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BACKLUND TRANSFORMATION AND SOME EXACT SOLITON
SOLUTIONS FOR A (2+1)-DIMENSIONAL NONLINEAR
EVOLUTION EQUATION

Yanmei Sun®' and Zixiaoyi Ren?

Abstract This study presents a systematic derivation of exact solutions for a (2+41)-
dimensional nonlinear evolution equation through Bécklund transformation techniques. This
equation can be reduced to the standard Korteweg-de Vries (KdV) equation. A Bécklund
transformation of the generalized (2+1)-dimensional KdV equation is constructed, and some
exact soliton solutions are produced. In addition, the superposition formula is obtained.
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1. Introduction

Nonlinear evolution equations have long shaped modern physics through landmark methods
like inverse scattering [5, 18] and Bécklund transformations [7—10]. These tools decode intricate
systems from vector field interactions, producing fundamental models like the dispersionless
Kadomtsev-Petviashvili (dKP) equation [2—4,6,13,15-17,19, 20] and Korteweg-de Vries (KdV)
equation [1,11,12,14,21,22]. Recently, the Bécklund transformation method has been exten-
sively studied for investigating solutions of many nonlinear evolution equations with physical
backgrounds and applications. The famous examples are the Kortweg-de Vries equation, the
nonlinear Schrodinger equation, and so on. These (1+1)-dimensional integrable equations all
have soliton solutions which can be obtained by the Backlund transformation method. How-
ever, the Bécklund transformations of (2+1)-dimensional integrable evolution equations lacked
a systematic study. Chen [6] once studied the Kadomtsev-Petviashvili (KP) equation, which
describes disturbances in a weakly dispersive, weakly nonlinear medium. The Béacklund trans-
formation of the (2+1)-dimensional KP equation was obtained, which was used to investigate
soliton solutions. In addition, the multi-soliton solutions of the KP equation were constructed
by a superposition formula.

In [19], the following system of two nonlinear partial differential equations (PDEs) in (2+41)
dimensions was proposed:

Ugt + Uyy + (uum)m + VplUgy — Vylzgy = 0, (1 1)

Vgt + Vyy + Uz + VpUgy — VyUgz = 0
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arising from the commutation of the two-dimensional vector fields

Ly = 0y + (A + 0,)y — ugdy, (1.2)
Lo =0 + (A2 + Mg+t — )0y + (—Aug + u,) Oy (1.3)
Strikingly, in the case where v = 0, the Eq. (1.1) is reduced to the dKP equation
(ut + utg)g + uyy =0, u=u(z,y,t) € R, x,y,t € R. (1.4)
In the case where u = 0, the Eq. (1.1) is reduced to the Pavlov equation
Vgt + Uyy = VyUpz — Uglay, ¥ =0(2,y,t) € R, x,y,t € R. (1.5)
In [6], Hsing-Hen Chen conducted a study of the equation:
Gat + 30%qyy + Gue + (3¢%) 0z + Guzes = 0 (1.6)
arising from the commutation [L, A] = 0 of the two-dimensional vector fields
L =02+ qlz,y,t) — bdy, (1.7)
A = 408 + 3i(qd, + D,q) + 3ib /m qydzx + 10y + i0;. (1.8)

By choosing b = :I:% in Eq. (1.6), we get

Azt — Qyy + Qox + (3q2)a:a: + Qrgzz = 0. (19)
And by choosing b = :l:% in Eq. (1.6), we get

qxt + Qyy + Qrx + (3q2)x:p + Qexaxxr = 0. (110)

And the transformation y — iy to the Eq. (1.10) automatically carries to the Eq. (1.9).
Our innovation introduces a unified framework:

Ugt + Uyy + Ugg + (3u2)m + Upgze + Mgy =0, (1.11)

where A € C' is the spectral parameter and v = u(z,y,t) € R, z,y,t € R. In the case of setting
the parameter \ to zero, the Eq. (1.11) becomes the Eq. (1.10), thus resulting in the promotion
and inclusion of [6]. When the Eq. (1.11) is plotted on the xt plane, it is found to decrease to
a KdV equation:

qt + Gz + 661% =0.

