t) + u1(t− τ2)
+ γu2(t)u3(t)− nu3(t).

(2.2)

For every U, Ū ∈ Υ, we can get

||f(U)− f(Ū)||

=

∣∣∣∣[ru1(t)(1− u1(t− τ1)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)

]
−
[
rū1(t)

(
1− ū1(t− τ1)

h

)
− cū1(t)ū3(t)

a+ ξβū2(t) + ū1(t)

]∣∣∣∣
+ |ρu2(t)− δu2(t)u3(t)− [ρū2(t)− δū2(t)ū3(t)]|

+

∣∣∣∣[ bu3(t)u1(t− τ2)

a+ ξβu2(t) + u1(t− τ2)
+ γu2(t)u3(t)− nu3(t)

]
−
[

bū3(t)ū1(t− τ2)

a+ ξβū2(t) + ū1(t− τ2)
+ γū2(t)ū3(t)− nū3(t)

]∣∣∣∣
≤ r |u1 − ū1|+

r

h
U |u1 − ū1|+

r

h
U |u1(t− τ1)− ū1(t− τ1)|

+
a

c
U |u1 − ū1|+

c

a2
ξβU2 |u1 − ū1|+

c

a2
ξβU2 |u2 − ū2|

+
c

a
U |u3 − ū3|+

c

a2
U2 |u3 − ū3|+

c

a2
ξβU2 |u3 − ū3|

+ρ |u2 − ū2|+ δU |u2 − ū2|+ δU |u3 − ū3|

+
b

a
U |u1(t− τ2)− ū1(t− τ2)|+ γU |u2 − ū2|

+
bξβ

a2
U2 |u2 − ũ2|+

b

a
U |u3 − ū3|+

bξβ

a2
U2 |u3 − ū3|

+
b

a2
U2 |u3 − ū3|+ γU |u3 − ū3|+ n |u3 − ū3|

≤ r |u1 − ū1|+ 2
r

h
U |u1 − ū1|+

a

c
U |u1 − ū1|

+
c

a2
ξβU2 |u1 − ū1|+

c

a2
ξβU2 |u2 − ū2|

+
c

a
U |u3 − ū3|+

c

a2
U2 |u3 − ū3|+

c

a2
ξβU2 |u3 − ū3|

+ρ |u2 − ū2|+ δU |u2 − ū2|+ δU |u3 − ū3|

+
b

a
U |u1 − ū1|+ γU |u2 − ū2|+

bξβ

a2
U2 |u2 − ū2|
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+
b

a
U |u3 − ū3|+

bξβ

a2
U2 |u3 − ū3|

+
b

a2
U2 |u3 − ū3|+ γU |u3 − ū3|+ n |u3 − ū3|

≤ η1 |u1 − ū1|+ η2 |u2 − ū2|+ η3 |u3 − ū3| , (2.3)

where 
η1 = r + U(2 r

h
+

c

a
+

b

a
) +

cξβ

a2
U2,

η2 = ρ+ U(δ + γ) + U2(
cξβ

a2
+

bξβ

a2
),

η3 = n+ U(γ + δ +
b

a
+

c

a
) + U2(

b

a2
+

c

a2
+

bξβ

a2
+

cξβ

a2
).

(2.4)

Let
η = max {η1, η2, η3} . (2.5)

As a result of (2.3), it can be deduced that

||f(U)− f(Ū)|| ≤ η||U − Ū ||. (2.6)

Therefore, the function f(U) satisfies the Lipschitz condition with respect U (see [11]). By
applying the fixed point theorem, it can be readily inferred that Theorem 2.1 holds valid.

Theorem 2.2. Every solution to system (1.2) that originates from R3
+ is non-negative.

Proof. Based on the first equation of system (1.2), we can obtain

du1
u1

=

[
r

(
1− u1(t− τ1)

h

)
− cu3(t)

a+ ξβu2(t) + u1(t)

]
dt, (2.7)

which leads to ∫ t

0

du1
u1

=

∫ t

0

[
r

(
1− u1(s− τ1)

h

)
− cu3(s)

a+ ξβu2(s) + u1(s)

]
ds, (2.8)

then one obtains

u1(t)

u1(0)
= exp

{∫ t

0

[
r

(
1− u1(s− τ1)

h

)
− cu3(s)

a+ ξβu2(s) + u1(s)

]
ds

}
. (2.9)

Thus

u1(t) = u1(0) exp

{∫ t

0

[
r

(
1− u1(s− τ1)

h

)
− cu3(s)

a+ ξβu2(s) + u1(s)

]
ds

}
> 0. (2.10)

Equally, we know

u2(t) = u2(0) exp

{∫ t

0
[ρ− δu3(s)] ds

}
> 0, (2.11)

u3(t) = u3(0) exp

{∫ t

0

[
bu1(s− τ2)

a+ ξβu2(s) + u1(s− τ2)
+ γu2(s) + n

]
ds

}
> 0. (2.12)

Consequently, Theorem 2.2 is valid.

Remark 2.1. In a biological sense, non-negativity of solutions of system (1.2) implies that the
population densities of the first prey, the second prey, and the predator are reasonable.
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3. Exploration of bifurcation of model (1.2)

In this segment, we will delve into the bifurcation and stability issues of model (1.2). We
postulate that E(u1⋆, u2⋆, u3⋆) represents the equilibrium point of model (1.2), then u1⋆, u2⋆, u3⋆
comply with the given condition:


ru1⋆

(
1− u1⋆

h

)
− cu1⋆u3⋆

a+ ξβu2⋆ + u1⋆
= 0,

ρu2⋆ − δu2⋆u3⋆ = 0,

bu1⋆u3⋆
a+ ξβu2⋆ + u1⋆

+ γu2⋆u3⋆ − nu2⋆ = 0.

(3.1)

Let 
ū1(t) = u1(t)− u1⋆,

ū2(t) = u2(t)− u2⋆,

ū3(t) = u3(t)− u3⋆.

(3.2)

By substituting system (3.2) into system (1.2), we derive the linear system of model (1.2) at the
equilibrium point E(u1⋆, u2⋆, u3⋆):

dū1
dt

= k1ū1 − k2ū1(t− τ1) + k3ū2 − k4ū3,

dū2
dt

= k5ū2 − k6ū3,

dū3
dt

= k7ū1(t− τ2) + k8ū2 + k9ū3,

(3.3)

where 

k1 = r − ru1⋆
h

− cu3⋆
a+ ξβu2⋆ + u1⋆

+
cu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

k2 =
ru1⋆
h

,

k3 =
cξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

k4 =
cu1⋆

a+ ξβu2⋆ + u1⋆
,

k5 = ρ− δu3⋆,

k6 = δu2⋆,

k7 =
bu3⋆

a+ ξβu2⋆ + u1⋆
− bu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

k8 = γu3⋆ −
bξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

k9 =
bu1⋆

a+ ξβu2⋆ + u1⋆
+ γu2⋆ − n.

(3.4)
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The expression for the characteristic equation pertaining to system (3.3) is given below:

det


λ− k1 + k2e

−λτ1 −k3 k4

0 λ− k5 k6

−k7e
−λτ2 −k8 λk9

 = 0, (3.5)

which leads to

λ3 +m1λ
2 +m2λ+m3 + (m4λ

2 +m5λ+m6)e
−λτ1 + (m7λ+m8)e

−λτ2 = 0, (3.6)

where 

m1 = −k1 − k5 − k9,

m2 = k1k5 + k5k9 + k1k9 + k6k8,

m3 = k1k6k8 − k1k5k9,

m4 = k2,

m5 = −k2k9 − k2k5,

m6 = k2k5k9 − k2k6k8,

m7 = k4k7,

m8 = k3k6k7 − k4k5k7.

(3.7)

Case 1. τ1 = τ2 = 0. Then, Eq. (3.6) becomes

λ3 + (m1 +m4)λ
2 + (m2 +m5 +m7)λ+m3 +m6 +m8 = 0. (3.8)

Therefore, the necessary and sufficient condition for all roots of Eq. (3.6) to have negative real
parts

(O1)



A1 = m1 +m4 > 0,

A2 = det

 m1 +m4 1

m3 +m6 +m8 m2 +m5 +m7

 > 0,

A3 = (m3 +m6 +m8)A2 > 0.

(3.9)

is fulfilled, then all three roots λ1, λ2, λ3 of Eq. (3.8) exhibit negative real parts. Thus the
equilibrium point E(u1⋆, u2⋆, u3⋆) of system (1.2) with τ1 = τ2 = 0 is locally asymptotically
stable.

Case 2. τ1 > 0, τ2 = 0. In this manner, Eq. (3.6) can be simplified to

λ3 +m1λ
2 + (m2 +m7)λ+m3 +m8 + (m4λ

2 +m5λ+m6)e
−λτ1 = 0. (3.10)

Hypothesize that λ = iϵ1 (ϵ1 > 0) is the root of Eq. (3.10), then Eq. (3.10) becomes

(iϵ1)
3 +m1(iϵ1)

2 + (m2 +m7)iϵ1 +m3 +m8 + [m4(iϵ1)
2 +m5iϵ1 +m6]e

−iϵ1τ1 = 0, (3.11)
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which leads to d1(ϵ1) sin ϵ1τ1 − d2(ϵ1) cos ϵ1τ1 = d3(ϵ1),

d1(ϵ1) cos ϵ1τ1 + d2(ϵ1) sin ϵ1τ1 = d4(ϵ1),
(3.12)

where 

d1 = m5ϵ1,

d2 = m4ϵ
2
1 −m6,

d3 = m1ϵ
2
1 −m3 −m8,

d4 = ϵ31 − (m2 +m7)ϵ1.

(3.13)

In consideration of d21 + d22 = d23 + d24, we gain

ϵ61 + E1ϵ
4
1 + E2ϵ

2
1 + E3 = 0, (3.14)

where 
E1 = m1 − 2(m2 +m7)−m2

4,

E2 = 2m4m6 − 2(m1m3 +m1m8)−m2
5,

E3 = (m3 +m8)
2 −m2

6.

(3.15)

Let

Φ1(ϵ1) = ϵ61 + E1ϵ
4
1 + E2ϵ

2
1 + E3. (3.16)

Suppose that

(O2) E3 < 0

holds true, it follows that Φ1(0) < 0 and limϵ1→∞Φ1(ϵ1) = +∞ > 0, Eq. (3.14) possesses at
least one positive real root. Hence, Eq. (3.10) admits at least one pair of purely imaginary
roots. Without loss of generality, we can assume that Eq. (3.14) has six positive real roots (say
ϵ1(j), j = 1, 2, 3, · · · , 6). Based on Eq. (3.12), we know

τ
(k)
1(j) =

1

ϵ1(j)

[
arccos

(
d1(j)d4(j) − d2(j)d3(j)

d21(j) + d22(j)

)
+ 2kπ

]
, (3.17)

where 

d1(j) = m5ϵ1(j),

d2(j) = m4ϵ
2
1(j) −m6,

d3(j) = m1ϵ
2
1(j) −m3 −m8,

d4(j) = ϵ31(j) − (m2 +m7)ϵ1(j),

(3.18)

and j = 1, 2, 3, · · · , 6; k = 0, 1, 2, · · · . Assume that τ∗1 = min{j=1,2,··· ,6;k=0,1,2,··· }{τ
(k)
1(j)} and given

that when τ1 = τ∗1 , Eq. (3.10) possesses a pair of imaginary roots ±iϵ1(0).

