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MULTI-SPEED SOLITARY WAVES IN SPIN-1
BOSE-EINSTEIN CONDENSATES*

Junqi Guo®', Yuan Li' and Dun Zhao!

Abstract This paper investigates the existence of multi-speed solitary waves in spin-1 Bose-
Einstein condensates, governed by the three-component Gross-Pitaevskii equations. These
multi-speed solitary waves manifest as vector solitary waves, with each component propa-
gating at a different speed. By utilizing scaling invariance, Galilean drift, and solving the
system backward in time using energy methods, we establish the existence of multi-speed
solitary wave solutions. The presence of these waves implies that solitary wave excitations in
one component can propagate independently without significantly affecting the other com-
ponents. Furthermore, we analyze the asymptotic behavior of the magnetic soliton, which is
driven by the particle exchange and corresponds to the net magnetization of the system.

Keywords Spin-1 Bose-Einstein condensate, Gross-Pitaevskii equation, solitary wave, mag-
netic soliton.
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1. Introduction

In this paper, we consider the following 3-component Gross-Pitaevskii (GP) equations [31]

10 = —%Aul + (co + c1)|ur[Pur + (co — e1)|u_1uy
+ (co + ¢1)|uo|*uy + cra_jud + (¢ — p)ua,
10ug = —%Auo + coluo|*uo + (co + ¢1)|u1|?uo
+ (co + cl)|u_1|2u0 + 2c1Uguru—1,

. 1
10— = —§Au_1 + (co+ cl)|u_1|2u_1 + (¢o — cl)|u1|2u_1

+ (co + e1)|uo|Pu—1 + crwud + (g + p)u_1.

This system appears in the study of spin-1 Bose-Einstein condensates (BECs). It is well-known
that BEC is a macroscopic quantum phenomenon in which, at extremely low temperatures,
identical bosonic particles tend to occupy their lowest quantum state and behave as a single
particle. The first realization of BEC involved ultracold alkali-metal atoms in a single spin
state, confined spatially with magnetic traps [1]. A spinor BEC, which refers to a BEC with
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spin internal degrees of freedom, was later achieved in a gas of spin-1 ultra-cold atoms confined
in an optical dipole trap, which provides a new way for exploring intricate quantum states [23].
In (1.1), the complex-valued functions u; (j = 1,0,—1): Rx R? — C (d = 1,2, 3), represent the
wave functions of atoms corresponding to spin-up, spin-free and spin-down states, respectively.
The constant ¢y denotes the mean-field interaction, c¢; the spin-exchange interaction, p the linear
Zeeman effect and g the quadratic Zeeman effect. The mean-field interaction is repulsive if ¢g > 0
and attractive if ¢y < 0. The BEC system is called ferromagnetic if ¢; < 0 and antiferromagnetic
if ¢; > 0. In the whole paper, @ represents the complex conjugate of wu.

For simplicity, we will hereafter denote a function w(t¢,z) as w(t) to emphasis its dependence
on the variable ¢, and represent the vector function (wy (¢, x),wo(t, z), w_1(t,z))T as w(t), where
the superscript 1" denotes the transpose of a vector. When the context is unambiguous, we may
also denote w(z,t) simply by w.

Let u(t) = (u(t, ), uo(t, ), u_1(t,z))" be a solution of the Cauchy problem associated with
(1.1), it is known that the system adheres to the following conservation laws:

e Total Particle Number Conservation: N(u(t)) = N(u(0)), given by

N(u(t)) := /Rdn(t,x)dx = Z/Rd n;(t,x)dx = ZZN(uj(t,x)), je{-1,0,1}, (1.2)
|2

where n(t,x) := >, n;(t, z) represents the total particle density, n;(¢, z):=|u;(t, z)|* denotes the

particle density of the jth-component, and

1

N(p) == 2/Rd lp|?dx, for e HY(RY). (1.3)

e Energy Conservation: E(u(t)) = E(u(0)), given by

1 Co C1
E(u(t)) = /Rd {5IVul + L 4+ P2 + p(lun 2 — [ )
+qlu? + Ju?) faz, (1.4)

where F = F(t,z) := (Fy(t,z), F,(t,x), F.(t,z)) is the spin density vector as defined in (1.7)
below.
e Momentum Conservation: P(u(t)) = P(u(0)), given by

P(u(t) = 3 :%/ w6, )Vt 2)de = 3 2P(us(t, ), G € {-1,0,1}, (1)
, Rd ,
J J
where 3z signifies the imaginary part of a complex number z, and

Plp) = ;s/Rd Vodr, for e H'(RY). (1.6)

In physics, spin-1 BECs provide an ideal platform for exploring spin dynamics in a dilute
atomic system. In these systems, the nontrivial self-interactions between the spin components,
governed by the spin-exchange term, give rise to a range of fascinating phenomena. One such
phenomenon is the formation of magnetic solitons. Magnetic solitons in spin-1 BECs emerge
from the interplay between spin-exchange interactions, leading to the formation of stable, self-
bound structures with distinct magnetic properties. These solitons offer valuable insights into
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the nature of magnetic textures at quantum scales. Consequently, the study of magnetic solitons
in spin-1 BECs has become a central focus in the field of ultracold atomic systems. In (1.4), the
spin density vector F(t,x) = (Fy(t,z), F,(t,x), F.(t,7))T is defined by [20]

1
Iy = NG [t1ug + to(u1 +u—1) + U-1uo],
[
Fy = — [~tjuo + tg(uy — u_1) + 4_quo), (1.7)

V2

Fz = |U1’2 — ‘U,1|2.