Furthermore, when the equation is plotted on the xy plane, it is seen to reduce to a Boussinesq
equation, which is expressed as follows:

gtt — Qza — (qz):va: — Qrzzx = 07

, (1.12)
qit — Qaa + (q )xm + Qrrzx = 0.

The Eq. (1.11) describes disturbances in a weakly dispersive, weakly nonlinear medium.
At the same time, A novel Bécklund transformation of the generalized (241)-dimensional KdV
equation is constructed, and some exact soliton solutions are produced. Finally, we also get the
superposition formula for the solutions. This work bridges dimensional hierarchies in integrable
systems, offering new tools to probe wave phenomena in complex media.

This paper is organized as follows: In Sections 2 and 3, respectively, the Backlund trans-
formation is constructed using the Lax paired transformation. In Section 4, a superposition
formula is obtained via the Bécklund transformation. In Section 5, a new soliton solution is
obtained.
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2. Generalized Lax criterion

In the context of two linear Hermitian operators: Aj[d,,u(x)] and Ap[d,, u(x)]. The variables z
and u represent the totality of z1,x9,...,x, and ui,us,...,u,. The operators commute with

each other, i.e., L
[A1, Ao] = 0. (2.1)

It can be demonstrated that a simultaneous set of eigenfunctions f(z) exists such that
Aif = af and Aof = B, (2.2)

where a and 8 are eigenvalues independent of z. Eq. (2.1) will provide the evolution equations
of interest, while Eq. (2.2) are fundamental. The Bécklund transformation for the evolution
equations obtained from Eq. (2.1) is derived from these fundamental equations. The subsequent
example, adapted from the source text, will serve to elucidate the points above:

Al = ag + U(.’B, Y, t) - may: (23)

Ay = 4i02 + 3i(udy + Opu) + 3im / uydx + 10, + 10 + A0y (2.4)

In the event of the selection of m = :l:% from Eq. (2.3) and (2.4) being made, the ensuing

equations are obtained:
Uyy + Upgze + (3u2)m + Uy + Uzt + Mgy = 0. (2.5)

In the event of the Eq. (2.5) being set to have a value of zero for the parameter A, the resultant
equation would be:
Uyy + Ugzze + (3u?) pe + gy + Uzt =0 (2.6)

which was the 2-dimensional KdV equation. The following discussion will concentrate on Eq.

(2.5).

3. Backlund transformation

From Egs. (2.2), (2.3) and (2.4), it can be deduced that
S
V3
402 f + 3i(udy + Opu) f £ \/§z/ uyda f + 0, f +i0 f + A0y f = Bf.

O3f +uf F—=0,f = af,

(3.1)

This system of equations defines a transformation mapping a solution u of Eq. (2.5) to a function
f. It will be shown that f corresponds to another solution, denoted 1, of the same equation.
Thus, Eq. (3.1) constitutes a Bécklund transformation between two distinct solutions u and 4
of Eq. (2.5).

We let @ = Inf and S; = u, the Eq. (3.1) can be rewritten as follows:

1
P24+ D+ S, F—P, = q,
RV (3.2)

4i (B3 + 3D, Py + Prgy) + 36(29,Py + Sp) £ V3iSy +i®, +i®y + Nid, = .
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The elimination of S from Eq. (3.2) results in the subsequent nonlinear evolution equation for

d:
. X x
Dpre + 6D, — 2@;@ + 2\/§/ S, P, dr + / &y dr + Op + &4 + APy = —if3. (3.3)

It can be shown that for any solution ® to Eq. (3.2), there corresponds a solution S; = u
to Eq. (2.5). Moreover, for any solution triple (®,/3,\) satisfying the equation, the triple
(—®,—f, \) also constitutes a valid solution, differing only by a sign change in the fourth term.
For this new pair, denoted by (—®, —/, \), there is a corresponding solution, denoted by @ = S,
of Eq. (2.5) such that

