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GLOBAL DYNAMICS OF A POLYNOMIAL LIÉNARD SYSTEM∗

Maoan Han1, Wenwen Hou1 and Wenye Liu2,†

Abstract When studying traveling wave solutions of a generalized Burgers–Fisher equation
we obtained a Liénard system of the form dx

dτ = y, dy
dτ = −x(xm − 1) − ε (a+ xm) y, where

m ≥ 1 is an integer and ε is a small parameter. In this paper, we present a complete
analysis for its global dynamics for all m ≥ 1, giving necessary and sufficient conditions for
the existence of one, two or three limit cycles and for the existence of homoclinic or double
homoclinic loops by applying new methods established in this paper.
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1. Introduction and main results

In recent years, a generalized Burgers–Fisher equation of the form (GBF equation for short)

ut + αumuχ + βuχχ + γu(1− um) = 0 (1.1)

has been widely studied by many scholars (see [1, 3, 12, 13, 15–17, 19, 20] ), where α ̸= 0, β ̸=
0, γ ̸= 0 are constants and m ∈ Z+.

As in Refs. [13, 20], by making the traveling wave ansatz

u(ϑ, t) = x(ς), ς = ϑ− ct,

where c represents the speed of the wave, and then introducing suitable rescaling of variables
one can obtain from (1.1)

dx

dτ
= y,

dy

dτ
= −x(1− xm)− ε (a+ xm) y

(1.2)

for βγ > 0 and
dx

dτ
= y,

dy

dτ
= −x(xm − 1)− ε (a+ xm) y

(1.3)

for βγ < 0, where 0 < |ε| ≪ 1, a ∈ R.
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The above two systems are both polynomial ones of degree m + 1 of Liénard type. The
problem of finding the maximum number of limit cycles of a polynomial Liénard system was
posed in [18] by Smale, and is still open since it is extremely difficult when its degree is arbitrarily
high. In the paper [20], the authors considered the above systems for some positive integers m.
The authors [13] investigated bifurcations of limit cycles of system (1.2) and gave necessary and
sufficient conditions for it to have a unique limit cycle, a homoclinic loop and a heteroclinic
loop respectively for all m ≥ 1. For system (1.3) with the cases m = 1, 2, there were also many
studies on the limit cycle bifurcation, see [2, 4, 10,14] and the related references therein. About
the studies on the uniqueness of limit cycles appearing in codimension two bifurcations of planar
systems one can see the survey articles [8, 9].

This paper is a continuation of [13], presenting a complete analysis on the global behavior
of (1.3) for |ε| small, including Poincaré, Hopf, homoclinic loop and double homoclinic loop
bifurcations for all m ≥ 1. Our main results are stated below.

Theorem 1.1. Consider system (1.3) with m ≥ 1 odd. Let G > 1 be a constant. Then there
are a positive constant ε∗ and two C∞ functions a = a∗1,m(ε) = −1 + O(ε) and a = a∗2,m(ε) =

−2m+4
3m+4 + O(ε) such that for all 0 < |ε| < ε∗ and |a| ≤ G, we have the following results about

system (1.3)

(i) there is no limit cycle if a ≤ a∗1,m(ε) or a ≥ a∗2,m(ε);

(ii) there is a homoclinic loop if a = a∗2,m(ε);

(iii) there is a unique limit cycle if a∗1,m(ε) < a < a∗2,m(ε).

Additionally, when the aforementioned limit cycle or the homoclinic loop exists, it is unstable if
ε is positive and stable if ε is negative.

The bifurcation diagram of system (1.3) with ε being positive and m odd is as shown in
Figure 1.

For m ≥ 2 even system (1.3) has a saddle (0, 0) and two foci (±1, 0) as 0 < |ε| ≪ 1. We
call a limit cycle surrounding the three singular points a large limit cycle, and a limit cycle
surrounding (1, 0) or (−1, 0) only a small limit cycle. Then we have

Theorem 1.2. Consider system (1.3) with m ≥ 2 even. Let G > 1 be a constant. Then there
exist a constant ϵ̂∗ > 0 and three C∞ functions a = â∗1,m(ε) = −1+O(ε), a = â∗3,m(ε) = −2m+4

3m+4+

O(ε) and a = â∗0,m(ε) = a0,m + O(ε) with a0,m ∈ (−2m+4
3m+4 , 0), such that for all 0 < |ε| < ϵ̂∗ and

|a| ≤ G,

(i) system (1.3) has no periodic orbit for a > â∗0,m(ε);

(ii) system (1.3) has a unique large limit cycle L̂0(ε) for a = â∗0,m(ε) which is semistable;

(iii) system (1.3) has exactly two large limit cycles L̂1(ε, a) ⊂ L̂2(ε, a) for â∗3,m(ε) < a <

â∗0,m(ε); moreover, L̂1(ε, a) is unstable (stable) and L̂2(ε, a) is stable (unstable) as ε > 0 (ε < 0);

(iv) system (1.3) has a double homoclinic loop L̄(ε) and a unique large limit cycle L̂2(ε, a)
for a = â∗3,m(ε); moreover, the double homoclinic loop is unstable (stable) and the large limit

cycle L̂2(ε, a) is stable (unstable) as ε > 0 (ε < 0);

(v) system (1.3) has exactly two symmetric small limit cycles L̂+
1 (ε, a) and L̂−

2 (ε, a) and a
unique large limit cycle L̂2(ε, a) for â∗1,m(ε) < a < â∗3,m(ε); moreover, the small limit cycles

L̂+
1 (ε, a) and L̂

−
2 (ε, a) are unstable (stable) and the large limit cycle L̂2(ε, a) is stable (unstable)

as ε > 0 (ε < 0);

(vi) system (1.3) has a unique large limit cycle L̂2(ε, a) for a ≤ â∗1,m(ε) which is stable
(unstable) as ε > 0 (ε < 0).
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(1) a > a∗2,m(ε) (2) a = a∗2,m(ε)

(3) a∗1,m(ε) < a < a∗2,m(ε) (4) a ≥ a∗1,m(ε)

Figure 1. Bifurcation diagram of system (1.3) with ε positive and m odd.

The bifurcation diagrams of system (1.3) with ε being positive, as stated in Theorem 1.2,
are depicted in Figure 2.

In order to prove the above two theorems, we first give eight preliminary lemmas in Section
2. Then we present our proof to the two theorems in Section 3 based on these lemmas.

2. General results on limit cycle bifurcations

In this section we list three lemmas which establish certain general results on the existence of
a limit cycle of general near-Hamiltonian systems in Hopf, homoclinic and double homoclinic
bifurcations, respectively. Then for systems of Liénard type with two or three singular points,
we present five new lemmas considering the number of limit cycles in Poincaré bifurcations.

2.1. Near-Hamiltonian system

We consider the following C∞ near-Hamiltonian system on the plane

ẋ = Hy(x, y) + εf̄0(x, y, ε, a),

ẏ = −Hx(x, y) + εḡ0(x, y, ε, a),
(2.1)

where |ε| ≥ 0 is small, H, f̄0 and ḡ0 are C∞ functions, and a belongs to D, which is a bounded
subset of R. Suppose that (2.1)|ε=0 possesses a family of periodic orbits as the following

Lh : H(x, y) = h, h ∈ (α0, β0).
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(1) a ≤ â∗1,m(ε) (2) â∗1,m(ε) < a < â∗3,m(ε)

(3) a = â∗3,m(ε) (4) â∗3,m(ε) < a < â∗0,m(ε)

(5) a = â∗0,m(ε) (6) a > â∗0,m(ε)

Figure 2. The bifurcation diagram of system (1.3) with ε being positive and m even.

As we know, the first order Melnikov function of (2.1) has the form

M(h, a) =

∮
Lh

(
ḡ0dx− f̄0dy

) ∣∣∣
ε=0

, h ∈ (α0, β0). (2.2)

The following lemma concerns saddle-node bifurcation of limit cycles of system (2.1) which
can be found in chapter 7 of Ref. [11]. A similar conclusion for a concrete system was also given
in the proof of Lemma 2.8 in chapter 4 of Ref. [4].

Lemma 2.1. ( [11]) (Saddle-node bifurcation) Suppose that there exist h0 ∈ (α0, β0) and a0 ∈ D,
such that M(h0, a0) = M ′

h(h0, a0) = 0, µ0 ≡ M ′′
h (h0, a0)M

′
a(h0, a0) ̸= 0, where M(h, a) is given

in (2.2). Then there exist a constant ε0 > 0, a neighborhood U0 of Lh0 and a C∞ function
a = ā0(ε) = a0 + O(ε), such that for 0 < |ε| < ε0 and |a − a0| < ε0, system (2.1) has
two simple limit cycles (resp. a unique limit cycle with multiplicity two, no limit cycle) in U0

for (sgn µ0)(a− a0(ε)) < 0 (resp. = 0, > 0).
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In order to consider Hopf bifurcation, suppose that lim
h→α0

Lh exists and the limit is an ele-

mentary center of system (2.1)|ε=0. Without loss of generality, we assume that the center is at
the origin and that for (x, y) near the originÑ

Hy(x, y) + εf̄0(x, y, ε, a)

−Hx(x, y) + εḡ0(x, y, ε, a)

é
= Ā(ε, a)

Ñ
x

y

é
+O(|x, y|2),

where

Ā(0, a) =

Ñ
0 −b0

b0 0

é
, b0 ̸= 0.