In such a context, the total magnetization M := fRd F.dx is recognized as another conserved
quantity. Nonetheless, this particular quantity will not be utilized in the present study. The
function F, is pivotal as it governs the particle exchange and the net magnetization within the
spin-1 BEC system. When F, = 0 (consequently M = 0), the spin-1 BEC exhibits no magnetic
properties; Conversely, when F, # 0, the BEC manifests magnetism. In the realm of physics,
a solitary wave characterized by F, is commonly referred to as a magnetic soliton [10,30]. It
is known that a state u(t) for which F, = 0 corresponds to a polar or antiferromagnetic state,
whereas a state with F, # 0 may be a ferromagnetic state, a broken-axisymmetry state or
others [28].

Over the past twenty years, based on (1.1), the study on spin-1 BEC has attracted a great
deal of attention from physicists, and there is a huge number of physics references in this area, for
example, one can see [19,20,25] and the references therein. From the point view of mathematics,
Bao et al. [5] obtained some numerical results regarding the ground states of (1.1) with either
harmonic or optical lattice potentials in R? (d = 1,2,3), under the conditions ¢y > 0 and
co > |eci1|, utilizing the normalized gradient flow or imaginary time method; Cao et al. [8]
investigated the existence of ground states in R! for the scenario where ¢y < 0 and ¢; < 0;
Additionally, Kong et al. [22] examined the existence and nonexistence of ground state, as well
as the asymptotic behavior of (1.1) with a harmonic potential in R2, for ¢y < 0; When d = 3,
Li et al. stated the results regarding existence, stability, and asymptotic behavior for ground
states for (1.1) in [24] with free and harmonic potential. Furthermore, Carles et al. [16] explored
the stability of standing waves under an Ioffe-Pritchard magnetic field in R¢ (d = 1,2, 3), with
co>0and ¢; > 0.

In this paper, we focus on the investigation of multi-speed vector solitary waves and magnetic
solitons in the spin-1 BECs. A solitary wave is a traveling wave that maintains its size, shape,
and speed during propagation. It can be represented in the form u(t,xz) = f (z—ct), where f is a
smooth function that decays rapidly at infinity. Solitary waves are observed in various domains,
including water surface elevation and light intensity within optical fibers. Notably, macroscopic
quantum phenomena in BECs frequently exhibit solitary wave characteristics, making the study
of solitary waves in BEC systems a crucial research area in the field of ultracold atoms [21,29].
A vector solitary wave occurs in a coupled system, where each component behaves as a solitary
wave. In the one-dimensional case, it is known that, when p = ¢ = 0 and ¢g=c¢; = —1, system
(1.1) is integrable and can be solved analytically by the inverse scattering method [18]. Following
this discovery, various types of vector soliton solutions have been analytically derived in the
literature using the methods in soliton theory. However, to our knowledge, there is a scarcity
of mathematical research on solitary wave solutions of system (1.1) in the non-integrable case,
particularly in higher dimensions.

Multi-speed vector solitary waves are a distinct class of waves found in multi-component
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systems, where each component’s solitary wave propagates at distinct speed. The existence of
such waves indicates that in nonlinear vector systems, it is possible to observe solitary wave
excitation in one component without locally impacting the other component. This phenomenon
was previously explored in the context of the two-component cubic Schrédinger systems, as
referenced in [13,17]. Following this, the existence of multi-speed vector solitary waves was
confirmed for the coherently coupled nonlinear Schrédinger system [35] and the Klein-Gordon-
Schrodinger system [34]. More recently, the scope of research has expanded to include systems
of coupled anharmonic chains and specific vector integrable systems, as detailed in [14].

Inspired by the works mentioned above, this paper aims to investigate the existence of
multi-speed vector solitary waves and provide a description of the asymptotic behavior of the
corresponding magnetic solitons within the Gross-Pitaevskii (GP) system (1.1) for spin-1 BECs.

Before stating our main conclusion, let us recall some results of the scalar Schrédinger equa-
tion

i0pu + %Au + plul**u =0, p € R\ {0}, (1.8)

where 0 < a < oo ford = 1,2, and 0 < a < Tzz for d > 3. We know that equation (1.8)
is locally well-posed in H(R?) [9,15,32,33], and the H' flow admits the conservation laws
of particle number, energy and momentum. In addition, equation (1.8) is invariant under the
transformation

u(t,z) — )\%u(/\Q(t —t0), Mz — x0))e?, A>0, tg €R, zp € RY, v €R, (1.9)

and the Galilean drift

z—LBoy

u(t,x) — u(t,r — Bgt)ei’%( 2 ), By € R4 (1.10)

We now focus on the specific case where av = 1 for equation (1.8). By utilizing the transfor-
mations described by (1.9) and (1.10), and considering the unique positive radial ground state
solution Q(x) of the stationary Schrédinger equation

AQ-2Q+2|QPQ=0, Qe H'(RY, (1.11)

we can derive a family of solitary wave solutions for (1.8) in the case o = 1, which read

R(t,x) = ﬁ R 2T QS — ot — £)), (1.12)

where w, > 0, k, v € R, and v, £ € R%. Notice that Q(z) € C?(R?), and it decays exponentially
at infinity [7]. Specifically, for any 0 < 1 < v/2, there exists a constant C(Q) > 0 such that the
following estimate holds

1Q(z)| + |[VQ(z)| < C(Q)e ™l for z € RY. (1.13)
The notation used in this paper follows standard conventions. For clarity, we list some of

the symbols that will appear throughout the text:

— We denote the initial value of the Cauchy problem by ug(z):= (ud (), ud(z), u’,(z))T.

— The norm of a Banach space X is represented by || - || x.
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— For simplicity, H'(R?,C) and L?(R?,C) will be denoted by H'(R?) and L?(R%), respec-
tively.

— The inner product on L?(R?) is defined as (u,v)z2 =R [z uvdz for u,v € L*(RY).

