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GLOBAL DYNAMICS OF A POLYNOMIAL LIENARD SYSTEM*

Maoan Han', Wenwen Hou' and Wenye Liu*'

Abstract When studying traveling wave solutions of a generalized Burgers—Fisher equation

we obtained a Liénard system of the form 4% = y, g—f = —z(2™ —1) —e(a+ 2™)y, where

m > 1 is an integer and ¢ is a small parameter. In this paper, we present a complete
analysis for its global dynamics for all m > 1, giving necessary and sufficient conditions for
the existence of one, two or three limit cycles and for the existence of homoclinic or double
homoclinic loops by applying new methods established in this paper.
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1. Introduction and main results
In recent years, a generalized Burgers—Fisher equation of the form (GBF equation for short)
up + o uy + Py, +yu(l —u™) =0 (1.1)

has been widely studied by many scholars (see [1,3,12,13,15-17,19,20] ), where o # 0,8 #
0,7~ # 0 are constants and m € Z*.
As in Refs. [13,20], by making the traveling wave ansatz

u(¥,t) = z(s), ¢ =19 —ct,

where c¢ represents the speed of the wave, and then introducing suitable rescaling of variables

one can obtain from (1.1)
w_y
dr (1.2)
dy __ (I1—-2™)—¢c(a+2a™)
ar Y
for By > 0 and
o,
dr (1.3)
dy _ —z(x™ —1)—e(a+2™)
dr Y

for By < 0, where 0 < |e] < 1, a € R.
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The above two systems are both polynomial ones of degree m + 1 of Liénard type. The
problem of finding the maximum number of limit cycles of a polynomial Liénard system was
posed in [18] by Smale, and is still open since it is extremely difficult when its degree is arbitrarily
high. In the paper [20], the authors considered the above systems for some positive integers m.
The authors [13] investigated bifurcations of limit cycles of system (1.2) and gave necessary and
sufficient conditions for it to have a unique limit cycle, a homoclinic loop and a heteroclinic
loop respectively for all m > 1. For system (1.3) with the cases m = 1,2, there were also many
studies on the limit cycle bifurcation, see [2,4,10,14] and the related references therein. About
the studies on the uniqueness of limit cycles appearing in codimension two bifurcations of planar
systems one can see the survey articles [8,9].

This paper is a continuation of [13], presenting a complete analysis on the global behavior
of (1.3) for |e| small, including Poincaré, Hopf, homoclinic loop and double homoclinic loop
bifurcations for all m > 1. Our main results are stated below.

Theorem 1.1. Consider system (1.3) with m > 1 odd. Let G > 1 be a constant. Then there
are a positive constant e* and two C*° functions a = aj ,,,(¢) = =1+ O(¢) and a = a3 ,,(c) =
—3213 + O(e) such that for all 0 < |e| < €* and |a| < G, we have the following results about
system (1.3)

(i) there is no limit cycle if a < aj ,,(¢) or a > a3,,(¢);

(ii) there is a homoclinic loop if a = a3, (¢);

(iii) there is a unique limit cycle if aj ., (¢) < a < a3, (e).
Additionally, when the aforementioned limit cycle or the homoclinic loop exists, it is unstable if
€ s positive and stable if € is negative.

The bifurcation diagram of system (1.3) with ¢ being positive and m odd is as shown in
Figure 1.

For m > 2 even system (1.3) has a saddle (0,0) and two foci (£1,0) as 0 < |e] < 1. We
call a limit cycle surrounding the three singular points a large limit cycle, and a limit cycle
surrounding (1,0) or (—1,0) only a small limit cycle. Then we have

Theorem 1.2. Consider system (1.3) with m > 2 even. Let G > 1 be a constant. Then there
exist a constant € > 0 and three C*° functions a = aj ,,,(¢) = —=1+0(¢), a = a3 ,,(¢) = —gzﬁ—i-
O(e) and a = ag ,,(¢) = aom + O(g) with agm € ( 2mtd ), such that for all 0 < |e| < & and

T 3m+4
la| <G,
(i) system (1.3) has no periodic orbit for a > ag ,,(¢);

(ii) system (1.3) has a unique large limit cycle L°(¢) for a = ag . (€) which is semistable;

(ii) system (1.3) has exactly two large limit cycles Li(e,a) C La(e,a) for a3 ,(e) <a <
ag m (€); moreover, Li(g,a) is unstable (stable) and La(e, a) is stable (unstable) ase >0 (e < 0);

() system (1.3) has a double homoclinic loop L(e) and a unique large limit cycle Lo(e, a)
for a = a3, (e); moreover, the double homoclinic loop is unstable (stable) and the large limit
cycle Ly(e,a) is stable (unstable) as € > 0 (e < 0);

(v) system (1.3) has exactly two symmetric small limit cycles LT (¢,a) and Ly (¢,a) and a
unique large limit cycle Lo(e,a) for ai () < a < aj,,(e); moreover, the small limit cycles
Li(e,a) and Ly (¢,a) are unstable (stable) and the large limit cycle Lo(e, a) is stable (unstable)
ase >0 (¢ <0);

(vi) system (1.3) has a unique large limit cycle Ly(e,a) for a < ai () which is stable
(unstable) as € > 0 (e < 0).
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< KD

(1) a>a3,,(e) (2) a=a3,(e)
B) ain(e) <a<az,(e) (4) a=aj,,(e)

Figure 1. Bifurcation diagram of system (1.3) with & positive and m odd.

The bifurcation diagrams of system (1.3) with e being positive, as stated in Theorem 1.2,
are depicted in Figure 2.

In order to prove the above two theorems, we first give eight preliminary lemmas in Section
2. Then we present our proof to the two theorems in Section 3 based on these lemmas.

2. General results on limit cycle bifurcations

In this section we list three lemmas which establish certain general results on the existence of
a limit cycle of general near-Hamiltonian systems in Hopf, homoclinic and double homoclinic
bifurcations, respectively. Then for systems of Liénard type with two or three singular points,
we present five new lemmas considering the number of limit cycles in Poincaré bifurcations.

2.1. Near-Hamiltonian system
We consider the following C'*° near-Hamiltonian system on the plane

T = Hy(:x,y) + 6f0(3§',y,€, CL),

. ) 2.1)
y= —Hx(.fb',y) + 5go($,y,€, CL),

where |¢| > 0 is small, H, fo and g are C°° functions, and a belongs to D, which is a bounded
subset of R. Suppose that (2.1)|.—¢ possesses a family of periodic orbits as the following

Ly : H(l’,y) =h, h € (a()aﬂ(])‘
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(1) a<aj,,(e) (2) a7,,(e) <a<aj,(e)

(5) a=ag,,(e) (6) a>ag,(e)

Figure 2. The bifurcation diagram of system (1.3) with ¢ being positive and m even.

As we know, the first order Melnikov function of (2.1) has the form

M(h,a) = 7{; (dodz — fody)

o’ h e (Oéo,ﬁo). (22)

e=
The following lemma concerns saddle-node bifurcation of limit cycles of system (2.1) which

can be found in chapter 7 of Ref. [11]. A similar conclusion for a concrete system was also given
in the proof of Lemma 2.8 in chapter 4 of Ref. [4].

