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WELL-POSEDNESS OF NONLOCAL IMPULSIVE PROBLEMS OF
NON-AUTONOMOUS EVOLUTION EQUATIONS WITH DELAY™*

Huanhuan Wang!, Xiaoya Liu? and Xuping Zhang'3:

Abstract This paper investigates the existence of extremal mild solutions for nonlocal
impulsive problems of non-autonomous evolution equations with delay in ordered Banach
spaces. By applying the perturbation technique and monotone iterative method in the pres-
ence of lower and upper solutions, we establish the existence of the minimal and maximal
mild solutions under suitable monotonicity conditions and noncompactness measure require-
ments of nonlinear term. Furthermore, we prove the existence of at least one mild solution
and obtain the uniqueness of mild solution between the lower and the upper solutions.
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1. Introduction

Many complex processes in nature and technology are described by functional differential equa-
tions which are dominant nowadays because the functional components in equations allow one to
consider after-effect or prehistorical influence. Delay evolution equation is one of the important
type of functional differential equations, in which the response of system depends not only on
the current state of system, but also on the past history of system. For more details on this
topic, see [22,26,28,31] and the references therein.

The study of abstract nonlocal Cauchy problem was initiated by Byszewski in [6]. It is
demonstrated that the nonlocal problems have better effects in applications than the traditional
Cauchy problems, differential equations with nonlocal conditions were studied by many authors
and some basic results on nonlocal problems have been obtained, see [12,20,25,33] and the
references therein for more comments and citations.

The theory of instantaneous impulsive differential equations describes processes which ex-
perience a sudden change in their states at certain moments. Such processes commonly occur
in physics, chemistry, biology, engineering, and economics. The theory of instantaneous im-
pulsive evolution equations has gained significance in recent years due to its wide applications
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in control, mechanics, electrical engineering, and biological fields. In the last few decades,
the study of instantaneous impulsive evolution equations in Banach spaces has emerged as an
important research area. For more details on the theory and its applications, refer to refer-
ences [3,5,18,19,23,24,29, 32].

The method of lower and upper solutions is an important method for seeking solutions of
differential equations in abstract spaces. Early on, Du and Lakshmikantham [13] built the
method of lower and upper solutions for addressing the initial ordinary differential equations
in Banach space. Later, Guo and Liu [16], Li and Liu [24] developed the iterative method for
ordinary differential equations with instantaneous impulses in Banach spaces. Recently, the
iterative method has been extended to evolution equations in ordered Banach spaces, we refer
to the papers by EI-Gebeily, O’'Regan and Nieto [15] and Wang and Wang [30] for evolution
equations with classical initial value conditions, and to the paper by Chen and Li [7] and Chen,
Li and Yang [8] for evolution equations with impulses in Banach spaces.

In recent years, non-autonomous evolution equations have been extensively studied in the
case of a compact evolution family, see [14,21,34]. However, up to now, there has been a lack
of relevant research papers that adopt the iterative method, perturbation technique, and the
approach of lower and upper solutions to study nonlocal impulsive problems of non-autonomous
evolution equations with delay. The main advantage by using the iterative method based on
lower and upper solutions is that it not only provides a method to obtain the existence of extremal
mild solutions, but also yields iterative sequences of lower and upper approximate solutions that
converge to the minimal and maximal mild solutions between the lower and upper solutions.

In view of the above reasons, in this paper we will combine the theory of evolution family
and the monotone iterative technique to consider the existence of mild solutions for nonlocal
impulsive problems of non-autonomous evolution equations with delay

u'(t) — A()u(t) = f(t ult), u), t€0,al, t#tr,
Au ‘t:tk: Ik(u(tk)), k= 1,2,...,m, (11)
u(t) = g(u)(t) + o(t), t € [=h,0],

where a and h are positive constants, A(t) is a family of (possibly unbounded) linear operators
depending on time and having the domains D(A(t)) for every t € [0,a], f: [0,a] x X xB — X is
a Carathéodory continuous; 0 < t] < ty < -+ < t,, < a are pre-fixed numbers, I, € C(X, X) is
an impulsive function, k=1,2,--- ,m, u(t:) and u(t, ) represents the right and the left limits
of wu(t) at t = tg, ¢ € B is a priori given history, while the function ¢ : PC([-h,a],X) — B
implicitly defines a complementary history, chosen by the system itself. u; denotes the function
in B defined as u(7) = u(t + 7) for 7 € [—h, 0] and u(-) represent the time history of the state
from the time ¢ — h up to the present time .

The outline of this paper is as follows. In Section 2, notation and preliminaries are introduced,
which are used throughout this paper. In Section 3, we obtained the existence of extremal mild
solutions and mild solutions for the problem (1.1) under the situation that the evolution family
{U(t,s) : 0 < s <t<a} generated by A(t) is compact. The existence of extremal mild solutions
and the uniqueness of mild solution for the problem (1.1) are obtained under the situation that
the evolution family {U(¢,s) : 0 < s <t < a} generated by A(t) is not compact in Section 4.
Finally, an concrete example is given to illustrate the feasibility of our abstract results.
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2. Notations and preliminaries

We begin by giving some notation. Let X be an ordered Banach space with norm ||-|| and partial
order < with positive cone P = {u € X | u > 60} (0 is the zero element of X), which defines
a partial ordering in X by u < v if and only if v —u € P. If u < v and u # v, we say u < v.
The cone P is called normal if there exists a positive constant N such that 8 < u < v implies
|lu]l < Nlv||, in which N is called normal constant. Denote by

PC([-h,a],X) ={u:[-h,a] - X | u is continuous at t # t,

left continuous at ¢ = t), and u(t;) exists for all k=1,2,--- ,m}.

It is easy to see that PC([—h,a], X) is a Banach space endowed with the PC-norm

lull pc = sup |lu(®)], VuePC([=h,ad,X).
te[—h,al

Let
B={¢:[—h,0] - X | ¢ is bounded and measurable on [—h,0]}.