— The product spaces H':= H'(R?) x H'(R%) x H'(R?) and £2:= L?(R?%) x L?(R%) x L?(RY)

1
are equipped with the norms [|ul[ 31 = (||lu1 |3+ w03 +llu=1ll3;1) 2 and [Jul| 22 = ([Jui[|3.+
1

HUOH%Q + Hu_1H%2)5, respectively.

— Throughout this paper, C, C’, C, and C}, will be used to denote various positive constants,

which may vary depending on the context.

Our main results can be stated as follows:

Theorem 1.1. For j=1,0,—1, assume that w; >0, v; € R, x;, v; € RL. Let Q € H'(R?) be the
unique positive radial ground state solution of the scalar Schrédinger Equation (1.11). Define

R(t) = (Ri(t), Ro(t), R-1(t))" by

R;(t,z) == ot ((ws—lvj |2 /24K ) tHvj-a+7;) %Q (Vi (z—vjt—a;)), (1.14)
J
where k1=p—q, ko1=—((pP+q) (p, ¢ €R), kKo=0, pr=p—1=—(co+¢1) >0 and py=-—co > 0.
Also define

. 1 .
Vy 1= mln{|vl —vol, |v1 — v_1], |vo — v,1|}, w, 1= 7 min {wl,wo,wfl},

witwotwoi, Jul* u? o+ ol + v ?

UllTlaX = m]ax{|(w]— 3 ) ( 9 6 ) }7
2 m?X“Uj _ %‘}‘

Let L be a fized constant. If v1, vo and v—1 in (1.14) satisfy

max{v1 v2 } < Ly, (1.15)

max?’ “max

and if there ewists a constant Vi, dependent on d, Q, co, c1, p, ¢, Vj, wj, ©j and L, such that
ve > Vi, then there exist a constant Ty > 0 and a solution u(t) = (u1(t),uo(t),u_1(t))* of (1.1)
such that for all t € [Ty, +00),

[u(t) = R(t)]l5p < eVt

Consequently, we can describe the asymptotic behavior of the system’s net magnetization,
defined by F.

Theorem 1.2. Given the constant V, as defined in Theorem 1.1, if ve > Vi, then there exist a
T} > 0 and a constant C > 0 such that for all t € [T}, +00), the following inequality holds:

||Fz - (’Rl(t)|2 — |R—1(t)|2)”W1,1 < Ce~ Wivat

We note that when both |R;i(¢)|? and |R_1(¢)|> behave like single solitons with different
velocities, the difference | Ry (t)|>—|R_1(¢)|? may behave like a 2-soliton. In this context, Theorem
1.2 indicates that, under the conditions specified in Theorem 1.1, F, will asymptotically converge
to the 2-soliton in the context of the W11 norm.
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The strategy of the proof of Theorem 1.1 is inspired by the investigation of multi-solitons
for scalar nonlinear Schrédinger equations in [11,12,26,27]. In these works, at large time, the
components of the multi-soliton are well-separated and thus it is possible to localize the analysis
around each soliton to gain an H'(R?)-local control, up to a space of finite dimension in L?(R?).
Our approach differs from the proof in [11,12,26,27] and the references therein. Indeed, as we
will see in Section 3, we do not need to localize the functionals around each solitary wave, since
in our case the coupling will act as a localizing factor.

The rest of the paper is organized as follows. In Section 2, we construct the approximate
profiles for the multi-speed solitary wave solutions of (1.1). Additionally, we provide uniform
estimates and establish a compactness result, which together enable us to complete the proofs
of Theorem 1.1 and Theorem 1.2. In Section 3, we present the proof of the main lemma, Lemma
2.3, which plays a crucial role in our analysis.

2. The approximate profile and the proofs of the main results

In this section, our objective is to construct an approximate profile of the multi-speed solitary
wave solutions for system (1.1). The scheme is based on a backward in time argument, which
is developed for the study of scalar nonlinear Schrédinger equations [26,27] by Merle et al., and
was later applied to the approach of multi-solitary waves [2—4,6,11,12] and multi-speed solitary
waves [13,17,34, 35].

To start, firstly, it is straightforward to verify that for a fixed ¢, the function R defined by
(1.12) serves as a solution to the following equation:

1 2
_§AR + <w + ’g’) R — pu|R’R+iv-VR =0.
For any ¢ € H'(R?), we define S as:
o2
S(p) = S(p,p,w,v) = Bu(p) + (w + |2|> N(p) +v- P(p), (2.1)

where N(p) and P(¢) are defined by (1.3) and (1.6), respectively, and E,,(¢) is defined by

1 1%
Bule) = [ IVePda+ [ lettae

We can now confirm through direct calculation that (1.12) is a critical point of S(¢). We
introduce the linearized action H on R x H'(R%) as follows:

H(t, ¢) = (S"(R(t))p, ¢)- (2.2)
A straightforward computation reveals that
1 _
Htp) = [ [Veldo—n [ (RPI6 + 2R(Rp)ds
Rd Rd

2
+ <w+v|)/ |g02dx+v~%/ eVadx.
2 R4 Rd

It is easy to check that H possesses a coercivity property [11], which is essential for our subse-
quent analysis. Hereafter, we mainly focus on the cases of d = 1,2, 3.
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Lemma 2.1. ( [11]) Let R be the solitary wave solution of (1.8) as defined by (1.12), and let H
be the functional given by (2.2). Then, there exist constants K = K(Q) > 0, v; € N\ {0} and
it 72, .Y € L2(RY) such that for 1 = 1,2, ...,vj, we have ||ii!||z2 = 1 and for any ¢ € H', the
following inequality holds:

Vj
Kllf < H(t, o)+ (0.0 ()72, VEER,
=1

where

] —|v K v-x W
nl(t) — ez((w [v]|2/24K)t+ +7)\/;nl(\@(x—vt—§)).

