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IDENTIFICATION OF THE RANDOM SOURCE IN THE STOCHASTIC
CAPUTO-HADAMARD TIME-FRACTIONAL DIFFUSION EQUATION*
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Abstract This paper investigates the inverse problem of identifying the unknown source
term in a stochastic Caputo-Hadamard time-fractional diffusion equation, where the source
term consists of a deterministic function and a stochastic process. By utilizing the statistical
properties of final value data (including its expectation and variance), we recover both the
deterministic and random terms. To address the inherent ill-posedness of the problem, we
apply the quasi-boundary regularization method and provide both a priori and a posteriori
error estimates. Finally, numerical experiments in one and two dimensions are conducted to
validate the feasibility and effectiveness of the proposed method.
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1. Introduction

Fractional differential equations (FDEs) have gained attention in recent decades due to their
ability to model non-locality and memory-dependent processes, which are prevalent in physi-
cal and engineering systems. Compared to classical integer-order differential equations, FDEs
provide a more accurate and flexible framework for describing anomalous diffusion [5], viscoelas-
ticity materials [9], and other complex dynamics in heterogeneous media [6]. Among various
fractional derivatives, the Caputo-Hadamard fractional derivative is particularly well-suited for
modeling phenomena with ultra-slow diffusion and logarithmic memory effects, such as fatigue
fracture [1], logarithmic creep [8], and ultra-slow dynamics [2]. This derivative incorporates a
logarithmic kernel, enabling more effective modeling of processes with non-locality and long-term
memory. For example, Garra et al. [8] generalized the Lomnitz creep law using Hadamard-type
calculus, while Kala [14] applied stochastic inverse analysis to fatigue cracks, highlighting the
feasibility of inverse modeling in such applications.

In the study of Caputo-Hadamard fractional equations, direct problems — where the solution
is determined based on a given source term and boundary or initial conditions — have been
extensively studied. Significant efforts have been devoted to analyzing the existence, uniqueness,
and regularity of solutions, as well as developing high-accuracy numerical methods. For instance,
Yang et al. [39] examined the goodness of fit and regularity of Caputo-Hadamard time-fractional
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diffusion equations. Additionally, Li et al. [3] propose a discretization scheme on nonuniform
grids by combining the finite difference method with the locally discontinuous Galerkin method.

In contrast, the inverse problem for Caputo-Hadamard type equations remains less explored.
These problems, which involve determining the source term or initial value from observed data,
are inherently ill-posed and often exhibit issues such as non-uniqueness and instability. For
example, Yang et al. [31] studied the identification of a source term in a time-fractional diffusion
equation with a Caputo-Hadamard derivative. Zhang et al. [41] further explored the inverse prob-
lem of simultaneously identifying the source term and initial condition in a spherically symmet-
ric domain governed by a Caputo-Hadamard time-fractional diffusion equation. In addition to
the methods mentioned above, other regularization techniques such as quasi-inverse [18], quasi-
boundary [37,40], truncated [36], Landweber iteration [33,38,41], and Tikhonov [25,26,29,30,32],
as well as their modified versions [13,17,19,34,35] have also been applied in related contexts. De-
spite the growing body of research on direct problems, inverse problems for fractional equations,
especially those incorporating uncertainties, still pose challenges.

In complex physical and engineering phenomena, the influence of external noise on the system
is often inevitable. Hence, it is necessary to add the uncertainty to the mathematical models.
This has led to increased interest in time-fractional stochastic diffusion equations in recent
years [4,12,21]. However, research on the inverse problem of stochastic fractional diffusion
equations is still relatively limited. For example, Niu et al. [22] analyzed the regularity of the
temporal fractional stochastic diffusion equation driven by Brownian motion, while discussing
the inversion of the source term and its instability. Inspired by this study, the inverse problem
of stochastic time-fractional diffusion equations with random sources has also been investigated
using alternative data and numerical methods [7,20]. Gong et al. [11] shifted the focus to a inverse
problem of random sources perturbed by spatially dependent stochastic noise, providing a well-
posedness and regularity analysis of the direct problem solution and proving the uniqueness of
the random source inversion. These research efforts provide important theoretical basis and
methodological guidance for the further development of the inverse problems of the fractional
stochastic diffusion equation.

The inclusion of random perturbations further complicates the mathematical analysis and
numerical computations, as the solutions become stochastic processes rather than deterministic
functions. Such stochastic fractional diffusion equations, which account for uncertainties in
the source term or initial conditions, provide a more realistic modeling framework for systems
influenced by environmental noise or inherent randomness. Despite their importance, research
on the inverse problems of stochastic time-fractional diffusion equations remains limited.

In this paper, we consider the following stochastic diffusion equation associated with Caputo-
Hadamard fractional derivative

cuDSu(z,t) + Lu(z,t) = f(z) + Wy, z€Qt€ (a,T],
u(z,t) =0, zedte (a,T), (1.1)
u(x7a> = 410(37)7 T € €,

where Q C R%d > 1) is a bounded domain with smooth boundary dQ. W, represents a

stochastic process, precisely defined in the next section. ¢y Dy, is Caputo-Hadamard fractional
derivative with order a(0 < o < 1) which is defined by

o 1 ! ty—e dw
caDgu(x,t) = P(l_a)/a (log a) 6u(a:,w)j, 0<a<l,
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where § = t% and I'(+) is a Gamma function. £ denotes the symmetric strongly elliptic operator
given by [27]

Jj=1

Lu(z) = — Z 88 (ZA“(‘;;U(@) + c(x)u(z), Vo € Q,

T
i=1 v

where the coefficients satisfy 4;; = A;; € C1(Q) (1 < 4,5 < d), c(z) >0, c(x) € C(Q). There
exists a constant v > 0 such that

d d
vY &< ) Ay(n)g, Ve, £€R
i=1

1,j=1

In (1.1), the initial data ¢(z) is provided. When f(z) and W, are known, the problem of
determining u(z,t) is called the forward problem. In this study, we consider the case where f(x)
and W, are unknown, and their identification is pursued by utilizing the statistical properties of
the final value data u(x, T), specifically its expectation and variance. This constitutes an inverse
problem, and to address its inherent ill-posedness, the quasi-boundary regularization method is
employed to identify the source term in (1.1).

This paper is organized as follows: Section 2 introduces key definitions and lemmas essential
to the study. Section 3 provides the solution to problem (1.1), analyzes its ill-posedness, and
establishes conditional stability. Section 4 applies the quasi-boundary regularization method
to solve the inverse problem (1.1) and presents a priori and a posteriori error estimates for
both deterministic and random terms. Numerical examples including both one-dimensional and
two-dimensional cases are presented in Section 5, followed by a brief conclusion in the final
section.