Lemma 2.1. ( [11]) (Saddle-node bifurcation) Suppose that there exist hy € (ag, 5o) and ag € D,
such that M (hg,ao) = M} (ho,a0) =0, po = My (ho, ao) M/ (ho,ao) # 0, where M(h,a) is given
in (2.2). Then there exist a constant 9 > 0, a neighborhood Uy of Ly, and a C* function
a = ap(e) = ap + O(e), such that for 0 < le| < eg and |a — ag| < eo, system (2.1) has
two simple limit cycles (resp. a unique limit cycle with multiplicity two, no limit cycle) in Uy
for (sgn po)(a —ap(e)) <0 (resp. =0, > 0).



Global dynamics of a polynomial Liénard system 941

In order to consider Hopf bifurcation, suppose that hm L, exists and the limit is an ele-
—)Oco

mentary center of system (2.1)|c—9. Without loss of generality, we assume that the center is at
the origin and that for (x,y) near the origin

Hy(x,y) +€f0($,y,€,a) _ A(é‘ CL) €z +O(|CC y\Q)

_Hx(xay)+€§0(x7y7€7a) Yy
where
_ 0 —bg
A(0,a) = , by # 0.
b O

It is easy to see that the real part of eigenvalues of A(e, a), denoted by a(e, a), satisfies

_ € £ a,
a(e,a) = B} (fOx + QOy) |(x,y)=(070).

The author [5] defined a succession function A(z,e,a) of (2.1) in a neighborhood of the
origin, having the following expansion

A(z,e,a) =¢ Z Ai(e,a)z’

i>1

for |x| small such that system (2.1) has a limit cycle near the origin if and only if the function
A has a small positive zero in x. From Ref. [9] we also know that A;(0,a) = 2“ 9a 5¢ (0,a) and

bo

8500 = 2Ny, W) = TR0

Oh? ‘h:o

as A1(0,a) =0, where M (h,a) is the function in (2.2).
By page 3 of Ref. [9] and Theorem 2.4.4 of Ref. [7], it is easy to see that if

1
H(x,y):§ 2?7+ > hyga'y!
i+j>3
and
(fO:v +90y ‘ _ Z Clj'l" y
i+35>0

for (z,y) near (0,0), then we have for the formula of N;

9?M (h, a)
Oh?
On the uniqueness of limit cycles of system (2.1) near the origin, we have from Corollary 2.7

of Ref. [5] the following fundamental conclusion which can be also found in Han et al. [9].

Lemma 2.2. ( [5]) (Hopf bifurcation) Let coo(ai) = 0 for some ay € D. If Ni(a1) # 0, then
there exist £1 > 0 and a neighborhood Uy of the origin, such that for all 0 < |e| < e and a € D
(1) when |a — a1| < &1, there is a unique limit cycle of system (2.1) in the neighborhood Uy
if and only if Ni(a1)(for + goy)(0,0,¢,a) < 0;
(2) when |a — a1| > €1, there is no limit cycle for system (2.1) in the neighborhood Uy .

N (a) = |h:0 = —26107T(h12 + 3h30) — 20017r(h21 + 3h03) + 2co0m + 2cqo.
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Next we consider double homoclinic bifurcation. For simplicity, suppose that (2.1) is a
centrally symmetric system. In other words, H, f and g in system (2.1) satisfy

H(_$a _y) = H(.I,y),
fO(*xv *y587a) = *fO(l‘ay587a)7 (23)
gD(_xa —y,s,a) = _§0($7y757a)'

Also, we suppose that the Hamiltonian system (2.1)|.—o has a hyperbolic saddle O at the origin
with H(0,0) = 0 and that the equation H(z,y) = 0 defines a double homoclinic loop L = L UL
with a clockwise orientation, where L; and Lo are two homoclinic loops through the hyperbolic
saddle O of (2.1)|.—¢ located in the right half plane and left half plane respectively. Then one
can see that for some hg > 0 the equation H(x,y) = h defines a family of large periodic orbits
L(h) for 0 < h < hg and two families of small periodic orbits L;(h) for —hg < h < 0, i = 1,2.
That is,
L(h): H(x,y)=h, 0<h< h,

Li(h): H(z,y) =h, —ho<h<0, (=1)'2<0, i=1,2.

Let
co(a) = ﬁ (godz — fody) 6_0, c1(a) = 2(fox + Goy) |e=0,(2,4)=(0,0) - (2.4)
) -
We have
Lemma 2.3. ( [10,11]) (Double homoclinic bifurcation) Let (2.3) hold and the above assump-

tions be satisfied. If ¢o(az) =0, i = %(ag)él(ag) # 0 for some a3 € D, then there exist a

constant € > 0, a neighborhood U surrounding L and a C* function a3(¢) = a3z + O(e), such
that for 0 < |e| <€, |a — a3| < € and a € D, we have the following results

(1) when fi(a — a%(g)) < 0, there is a unique large limit cycle for system (2.1) in U;

(2) when ji(a — a}(g)) > 0, there is no large limit cycle for system (2.1) in U;

(3) when a = aj(e), there is a double homoclinic loop for system (2.1) in U.

We indicate that Lemma 2.3 was obtained in Ref. [10] and proved in detail in chapter 7 of
Ref. [11].
The following corollary is direct from Lemma 2.8 of Ref. [13] and Lemma 2.3.

Corollary 2.1. ( [11]) Suppose that (2.3) is satisfied. Let ¢o(asz) = 0 for some a3 € D. If
%(ag)él(ag) # 0, then there exist €3 > 0, a neighborhood Us of L and a C™ function a}(e) =
asz + O(e) such that for 0 < |e| < e3, a € D and |a — a3| < €3

(i) there is a double homoclinic loop for system (2.1) in U if and only if a = a}(e);

(ii) there is a unique large limit cycle for system (2.1) in U if ji(a — a}(g)) < 0;

(i) there is precisely two small limit cycles for system (2.1) in U if i(a — a3(e) > 0.

2.2. Liénard system
Consider Liénard system on the plane

T =y,
. (2.5)
y=—g(x)—eyf(z,a),

where a € D and ¢ are as in (2.1), the functions ¢g(z) and f(z,a) are analytic on the intervals
(10, 20) and (z19,z20) X D with —oo < x109 < w99 < 400, respectively.
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Firstly, we consider limit cycles bifurcated from a period annulus surrounding a single sin-
gular point of system (2.5)|.—o. For the purpose, suppose that there exists z¢ € (z10,220) such
that

g(xo) =0, (z —xzp)g(x) > 0, for x € (x19,220), T # xo. (2.6)

Introduce

T

F@@:/%wmm,mm:/gwm,T:mmam@m@m,

0

U={(z,y) | z10 < ® < 220, |y| < 00, (,y) # (0,0)}.

Obviously, system (2.5)|.—p has a family of periodic orbits as follows
1
m:m@+§f=m 0<h<Z*

in the region U, and the first order Melnikov function of system (2.5) has the form

M(h,a):—fL yf(a:,a)dx:j{ F(z,a)dy, 0<h<Z. (2.7)

Ly

By (2.6), the function Z = G(z) has two inverse functions z = z1(Z) € (zo,x20) and =z =
x2(Z) € (x10,20) in Z € (0,Z%*). Then, by Ref. [6] one has

M(h,a) = K(Z,a)dy, 0<h<Z*,
Ly
where Lj is the directed curve defined by the equation Z + %yQ =hfor0< Z < hwithdy <0
along it, and
K(Z,a) = F(z1(Z),a) — F(z2(Z),a), 0<Z<Z".
Obviously,
K(Z,a) = F(B(x),a) — F(z,a), (2.8)

where x = 22(Z) < w9, f(x) = z1(G(x)) > zo which satisfies G((x)) = G(x) for = € (z10,x0).