For j € {—1,0,1}, let us define the functional S on H! by

S (@)=Y Si(e;), ®=(p1,00,0-1)" €M,
j

where S;(p;) is given by (2.1). In a similar manner, for j € {—1,0,1}, we define the functional
Hon R x H! as

H(t, o)=Y Hi(t.¢;), (t,p) €RxMH,
;

where H;(t, ;) is defined by (2.2). As a direct consequence of Lemma 2.1, we have

Lemma 2.2. Assume d = 1,2,3. There exists a constant K, > 0 such that, for all t € R,
p € H' and j € {~1,0,1}, the following inequality holds:

Vi
K. llelin <H @G 9) + Y (w5 m5(0))72,
joi=1
where 775. and v; are defined as in Lemma 2.1.

Notice that the Cauchy problem for system (1.1) can be rewritten as

1
10 = _iAu + 81 (u) + gQ(u)a

u(0) = uy,
where
g1(w) = (g = p)u1,0, (g + p)u-1)",  g2(w) = (g3(w), g3 (w), g5 ' (w))",
with
ga (1) = (co + c1)|ur|®ur + (co — c1)u—1*us + (co + e1)|uo*ur + crti_qud,
g5(u) = coluo|*uo + (co + e1)|ua|[*uo + (co + e1)|u—1]*ug + 2e1touru_1,

g;l(u) = (Co + C1)’U_1‘2u_1 + (C() — cl)|u1\2u_1 + (C() + cl)\u()]Zu_l + Clﬂlu%.

Applying Theorem 3.3.9, Remark 3.3.12, and Theorem 4.3.1 in [9], we can establish the local
well-posedness in H! for the Cauchy problem of system (1.1) as follows:
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Lemma 2.3. Assume d = 1,2,3. For any initial data u(0) = ug € H', the Cauchy problem
(1.1) is locally well-posed in H'. Specifically, the solution u € C’((—T*, T*),HY) and if T* < +o0
or Ty < 400, we have

1tl_i}r%l* [u®)|lp = +o0, or t_l)u_nT |u(t)]|42 = +oo.

Now, let us turn to construct the multi-speed solitary wave solution u which satisfies the
conclusion of Theorem 1.1. Utilizing the backward in time method, the process can be roughly
sketched as follows: Let T™ € R be an strictly increasing sequence of positive numbers such
that lim 7™ = +o0. For each n € N, consider the problem (1.1) with the following final data

n—-+o0o

specified at T":

u,(T") = R(T"). (2.3)
By Lemma 2.3, we know that for each n € N, the system (2.3) possesses a solution u,(t) € H'
defined on an interval (75,,7"]. We aim to demonstrate that there exists a positive number 7y,
independent of n, such that u,(¢) is defined on [Ty, T"] and converges to R(t) in H! as n — +oo.

The following uniform estimate is crucial for the proof of Theorem 1.1, and the detailed
proof will be elaborated in Section 3.

Lemma 2.4. There exists a threshold Vi, > 0 such that, for any v, > Vi, the following assertion
holds: there exist an integer ng € N and a positive time Ty > 0 such that, for all n > ng and for
every t € [Ty, T"], the following estimate holds:

[un(t) = R(t)l|5p < em Voot (2.4)

Following the same arguments as in [26], We can derive the following compactness result.

Lemma 2.5. For Ty given in Lemma 2.4, there exists a function ug € H' such that, up to a
subsequence, u,(Ty) — ug strongly in L2 as n — +oo.

By virtue of the above lemma, we can now prove our main theorems.

Proof of Theorem 1.1. Consider the solution u(¢) of system (1.1) over the interval [Ty, T°°),
with the initial data u(7p) = ug, where ug is given by Lemma 2.5. Our goal is to prove that
T°° = +o0 and that u(t) satisfies the conclusions stated in Theorem 1.1.

Applying Lemma 2.5, by the fact that on the interval ¢t € [Ty, T>), u,(t) is bounded in H!,
we can extract a subsequence (still denoted by u,(t)) that exhibits the following convergences:

u,(t) = u(t) strongly in £ as n — +oo,
u,(t) = u(t) weakly in H' as n — +oo.

In particular, the weak convergence implies that for any ¢t € [Ty, T°°),

lu(t) = R() o1 < Liminf [un(t) = R(t) 5 < Cem V.

This implies that u(t) remains bounded in space H! over the interval [Ty, T>°). Consequently,
by the blow-up alternative principle, we deduce that T°° = +o00. As a result, u satisfies the
conclusions of Theorem 1.1. O
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Proof of Theorem 1.2. We can conclude from Theorem 1.1 that for ¢ € [Ty, +00), ||ui(t)]| g1 +
lu—1(t)|| 1 < +o0, and there exists a constant Tf) > Ty such that for all ¢ € [T{}, 400), the estimate
luj — Rjl|2, < Cy |luj — Rj||z2 < Cre V®¥+t (j=1,—1) holds, and then

Il * = fuea ) = (|Baf? = [R=1 )|
< = 1R Pllp + N P = [R=a P e
< (lullg2 + [ Rallz2) llur = Rallze + (lu—rllz2 + | R-1llz2) lu—1 = B-1l L2
< 2fluallze + [lur = Rallz2)[lur = Raf 2
+ Cllu-tllgz + flu-1 = Ball2)lu-1 = Bl 2
§026— w*’u*t7

where we have used the inequality ||Rj||z2 < ||lu; — Rjl|z2 + ||uj|lL2. We also have the same
estimate

IV [(lur|* = [ua[*) = (|R1 [P = [R-1[)][| 11 < Cae™ Vet

which completes the proof. ]

3. The proof of Lemma 2.3

In this section, we will complete the proof of Lemma 2.4. The proof will be divided into several
lemmas, which is mainly based on a uniform backward in time estimate. To start, we present
the following bootstrap lemma.