£ 1
_(I):cx'f'q)i"_sx:':iq)y:aa

V3

$i( =By + 3B,y — D) 4 3i(=25,8, + ) (34)
T V3iS, — i®, — i®; — Nid, = —f.
The difference between Eqgs. (3.2) and (3.4) is calculated as follows:
2045 = S5 — Sa,
8i®ype + 830 + 6i®,(Sy + Si) + 3i(Saz — Sew) (3.5)

T V3i(S, + Sy) + 2i®, + 2i®; + 2Xid, = 26.
Eq. (3.2) in conjunction with Eq. (3.4):

. 2
202 4 (S, + Sz) F —=®, = 20,
( ) V3! (3.6)

24i®, By + 61D, (Sy — Sp) + 3i(Sew + Sea) T V3i(S, — S,) = 0.
By (3.5), we choose

1 /*
¢ = / (S — S)dx + V3ay + (—iB £ V3Aa)t.
It is shown that this procedure eliminates the constants « and 5 in the Backlund transformation,
indicating their non-essential role in solution construction. Substituting the relation between ®

and S into Eqs. (3.5) and (3.6) then yields the Biicklund transformation in the form:

, . 2 z o,
(S—82+28 +5,)F \/g/ (S, — S,)dz = 0,

408 = 8)p+ (S —8)2+3(S = 8)(S+5)s +3(8 — S)aw £ V3(S +9), (3.7)

+(S‘—S)+/I(S’—S)tdx+/\/ (S —8),dz = 0.

The double sign in the transformation equations indicates bidirectional wave propagation
along the y-axis. Using Eq. (3.7), particular solutions to Eq. (2.5) can be constructed. Starting
from the trivial solution S = 0, multiple new solutions S can be generated through integration
of Eq. (3.7), or more directly by applying Eq. (3.1),

1
92 — 0, f =

4i03 f + 0, f +i0pf + Nidyf = 0.
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If f = Bexp(ikz + My + Nt) is a solution of Eq. (3.8), where B, k, M, N are undetermined
constants, then

fe=ikf, fy=Mf, fr = Nf, foo = =Kf, fowe = K fo = —ik’f
substitute them into Eq. (3.8), we get
M = 7V3k%, N = (4k® — k)i + A\V/3k?2.
Therefore, the most general solution for f can be expressed as follows:

f=3 apexp [z]m V3K + ((4K3 — k)i + Ax/ék:?)t} =3 arexp(&y), (3.9)
k k

where
& = ika F V3kAy + ((4k® — k)i £ \V3E?)t. (3.10)

The solution is applicable to all complex values of k and aj, is a spectral function. When S =0
in Eq. (3.5), the relation

b= §, =28, —a(lr), —ofrml 12
! " (3.11)
_ 2 ok ark?exp(&r) Yok arexp(&) + >0, axkexp(&r)]?
[>-k arexp(&r)]?

is a solution of Eq. (2.5).
A specific selection of a; will yield particular solutions. To illustrate this point, consider the
following example: Let ap = 0r, —ir, + Ok —ik,, Where

1, k= —ikj,j =1,2,
Ok, —ik; = (3.12)
0, k # —ikj,j =1,2.

We have

—2[(—ik1)®exp€_ir, + (—ika)*expE_ik,] (exp€_in, + exXDE _iky)
(expé_ik, + expé_ik,)?
[(—ik1)exp€_ik, + (—ika)exp€_ir,]”
(expé_ik, + expé_ik,)?
 2[(k1)?expéik, + (k2)?expé_ik,](expé_ik, + expé_ik,)
a (exp&_ir, + expE_ig,)?
n —kiexp28_ip, — k3exp2€_i, — 2k1koexp(€_ip, + E—ik,)
(exp&_ik; + expé_ik,)?
 2(k1 — k2)exp(€ ik, + Einy)
© (exp&iig, +expé_ik,)?
2(k1 — ko)?
(exp&_ik, + exp&_ir,)%[exp
2(k1 — ka)?