Next we put forward the following assumption:

(O3) F1RF2R + F1IF2I > 0,



Bifurcation and control of a predator-prey system with two time delays 815

where 

F1R = −3ϵ21(0)) +m2 +m7 + 2m4ϵ1(0) sin ϵ1(0)τ
∗
1 ,

F1I = 2m1ϵ1(0) + 2m4ϵ1(0) cos ϵ1(0)τ
∗
1 −m5 sin ϵ1(0)τ

∗
1 ,

F2R = m6ϵ1(0) sin ϵ1(0)τ
∗
1 −m5ϵ

2
1(0) cos ϵ1(0)τ

∗
1 ,

F2I = (m6ϵ1(0) −m4ϵ
3
1(0)) cos ϵ1(0)τ

∗
1 + (m4ϵ

3
1(0) +m5ϵ

2
1(0)) sin ϵ1(0)τ

∗
1 .

(3.19)

Lemma 3.1. Given that λ(τ1) = σ1(τ1) + iσ2(τ1) is the root of Eq. (3.10) at τ1 = τ∗1 and

satisfies σ1(τ
∗
1 ) = 0, σ2(τ

∗
1 ) = ϵ1(0), then Re

(
dλ
dτ1

) ∣∣∣
τ1=τ∗1 ,ϵ1=ϵ1(0)

> 0.

Proof. By utilizing Eq. (3.10), we can derive the following result:

[
(
3λ2 + 2m1λ+m2 +m7)

] dλ

dτ1
+ (2m4λ+m5)e

−λτ1 dλ

dτ1

−(m4λ
2 +m5λ+m6)e

−λτ1(λ+
dλ

dτ1
τ1) = 0. (3.20)

It signifies that (
dλ

dτ1

)−1

=
F1(λ)

F2(λ)
− τ1

λ
, (3.21)

where F1(λ) = 3λ2 + 2m1λ+ (m2 +m7)(2m4λ+m5)e
−λτ1 ,

F2(λ) = (m4λ
2 +m5λ+m6)e

−λτ1λ.
(3.22)

Thus

Re

[(
dλ

dτ

)−1
]
τ1=τ∗1 ,ϵ1=ϵ1(0)

= Re

[
F1(λ)

F2(λ)

]
τ1=τ∗1 ,ϵ1=ϵ1(0)

=
F1RF2R + F1IF2I

F 2
2R + F 2

2I

. (3.23)

According to the assumption (O3), we derive

Re

[(
dλ

dτ1

)−1
]
τ1=τ∗1 ,ϵ1=ϵ1(0)

> 0. (3.24)

This thereby proves the conclusion.
Based on the preceding discussion, the subsequent outcome can be readily inferred.

Theorem 3.1. Assume that (O1)-(O3) are valid, then the equilibrium point E(u1⋆, u2⋆, u3⋆) of
model (1.2) maintains locally asymptotically stable state when τ1 ∈ [0, τ∗1 ). Additionally, model
(1.2) arises a cluster of Hopf bifurcations surrounding the equilibrium point E(u1⋆, u2⋆, u3⋆) when
τ1 = τ∗1 .

Case 3. τ1 = 0, τ2 > 0. In this situation, Eq. (3.6) transforms into

λ3 + (m1 +m4)λ
2 + (m2 +m5)λ+m3 +m6 + (m7λ+m8)e

−λτ2 = 0. (3.25)

Assume that λ = iϵ2 is the root of Eq. (3.25), subsequently, Eq. (3.25) becomes

(iϵ2)
3 + (m1 +m4)(iϵ2)

2 + (m2 +m5)iϵ2 +m3 +m6 + [m7(iϵ2) +m8]e
−iϵ2τ2 = 0, (3.26)
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which leads to g1(ϵ2) sin ϵ2τ2 + g2(ϵ2) cos ϵ2τ2 = g3(ϵ2),

g1(ϵ2) cos ϵ2τ2 − g2(ϵ2) sin ϵ2τ2 = g4(ϵ2),
(3.27)

where 

g1 = m7ϵ2,

g2 = m8,

g3 = (m1 +m4)ϵ
2
2 −m3 −m6,

g4 = ϵ32 − (m2 +m5)ϵ2.

(3.28)

In view of g21 + g22 = g23 + g24, we gain

ϵ62 +G1ϵ
4
2 +G2ϵ

2
2 +G3 = 0, (3.29)

where 
G1 = (m1 +m2)

2 − 2(m2 +m5),

G2 = (m2 +m5)
2 −m2

7 − 2(m1 +m4)(m3 +m6),

G3 = (m3 +m6)
2 −m2

8.

(3.30)

Let

Φ2(ϵ2) = ϵ62 +G1ϵ
4
2 +G2ϵ

2
2 +G3. (3.31)

Assume that condition

(O4) G3 < 0

holds, it follows that Φ2(0) < 0 and limϵ2→∞Φ2(ϵ2) = +∞ > 0. Consequently, Eq. (3.29)
possesses at least one positive real root. Therefore, Eq. (3.25) has at least one pair of purely
imaginary roots. Without loss of generality, we can suppose that Eq. (3.29) has six positive real
roots (say ϵ2(j), j = 1, 2, · · · , 6). Relying on (3.27), we know

τ
(k)
2(j) =

1

ϵ2(j)

[
arccos

(
g1(j)g4(j) + g2(j)g3(j)

g21(j) + g22(j)

)
+ 2kπ

]
, (3.32)

where 

g1(j) = m7ϵ2(j),

g2(j) = m8,

g3(j) = (m1 +m4)ϵ
2
2(j) −m3 −m6,

g4(j) = ϵ32(j) − (m2 +m5)ϵ2(j),

(3.33)

and j = 1, 2, · · · , 6; k = 0, 1, 2, · · · . Assume τ∗2 = min{j=1,2,··· ,6;k=0,1,2,··· }{τ
(k)
2(j)} and suppose that

when τ2 = τ∗2 , Eq. (3.25) has a pair of imaginary roots ±iϵ2(0).

Moving forward, we introduce the following hypothesis:

(O5) H1RH2R +H1IH2I > 0,
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where 

H1R = −3ϵ22(0)) +m2 +m5 +m7 cos ϵ2(0)τ
∗
2 ,

H1I = 2(m1 +m4)ϵ2(0) −m7 sin ϵ2(0)τ
∗
2 ,

H2R = m8ϵ2(0) sin ϵ2(0)τ
∗
2 −m7ϵ

2
2(0) cos ϵ2(0)τ

∗
2 ,

H2I = m7ϵ2(0) sin ϵ2(0)τ
∗
2 +m8ϵ2(0) cos ϵ2(0)τ

∗
2 .

(3.34)

Lemma 3.2. Assume that λ(τ2) = σ̄1(τ2) + iσ̄2(τ2) is the root of Eq. (3.25) at τ2 = τ∗2 and

meet σ̄1(τ
∗
2 ) = 0, σ̄2(τ

∗
2 ) = ϵ2(0), then Re

(
dλ
dτ2

) ∣∣∣
τ2=τ∗2 ,ϵ2=ϵ2(0)

> 0.

Proof. Employing Eq.(3.25), we can acquire

[
(
3λ2 + 2(m1 +m4)λ+m2 +m5)

] dλ

dτ2
+m7e

−λτ2 dλ

dτ2

−(m7λ+m8)e
−λτ2(λ+

dλ

dτ2
τ2) = 0. (3.35)

This suggests that (
dλ

dτ2

)−1

=
H1(λ)

H2(λ)
− τ2

λ
, (3.36)

where H1(λ) = 3λ2 + 2(m1 +m4)λ+m2 +m5 +m7e
−λτ2 ,

H2(λ) = (m7λ+m8)e
−λτ2λ.

(3.37)

Hence

Re

[(
dλ

dτ2

)−1
]
τ2=τ∗2 ,ϵ2=ϵ2(0)

= Re

[
H1(λ)

H2(λ)

]
τ2=τ∗2 ,ϵ2=ϵ2(0)

=
H1RH2R +H1IH2I

H2
2R +H2

2I

. (3.38)

Under the assumption (O5), we obtain

Re

[(
dλ

dτ2

)−1
]
τ2=τ∗2 ,ϵ2=ϵ2(0)

> 0. (3.39)

The proof is complete.
Based on the preceding discussion, the following conclusion can be easily deduced.

Theorem 3.2. Under the assumptions (O1), (O4), (O5), then the equilibrium point E(u1⋆, u2⋆,
u3⋆) of model (1.2) holds locally asymptotically stable state when τ2 ∈ [0, τ∗2 ). Furthermore, a
cluster of Hopf bifurcations arise surrounding the equilibrium point E(u1⋆, u2⋆, u3⋆) when τ2 =
τ∗2 .

Case 4. τ1 = τ2 = τ.
Under the circumstance, the corresponding characteristic Eq. (3.6) changes to

λ3 +m1λ
2 +m2λ+m3 + [m4λ

2 + (m5 +m7)λ+m6 +m8]e
−λτ = 0. (3.40)

Assume that λ = iω (ω > 0) is the root of Eq. (3.40), then Eq. (3.40) becomes

(iω)3 +m1(iω)
2 +m2iω +m3 + [m4(iω)

2 + (m5 +m7)iω +m6 +m8]e
−iωτ = 0, (3.41)
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which leads to  l1(ω) sinωτ − l2(ω) cosωτ = l3(ω),

l1(ω) cosωτ + l2(ω) sinωτ = l4(ω),
(3.42)

where 

l1 = m6 +m8 −m4ω
2,

l2 = (m5 +m7)ω,

l3 = m2ω − ω3,

l4 = m1ω
2 −m3.

(3.43)

In view of l21 + l22 = l23 + l24, we gain

ω6 + L1ω
4 + L2ω

2 + L3 = 0, (3.44)

where 
L1 = m2

1 −m2
4 − 2m2,

L2 = m2
2 + 2m4(m6 +m8)− 2m1m3,

L3 = m2
3 − (m6 +m8)

2 − (m5 +m7)
2.