2. Preliminary

Before presenting the main results of our work, we first provide some useful definitions, lemmas,
and remarks.

Definition 2.1. [27] Suppose A\, Xy, () are the Dirichlet eigenvalues and eigenfunctions of the

symmetric strongly elliptic operator £ on the domain €2

LX,(x) = X, (z), inQ,
Xn(z) =0, on 99,

where 0 < A\ < Ay <+ < Ay < - limp o0 Ay = +00. { X5 (2) 122 can be normalized as the
orthonormal basis in space L?(12).

Definition 2.2. [28] The stochastic process W, can be written formally as
. o0
We =Y onAnXn(z), An~ N(0,1),
n=1

where {A4,,}°° is a random sequence, which conforms to standard normal distribution. {oy}22
is a deterministic amplitude sequence.
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Remark 2.1. [28] The process W, can also be interpreted as colored noise derived from white
noise Wx Specifically,

W, = wa = r(x,y)wydy, r € RY,
R4

where R is a nonnegative, symmetric, trace-class linear operator, and r(x, y) captures the spatial
correlation of the colored noise. The kernel is given by

)
€T y) = ZUan(fL’)Xn(y), on >0,
n=1

and the colored noise can be expressed as

(e}
Wo =D rnAnXn(z), An ~ N(0,1).
n=1
This confirms the formal expansion given in Definition 2.2 from an operator-theoretic per-
spective. In particular, if o,, is constant and considering the eigenfunction expansion of the delta
function, the stochastic process W, is white noise.

Definition 2.3. For any p > 0, we define the norm

l6llpeery = (32X Xa@) ), Il == (D2 AZ 1w, Xn(@))?),
n=1

n=1

where (-, -) is the inner product in L?(Q2). D(LP) and D(¢?) are Hilbert spaces defined by

D(IP) = {¢ € L0 ‘(ZAP (6 Xa(@))?)" < oo},
D) = {u & 12| (301w X)) < oo},
n=1

Definition 2.4. [15,23] The Mittag-LefHler function is defined by

D=

k

ad 2
Eop(2) = Z T(ak+ 8) z € C,

k=0

where a@ > 0 and 3 € R are arbitrary constants.

Definition 2.5. [3,16] For a given function f(¢) defined on [a,+o0) (a > 0), the modified
Laplace transform of f(¢) is defined by

fs) = Zn[f(t),s] = /Ooe_bgil"gif( )dt 0#seC.

For the Caputo-Hadamard fractional derivative, its modified Laplace transformation is de-
fined by

n—1
L [caDg f(t),s] = (log Z log )RR f(a), n—1 < a <n,
k=0

when n =1,

Lo lenDg,f(t),s] = (log =) f(s) = (log 2)* ' f(a), 0 < a < L.
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Lemma 2.1. [15] For Mittag-Leffler function, we have the following properties

Eop(z) =z Eqatp(z) + , z€C.

1
L(5)
Lemma 2.2. [24] For 0 < a <1, z > 0, we have 0 < E,1(—z) < 1. Moreover, E,1(—%) is
completely monotonic, that is

"

(‘an

Lemma 2.3. [15] For A >0,t >0, 0< a <1, it holds that
d

dt

Lemma 2.4. [16] If A > 0, then the following equation holds

Eyi1(—2) >0, n>0.

ot (=A%) = ~ MO By o (~\%).

© g tlogt o bakigot ik toandt _ Kl(log £)*7
/ . 1ga1ga(1oga) k+5 1Ef¥723(i)\(loga) )7: (CEESNGS

where Re(s) > ])\|é and Eék%(Z) = %Ea,ﬁ(z)-

Remark 2.2. Lemma 2.4 means that the Laplace transformation of (log é)akﬂ?—l

k oy s K!(log £)2—F
) (EA(log 1)) i g saidsyeer-

Lemma 2.5. For anyp > 0,u >0 and 0 < A\ < s, the following inequality holds

Fi(s) ,usl_g < Cgug, 0<p<2,
S) =
! Ci+ps = | Csp, p > 2,

2— P
- 2

T 1. P -z P 1—
where C1 := 1 — Eq1(=A1(log +)%), Cy:=5p2C, *(2—p) 2, C3:= X} */C1.

Proof. If 0 < p < 2, by computing the derivative of Fj(s), we obtain
(1— B)us™2(C1 + ps) — ps' "5 p
(C1 + ps)? '
If sq satisfies the equation F{(sl) =0, then s; = % can be easily derived.
Therefore

Fi(s) =

r 2—
5 p

(2—p) 2 p2.

[SIiS]

If p > 2, we can derive

1—
= 1 /J“
Ci+upus— O Ch
Proof of Lemma 2.5 is complete. O
Lemma 2.6. For anyp >0, > 0 and 0 < Ay < s, the following inequality holds
2-p Couz, 0<p<?2
S ) p )
Fy(s) = g < 4 2
Ol + Hns C3IU’7 p Z 2)

2—p

where Cy := 1p2C7P(2 —p) =", Oy := A7 P/CY.
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Proof. Similar to the proof of Lemma 2.5, we shall not repeat it here.

O
Lemma 2.7. For anyp > 0,u >0 and 0 < A\ < s, the following inequality holds
F( MSzTTp < 04/1‘#7 0<p<27
§) = ——
3 Cl + Hus n C(5,“’ D 2 27
1 pt2 p+2
where Cy := 3(p+2) 1 C; * (2— p) T, Cy = )\1 /01
Proof. As in the proof of Lemma 2.5, we omit the details here. O
Lemma 2.8. For anyp >0, >0 and 0 < \y < s, the following inequality holds
pse_fow"T, o0<p<2,
Fy(s) = mg—5 <9
Cl + us C5M7 p Z 27
where C = (p—|—2) T C = (2 — p) i, Cy —)\ 2 JC3.
Proof. The proof follows similarly to that of Lemma 2.5. O

3. The solution, the ill-posed analysis, and the result of condi-
tional stability

By employing eigenfunction expansions and Lemma 2.1, in conjunction with the method of

separation of variables and the modified Laplace transform of the Mittag-Leffler function, the
solution to (1.1) is derived as follows

= 3 (uas (~Aulog 1)) 1 (o 0ty - P2y

1
2 . " (3.1)

where ¢, = (p(x), Xp,(z)), fn = (f(z), Xn(x)) are the Fourier coefficients.
In the following, we consider the inverse problem of determining both the deterministic
function f(z) and the stochastic process W, from the measured data, expressed as

u(z,T) = g(x). (3.2)

By considering the expectation and variance of (3.1) and letting ¢t = T', we obtain

— — oo LYo
E(UH(T)) — (PnEa,l(_)\n(log %)a> +fn1 Ea,l( )\)T\Ln(l g a) )’ (3'3)

3N

[

Var(un(T)) = <2 (1 = Ea1(—An(log %)a))z.