Based on the proof of Theorem 2.1 in Ref. [6] and by (2.8), one can prove easily the following
lemma.

Lemma 2.4. Let (2.6) hold. Assume there exists a subset Dy C D, where each element a in
Dy satisfies the following two conditions:

(1) F(B(x),a) = F(z,a) 2 0 (resp. <0)  for x € (x10,%0);

(2) F(B(x),a) — F(z,a) #0  on any subinterval of (10, o).
Then M(h,a) <0 (resp. >0) for all h € (0,Z*) and a € Dy.

Considering that K/,(Z,a) = fg((x:;f(ZZ)))) fg(zcjé(ZZ))‘;) and

g(B(x)) >0, g(z)<0, zé€ (x10,z0) (2.9)

by (2.6). It follows from (2.9) that if (g); > 0 (resp. < 0) then

v (@@ 1 (fa@.a) 1
w20 = e <Z>>) 9@1(2)) (gm(Z))) gazy) ~ ° e <0)

since x1(Z) = f(x) and z2(Z) = x. Hence, by Corollary 2.1 in Ref. [6] we have
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Lemma 2.5. Let (2.6) hold. Suppose that there is a subset Do C D such that (5)1 > 0 (resp. <
x

0) for each a € Dy. Then Mj (hg,a) < 0 (resp. > 0) whenever M(hg,a) = 0 where a € Dy and
ho € (0, Z%).

Secondly, we consider bifurcation of large limit cycles for (2.5).
Let G(x = [y 9(u)du and F(z,a) = [y f(u,a)du. Denote Z* = G(+o0) € (0,400]. In
addition, we suppose that

g9(z) = —g(-x),

g(x) <0 (>0) for0<x<xy (x> xg). (2.10)

Then (2.5)|c=0 has three singular points (0,0) and (£Z,0), and a large family of periodic orbits
surrounding the three singular points given by

- 1
Lh:H(x,y):G(:):)+§y2:h, 0<h<Z*

Set L = Lp|y>0, Fi(z,a) = F(2,a) — F(~x,a). Let Fi(z) = Fi(v,a), M(h) = M(h,a). Then
the first order Melnikov function of system (2.5) can be written as

M(h) = /L+ Fi(z)dy, 0<h<Z* (2.11)

h

Clearly, the function F} (z) is odd in z. Suppose there exist 0 < Z; < Zo such that
Fi(Z2) =0, (x — ) F{(z) >0 (x> 0,2 # Z1). (2.12)

For each h > 0, denote by A(0,y;(h)) and E the upper and lower intersection points of LZ with
the y-axis respectively, by B(Zo,y2(h)) and N the upper and lower intersection points of L;{
with the straight line = Z( respectively, and by C(Z3(h),0) the intersection of L; with the
positive z-axis, as shown in Figure 3. Then y1, yo and T3 satisfy

y1(h) = V2h, ya(h) = \/2(h — G(Z0)) , G(a3(h)) = h.

Let

M, (h) = /A Fidy, My(h) = /A Fidy. (2.13)
ABC CNE
It follows from (2.11) and (2.12) that
M (h) = My (h) + Ma(h), h > 0. (2.14)
The following results (Lemmas 2.6 and 2.7 below) give some properties of M.

Lemma 2.6. Let (2.10) and (2.12) hold. If Ty > Za, then M(h) < 0 for all h > 0.

Proof. The curve segments AB and BC can be expressed as @ = b(y,h) (yi(h) <y < ya(h))
and z = c(y,h) (0 <y < ya(h)), respectively. There are two cases to consider below.

gﬁse 1. T1 < Ts. In this case, let B; be the/iniersection of the straight line x = Zo with the arc
AB, and B> be the intersection of the arc BC' with the horizontal line passing through point



Global dynamics of a polynomial Liénard system 945

Figure 3. The part of L, on z > 0.

By, see Figure 4. Hence, we have by (2.12) and (2.13)

/ / ) Fudy + /Aﬁldy
AB; B>C B1 B2
YBy 0 Y2 -
_ / Bay+ [ Ry [ [Be) - R dy
Yy Yy

B B
< 0.

Using a similar method as above, it is easy to get Ma(h) < 0. Thus by (2.14) we have M (h) < 0.

Figure 4. The part of Ly and Fl on x > 0 for 71 < Zo.

Case 2. 1 = Ty. Clearly, we have 1 = T = 0 since Fl(O) = 0. Now, we suppose that A’ is

the intersection of the arc BC with the horizontal line passing through the point A, as shown
in Figure 5. By (2.12) and (2.13), we obtain
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AW . S A 4

Figure 5. The part of Ly and Fl onz >0 for T1 = Ts.

- - - Y2 _ - 0
S = [ _ Fdy+ [ Fdy= [ RO - By [ Ady <o
ABA’ A'C Y1 Y1

Similarly, we can obtain My(h) < 0. Hence, by (2.14), it is easy to get M (h) < 0. This ends the
proof. O
The following lemma is crucial in the proof of the main result Theorem 1.2.

Lemma 2.7. Let (2.10) and (2.12) hold. Suppose that one of the following conditions is satis-
fied:

(1) Zo < Z1 and the function Fi(z) 5(%)—6:(10)
with x* satisfying G(a*) = 0 and z* > Zo;
(i) %o > 1 > 0 and the function *1% |§<%)|_G(f0) is increasing in (T1,+00).

Then for all h >0, M;'(h) < 0.

is increasing in (&, +00), where T =min{z, z*}

Proof. Under condition (i), we have zo < ;. Then for each h > 0, we denote by A* the
intersection of the straight line x = & with arc AC, and A’ the intersection of the arc BC with
the horizontal line passing through A, as shown in Figure 6. It follows from (2.14) that

Ny (h) = /A Fidy + /A Frdy

ABA’ A'C
2 0
= / ’ [Fy(b) — Fi(o)] dy + / Fy(c)dy (2.15)
1 Y1

= M1 (h) + Mia(h).

Note that
b(y1,h) =0, c(y1,h) =2’ € (2o, T3),

b(y2, h) = c(y2, h) = Zo, (2.16)
ob 1 Oc 1

oh — g(b)’ Ok~ g(o)’
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(a) T =a1 (b) & =a*

Figure 6. The part of Lj and Fl onz >0 for Top < T1.