(3.45)

Let

Φ3(ω) = ω6 + L1ω
4 + L2ω

2 + L3. (3.46)

Assume that

(O6) L3 < 0

is satisfied,then the Φ3(0) < 0 and limω→∞Φ3(ω) = +∞ > 0,then Eq. (3.44) at least one
positive real root. Hence, Eq. (3.40) at least one pair of purely imaginary root. Without loss
of generality, we can assume that Eq. (3.44) has six positive real roots (say ωj , j = 1, 2, · · · , 6).
Relying on (3.42), we know

τ
(k)
j =

1

ωj

[
arccos

(
l1(j)l4(j) − l2(j)l3(j)

l21(j) + l22(j)
+ 2kπ

)]
, (3.47)

where 

l1(j) = m6 +m8 −m4ωj ,

l2(j) = m5 +m7,

l3(j) = m2ωj − ω3
j ,

l4(j) = m1ω
2
j −m3,

(3.48)

and j = 1, 2, · · · , 6; k = 0, 1, 2, · · · . Assume τ∗ = min{j=1,2,··· ,6;k=0,1,2,··· }{τ
(k)
j } and suppose that

when τ = τ∗, Eq. (3.40) has a pair of imaginary roots ±iω0.

We present the following assumption:

(O7) M1RM2R +M1IM2I > 0,
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where 

M1R = −3ω3
0 + 2m4ω0 sinω0τ∗+ (m5 +m7) cosω0τ

∗,

M1I = 2m1ω0 + 2m4ω0 cosω0τ
∗ − (m5 +m7) sinω0τ

∗,

M2R = [(m5 +m7)ω
2
0 + (m6 +m8)ω0 −m4ω

3
0] sinω0τ

∗

−(m5 +m7)ω
2
0 cosω0τ

∗,

M2I = (m6ω0 +m8ω0 −m4ω
3
0) cosω0τ

∗.

(3.49)

Lemma 3.3. Suppose that ϱ(τ) = ϱ1(τ) + iϱ2(τ) is the root of Eq. (3.40) at τ = τ∗ such that

ϱ1(τ
∗) = 0, ϱ2(τ

∗) = ω0, then Re
(
dλ
dτ

) ∣∣∣
τ=τ∗,ω=ω0

> 0.

Proof. Utilizing Eq. (3.40), we can obtain

[
(
3λ2 + 2m1λ+m2)

] dλ
dτ

+ [2m4λ+m5 +m7]e
−λτ dλ

dτ

−[m4λ
2 + (m5 +m7)λ+m6 +m8]e

−λτ (λ+
dλ

dτ
τ) = 0. (3.50)

This implies that (
dλ

dτ

)−1

=
M1(λ)

M2(λ)
− τ

λ
, (3.51)

where M1(λ) = 3λ2 + 2m1λ+m2 + (2m4λ+m5 +m7)e
λτ ,

M2(λ) = [m4λ
2 + (m5 +m7)λ+m6 +m8]e

−λτ2λ.
(3.52)

Therefore

Re

[(
dλ

dτ

)−1
]
τ=τ∗,ω=ω0

= Re

[
M1(λ)

M2(λ)

]
τ=τ∗,ω=ω0

=
M1RM2R +M1IM2I

M2
2R +M2

2I

. (3.53)

Based on the assumption (O7), we gain

Re

[(
dλ

dτ

)−1
]
τ=τ∗,ω=ω0

> 0, (3.54)

which ends the proof.
Based on the preceding discussion, the subsequent conclusion can be readily inferred.

Theorem 3.3. Provided that (O1), (O6), (O7) are valid, then the equilibrium point E(u1⋆, u2⋆,
u3⋆) of model (1.2) maintains locally asymptotically stable state when τ ∈ [0, τ∗). In addition,
model (1.2) arises a cluster of Hopf bifurcations surrounding the equilibrium point E(u1⋆, u2⋆, u3⋆)
when τ = τ∗.

Case 5. τ1 ̸= 0, τ2 ̸= 0.
(i) For τ1 > 0, τ2 ∈ [0, τ∗2 ), in this situation, we take τ1 as bifurcation parameter and place τ2
within a stable interval. Let λ = iν1 (ν1 > 0)be a root of Eq. (3.6), then Eq. (3.6) transforms
into

(iν1)
3 +m1(iν1)

2 +m2iν1 +m3 + [m4(iν1)
2 +m5iν1 +m6]e

−iν1τ1
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+(m7iν1 +m8)e
−iν1τ2 = 0, (3.55)

which leads to n1(ν1) sin ν1τ1 − n2(ν1) cos ν1τ1 = n3(ν1),

n1(ν1) cos ν1τ1 + n2(ν1) sin ν1τ1 = n4(ν1),
(3.56)

where 

n1 = m5ν1,

n2 = m4ν
2
1 −m6,

n3 = m1ν
3
1 −m3 −m7ν1 sin(ν1τ2)−m8 cos ν1τ2),

n4 = ν31 −m2ν1 −m3ν1 cos ν1τ2)−m8 sin(ν1τ2).

(3.57)

On account of n2
1 + n2

2 = n2
3 + n2

4, we gain

ν61 +N1ν
4
1 +N2ν

3
1 +N3ν

2
1 +N4ν1 +N5 = 0, (3.58)

where 

N1 = m2
1 −m2

4 − 2m2 − 2m7 cos ν1τ2,

N2 = −2m1m7 sin ν1τ2 − 2m8 sin ν1τ2,

N3 = m2
7 sin

2 ν1τ2 + 2m4m6 + (m2 +m7 cos ν1τ2)
2 −m2

5

−2m1m8 cos ν1τ2 − 2m1m3,

N4 = 2m3m7 sin ν1τ2 + 4m7m8 sin ν1τ2 cos ν1τ2 + 2m2m8 sin ν1τ2,

N5 = (m3 +m8 cos ν1τ2)
2 +m2

8 sin
2 ν1τ2 −m2

6.

(3.59)

Let

Φ4(ν1) = ν61 +N1ν
4
1 +N2ν

3
1 +N3ν

2
1 +N4ν1 +N5. (3.60)

Assume that

(O8) N5 < 0

is satisfied, then the Φ4(0) < 0 and limν1→∞Φ4(ν1) = +∞ > 0, then Eq. (3.58) at least
one positive real root. Hence, Eq. (3.6) possesses at least one pair of purely imaginary root.
Without loss of generality, we can assume that Eq. (3.58) has six positive real roots (say
ν1(i), i = 1, 2, · · · , 6). Additionally, based on (3.56), we know

τ
(k)
1(i) =

1

ν1(i)

[
arccos

(
n1(i)n4(i) − n2(i)n3(i)

n2
1(i) + n2

2(i)

+ 2kπ

)]
, (3.61)

where 

n1(i) = m5ν1(i),

n2(i) = m4ν
2
1(i) −m6,

n3(i) = m1ν
3
1(i) −m3 −m7ν1(i) sin(ν1(i)τ2)−m8 cos ν1(i)τ2),

n4(i) = ν31(i) −m2ν1(i) −m3ν1(i) cos ν1(i)τ2)−m8 sin(ν1(i)τ2),

(3.62)
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and i = 1, 2, · · · , 6; k = 0, 1, 2, · · · . Assume τ⋆1 = min{i=1,2,··· ,6;k=0,1,2··· ,}{τ
(k)
1(i)} and suppose that

when τ1 = τ⋆1 , Eq. (3.6) has a pair of imaginary roots ±iν1(0).
Next, we put forward the following assumption:

(O9) S1RS2R + S1IS2I > 0,

where 

S1R = −3ν31(0) +m2 + 2m4ν1(0) sin ν1(0)τ1⋆+m5 cos ν1(0)τ
⋆
1

+(m7 −m8τ2) cos ν1(0)τ2 −m7τ2ν1(0) sin ν1(0)τ2,

S1I = 2m1ν1(0) + 2m4ν1(0) cos ν1(0)τ
⋆
1 −m5 sin ν1(0)τ

⋆
1

+(m8τ2 −m7) sin ν1(0)τ2 −m7τ2ν1(0) cos ν1(0)τ2,

S2R = (m6ν1(0) −m4ν
3
1(0)) sin ν1(0)τ

⋆
1 −m5ν

2
1(0) cos ν1(0)τ

⋆
1 ,

S2I = m5ν
2
1(0) sin ν1(0)τ

⋆
1 + (m6ν1(0) −m4ν

3
1(0)) cos ν1(0)τ

⋆
1 .

(3.63)

Lemma 3.4. Suppose that λ(τ1) = ϑ1(τ1) + iϑ2(τ1) is the root of Eq. (3.6) at τ1 = τ⋆1 , and

satisfy ϑ1(τ
⋆
1 ) = 0, ϑ2(τ

⋆
1 ) = ν1(0), then Re

(
dλ
dτ

) ∣∣∣
τ1=τ⋆,ν=ν1(0)

> 0.

Proof. By employing Eq. (3.6), we can derive

[
(
3λ2 + 2m1λ+m2)

] dλ

dτ1
+ (2m4λ+m5)e

−λτ1 dλ

dτ1

−(m4λ
2 +m5λ+m6)e

−λτ1(λ+
dλ

dτ1
τ1) +m7e

−λτ2 dλ

dτ1

−(m7λ+m8)e
−λτ2τ2

dλ

dτ1
= 0. (3.64)

In other words (
dλ

dτ1

)−1

=
S1(λ)

S2(λ)
− τ1

λ
, (3.65)

where 
S1(λ) = 3λ2 + 2m1λ+m2 + (2m4λ+m5)e

λτ1

+m7e
λτ2 − (m7λ+m8)e

λτ2τ2,

S2(λ) = (m4λ
2 +m5λ+m6)e

−λτ1λ.

(3.66)

Hence

Re

[(
dλ

dτ1

)−1
]
τ1=τ⋆1 ,ν1=ν1(0)

= Re

[
S1(λ)

S2(λ)

]
τ1=τ⋆1 ,ν1=ν1(0)

=
S1RS2R + S1IS2I

S2
2R + S2

2I

. (3.67)

Through the assumption (O9), we get

Re

[(
dλ

dτ1

)−1
]
τ1=τ⋆1 ,ν1=ν1(0)

> 0, (3.68)

which completes the proof.
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On the basis of the above discussion, the following result can be effortlessly deduced.

Theorem 3.4. If (O1), (O8), (O9) hold, then the equilibrium point E(u1⋆, u2⋆, u3⋆) of model
(1.2) maintains locally asymptotically stable state when τ1 ∈ [0, τ⋆1 ). Moreover, model (1.2) arises
a cluster of Hopf bifurcations surrounding the equilibrium point E(u1⋆, u2⋆, u3⋆) when τ1 = τ⋆1 .