It is easy to see that the real part of eigenvalues of Ā(ε, a), denoted by ā(ε, a), satisfies

ā(ε, a) =
ε

2

(
f̄0x + ḡ0y

) ∣∣
(x,y)=(0,0)

.

The author [5] defined a succession function ∆(x, ε, a) of (2.1) in a neighborhood of the
origin, having the following expansion

∆(x, ε, a) = ε
∑
i≥1

∆i(ε, a)x
i

for |x| small such that system (2.1) has a limit cycle near the origin if and only if the function
∆ has a small positive zero in x. From Ref. [9] we also know that ∆1(0, a) =

2π
b0

∂ā
∂ε (0, a) and

∆3(0, a) = −b0
8
N1(a), N1(a) =

∂2M(h, a)

∂h2

∣∣∣
h=0

as ∆1(0, a) = 0, where M(h, a) is the function in (2.2).
By page 3 of Ref. [9] and Theorem 2.4.4 of Ref. [7], it is easy to see that if

H(x, y) =
1

2

(
x2 + y2

)
+
∑

i+j≥3

hijx
iyj

and (
f̄0x + ḡ0y

) ∣∣∣
ε=0

=
∑

i+j≥0

cijx
iyj

for (x, y) near (0, 0), then we have for the formula of N1

N1(a) =
∂2M(h, a)

∂h2
∣∣
h=0

= −2c10π(h12 + 3h30)− 2c01π(h21 + 3h03) + 2c20π + 2c02π.

On the uniqueness of limit cycles of system (2.1) near the origin, we have from Corollary 2.7
of Ref. [5] the following fundamental conclusion which can be also found in Han et al. [9].

Lemma 2.2. ( [5]) (Hopf bifurcation) Let c00(a1) = 0 for some a1 ∈ D. If N1(a1) ̸= 0, then
there exist ε1 > 0 and a neighborhood U1 of the origin, such that for all 0 < |ε| < ε1 and a ∈ D

(1) when |a− a1| < ε1, there is a unique limit cycle of system (2.1) in the neighborhood U1

if and only if N1(a1)(f̄0x + ḡ0y)(0, 0, ε, a) < 0;
(2) when |a− a1| ≥ ε1, there is no limit cycle for system (2.1) in the neighborhood U1.
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Next we consider double homoclinic bifurcation. For simplicity, suppose that (2.1) is a
centrally symmetric system. In other words, H, f̄ and ḡ in system (2.1) satisfy

H(−x,−y) = H(x, y),

f̄0(−x,−y, ε, a) = −f̄0(x, y, ε, a),
ḡ0(−x,−y, ε, a) = −ḡ0(x, y, ε, a).

(2.3)

Also, we suppose that the Hamiltonian system (2.1)|ε=0 has a hyperbolic saddle O at the origin
with H(0, 0) = 0 and that the equation H(x, y) = 0 defines a double homoclinic loop L̄ = L̄1∪L̄2

with a clockwise orientation, where L̄1 and L̄2 are two homoclinic loops through the hyperbolic
saddle O of (2.1)|ε=0 located in the right half plane and left half plane respectively. Then one
can see that for some h0 > 0 the equation H(x, y) = h defines a family of large periodic orbits
L̄(h) for 0 < h < h0 and two families of small periodic orbits L̄i(h) for −h0 < h < 0, i = 1, 2.
That is,

L̄(h) : H(x, y) = h, 0 < h < h0,

L̄i(h) : H(x, y) = h, −h0 < h < 0, (−1)ix < 0, i = 1, 2.

Let

c̄0(a) = 2

∮
L̄1

(
ḡ0dx− f̄0dy

) ∣∣∣
ε=0

, c̄1(a) = 2(f̄0x + ḡ0y) |ε=0,(x,y)=(0,0) . (2.4)

We have

Lemma 2.3. ( [10, 11]) (Double homoclinic bifurcation) Let (2.3) hold and the above assump-

tions be satisfied. If c̄0(a3) = 0, µ̄ ≡ ∂(c̄0)
∂a (a3)c̄1(a3) ̸= 0 for some a3 ∈ D, then there exist a

constant ϵ̄ > 0, a neighborhood Ū surrounding L̄ and a C∞ function a∗3(ε) = a3 + O(ε), such
that for 0 < |ε| < ϵ̄, |a− a3| < ϵ̄ and a ∈ D, we have the following results

(1) when µ̄(a− a∗3(ε)) < 0, there is a unique large limit cycle for system (2.1) in Ū ;
(2) when µ̄(a− a∗3(ε)) > 0, there is no large limit cycle for system (2.1) in Ū ;
(3) when a = a∗3(ε), there is a double homoclinic loop for system (2.1) in Ū .

We indicate that Lemma 2.3 was obtained in Ref. [10] and proved in detail in chapter 7 of
Ref. [11].

The following corollary is direct from Lemma 2.8 of Ref. [13] and Lemma 2.3.

Corollary 2.1. ( [11]) Suppose that (2.3) is satisfied. Let c̄0(a3) = 0 for some a3 ∈ D. If
∂c̄0
∂a (a3)c̄1(a3) ̸= 0, then there exist ε3 > 0, a neighborhood U3 of L̄ and a C∞ function a∗3(ε) =
a3 +O(ε) such that for 0 < |ε| < ε3, a ∈ D and |a− a3| < ε3

(i) there is a double homoclinic loop for system (2.1) in Ū if and only if a = a∗3(ε);
(ii) there is a unique large limit cycle for system (2.1) in Ū if µ̄(a− a∗3(ε)) < 0;
(iii) there is precisely two small limit cycles for system (2.1) in Ū if µ̄(a− a∗3(ε) > 0.

2.2. Liénard system

Consider Liénard system on the plane

ẋ = y,

ẏ = −g(x)− εyf(x, a),
(2.5)

where a ∈ D and ε are as in (2.1), the functions g(x) and f(x, a) are analytic on the intervals
(x10, x20) and (x10, x20)×D with −∞ ≤ x10 < x20 ≤ +∞, respectively.
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Firstly, we consider limit cycles bifurcated from a period annulus surrounding a single sin-
gular point of system (2.5)|ε=0. For the purpose, suppose that there exists x0 ∈ (x10, x20) such
that

g(x0) = 0, (x− x0)g(x) > 0, for x ∈ (x10, x20), x ̸= x0. (2.6)

Introduce

F (x, a) =

∫ x

x0

f(u, a)du, G(x) =

∫ x

x0

g(u)du, Z∗ = min{G(x10), G(x20)},

U = {(x, y) | x10 < x < x20, |y| <∞, (x, y) ̸= (x0, 0)}.

Obviously, system (2.5)|ε=0 has a family of periodic orbits as follows

Lh : G(x) +
1

2
y2 = h, 0 < h < Z∗

in the region U , and the first order Melnikov function of system (2.5) has the form

M(h, a) = −
∮
Lh

yf(x, a)dx =

∮
Lh

F (x, a)dy, 0 < h < Z∗. (2.7)

By (2.6), the function Z = G(x) has two inverse functions x = x1(Z) ∈ (x0, x20) and x =
x2(Z) ∈ (x10, x0) in Z ∈ (0, Z∗). Then, by Ref. [6] one has

M(h, a) =

∫
L∗
h

K(Z, a)dy, 0 < h < Z∗,

where L∗
h is the directed curve defined by the equation Z + 1

2y
2 = h for 0 ≤ Z ≤ h with dy < 0

along it, and
K(Z, a) = F (x1(Z), a)− F (x2(Z), a), 0 ≤ Z < Z∗.

Obviously,
K(Z, a) = F (β(x), a)− F (x, a), (2.8)

where x = x2(Z) < x0, β(x) = x1(G(x)) > x0 which satisfies G(β(x)) = G(x) for x ∈ (x10, x0).
Based on the proof of Theorem 2.1 in Ref. [6] and by (2.8), one can prove easily the following

lemma.

Lemma 2.4. Let (2.6) hold. Assume there exists a subset D0 ⊂ D, where each element a in
D0 satisfies the following two conditions:

(1) F (β(x), a)− F (x, a) ≥ 0 (resp. ≤ 0) for x ∈ (x10, x0);
(2) F (β(x), a)− F (x, a) ̸≡ 0 on any subinterval of (x10, x0).