D)

S

(3.4)

Thus, we can express f, and o2 as

M (E(Un(T)) — onLa,1(—An(log %)a))
fn= 1 — Eq1(—An(log L)) 7 5
2 _ N2 Var(u,(T)) ' (3.6)
" (1= Egr(—An(log L)a))?

g
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‘We now introduce the notation
Var(w ZVar X (@) X, (), w(z) e LA(9Q),

where the variance of the process W, is given by Var(W,) = 3.°°, 62 X,, ().
At this point, we focus on the inverse problem of determining the function f(z) and the
variance of the stochastic process Var(W,) using the measured data E(u(z,T)), Var(u(z, T)).
In practical applications, it is inevitable that the measured data are influenced by observa-

tional errors. Let the exact data and the measured data satisfy the following noise assumption
[E(u’ (-, T)) = E(u(-, T))|| < 6, [|Var(u®(-,T)) = Var(u(-, T))|| <4, (3.7)

where || - || is the L?(2) norm and § > 0 is the noise level.
Consider the operators K7 and Ky defined as follows

Ky < () = B, ) ~ o) B (~Anllog -)°),
Ky : VarOA,)(-) — Var(u(-, T)).

It is well-established that both K7 and K5 are compact, linear, and self-adjoint operators. As
n — 00, A\, — 00, which implies that K, RIS (for ¢ = 1,2). Consequently, small variations
in the input data, such as E(u(z,T)) and Var(u(z,T)), can cause significant changes in the
solutions, f(z) and Var(W,).

This behavior indicates that the problem is ill-posed and cannot be solved with traditional
methods. Instead, regularization methods are needed to find stable solutions. Below, we provide
a priori boundary condition

max{[[f()Ipsy, [Var(As)()lpen} < B, (3.8)

where p > 0 and F is a positive constant.

Theorem 3.1. If f(z) and Var(OW,) satisfy the a priori bound condition (3.8), the corresponding
conditional stability can be expressed as follows

WHH<%Eﬁ%W(C)M+CﬂMMﬁ%, (3.9)
[Var(W,) ()| < CoE7 [Var(u(-, T))[| 72, (3.10)
where Cg = (1 — Ea,l(—)\l(log%)a))_#, C7 = Ea1(—=M(log )o), Cy = (1 — Ean

(=i (log T)) 2.
Proof. According to the formula (3.5) and using the Holder inequality and the a priori bound
condition (3.8), we obtain

B = (E(Un(T)) — on a1 (—An(log %)a))
H ; 1— Eq1(—Mn(log %)0‘)

= A (E(un(T)) — onEai(—An(log L))\ 2
_;( 1~ B (—An(log L)) )

2
0]
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(pn B (Allog 1)) 2) 7

X
-
NE

=

g

=S

+
hE

(1 Ban(~Xalog —)) 77 (302 12) 7 (IEGu( 1) + Crll()]) 72
n=1

<C2Ew (|E(u(- T))| + 07”@(.)”)%‘ 3.11)
Thus ) p
If O < CeE7# (|[Eu(-, T)| + Crlle()]|) 72,

where Cg := (1 — Eqa1(—\i(log %)a))fﬁ, C7:= Ea1(—Ai(log L))

Similarly,

[Far () ()2

Sl
2 aru 2

;( o 721(2)> >)2)
::1( 1-E p+2 V?j(():l());; (p+2))$(Var(un(T)))ﬁz
ﬁ(nil A ( (—)\n(lOgZ)Q))_2p)zj2(§(Var(un(T)))2>"i2
(1= Baa(=M(log %)“))% (ffl A (2)2) 7 [Far(u., ) |7
<(CoPEF Tarul T (312)

Thus R _ . ,
[Var(We) ()| < CoEr2|[Var(u(-, T)) |72,
’ — 2
where Cg := (1 — Eq1(—A1(log L)) z=) Therefore, we complete the proof of Theorem 3.1.
O

4. The quasi-boundary regularization method and error estimates

In this section, the quasi-boundary regularization method is proposed to solve the inverse prob-
lem (1.1), and error estimates are provided under both the a priori and a posteriori parameter
selection rules.
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For the quasi-boundary regularization method, the main idea is to add a penalty term into
the final value data, thereby obtaining a regularized solution for the inverse problem [37,40]. In
particular, we focus on studying the following problem

oD (w,t) + Lul (x,8) = f(z) + We)f, x€Qt € (a,T],

uz(x, t) =0, x €t e (a,T), (4.1)
up(z,a) = (), req, '
uz(:c, T)+ ,u(fg(m) + (Wx)i) =ud(z,T), x € Q,

where p > 0 is a regularized parameter.
Using the method of separation of variables and the modified Laplace transform, we can
obtain

uh(0) = 3 (#nBa(~Anllog )+ ((fa)) + ()5 An) - Ea’l(:”(log a)a))xn(x). (4.2)

n=1

By separately determining the expectation and variance of the full expression uz(m,T ) +

1 fg(lL') + (Wm)Z) = u’(x,T), the regularized solutions can be obtained as follows

5 An (E<U§L(T)) — ¢nEa,1(—An(log %)a))
(fn)u N 1-— Eml(—)\n(log %)a) + ,U)\n ’ (43)

o2\ — A2 Var(ul (T))
( n)“ - (1 - Ea,l(_)\n(log %)a))z + /i)\%. (4.4)

In the case of noisy free, we derive that

An (E(Un(T)) — onLa1(—An(log %)a))

(fn),u = 1_ Ea,l(_)\n(log %)a) + ,U)\n ’ (45)
2 ar(u
CAMES Auar(en (D)) (4.6)

(1 = Eai(—=An(log £)a))? 4+ A2

4.1. A priori regularization choice rule

Theorem 4.1. Suppose that the a priori bound condition (3.8) and the noise assumption (3.7)
hold,

(i) If 0 < p < 2, selecting p = (%)Ti?, we obtain
1£50) = FOI < (1 + Coyorte B7,
if p > 2, choosing pu = (%)%, we obtain
1£20) = FOI < (1+ Ca)oz B2,

P 2—
5 p

where Cy 1= %p%Cl_ (2—-p) =z, C3:= )\i_g/C’l, C1:=1—Ey1(—\(log %)O‘)
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(ii) If 0 < p < 2, selecting p = (%)H?, we obtain
[VarO)5 () = TarOAx) ()] < (1 -+ C)7 Bz,

if p > 2, choosing i = ( )%, we obtain

1

[Var(W,)3(-) = Var(W,) (|| < (1+ C3)62 E2,

where Cy 1= %p§0fp(2 - p)%Tp, Cy = \P/C2.
Proof. Step 1. We begin by proving part (i) of the theorem
By applying the triangle inequality, we obtain