Lemma 3.1. There exists a positive constant Vi, > 0 such that if vs > Vi, then there exist
To > 0 and ng € N such that, for all n > ng and to € [Ty, T"], the following assertion holds:
Assume that for all t € [to, T"],

[wn(t) = R(t) |31 < eVt
Then, it follows that for all t € [to, T™],

1 —/WxUx
[un(t) = R(t) 3 < ¢ et (3.1)

Lemma 3.1 will be proved later. Assuming its validity, we can now proceed to prove 2.4.

Proof of Lemma 2.4. It is known from Lemma 2.3 that, for each n € N, the map ¢ — u,(t)
is continuous in the space H'. Let Ty, ng, Vi be the constants provided in Lemma 3.1. Fix an
n > ng and assume v, > Vi. Since u,(7") = R(T™), there exists a small positive 7 > 0 such
that the inequality (2.4) is satisfied on the interval [T™ — 71, T"]. Define

ty :=inf{t : £ € [Ty, T"] such that (2.4) holds for all ¢ € [t,T"]}.

Lemma 2.3 implies that t; < T™. We will prove by contradiction that ¢y = Ty. If ¢y > Tp, then,
according to Lemma 3.1, (3.1) holds on the interval [ty, T"].

Therefore, due to the continuity of u,, there exists a small 75 > 0 such that (2.4) holds on
[ty — 72, T"]. However, this contradicts the definition of #;. Hence, we conclude that t; = Ty. O
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The rest of the paper is devoted to the proof of Lemma 3.1. Let tg < T"™ and assume that
u,(t) = R(t) + e(t), (3.2)
where €(t) € H! satisfies
le(t)]l; < e Vet for all t € [to, T"]. (3.3)

Firstly, we give the lemma below.

Lemma 3.2. For allt >0 and j =1,0,—1, we have

[ R (8)]| Ry (1)]]] y < Ce™ 2Vt (3.4)
| Re(0)IVR;(t)]]] 12 < C'(1 + [vj])e™ 2Vt (3.5)

where the positive constants C and C' in (3.4) and (3.5) depend only on Q, wj, co, c1 and x;.

Proof. We will provide the proof for (3.5), the proof for (3.4) follows similarly. From (1.13)
and (1.14), we have

|[Rj(t, 2)| < CreWElEmwt=2il VR (t, 2)| < Co(L + [og] eVl vt =wil,
where Cf, = Ci(Q, wj,co,c1) (k=1,2). From these inequalities, we can deduce
By (1 2) [V Ry (1, 2)| < Cy(1+ [og e/ mintersn) izt maulvlemetes),
where C3 = C3(Q, wk, wj, o, ¢1). Let 0 < § <n. For t > 0, we have
|z —vpt —zp|+|x— vt —aj] = |(vg—vj)t| = zr] = |aj] = |ok—vjlt—|ak]—|2;].
Thus, we can deduce that

Bt 2) [V Ry (0, 2)| <Ca1 + [y} VTl e sut el sleustas)
x e~ (M=8)y/min{wg.w;}|(vrx—v;)t|

where Cy = Cy4(Q, wg,wj, o, c1, Tk, ;). By choosing n = %, 0= %, we obtain

‘Rk(t, x)HVRj(t, $)| < 04(1 + |vj|)efi\/E(|x7vktka|+\vajtij\)ef% w*v*t’
where v, and w, are defined in Theorem 1.1. Consequently, we have

Re@OIVR; O], < Call+ oy 3vE e dvarlal| L < 0/(1 + fu[)e 3vemoet,
L

which completes the proof. O
To establish the bootstrap estimate stated in Lemma 3.1, we require a modified estimate at
the L2(R%)-level, under the assumption (3.3). This is formulated as follows:

Lemma 3.3. Let (t) be defined as in (3.2), and assume that (3.3) holds. Then, there exists a
constant C > 0, independent of v., such that for all t € [to, T"], we have

C
||€(t)”%2 < ’Uie—z/w*v*t'
*
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Proof. A straightforward computation reveals that € =e(t)=(g1(t), g0(t),c_1(t))T satisfies the
following differential equations:

101 + Ll(s) + Nl(E) + Fl(R) =0,
100 + Lo(g) + No(e) + Fo(R) = 0,
i0ie_1+ L_1(e)+ N_1(e) + F_1(R) =0,

where L;, N;j and Fj (j = 1,0,—1) denote the linear part, nonlinear part and source term in
e(t), respectively, and R=R(t)=(R1(t), Ro(t), R_1(t))”. Precisely,

Li(e) = 5 e = [(eo + e} QIR + |Ro) + (o — )l R + (g — )]y

— (Co + Cl)R%EH — [(Co + Cl)R1R0 + 201R0R_1]€0 — (C() + Cl)RlRoéo
— (Co — Cl)RlR_uS_l — [(Co — Cl)RlR_l + Cle]é_l,

1
Lo(e‘) = §A€0 — [(Co + Cl)(|R1’2 + ‘R71|2) + 260‘R0|2]50 — (QClRlRfl + CoR(Q))go
— [(co + c1)R1Ro + 2c1RoR_1]e1 — (co + 1) RiRogy