Then M(h, a) < 0 (resp. > 0) for all h ∈ (0, Z∗) and a ∈ D0.

Considering that K ′
Z(Z, a) =

f(x1(Z),a)
g(x1(Z)) − f(x2(Z),a)

g(x2(Z)) and

g(β(x)) > 0, g(x) < 0, x ∈ (x10, x0) (2.9)

by (2.6). It follows from (2.9) that if
Ä
f
g

ä′
x
> 0 (resp. < 0) then

K ′′
Z(Z, a) =

Å
f(x1(Z), a)

g(x1(Z))

ã′
x

1

g(x1(Z))
−
Å
f(x2(Z), a)

g(x2(Z))

ã′
x

1

g(x2(Z))
> 0 (resp. < 0)

since x1(Z) = β(x) and x2(Z) = x. Hence, by Corollary 2.1 in Ref. [6] we have
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Lemma 2.5. Let (2.6) hold. Suppose that there is a subset D0 ⊂ D such that
Ä
f
g

ä′
x
> 0 (resp. <

0) for each a ∈ D0. Then M ′
h(h0, a) < 0 (resp. > 0) whenever M(h0, a) = 0 where a ∈ D0 and

h0 ∈ (0, Z∗).

Secondly, we consider bifurcation of large limit cycles for (2.5).

Let G̃(x) =
∫ x
0 g(u)du and F̃ (x, a) =

∫ x
0 f(u, a)du. Denote Z⋆ ≡ G̃(+∞) ∈ (0,+∞]. In

addition, we suppose that

g(x) = −g(−x),
g(x) < 0 (> 0) for 0 < x < x̄0 (x > x̄0).

(2.10)

Then (2.5)|ε=0 has three singular points (0, 0) and (±x̄0, 0), and a large family of periodic orbits
surrounding the three singular points given by

Lh : H(x, y) = G̃(x) +
1

2
y2 = h, 0 < h < Z⋆.

Set L+
h = Lh|x≥0, F̃1(x, a) = F̃ (x, a)− F̃ (−x, a). Let F̃1(x) = F̃1(x, a), M(h) = M(h, a). Then

the first order Melnikov function of system (2.5) can be written as

M(h) =

∫
L+
h

F̃1(x)dy, 0 < h < Z⋆. (2.11)

Clearly, the function F̃1(x) is odd in x. Suppose there exist 0 ≤ x̄1 ≤ x̄2 such that

F̃1(x̄2) = 0, (x− x̄1)F̃
′
1(x) > 0 (x > 0, x ̸= x̄1). (2.12)

For each h > 0, denote by A(0, y1(h)) and E the upper and lower intersection points of L+
h with

the y-axis respectively, by B(x̄0, y2(h)) and N the upper and lower intersection points of L+
h

with the straight line x = x̄0 respectively, and by C(x̄3(h), 0) the intersection of L+
h with the

positive x-axis, as shown in Figure 3. Then y1, y2 and x̄3 satisfy

y1(h) =
√
2h, y2(h) =

»
2(h− G̃(x̄0)) , G̃(x̄3(h)) = h.

Let

M̃1(h) =

∫
ĂBC

F̃1dy, M̃2(h) =

∫
ĊNE

F̃1dy. (2.13)

It follows from (2.11) and (2.12) that

M(h) = M̃1(h) + M̃2(h), h > 0. (2.14)

The following results (Lemmas 2.6 and 2.7 below) give some properties of M .

Lemma 2.6. Let (2.10) and (2.12) hold. If x̄0 > x̄2, then M(h) < 0 for all h ≥ 0.

Proof. The curve segments ÃB and B̃C can be expressed as x = b(y, h) (y1(h) ≤ y ≤ y2(h))
and x = c(y, h) (0 ≤ y ≤ y2(h)), respectively. There are two cases to consider below.

Case 1. x̄1 < x̄2. In this case, let B1 be the intersection of the straight line x = x̄2 with the arc
ÃB, and B2 be the intersection of the arc B̃C with the horizontal line passing through point
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Figure 3. The part of Lh on x ≥ 0.

B1, see Figure 4. Hence, we have by (2.12) and (2.13)

M̃1(h) =

Å∫
ÃB1

+

∫
B̆2C

ã
F̃1dy +

∫
Ḃ1B2

F̃1dy

=

∫ yB1

y1

F̃1dy +

∫ 0

yB1

F̃1dy +

∫ y2

yB1

î
F̃1(b)− F̃1(c)

ó
dy

< 0.

Using a similar method as above, it is easy to get M̃2(h) < 0. Thus by (2.14) we haveM(h) < 0.

Figure 4. The part of Lh and F̃1 on x ≥ 0 for x̄1 < x̄2.

Case 2. x̄1 = x̄2. Clearly, we have x̄1 = x̄2 = 0 since F̃1(0) = 0. Now, we suppose that A′ is

the intersection of the arc B̃C with the horizontal line passing through the point A, as shown
in Figure 5. By (2.12) and (2.13), we obtain
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Figure 5. The part of Lh and F̃1 on x ≥ 0 for x̄1 = x̄2.

M̃1(h) =

∫
ȦBA′

F̃1dy +

∫
Ā′C

F̃1dy =

∫ y2

y1

[F̃1(b)− F̃1(c)]dy +

∫ 0

y1

F̃1dy < 0.

Similarly, we can obtain M̃2(h) < 0. Hence, by (2.14), it is easy to get M(h) < 0. This ends the
proof.

The following lemma is crucial in the proof of the main result Theorem 1.2.

Lemma 2.7. Let (2.10) and (2.12) hold. Suppose that one of the following conditions is satis-
fied:

(i) x̄0 < x̄1 and the function
F̃ ′
1(x)

√
G̃(x)−G̃(x̄0)
g(x) is increasing in (x̃,+∞), where x̃=min{x̄1, x∗}

with x∗ satisfying G̃(x∗) = 0 and x∗ > x̄0;

(ii) x̄0 ≥ x̄1 > 0 and the function
F̃ ′
1(x)

√
G̃(x)−G̃(x̄0)
|g(x)| is increasing in (x̄1,+∞).

Then for all h > 0, M ′′
h (h) < 0.

Proof. Under condition (i), we have x̄0 < x̄1. Then for each h > 0, we denote by A∗ the

intersection of the straight line x = x̃ with arc ÃC, and A′ the intersection of the arc B̃C with
the horizontal line passing through A, as shown in Figure 6. It follows from (2.14) that

M̃1(h) =

∫
ȦBA′

F̃1dy +

∫
Ā′C

F̃1dy

=

∫ y2

y1

î
F̃1(b)− F̃1(c)

ó
dy +

∫ 0

y1

F̃1(c)dy

≡ M̃11(h) + M̃12(h).

(2.15)

Note that

b(y1, h) = 0, c(y1, h) ≡ x′ ∈ (x̄0, x̄3),

b(y2, h) = c(y2, h) = x̄0,

∂b

∂h
=

1

g(b)
,
∂c

∂h
=

1

g(c)
.

(2.16)
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(a) x̃ = x̄1 (b) x̃ = x∗

Figure 6. The part of Lh and F̃1 on x ≥ 0 for x̄0 < x̄1.

In view of (2.15), together with (2.16), we derive

M̃ ′
11h(h) =F̃1 (b(y2, h)) y

′
2(h)− F̃1 (c(y2, h)) y

′
2(h)

−
î
F̃1(b(y1, h))y

′
1(h)− F̃1(c(y1, h))y

′
1(h)
ó

+

∫ y2

y1

î
F̃ ′
1(b(y, h))bh − F̃ ′

1(c(y, h))ch
ó
dy

=

∫ y2

y1

ñ
F̃ ′
1(b)

g(b)
− F̃ ′

1(c)

g(c)

ô
dy + F̃1(x

′)y′1(h)

and

M̃ ′
12h(h) = −F̃1(c(y1, h))y

′
1(h) +

∫ 0

y1

F̃ ′
1(c(y, h))chdy

=

∫ 0

y1

F̃ ′
1(c)

g(c)
dy − F̃1(x

′)y′1(h).

Hence,

M̃ ′
1h(h) = M̃ ′

11h(h) + M̃ ′
12h(h)

=

∫
ȦBA′

F̃ ′
1

g
dy +

∫
Ā′C

F̃ ′
1

g
dy

=

∫
ĂA∗

F̃ ′
1

g
dy +

∫
Ă∗C

F̃ ′
1

g
dy

=

∫
ĂA∗

F̃ ′
1

−y
dx+

∫
Ă∗C

F̃ ′
1

−y
dx

≡ M̃13(h) + M̃14(h). (2.17)
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Then

M̃13(h) =

∫ x̃

0

−F̃ ′
1»

2(h− G̃(x))
dx, M̃ ′

13h(h) =

∫ x̃

0

F̃ ′
1 dxî

2(h− G̃(x))
ó 3

2

.