Obviously, B is a Banach space endowed with the norm

lulls = sup ] lu(t)]l, VYueB.

)

It is evident that, PC([—h,a], X) and B are also ordered Banach spaces with partial order “ <”
reduced by the positive function cones Kpc = {u € PC([—h,a], X) : u(t) > 6, t € [-h,a]} and
Kp={ueB|u(s) >0, se[—h,0]} (0is the zero element of X) respectively. Kpc and Kp are
also normal cones with the same normal constant N. And for ¢ € [—h,a|, v,w € PC([—h,a], X)
with v < w, we use [v,w] to denote the order interval

fue PC([=ha], X) | o(t) < ult) < w(t)}
in PC([—h,a],X), and for t € [—h,al, [v(t), w(t)] to denote the order interval

{ue X |v(t) <u<w(t)}.

In the following, we denote Jy = [—h,0], J1 = [0,t1], Jx = (tg—1,tk), kK = 2,3,--- ,m + 1,
tm+1 = a, I' = [=h,a] \ {t1,t2, - ,tm} and I” = [—h,a] \ {0,t1,t2, - ,t;m}, and use X7 to
denote the Banach space D(A(t)) with the graph norm || - ||x, = || - || + [|A(¢) - ||-

Throughout the paper, we assume that {A(¢) : 0 < t < a} is a family of closed and densely
defined operator on Banach space X, which satisfies the known conditions of Acquistapace and
Terreni:

(A1) For each t € [0,a], A(t) is a closed linear operator on X and there exist constants Ao > 0,
0 € (5,m), My > 0 such that gU{0} C p(A(t) —Ao) and for all A € Xy U{0} and ¢ € [0, a],

My

_ < -
IROA®) = M)l < 7115

(2.1)
(A2) There exist constants Mz > 0 and «a, § € (0,1] with o 4+ 5 > 1 such that for all A € 3
and 0 < s <t <a,

|t — 8"

[(A(t) = M) R(A, A(t) — Xo)[R(No, A(t)) — R(No, A(5))]]| < MQW’

(2.2)
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where g = {A € C\ {0} : |A] < 6}.

Conditions (A1) and (A2), which are initiated by Acquistapace and Terreni [1] and Ac-
quistapace [2] for A9 = 0, are well understood and widely used in the literature. Under the
above conditions (Al) and (A2), the family {A(t) : 0 < t < a} generates a unique linear
evolution system, or called linear evolution family {U(¢,s) : 0 < s < t < a}. Furthermore,
by an obvious rescaling from [2, Theorem 2.3] and [1, Theorem 2.1] combined with the Ac-
quistapace and Terreni conditions (A1) and (A2) one gets that the family of the linear operator
{U(t,s):0<s<t<a}:

(1) U(t,r)U(rys) =U(t,s), Ut t) =T for 0 < s<r <t<agq
(2) the map (¢,s) — U(t, s)z is continuous for all x € X and 0 < s <t < g;
(3) U(-,s) € C((s,00), L(X)), P23 — A(t)u(t, s) for t > s, and

HAk(t)U(t,s) <M(t—s)Ffor0<t—s<1landk=0,1;

(4) LT — 14t 5)A(s)a for t > s and @ € D(A(s)) with A(s)z € D(A(s)).
From the property (3), we know that
Ut )l pxy <M for 0<s<t<a. (2.3)

In (2.3) and property (3), M > 0 is a constant.

Definition 2.1 ( [9]). An evolution family {U(t,s) : 0 < s <t < a} is said to be equicontinuous
if the function ¢ +— U(t, s) is continuous by operator norm for ¢ € (s, 400).

Definition 2.2 ( [10]). An evolution family {/(¢,s) : 0 < s <t < a} is said to be compact if
forall 0 < s <t <a, U(t,s) is equicontinuous and maps bounded subsets of X into precompact
subsets of X.

Definition 2.3. A function v € PC([—h,al, X) is said to be a mild solution of the problem
(1.1) if it satisfies the equation

U(t,0)[g(u)(0) + ¢(0)] +/0 U(t, 5)f (s, uls), us)ds

u(t) = 4+ > Ut ) (u(ty), te€0a], t# by, k=1,2,---,m, (2.4)

0<tp<t

g(u)(t) + (1), t € [=h,0].

Definition 2.4. If a function v € PC([—h,a], X) N CY(I", X) N C(I’, X1) satisfies
u(t) — At)u(t) < f(t,u(t),u), te€][0,al, t#tg,
Au‘t:tk S [k(U(tk)), k= 17 27 s, M, (25)

u(t) < g(u)(t) + o), te[=h,0],

we call it a lower solution of the problem (1.1); if all inequalities of (2.5) are reversed, we call it
an upper solution of the problem (1.1).
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Definition 2.5. A function f : [0,a] x X x B — X is said to be Carathéodory continuous
provided that

(i) for all (u,v) € X x B, f(-,u,v) : [0,a] = X is measurable;

(i) for a.e. t €[0,al, f(t,-,-): X x B— X is continuous.

Definition 2.6 ( [4,11]). The Kuratowski measure of noncompactness «(-) defined on bounded
set S of Banach space X is

m
a(S) = inf{(5 >0:8= U S; with diam(S;) < fori=1,2,--- ,m} . (2.6)
i=1

It is easy to know from Definition 2.6 that 0 < a(S) < oo . The following properties about
the Kuratowski measure of noncompactness are well known.

To introduce the useful lemmas which will be used in our argument, we use «(+) to denote the
Kuratowski measure of noncompactness on the bounded set of X. For details about the definition
and properties of the measure of noncompactness, we refer to the monographs by [4, 11].

Lemma 2.1 ( [27]). Let the family of operators A(t) satisfy assumptions (A1) and (A2), and
for each s € [0, a), the semigroup e~*A)(t > 0) be positive, then the evolution system {U(t, s)}>s
generated by A(t) satisfies

(i) positivity preservation, U(t,s) > 0 for all t > s;

(i) monotonicity preservation, for any initial values uy and vy,
ug < vy = Z/{(t,O)’LLO < Z/{(t,O)’Uo, vt > 0.