1£2C) = FOI S0 = FuOl + 1) = FOII-
First, we estimate the first term on the right-hand side. Using (4.3) and (4.5), we deduce

(4.7)

that

6 o0
17 () = ful W‘HZ; . (Adbgﬁﬂ+uM

uM
/—\
Q
;
>/
3
—
o
0]
~
N—
\_Q/
+
=
>
3

1750) = £ < Z (48)

Next, we estimate the second term on the right-hand of (4.7)

Thus
. By (3.5) and (4.5), we can

deduce that
£ () = FOI
T2 M (E(un(T)) — ¢nBai(—An(log T)o))
_H nz: 1-— Ea,l(—)\n(log %)a) + H)\n X”(x)
B An (E(unl(T);_ ¢nEa,1(_;nSOg %)a)) Xn(z)
— Eq1(—=An(log )%)

:

Iy — 102 (E(un(T)) — @ Bt (—An(log L)) ,
| 2—:1 (1= Eaa(=An(log )%) + pdn) (1 = Ear(~An(log 7)) X
_ = UAn 2,
_; (1 - Ea,1(—)\n(log%)a) + ,U)\n> I
1-2 .
PAn 2 b g2

<sup r
n>111— Eq1(=M(log 5)*) + pAn | 2=
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<sup ]Al()\n)|2E2, (4.9)

n>1

where Aj(\,) = C‘flt#j , C1:=1—FE41(—Ai(log %)a)

Let s := A, from Lemma 2.5, we can infer

Al(S

B /,lefg Cgu% 0<p<2,
)= Cl+NS T\ Csp p2>2,
where Cy := %ng;%(Q ) , C3:= /\175/01

Then, we have
CopE, 0<p<2

[fu() = FOI < { ’ (4.10)

C3ME7 b > 2.

Combining (4.8) with (4.10), for 0 < p < 2, we choose the regularization parameter p =
2
(%)m, and for p > 2, we choose yu = (%)%, leading to the following result

P 2
14+ Co)§rzEre, 0 <p<2,
10— Ol < 4 LT O P
(1+Cs)o2E>2, p>2.

Step 2. Here, we will adopt similar techniques to prove part (ii).
By the triangle inequality, it is straightforward to verify that

[Var(We)p, () = VarO) ()l <[[Var(Aa)p () = Var(We), ()|
+ [ VarOz) u(-) — Var(W,) (). (4.11)
Using (4.4) and (4.6), we can obtain
[Var(W.),(-) —“~"?3Lr()/'\’ac)(')||2
_ 2L A2 (Var(u)(T)) — Var(un(T)))
HZ ot CAallog Z))7 + 0

xof

A2 2
—Zl ((1 — FE, 1(—/\n(10g I)a»? M/\2> (Var(ui(T)) — Var(un(T)))Q
)\2 )
S Bun(cn(log £ +w’ Z (Vax(ul(T)) — Var(un(T)))
0\2
S(;)

Thus

IVar(W,); () = Var(Wa)u(-)ll < (4.12)

=l

By (3.6) and (4.6), we can deduce that

1Var(OWs),u(-) — Var(Wz) ()|
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> A2Var(un(T)) A2Var(un,(T)) 2
-|> S Xa(2) - s Xa(a)|
1 (1 — Eq1(=Ap(log E)a) + puA2 (1 — Eq1(—Ap(log 5)0‘)
15 o) ol
n=1 ((1 - Ea,l(_An(IOg g)a))z + /M\%) (1 - Ea,l(_)‘n(l()g ;))
= P 2
=>( i) (0
n=1 (1 - Ea71(—)\n(10g E)a)) + M)‘n
AaP
<sup ‘ a ‘ Z )\2p
n>11 (1 = Eq1(—An(log L)) 24 pAZ !l =
<sup|As(An)[* E?, (4.13)
n>1
2—p
where As(\,) = Cl%)-\fu vR
Let s := A, from Lemma 2.6, we can infer
§2P Copz, 0<p<2,
AQ(S) _ /21’72 < 2/ b
Cl + IU’S C3,LL, p 2 27
where C, := %ng;p@ —p)%Tp, Cy = )\ffp/CIQ.
Then, we obtain
- . CoutE, 0<p<2,
[Var(We)u(-) — Var(We ) ()| < {C? (4.14)
3ME, b Z 2.

Combining (4.12) with (4.14), for 0 < p < 2, we choose p = (%)P+2 and for p > 2, we choose

= (%)%, leading to the following result

(14 CYorErz, 0<p<2
1

~ TRCIANE ~8,I' . . 1
[Var(We),,(-) = Var(We) ()| < {(1+03)52 2, p=2.

2. A posteriori regularization choice rule

Theorem 4.1 aims to reveal the a priori error estimate, and in the next step, we address Theorem
4.2 and Theorem 4.3 to clarify the a posteriori error estimate using the Morozov discrepancy
principle.

4.2.1. Deterministic term f(z)

Morozov discrepancy principle is used to select the regularization parameter for the a posteriori
error estimate of f(z) and is stated as follows

[+ 7 [0 = (B T)) = o) B (~Anllog )] | =, (4.15)

where 71 > 1 is a constant and HE(ua(-,T)) — () Ea1(—Ap(log %)O‘)H > 710.
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Lemma 4.1. Let pi(p) = ||p(K1 + )7 [Kif)(-) = (B(’(;,T)) = () Ea,1 (= An(log £))] ||,
then

(i) p1(p) is a continuous function;
(i) tim pn () = 0
(i) Tim p1(4) = B T)) = o) Bas (~Anllo )%
(iv) p1(w) is a strictly monotonically increasing function for any p € (0,400).