In view of (2.15), together with (2.16), we derive

My (h) =Fy (b(ya, b)) g (h) = Fi (c(yz, b)) yh(h)
— [Fu(b(yr, )yi (h) = Fi(c(yr, b))y, ()]

7[R0~ Filetwh)en] ay

+
- [ [ i) _ Y(j)] ay -+ (/) ()

L g (o)
and .
Nty () = ~F(clon W)+ [ (el h)ency
Y1
0 v c 5
= [ Sy~ R,
Hence,

M}, (h) = My, (h) + My (h)
F F!
:/ 1dy+//\ —Ldy
ABA" 9 AC 9
F! F!
= //\ —Ldy + /A —Ldy
AA* 9 «C g

FY F
= /A “Ldz+ /A “Ldg
AAx —Y A*C TY

= Myz(h) + Mu(h). (2.17)
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Then ~
F|dz

z _F ~ z
h)= | —L——dz, M. (h) = -
. /0\/2<h—é<x>> ) /o 2(h— ()]

Since Fj(z) < 0 for x € (0,%), it is easy to get M!s, (h) < 0. Note that there is a value 6
satisfying

MlS

0< 6 < g G(Z) — ho = (h — ho) cos? b,
where hg = G(Zg). The arc A*C' can be expressed as

G(x) —ho = (h—hg)cos?0, y=+/2(h—ho)sinf, z>%, 0<6<0,. (2.18)
Introducing the integral transformation (2.18) to M4 (h) in (2.17) and noting
g(x)dx = —2(h — hg) cos §sin 0d6,

we have

0 Fi(z)yG(x) = ho
6o 9(x)
where x satisfies the first formula of (2.18). Noting that

Mig(h) = V2 de,

dr  cos?f
5= 9 (2.19)

it follows from condition (i) that

/
. 0 [ Fl(x)y/G(z) — h 2
My, (h) = V2 {0V Glw) —ho ) cos®d <0.

9o g9() g(x) ~

xT

Thus, we have M}, (h) < 0. Similarly, we derive M, (h) < 0. Consequently, we get M/ (h) < 0
by (2.15).
Under condition (ii), we have g > Z1 > 0. Then there exists 6; such that

<t < T, é(azl) — hy = (h — h()) COS2 91,

o

where hg = G(Z). In this case, the point A* is the intersection of the straight line = = Z; with
arc AC, see Figure 7. As before, we have M, (h) < 0. Introduce an integral transformation
similar to (2.18) as follows

G(x) —ho = (h— hg)cos?0, y=+/2(h—hg)sinf, x>z, 0<0<6. (2.20)

It follows from (2.20) that

M14(h) :\@ Oﬁl/(‘r)

6, 9(x) Gl@) = hodf,
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Figure 7. The part of Ly and Fl on z >0 for T1 < To.

where x satisfies the first formula of (2.20). Combining (2.10), (2.19) and condition (i7), we get

0
M{4h(h7a) = \/5

(~1’(a;)\/é—h0)/ COS29d0

0, g9(z) , 9()

_ /3 bl ( ~{(x)\/é—h0>/ C0829d0+\/§ O(H’(m) @—h()), 00829d9
0, g9(z) L 9(@) x g9(z) L, 9(@)

<0.

In view of (2.17), we obtain MY, (h) < 0. Analogously, we acquire M2, (h) < 0. Then M"(h) < 0
follows immediately from (2.14). We have thus proved Lemma 2.7. O

Lemma 2.8. Let (2.10) and (2.12) hold. If 1 =0, then M(h) <0 for all h > 0.

Proof. For z; = 0, in light of (2.12) we have Z; = T2 = 0. It follows from (2.10) and Lemma
2.6 that M (h) < 0. O

3. Proof of main results

In order to prove Theorem 1.1, we consider system (1.3) with m > 1 odd. In this case, system
(1.3)|c=0 has a family of periodic orbits surrounding an elementary center at the point (1,0),
denoted by

Ly:H(zx,y)=h, 0<h<hy, x>0

The outer boundary of the family is a clockwise oriented homoclinic loop I', where I' passes
through the saddle (0,0) and is defined by H(x,y) = hm, = > 0 with

1 .’E2 xm+2
H = 9% -
@) =3y — 5t 2 T a1y

m m

= H(0,0) = 5o,
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Then, by (3.9), the first order Melnikov function M (h,a) in (2.7) can be simplified to
M(h,a) = aly(h) + Im(h), h € (0, hp), (3.1)

where I;(h) = — th riydwz, i = 0,m.
Now, we consider the Hopf bifurcation of system (1.3) near the center (1,0). For this purpose,
we first move the center to the origin, obtaining

ar _
ar b
m+1 (32)

dy
E:—mm—z frt —ela+ (z+1)My.

Then by using

1 1 1 _
xr=—TI, = — T=—"
m Y \/rny’ m
we can get from (3.2)
dz  _
a7

(3.3)

dy (asagy o \"
E:—x—ZCmH( ) 5[a+<m+1)}

Therefore, we need only to study the Hopf bifurcation of system (3.3) near the origin (0,0) . It
is evident that (3.3)|.=¢ is Hamiltonian with

o

m+1

H(z,y) = y+x +Z

Z+1
4
i () (3.4

By (3.4) and applying Lemma 2.2 to (3.3), we can obtain directly the following lemma.

Lemma 3.1. (Hopf bifurcation) Let G > 1 be a constant. Then there exist a constant ¢; > 0,
a neighborhood Uy of the focus (1,0) of system (1.3) (or, equivalently, (0,0) of system (3.3))
and a function aj ,,(¢) = —1 + O(e) such that for 0 < |e| < €1 and |a + 1| < €1, system (1.3)
(or, equivalently, (3.53)) has a unique limit cycle in Uy iff a > af ,,(€); additionally, the limit
cycle, when it exists, is unstable if € is positive and stable if € is negative. System (1.3) (or,
equivalently, (3.3)) has no limit cycle in Uy for 0 < |e| <€ and 1 < |a+ 1| < G.

Consider homoclinic bifurcation. By (3.1) we have

M (hp,a) =— j{ (a+2™)ydx
H(:E,y):hm
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Letting miﬁmm = sin? ¢, we derive

m
(m2)m
:/ x\/1 — ™ dx
0 m+ 2 (3.5)

and

[SIE]

2 m—+2
2\ m 2 1 2\ m 2
__, a(m+> B<37)+<m+) B<371+)
m 2 2'm m 2 2 m

2
-2 m+2)ﬁ( (3 2) m + 2 (3 2))
_—Z(mre B(2,2)+™2p(2 14+ 2)).
m< 2 “C\2'm * 2 2’ +m

m+2B(3,1+2) 2m+4 ,
co(a) a 5 5 (%7%) 3 d2m (3.7)
and )
Ocg -2 (m+2>H (3 2)
— = — | —— B|-,— 0. 3.8
da (a2,m) m 2 2’m < (3.8)

By (3.7) and (3.8), we have the following lemma from Lemma 2.8 of Ref. [13] immediately.

Lemma 3.2. (Homoclinic bifurcation) Consider system (1.3) with m > 1 odd. Then for any
given constant G > 1 there are a constant ea > 0, a neighborhood Us of T' and a unique C*
function a3, (¢) = agm + O(e) with az,, given in (3.7), such that
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(1) for 0 < |e| < €2 and |a — agm| < €2, there is a homoclinic loop of system (1.3) in Uy if
and only if a = a3 ,,(¢); there is a unique limit cycle of system (1.3) in Us if a < a3 ,(¢); there
is no limit cycle of system (1.3) in Uy if a > a3 ,,(€); additionally, when the aforementioned
limit cycle or the homoclinic loop exists, it is unstable if € is positive and stable if € is negative.

(i1) for 0 < |e| < €2, |a — agm| > € and |a| < G, there is no limit cycle of system (1.3) in
Us.