Lemma 2.2 ( [17]). Let D = {u,}32, C PC([0,a],X) be a bounded and countable set. Then
a(D(t)) is Lebesgue integrable on [0, a], and

o ({/0 un()dt | n e N}) < 2/Oaa(D(t))dt. (2.7)

3. Case U(t,s) compact

In this section, we discuss the existence of extremal mild solutions as well as the existence
of at least one mild solutions for the problem (1.1) under the situation that evolution family
{U(t,s): 0 <s<t<a} is compact and the nonlocal function g : PC([—h,a], X) — B is also
compact.

Theorem 3.1. Let X be an ordered Banach space and its positive cone P be normal. Assume
that the evolution family {U(t,s) : 0 < s <t < a} generated by the family of operators {A(t) :
0 <t < a}is compact. If the problem (1.1) has a lower solution v\®) € PC([—h,a],X) N
CYI",X)NC(I', X1) and an upper solution w'®) € PC([~h,a], X)NCYI",X)NC(I', X1) with
v < wO  Suppose also that the following conditions are satisfied:

(F1) There ezists a constant C' > 0 such that

f(tvmlvyl) - f(tvx,y) > _C(xl - CL'),

forvt € [0,a], z,z1 € X and y,y1 € B with vO(t) <z < 1 < wO(t) and (vO); <y <
y1 < (w),;
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(F2) the impulsive function Ij(-) satisfies
(@) < I(y), k=12, ,m,
for any t € [0,a], and v (t) <z <y < wO(t);
(F3) the nonlocal function g(u) is increasing on order interval [v(©, w(0)],

Then the problem (1.1) has minimal and maximal mild solutions between v and w©®, which
can be obtained by a monotone iterative procedure starting from v© and w©® | respectively.

Proof. It is easy to see that the problem (1.1) is equivalent to the following nonlocal impulsive
problems of non-autonomous evolution equations with delay

u(t) — A(t)u(t) = f(t,u(t),ur) + Cul(t), te€[0,al], t# t,
Au|t:t/1C :Ik(u(tk))¢ k= 1727"' uz (31)
u(t) = g(u)(t) + o(t), t € [-h,0],

for any constant C' > 0. Therefore, we consider the A : [v(9, w(] — PC([~h,a], X) defined by

p

g(u)(t) + ¢(t), t e [-h,0],
(Au)(t) = { U(£0)[g(u)(0) + ¢(0) +/0 U(t,s)[f(s,u(s), us) + Cu(s)]ds (3.2)
+ Y Ut te)Ie(ulty)), te0,a],
O<tr<t

where U(t,s) = e~“*U(t, s) is the evolution system generated by A(t) — CI. Obviously, U(t, s)
is compact too. By Definition 2.3, the mild solution of the problem (1.1) is equivalent to the
fixed point of A defined by (3.2).

First, we prove that the operator A : [0, w®] — PC([~h,a], X) defined by (3.2) is con-

tinuous. For this purpose, let {u(™}22, C [v(® ()] be a sequence such that li_>m u™ =y in
n—oo

[0 w©)]. Then for any ¢ € [0, al, ILm (u™); = uy. If t € [~h,0], by (3.2) and the continuity

of the nonlocal function g, we have that
(Au®)@) = (A ®)]| = [l ®) = g)®)]| = 0, n— 0. (3.3)
Applying assumption (F1), we know that for any v € [v(9,w(©®] and s € [0,], t € [0, q],

F(5,00(s), ()g) + Cv O (s) < £(s,u(s), us) + Cu(s)
< f(s, w(o)(s), (w(o))s) + Cw(o)(s).

The above inequality combined with the normality of the positive cone P, we know that there
exists a constant C7 > 0, such that

| f(s,u(s),us) + Cu(s)|| < Ci, sel0,t], t €]0,a]. (3.4)
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By (2.3), (3.2) and the Lebesgue dominated convergence theorem, we know that for any ¢ € [0, al,
I(Au™)(t) = (Au)(B)]| < M]g(ul™)(0) — g(u)(0)]|
t
[5G, ). 0),)
0

(3.5)
+ Cu™(s) — f(s,u(s) ) — Cu(s)||ds
+M Y [ k(u — I (u(te))]-
O<ugp<t

Hence, from (3.3)-(3.5), by the Carathéodory continuity of the nonlinear function f, and the
continuity of the impulsive function I for k =1,2,--- ,m, we obtain

| Au™ — Au|pc — 0, n — oco. (3.6)

Therefore, A : [0, w®] — PC([~h,a], X) is a continuous operator.
Secondly, we prove that A : [0, w©] = [v(9) ()] is a monotonic increasing operator. For
any u,v € [0, 0] with u < v, by assumptions (F3) and (3.2), we know that for t € [~h, 0],

(Au)(t) = g(u)(t) + o(t) < g(v)(t) + o(t) = (Av)(?).

For t € [0, a], by assumptions (F1)-(F3), Lemma 2.1 and (3.2), we know that

(Au)(t) = U(t,0)[g(u)(0) + ¢(0)] + /0 U(t, s)[f (s, u(s), us) + Cu(s)]ds
+ Y Ut t) I(uty))

O<tp<t
< U(t,0)[g(v)(0) + 6(0) ‘/Ut8f®v0v9+Cwﬂ
+ Z (t,te) Ik (v(tg))

O<tp<t

= (Av)().