(ii) For τ2 > 0, τ1 ∈ [0, τ∗1 ), we take τ2 as bifurcation parameter and place τ1 within a stable
interval. Let λ = iν2 (ν2 > 0) be a root of Eq. (3.6), then Eq. (3.6) becomes

(iν2)
3 +m1(iν2)

2 +m2iν2 +m3 + [m4(iν2)
2 +m5iν2 +m6]e

−iν2τ1

+(m7iν2 +m8)e
−iν2τ2 = 0, (3.69)

which leads to m7ν2 sin ν2τ2 −m8 cos ν2τ2 = b1(ν2),

m7ν2 cos ν2τ2 +m8 sin ν2τ2 = b2(ν2),
(3.70)

where b1 = m1ν
3
2 −m3 + (m4ν

2
2 +m6) cos ν2τ1 −m5ν2 sin ν2τ1,

b2 = ν31 −m2ν1 −m3ν1 cos ν1τ2 −m8 sin ν1τ2.
(3.71)

Due to m2
7ν

2
2 +m2

8 = b21 + b22, we gain

ν62 +B1ν
5
2 +B2ν

4
2 +B3ν

3
2 +B4ν

2
2 +B5ν2 +B6 = 0, (3.72)

where 

B1 = −2m4 sin ν2τ1,

B2 = (m1 +m4 cos ν2τ1)
2 +m2

4 sin
2 ν2τ1 − 2m2 − 2m5 cos ν2τ1,

B3 = (2m2m4 − 2m1m5 − 2m6) sin ν2τ1,

B4 = (m2 +m5 cos ν2τ1)
2 + (2m1m6 − 2m3m4) cos ν2τ1

+m2
5 sin

2 ν2τ1 + 2m4m6 − 2m1m3 −m2
7,

B5 = (2m4m6 + 2m3m5) sin ν2τ1,

B6 = m2
6 sin

2 ν2τ1 + (m3 −m6 cos ν2τ1)
2 −m2

8.

(3.73)

Let

Φ5(ν2) = ν62 +B1ν
5
2 +B2ν

4
2 +B3ν

3
2 +B4ν

2
2 +B5ν2 +B6. (3.74)

Assume that

(O10) B6 < 0

is fulfilled, it follows that Φ5(0) < 0 and limν2→∞Φ5(ν2) = +∞ > 0, then Eq. (3.72) at least
one positive real root. Hence, Eq. (3.6) at least one pair of purely imaginary root. Without loss
of generality, we can assume that Eq. (3.72) has six positive real roots (say ν2(i), i = 1, 2, · · · , 6).
Depending on (3.56), we know

τ
(k)
2(i) =

1

ν2(i)

[
arccos

(
m8b1(i) +m7ν2(i)b2(i)

m2
8 +m2

7ν
2
2(i)

+ 2kπ

)]
, (3.75)
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where b1(i) = m1ν
3
2(i) −m3 + (m4ν

2
2(i) +m6) cos ν2(i)τ1 −m5ν2(i) sin ν2(i)τ1,

b2(i) = ν32(i) −m2ν2(i) −m3ν2(i) cos ν2(i)τ2 −m8 sin ν2(i)τ2,
(3.76)

and i = 1, 2, · · · , 6; k = 0, 1, 2, · · · . Assume τ⋆2 = min{i=1,2,··· ,6;k=0,1,2,··· ,}{τ
(k)
2(i)} and suppose that

when τ2 = τ⋆2 , Eq. (3.6) has a pair of imaginary roots ±iν2(0).

Afterward, we propose the following assumption:

(O11) T1RT2R + T1IT2I > 0,

where 

T1R = −3ν32(0) +m2 + (2m4ν2(0) −m5ν2(0)) sin ν2(0)τ1

+(m5 +m4ν
2
2(0) +m6) cos ν2(0)τ1 +m7 sin ν2(0)τ

⋆
2 ,

T1I = 2m1ν2(0) + (2m4ν2(0) −m5ν2(0)) cos ν2(0)τ1

−(m5 +m4ν
2
2(0) +m6) sin ν2(0)τ1 −m7 sin ν2(0)τ

⋆
2 ,

T2R = m8ν2(0) sin ν2(0)τ
⋆
2 −m7ν

2
2(0)) cos ν2(0)τ

⋆
2 ,

T2I = m7ν
2
2(0)) sin ν2(0)τ

⋆
2 +m8ν2(0) sin ν2(0)τ

⋆
2 .

(3.77)

Lemma 3.5. Let λ(τ2) = ϑ̄1(τ2) + iϑ̄2(τ2) be the root of Eq. (3.6) at τ2 = τ⋆2 , and when

ϑ̄1(τ
⋆
2 ) = 0, ϑ̄2(τ

⋆
2 ) = ν2(0), then Re

(
dλ
dτ

) ∣∣∣
τ2=τ⋆2 ,ν2=ν2(0)

> 0.

Proof. By Eq. (3.6), we can gain

[
(
3λ2 + 2m1λ+m2)

] dλ

dτ2
+ (2m4λ+m5)e

−λτ1 dλ

dτ2

−(m4λ
2 +m5λ+m6)e

−λτ1 dλ

dτ2
τ1 +m7e

−λτ2 dλ

dτ2

−(m7λ+m8)e
−λτ2(λ+ τ2

dλ

dτ2
) = 0, (3.78)

which indicates (
dλ

dτ2

)−1

=
T1(λ)

T2(λ)
− τ2

λ
, (3.79)

where 
T1(λ) = 3λ2 + 2m1λ+m2 + (2m4λ+m5)e

−λτ1

−(m4λ
2 +m5λ+m6)e

−λτ1 +m7e
−λτ2 ,

T2(λ) = (m7λ+m8)e
−λτ2λ.

(3.80)

Thus

Re

[(
dλ

dτ2

)−1
]
τ2=τ⋆2 ,ν2=ν2(0)

= Re

[
T1(λ)

T2(λ)

]
τ2=τ⋆2 ,ν2=ν(0)

=
T1RT2R + T1IT2I

T 2
2R + T 2

2I

. (3.81)
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By (O11), we know

Re

[(
dλ

dτ2

)−1
]
τ2=τ⋆2 ,ν2=ν2(0)

> 0, (3.82)

which ends the proof.

According to the above analysis, we can draw the following conclusions.

Theorem 3.5. If (O1), (O10), (O11) hold, then the equilibrium point E(u1⋆, u2⋆, u3⋆) of model
(1.2) maintains locally asymptotically stable state when τ2 ∈ [0, τ⋆2 ). Besides, model (1.2) arises
a cluster of Hopf bifurcations surrounding the equilibrium point E(u1⋆, u2⋆, u3⋆) when τ2 = τ⋆2 .

Remark 3.1. In model (1.2), there exist two different delays. If there are three or more delays,
it is difficult to explore the impact of different delays on the stability and bifurcation of model
(1.2). We leave it for future work.

4. Control of bifurcation for model (1.2) with τ1 = τ2 = τ using
delay feedback controller

In this segment, we will apply a delay feedback controller to dominate stability region and the
time of generation of Hopf bifurcation of system (1.2) under the condition of τ1 = τ2 = τ . By
means of the ideas of [41–43], we set up the following controlled predator-prey model:

du1
dt

= ru1(t)

(
1− u1(t− τ)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)
,

du2
dt

= ρu2(t)− δu2(t)u3(t)− ς(u2(t)− u2(t− τ)),

du3
dt

=
bu1(t− τ)u3(t)

a+ ξβu2(t) + u1(t− τ)
+ γu2(t)u3(t)− nu3(t),

(4.1)

where ς denotes feedback gain parameter. System (4.1) owns the same equilibrium point
E(u1⋆, u2⋆, u3⋆) as that in system (1.2). Let


u1⋆ = u1(t)− ū1(t),

u2⋆ = u1(t)− ū2(t),

u3⋆ = u2(t)− ū1(t).

(4.2)

The linear system of system (4.1) near E(u1⋆, u2⋆, u2⋆) reads as:

dū1
dt

= a1ū1 − a2ū1(t− τ) + a3ū2 − a4ū3,

dū2
dt

= a5ū2 + a7ū2(t− τ)− a7ū3,

dū2
dt

= a8ū2(t− τ) + a9ū2 + a10ū3,

(4.3)
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where 

a1 = r − ru1⋆
h

− cu3⋆
a+ ξβu2⋆ + u1⋆

+
cu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

a2 =
ru1⋆
h

,

a3 =
cξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

a4 =
cu1⋆

a+ ξβu2⋆ + u1⋆
,

a5 = ρ− δu3⋆ − ς,

a6 = ς,

a7 = δu2⋆,

a8 =
bu3⋆

a+ ξβu2⋆ + u1⋆
− bu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

a9 = γu3⋆ −
bξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

a10 =
bu1⋆

a+ ξβu2⋆ + u1⋆
+ γu2⋆ − n.

(4.4)

The characteristic equation of system (4.3) owns the following expression:

det


λ− a1 + a2e

−λτ −a3 a4

0 λ− a5 − a6e
−λτ a7

−a8e
−λτ −a9 λ− a10

 = 0, (4.5)

which results in

λ3 + p1λ
2 + p2λ+ p3 + (p4λ

2 + p5λ+ p6)e
−λτ + (p7λ+ p8)e

−2λτ = 0, (4.6)

where 

p1 = −a10 − a5 − a1,

p2 = a5a10 + a7a9 + a1a10 + a1a5,

p3 = a1a5a10 − a1a7a10,

p4 = a2 − a6,

p5 = a6a10 + a1a6 + a4a8 − a2a5 − a2a10,

p6 = a2a5a10 + a2a7a9 + a3a7a8 − a4a5a8 − a1a6a10,

p7 = −a2a6,

p8 = a2a6a10 − a4a6a8.

(4.7)

When τ = 0, the formulation of Eq. (4.6) is as follows:

λ3 + (h1 + h4)λ
2 + (h2 + h5)λ+ h3 + h6 + h7 = 0. (4.8)
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If

(Q12)



ℜ1 = p1 + p4 > 0,

ℜ2 = det

 p1 + h4 1

p3 + p6 + p8 p2 + p5 + p7

 > 0,

ℜ3 = (p3 + p6 + p8)ℜ2 > 0,

(4.9)

is valid, then the three roots λ1, λ2, λ3 of Eq. (4.8) have negative real parts. Thus the equilibrium
point E(u1⋆, u2⋆, u3⋆) of system (4.1) with the delay τ = 0 maintains locally asymptotically
stability.

Assume that λ = iϕ (ϕ > 0) is the root of Eq. (4.6), then Eq. (4.6) becomes:

[(iϕ)3 + p1(iϕ)
2 + p2iϕ+ p3]e

iϕτ + p4(iϕ)
2 + p5iϕ+ p6 + (p7iϕ+ p8)e

−iϕτ = 0. (4.10)

It follows from Eq. (4.10) thatΨ1(ϕ) sinϕτ +Ψ2(ϕ) cosϕτ = Ψ3(ϕ),

Ψ4(ϕ) sinϕτ +Ψ5(ϕ) cosϕτ = Ψ6(ϕ),
(4.11)

where 

Ψ1 = ϕ3 + p7ϕ− p2ϕ,

Ψ2 = p3 + P8 − p1ϕ
2,

Ψ3 = p4ϕ
2 − p6,

Ψ4 = p3 − p8 − p1ϕ
2,

Ψ5 = p2ϕ− P7ϕ− ϕ3,

Ψ6 = −p5ϕ.