Since F̃ ′
1(x) < 0 for x ∈ (0, x̃), it is easy to get M̃ ′

13h(h) < 0. Note that there is a value θ0
satisfying

0 ≤ θ0 <
π

2
, G̃(x̃)− h0 = (h− h0) cos

2 θ0,

where h0 = G̃(x̄0). The arc Ā∗C can be expressed as

G̃(x)− h0 = (h− h0) cos
2 θ, y =

»
2(h− h0) sin θ, x ≥ x̃, 0 ≤ θ ≤ θ0. (2.18)

Introducing the integral transformation (2.18) to M̃14(h) in (2.17) and noting

g(x)dx = −2(h− h0) cos θ sin θdθ,

we have

M̃14(h) =
√
2

∫ 0

θ0

F̃ ′
1(x)
»
G̃(x)− h0

g(x)
dθ,

where x satisfies the first formula of (2.18). Noting that

∂x

∂h
=

cos2 θ

g(x)
, (2.19)

it follows from condition (i) that

M̃ ′
14h(h) =

√
2

∫ 0

θ0

Ñ
F̃ ′
1(x)
»
G̃(x)− h0

g(x)

é′

x

cos2 θ

g(x)
≤ 0.

Thus, we have M̃ ′′
1h(h) < 0. Similarly, we derive M̃ ′′

2h(h) < 0. Consequently, we get M ′′
h (h) < 0

by (2.15).

Under condition (ii), we have x̄0 ≥ x̄1 > 0. Then there exists θ1 such that

π

2
≤ θ1 < π, G̃(x1)− h0 = (h− h0) cos

2 θ1,

where h0 = G̃(x̄0). In this case, the point A∗ is the intersection of the straight line x = x̄1 with

arc ÃC, see Figure 7. As before, we have M̃ ′
13h(h) < 0. Introduce an integral transformation

similar to (2.18) as follows

G̃(x)− h0 = (h− h0) cos
2 θ, y =

»
2(h− h0) sin θ, x ≥ x̄1, 0 ≤ θ ≤ θ1. (2.20)

It follows from (2.20) that

M̃14(h) =
√
2

∫ 0

θ1

F̃ ′
1(x)

g(x)

»
G̃(x)− h0 dθ,
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Figure 7. The part of Lh and F̃1 on x ≥ 0 for x̄1 < x̄0.

where x satisfies the first formula of (2.20). Combining (2.10), (2.19) and condition (ii), we get

M̃ ′
14h(h, a) =

√
2

∫ 0

θ1

Ç
F̃ ′
1(x)

√
G̃− h0

g(x)

å′

x

cos2 θ

g(x)
dθ

=
√
2

∫ π
2

θ1

Ç
F̃ ′
1(x)

√
G̃− h0

g(x)

å′

x

cos2 θ

g(x)
dθ +

√
2

∫ 0

π
2

Ç
F̃ ′
1(x)

√
G̃− h0

g(x)

å′

x

cos2 θ

g(x)
dθ

≤ 0.

In view of (2.17), we obtain M̃ ′′
1h(h) < 0. Analogously, we acquire M̃ ′′

2h(h) < 0. Then M ′′(h) < 0
follows immediately from (2.14). We have thus proved Lemma 2.7.

Lemma 2.8. Let (2.10) and (2.12) hold. If x̄1 = 0, then M(h) < 0 for all h ≥ 0.

Proof. For x̄1 = 0, in light of (2.12) we have x̄1 = x̄2 = 0. It follows from (2.10) and Lemma
2.6 that M(h) < 0.

3. Proof of main results

In order to prove Theorem 1.1, we consider system (1.3) with m ≥ 1 odd. In this case, system
(1.3)|ε=0 has a family of periodic orbits surrounding an elementary center at the point (1, 0),
denoted by

Lh : H(x, y) = h, 0 < h < hm, x > 0.

The outer boundary of the family is a clockwise oriented homoclinic loop Γ, where Γ passes
through the saddle (0, 0) and is defined by H(x, y) = hm, x > 0 with

H(x, y) =
1

2
y2 − x2

2
+
xm+2

m+ 2
+

m

2(m+ 2)
, hm = H(0, 0) =

m

2(m+ 2)
.
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Then, by (3.9), the first order Melnikov function M(h, a) in (2.7) can be simplified to

M(h, a) = aI0(h) + Im(h), h ∈ (0, hm), (3.1)

where Ii(h) = −
∮
Lh
xiydx, i = 0,m.

Now, we consider the Hopf bifurcation of system (1.3) near the center (1, 0). For this purpose,
we first move the center to the origin, obtaining

dx

dτ
= y,

dy

dτ
= −mx−

m+1∑
i=2

Ci
m+1x

i − ε [a+ (x+ 1)m] y.
(3.2)

Then by using

x =
1

m
x̄, y =

1√
m
ȳ, τ =

1√
m
τ̄,

we can get from (3.2)

dx̄

dτ̄
= ȳ,

dȳ

dτ̄
= −x̄−

m+1∑
i=2

Ci
m+1

( x̄
m

)i
− ε

ï
a+

( x̄
m

+ 1
)mò ȳ√

m
.

(3.3)

Therefore, we need only to study the Hopf bifurcation of system (3.3) near the origin (0, 0) . It
is evident that (3.3)|ε=0 is Hamiltonian with

H(x̄, ȳ) =
1

2
(ȳ2 + x̄2) +

m+1∑
i=2

Ci
m+1

m

i+ 1
(
x̄

m
)i+1. (3.4)

By (3.4) and applying Lemma 2.2 to (3.3), we can obtain directly the following lemma.

Lemma 3.1. (Hopf bifurcation) Let G > 1 be a constant. Then there exist a constant ϵ1 > 0,
a neighborhood U1 of the focus (1, 0) of system (1.3) (or, equivalently, (0, 0) of system (3.3))
and a function a∗1,m(ε) = −1 + O(ε) such that for 0 < |ε| < ϵ1 and |a + 1| < ϵ1, system (1.3)
(or, equivalently, (3.3)) has a unique limit cycle in U1 iff a > a∗1,m(ε); additionally, the limit
cycle, when it exists, is unstable if ε is positive and stable if ε is negative. System (1.3) (or,
equivalently, (3.3)) has no limit cycle in U1 for 0 < |ε| < ϵ1 and ϵ1 ≤ |a+ 1| < G.

Consider homoclinic bifurcation. By (3.1) we have

M(hm, a) =−
∮

H(x,y)=hm

(a+ xm) y dx

=− 2

∫ (m+2
2 )

1
m

0
(a+ xm)

…
x2 − 2

m+ 2
xm+2 dx

≡c0(a).
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Letting 2
m+2x

m = sin2 ς, we derive

∫ (m+2
2 )

1
m

0

…
x2 − 2

m+ 2
xm+2 dx

=

∫ (m+2
2 )

1
m

0
x

…
1− 2

m+ 2
xm dx

=
2

m

Å
m+ 2

2

ã 2
m
∫ π

2

0
sin

4−m
m ς cos2 ς dς

=
1

m

Å
m+ 2

2

ã 2
m

B

Å
3

2
,
2

m

ã (3.5)

and ∫ (m+2
2 )

1
m

0
xm
…
x2 − 2

m+ 2
xm+2 dx

=

∫ (m+2
2 )

1
m

0
xm+1

…
1− 2

m+ 2
xm dx

=
2

m

Å
m+ 2

2

ãm+2
m
∫ π

2

0
sin

4+m
m ς cos2 ς dς

=
1

m

Å
m+ 2

2

ãm+2
m

B

Å
3

2
, 1 +

2

m

ã
,

(3.6)

where B(·, ·) is the Beta function. Then,

c0(a) =− 2

Ñ∫ (m+2
2 )

1
m

0
a

…
x2 − 2

m+ 2
xm+2 dx+

∫ (m+2
2 )

1
m

0
xm
…
x2 − 2

m+ 2
xm+2 dx

é
=− 2

(
a

m

Å
m+ 2

2

ã 2
m

B

Å
3

2
,
2

m

ã
+

1

m

Å
m+ 2

2

ãm+2
m

B

Å
3

2
, 1 +

2

m

ã)
=
−2

m

Å
m+ 2

2

ã 2
m
Å
aB

Å
3

2
,
2

m

ã
+
m+ 2

2
B

Å
3

2
, 1 +

2

m

ãã
.

Therefore, we have

c0(a) = 0 ⇔ a = −m+ 2

2

B
(
3
2 , 1 +

2
m

)
B
(
3
2 ,

2
m

) = −2m+ 4

3m+ 4
≜ a2,m (3.7)

and
∂c0
∂a

(a2,m) =
−2

m

Å
m+ 2

2

ã 2
m

B

Å
3

2
,
2

m

ã
< 0. (3.8)

By (3.7) and (3.8), we have the following lemma from Lemma 2.8 of Ref. [13] immediately.