Which means that A is an increasing operator in [v(?), w(®)]. Next, we show that v(®) < Ap(©)
and Aw® < (). By the definition of lower solution, we know that for t € [—h, 0],

vO(t) < g0 ) (#) + ¢(t) = (AvV)(t). (3.7)
Letting
h(t) = (Y (1) — AR)o O () + CoO(t), te[0,a], t £ty k=1,2,---,m

By Definition 2.4, we obtain that h € PC([0,a], X) and h(t) < f(t,v(t), (v();)+ Cv©(¢) for
€ [0,a]. Therefore, by Definitions 2.3 and 2.4, and the positivity of the strongly continuous
evolution family {U(¢,s) : 0 < s <t < a} we obtain that for ¢ € [0, a],

0O (t) = U(t,0)0?(0) +/tU( s)ds+ Y U(t,ty) A (3.8)
0

0<tp<t
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< U1, 0)[g(v®)(0) + 6(0)] + / Ut 9)[f(5,00(s), (0©),)
+Co O (s)lds + > Ut ti) I (019 (t))

O<tp<t

= (Av)(2).

Combining (3.7) and (3.8) imply v(® < Av(©. Similarly, it can be shown that Aw(®) < w(©.
Therefore, A : [0, 0] = [v(® ()] is a monotonic increasing operator.

Now, we define two sequences {v(™} and {w(™} in the ordered interval [v(¥, w(®)] by the
following iterative scheme:

o™ = AV ™ = AW D p=1,2.... (3.9)
Then from the fact that A is a monotonic increasing operator, it follows that

@ <M <@ <l <™ <l <™ < <@ <D < ), (3.10)

In what follows, we prove that {v(™} and {w(™} are convergent on [—h,a]. For convenience,
let D = {v™}, and D* = {v(»D}>2 . Then D = A(D*). From the fact that the nonlocal
function g : PC([—h,a], X) — B is a compact map, we know that for ¢t € [—h, 0], the set

{(Av™ ) (@) [0V € D} = {g(u™V)() + 6(1) | vV € D*}
is precompact in X. For ¢t € (0,a] and v(»~1) € D*, let
(A D)(t) = U(t, 5)[g(v"~V)(0) + ¢(0)]

t s Sv(nf)s U(ni) fU(nf)S S
+/0U(t, 00V, 00D + o Dalds, o

(A ) @) = > Ut ti) (0" D (tr)).

0<tp<t

For any v(*~1) € D* s € [0,t], t € [0,a], by the assumption (F1), proofs similar to (3.4),
combined with the normality of cone P, we know that there exists a constant Co > 0 such that
for any v(®~1) € D*,

1 (s, v D (s), (0™ D)) + Co V()| < Cy, s€0,4], t€0,a] (3.12)
Hence, for t € (0,a] and 0 < € < ¢, since {U(t,s) : 0 < s <t < a} is compact, the operator
(Af™ ) (8)

= U(t,0)[g(0™D)(0) + ¢(0)]
+ C’v(n_l)(s)]ds

= U(t,0)[g(v")(0) + ¢(0)] (3.13)
+U(t,t— %)U(t,t — e)/o h Ut —es)-[f(s, (" 1)(8)7 (v(”_l))s)

+ Co™ Y (s)]ds
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is precompact in X since U(t,t — §) € L£(X) and U(t — §,t — ¢€) is compact in X. By (2.3),
(3.11), (3.12) and (3.13), we obtain

[ A () = Ao (1)
- ‘ /ti Ult,s) [f(s,v(n—w(s),(v(n—l))s)+Cv(n—1)($)} ds

S/t:HU(t,s)H : Hf(s’”(”_l)(s)’(U("_l))s)+Cv(”‘1)(s)Hds

(3.14)

< MC261

which means that there exists precompact set {(Av(*~1)(t) | v(»~1) € D*} sufficiently close to
the set {(Aw™ D)(t) | v»~ D € D*} for every t € (0,a). Therefore, by the total boundedness
we know that for ¢t € (0,a], the set {(A1v™ D)(t) | vV € D*} is precompact in X.

On the other hand, for any ("~ € D* by the assumption (F2), we have

L0 () < L™ V(1) < L(w® (1)), k=1,2,-- ,m. (3.15)
By the normality of the cone P and (3.15), there exists a constant C3 > 0 such that
(o™ V()| < Cs, vV e D™, k=1,2,---,m

The set {(A0™ D)(t) | v Y € D*} is precompact in X due to the compactness of the
evolution family {U(t,s):0<s <t <a}.
Therefore, the set
{v™(0)} = {(A"V)(t) [ v € D7}

is precompact in X for any t € [—h,a]. Hence, {v(™(t)} has a convergent subsequence. Com-
bining this with the monotonicity (3.10), we easily prove that {v(™(#)} itself is convergent,
i.e.,

lim o™ (t)

n—o0

Q(t)a te [_haa]'
Similarly, we can prove

lim w™ (t) =u(t), te[—h,a.

n—o0

Obviously, {U(”) (t)} € PC(|~h,a],X), and wu(t) is bounded integrable when ¢ belongs to
[—h,0] and [0, a], respectively. For any ¢t € [—h, a], we know from (3.2) that

oM (1) = (Av™)(t)
(0" D)(1) + 6(t), ¢ € [h,0],

U(t,0)lg(0"D)(0) + 6(0)
=1+ [ U, 00 )+ ot N s

+ Y U t) L™ (), te0,a].

O<tp<t
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Letting n — oo in the above inequality, by the Lebesgue’s dominated convergence theorem, we
have that

(g(u)(t) + o(t), t€[—h,0],
cwmmw@+ww+AUm$mmw>>+amw
+ Y Ut te)Ie(u(ts), t€0,a].

0<tr<t

Therefore, u € PC([—h,al, X) and u = Aw. Similarly, we can prove that w € PC([—h,a], X) and
% = Az. Combining this fact with the monotonicity (3.10), we can prove that u, @ € [v(?), (%]
are fixed points of operator A and u < w.