(4.12)

By (4.11), one gains 
sinϕτ =

Ψ2Ψ6 −Ψ3Ψ5

Ψ2Ψ4 −Ψ1Ψ5
,

cosϕτ =
Ψ3Ψ4 −Ψ1Ψ6

Ψ2Ψ4 −Ψ1Ψ5
.

(4.13)

In consideration of cos2 ϕτ + sin2 ϕτ = 1, we obtain

[Ψ2(ϕτ)Ψ6(ϕτ)−Ψ3(ϕτ)Ψ5(ϕτ)]
2 + [Ψ3(ϕτ)Ψ4(ϕτ)−Ψ1(ϕτ)Ψ6(ϕτ)]

2

= [Ψ2(ϕτ)Ψ4(ϕτ)−Ψ1(ϕτ)Ψ5(ϕτ)]
2. (4.14)

The result is as follows

ϕ12 −W1ϕ
10 −W2ϕ

8 −W3ϕ
6 −W4ϕ

4 −W5ϕ
2 −W6 = 0, (4.15)
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where 

W1 = p24 + 4p2 − 2p21,

W2 = 4(p1p3 + p2p21 + p27 − p21p7) + 2(p24p7 − p2p
2
4 − p4p6 − p22)− p25 − p41,

W3 = 8(p1p3p7 − p2p
2
7 − p1p2p3) + 4(p31p3 + p32 + p37 + p2p4p6 − p4p6p7

−p4p5p8)− 2(p1p
2
4p8 + p25p7 + p28 − p2p

2
4p7 − p1p3p

2
4 − p2p

2
5

−p1p4p5 − p23 − p21p
2
7 − p21p

2
2) + p21p

2
5 + p22p

2
4 + p24p

2
7 + p26 + p21p

2
4,

W4 = −8(p1p4p6p8 + p1p2p3p7)− 6p21p
2
3 + 4(p2p4p6p7 + p1p3p4p8

+p22p
2
7 + p2p32 + p7p

2
8 + p1p3p

2
7 + p1p

2
2p3 + p5p6p8 + p2p4p5p8

−p21p4p6 − p2p
3
7 − p23p7 − p2p

2
8 − p4p5p7p8) + 2(p21p

2
8 − p1p3p

2
5

−p26p7 − p22p4p6 − p4p6p
2
7 − p2p

2
6 − p3p

2
4p8 − p2p

2
5p7 − p21p3p8)

+p23p
2
4 + p24p

2
8 + p25p7 + p22p

2
5 + p47 − p42,

W5 = 4(p3p− 4p7p8 + p1p
2
3 − p1p3p

2
8 − p2p7p

2
8) + 2(p5p6p7p8 + p2p3p5p6

+p27p
2
8 + p22p

2
8 − p2p

2
6p7 − p23p4p6 − p4p6p

2
8 − p1p3p

2
6

−p4p6p
2
8 − p3p5p6p7 − p2p5p6p8 − p23p

2
7 − p22p

2
3) + p23p

2
5 + p3p

2
5p8 + p25p

2
8

+p22p
2
6 + p26p

2
7 − p3p

2
5p8,

W6 = p23p
2
6 + 2p23p

2
8 + 2p5p6p7p8 − 2p3p

2
6p8 − p43 − p48 − 2p2p5p6p8.

(4.16)

Define

Φ6(ϕ) = ϕ12 −W1ϕ
10 −W2ϕ

8 −W3ϕ
6 −W4ϕ

4 −W5ϕ
2 −W6. (4.17)

Assume that

(O13) W6 > 0.

If (Q13) holds, then Φ6(0) = −W6 < 0, notice that limϕ→∞Φ6(ϕ) > 0. So we know Eq. (4.15)
admits at least one positive real root. Therefore Eq. (4.6) has at least one pair of purely
imaginary roots. Without loss of generality, we suppose that Eq. (4.15) has six positive real
roots (say ϕj , j = 1, 2, 3, · · · 12). Relying on (4.13), we know

τ
(k)
j =

1

ϕj

[
arccos

(
Ψ3(ϕj)Ψ4(ϕj)−Ψ1(ϕj)Ψ6(ϕj)

Ψ2(ϕj)(Ψ4(ϕj)−Ψ1(ϕj)Ψ5(ϕj)
+ 2kπ

)]
, (4.18)

where j = 1, 2, 3, · · · 6; k = 0, 1, 2, · · · . Let τ(0) = min{j=1,2,3,··· 12;k=0,1,2,··· }{τ
(k)
j } and suppose

that when τ = τ(0), Eq. (4.6) has a pair of imaginary roots ±iϕ0.

Now we present the following assumption:

(O14) Q1RQ2R +Q1IQ2I > 0,
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where 

Q1R = −3ϕ2
(0) + 2p4ϕ(0) sinϕ(0)τ(0) + p5 cosϕ(0)τ(0) + p7 cos 2ϕ(0)τ(0),

Q1I = 2p1ϕ(0) + 2p4ϕ(0) cosϕ(0)τ(0) − p5 sinϕ(0)τ(0) − p7 sin 2ϕ(0)τ(0),

Q2R = (p5ϕ
2
(0) + p6ϕ(0) − p4ϕ

3
(0)) sinϕ(0)τ(0) − p5ϕ

2
(0) cosϕ(0)τ(0)

−2p7ϕ
2
(0) cos 2ϕ(0)τ(0) + 2p8ϕ(0) sin 2ϕ(0)τ(0),

Q2I = (p6ϕ
2
(0) − p4ϕ

3
(0)) cosϕ(0)τ(0) + 2p7ϕ

2
(0) sin 2ϕ(0)τ(0)

+2p8ϕ(0) cosϕ(0)τ(0).

(4.19)

Lemma 4.1. If λ(τ) = ℏ1(τ) + iℏ2(τ) is the root of Eq. (4.6) near τ = τ(0) that adheres

ℏ1(τ(0)) = 0, ℏ2(τ(0)) = ϕ(0), then Re
(
dλ
dτ

) ∣∣∣
τ=τ(0),ϕ=ϕ(0)

> 0.

Proof. It follows from Eq. (4.6) that

λ3 + p1λ
2 + p2λ+ p3 + (p4λ

2 + p5λ+ p6)e
−λτ + (p7λ+ p8)e

−2λτ = 0, (4.20)

we can get

(3λ2 + 2p1λ+ p2)
dλ

dτ
+ (2λp4 + p5)e

−λτ dλ

dτ
− (p4λ

2 + p5λ+ p6)

×e−λτ (
dλ

dτ
τ + λ) + p7

dλ

dτ
e−2λτ − (p7λ+ p8)2e

−2λτ (
dλ

dτ
τ + λ) = 0, (4.21)

which indicates (
dλ

dτ

)−1

=
Q1(λ)

Q2(λ)
− τ

λ
, (4.22)

where Q1(λ) = 3λ2 + 2p1λ+ p2 + (2p4λ+ p5)e
−λτ + p7e

−2λτ ,

Q2(λ) = (p4λ
2 + p5λ+ p6)e

−λτ + 2(p7λ+ p8)e
−2λτλ.

(4.23)

Hence

Re

[(
dλ

dτ

)−1
]
τ=τ(0),ϕ=ϕ0

= Re

[
Q1(λ)

Q2(λ)

]
τ=τ(0),ϕ=ϕ0

=
Q1RQ2R +Q1IQ2I

Q2
2R +Q2

2I

. (4.24)

By (O14), we get

Re

[(
dλ

dθ

)−1
]
τ=τ(0),ϕ=ϕ0

> 0. (4.25)

The proof is concluded.

From the above discussion, the following theorem is derived.

Theorem 4.1. If (O12)-(O14) hold, then the equilibrium point E(u1⋆, u2⋆, u3⋆) of model (4.1)
maintains locally asymptotically stable state if τ ∈ [0, τ(0)) and model (4.1) generates a cluster
of Hopf bifurcations around the equilibrium point E(u1⋆, u2⋆, u3⋆) when τ ∈ [0, τ(0)).
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5. Control of bifurcation for model (1.2) with τ1 > 0, τ2 = 0 using
delay feedback controller

In this segment, we will apply a delay feedback controller to dominate stability region and the
time of generation of Hopf bifurcation of system (1.2) under the condition of τ1 > 0, τ2 = 0. By
means of the ideas of [41–43], we set up the following controlled predator-prey model:

du1
dt

= ru1(t)

(
1− u1(t− τ1)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)

−ϖ(u1(t)− u1(t− τ1)),

du2
dt

= ρu2(t)− δu2(t)u3(t),

du3
dt

=
bu1(t)u3(t)

a+ ξβu2(t) + u1(t)
+ γu2(t)u3(t)− nu3(t),

(5.1)

where ϖ denotes feedback gain parameter. System (4.1) owns the same equilibrium point
E(u1⋆, u2⋆, u3⋆) as that in system (1.2). Let

u1⋆ = u1(t)− ū1(t),

u2⋆ = u2(t)− ū2(t),

u3⋆ = u3(t)− ū3(t).

(5.2)

The linear system of system (4.1) near E(u1⋆, u2⋆, u2⋆) reads as:

dū1
dt

= v1ū1 − v2ū1(t− τ1) + v3ū2 − v4ū3,

dū2
dt

= v5ū2 − v6ū3,

dū2
dt

= v7ū1 + v8ū2 + v9ū3,

(5.3)

where 

v1 = r − ru1⋆
h

−ϖ − cu3⋆
a+ ξβu2⋆ + u1⋆

+
cu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

v2 =
ru1⋆
h

+ϖ,

v3 =
cξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

v4 =
cu1⋆

a+ ξβu2⋆ + u1⋆
,

v5 = ρ− δu3⋆,

v6 = δu2⋆,

v7 =
bu3⋆

a+ ξβu2⋆ + u1⋆
− bu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

v8 = γu3⋆ −
bξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

v9 =
bu1⋆

a+ ξβu2⋆ + u1⋆
+ γu2⋆ − n.

(5.4)
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The characteristic equation of system (5.3) owns the following expression:

det


λ− v1 + v2e

−λτ1 −v3 v4

0 λ− v5 v6

−v7 −v8 λ− v9

 = 0, (5.5)

which results in
λ3 + b1λ

2 + b2λ+ b3 + (b4λ
2 + b5λ+ b6)e

−λτ1 = 0, (5.6)

where 

c1 = −v9 − v5 − v1,

c2 = v2v9 + v6v8 + v1v9 + v1v5 + v4v7,

c3 = v3v7v6 − v1v5v9 − v1v6v8 − v4v5v7,

c4 = v2,

c5 = −v2v6 − v2v5,

c6 = v2v5v9 − v2v6v8.