— [2e1R1 Ry + (co + c1)RoR-1]e_1 — (co + c1)RoR-1£_1,
L_1(e) = %Aﬁ—l — [(co + ) @IR-1[* + [Ro[*) + (co — e))|Ra[* + (g +p)]es
— (o + cl)Rglé_l —(co —c1)R1R_161 — [(co —c)RiR_1 + clR(Q)] &1
— [(co + c1)RoR_1 + 2c1R1 Ry |eg — (co + 1) RoR_10,
Ni(e) = —(co + ¢1) (Roe180 + Roe1eo + Ri1€2 + 2Ry |e1)? + Ryleo|* + |1 %1
+ 51’€0|2) — (co — C1)(R7161€11 + R_je161 + R11671!2 + 51|571|2)
— ¢1(2Rog0e-1 + R_16§ + €56-1),
No(g) = —co(Roe + 2Roleo|* + |eo|*e0) — (co + 1) (Rig1g0 + R_1£08-1
+ Riereo + R_1e0e_1 + Role1|* + Role—1]* + |e1)*e0 + eole—1?)
— 2¢1 (Rog1e—1 + Rioe—1 + R_1€180 + €1806-1),
N_i(e) = —(co + c1) (Rofoe—1 + Rogoe—1 + R_1e%, + 2R _1|e_1* + R_1]eo)?
+ |e—1fPec1 + |eole—1) — (co — 1) (Rig1e—1 + Riere—1 + R_qle1|?
+ |e1]?e—1) — c1(2Roe01 + Rich + £1€3),

and
Fi(R) = —|(co+ c1)|Ro|* + (co — c1)|R1 )] Ry — c1 R§R_1,
Fy(R) = —(co + Cl)(‘Rl‘z + |R_1’2)R0 — 261R1ROR_1,
F_l(R) = — [(Co — 61)|R1|2 + (Co + 01)‘R0‘2] R_1— ClRle.
Then

5 V() = %%(Hé‘l(ﬂ”%?)

= %/ (at€1)51dl'
Rd
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= %/Rd(iaté‘l)é::ldaf
_ 3 /R L) + Ni(e)z + Fi(R)e ] do. (3.6)

Using (1.13) and the bootstrap assumption (3.3), we immediately obtain the following estimate

‘%/ Ll(&‘)e’fldx
Rd

— ‘%/ [(Co + C1)R%§% + (C() — Cl)RlR_1§1€_1 + [(Co — Cl)RlR_1 + ClR(z)] E1€_1
]Rd

+ [(co 4+ c1)R1Ro + 2c1RoR_1]&160 + (co + Cl)RlRoglgo} dx

<C1([|R1llZ + 1 RollZ + IR-1ll7) (lexllzp + lleollz + le—1ll3)
SC{e_Q Wil (3.7)

where Cf is independent of v,. Using Sobolev embedding and (3.3), we have

‘% Nl(s)éldx
R4

:‘%/d [(60—1-01)(R0’€1‘2€_0+R0‘61’2€0+R1€%€_1 + 2R1‘€1’2<€_1 + R1€_1’€0‘2)
R
+(Co—C1)(3151\6—1\24-13—1!61\25—1+R—1!€1\2€—1)

+c1(2RoE1806-1 +R_15153+§1535_1)} dx

< Co(|[Rillpoe + 1Rollzoe + | R=1llzoe) (lenlFp le—tllm + llenllm o1l 7
+ el leollan + etz el + lexllzn + llexllalleollalle—1l
+lexlla leol 3 lle—1ll )

< Che BVt (3.8)

Employing Lemma 3.2 and (3.3), we can prove that

‘%/ Fl(R)gld{L‘
R

= ‘S/d [(Co + 61)R1’R0‘2§1 + (Co — Cl)R1|R_1‘2§1 + CleR_1§1]dJU
R

< Cs(||Rollpo + [|1R=1llze= ) (| Ral| Rolll 2 + [I[R1l|R=1[ll 2 + || Rol|[R=1]l| z2) len]l 2
< Chem5VEet, (3.9)

By substituting (3.7), (3.8) and (3.9) into (3.6), we arrive at the inequality

0
mN(gl(t))‘ < 04672 w*v*t‘

Since €1(T™) = 0, it follows that

dS < %6_2 Wi Vst
= Vs )

9 Nie(s))

.
Neam< [ |5
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which concludes the estimate for €1 (¢). Through a similar argument, we can derive the estimates
for eo(t) and £_1(t). Hence, we complete the proof Lemma 3.3. O
We can now give an estimate for the functional S.

Lemma 3.4. Let d = 1,2,3. If (3.3) holds, then there exist a constant Ty > 0, depending only
on vy, vy, and v_1, as well as a constant C > 0, which is independent of n and v, such that for
to > Tp and all t € [to, T"], the following inequality holds

1S (un(t) — S (un (1) | < Cem2vaent, (3.10)

Vx

Proof. The proof is divided into three parts below.
1) Estimates for the particle number part. We have, for j € {—1,0,1},

‘Z ’2 ) [N (4 (1)) —N(ujn(Tn))H‘
-5 2l by S+ ) g 8)) — N snT)]]

(X + ‘2 S Nun(t) = 3 ¥ @]
J j

wi +wy +w_ vil2 o2 4 loal? 4 o |2
< mae {] (w; — gf ty 4 (0l P el ol )

Z [N (ujn(t (ujn(T”))H

max Z‘N u]” (an(Tn))H7 (311)

where we have applied (1.2), i.e., the conservation of the total particle number.

Recall that u,(t) satisfies system (1.1) for ¢t € [Tp,T"]. Differentiate the quantities of the
particle number in time ¢, we get

9
ot
)

a—N(UOn( ) = 201%/ ulnﬂgnu_lyndx.
t R4

N(”U,jn(t)) = 61%/ ﬁlnugnﬂ_lmdaz, j=1-1,
Rd

Now we estimate %N(uln(t)). Notice that u;n(t) = R;(t) +¢;(t) (j =1,0,—1), we have

/ ’L_Llnu%nﬂfl,ndl‘ :/ (RlR(Q)Rfl + 2R1R0R71€0 + RlR(Q)Efl + R%Rflgl
Rd Rd

+ 2R1R080571 + 2R0R71§160 + R(Q)élsll + Rlﬁ,lsg
+ Riefe_1 + R_18165 + 2RoE1606 -1 + 1656 -1) da. (3.12)

Applying (3.4), we deduce that

'/Rd RiR:R_1dzx| < ClH’R1HR0|HL2H‘R0||R71|HL2 < Cle3Vauat,
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Again, by (3.4) and the assumption (3.3), we get