Next, we show that w and @ are the minimal and maximal fixed points of A in [0 )],
respectively. In fact, for any u € [v(9), w(©)], we have v(®) < u < w(®, and v = Av(® < Ay =
u < Aw©® = w® . Continuing such a progress, we get v <y < w(”). Lettmg n — 00, we get
u < u < u. Therefore, u and @ are minimal and maximal mild solutions of the problem (1.1)
in [0©,w®], and u and T can be obtained by the iterative scheme (3.9) starting from v(®) and
w(®), respectively. O

From the proof of Theorem 3.1, we can easily obtain the following result.

Theorem 3.2. Let X be an ordered Banach space and its positive cone P be normal. Assume
that the evolution family {U(t,s) : 0 < s <t < a} generated by the family of operators {A(t) :
0 <t < a} is compact. If the problem (1.1) has a lower solution v®) € PC([—h,a], X) N
CHI",X)NC(I', X1) and an upper solution w'®) € PC([~h,a], X)NCYI",X)NC(I', X1) with
v < wO® | and the conditions (F1)-(F3) are satisfied. Then the problem (1.1) has a minimal
mild solution u and a mazimal mild solution @ between v© and W, which can be obtained by
a monotone iterative procedure starting from 0@ and w®, respectively.

Applying the famous Schauder’s fixed point theorem, we can also obtain the following exis-
tence result.

Theorem 3.3. Let X be an ordered Banach space and its positive cone P be normal. Assume
that the evolution family {U(t,s) : 0 < s <t < a} generated by the family of operators {A(t) :
0 <t < a} is compact. If the problem (1.1) has a lower solution v®) € PC([~h,a], X) N
CYI",X)NC(I', X1) and an upper solution w®) € PC([—h,a], X)NC*(I",X)NC(I', X1) with
v < w©, and the conditions (F1)-(F3) are satisfied. Then the problem (1.1) exists at least
one mild solution in ordered interval [v(9),w(©)].

Proof. In accordance with the proof of Theorem 3.1, we know that A defined by (3.2) is a
continuous mapping from [0, w] to [0, wD]. Therefore, in order to apply Schauder’s fixed
point theorem to obtain a fixed point, we need to prove that A : [v(© w(©] = [v(® )] a
compact operator. For this purpose, let

O ={g)()+ () - €[-h,0], ue PO w®]},
2 = {U(.0)lg()(0) + 6(0) + [ U9 (s.u(s), ) + Culo)lds

0
e 0,a], ue p®,wO},
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Q3 = { Z U, ti) Ik (u(ty)) : - €10,a], ue [v(o)7w(0)]}.

0<tp<-

By the compactness of the nonlocal function g, we know that the set €2y is precompact in B. In
what follows, we prove that €9 is a precompact set. For ¢ € [0, a], by the fact that the evolution
family {U(t,s) : 0 < s <t <a} generated by {A(t) —CI:0 <t <a} is compact and as well as
the compactness of nonlocal function g, we get that the set

{U(t,0)[g(w)(0) + 6(0)] : u € [, 0]}

is precompact in X. For ¢ € (0,a] and 0 < € < t, the set
{ /t6 U(t,s)[f(s,u(s),us) + Cu(s)]ds : u € [v(o),w(o)]}
0
€ € t—e
:{U(t,t—Q)U<t—2,t—e)/0 Ut —e€,8)[f(s,u(s),us) (3.16)
+ Cu(s)]ds : u € [0, w(o)]}

is precompact in X since U(t,t — §) € L(X) and U(t — §,t — €) is compact in X. Furthermore,

we know that for every u € [v(9), (9]

g

)

/0_EU(t,s)[f(s,u(s),us)+Cu(s)]ds—>/0 Ut 8)[f(s,u(s),us) + Cu(s)lds, € —0. (3.17)

Combining (3.16) and (3.17) with the total boundedness, we know that the set

{/Ot Ul(t,s)[f(s,u(s),us) + Cu(s)]ds : u € [U(O)’w(o)]}

is precompact in X. Therefore, for each ¢ € [0, a], Q2(t) is precompact in X.
Next, we prove the equicontinuity of s, by (2.3), (3.4) and the definition of the set Qg, we
obtain that for 0 < ¢ <t < a and u € [, w()],
[U(#",0)[g(u)(0) + ¢(0)] = U(', 0)[g(w)(0) + $(0)]

+/0 U, s)—U®{, )] [f(s,u(s),us) + Cu(s)]ds
+L U",$)[f (s, u(s), us) + Cu(s)]dsH

< [U",0)[g(w)(0) + ¢(0)] = U(t',0)[g(u)(0) + S(0)]]]

t/
i Cl/ |U(",s) ~ U s)lds + MC1(t" — )
0

(3.18)

-0, t"—t —=0.

Then it is easy to see that the right hand of (3.18) tends to zero independently of u € [v(?), w(©)]
as t” —t — 0, which means that the functions in s are equicontinuous. Therefore, by the
Arzela-Ascoli theorem one can easily to justify that the set 25 is precompact.
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Now, we are in the position to prove the precompactness of €23. From the definition of
the set Q3 combined with the fact that the interval [0,a] is divided into finite subintervals by
tr,k=1,2,--- ,m, we only need to prove that the set

{UC ) (u(t)) « - € [ty ta], u e [v©@,w @]}

is precompact in C([t1,t2], X), as the cases for other subintervals are the same. By Definition
2.2, we know that for each ¢ € [t, t2], the set

(Ut t) [ (u(tr))  t € [t t2],u € @, w O]}
is precompact in X. For t; <t < t” <ty and u € [v(?,w(?)], by (2.3) we obtain

UG, t) L (u(th)) = U t) L)l = U E, 0)[UE ) = I (ult)]

(3.19)
<M|[[U", ') — NI (u(t))]],

by (3.19) and Definition 2.2 imply that the functions in
(Ut Tu(tr) : - € [t 1w € 0@, 0O}

are equicontinuous. Therefore, an application of the Arzela-Ascoli theorem justifies the precom-
pactness of the set
{U( )L (utr)) : - € [tr,ta),u € [0, w]}

in C([t1,t2], X ). Hence, using a completely similar method for the case k = 2,3,--- ,m, one can
prove that the set (3 is precompact.