(5.7)

When τ1 = 0 the formulation of Eq. (5.6) is as follows:

λ3 + (c1 + c4)λ
2 + (c2 + c5)λ+ c3 + c6 = 0. (5.8)

If

(O15)



∆1 = c1 + c4 > 0,

∆2 = det

c1 + c4 1

c3 + c6 c2 + c5

 > 0,

∆3 = (c3 + c6)∆2 > 0,

(5.9)

is valid, then the three roots λ1, λ2, λ3 of Eq. (5.8) have negative real parts. Thus the equilibrium
point E(u1⋆, u2⋆, u3⋆) of system (5.1) with the delay τ1 = 0 maintains locally asymptotically
stability.

Assume that λ = iµ (µ > 0) is the root of Eq. (5.6), then Eq. (5.6) becomes:

((iµ)3 + c1(iµ)
2 + c2iµ+ c3 + (c4(iµ)

2 + c5iµ+ c6)e
−iµτ1 = 0. (5.10)

It follows from Eq. (5.10) thatΘ1(µ) sinµτ1 +Θ2(µ) cosµτ1 = Θ3(µ),

Θ1(µ) cosµτ1 −Θ2(µ) sinµτ1 = Θ4(µ),
(5.11)

where 

Θ1 = c5µ,

Θ2 = c6 − c4µ
2,

Θ3 = c1µ
2 − c3,

Θ4 = µ3 − c2µ.

(5.12)
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In consideration of Θ2
1 +Θ2

2 = Θ2
3 +Θ2

4, we gain

µ6 + C1µ
4
2 + C2µ

2
2 + C3 = 0, (5.13)

where 
C1 = c21 − 2c1 − c24,

C2 = c22 + 2c4c6 − 2c1c3 − c25,

C3 = c23 − c26.

(5.14)

Let

Φ7(µ) = µ6 + C1µ
4 + C2µ

2 + C3. (5.15)

Assume that

(O16) C3 < 0

holds, then Φ7(0) < 0 and limµ→∞Φ7(µ) = +∞ > 0, then Eq. (5.13) admits at least one positive
real root. Therefore Eq. (5.10) has at least one pair of purely imaginary root. Without loss
of generality, we suppose that Eq. (5.13) has six positive real roots (say µ(j), j = 1, 2, · · · , 6).
Relying on (5.11), we know

τ
(k)
1j 1 =

1

µ(j)

[
arccos

(
Θ1(j)Θ4(j) +Θ2(j)Θ3(j)

Θ2
1(j) +Θ2

2(j)

)
+ 2kπ

]
, (5.16)

where 

Θ1(j) = c5µ(j),

Θ2(j) = c6 − c4µ
2
(j),

Θ3(j) = c1µ
2
(j) − c3,

Θ4(j) = µ3
(j) − c2µ(j),

(5.17)

and j = 1, 2, · · · , 6; k = 0, 1, 2, · · · . Assume τ ι1 = min{j=1,2,··· ,6;n=0,1,2,··· }{τ
(n)
1(j)} and suppose that

when τ1 = τ ι1, Eq. (3.25) has a pair of imaginary roots ±iµ∗.

Now we present the following assumption:

(O17) J1RJ2R + J1IJ2I > 0,

where 

J1R = −3µ2
∗ + c2 + 2c4µ∗ sinµ∗τ∗ + c5 cosµ∗τ∗,

J1I = 2c1µ∗ + 2c4 cosµ∗τ∗ − c5 sinµ∗τ∗,

J2R = (c6µ∗ − c4µ
3
∗) sinµ∗τ∗ − c5µ

2
∗,

J2I = c5µ
2
∗ sinµ∗τ∗ + (c6µ∗ − c4µ

3
∗) cosµ∗τ∗.

(5.18)

Lemma 5.1. Suppose that λ(τ1) = ȷ1(τ1)+ iȷ2(τ1) is the root of Eq. (5.10) at τ1 = τ ι1 such that

ȷ1(τ
ι
1) = 0, ȷ2(τ

ι
1) = µ∗, then Re

(
dλ
dτ2

) ∣∣∣
τ1=τ ι1,µ=µ∗

> 0.
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Proof. By Eq. (5.10), we can gain

(3λ2 + 2c1λ+ c2)
dλ

dτ1
+ (2c4λ+ c5)e

−λτ1 dλ

dτ1

−(c4λ
2 + c5λ+ c6)e

−λτ1(λ+
dλ

dτ1
τ1) = 0, (5.19)

which indicates (
dλ

dτ1

)−1

=
J1(λ)

J2(λ)
− τ1

λ
, (5.20)

where J1(λ) = 3λ2 + 2c1λ+ c2 + (c4λ+ c5)e
−λτ1 ,

J2(λ) = (c7λ
2 + c5λ+ c6)λe

−λτ1 .
(5.21)

Hence

Re

[(
dλ

dτ1

)−1
]
τ1=τ ι1,µ∗=µ∗

= Re

[
J1(λ)

J2(λ)

]
τ1=τ ι1,µ∗=µ∗

=
J1RJ2R + J1IJ2I

J2
2R + J2

2I

. (5.22)

By (O17), we get

Re

[(
dλ

dτ

)−1
]
τ1=τ ι1,µ∗=µ∗

> 0, (5.23)

the proof is concluded.
From the above discussion, the following theorem is derived.

Theorem 5.1. If (O15)-(O17) are valid, then the equilibrium point E(u1⋆, u2⋆, u3⋆) of model
(5.1) maintains locally asymptotically stable state if τ1 ∈ [0, τ ι1). Moreover, model (5.1) generates
a cluster of Hopf bifurcations around the equilibrium point E(u1⋆, u2⋆, u3⋆) when τ1 = τ ι1.

6. Control of bifurcation for model (1.2) with τ1 = 0, τ2 > 0 using
delay feedback controller

In this segment, we will apply a delay feedback controller to dominate stability region and the
time of generation of Hopf bifurcation of system (1.2) under the condition of τ1 = 0, τ2 > 0. By
means of the ideas of [41–43], we set up the following controlled predator-prey model:

du1
dt

= ru1(t)

(
1− u1(t)

h

)
− cu1(t)u3(t)

a+ ξβu2(t) + u1(t)
,

du2
dt

= ρu2(t)− δu2(t)u3(t)− χ(u2(t)− u2(t− τ2)),

du3
dt

=
bu1(t− τ2)u3(t)

a+ ξβu2(t) + u1(t− τ2)
+ γu2(t)u3(t)− nu3(t),

(6.1)

where χ denotes feedback gain parameter. System (6.1) owns the same equilibrium point
E(u1⋆, u2⋆, u3⋆) as that in system (1.2). Let

u1⋆ = u1(t)− ū1(t),

u2⋆ = u2(t)− ū2(t),

u3⋆ = u3(t)− ū3(t).

(6.2)



Bifurcation and control of a predator-prey system with two time delays 833

The linear system of system (6.1) near E(u1⋆, u2⋆, u2⋆) can be expressed as follows:

dū1
dt

= z1ū1 − z2ū2 − z3ū3,

dū2
dt

= z4ū2 + z5ū2(t− τ2)− z6ū3,

dū2
dt

= z7ū1(t− τ2) + z8ū2 + z9ū3,

(6.3)

where 

z1 = r − 2ru1⋆
h

− cu3⋆
a+ ξβu2⋆ + u1⋆

+
cu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

z2 =
cξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

z3 =
cu1⋆

a+ ξβu2⋆ + u1⋆
,

z4 = ρ− δu3⋆ − χ,

z5 = χ,

z6 = δu2⋆,

z7 =
bu3⋆

a+ ξβu2⋆ + u1⋆
− bu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

z8 = γu3⋆ −
bξβu1⋆u3⋆

(a+ ξβu2⋆ + u1⋆)2
,

z9 =
bu1⋆

a+ ξβu2⋆ + u1⋆
+ γu2⋆ − n.

(6.4)

The characteristic equation of system (6.3) owns the following expression:

det


λ− z1 −z3 z3

0 λ− z4 − z5e
−λτ2 z6

−z7e
−λτ2 −z8 λ− z9

 = 0, (6.5)

which results in

λ3 + r1λ
2 + r2λ+ r3 + (r4λ

2 + r5λ+ r6)e
−λτ2 − r7e

−2λτ2 = 0, (6.6)

where 

r1 = −z9 − z4 − z1,

r2 = z4z9 + z6z8 + z1z4 + z1z9,

r3 = −z1z4z9 − z1z6z8,

r4 = −z5,

r5 = z5z9 + z1z5 + z3z7,

r6 = z2z6z7 − z3z4z7 − z1z5z9,

r7 = z3z5z7.

(6.7)
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If τ2 = 0, then Eq. (6.6) becomes

λ3 + (r1 + r4)λ
2 + (r2 + r5)λ+ r3 + r6 − r7 = 0. (6.8)

If

(O18)



∇1 = r1 + r4 > 0,

∇2 = det

 r1 + r4 1

r3 + r6 − r7 r2 + r5

 > 0,

∇3 = (r3 + r6 − r7)∇2 > 0,

(6.9)

is valid, then the three roots λ1, λ2, λ3 of Eq. (6.8) have negative real parts. Thus the equilibrium
point E(u1⋆, u2⋆, u3⋆) of system (6.1) with the delay τ2 = 0 maintains locally asymptotically
stable.

Assume that λ = iε (ε > 0) is the root of Eq. (6.6), then Eq. (6.6) becomes:

((iε)3 + r1(iε)
2 + r2iε+ r3)e

iετ + r4(iε)
2 + r5iε+ r6)− r7e

−iετ2 = 0. (6.10)

It follows from Eq. (6.10) thatO1(ε) sin ετ2 +O2(ε) cos ετ2 = O3,

O1(ε) cos ετ2 −O2(ε) sin ετ2 = O4,
(6.11)

where 

O1 = r3 − r1ε
2 − r7,

O2 = ε3 − r2ε,

O3 = r4ε
2 − r6,

O4 = −r5ε.

(6.12)

In consideration of O2
1 +O2

2 = O2
3 +O2

4, we gain

ε6 +O1ε
4 +O2ε

2 +O3 = 0, (6.13)

where 
O1 = r21 − 2r2 − r24,

O2 = 2r1r7 + 2r4r6 + r22 − 2r1r3 − r25,

O3 = (r3 − r7)
2 − r26.