Proof. By (4.15) , we have

p1(p)
:Hﬂ (K3 + )7 K0 — (B T)) — o) o (~Mallog )]
PAn — A (E(u(T)) — «ana,1<—An(1og Tyay)
_H Z 1- —An(log L)) + pA, 1 — Eo1(=An(log L)) + pA, Xn(ﬂ”
(X <1 —EB 1(—AM(T:g 2)%) + A >4(E(“2(T)) = #nBla(“Anlog g)a))z) "
n=1 a, n a n
Clearly, the conclusions in (a), (b), (¢), (d) are valid. n

Theorem 4.2. Suppose that the a priori bound condition (3.8) and the noise assumption (3.7)

hold, and the regularization parameter p satisfies the selection rule defined in (4.15). Then, we
have the following results

(i) If 0 < p < 2, we have the error estimate

1720~ 100 = (B 2)7™ + (C5) 7 ) orta o,

2
p+2 22p

where Cy := 1 — Eq1(=M(log £)*), Cy = 1(p+ 2)#01 Y (2- p) T,
(ii) If p > 2, we obtain the error estimate

1720~ 10 = (B 2)7™ + (55 st

o
where Cy := )\ITP/CL

Proof. By applying the triangle inequality, we have

IF2C) = FOI < MG = LaOI+ 1£u() = FOI- (4.16)
The first term of (4.16) is derived from equation (4.8)
J

1£20) = fu()ll < s

Using (4.15) and (3.7), we obtain

10 = H Z (1 _ /\/‘(i‘gg ) )+ MA”)Q(E(UZ(T)) — onEa1(—An(log %)a))Xn(a:)H
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oo A 9 s
< E(ud (T)) — E(un(T))) X,
N G tes T ) BT B Koo
* H i ( o )Q(E(un(T)) — ¢nEa,1(—An(log z)a))Xn@c)H
=\ = B (=An(log D)) + pA, 7 a
<5+ Ji.
Next, a priori bound condition (3.8) is used to estimate J;
= 1An 2 T
J = E(un(T)) — onEa1(—An(log —)%)) X,
1 H;<1_Ea,1(—)\n(log£)a)+u>\n> (E(un(T)) = enFaa (Oga) ) (x)”
> HAp 2 T,
= A (1 = By (—=An(log =) fu X
H;(1—Ea71(_)\n(10gg)a)+/~t>\n> n 1 An(log 77) I (m)H
. :U)\n 4 —1 T « 2 2 %
= A1 = By iy (=, (log — 3
<nz::1<1_Ea,1(_)\n(log€>a)+ﬂ/\n> A (= Anlog ))(S ))

FAn -1 RPN 1K - 2 3
< A1 = By (=An(log =))) ]2 A0 4 AP f2
< sup 1—Ea,1(—>\n(log%)a)+u)\n[ n( 1(=An(log —)))] ’ (; f)

2—p
=
< sup HAn T 2E
n>1 11— Eq1(=A1(log 3)%) + pAn
= sup|A3(\,)|* B, (4.17)
n>1

N

4
where Az(\,) = C‘fl’\ju/\n.

Let s := A, according to Lemma 2.7, we obtain

C2uE, 0<p<2
J1 <

C3’E,  p=>2,

9 _pt2 2— 2-p
where Cy := (p + 2)%01 T2-p) T, C5i= At /Ch
Thus o
i
Ciu =z E, 0<p<2,
(7‘1 — 1)5 <

C3u’E,  p>2.

Furthermore

2
C3 \#2 (E\r?
1 < 41) <5>p y 0<p<2,
< L=
I

5 1 (4.18)
Cs 2 B
— > 2.
<7_1 _ 1) ( 5 )27 p -
Substitute (4.18) to (4.8), we have
2
2
5 < C41>p+25”i2Epi2a 0<p<2,

S

1£2() = fu()l < e ' ) (4.19)
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For the second term on the right-hand of (4.16), we can obtain

—tfn
:H ; Mt (1 - Ea,l(—lj\n(log Lyay) + MXn(I)H

A (1= Baa(=Aa(log D)) 5
_H nZ::l <)\§1 (1 — Ea,1(—1)\n(log r‘gg)a)) + M)
- fo X,
(At (1= Eaa(=An(log £)2))] 2
° pAt (1 — Eq1(—Xp(log %)a))
e

5+1
7 (1= Eaa(=Mn(log L)) + u) <A;1(1 — Eo1(—

fn ﬁ 12 1-5
Xz
Pt (1= Bar (g D)) o ;(W(l—EaJ(—An(log 2)%) +u)
. i ()|
[)\ﬁl (1 — Eq 1 (=M (log %)0‘))] 2
.- p 2,_ T, s
SH nzl (Anl(l — Eo1(=n(log £)2)) + u) A (1= Baa(=An(log 1)) fo X ()
- fn X ()][72
7 Xn(7)
: H ; (At (1= Ea1(—An(log Tye))]2
p 2 T, ==
SH 2 ()\gl(l — Ban(—An(log L)) +M) (E(un(T)) = ¢nEa,1(=An(log E) )Xo ()

<(| i (Ml = Ea,l(—in(log SO M>2(E(un(T)) ~ B(u}(T))) X ()

n=1

o 2
* H HE_: ()\;1(1 - Ea,l(—/j\n(log Lyoy) + u>

=1

< (B T) — B (Aallog 1)) X, (o) |) 77 7420, 72

_pP_
S(ﬁgz 1) P2 pita st (4.20)

Combining (4.19) and (4.20), we obtain

_p_ 2 2
(a2 () a<aes
& -1

(Cay™ e Gh)pe =

Hence, the proof of Theorem 4.2 is complete. O

1£2C) = O < (4.21)

N
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4.2.2. Random term Var(W,)

We apply the Morozov discrepancy principle in the form presented below
H Ky + 1)~ (KaVar(OA%)3 () — Var(u? (-, T))) H = 16, (4.22)
where 75 > 1 is a constant and |[Var(u’(z,T))| > m20.
Lemma 4.2. Let pa(p) = ||u(K2 + u)_l(Kg@'ar(Wx)i(-) — Var(u’(., )|, then
(i) p2(p) is a continuous function;
(ii) Tim pa() = 0;
u—0
(iii) lim pa(p) = [[Var(u® (-, T))|;
=00
(iv) pa2(p) is a strictly monotonically increasing function for any p € (0,400).
Proof. After a simple calculation, this lemma is proved by the following expression

= 3 i ! ar(u® 22
plh) = <n§ ((1—Ea,l(—kn(logf)“))%ruk%) (Varlua (D) ) '

O

Theorem 4.3. Suppose that the a priori bound condition (3.8) and the noise assumption (3.7)
hold, and the regularization parameter p satisfies the selection rule defined in (4.22). Then, we
have the following results

(i) If 0 < p < 2, we have the error estimate

_P_ N2 2
~ TRC RN . N 5+ 1 P2 (C4) P2 _p_ 2
[Far(42)5 () = Var() () < ( ( = )7 () ek,
/ pt2 P2 2—p

where Cy :=1— Eq1(—M(log L)), Cy:==1(p+2)*C; 2 2-p)7.
(ii) If p > 2, we obtain the error estimate

Tar0h )30 - Tar0Am Ol < (P )7 + ((B0) st

, 2-p
where Cy := X\, /C%.
Proof. By applying the triangle inequality, we can obtain