Hence, by the above discussion we know that A : [0(9, w(©@] = [©© w©®] is a compact
operator, and therefore a completely continuous operator. Therefore, the famous Schauder’s
fixed point theorem implies that the operator A has at least one fixed point in ordered interval
[0, ()], which gives rise to a mild solution of the problem (1.1). O

4. Case U(t,s) not compact

In this section, we discuss the existence of extremal mild solutions as well as the existence of
at least one mild solution for the problem (1.1) under the situation that the evolution family
{U(t,s) : 0 < s <t<a} generated by {A(t) : 0 <t < a} does not have to be compact. Further-
more, the nonlocal function g : PC([—h,a], X) — B is compact.

Theorem 4.1. Let X be an ordered Banach space and its positive cone P be normal. If the
problem (1.1) has a lower solution v\©) € PC([~h,a], X)NCYI",X)NC(I',X1) and an upper
solution w®) € PC([~h,a], X) N CY 1", X) N C(I', X1) with v© < w®, and the conditions
(F1)-(F3) and

(F4) There exists a constant Ly > 0, such that for every t € [0, al,

o' ({f (t,u(")(t), (u(”))t) }) < Ly [a ({u(”)(t)}) + —:gfgoa ({u(”)(t + 7')})] , (4.1)

where {u™} C [ W] is a countable and increasing or decreasing monotonic set and

{(uM)} C B
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are satisfied. Then the problem (1.1) has a minimal mild solution u and a maximal mild solution
@ between v(© and w(®).

Proof. By the proof of Theorem 3.1, we know that the operator A defined by (3.2) maps
[0, 0] to [0, w)] is continuous and monotone increasing. In the following, we prove that
{v™} and {w(™} defined by equation (3.9) in Theorem 3.1 are convergent on [—h,a]. For
convenience, let B = {v | n € N} and B* = {v(® 1) | n € N}. Then B = A(B*). From
B = B*U{v®} to get a(B(t)) = a(B*(t)) for t € [—h,a]. Let

o(t) == a(B(t)) = a(B*(t)), te€[—h,al

Going from Jy to Jp,41 interval by interval we show that ¢(t) = 0 in [—h, a]. For t € Jp, by (3.2)
and assumption (F3), we have that

p(t) = a(B(1)) = a(A(B*)(1)) = a{g(v" V)(#) + ¢(t)} =0
For t € Ji, by (3.2), Lemma 2.2, the assumptions (F3) and (F4), we have
B(t))
A(B")(1))
U(t,0)[g(v"~)(0) + ¢(0)]

t

Ut )] (5, 0" D (o), (07),) + oD ()] })

2M/ ({f(s oD (s), (v™=D),) +cv<"*1>(s)})ds

<oM /0 Lia(B () + Ly swp_a(B'(s+7)+ Ca(B*(s))] ds

a
af

+

N,—M

t
= QM/ [Lfgp(s) + Ly sup p(s+7)+ C’«p(s)] ds.
0 —h<7<0

Let p1(t) = sup ¢(s), t € Ji. Then we have for any ¢ € J,
h<s<t

o(t) < p1(t), s o(t+71) < p1(1). (4.2)

Combining with (4.1) and (4.2) , we obtain that for any t € .Jj,

t
p1(t) < 2M(2Ls + C)/O p1(s)ds.

Hence, by the Gronwall’s inequality, it follows that p;(¢) = 0 on J;. This means that ¢(t) = 0
on Ji. In particular, a(B(t1)) = a(B*(t1)) = ¢(t1) = 0, this implies that B(¢;) and B*(t;) are
precompact on X. Thus I1(B*(¢1)) is precompact on X and «(I;(B*(t1))) = 0.

Now, for t € Jy, by (3.2), Lemma 2.2, the assumptions (F3)-(F4) and the above argument,
we have

p(t) = a(B(1)) (4.3)
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= a(A(B")(t))
- a({U(t, 0)[g(v™1)(0) + ¢(0)]})

+ a({ /0 U(t,S)[f(s,v(”—l)(s), (U(”_l))s) + Cv(n—l)(s)]ds})
+a({Li(w" V()

< 2M/0 [Lﬂp(s) + Ly 7hsgp<0<p(s +7)+ Ccp(s)] ds + a(I1(B*(t1)))

t

=2M [Lfcp(s) +Ly sup p(s+71)+ Ccp(s)] ds.
t —h<7<0

Let po(t) = sup ¢(s) ,t € Jo. Then for any t € Jo, we have
—h<s<t

p(t) < pa(t), s p(t+7) < pa2(t). (4.4)

Combining with (4.3) and (4.4), we obtain that for any t € Ja,

¢
palt) <2M(2L; +C) [ pals)is.
t1
Again by the Gronwall’s inequality, it follows that pa(t) = 0 on Jo. Thus ¢(t) = 0 on Ja, from
which we obtain that a(B*(t2)) = 0 and «(l2(B*(t2))) = 0. Continuing such a process interval
by interval up to Jp,4+1, we can prove that ¢(¢) = 0 on every Ji (k = 0,1,--- ,m + 1). Thus,
{v™ ()} is precompact on X and {v(™(¢)} has a convergent subsequence for every t € [—h, al.
Combining this with the monotonicity (3.10), we easily prove that {v(™(¢)} is convergent for
any t € [—h,a). Using a similar argument with {v(™ ()}, we can prove that {w(™(¢)} is also
convergent for any ¢t € [—h, a]. Set
im o™ (4) = ' M () =7 _
Jim o™ (E) = u(t),  lim w™(t) =u(t), te€[-ha.