Lemma 3.2. (Homoclinic bifurcation) Consider system (1.3) with m ≥ 1 odd. Then for any
given constant G > 1 there are a constant ϵ2 > 0, a neighborhood U2 of Γ and a unique C∞

function a∗2,m(ε) = a2,m +O(ε) with a2,m given in (3.7), such that
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(i) for 0 < |ε| < ϵ2 and |a − a2,m| < ϵ2, there is a homoclinic loop of system (1.3) in U2 if
and only if a = a∗2,m(ε); there is a unique limit cycle of system (1.3) in U2 if a < a∗2,m(ε); there
is no limit cycle of system (1.3) in U2 if a > a∗2,m(ε); additionally, when the aforementioned
limit cycle or the homoclinic loop exists, it is unstable if ε is positive and stable if ε is negative.

(ii) for 0 < |ε| < ϵ2, |a − a2,m| ≥ ϵ2 and |a| ≤ G, there is no limit cycle of system (1.3) in
U2.

Further, for Poincaré bifurcation, by (1.3) and (2.5), it implies that

g(x) = x(xm − 1), G(x) =

∫ x

1
gds = −x

2

2
+
xm+2

m+ 2
+

m

2(m+ 2)
,

f(x, a) = a+ xm, F (x, a) =

∫ x

1
fds = a(x− 1) +

1

m+ 1

(
xm+1 − 1

)
.

(3.9)

Since Fx(1, a) = f(1, a) = a+1, we have that for ε > 0 (< 0) the focus (1, 0) is unstable (stable)
if a < −1 and is stable (unstable) if a > −1. Further, the point (1, 0) is unstable (stable) of
system (1.3)|a=−1 as ε > 0 (< 0). It then follows that if a is closed to −1 and a > −1, there is
an unstable (stable) limit cycle for system (1.3) when ε > 0 (< 0).

It is easy to see that there exists a unique function β(x) > 1 > x > 0 satisfies G(β(x)) =
G(x), x ∈ (0, 1) with G(x) being found in (3.9). Then we have

g(β(x))β′(x) = g(x), β′(x) =
g(x)

g(β(x))
.

When a = −1, let ϕ̃(x) = F (β(x),−1)− F (x,−1) for x ∈ (0, 1). Then, we have

ϕ̃′(x) = f(β(x),−1)β′(x)− f(x,−1) ≜ g(x)ϕ̃0(x),

where ϕ̃0(x) =
f(β(x),−1)
g(β(x)) − f(x,−1)

g(x) for x ∈ (0, 1). Note that

ϕ̃0(x) =
f(β(x),−1)

g(β(x))
− f(x,−1)

g(x)
=

1

β(x)
− 1

x
=
x− β(x)

xβ(x)
< 0, x ∈ (0, 1).

Hence, ϕ̃′(x) > 0 for x ∈ (0, 1). It follows from ϕ̃(1) = 0 that ϕ̃(x) < 0 for x ∈ (0, 1) and a = −1.
Using Lemma 2.4, we get M(h,−1) > 0, h ∈ (0, hm), where M is the first order Melnikov
function of system (1.3).

For a ≥ 0, it is evident that

F (β(x), a)− F (x, a) = a (β(x)− x) +
1

m+ 1

Ä
(β(x))m+1 − xm+1

ä
> 0, x ∈ (0, 1),

where F (x, a) is given by (3.9). It follows from Lemma 2.4 that M(h, a) < 0, h ∈ (0, hm) for
a ≥ 0, where function M(h, a) is Melnikov function of system (1.3).

Based on the above analysis, system (1.3) may have a limit cycle only if a ∈ (−1, 0). In this
case, we have the following lemma.

Lemma 3.3. Consider system (1.3) with m ≥ 1 odd. Then for a ∈ (−1, 0), we have
Ä
f(x,a)
g(x)

ä′
x
<

0 with x > 0, x ̸= 1.
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Proof. In fact, it is direct thatÅ
f(x, a)

g(x)

ã′
x

=
−1

(g(x))2
[
x2m + (m− 1 + a(m+ 1))xm − a

]
≜

−1

(g(x))2
ω(u), (3.10)

where
ω(u) = u2 + ϱu− a (3.11)

with u = xm and ϱ = (m+ 1)a+m− 1. The lemma will be proved if we can show ω(u) > 0 for
u > 0. If ϱ ≥ 0, then it is obvious from (3.11) that ω(u) > 0 for u > 0.

For the case ϱ < 0, i.e., a < −m−1
m+1 , noting a > −1, we have

ω(0) > 0, ω′(0) = ϱ < 0,

ω(1) = 1 + ϱ− a = m(a+ 1) > 0,

ω′(1) = 2 + ϱ = (m+ 1)(a+ 1) > 0.

If we can prove ωmin(u) > 0 for −1 < a < −m−1
m+1 , then ω(u) > 0 (u > 0) follows immediately.

Letting ω′(u) = 2u+ ϱ = 0, we get u = −ϱ
2 . Then

ωmin(u) = ω
(
−ϱ
2

)
=
ϱ2

4
− ϱ2

2
− a ≜ −1

4
φ(a),

where φ(a) = ϱ2+4a = (m+1)2a2+2(m2+1)a+(m−1)2. Hence, it suffices to prove φ(a) < 0
for −1 < a < −m−1

m+1 . In fact, we have

φ(0) = (m− 1)2 ≥ 0, φ′(0) = 2(m2 + 1) > 0,

φ(−1) = (m+ 1)2 − 2(m2 + 1) + (m− 1)2 = 0,

φ′(−1) = −2(m+ 1)2 + 2(m2 + 1) = −4m < 0,

φ(−m− 1

m+ 1
) = (m+ 1)2

Å
1−m

m+ 1

ã2
+ 2(m2 + 1)

1−m

m+ 1
+ (m− 1)2

= −4(m− 1)

m+ 1

≤ 0.

It follows that φ(a) < 0 for −1 < a < −m−1
m+1 . Thus we arrive at the conclusion that ω(u) > 0

for u > 0 if ϱ < 0.
Therefore, we have proved ω(u) > 0 for u > 0 with a ∈ (−1, 0). It follows from (3.10) thatÄ

f(x,a)
g(x)

ä′
x
< 0 for x > 0, x ̸= 1 with a ∈ (−1, 0). The proof is completed.

By Lemmas 2.5 and 3.3, we have immediately

Lemma 3.4. For M(h, a) in (3.1) with a ∈ (−1, 0), it holds that M ′
h(h0, a) > 0 if M(h0, a) = 0

for h0 ∈ (0, hm).

By (3.1),

M(h, a) = I0(h)(a− P (h)), P (h) = −Im(h)

I0(h)
, h ∈ (0, hm), (3.12)
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where

I0(h) = −2

∫ b∗(h)

a∗(h)
y(x, h) dx < 0, Im(h) = −2

∫ b∗(h)

a∗(h)
xmy(x, h) dx. (3.13)

It is direct that

I ′0(h) = −2

∫ b∗(h)

a∗(h)

dx

y(x, h)
, I ′m(h) = −2

∫ b∗(h)

a∗(h)

xm

y(x, h)
dx, (3.14)

where y(x, h) =
»
x2 − 2

m+2x
m+2 − m

m+2 + 2h and the values a∗(h) and b∗(h) satisfy y(a∗(h), h)

= y(b∗(h), h) = 0, and 0 ≤ a∗(h) < 1 < b∗(h) ≤
(
m+2
2

) 1
m .

Denote by T (h) the period of Lh. Then lim
h→0+

T (h) = 2π√
m

by (3.3), and

I ′0(h) = −
∮
Lh

dx

y
= −

∫ T

0
dτ → −2π√

m
, I ′m(h) = −

∫ T

0
xmdτ → −

∫ 2π√
m

0
dτ =

−2π√
m

(h→ 0)

by (3.14), which give

lim
h→0

Im(h)

I0(h)
= 1. (3.15)

Now, we have the following result.

Lemma 3.5. The function P (h) satisfies P ′(h) > 0 on the interval (0, hm), and

P (0) = −1, P (hm) = a2,m

with a2,m in (3.7).

Proof. By (3.12) and (3.15), it is easy to see that P (0) = −1. Using (3.12), it follows from
(3.5), (3.6) and (3.7) that

P (hm) =− Im(hm)

I0(hm)

= −

∮
H(x,y)=hm

xmy dx∮
H(x,y)=hm

y dx

= −
2
∫ (m+2

2
)
1
m

0 xm
»
x2 − 2

m+2x
m+2 dx

2
∫ (m+2

2
)
1
m

0

»
x2 − 2

m+2x
m+2 dx

= −
2
m

(
m+2
2

)m+2
m B

(
3
2 , 1 +

2
m

)
2
m

(
m+2
2

) 2
m B

(
3
2 ,

2
m

)
= a2,m.