IVar(OW2) () = Var(Wa) ()l <[[Var(Az ), () — Var(We)u ()|
+ [Var(Wz) () = Var(We) ()]l (4.23)

The first term of (4.23) is derived from equation (4.12)

IVar(We ), () = Var(As) ()| <

=l
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By (4.22) and (3.7), we deduce that

oo 2
m =X (o Ea,1<—xﬁé T)a))”+ ) Vo)

> 2
<| 2 ((1 - Ea,l(—xn/g; yay)? MA%>2(V“<“§(T)> = Var(un (1)) X, (o)
o b 2
% ST ), Var(en(D) ()|
<6+

Next, a priori bound condition (3.8) is used to estimate Jo

= UN? 2
Jo = & Var(u,(T)) Xy ()
i H ; <(1 — Ba(=An(log T)))* + M%) H
N 'U)\2 2 -2 T\ o\\2 2
= - A~ (1= Eap(=An(log —)%)) 05, Xn ()
H nZ::l <(1 — B (=M (log )))* + ;M%) ( 1 ") H
= ,U,)\% 4 —1 T a 4, 92\2 %
= Ay (1= Eqi(=Ap(log — (07)
o T r) P (= Baamlio )] o)
P -1 T ooy 512 N y2p) 212) 2
< A (1 = Baa(=An(log =) A 2 AP (52
B EEI; (1= Ea1(—An(log %)O‘))2 + pA2 ( A (log a> ) ‘ <; (o) )
2—p
=5
<su ’ HAn 5 ‘QE
n>1 (1 — Eq1(—Ai(log %)a)) + pA2
= sup |A4(An) P, (4.24)
n>1
Nen
where Ay(\,) = lefjrbuki'

Let s := A, according to Lemma 2.8, we obtain
; (CWFE, 0<p<2,
2 <
(Co)*W*E,  p>2,

pt2 _pt2

, _ , 2-p
where C) = L(p+2)"5°C] 2 (2—p)° 1, Cy:=A\,? /C2.

Thus -
(CY*u'T B, 0<p<2,
(7'2 — 1)5 S

(CHYPE,  p>2.

Furthermore

1 T(z j)i 1 6 (4.25)
1Y Cy 5 B 1
= >
(7‘2—1) (5)27 p=2
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Substitute (4.25) to (4.12), we have

) ((04)2)“251&)5#2 0<p<?
[TarOM)3() — VarOA,), () < 2 < {2 0 17 (4.26)
(GO
For the second term on the right-hand of (4.23), we can obtain
IVar(Vs)u() — Var(Wz) ()|
RS —poy
1% 5= (1— i(-uts el
m ar(“Anllog 1)) 2 "
_HZ< ( An(log T )))2+u) <A (1= Ea,1(=An(log 3)*)) +u)
03
N2(1-E (_An(log)“))szn(x)H
I3 Gy 0 B Chnlon ) e Xota) e
02w
x Hix;;a?)( @[y 7
n=1
(X Gt ) (Var(un(1) = Va1 X,
’ H ; ()\n2(1 — Ea,l(—fn(log %)O‘))Q + HfVar(ui(T))Xn(m)‘ )HQE iQC pf2
< (TQCJ; 1)”%]3;7%&%. (4.27)
1
Combining (4.26) and (4.27), we obtain
T2+ 1\ 75 (Cy)? s7z p+2 ,
[Var(a)5() — VarOAs) ()] < (<70j1> +<?C/)21 >1 )1 IE TR
(Y (Epss e

Hence, the proof of Theorem 4.3 is complete. O
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5. Numerical experiments

In this section, in order to better demonstrate the effectiveness of the quasi-boundary regu-
larization method in solving ill-posed problems, we present numerical examples in both one-
dimensional (1D) and two-dimensional (2D) cases.

e 1D Case

Let Q = (0,1), and consider the following direct problem

cnDg u(z,t) + Lu(x,t) = f(x) + Wy, 2€Q,t€(a,T],0<a<l,

u(0,t) = u(l,t) =0, te(a,T), (5.1)

u(z,a) = @(x), x € €.
The above equation is discretized by the finite difference method. The time and space steps
are defined as At = ;,“ and Az = 57, respectively. So we can obtain t;, = a + kAt (k =

0,1,---,N) and x; = iAz (i =0,1,--- ,M). The approximate value of u at each grid point is
denoted by u¥ ~ u(z;, ty,).
The finite difference format of Caputo-Hadamard time-fractional derivative is as follows [10]
k—1
oDy u(ws, ty) &~ —aypud + Y (asp — aspap) uf + appuf,
s=1

where i =1,--- M —1;k=1,--- ,N and

1 (log )17 — (log &)1~
s
2 -a) log =

(82172a"' 7k)

Qs =

Let A;; = 0 and ¢(z) = 0 in (1.1), the operator £ approximate difference scheme is given
by [28]
ufyy — 2uf +uf

Lu(zi, ty) = — (Br)?

Based on the statistical properties, we divide the problem (5.1) into

o DB ) + £E(u(0, ) = ). 5 € 0.1, 1€ 0T
E(u(0,1)) = E(u(l,t)) = te(a,T),
E(u(z,a)) = ¢(z), z € (0,1),
and 3 ~ .
cu Dy Var(u(x,t)) + LVar(u(z,t)) = Var(W,), € (0,1),t € (a,T],
Var(u(0,t)) = Var(u(l, t)) = 0, t € (a,T),
Var(u(z,a)) = 0, x € (0,1).

First, we can derive the discrete scheme of the direct problem in the sense of expectation as
follows

E(uf,,) — 2E(uf) + E(u} ;)
(Az)?

k—1
—aj kE —|— Z as k— Os11k E(uf) + ak,kE(uf) = + fi.
s=1
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Let B(U*) = (E(u}), E(uf), - E(uf;_1))T, @ = (p1,902,++ ou—1)" and F = (f1, fo,

T
far—1)T, we can obtain

A'E(UY) =F 4+ a1,19,

k-1

APE(UY) =F +) (as415 — asp)E(U®) + a1 ®.
s=1

The tridiagonal matrix A* is as follows

ds d3
di dg d3
k .
Alv—1yx(M-1) = dy do - )
s
dy da
where di = dg = —@, do = Qi + ﬁ
Similarly, in the sense of variance, we can obtain
k—1 )
— ay Var(ud) + Z ask — as1x)Var(ug) + ag p Var(ul)
s=1

K
:(Alx) (Var(uf,,) — 2Var(uf) + Var(u_,)) + Z 02 X (5).
n=1

Let Var(UF)=(Var(uf), Var(uf), - -, Var(ut, )T and ¥ = (0, 03, ---, 03, )T, we can
obtain
AlVar(U') =0,
AFVar(UF) =0 + Z(a5+17k — as)Var(U?®).
s=1
e 2D Case

Let Q = (0,11) x (0,l2) be a rectangular domain, and consider the following direct problem

or D u(m,y,t) + Lu(z,y,t) = f(2,9) + Way,  (z,9) €Q, t € (a,T],
u(o’ y7 t) = u(ll’y7 t) = u('/I/‘7 07 t) = u(x7 l27t) = 07 t 6 (a/7 T)7 (5'2)
u(:c,y,a) :(p(l',y), (x,y) e Q.
Let.’EZZZAl'(Z:O,l,,M1>7y]:JAy(j—O,17 : M2) k—a‘i’kAt(k—O,l, ,N)
and the space and time steps are defined as Az = l , Ay = M and At =
value of u at each grid point is denoted by uf ;R u(xz, Yj, ).