Evidently, {v(™} ¢ PC([~h,a], X), so u is bounded and integrable on [—h, a]. By (3.2), we have
that

g D)(t) + (1), t € [—h,0],
™) = AWD)(t) = { U 0)[g(0"Y)(0) + ¢(0 +/0 Ut s)[f(s, o™ D(s), (D))

+CU(”1 1) der Z t tk)Ik )(tk))’ [O,CL].
O<tp<t

Letting n — oo in the above equalities, by the Lebesgue dominated convergent theorem, we
have

u(t) = (Au)(1)

g(w)(t) + 6(t), te[~h0]

_ JU,0)gw)(0) + 6(0 +/Uts (5,u(s), (w)s) + Cu(s)]ds
0

+ Y Ut te)Ie(ults), t€0,a].

L O<tp<t




930 H. Wang, X. Liu & X. Zhang

This means that u € PC([—h, a], X) and u = Auw. Similarly, we can prove that w € PC([—h, a], X)
and © = Au. Letting n — oo in (3.10), we see that v(0) <u<u< w0, By the monotonic-
ity of A, it is easy to see that uw and @ are the minimal and maximal fixed points of A in
[0, ()], Therefore, u and @ are the minimal and maximal mild solutions of the problem (1.1)
in [0(®, w©)], and they can be obtained by a monotone iterative procedure (3.9) starting from
v(©@ and w©), respectively. ]

Remark 4.1. In Theorem 4.1, if X is a weakly sequentially complete Banach space, then
the condition (F4) holds automatically. Hence, we can easily obtain the following result from
Theorem 4.1.

Theorem 4.2. Let X be an ordered Banach space and its positive cone P be normal. If the
problem (1.1) has a lower solution v(©) € PC([~h,a], X)NCYI",X)NC(I',X1) and an upper
solutions w®) € PC([~h,a],X) N CYI",X) N CI', X1) with v < w®, and the conditions
(F1)-(F3) are satisfied, then the problem (1.1) has minimal and mazimal mild solution between
0@ and w®, which can be obtained by a monotone iterative procedure starting from v\®) and
w(© respectively.

If we replace assumption (F4) by the assumption

(F5) There exist positive constants Cy, Ly and Ly < 57 such that for any u,v € [0(©) )]
with u > v, and for somes € [—h, 0],

then we have the following uniqueness result.

Theorem 4.3. Let X be an ordered Banach space and its positive cone P be normal. If the
problem (1.1) has a lower solution v(©) € PC([~h,a],X)NCYI",X)NC(I', X1) and an upper
solution w®) € PC([~h,a], X)NCYI",X)NC(I', X1) with v'® < w© and conditions (F1)-
(F3), (F5) are satisfied, then the problem (1.1) has a unique solution between v'® and w(®,
which can be obtained by a monotone iterative procedure starting from v(® or w(©).

Proof. We firstly proof that (F1) and (F5) imply (F4). For this purpose, let {u"} C [v(®), w(©)]
be an increasing sequences. For m,n € N with m > n, by (F1) and (F5), we obtain that for
every t € [0,a] and some 7 € [—h, 0],

0 < f(t,u™ (1), (™)) = f(t,u™(E), (™)) + Clul™ () — u™ (1))
< (C+ O™ (t) —u™ )] + Tu™ (t 4 7) — u™(t + 7).
By this and the normality of cone P, we have that for any ¢ € [0,a] and some 7 € [—h, 0],
18 ul™ (2), (u™)e) = £, 0™ (2), ()0
< N(C+Cp)llut™ (k) — u™ (1)
+ NLf|[u™ (t 4+ 1) — u™(t +7)|| + Cllu™ (1) — u™ (1)
<[N(C+Cp) + CYu™ (1) —ul™ (1)

+ NIy sup [u™(t+7)—u™(+7).
—h<7<0
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From this inequality and the definition of the measure of noncompactness, it follows that for
every t € [0,al,

({f (t,u™(t), (u™)y) }) < Lf[ <{u }) sup a({u(”)(t—i—T)})},
—h<7<0
where Ly = max {N(C +Cy)+C,NLs}. If {u™} c [0 wO] is decreasing, the above in-
equality is also valid. Hence (F4) holds.

Hence, by Theorem 4.1, the problem (1.1) has a minimal mild solution u and a maximal
mild solution u in [’U(O), w(o)}. In what follows, going from Jy to J,,4+1 interval by interval we
show that u(t) = u(t) on every Ji, k=0,1,--- ,m+ 1.

For t € Jy, by (3.2) and assumption (F5), we obtain

0 <a(t) —u(t) = Au(t) — Au(t) = g(@)(t) — g(w)(t) < Ly(u(t) — u(t)). (4.5)
Combining (4.5) and the normality of cone P, we have
() — u(®)ll < NLgllu(t) — u®)l, t € Jo.

Hence, for any t € Jy, .
(1~ NI)|[a(t) - ut)]| <. (46)

From (4.6) and the assumption Ly < w7, one gets that u(t) =u(t) on Jy. In particular, w(0) =
u(0).
For ¢t € J; and some 7 € [—h,0], by (3.2) and assumption (F5), we have

- a(t) — Au(t)
= U(t,0)[g(u)(0) — g(u)(0)]
+ ; U(t,s)[f(s,u(s), (@)s) — f(s,u(s), (u)s) + C(u(s) — u(s))]ds (4.7)

+ /0 Ut,s)[(C+ Cr)(u(s) —u(s)) + Ly(u(s+7) — u(s + 7)))ds.

Since w(0) = u(0), by (4.7) and normality of cone P, we can prove that

t
[a(t) — u(®)] < NM/ [(C+ Cp)l[uls) — uls)ll + Lyl[a(s + 7) — uls + 7)|]ds. (4.8)
0
We define a non-negative function p(t) = sup |[u(s) — u(s)|| on Ji. Then, for any ¢t € J; and
—h<s<t

some 7 € [—h, 0],

[a(t) — u(@®)l < P1(2), _sup [t +7) = ult+ 1) < pr(2)- (4.9)

From (3.2) and (4.9) it follows that

t
pi(t) < NM(C+Cy —|—Lf)/ pi(s)ds, teJy.
0
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By this fact and Gronwall’s inequality, we obtain that @(t) = w(t) on J;. In particular, u(t;) =
u(ty).