Then noting by (3.12)
∂M

∂h

∣∣∣
M(h,a)=0

= −I0(h)P ′(h), (3.16)

by Lemma 3.4 and (3.13) we obtain P ′(h) > 0. This ends the proof.
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Now, we can prove Theorem 1.1. Without loss of generality, let ε > 0. Following the proof
of Theorem 1.1 of Ref. [13] one can get the following claims:

(1) Let G > 1 be a constant. A positive constant ε∗1 exists such that for ε ∈ (0, ε∗1), there is
no limit cycle of system (1.3) if a ∈ [−G, a∗1,m(ε)] ∪ [a∗2,m(ε), G].

(2) A positive constant ε∗2 exists such that for ε ∈ (0, ε∗2), there is a stable homoclinic loop
near Γ of system (1.3) if and only if a = a∗2,m(ε).

(3) A positive constant ε∗3 exists such that for ε ∈ (0, ε∗3), there is a unique limit cycle of
system (1.3) if a ∈ (a∗1,m(ε), a∗2,m(ε)). Additionally, the above limit cycle is unstable.

Then Theorem 1.1 follows immediately from the above claims (1) − (3) by letting ε∗ =
min{ε∗1, ε∗2, ε∗3}.

To prove Theorem 1.2, we consider system (1.3) with m ≥ 2 even. As before, we have from
(1.3) and (2.5)

g(x) = x(xm − 1), G̃(x) = −x
2

2
+
xm+2

m+ 2
,

f(x, a) = a+ xm, F̃ (x, a) = ax+
1

m+ 1
xm+1.

(3.17)

Let

H(x, y) =
1

2
y2 + G̃(x) =

1

2
y2 − 1

2
x2 +

1

m+ 2
xm+2.

Then, (1.3)|ε=0 has three families of periodic orbits given by

L(h) : H(x, y) = h, h > 0 (3.18)

and

L̄i(h) : H(x, y) = h, (−1)i+1x < 0, i = 1, 2, ĥm < h < 0,

where ĥm = G̃(±1) = −m
2(m+2) . Correspondingly, it yields three Melnikov functions as follows

M(h, a) = −
∮
L(h)

yf(x, a)dx, h > 0,

Mi(h, a) = −
∮
L̄i(h)

yf(x, a)dx, ĥm < h < 0, i = 1, 2.

(3.19)

By (3.17), system (1.3) is centrally symmetric. Noting (2.7) and (2.11) we have by (3.19)

M1(h, a) =M2(h, a) = [aÎ0(h) + Îm(h)]/2, h ∈ (ĥm, 0) (3.20)

and

M(h, a) = aÎ0(h) + Îm(h), h ∈ (0,+∞), (3.21)

where

Îj(h) = −
∮

H(x,y)=h

xjydx, j = 0,m, h ∈ [ĥm,+∞). (3.22)

For system (1.3) with m ≥ 2 being even, we first consider the Hopf bifurcation near two
singular points (±1, 0). Noting that system (1.3) is centrally symmetric, we obtain Lemma 3.6
as follows similar to Lemma 3.1.
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Lemma 3.6. (Hopf bifurcation) Let G > 1 be a constant. There are a positive constant ϵ̂1, a
neighborhood Ûi1 of ((−1)i+1, 0) ( i = 1, 2) and a function â∗1,m(ε) = −1 + O(ε), such that the
following results hold.

(i) When 0 < |ε| < ϵ̂1 and |a + 1| < ϵ̂1, there is a unique limit cycle of system (1.3) in Ûi1

if and only if a > â∗1,m(ε). Additionally, when the above limit cycle exists, it is unstable if ε is
positive and stable if ε is negative.

(ii) When 0 < |ε| < ϵ̂1, ϵ̂1 ≤ |a+ 1| < G, there is no limit cycle of system (1.3) in Ûi1 with
i = 1, 2.

Next, for system (1.3) with m ≥ 2 being even, we consider the double homoclinic bifurcation.
It follows from (2.4), (1.3), (2.1), (3.5) and (3.6) that

c̄0(a) =− 2

∮
H(x,y)=0, x>0

(a+ xm) y dx

=− 4

∫ (m+2
2 )

1
m

0
(a+ xm)

…
x2 − 2

m+ 2
xm+2 dx

=
−4

m

Å
m+ 2

2

ã 2
m
Å
aB

Å
3

2
,
2

m

ã
+
m+ 2

2
B

Å
3

2
, 1 +

2

m

ãã
.

By the above formula, it is easy to know that

c̄0(a) = 0 ⇔ a = −m+ 2

2

B
(
3
2 , 1 +

2
m

)
B
(
3
2 ,

2
m

) = −2m+ 4

3m+ 4
≜ a3,m (3.23)

and
∂c̄0
∂a

(a3,m) =
−4

m

Å
m+ 2

2

ã 2
m

B

Å
3

2
,
2

m

ã
< 0. (3.24)

By (2.4), (1.3), (2.1) and (3.23), we have

c̄1(a3,m) = −2 (a3,m + 0) = −2a3,m =
4m+ 8

3m+ 4
> 0.

Therefore, combining (3.24) and the above formula, we obtain by Corollary 2.1.

Lemma 3.7. (Double homoclinic bifurcation) Let G > 1 be a constant. Then there exist a
constant ϵ̂3 > 0, a neighborhood U3 of the loop L̄ defined by H(x, y) = 0 and a C∞ function
â∗3,m(ε) = a3,m + O(ε) with a3,m given in (3.23) such that for 0 < |ε| < ϵ̂3, |a − a3,m| < ϵ̂3 and
|a| < G, the following conclusions hold.

(i) If a = â∗3,m(ε), there is a double homoclinic loop of (1.3) in U3.

(ii) If a > â∗3,m(ε), there is a unique large limit cycle of (1.3) in U3.

(iii) If a < â∗3,m(ε), there are two small limit cycles of (1.3) in U3.

Additionally, when a limit cycle exists, it is unstable if ε is positive and stable if ε is negative.

For Poincaré bifurcation, let Φ(h, ε, a) denote the bifurcation function of system (1.3) such
that

Φ(h, 0, a) =

®
M(h, a), h ≥ 0,

2M1(h, a), ĥm ≤ h < 0.
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We rewrite the functions M1(h, a) in (3.20) and M(h, a) in (3.21) as

M1(h, a) =
1

2
Î0(h)(a− P̂ (h)), h ∈ [ĥm, 0],

M(h, a) = Î0(h)(a− P̂ (h)), h ∈ (0,+∞)
(3.25)

with

P̂ (h) = − Îm(h)

Î0(h)
, h ∈ [ĥm,+∞). (3.26)

By (3.5) and (3.6), we have

Î0(0) = −4

∫ â(0)

0
y(x, 0) dx

= −4

∫ (m+2
2 )

1
m

0

…
x2 − 2

2 +m
xm+2 dx

= − 4

m

Å
m+ 2

2

ã 2
m

B

Å
3

2
,
2

m

ã (3.27)

and

Îm(0) = −4

∫ â(0)

0
xmy(x, 0) dx

= −4

∫ (m+2
2 )

1
m

0
xm
…
x2 − 2

2 +m
xm+2 dx

= − 4

m

Å
m+ 2

2

ã 2+m
m

B

Å
3

2
, 1 +

2

m

ã
.

(3.28)

Then by (3.26) and (3.23) we have

P̂ (0) = − Îm(0)

Î0(0)
= −m+ 2

2

B
(
3
2 , 1 +

2
m

)
B
(
3
2 ,

2
m

) = −2m+ 4

3m+ 4
= a3,m.

Then, just similar to Lemma 3.5, one can obtain:

Lemma 3.8. For P̂ (h) given in (3.26), we have

P̂ (ĥm) = −1, P̂ (0) = a3,m and P̂ ′(h) > 0, h ∈ (ĥm, 0)

with a3,m in (3.23).

The following proposition is useful when considering Poincaré bifurcation of limit cycles
surrounding three singular points.

Proposition 3.1. The function
F̃ ′
1(x)

√
G̃(x)−G̃(1)

|g(x)| is monotonically increasing with x > 0.

Proof. Let

Ψm(x) ≡
F̃ ′
1(x)
»
G̃(x)− G̃(1)

|g(x)|
=

(2a+ 2xm)
»

xm+2

m+2 − x2

2 − 1
m+2 + 1

2

|x(xm − 1)|
. (3.29)
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Since m ≥ 2 is even, we can set m = 2k (k ∈ Z+). It follows from (3.29) that

Ψ2k(x) =
(2a+ 2x2k)

»
x2k+2

2k+2 − x2

2 + k
2k+2

| x(x2k − 1) |
. (3.30)

Note that

x2k+2

2k + 2
− x2

2
+

k

2k + 2

≡ 1

2k + 2

Ä
x2k+2 − x2 + k − kx2

ä
=

1

2k + 2

Ä
x2(x2k − 1) + k(1− x2)

ä
=

1

2k + 2

(
x2
(
x2 − 1

) k−1∑
i=0

x2i − k
(
x2 − 1

))

=
x2 − 1

2k + 2

(
x2

k−1∑
i=0

x2i − k

)

=
x2 − 1

2k + 2

(
x2

k−1∑
i=0

(
x2i − 1

)
+ kx2 − k

)

=
x2 − 1

2k + 2

Ñ
x2

k−2∑
i=0

(
x2 − 1

) i∑
j=0

x2j + k(x2 − 1)

é
=
(x2 − 1)2

2k + 2

Ñ
k−1∑
i=1

i∑
j=1

x2j + k

é
=
(x2 − 1)2

2k + 2

k−1∑
i=0

(k − i)x2i.