(6.14)

Let

Φ8(ε) = ε6 +O1ε
4 +O2ε

2 +O3. (6.15)

Assume that

(O19) O3 < 0

is satisfied, then the Φ8(0) < 0 and limε→∞Φ8(ε) = +∞ > 0,then Eq. (6.13) at least one
positive real root. Hence, Eq. (6.10) at least one pair of purely imaginary root. Without loss
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of generality, we can assume that Eq. (6.13) has six positive real roots (say εj , j = 1, 2, · · · , 6).
Relying on (6.11), we know

τ
(k)
2j =

1

εj

[
arccos

(
O1(j)O4(j) −O2(j)O3(j)

O2
1(j) +O2

2(j)

+ 2kπ

)]
, (6.16)

where 

O1(j) = r3 − r1ε
2
j − r7,

O2(j) = ε3j − r2εj ,

O3(j) = r4ε
2
j − r6,

O4(j) = −r5εj ,

(6.17)

and j = 1, 2, · · · 6; k = 0, 1, 2, · · · . Assume τ ι2 = min{j=1,2,··· ,6;k=0,1,2,··· }{τ
(k)
2(j)} and suppose that

when τ2 = τ ι2, Eq. (6.10) has a pair of imaginary roots ±iε∗.
Next we present the following assumption:

(O20) O1RO2R +O1IO2I > 0,

where 

O1R = −3ε3∗ + r2 + 2r4ε∗ sin ε∗τ
ι
2 + r5 cos ε∗τ

ι
2,

O1I = 2r1ε∗ + 2r4ε∗ cos ε∗τ
ι
2 − r5 sin ε∗τ

ι
2,

O2R = (r6ε∗ − 2r7ε∗ − ε3∗) sin ε∗τ
ι
2 − r5ε

2
∗ cos ε∗τ

ι
2,

O2I = (r6ε∗ − 2r7ε∗ − ε3∗) cos ε∗τ
ι
2 + r5ε

2
∗ sin ε∗τ

ι
2.

(6.18)

Lemma 6.1. Suppose that λ(τ2) = ℓ1(τ2)+ iℓ2(τ2) is the root of Eq. (6.10) at τ2 = τ ι2 such that

ℓ1(τ
ι
2) = 0, ℓ2(τ

ι
2) = ε∗, then Re

(
dλ
dτ

) ∣∣∣
τ2=τ ι2,ε=ε∗

> 0.

Proof. Using Eq. (6.10), we can gain

[
(
3λ2 + 2r1λ+ r2)

] dλ

dτ2
+ (2r4λ+ r5]e

−λτ2 dλ

dτ2

−(r4λ
2 + r5λ+ r6)e

−λτ2(λ+
dλ

dτ2
τ2) = 0, (6.19)

which indicates (
dλ

dτ2

)−1

=
V1(λ)

V2(λ)
− τ2

λ
, (6.20)

where V1(λ) = 3λ2 + 2r1λ+ r2 + (2r4λ+ r5)e
−λτ2 ,

V2(λ) = (r4λ
2 + r5λ+ r6)e

−λτ2λ− 2r7e
−λτ2λ.

(6.21)

Therefore

Re

[(
dλ

dτ2

)−1
]
τ2=τ ι2,ε=ε∗

= Re

[
V1(λ)

V2(λ)

]
τ2=τ ι2,ε=ε∗

=
V1RV2R + V1IV2I

V 2
2R + V 2

2I

. (6.22)
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By the assumption (O20), we get

Re

[(
dλ

dτ2

)−1
]
τ2=τ ι2,ε=ε∗

> 0, (6.23)

the proof is concluded.
From the above discussion, the following theorem is derived.

Theorem 6.1. Assume that (O18)-(O20) are valid, then the equilibrium point E(u1⋆, u2⋆, u3⋆) of
model (6.1) holds locally asymptotically stable state if τ2 ∈ [0, τ ι2). Moreover, model (6.1) exhibits
a cluster of Hopf bifurcations around the equilibrium point E(u1⋆, u2⋆, u3⋆) when τ2 = τ ι2.

Remark 6.1. In this paper, although some assumptions are very complex, we can check the
correctness of these assumptions via computer software.

Remark 6.2. Section 4 deals with the bifurcation of model (1.2) with τ1 = τ2 = τ via delay
feedback controller. Also we explore the the bifurcation of model (1.2) under other delay cases
via delay feedback controller. We leave it for future research direction.

Remark 6.3. Section 5 deals with the bifurcation of model (1.2) with τ1 > 0, τ2 = 0 via delay
feedback controller. Of course, we can also explore the the bifurcation of model (1.2) under
other delay cases via same delay feedback controller. We need to do numerical simulation and
theoretical analysis to check whether the designed controller is effective or not. We leave it for
future research direction.

Remark 6.4. In terms of the form of the controller, the controllers of Section 4, Section 5
and Section 6 are same. But we add this delay feedback controller to different equations under
different delay cases and then obtain different critical delay values to ensure the onset of Hopf
bifurcation.

7. Matlab simulations

In this section, we carry out Matlab simulation to verify the correctness of the obtained results.

Example 7.1. When τ1 > 0, τ2 = 0, take into account the following system that incorporates
a delay. 

du1
dt

= 0.5u1(t)

(
1− u1(t− τ1)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t),

du3
dt

=
0.9u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.1)

It is evident that system (7.1) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). One can readily confirm that conditions (O1)-(O3) outlined in Theorem 3.1 are all valid.
Numerical simulations are carried out using Matlab software, we are able to obtain τ∗1 ≈ 2.4. In
order to confirm the accuracy of the outcomes obtained from Theorem 3.1, for the time-delay
variable τ1, we select two distinct values: The first one is 2.0 and the second one is 2.7. If
τ1 = 2.0 < τ∗1 ≈ 2.4, the corresponding numerical simulation diagrams are illustrated in Figure
1. In Figure 1, we can clearly observe that u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333
when t → +∞. To put it another way, the equilibrium point E(0.1283, 1.3227, 0.4333) of model
(7.1) possesses locally asymptotically stable state. If τ1 = 2.7 > τ∗1 ≈ 2.4, the corresponding
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numerical simulation diagrams are illustrated in Figure 2. In Figure 2, we can clearly observe
that u1(t), u2(t), u3(t) will keep oscillate periodically in the vicinity of the values 0.1283, 1.3227,
0.4333 respectively, which means that, a series of periodic solutions (namely, Hopf bifurcations)
emerges in the vicinity of the equilibrium E(0.1283, 1.3227, 0.4333).

Example 7.2. When τ1 = 0, τ2 > 0, take into account the following system that incorporates
a delay. 

du1
dt

= 0.5u1(t)

(
1− u1(t)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t),

du3
dt

=
0.9u1(t− τ2)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t− τ2)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.2)

It is evident that system (7.2) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). One can readily confirm that conditions (O1), (O4), (O5) outlined in Theorem 3.2 are
all valid. Numerical simulations are carried out using Matlab software, we are able to obtain
τ∗2 ≈ 0.4. In order to confirm the accuracy of the outcomes obtained from Theorem 3.2, for the
time-delay variable τ2, we select two distinct values: The first one is 0.1 and the second one is
0.8. If τ2 = 0.1 < τ∗2 ≈ 0.4, the corresponding numerical simulation diagrams are illustrated in
Figure 3. In Figure 3, we can clearly observe that u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333
when t → +∞. To put it another way, the equilibrium point E(0.1283, 1.3227, 0.4333) of model
(7.) possesses locally asymptotically stable state. If τ2 = 0.8 > τ∗2 ≈ 0.4, the corresponding
numerical simulation diagrams are illustrated in Figure 4. In Figure 4, we can clearly observe
that u1(t), u2(t), u3(t) will keep oscillate periodically in the vicinity of the values 0.1283, 1.3227,
0.4333 respectively. which means that, a series of periodic solutions (namely, Hopf bifurcations)
emerge in the vicinity of the equilibrium E(0.1283, 1.3227, 0.4333).

Example 7.3. When τ1 = τ2 = τ , take into account the following system that incorporates a
delay. 

du1
dt

= 0.5u1(t)

(
1− u1(t− τ)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t),

du3
dt

=
0.9u1(t− τ)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t− τ)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.3)

It is evident that system (7.3) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). One can readily confirm that conditions (O1), (O6), (O7) outlined in Theorem 3.3 are
all valid. Numerical simulations are carried out using Matlab software, we are able to obtain
τ∗ ≈ 0.5. In order to confirm the accuracy of the outcomes obtained from Theorem 3.3, for the
time-delay variable τ , we select two distinct values: The first one is 0.1 and the second one is
0.92. If τ = 0.1 < τ∗ ≈ 0.5, the corresponding numerical simulation diagrams are illustrated in
Figure 5. In Figure 5, we can clearly observe that u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333
when t → +∞. To put it another way, the equilibrium point E(0.1283, 1.3227, 0.4333) of model
(7.3) possesses locally asymptotically stable state. If τ = 0.92 > τ∗ ≈ 0.5, the corresponding
numerical simulation diagrams are illustrated in Figure 6. In Figure , we can clearly observe
that u1(t), u2(t), u3(t) will keep oscillate periodically in the vicinity of the values 0.1283, 1.3227,
0.4333 respectively, which means that, a series of periodic solutions (namely, Hopf bifurcations)
emerge in the vicinity of the equilibrium E(0.1283, 1.3227, 0.4333).
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Example 7.4. Consider the following system accompanying delay.



du1
dt

= 0.5u1(t)

(
1− u1(t− τ1)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t),

du3
dt

=
0.9u1(t− τ2)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t− τ2)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.4)

Where τ1 > 0, τ2 = 0.2. It is evident that system (7.4) possesses a unique positive equilib-
rium point E(0.1283, 1.3227, 0.4333). One can readily confirm that conditions (O1), (O8), (O9)
outlined in Theorem 3.4 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain τ⋆1 ≈ 2.2. In order to confirm the accuracy of the outcomes
obtained from Theorem 3.4, for the time-delay variable τ1, we select two distinct values: The
first one is 2.0 and the second one is 2.5. If τ1 = 2.0 < τ∗1 ≈ 2.4, the corresponding numer-
ical simulation diagrams are illustrated in Figure 7. In Figure 7, we can clearly observe that
u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333 when t → +∞. To put it another way, the equi-
librium point E(0.1283, 1.3227, 0.4333) of model (7.4) possesses locally asymptotically stable
state. If τ1 = 2.5 > τ⋆1 ≈ 2.0, the corresponding numerical simulation diagrams are illustrated
in Figure 8. In Figure 8, we can clearly observe that u1(t), u2(t), u3(t) will keep oscillate pe-
riodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283, 1.3227, 0.4333).