For t € Jy, since I1(u(t1)) = I1(u(t1)), using completely similar argument as above for t € Ji,
we can prove that

[a(t) —u(®)]| < NM/O [(C+Cp)lfuls) = u(s)]| + Lyluls + ) = u(s + 7)|lds

< NM t [(C+Cpllu(s) —u(s)ll + Lylla(s + 7) = uls + 7)|[]ds.

(4.10)

Defining a non-negative function p5(¢) = sup |[u(s) — u(s)|| on Jo. We know that for ¢ € Ja,
—h<s<t

[2(t) — u(®)|l < P5(t), _sup [t +7) — ult+7)|| < pa(t). (4.11)

Combining (4.10) and (4.11), we have

t
pIQ(t) < NM(C—i—éf +Lf)/ pIQ(S)dS, t e Jo.

t1

Again by Gronwall’s inequality, we obtain that ph(t) = 0 on Jo. Hence, u(t) = u(t) on J.
Continuing such a process interval by interval up to J,, + 1,we see that u(t) = wu(t) over the

whole of [—h,a]. Therefore, u := uw = u is the unique mild solution of the problem (1.1) in
[0 w©)], which can be obtained by the monotone iterative procedure (3.9) starting from v(©)
or w®), O
5. Example

In this section, we give an example to illustrate the applicability of our abstract results obtained
in Section 4. We consider the non-autonomous parabolic partial differential equation with delay
involving nonlocal and impulsive conditions of the form

2

u\xr 0
aatu(x,t) — <(t)a(12u(x,t) =L (M) + /_h'y(s)u(x,t + s)ds,

S [O> 1]7 te [0,&], t#tk:

|u(z, tr)]

tH) = VR I A bk e .24 I
HE ) = ) T e )

, v€[0,1], k=1,2,---,m, (5.1)

u(0,t) =u(l,t) =0, te]0,al,

u(z,s) = /Oa o(s,t)1g(1 + |u(x, t)))dt + k(z,s), x€]0,1], s € [—h,0],

where a continuously positive and monotonically increasing thermal diffusivity ¢(¢t) > 0, a, h, L >
0 are all constants, 0 < t1 < tg < -+ < &, < a, ¥ € L([—h,0],R"),0(s,t) is a continuous
function from [—h, 0] x [0,a] to RT, x € C([0,1] x [~h,0],RT).
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Let X = L?([0,1]) be an ordered Banach space equipped with the norm

Jull = ( | 1 |u<x>|2da:)% .

We define an operator A(t) in the Banach space X by

82

Py (5.2)

D(A) = H*([0,1]) N Hy([0,1]), A(t) = —<(2)

By (5.2) and the monotonicity of ¢(¢) we can easily verify that the linear operator A(t) satisfies
the assumptions (Al), (A2) and Lemma 2.1.
Further, for any ¢ > 0, we define

u(t) = u(-,t), te[—h,al,

u(- 0
fltu(t),u) = L(ﬁ) +/ v(s)w(-,t+ s)ds, te[0,al,

1 ’U(,t)’ —h
|u(z, tg)]
Tp(u(ty)) = YLD TR 10, k=1,2,---
k(u( k)) 1 ‘u(x’ tk)" x e [07 ]7 M M 7m7

a
9)9) = [ 05,151+ fuls Ot w(s) = K(,5). s € [h,0)
0
Then the non-autonomous parabolic partial differential equation with delay involving nonlocal
and impulsive conditions (5.1) can be transformed into the abstract form of problem (1.1).

Theorem 5.1. Assume that there exists a function v = v(z,t) € PC([0,1] x [=h,a],R) N
CL([0,1] x I",R) such that

0 0? lv(x,t)] 0
Do) sy Lgotaty > L (mmn) [ oo+ s)as
ze0,1], te[0,a], tty,
U(%tg) Zv(xatl;)+M7 € [071]7 k:1727"' U (53)

v(0,t) =v(1,t) =0, te€][0,al,

v(z,s) > /Oa o(s,t)lg(l + |v(z,t)])dt + k(x,s), = €]0,1], s € [—h,0].

Then the non-autonomous parabolic partial differential equation with delay involving nonlocal and
impulsive conditions (5.1) has a minimal mild solution and a maximal mild solution between 0
and v(z,t), which can be obtained by a monotone iterative procedure starting from 0 and v(x,t),

respectively.

Proof. From the assumption and the definition of nonlinear term f, impulsive function Iy for
k = 1,2,---,m and nonlocal function g, we can verify that v = 0 and w(® = v(z,t) are
the lower and the upper solutions of the non-autonomous parabolic partial differential equation
with delay involving nonlocal and impulsive conditions (5.1) respectively, the nonlocal term g is
continuous and compact as well as the conditions (F1), (F2) and (F3) are satisfied with C' = 1.
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On the other hand, from the definition of the nonlinear term f, we know that

0
0 < fltiendn) ~ ftonon) < (1 = L) o [ a6 6ats) - en)as

for all t € [0,a], v1,v2 € X and ¢1, ¢ € B with < ¢1 < ¢3. Combining this and the normality
of cone P, we have

0
1 (t, v2, ¢2) — f(t,01,01)[l2 < L(|lua — v1]l2) + /hv(S)II@(S) — ¢1(s)||2ds
o (5.4)
< L([jvz — v1l2) + /hv(S)dS sup_ [¢2(s) = d1(8)]|2-

—h<s<

Then for every t € [0, a],

p({ @), @)} ) <max{L, [ i Y(s)ds [ a({u )

+osup p({u(t+ 9)})]
—h<s<0

where {u(™} c [v(®, ()] is countable and increasing or decreasing monotonic set. This means
that the condition (F4) holds with L; = max {L, f_o B 'y(s)ds} . Therefore, our conclusion follows
from Theorem 4.1. This completes the proof. O
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