(3.31)

Substituting (3.31) into (3.30) gives that

Ψ2k(x) =

(
2a+ 2x2k

) ∣∣x2 − 1
∣∣ k−1∑

i=0

(
k − i

)
x2i

√
2k + 2x |x2 − 1|

k−1∑
i=0

x2i
=

(
2a+ 2x2k

) k−1∑
i=0

(
k − i

)
x2i

√
2k + 2x

k−1∑
i=0

x2i
. (3.32)

By (3.32) we have

Ψ′
2k(x) =

Ö
4kx2k−1

 
k−1∑
i=0

(
k − i

)
x2i +

(
2a+ 2x2k

) k−1∑
i=1

2i(k−i)x2i−1

2

√
k−1∑
i=0

(
k−i

)
x2i

è
√
2k + 2x

k−1∑
i=0

x2i

(2k + 2)x2

Ç
k−1∑
i=0

x2i

å2
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−

(
2a+ 2x2k

) k−1∑
i=0

(
k − i

)
x2i

√
2k + 2

Ç
k−1∑
i=0

(2i+ 1)x2i
å

(2k + 2)x2

Ç
k−1∑
i=0

x2i

å2

=
Φ2k(x)

√
2k + 2x2

Ç
k−1∑
i=0

x2i

å2 k−1∑
i=0

(
k − i

)
x2i

, (3.33)

where

Φ2k(x) =
Ä
4kx2kφ1(x) +

Ä
2a+ 2x2k

ä
φ2(x)

ä
φ3(x)−

Ä
2a+ 2x2k

ä
φ1(x)φ4(x) (3.34)

with

φ1(x) =

k−1∑
i=0

(
k − i

)
x2i, φ2(x) =

k−1∑
i=1

i(k − i)x2i,

φ3(x) =
k−1∑
i=0

x2i, φ4(x) =
k−1∑
i=0

(2i+ 1)x2i.

By (3.33) it suffices to show Φ2k(x) ≥ 0 for x > 0. We first prove that

2aφ2(x)φ3(x)− 2aφ1(x)φ4(x) > 0, x > 0. (3.35)

In fact, it is easy to see that

2aφ2(x)φ3(x)− 2aφ1(x)φ4(x) = −2ak
x4k+2 − (2k + 1)x2k+2 + (2k + 1)x2k − 1

(x2 − 1)3
= −2akψ(u),

where

ψ(u) =
u2k+1 − 1− (2k + 1)uk(u− 1)

(u− 1)3
, u = x2.

It is direct that

ψ(u) =

(u− 1)
2k∑
i=0

ui − (2k + 1)uk (u− 1)

(u− 1)3

=

2k∑
i=0

ui − (2k + 1)uk

(u− 1)2

=

k∑
i=1

(
uk+i − uk

)
+

k∑
i=1

(
uk−i − uk

)
(u− 1)2

=

k∑
i=1

(
uk+i − uk

)
−

k∑
i=1

(
uk − uk−i

)
(u− 1)2
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=

k∑
i=1

uk
(
ui − 1

)
−

k∑
i=1

uk−i
(
ui − 1

)
(u− 1)2

=

k∑
i=1

(
uk − uk−i

) (
ui − 1

)
(u− 1)2

=

k∑
i=1

uk−i
(
ui − 1

)2
(u− 1)2

=

k∑
i=1

uk−i

Ç
(u− 1)

i−1∑
j=0

uj
å2

(u− 1)2

=

(u− 1)2
k∑

i=1
uk−i

Ç
i−1∑
j=0

uj
å2

(u− 1)2

=
k∑

i=1

uk−i

Ñ
i−1∑
j=0

uj

é2

>0.

Therefore, (3.35) holds. For x > 0, it is straightforward that

4kx2kφ1(x)φ3(x) + 2x2kφ2(x)φ3(x)− 2x2kφ1(x)φ4(x)

= 2x2k

(
k−1∑
i=0

(
k − i

)
x2i

)(
2k

k−1∑
i=0

x2i −
k−1∑
i=0

(
2i+ 1

)
x2i

)
+ 2x2k

(
k−1∑
i=1

i
(
k − i

)
x2i

)(
k−1∑
i=0

x2i

)

= 2x2k

(
k−1∑
i=0

(
k − i

)
x2i

)(
k−1∑
i=0

(
2(k − i)− 1

)
x2i

)
+ 2x2k

(
k−1∑
i=1

i
(
k − i

)
x2i

)(
k−1∑
i=0

x2i

)
> 0.

Then from (3.34) and (3.35) the conclusion follows.

Lemma 3.9. M(h, a) in (3.21) satisfies that M ′′
h (h, a) < 0 for all a < 0 and M(h, a) < 0 for

all a ≥ 0.

Proof. In (2.12), we take x̄1 =
√
−a for a < 0 and take x̄1 = x̄2 = 0 for a ≥ 0. Then Lemma

3.9 follows by Lemmas 2.7 and 2.8 and Proposition 3.1. This completes the proof.
Let

y(x, h) =

…
x2 − 2

m+ 2
xm+2 + 2h, 0 ≤ x ≤ â(h), (3.36)

where (â(h), 0) is the right endpoint of the periodic orbit L(h) in (3.18), that is, y(â(h), h) = 0
with â(h) > 1. For h > 0, Îj(h) in (3.22) can be rewritten as

Îj(h) = −4

∫ â(h)

0
xjy(x, h)dx, j = 0,m, (3.37)
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where y(x, h) is given by (3.36).
Now we can prove the following lemma.

Lemma 3.10. The continuous function P̂ (h) on the interval [ĥm,+∞) satisfies
(1) P̂ (ĥm) = −1, P̂ (0) = a3,m and P̂ ′(h) > 0 for h ∈ (ĥm, 0);
(2) lim

h→0+
P̂ ′(h) = +∞, lim

h→0−
P̂ ′(h) = +∞, lim

h→+∞
P̂ (h) = −∞;

(3) there exists h0 > 0 such that P̂ ′(h0) = 0, P̂ ′′(h0) < 0 and (h − h0)P̂
′(h) < 0 for h ∈

(0, h0) ∪ (h0,+∞),
where a3,m and P̂ (h) are given by (3.23) and (3.26), respectively.

Proof. By Lemma 3.8, we need only to prove conclusions (2) and (3). Since y(x, h) in (3.36) is
monotonically decreasing with respect to x on the interval [1,+∞), we have y(x, h) ≤ y(1, h) =»

m
m+2 + 2h, which gives for h > 0

Î0(h) = −4

∫ â(h)

0
y(x, h)dx ≥ −4

∫ â(h)

0

…
m

m+ 2
+ 2hdx = −4

…
m

m+ 2
+ 2h â(h). (3.38)

It is obvious that the equation y(x, h) =
√
h has a unique positive root â0(h) ∈ (1, â(h)) in x

and that y(x, h) ≥
√
h for 0 ≤ x ≤ â0(h), which implies that

Îm(h) = −4

∫ â(h)

0
xmy(x, h) dx

≤ −4

∫ â0(h)

0
xm

√
hdx

=
−4

√
h

m+ 1
(â0(h))

m+1

< 0. (3.39)

Note that by (3.36) as h≫ 1

â0(h) ∼ [(m+ 2)h/2]
1

m+2 , â(h) ∼ [(m+ 2)h]
1

m+2 .

Then by (3.38) and (3.39), we obtain

P̂ (h) = − Îm(h)

Î0(h)

≤ −
4
√
h

m+1 (â0(h))
m+1

4
»

m
m+2 + 2h â(h)

= −
√
h

m+ 1

(â0(h))
m+1»

m
m+2 + 2h â(h)

→ −∞ (h→ +∞).

Hence, lim
h→+∞

P̂ (h) = −∞.