Example 7.5. Consider the following system accompanying delay.



du1
dt

= 0.5u1(t)

(
1− u1(t− τ1)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t),

du3
dt

=
0.9u1(t− τ2)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t− τ2)
+ 0.56u2(t)u3(t)− 0.9u3(t),

(7.5)

where τ2 > 0, τ1 = 1.8 It is evident that system (7.5) possesses a unique positive equilibrium
point E(0.1283, 1.3227, 0.4333). One can readily confirm that conditions (O1), (O10), (O11)
outlined in Theorem 3.5 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain τ∗2 ≈ 0.6. In order to confirm the accuracy of the outcomes
obtained from Theorem 3.5, for the time-delay variable τ2, we select two distinct values: The
first one is 0.3 and the second one is 0.8. If τ2 = 0.3 < τ∗1 ≈ 0.6, the corresponding numer-
ical simulation diagrams are illustrated in Figure 9. In Figure 9, we can clearly observe that
u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333 when t → +∞. To put it another way, the equi-
librium point E(0.1283, 1.3227, 0.4333) of model (7.5) possesses locally asymptotically stable
state. If τ2 = 0.8 > τ∗2 ≈ 0.6, the corresponding numerical simulation diagrams are illustrated
in Figure 10. In Figure 10, we can clearly observe that u1(t), u2(t), u3(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283, 1.3227, 0.4333).
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Example 7.6. Consider the following system accompanying delay.

du1
dt

= 0.5u1(t)

(
1− u1(t− τ)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t)− ς[u2(t)− u2(t− τ)],

du3
dt

=
0.9u1(t− τ)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t− τ)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.6)

It is evident that system (7.6) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). Let ς = 0.1, when τ1 = τ2 = τ , One can readily confirm that conditions (O12)-(O14)
outlined in Theorem 4.1 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain τ(0) ≈ 0.8. In order to confirm the accuracy of the outcomes
obtained from Theorem 4.1, for the time-delay variable τ , we select two distinct values: The
first one is 0.55 and the second one is 2.0. If τ = 0.55 < τ∗1 ≈ 0.8, the corresponding numerical
simulation diagrams are illustrated in Figure 11. In Figure 11, we can clearly observe that
u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333 when t → +∞. To put it another way, the
equilibrium point E(0.1283, 1.3227, 0.4333) of model (7.6) possesses locally asymptotically stable
state. If τ = 2.0 > τ(0) ≈ 0.8, the corresponding numerical simulation diagrams are illustrated
in Figure 12. In Figure 12, we can clearly observe that u1(t), u2(t), u3(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283, 1.3227, 0.4333).

Example 7.7. Consider the following system accompanying delay.

du1
dt

= 0.5u1(t)

(
1− u1(t− τ1)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)

−ϖ[u1(t)− u1(t− τ1)],

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t),

du3
dt

=
0.9u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.7)

It is evident that system (7.7) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). Let ϖ = 0.02, when τ1 > 0, τ2 = 0, One can readily confirm that conditions (O15)-
(O17) outlined in Theorem 5.1 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain τ ι1 ≈ 2.5. In order to confirm the accuracy of the outcomes
obtained from Theorem 5.1, for the time-delay variable τ1, we select two distinct values: The
first one is 2.0 and the second one is 2.7. If τ1 = 2.0 < τ ι1 ≈ 2.5, the corresponding numerical
simulation diagrams are illustrated in Figure 13. In Figure 13, we can clearly observe that
u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333 when t → +∞. To put it another way, the
equilibrium point E(0.1283, 1.3227, 0.4333) of model (7.7) possesses locally asymptotically stable
state. If τ1 = 2.7 > τ ι1 ≈ 2.5, the corresponding numerical simulation diagrams are illustrated
in Figure 14. In Figure 14, we can clearly observe that u1(t), u2(t), u3(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerges in the vicinity of the equilibrium
E(0.1283, 1.3227, 0.4333).
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Example 7.8. Consider the following system accompanying delay.

du1
dt

= 0.5u1(t)

(
1− u1(t)

0.2

)
− 0.3u1(t)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t)
,

du2
dt

= 0.39u2(t)− 0.9u2(t)u3(t)− φ[u2(t)− u2(t− τ2)],

du3
dt

=
0.9u1(t− τ2)u3(t)

0.57 + 0.1× 0.2u2(t) + u1(t− τ2)
+ 0.56u2(t)u3(t)− 0.9u3(t).

(7.8)

It is evident that system (7.8) possesses a unique positive equilibrium point E(0.1283, 1.3227,
0.4333). Let φ = 0.02, when τ1 = 0, τ2 > 0, One can readily confirm that conditions (O18)-
(O20) outlined in Theorem 6.1 are all valid. Numerical simulations are carried out using Matlab
software, we are able to obtain τ ι2 ≈ 0.4. In order to confirm the accuracy of the outcomes
obtained from Theorem 6.1, for the time-delay variable τ2, we selected two distinct values:
The first one is 0.12 and the second one is 1.1. If τ2 = 0.12 < τ ι2 ≈ 0.4, the corresponding
numerical simulation diagrams are illustrated in Figure 15. In Figure 15, we can clearly observe
that u1(t) → 0.1283, u2(t) → 1.3227, u3(t) → 0.4333 when t → +∞. To put it another way, the
equilibrium point E(0.1283, 1.3227, 0.4333) of model (7.8) possesses locally asymptotically stable
state. If τ1 = 1.1 > τ ι1 ≈ 0.4, the corresponding numerical simulation diagrams are illustrated
in Figure 16. In Figure 16, we can clearly observe that u1(t), u2(t), u3(t) will keep oscillate
periodically in the vicinity of the values 0.1283, 1.3227, 0.4333 respectively, which means that, a
series of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium
E(0.1283, 1.3227, 0.4333).

Remark 7.1. Based on the numerical simulation graphs of Example 7.3 and Example 7.6, we
know that their bifurcation values are τ∗ = 0.5 and τ(0) = 0.8 respectively. This indicates that
we can expand the stability region of system (7.3) through the design of an appropriate delay
feedback controller. From the computer simulation graphs of Example 7.1 and Example 7.7,
we are aware that the respective bifurcation values for them are τ∗1 = 2.4 and τ ι1 = 2.5, which
indicates that we can expand the stability region of system (7.1) by designing a delay feedback
controller.

8. Conclusions

This paper investigates a predator-prey model with two distinct time delays. In the first place, By
using fixed point theorem, inequality transformation and construction of appropriate functions,
the existence, uniqueness and non-negative of the solution of the delayed predator-prey system
are proved. Next, we select time delay as the bifurcation parameter and the two time delays
can be classified into five situations (τ1 = τ2 = 0, τ1 > 0, τ2 = 0, τ2 > 0, τ1 = 0, τ1 = τ2 =
τ, τ1 = τ2 ̸= 0). Further, we explore the delay critical value that ensures the occurrence of
bifurcation phenomena of this model. By utilizing bifurcation and stability theory of delayed
differential equation, the stability and Hopf bifurcation of this model are studied. A new delay-
independent criterion on stability and bifurcation of this model is derived. In the end, in order
to effectively adjust the stability region and the onset of bifurcation phenomena of this model,
three types of delay feedback controllers are designed. Then, the parametric conditions of this
system remains stable under delay feedback controllers as well as the bifurcation phenomena of
this model are explored. This study focuses on exploring predator-prey model with two time
delays, aiming to uncover how two time delays influence the stability and periodic oscillations
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Figure 1. Matlab simulation graphs of system (7.1) under the delay τ1 > 0, τ2 = 0 and τ1 = 2.0 < τ∗
1 = 2.4.

The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.

of ecosystem. In addition, the dynamic behavior of the ecosystem can be further regulated by
designing controllers to delay or advance the occurrence of Hopf bifurcations.
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Figure 2. Matlab simulation figures of system (7.1) under the delay τ1 > 0, τ2 = 0 and τ1 = 2.7 > τ∗
1 =

2.4. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 3. Matlab simulation graphs of system (7.2) under the delay τ1 = 0, τ2 > 0 and τ2 = 0.1 < τ∗
2 = 0.4.

The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.
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Figure 4. Matlab simulation figures of system (7.2) under the delay τ1 = 0, τ2 > 0 and τ2 = 0.8 > τ∗
2 =

0.4. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 5. Matlab simulation graphs of system (7.3) under the delay τ1 = τ2 = τ and τ = 0.1 < τ∗ = 0.5. The
equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.
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Figure 6. Matlab simulation plots of system (7.3) under the delay τ1 = τ2 = τ and τ = 0.92 > τ∗ =
0.5. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 7. Matlab simulation graphs of system (7.4) under the delay τ1 = 2.0, τ2 = 0.2 and τ1 = 2.0 < τ⋆
1 = 2.2.

The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.
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Figure 8. Matlab simulation figures of system (7.4) under the delay τ1 = 2.5, τ2 = 0.2 and τ1 = 2.5 > τ⋆
1 =

2.2. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 9. Matlab simulation graphs of system (7.5) under the delay τ1 = 1.8, τ2 = 0.3 and τ2 = 0.3 < τ2⋆ = 0.6.
The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.
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Figure 10. Matlab simulation figures of system (7.5) under the delay τ1 = 1.8, τ2 = 0.2 and τ2 = 0.8 > τ⋆
2 =

0.6. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 11. Matlab simulation graphs of system (7.6) under the delay τ1 = τ2 = τ and τ = 0.55 < τ(0) = 0.8.
The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.
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Figure 12. Matlab simulation figures of system (7.6) under the delay τ1 = τ2 = τ and τ = 2.0 > τ(0) =
0.8. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 13. Matlab simulation graphs of system (7.7) under the delay τ1 = 2.0, τ2 = 0 and τ1 = 2.0 < τ ι
1 = 2.5.

The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.
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Figure 14. Matlab simulation figures of system (7.7) under the delay τ1 = 2.0, τ2 = 0 and τ1 = 2.7 > τ ι
1 =

2.5. A cluster of periodic solutions (namely, Hopf bifurcations) emerge in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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Figure 15. Matlab simulation graphs of system (7.8) under the delay τ1 = 0, τ2 = 0.12 and τ2 = 0.12 < τ ι
2 = 0.4.

The equilibrium point E(0.1283, 1.3227, 0.4333) maintains locally asymptotically stable level.



856 J. Lin, C. Xu, Y. Zhao, Y. Pang, Z. Liu & J. Shen

0 50 100 150 200 250 300 350 400 450 500

t

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

 u
1
(t

) 

0 50 100 150 200 250 300 350 400 450 500

t

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

 u
2
(t

) 

0 50 100 150 200 250 300 350 400 450 500

t

0

0.5

1

1.5

2

2.5

u
3
(t

) 

0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

u
1
(t)

0

0.5

1

1.5

2

2.5

u
3
(t

) 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

u
2
(t)

0

0.5

1

1.5

2

2.5

u
3
(t

) 

Figure 16. Matlab simulation figures of system (7.8) under the delay τ1 = 0, τ2 = 1.1 and τ2 = 1.1 > τ ι
2 =

0.4. A cluster of periodic solutions (namely, Hopf bifurcations) emerges in the vicinity of the equilibrium point
E(0.1283, 1.3227, 0.4333).
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