First, we can derive the discrete scheme of the direct problem in the sense of expectation as
follows

k—1
—ay kE(u; ;) + Z (s — Qst1,k ]E(Ufg) + ak,kE(uf,j)
s=1
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=Pz (E(uf—i-l,j) - 2]E(Ui'€,j) + E(“?—l,j)) + Dy (E(Uﬁjﬂ) - 2E(“§,j) + E(uﬁj—l)) + fij

1 1

where p, = @2 and p, = (LR
Let E(UY) = (E(uf,),E(uf,), - E(ul, 1), B(uf o), B(us), - E(uly o), -+,
E(uf ppy—1) B ), B(uhy )T @ = (011,020, 0011, 912,922,
OM;—1,2y" " s P1L,Mo—15 P2, Mo—1,""" aSDlel,Mgfl)T and F' = (f1,1,f2,17 T ,fM171,17f1,2,f2,2, )
12, fid—1,s fora—1s++  far—1.05-1)T, We can obtain
(A'E(U") = F + a1,1®,
k—1
(A"FE(U*) = F + Z(as-f—l,k: — a5 1)E(U®) + a1 1.
s=1

The tridiagonal matrix (A*)* is as follows

AT,l —pyl
—pyl A§,2 —pyl
(A" = —pyl Ajy € ROM-D(M2=1)x (M1 =1)(Mz—1),
—pyI

*
_py‘[ AMl—l,Ml—l

where I is the (M; — 1) x (M; — 1) order unit matrix, and

ho hs
h1 ho hs
Ai=| hihy . | eRONDY
h
h1 ho

where hy = h3z = —pz, ho = a;; + 2p; + 2p,.
Similarly, in the sense of variance, we can obtain

k—1
—arpVar(up;) + ) (ask — asprp)Var(uf ) + apxVar(uf;)
s=1
~ k ~ k o k
=pe (Var(ujy, ;) — 2Var(u;;) + Var(ui_, ;))
K
Var(ul ;) — 2Var(uk ;) + Var(ul o X (@i 5
+py (Var(ug ;1) ar(u;) + Var(uf; 1)) + Y oh o Xnm(@i,j)-
n,m=1
Let @'ar(Uk):(Var(ulil), Var(ug’l), e Var(uﬁ/fl_l,l)a Var(u’fg), var(u’ig)a e
Var(uﬁ/fl—m), Tty Var(ulf7M2—1)’ Var(ug,M2—1)7 T Var(u’lfwl—LMQ_l))T’ V= (U%’l’ O-%’h S
012\/[1_171’ 0%12’ 03’2’ - 0%41_172, . U%,MQ—D O‘%jMQ_l, e 012\/[1_1,M2_1)T, we can obtain

(A Var(Ut) = ¥,



1008 S. Li, R. Li, F. Yang, X. Li & Z. Tian

k—1
(A" Var(U*) = U+ > (as41k — asp)Var(U?).
s=1

Using the previously derived difference equations, we can compute the values of E(u(-,T))
and Var(u(-, T)) numerically, where the spatial variable “” denotes either z (in 1D) or (x,y) (in
2D). These results are then used to solve the inverse problem and obtain the regularized solution.
In practice, measurements used in the inverse problem are subject to noise. To simulate this,
we introduce noisy data

E(u’(-, 7)) = E(u(-, 7)) (1 + = (2rand(size(E(u(-, T)) — 1)),

Var(u(-,T)) = Var(u(-, T))(1 + %(mand(size(:ifar(u(-,:r)) 1)),

where rand(-) generates random numbers with mean 0 and variance 1, and e denotes the noise
level.
The absolute errors between the exact and noisy data are measured as

= [E(’(, T)) = E(u(, D), 62 = [[Var(u (-, T)) = Var(u(-, -, T))ll,

with the L? norm over the spatial grid in 1D or 2D. Specifically, for the 2D case

>0 225 (B(ug ;) — E(uig)) > > (Var(u )*“N’ar(uz',j))f

o =
! My +D)(Ma+1) M1+1)(M2+1)

The relative errors in the recovered functions are given by

e _\/E(@amwx)—izar(y‘\zw)g)?
N S T S (Tar(W,))? '

e 1D Numerical Examples

We know that it is difficult to obtain a priori boundary condition in practical applications
and the selection of a priori regularization parameter is based on a priori boundary condition.
Therefore, we only give the numerical results under the a posteriori regularization parameter
selection rule. Let | =7, a =1, T =5, ¢(z) = xsin(x), M = 100, N = 100, 1, = 7o = 1.1.
Select K = 10 from the random term in Var(W,) = 25:1 02X, (r). The eigenvalues and
eigenfunctions of the operator £ are

2
Ap =12, Xp(z) = \/7sin(nm), n=12---
i

Here we give three numerical examples.

Example 5.1. Consider the following functions

f(x) = sin(z), VarOA,) = Zn*%Xn(:c)
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The exact solution f(x) and its approximations
The exact solution f(x) and its approximations

The exact solution f(x) and its approximations

(a) @=0.3 (b) a=0.5 (c) a=0.7

Figure 1. The comparison of the exact f(z) and approximations f;z (z) with e = 0.001, 0.0005, 0.0001 for Example 5.1 at
different a.

K

The exact solution Var(1¥,) and its approximations

The
T

(a) a=0.3 (b) @=0.5 (c) a=0.7

Figure 2. The comparison of the exact var(l/.\/z) and approximations @ar(Wz)i with e = 0.001, 0.0005, 0.0001 for Example
5.1 at different a.