/ (R%Rflgl + 2R1R0R71€0 + RlR(Q)Efl)dl‘
R

< CzHRoHLoo (I RollR-1ll L2 llenllzz + B[Rl 2120l 2 + 1 Bal[Rolll 2 lle-1l )
<C/ — 2 /Wi Vsl

By Lemma 3.3, we have

/ (2R1R0€0§71 + 2R0R71€_150 + Raé_lgfl + R1R71€(2))d1‘
Rd

< Cs(||Rulfe + IRollZoe + [R-1llZee) (lenllFz + lleollzz + lle-172)
<G5

T Uk

Wy Vst

Using the bootstrap assumption (3.3) again, we obtain

/ (Rlé“%é:_l + 2Rp€1606-1 + R_lz’::lé“(z))dl'
Ra

< Cy(|R1||zoe+ | Roll oo + |1 R=1 1l o) (0|71 lle=1 | ra

+lleallz lleoll e -1l + el lleol 7))
< 04/1 6_3 w*v*t’

512’5%&:_1d.®
R4

Combining the above estimates and taking Ty large enough so that v*e_%\/@”*% < 1, then, for
t e [to, Tn]:

and

-
N (w1 (t)) = N(urn(T™))| < /t );N(uln(s))‘ds < Qge—?@v*f, (3.13)

*

where the constant Cy is independent of vy, vy and v_1.
Similarly, for j =0, —1,

07 _2

1}*

[N (un(8)) = N{ujn(T™)| < et (3.14)

where the constant C7 is independent of vy, vy and v_1.
From (3.11), (3.13), (3.14) and the assumption (1.15), we have, for j € {—1,0,1},

| Sl s+ L) [ g 09) = Nz
§Lv* Z [N (ujn(t)) = N (ujn(T™))]]

vt (3.15)
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2) Estimates for the momentum part. For j € {—1,0,1}, we have

\z{vj (1)) = Pluga(T)] }]

| > L) - [Pugal®)) = Plaa(T™)]}

”1+U0—3+“*1 . [Z (P(ujn(t)) — Pujn(T™)))]|
<mac { oy ~ %mz IP((8) ~ Plusa(T"))]

VR Z|P (tjn(t <um<T”>>|}, (3.16)

where we have used (1.5), i.e., the Momentum Conservation: P(u,(t))=P(u®)=P(u,(T")).
Next, we estimate %P(ujn(t)) for j = —1,0, 1, respectively. We have

8 Co — C1 2 2
—P(uip(t)) = — “1n n|?)d
P () = =25 [ s PV ()

co+c _ _
— 2/ \UOH\ZV(WMP)CZJC — 01§R/ u_l,nu%nVulndm,
R4 R4

0 co + ¢1
aP(u()n( ) = s /Rd (\U1n\2 + |u—1,n‘2)v(’u0n’2)dw

— 21k uln’fbonufl,nv&()ndl‘,
R4

0 Co — €1 2 2
=P n = - n —1n
GiPn(®) = =25 [ 9 (o)

co + 1

/ |u0n|2V(|u17n|2)dx—cl§R/ ﬂan%nVﬂ—l,nde’-
R4 Rd

Now, let us estimate %P(ugn(t)) in more detail. Recalling that u;, = R;j+¢; (j =1,0,—1), we
get

/ , ulnﬂOnwl,nvaOndl'
R

:/ (Rl R()R_l VR() —l—RoR_lVRoEl + R1R0VR0€_1 +R1R4 VR()EO
R4

+ R1R0&1V§0+RovR051571 +R71VR061€_0+R1VR0€71€_0
+RoR_161VEy+R1Roe_1Vég+R1R_150VEy + VRoe160e—1
+R081871V§0 + R_16160VéEg + R1&Epe_1VEy + 61670671v50)dl‘.

It yields from Holder inequality and the estimates (3.4) and (3.5) that

/Rd BaRoR-1VRodz| < o[ |Ral [ Rol| 2 [ B[V Rol | 12 < Gy + fool)e™V".
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Also, by (3.3), we conclude the following estimate:

/ (R()R_1VRO€1 + RlRoVRO€_1 + R1R_1VRoéo)dx
R4

<Cho(1 + |vp|)e3VEet,

Similarly, we have the following bounds:

/ RlRoR_1V§0dZ’ SClleig w*v*t’
Rd

/ (R_1VRoe120 + RiVRoe_180)dzr| < Cra(1 + Jvp|)e ™2 VoL,
R4

11
< Cpge” a VR,

/ (R0R7161V§0 + R1R0871V§0 + RlRfléovgo)de‘
Rd

Using integration by parts and Lemma 3.3, we obtain

RoVR()&lc?fldl'
R4

1 _ _
— ‘ / (R§571V51 + R(%sle,l)dm
2 Rd

< CullRollZoe (lle-1ll 2 Vel z2 + llerl 21 Ve -1l 2)

!
< Cl4 6_2 Wi Vst
=0,

Similarly, using integration by parts and (3.3), we have:

/ VRO€1§05_1d$
R4

/ (R0505,1V61 + R0515,1V5‘0 + R0€1§0v871)dI
Rd

< Cisl|Roll Lo~ (lleoll palle—1ll zall Vel 2 + llenll palle—1ll al Veoll 2
+ llellzalleoll zallVe—1llL2)

S 0156_3 w*v*t‘

Similarly, the following inequalities hold:

/ (Rig0e—1V&y + Roe1e-1VEy + R_1e180VEy)dx| < Crge 2Vt
R4

< 017674 w*v*t'

18061 VEpdx
R4

By choosing Tj sufficiently large so that v, (1+ |vg|)67%\/°T*”*TO < 1, and by combining the
previously obtained estimates, we derive the following inequality for ¢ € [to, T"]:

Cig

» 6_2 w*v*t+019(1+‘v0|)6—g WiVt
*

<

/d UlnfLOnu—l,nvaOndﬂf
R

!
< C'18 6_2 WiVt
= o
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Similarly, we have

< Cao 6721 fwsvat

*

L G 4 )V o )

Thus, for t € [ty, T"], we obtain

ot

0
U*P(u(m(t))’ < 0216_2 w*v*t’ (317)
where the constant Co; is independent of v, vg and v_1.

Similarly, we find

U*gtp(ujn(t))’ < Cgge 2Vt i =1, —1. (3.18)

Therefore, from (3.16), (3.17), (3.18) and the assumption (1.15), for j € {—1,0, 1}, we obtain
|3 {or - [Plugn(®) = Pluga(T™)]}]
J

< Cova[ D[P (wjn(t)) = Plun(T)]]

j "
< Cas Z/
j t

/
< O avmunt (3.19)

Vx

0
Vs aP(ujn(s)) ds

3) Estimates for the energy part. By conservation of the total energy (1.4), we obtain
E_(CO+Cl)(uln(t)) - E—(Co+61)(uln(Tn)) + By (uon(t)) — E—co(uon(T™))
+ E_(corer) (U=1,n(1) = E_(coter) (u—1.0(T"))
= B (1)) — 5B (T") — (g — p) (N e1n(0)) ~ N(unn (1))
—(@+p)(N(u—1,n(t)) = N(u-1,(T")))
= plcoter) [ (unnlt) Pluon ) = s (TPl (7)) da
Rd

2

1

— 50 —a) /Rd (lwan )P lu-1,0 (@) — lurn(T")P[u-1,0(T™)|?) dz

1

— 5o t+e) /Rd (lwon ()P u—1,0 (&) — luon(T™)P|u—1,0(T™)|?) d

_ cléR/Rd (15 (8) gy, () 1,0 () — T (T™) gy (T™) =1 0 (T™)] da
=~ (¢ =) (N(uin(t)) = N(uin(T"))) = (¢ + P) (N (u=1,n(t)) = N(u_1,n(T")))
(co +c1) /Rd (lw1n (0 [uon (D)7 — [urn(T™)[* uon(T™)[?) dex

(co = 1) /Rd (lw1n ()P Ju—1,0 (O = [urn(T™)*lu—1,n(T™)[?) dw
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1
= 5o +e) /Rd (luon (D) Plu—1,0 ()7 = luon(T™) P lu—1,0(T™)[?) dz
— cléR/d [ﬂln(t)u%n(t)a,l,n(t) - aln(T”)ugn(T”)ﬂ,Ln(T”)}dx.
R
By applying (2.3) and (3.4), we have

/|U1n(T")HUOn(T")!le—l,n(T")!dﬂf:/ | Ru(T™)||Ro(T™)*| R—1(T™)|dx
R4 Rd

< Coge 3Vwsvst, (3.20)
In a similar manner to (3.12), we find that
_ 2 _ Cas —2,/wvst
Ui (t)ug, (t)a—1n(t)dz| < —e . (3.21)
R4 (.

Combining (3.20) and (3.21), and assuming 7j is large enough such that v,e™ V@20 < 1 we
deduce that

R [ [0 0100) = 10 (") (T2, (T)] d

<[ im0 Oa-ra®de| + [ (T aon (TPl (1) do
R R
% —2/wsvx +C24e—3 Wi Vst
Uy
C25 72 Wi Vst
Vx

Similarly, for k,j = 1,0, —1 with k # j, we can assert that

C — Wx V.
[ (O O = TPl (T o < S22,

From (3.13), we deduce the estimate

027 _2

U*

Wy Vst

[N (u1a(®) = N (T™)] + [N (@-10(8) = N(u-14(T)| <
Combining all these estimates, we arrive at the conclusion:

‘E—(co—&-m)(uln(t)) - E—(CO+01)(u1n(Tn)) + E_co(uon(t)) — E—co(uon(T™))

+ E_(coten) (U-1,n(1)) = E_(cpter) (U-1,n(T"))

<O 2w (3.22)
T Uk
From (3.15), (3.19) and (3.22), we can deduce (3.10), and the proof is completed. O

Now, let us turn to prove Lemma 3.1.
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Proof of Lemma 3.1. Let (¢) be defined according to (3.2), and assume (3.3) holds. Let
t € [to, T"], with tg > Ty, where Tp is given by Lemma 3.4. From Lemma 2.2, for j € {1,0,—1},
we have

vj
K. llelfn <H (te)+ DY (ei(8).n5(1)7. (3.23)
jol=1
Notice that R; is a critical point of S; for j = 1,0, —1, which implies that

S (un(t)) = S (R(H) + (1) = S (R(1) + H (t,(1)) + O (lle(t) 31 ) (3.24)

By the definition of S and the conservation of the particle number, energy and momentum, we
can derive that

S (un (7)) = S (R(T5)) = S (R(?)) - (3.25)
Due to (3.3), we have
0 (||e(t)||;1) < Cre~3vemust, (3.26)

Combining (3.10), (3.24), (3.25) and (3.26), and assuming Ty is large enough so that v,e™vVexv+<To
< 1, we conclude

Cy _

[H (t,e(t))| < Cre Vet 4 Wt < Wevst (3.27)
U« ’U*
It yields from Lemma 3.3 that
<C 2 < Qé —2\/wyvst
ZZ 50,72 < Calle(®)z < e , (3.28)

J

where the boundedness of 775- in L2(R?) (see Lemma 2.1) has been used. Combining equations
(3.23), (3.27) and (3.28), it concludes that

04 _
et < Ste-?

Therefore, we can choose V, such that if v, > Vi, the following holds:

1
Hs(t)HHl S 567 W*U*t7

which completes the proof of Lemma 3.1. (|
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