Further, for Poincaré bifurcation, by (1.3) and (2.5), it implies that

m x 332 fL‘m+2 m
@) =@ —1),  G(z)= /1 s ==L T »
f(xga):a'i‘xm’ F(;U,a):/l de:a(;U—]_)_F?niLl(merl_l)‘

Since F,(1,a) = f(1,a) = a+ 1, we have that for ¢ > 0 (< 0) the focus (1, 0) is unstable (stable)
if @ < —1 and is stable (unstable) if a > —1. Further, the point (1,0) is unstable (stable) of
system (1.3)|q=—1 as € > 0 (< 0). It then follows that if a is closed to —1 and a > —1, there is
an unstable (stable) limit cycle for system (1.3) when ¢ > 0 (< 0).

It is easy to see that there exists a unique function S(x) > 1 > x > 0 satisfies G(f(x)) =
G(z), x € (0,1) with G(x) being found in (3.9). Then we have

When a = —1, let ¢(z) = F(8(x), —1) — F(x,—1) for 2 € (0,1). Then, we have
¢'(x) = f(B(x), ~1)B'(x) = f(z, —1) £ g(2)do(x),

where ¢g(z) = f(gli(ﬁac():;)—)l) — f(;(’x_)l) for z € (0,1). Note that

¢0(~’U) = g(ﬁ(x)) - g(x) = 5(1‘) - 7 = Tﬂ?) <0,z € (0, 1)

Hence, ¢/ () > 0 for 2 € (0,1). It follows from ¢(1) = 0 that ¢(z) < 0 for z € (0,1) and a = —1.
Using Lemma 2.4, we get M(h,—1) > 0, h € (0, hy,), where M is the first order Melnikov

function of system (1.3).
For a > 0, it is evident that

" f(Bx), 1) _ flz, 1) 11 z—p)
(

F(8(x),0) = F(z,0) = a (8(z) — ) + —— ((B(@)™* = a™*)
>0, z € (0,1),

where F(z,a) is given by (3.9). It follows from Lemma 2.4 that M (h,a) <0, h € (0, h,) for
a > 0, where function M (h,a) is Melnikov function of system (1.3).

Based on the above analysis, system (1.3) may have a limit cycle only if a € (—1,0). In this
case, we have the following lemma.

Lemma 3.3. Consider system (1.3) with m > 1 odd. Then for a € (—1,0), we have (f(x’a))l <
x
0 with x >0, z # 1.
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Proof. In fact, it is direct that

<f;f;?)>x :(9&1))2 [QO + (m—14a(m+1))z™ —d]
yEER o
where
wu) =u*+ou—a (3.11)

with u = 2™ and ¢ = (m + 1)a + m — 1. The lemma will be proved if we can show w(u) > 0 for
u > 0. If p > 0, then it is obvious from (3.11) that w(u) > 0 for u > 0.

For the case 0 < 0, i.e., a < —Z—H, noting a > —1, we have
w(0) >0, w'(0) =p<0,
wl)=14+p—a=m(a+1) >0,
W'(1)=240=(m+1)(a+1)>0.
If we can prove wmin(u) > 0 for =1 < a < mﬁ, then w(u) > 0 (u > 0) follows immediately.
Letting w'(u) = 2u + 0 = 0, we get w = —<. Then
2 2
1
Wmin(u) =w (_g) = QZ - % —a% _ng(a’)a
where p(a) = 0® +4a = (m+1)%a®+2(m? + 1)a+ (m —1)2. Hence, it suffices to prove p(a) < 0
for -1 <a< —T% In fact, we have

p(0) = (m—1)* >0, ¢'(0) =2(m*+1) >0,
p(=1) = (m +1)* = 2(m* + 1) + (m — 1)* = 0,
(1) = =2(m+ 1) +2(m? +1) = —4m < 0,

m—1 2(1—m>2 9 1-m 9
)= )2 (—2) +2 1)—— —1
o m—l—l) (m+1) m+1 +2m” + )m+1+(m )
4(m —1)
B m+1
<0.
It follows that p(a) < 0 for —1 < a < —ﬁ Thus we arrive at the conclusion that w(u) > 0

for u > 0 if p < 0.

Therefore, we have proved w(u) > 0 for v > 0 with a € (—1,0). It follows from (3.10) that
/
(f;a‘)l)) <0 for x >0, x # 1 with a € (—1,0). The proof is completed. O
By Lemmas 2.5 and 3.3, we have immediately

Lemma 3.4. For M(h,a) in (3.1) with a € (—1,0), it holds that M} (ho,a) > 0 if M (hg,a) =0
for hg € (0, hy,).

By (3.1),

M(h,a) = Io(h)(a — P(h)), P(h)=— h € (0, h), (3.12)
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where
b*(h) b*(h)
Iy(h) = —2/ y(x,h)dx <0, IL,(h)= —2/ x"y(z, h)dz. (3.13)
a*(h) a*(h)
It is direct that
b*(h) dz b*(h) M
IL(h) = —2/ , IT’n h) = —2/ dz, (3.14)
0( ) a*(h) y(l‘,h) ( ) a*(h) y(:v, h)

where y(z, h) \/mQ 2 ™2 — o + 2h and the values a*(h) and b*(h) satisfy y(a*(h), h)

= y(b*(h),h) = 0, and 0 g a*(h) <1< b*(h) < (Z2)7

Denote by T(h) the period of Ly. Then lim T'(h) = 2= by (3.3), and
h—0+ vm

dx T -2 \ﬁ —27r
I’h:—% :—/ dr —» ——, I,’nh:—/ zdr — — / h—0
im=-¢ == o I =— | — (- 0)

by (3.14), which give
im L (1)
h—0 Io(h)

=1 (3.15)
Now, we have the following result.
Lemma 3.5. The function P(h) satisfies P'(h) > 0 on the interval (0, h,,), and

P(O) = —1, P(hm) = a2.m

with ag m in (3.7).

Proof. By (3.12) and (3.15), it is easy to see that P(0) = —1. Using (3.12), it follows from
(3.5), (3.6) and (3.7) that

Then noting by (3.12)
oM

W‘M(h,@:e
by Lemma 3.4 and (3.13) we obtain P’(h) > 0. This ends the proof. O

— —Io(W)P(h), (3.16)
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Now, we can prove Theorem 1.1. Without loss of generality, let € > 0. Following the proof
of Theorem 1.1 of Ref. [13] one can get the following claims:

(1) Let G > 1 be a constant. A positive constant €] exists such that for e € (0,¢7), there is
no limit cycle of system (1.3) if a € [-G, a7 ,,,(¢)] U [a3 ,,(€), G].

(2) A positive constant €5 exists such that for € € (0,¢3), there is a stable homoclinic loop
near I' of system (1.3) if and only if a = a3 ,,(¢).

(3) A positive constant €} exists such that for ¢ € (0,¢%), there is a unique limit cycle of
system (1.3) if a € (a7 ,,(¢), a3 ,,(¢)). Additionally, the above limit cycle is unstable.

Then Theorem 1.1 follows immediately from the above claims (1) — (3) by letting ¢* =
min{ej, 5,5}

To prove Theorem 1.2, we consider system (1.3) with m > 2 even. As before, we have from
(1.3) and (2.5)

z)=xz(z"-1), G@&)=——7F+—-7,
o) =™ =), G =—T 4 -

1
m m+1'
f(x,a) =a+ 2™, F(a:,a)—ax—l—im 7%

Let

1 . 1 1 1
H = 22 L Or) = Zq — 22 m+2.
(z,y) 5y + (z) 5Y ~ 5% T gt

Then, (1.3)|.=o has three families of periodic orbits given by
L(h): H(x,y)=h, h>0 (3.18)

and

~

Li(h): H(z,y)=h, (-1)"z<0, i=1,2, h,<h<0,

where h, = G (+£1) = . Correspondingly, it yields three Melnikov functions as follows

Smt2)

M(hja):—j{ yf(z,a)dz, h >0,
L(h) (3.19)

M;(h,a) = —jli (h)yf(x,a)d:c, b <h <0,i=1,2.