Figures 1 and 2 present the results of Example 5.1, showing the exact solutions f(z) and
Var(W,), along with their quasi-boundary regularized solutions fl‘j(:v) and @ar(Wx)Z, under
noise levels € = 0.001, 0.0005, 0.0001. To assess the impact of the Caputo-Hadamard fractional
order «, we test three values: 0.3, 0.5 and 0.7. As « increases, the solutions become smoother and
more stable, demonstrating the stronger regularization effect of higher-order fractional deriva-

tives. In addition, when the deterministic term f(z) is continuous and the variance sequence o2

in the random term follows an exponential decay of the form n_%, the quasi-boundary regular-
ized solution approximates the exact solution with high accuracy.

Example 5.2. Fix o = 0.3, and consider the following functions

¢ T
O, T € [O,Z),

T T m
4(56—*), 936[175)7 10
flz) = \ 3 ] [7r 377) Var(W,) = Z:lcos(—n)Xn(x).
) € 2 ) 4 ) n=

3

0, z € [,
Figure 3 displays the corresponding results for Example 5.2. Here, f(x) is a non-smooth
function, the variance sequence o2 is a trigonometric function of the form cos(—n). As can be
seen, the numerical results are in good agreement with the exact solutions.
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The exact solution f(x) and its approximations

The exact solution Var(W,) and its approximations

(a) f(x) (b) Var(Ws)

Figure 3. The comparison of the exact solutions and the regularized solutions with e = 0.001, 0.0005, 0.0001 for Example
5.2.

-

o
o

7,) and its approximations

The exact solution f(x) and its approximations

(a) f(x) (b) Var(Ws)

Figure 4. The comparison of the exact solutions and the regularized solutions with e = 0.001, 0.0005, 0.0001 for Example
5.3.

Example 5.3. Fix o = 0.3, and consider the following functions

s

0, z€[0,2), 10
3 Y 0 X (@), ze0,5),
T 27 ~ . —
flx)=X1, z€[5,—=), Var(W,) = ”fol
o S cos(— 1) Xn(z), e[S, 7]
cos(— )AplT), T € |Z,m].
0, xe[%ﬂ,ﬂ, L 2

Figure 4 displays the corresponding results for Example 5.3. It can be observed that when
f(x) is a discontinuous function, the variance sequence a,% forms a sequence of discontinuous
functions, the approximation of the exact solutions by the quasi-boundary regularized solutions
is relatively poor.

Table 1 shows that, with fixed time-fractional order «, the relative errors of both the exact
and regularized solutions decrease as the noise level £ decreases from 0.001 to 0.0001.

From the examples above and Table 1, it can be observed that smaller noise levels ¢ and
larger time-fractional order o both lead to better approximation results. Moreover, the quasi-
boundary regularization method performs better when the recovered function is continuous,
compared to the discontinuous case. Figures 1 to 4 show that the regularized solutions closely
approximate the exact ones, indicating the high effectiveness of the quasi-boundary regulariza-
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Exact solution f(x,y)

f
o -~ N v & 0 o

@
S

Error surface for §=0.001

Error

250

200

150

Frequency

100

50

f(xy)
B = % @ & 0
:

Regularized solution ffl(x,y)

4%:@7@;4/ i

W
L

Y
20

Histogram of error distribution

02 -0.15 -0.1

-0.05 0
Error value

(d)

0.05

0.1

20

0.15

0.2

Figure 5. Exact solution, regularized solution, error surface, and error distribution histogram of f(z,y).

Table 1. Relative errors for Examples 5.1 to 5.3 at different values of € with fixed o = 0.3.

€ 0.001  0.0005 0.0001

Example 5.1 ey 0.0738 0.0358 0.0009
€Far(W) 0.0573 0.0301 0.0007

Example 5.2 ef 0.0705 0.0377 0.0006
€Far(Wy) 0.0285 0.0139 0.0005

Example 5.3 ef 0.0633 0.0353 0.0053
0.0656 0.0367 0.0013

e\?ar( We)

tion method in identifying the source term in the stochastic Caputo-Hadamard time-fractional

diffusion equation.

e 2D Numerical Example

In 2D case, we suppose l1 = ly =7, a=1,T =5, p(z,y) =z cos(y), M1 = My = 30, N = 30,

71 = 7 = 1.01. Select K = 5 from the random term in Var(W,,) = >

K 2
n,m=1 On,m

Xn,m(x7 y)'
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Exact source Var(W;) Regularized solution Var(W,);

Var(W,)
Var(W,)!

Error surface for §=0.001 Histogram of error distribution

3

Error

Frequency
N w
=

0
-0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02
Error value

(c) (d)

Figure 6. Exact solution, regularized solution, error surface, and error distribution histogram of @ar(Wzy).

The eigenvalues and eigenfunctions of the operator £ are

4

Anm = n? +m?, Xnm(x,y) = - sin(nz) sin(my), n,m =1,2,---

Example 5.4. Fix a = 0.3 and € = 0.001, we consider the following functions

5
flz,y) = zy(x — m)(y — 7), %N/ar(ny) = Z sin(n) cos(m)Xn m(x,y).

n,m=1

Figures 5 and 6 illustrate the reconstruction results of f(x,y) and @ar(ny), respectively,
under fixed parameters o = 0.3 and £ = 0.001. In both figures, subfigure (a) shows the exact
solution, while (b) presents the corresponding regularized solution. Subfigure (c) displays the
error surface between the exact and regularized solutions for 6 = 0.001, and (d) shows the
histogram of the error distribution. It can be observed that most error values are concentrated
near zero in both cases. In Figure 5(d), the errors are primarily within the range of —0.1 to 0.1,
with only a few exceeding +0.15. In contrast, Figure 6(d) shows a narrower error range, mostly
between —0.01 and 0.01, with only a small number exceeding +0.015. These results indicate
that the regularized solutions exhibit relatively small systematic bias. These visualizations show
that the quasi-boundary regularization method can produce accurate and stable results when
the noise level is small.
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6. Conclusions

In this paper, we investigate an inverse problem aimed at determining the random source term
of the stochastic Caputo-Hadamard time-fractional diffusion equation. The solutions to this
stochastic inverse problem are derived by utilizing the expectation and variance of the final value
data u(z,T). To achieve regularized solutions, we employ the quasi-boundary regularization
method. By separately handling the deterministic and random terms, error estimates are derived
using both a priori and a posteriori rules for selecting the regularization parameter. Numerical
experiments in both one-dimensional and two-dimensional cases are conducted to validate the
effectiveness of the proposed method. The results show that smaller noise level € and larger time-
fractional order « lead to better approximation performance. Moreover, the quasi-boundary
regularization method yields more accurate and stable results when the recovered function is
continuous, compared to the discontinuous case. However, these experiments are limited to
idealized examples. In future work, we plan to extend the framework to practical applications
involving complex physical processes by incorporating physical modeling and experimental data.
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