From (3.37), we have

Î ′0(h) = −4

∫ â(h)

0

1

y(x, h)
dx, Î ′m(h) = −4

∫ â(h)

0

xm

y(x, h)
dx. (3.40)
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Similar to (3.5), letting 2
m+2x

m = sin2 υ, we have

∫ (m+2
2 )

1
m

0

1»
x2 − 2

2+mx
m+2

dx =

∫ (m+2
2 )

1
m

0

1

x
»
1− 2

2+mx
m

dx =
2

m

∫ π
2

0

1

sin υ
dυ = +∞

and∫ (m+2
2 )

1
m

0

xm»
x2 − 2

2+mx
m+2

dx =

∫ (m+2
2 )

1
m

0

xm

x
»

1− 2
2+mx

m
dx =

m+ 2

m

∫ π
2

0
sin υ dυ =

m+ 2

m
.

Combining (3.40) and the two formulas above, we have

lim
h→0+

Î ′0(h) = −4

∫ â(0)

0

1

y(x, 0)
dx

= −4

∫ (m+2
2 )

1
m

0

1»
x2 − 2

2+mx
m+2

dx

= − 8

m

∫ π
2

0

1

sin υ
dυ

= −∞ (3.41)

and

lim
h→0+

Î ′m(h) = −4

∫ â(0)

0

xm

y(x, 0)
dx = −4

∫ (m+2
2 )

1
m

0

xm»
x2 − 2

2+mx
m+2

dx = −4(m+ 2)

m
. (3.42)

Note that by (3.26)

P̂ ′(h) = − Î
′
m(h)Î0(h)− Îm(h)Î ′0(h)

Î20 (h)
= − Î

′
m(h)

Î0(h)
+
Îm(h)

Î20 (h)
Î ′0(h).

Then combining (3.27), (3.28), (3.41), (3.42) and the above formula, we get

lim
h→0+

P̂ ′(h) = lim
h→0+

Ç
− Î

′
m(h)

Î0(h)
+
Îm(h)

Î20 (h)
Î ′0(h)

å
=− 1

Î0(0)
lim

h→0+
Î ′m(h) +

Îm(0)

Î20 (0)
lim

h→0+
Î ′0(h)

=− 1
−4
m

(
m+2
m

)
2
mB

(
3
2 ,

2
m

)−4(m+ 2)

m

+
−4
m

(
m+2
2

)m+2
m B

(
3
2 , 1 +

2
m

)[
−4
m

(
m+2
2

) 2
m B

(
3
2 ,

2
m

)]2 lim
h→0+

Î ′0(h)

= +∞.

Similar to the proof of the formula above, we have lim
h→0−

P̂ ′(h) = +∞. Then conclusion (2)

follows.
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Next, we prove conclusion (3). By (3.25), we have

M ′′
h (h, ah) = −Î0(h)P̂ ′′(h), h > 0 (3.43)

whenever P̂ ′(h) = 0, where ah = P̂ (h). Hence, by Lemma 3.9 we have P̂ ′′(h) < 0 whenever
P̂ ′(h) = 0, h > 0. This, together with conclusion (2), implies that there exists a unique h0 > 0
such that P̂ ′(h0) = 0. Then by Lemma 3.9 and (3.43), we have P̂ ′′(h0) < 0 and (h−h0)P̂ ′(h) < 0
for h ∈ (0, h0) ∪ (h0,+∞). Therefore, conclusion (3) is proved.

The behavior of P̂ is shown as in Figure 8.

Figure 8. The behavior of P̂ .

Next, we give a detailed proof of Theorem 1.2.
Noting that system (1.3) is centrally symmetric, by Lemmas 3.6 and 3.10, there exists a

constant ϵ̃1 > 0 such that for 0 < |ε| < ϵ̃1, |a + 1| < ϵ̃1 and |a| < N , system (1.3) has two
symmetric small (resp. no) limit cycles in the neighborhood ĥm − ϵ̃1 < H(x, y) < ĥm + ϵ̃1 for
a > â∗1,m(ε) (resp. a ≤ â∗1,m(ε)); moreover, limit cycles are unstable (stable) as ε > 0 (< 0) when
they exist. From Lemmas 3.7 and 3.10, there exist a constant ϵ̃3 > 0 and a function â∗3,m(ε)
such that for all 0 < |ε| < ϵ̃3, |a− â3,m| < ϵ̃3 and |a| < N , system (1.3) has in the neighborhood
−ϵ̃3 < H(x, y) < ϵ̃3

(i) a double homoclinic loop for a = â∗3,m(ε) which is unstable (stable) as ε > 0 (< 0);
(ii) a unique large limit cycle for a > â∗3,m(ε) which is unstable (stable) as ε > 0 (< 0);
(iii) two small limit cycles for a < â∗3,m(ε) which are unstable (stable) as ε > 0 (< 0).

Let a0,m = P̂ (h0) ∈ (0, a3,m). Then by Lemma 3.10 and (3.25), we obtain that

M(h0, a0,m) = 0, M ′
h(h0, a0,m) = 0, M ′′

h (h0, a0,m) < 0.

Combining Lemma 2.1 together with M ′
a(h0, a0,m) = Î0(h0) < 0, there exist a constant ϵ̃0 > 0

and a function â∗0,m(ε) = a0,m+O(ε), such that for all 0 < |ε| < ϵ̃0, |a− a0,m| < ϵ̃0 and |a| < N ,
system (1.3) has two simple large limit cycles (resp. a unique double large limit cycle, no large
limit cycle) in the neighborhood h0 − ϵ̃0 < H(x, y) < h0 + ϵ̃0 for a < â∗0,m(ε) (resp. = 0, > 0).
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Let h∗ satisfy the equation
P̂ (h∗) = a∗, (3.44)

i.e., Φ(h∗, 0, a∗) = 0. Noting that ∂Φ
∂a |(h∗,0,a∗) = Î0(h

∗) for ĥm < h < h0 and h > h0, by the

implicit function theorem, together with P̂ ′(h∗) ̸= 0, we see that for every a near a∗ there exist
ϵ̃∗ > 0 and σ̃∗ > 0 such that for 0 < |ε| ≤ ϵ̃∗, the equation Φ(h, ε, a) = 0 has a unique solution
with respect to h ∈ (h∗− σ̃∗, h∗+ σ̃∗). Therefore the number of solutions of (3.44) will determine
the number of limit cycles of system (1.3).

Note that M(h, a) ̸= 0 for a ≥ a0,m + ϵ̃0. Then for 0 < |ε| < ϵ̃0, system (1.3) has no limit
cycle for all a > â∗0,m(ε) and |a| < N .

Obviously, there exists a constant ϵ̂4 > 0 such that for 0 < |ε| < ϵ̂4 and a3,m + ϵ̂3 ≤ a ≤
a0,m− ϵ̂0, system (1.3) has a unique large limit cycle in the neighborhood ϵ̂3 ≤ H(x, y) ≤ h0− ϵ̂0;
moreover, the large limit cycle is unstable (stable) as ε > 0 (< 0).

In fact, for any given ãm ∈ (a3,m, a0,m), M(h, a) must have a simple root h∗1(ãm) ∈ (0, h0)
satisfying M(h∗1(ãm), ãm) = 0 and M ′

h(h
∗
1(ãm), ãm) = −Î0(h∗1(ãm))P̂ ′(h∗1(ãm)) < 0 with the

above analysis. Then by Theorem 1 of [9], there exists ε̃4 > 0 such that 0 < |ε| < ε̃4 and
|a− ãm| < ε̃4, system (1.3) has a unique limit cycle near Γε

h∗
1(ãm). Next we prove that the limit

cycle is unstable (stable) as ε > 0 (< 0). In fact, by Lemma 3.1.2 of [6] we have

I(Γε
h∗
1(ãm)) = −ε

∮
Lε
h∗1(ãm)

f(x, a)dτ

= −ε
∮
Lε
h∗1(ãm)

(a+ xm) dτ

= −ε
ï∮

Lh∗
1(ãm)(a+ xm) dτ + ε

ò
= −ε

[
−M ′

h(h
∗
1(ãm), ãm) + ε

]
> 0 (< 0)

as ε > 0 (< 0). It means that the limit cycle Γε
h∗
1(ãm) is unstable (stable) as ε > 0 (< 0).

In the same way, it can be proved that there exists a constant ϵ̃5 > 0 such that for 0 < |ε| < ϵ̃5
and −N < a ≤ a0,m − ϵ̃0, system (1.3) has a unique large limit cycle in the neighborhood
h0 + ϵ̃0 ≤ H(x, y); moreover, the large limit cycle is stable (unstable) as ε > 0 (< 0). Similarly,
there exists a constant ϵ̃6 > 0 such that for 0 < |ε| < ϵ̃6 and −1 + ϵ̃1 ≤ a ≤ a3,m − ϵ̃3, system

(1.3) has two small limit cycles in the neighborhood ĥm+ ϵ̃0 ≤ H(x, y) ≤ −ϵ̃3 which are unstable
(stable) as ε > 0 (< 0).

Then, Theorem 1.2 follows by taking ϵ̂∗ = min{ϵ̃i, i = 0, 1, 3, 4, 5, 6}. This finishes the proof
of Theorem 1.2.
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