By (3.17), system (1.3) is centrally symmetric. Noting (2.7) and (2.11) we have by (3.19)

M (h,a) = My(h,a) = [aly(h) 4+ Ln(R)]/2, h € (hm,0) (3.20)
and
M (h,a) = alo(h) + In(h), h € (0, +00), (3.21)
where
I;(h) = - f wydz, j=0,m, h € [hm,+0). (3.22)
H(z,y)=h

For system (1.3) with m > 2 being even, we first consider the Hopf bifurcation near two
singular points (41,0). Noting that system (1.3) is centrally symmetric, we obtain Lemma 3.6
as follows similar to Lemma 3.1.
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Lemma 3.6. (Hopf bifurcation) Let G > 1 be a constant. There are a positive constant €1, a
neighborhood Uy of ((—1)"1,0) (i =1,2) and a function ai () = =1+ O(e), such that the
following results hold.

(i) When 0 < |e| < & and |a+ 1| < &y, there is a unique limit cycle of system (1.3) in Uy
if and only if a > d’im(s). Additionally, when the above limit cycle exists, it is unstable if € is
positive and stable if € is negative.

(i1) When 0 < |e| < é1, & < |a+ 1| < G, there is no limit cycle of system (1.3) in Uy with
i=1,2.

Next, for system (1.3) with m > 2 being even, we consider the double homoclinic bifurcation.

It follows from (2.4), (1.3), (2.1), (3.5) and (3.6) that

w@=-2 ¢ @rayds

H(z,y)=0, >0

1
(2%

:—4/0 (a+xm)\/x2—m+2xm+2da:

2
—4 m+2)m< (3 2) m+ 2 (3 2))
_t(mx2 B(2,2)+ 2 =g (21 .
m( 2 B\ m) T SRR

By the above formula, it is easy to know that

m+2B(3,1+ 2) 2m+4 ,
= — 0 PN e m = — = 3.23
o(a) a 5 B(Z.2) 34 G (3.23)
and )
0¢cy —4 (m+2>% (3 2)
— = — | — Bl-,— 0. 3.24
da (a3.m) m 2 2'm < (3.24)
By (2.4), (1.3), (2.1) and (3.23), we have
_ 4m + 8
ci(azm) = —2(agm +0) = —2a3m = 5 -—— > 0.

Therefore, combining (3.24) and the above formula, we obtain by Corollary 2.1.

Lemma 3.7. (Double homoclinic bifurcation) Let G > 1 be a constant. Then there exist a
constant é3 > 0, a neighborhood Us of the loop L defined by H(x,y) = 0 and a C™ function
a3, (€) = agm + O(¢) with ag,, given in (3.23) such that for 0 < |e| < &, |a —azm| < €3 and
la] < G, the following conclusions hold.

(i) If a = a3, (¢), there is a double homoclinic loop of (1.3) in Us.

(i) If a > a3 ,,(€), there is a unique large limit cycle of (1.3) in Us.

(ii1) If a < a3, (), there are two small limit cycles of (1.3) in Us.
Additionally, when a limit cycle exists, it is unstable if € is positive and stable if € is negative.

For Poincaré bifurcation, let ®(h,e,a) denote the bifurcation function of system (1.3) such
that

M(haa’)a hZOa

®(h,0,a) = .
( ) {2M1(h, (Z), hm < h <O.
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We rewrite the functions M (h,a) in (3.20) and M (h,a) in (3.21) as
1. . .
My(h,a) = ~To(h)(a — P(h)), B € [hum, 0],
() = o)~ P, e 0 .
M(h,a) = Io(h)(a — P(h)),  h € (0,+00)
with .
. m(h) A
P(h) = —= , h € [hm, +00). (3.26)
o(h)
By (3.5) and (3.6), we have
. a(0)
Ip(0) = —4/ y(x,0)dz
0
(52)"
— _4/ \/352 _ 2m+2 dgp (3.27)
0 2 m
2
4 -
_a(mazyE (s 2y
m 2 2
and X
o (0
I, (0) = —4/ x"y(x,0)dx
0
(=42)"
— _4/ xm\/xz m+2 dg (3.28)
0 m

Then by (3.26) and (3.23) we have

Io(0) 2 B(3

Then, just similar to Lemma 3.5, one can obtain:

Lemma 3.8. For P(h) given in (3.26), we have

A~

with as m, in (3.23).

P(hy) =1, P(0)=as,m and P'(h) >0, he (hp,0)

The following proposition is useful when considering Poincaré bifurcation of limit cycles

surrounding three singular points.

Proposition 3.1. The function () V|gc(¥ig)ﬂ|)_G(1) is momnotonically increasing with x > 0.
Proof. Let
~ ~ 3 m+2 2 1 1
U, (z) = F(z)y/G(2) —G(1)  (Qa+2")\ T3 -5 —mmt3
m(z) = = .

l9(2)| jz(zm —1)]

(3.29)
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Since m > 2 is even, we can set m = 2k (k € Z*). It follows from (3.29) that

2k x2k+2 k
(20 + 20"\ — 5 T ;2

2@~ 1)

\PQk (.’B) =

(3.30)

Note that
p2k+2 2 k
2k+2_ Tt 2
$2k+2 22 +k—kx )

H+

(a:2 1)+ k(1 —xz))

(3.31)

Substituting (3.31) into (3.30) gives that

(2a + 22%) | xgl (2a + 22%F) Z - z x2l

Wop(x) = — (3.32)
V2k + 2z |22 — 1| szl \/2k+2$2x2’

=0 =0

By (3.32) we have

,Qk(x)

—1
kz 2i(k—i)x?~1 k-1
22k 1” —z x2l+ 2a—|—2x2k = | V2k 42z ) 2%
= 0 Z ( _ )xzi =0
i=0
2

(2k + 2) a2 <k21 x%)

=0
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k=1 k—1 4
(20+20%) [T (kb —i)a2V2E+2 (Z (2i + 1):3%)
2

i=0 i=0
a k—1
(2k + 2) x2 (Z xQ’)
i=0
- k_l‘p%(‘z) — , (3.33)
V2k + 222 <Z x2i> > (k — z) z2
i=0 i=0
where
Doi(x) = (4/£:c2k<p1 (z) + (2a + 2$2k) wg(x)) p3(x) — (2a + 23;’%) e1(x)pa(x)  (3.34)
with
k—1 k—1
p1(x) = (k — 2) ¥, po(x) = Z i(k — i)z,
1= =1
p3(x) = %, p4(x) = 2(22 + 1):1:21.
i=0 1=0

By (3.33) it suffices to show ®op () > 0 for x > 0. We first prove that

2ap2(z)ps(z) — 2ap1 (x)pa(z) >0, x> 0. (3.35)
In fact, it is easy to see that

o2 2k + 12?2+ 2k 4+ 1)2?k — 1

2apa(@)pa(z) ~ 20p1(2)ps(x) = ~2ak R — ~2ak(w)
Where o) = w1 — 2k 4+ DuF(u—1) o
u) = (u_ 1)3 , U =T,
It is direct that
(u—1) 3 u — (2k + 1) uf (u—1)
o i=0
OR —
iuz — 2k +1)u*
TR
k k
; (uk:-l—z uk) + ; (uk—z _ uk’)
B (u—1)
k
Zjl (ukﬂ' uk) _ ;:1 (uk _ ukfz)
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k k
;uk (u’ - 1) - ;uk_’ (uZ — 1)
- (u—1)?
k .
Z; (uk _ uk‘*’L) (uz 1)
B (u—1)?
k
S uh (uf — 1)2
_i=1
(w1
k i1 2
S uki ((u -1 u])
=1 7=0
N (u— 1)
i1 2
(u—1)* 3 ub~ (z u3>
N i=1 7=0
N (u—1)°
k ' i—1 2
:Zuk_’ Zu]
i=1 7=0
>0.

Therefore, (3.35) holds. For x > 0, it is straightforward that

ka1 () ps(x) + 20 oo (2)p3 () — 2021 (2)a ()

_ 92k (lil (k - z) x2i> (%lgx% — ki (2i + 1) 332’) 4 2g2k (k:z(k: - 2) x”) (ki :ch)

i=0 i=0 i i=0
k—1 k—1 k—1 k—1
= 92k ( (k _ z>x2> (Z (2(k - 1) m2i> g2k ( z(k . z) x2i> (Z x2i>
i=0 i=0 =1 =0
>0
Then from (3.34) and (3.35) the conclusion follows. O

Lemma 3.9. M(h,a) in (3.21) satisfies that M; (h,a) < 0 for all a < 0 and M(h,a) < 0 for
all a > 0.

Proof. 1In (2.12), we take ; = /—a for a < 0 and take &; = T9 = 0 for a > 0. Then Lemma
3.9 follows by Lemmas 2.7 and 2.8 and Proposition 3.1. This completes the proof. O
Let

2
y(z,h) = \/:U2 - ?xm” +2h, 0<z<a(h), (3.36)
m

where (a(h),0) is the right endpoint of the periodic orbit L(h) in (3.18), that is, y(a(h),h) = 0
with a(h) > 1. For h > 0, I;(h) in (3.22) can be rewritten as

. a(h)
Ii(h) = —4/0 y(x,h)dz, j=0,m, (3.37)
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where y(z, h) is given by (3.36).
Now we can prove the following lemma.

Lemma 3.10. The continuous function P(h) on the interval [m, +00) satisfies
(1) P(hy) = =1, P(0) = a3, and P'(h) >0 for h € (hm,0);
(2) lim P'(h) =400, lim P'(h) =+oco, lim P(h)= —oc;

h—0+ h—0~ h—+o00

(3) there exists hg > 0 such that P'(hg) = 0, P"(ho) < 0 and (h — ho)P'(h) < 0 for h €
(07 hO) U (h07 —|—OO),
where ag, and P(h) are given by (3.23) and (3.26), respectively.

Proof. By Lemma 3.8, we need only to prove conclusions (2) and (3). Since y(z, k) in (3.36) is
monotonically decreasing with respect to = on the interval [1,+00), we have y(z,h) < y(1,h) =

1/%—&—2& which gives for h > 0
o) = —a [ e L[ hd 4,/ ha(h
o == [yl z [T o — —ay [ oha. (39

It is obvious that the equation y(z, h) = v/h has a unique positive root ag(h) € (1,a(h)) in
and that y(z, h) > v/h for 0 < & < dg(h), which implies that

. a(h)
I, (h) = —4/ x"y(x,h)dx
0

ao(h)
< —4/ 2"Vhdz
0

_ avh
C om+1
< 0. (3.39)

(ao(h))™"!

Note that by (3.36) as h > 1
o(h) ~ [(m +2)h/2/7%2, (k) ~ [(m +2)h] 7.
Then by (3.38) and (3.39), we obtain

Hence, lim P(h) = —oo.
h—+o00
From (3.37), we have

I'(h) = —4 W dz, I (h) = —4 Y _am d 4
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Similar to (3.5), letting miﬂa:m = sin? v, we have
12\ 127 x
(75%) 1 (75%) 1 2 (3 1
/ d;l?:/ da?:/ —dv = 400
0 T2 — %mem—ﬂ 0 /1 — 2Em$m m Jg Sinv
and
+2 % 12 % T
—da::i sinvdv = ——.
0 /1 l‘m+2 x4/l — ﬁxm m 0 m

Combining (3.40) and the two formulas above, we have

a(0) 1
lim Io(h) = —4/ dz
0

h—0+ (z,0)
1
- / 2 5_ 2 5 dz
0 xre — mxm+
8 (%1
=2/ —dv
m Jo sinv
- (3.41)
and
1
a(0) m (Lﬁ)m m
lim I (h) = —4/ Tz = —4/ i ° dp = —Am+2) g )
h—0+ o y(z,0) 0 22 %$m+2 m
Note that by (3.26)
A I, (R)Io(h) — I ()T} (R Il,(h) | Im(h) -
I5(h) Io(h) — I5(h)
Then combining (3.27), (3.28), (3.41), (3.42) and the above formula, we get

. I (h [ (h) -
lim P'(h) = lim | — f”( )+ - ( )I()(h)
h—0+ h—0+t \  Io(h) o(h)
1 . [ .
et w9
I(0) h—0+t 12(0) h—0+
1 —4(m +2)
T AEN2IEEL) m
—4 (me2\ 2 3 2
_}_W( ;_) B(?’l—‘r%) lim fé(h)
_ 2 2 poo+t
5 (22) " B (3, 2)]
:+oo

Similar to the proof of the formula above, we have hlim P'(h) = +o0. Then conclusion (2)
-0~

follows.
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Next, we prove conclusion (3). By (3.25), we have
M} (h,ap) = —Io(h)P"(h), h >0 (3.43)

whenever P'(h) = 0, where a;, = P(h). Hence, by Lemma 3.9 we have P”(h) < 0 whenever

P (h) =0, h > 0. This, together with conclusion (2), implies that there exists a unique hg > 0

such that P’(hg) = 0. Then by Lemma 3.9 and (3.43), we have P"(hg) < 0 and (h—ho)P'(h) < 0

for h € (0, ho) U (ho, +00). Therefore, conclusion (3) is proved. O
The behavior of P is shown as in Figure 8.

=)
\f:su

-G

Figure 8. The behavior of P.

Next, we give a detailed proof of Theorem 1.2.

Noting that system (1.3) is centrally symmetric, by Lemmas 3.6 and 3.10, there exists a
constant €; > 0 such that for 0 < |¢| < €, |a + 1] < & and |a] < N, system (1.3) has two
symmetric small (resp. no) limit cycles in the neighborhood B — €1 < H(z,y) < him + & for
a > aj,,(e) (resp. a < aj ,,(g)); moreover, limit cycles are unstable (stable) as e > 0 (< 0) when
they exist. From Lemmas 3.7 and 3.10, there exist a constant €& > 0 and a function a3, (¢)
such that for all 0 < |¢| < €3, |a — a@3,m| < € and |a| < N, system (1.3) has in the neighborhood
—€3 < H(x,y) < €3

(i) a double homoclinic loop for a = a3 ,,(¢) which is unstable (stable) as ¢ > 0 (< 0);

(4i) a unique large limit cycle for a > a3 ,,(¢) which is unstable (stable) as ¢ > 0 (< 0);

(¢ii) two small limit cycles for a < a3 ,,(¢) which are unstable (stable) as e > 0 (< 0).

Let agm = P(ho) € (0,a3,m). Then by Lemma 3.10 and (3.25), we obtain that
M(ho, ao,m) = O, M;L(ho, a07m) = 0, M;{(ho,ao’m) < 0.

Combining Lemma 2.1 together with M/ (ho, agm,) = fo(hg) < 0, there exist a constant ég > 0
and a function ag,, () = ag,m + O(€), such that for all 0 < || < &, |a —agm| < & and |a| < N,
system (1.3) has two simple large limit cycles (resp. a unique double large limit cycle, no large
limit cycle) in the neighborhood ho — & < H(z,y) < ho + & for a < ag,,(e) (resp. = 0,> 0).



964 M. Han, W. Hou & W. Liu

Let h* satisfy the equation
P(h*) = a”, (3.44)
ie., ®(h*,0,a*) = 0. Noting that g%)kh*,o,a*) = .fo(h*) for hp < h < ho and h > hy, by the
implicit function theorem, together with P’ (h*) # 0, we see that for every a near a* there exist
€* > 0 and &* > 0 such that for 0 < || < €, the equation ®(h,e,a) = 0 has a unique solution
with respect to h € (h* —6*, h*+6*). Therefore the number of solutions of (3.44) will determine
the number of limit cycles of system (1.3).

Note that M (h,a) # 0 for a > agm + €. Then for 0 < |e| < €y, system (1.3) has no limit
cycle for all a > a3, (¢) and [a| < N.

Obviously, there exists a constant ¢4 > 0 such that for 0 < |¢| < é; and a3, + €3 < a <
ao,m — €o, system (1.3) has a unique large limit cycle in the neighborhood é3 < H(z,y) < ho— éo;
moreover, the large limit cycle is unstable (stable) as ¢ > 0 (< 0).

In fact, for any given a,, € (asm,aom), M(h,a) must have a simple root hj(a) € (0, ho)
satisfying M (h%(@m),am) = 0 and M} (hi(@m),am) = —Ilo(hi(@m)) P (hi(am)) < 0 with the
above analysis. Then by Theorem 1 of [9], there exists €4 > 0 such that 0 < |¢] < &4 and
|a — @m| < €4, system (1.3) has a unique limit cycle near Fz,{(dm). Next we prove that the limit

cycle is unstable (stable) as ¢ > 0 (< 0). In fact, by Lemma 3.1.2 of [6] we have

I( Z{(dm)) =—¢ f(z,a)dr
LS, .
h1<am)

=—c (a+2™)dr

€
Lt @m)

= —¢€ [_Milz(hi(dm)a dm) + 5]
>0 (<0)
as € > 0 (< 0). It means that the limit cycle Fii‘(dm) is unstable (stable) as ¢ > 0 (< 0).

In the same way, it can be proved that there exists a constant é5 > 0 such that for 0 < |¢]| < €5
and —N < a < ag,, — €, system (1.3) has a unique large limit cycle in the neighborhood
ho + €y < H(z,y); moreover, the large limit cycle is stable (unstable) as e > 0 (< 0). Similarly,
there exists a constant €5 > 0 such that for 0 < |¢] < & and —1+ € < a < a3, — €3, system
(1.3) has two small limit cycles in the neighborhood ki, +& < H(z,y) < —é; which are unstable
(stable) as € > 0 (< 0).

Then, Theorem 1.2 follows by taking €* = min{é;,i = 0,1,3,4,5,6}. This finishes the proof
of Theorem 1.2.

References

[1] T. K. Akinfe and A. C. Loyinmi, A solitary wave solution to the generalized Burgers—Fisher’s
equation using an improved differential transform method: A hybrid scheme approach, He-
liyon, 2021, 7(5), e07001. DOI: 10.1016/j.heliyon.2021.e07001.

[2] J. Carr, Applications of Center Manifold Theory, Springer-Verlag, New York, 1981.

[3] H. Chen and H. Zhang, New multiple soliton solutions to the general Burgers—Fisher equa-
tion and the Kuramoto-Sivashinsky equation, Chaos Solitons Fractals, 2004, 19(1), 71-76.



Global dynamics of a polynomial Liénard system 965

[4]

[5]

110]
11]
12]
13]
14]
[15]
16]
17)
18]
[19]

[20]

S. Chow, C. Li and D. Wang, Normal Forms and Bifurcation of Planar Vector Fields,
Cambridge University Press, New York, 1994.

M. Han, Bifurcation of limit cycles and the cusp of order n, Acta Math. Sin., New Ser.,
1997, 13(1), 64-75.

M. Han, Existence of at most 1, 2, or 8 zeros of a melnikov function and limit cycles, J.
Differential Equations, 2001, 170, 325-343.

M. Han, Bifurcation Theory of Limit Cycles, Science Press, Beijing, 2013.

M. Han, On the uniqueness of limit cycles in codimension two bifurcations, Journal of
Nonlinear Modeling and Analysis, 2024, 6, 514-525.

M. Han, J. Llibre and J. Yang, On uniqueness of limit cycles in general Bogdanov—Takens
bifurcation, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 2018, 28(9), 1850115.

M. Han, D. Luo and D. Zhu, The uniqueness of limit cycles bifurcating from a singular
closed orbit (II) (Chinese), Acta Mech. Sinica, 1992, 35(4), 541-548.

M. Han and D. Zhu, Bifurcation Theory of Differential Equation (Chinese), Coal Mine
Industry Press, Beijing, 1994.

S. Kumar and S. S. Ray, Numerical treatment for Burgers—Fisher and generalized Burgers—
Fisher equations, Math. Sci., 2021, 15, 21-28.

W. Liu and M. Han, Bifurcations of traveling wave solutions of a generalized Burgers—Fisher
equation, J. Math. Anal. Appl., 2024, 533, 128012.

D. Luo, M. Han and D. Zhu, The uniqueness of limit cycles bifurcating from a singular
closed orbit (I) (Chinese), Acta Math. Sin., 1992, 35(3), 407-417.

J. Mendozaa and C. Muriel, New ezxact solutions for a generalised Burgers—Fisher equation,
Chaos Solitons Fractals, 2021, 152, 111360.

U. Saeed and K. Gilani, CAS wavelet quasi-linearization technique for the generalized
Burger—Fisher equation, Math. Sci., 2018, 12(1), 61-69.

J. Satsuma, M. Ablowitz, B. Fuchssteiner and M. Kruskal, Topics in soliton theory and
exactly solvable nonlinear equations, World Scientific, Singapore, 1987, 1-354.

S. Smale. Mathematical problems for the next century, Math. Intelligencer, 1998, 20(2),
7-15.

Z. Xu and D. Xian, Application of Exp-function method to generalized Burgers—Fisher equa-
tion, Acta Math. Appl. Sin. Engl. Ser., 2010, 26, 669-676.

H. Zhang, Y. Xia and P. R. N’Gbo, Global existence and uniqueness of a periodic wave
solution of the generalized Burgers—Fisher equation, Appl. Math. Lett., 2021, 121, 107353.

Received October 2025; Accepted October 2025; Available online October 2025.



	Introduction and main results
	General results on limit cycle bifurcations
	Near-Hamiltonian system
	Liénard system

	 Proof of main results