(exp E—ikq gﬁﬂ'kg T exp _sfik12_57ik2 )2

U =

_gfikl _gfik:2 } 2
2




Backlund transformation and some exact soliton solutions... 1135

= %(lﬁ - k2)2sech2@, (3.13)
here
Einy = i(—ikn)z F V3(—ik1)®y + [4(—ik1)*i — (—iky )i £ A3 (—iky)*]t
= kyx + 33y — (4k3 + k1 £ MW3ED), (3.14)
€ iy = kox + V/3k3y — (4k3 + ko + M3k,
therefore

E-iky — &ty = (k1 — k2)a & V3(KT — k3)y — (4k7 — 4k3 + k1 — ko £ AV3(kT — )L,

We get

o1 1 V3

iy == (k1 — ko)?sech®{ = (ky — ko)z &+ ~—— (k% — k3)y
2 2 2 (3.15)

1
— 5[41@% — 4k3 4 ky — ko £ MW3B(E — E2)]t}.
It is a two-dimensional soliton with amplitude (k1 — k2)? and velocity

B — (4K} — 4k3 + k1 — ko £ AV3(k} — k3))

Vy =

= —A[k 4 kiko 4 k2 4+ 14+ MV3(ky + ko)),

L(ky — ko)
LR RSk — ke EAVB(RE - KD)] 4w,
Yy = V3 (1.2 2 _\[k‘ k ’
+52(k — k3) 3(k1 + k2)

Similarly, if we let aj equal 05—k, — Ok —ik,, We may similarly arrive at

) 1 1 V3
Ug = — 5(1{31 — k2)208€h2{§(k1 - kQ)'I + 7(k% B k%)y

2 (3.16)
- 5[4/@«3 — 43 + ky — ko £ MW3(ED — ED)]t}.
4. Superposition formula

To obtain the superposition formula, let S7 be a solution generated via the Backlund transfor-
mation. Starting from a known solution Sy with spectral function a; , a second solution Sy is
constructed from wg using spectral function as . A third solution S3 is then derived from 57
with spectral function as ;. In accordance with the established definition and the application of
the Bécklund transformation Eq. (3.7), we have

(Sl — SO)2 + 2(51 + S())I F jg /I(Sl — S())ydl‘ =0, (4.1)
(SQ — S())2 + 2(52 + S())m F jg / (SQ — So)ydlb =0, (4.2)
(53 — 51)2 + 2(53 + Sl)x F jg / (Sg — Sl)yd$ = 0, (4.3)

(53 — 52)2 + 2(53 + S2)x + jg /x(Sg — Sg)ydl' =0. (4.4)
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Adding (3.15) to (4.2) yields:

(S3 — S2)* + (S1— S0)* +2(S1 + So + S3 + S2)

:F2/x(s S + S3 — So)ydx =0 (4.5)
— - — x =0.
Adding (3.16) to (4.1) yields:
(S2 — S0)? + (S5 — S1)* +2(S1 + So + S35+ S2)
:FQ/m(s — So+ S5 — Si)ydz =0 (4.6)
\/g 2 0 3 1 Yy - .
Subtracting (4.4) from (4.3), we obtain:
(83— 82)* + (S1— S0)* = (S2 — So)® — (S5 — S1)° / (S1 — Sa)yd
G
ie.,
2 €T
SS9 — 5359 + 5351 — SpS1 F / (51 — Sg)ydx =0. (4.7)
V3
Taking the difference of (3.15) and (3.16), we get
2 x
S% — 25150 — S% + 25550 4+ 2(S1 — S2). F % / (S1 = S2)ydz = 0. (4.8)
Finally, taking the difference of (4.5) and (4.6), we get
SoS2 — S35 + 9381 — S5t = SF — 5150 — S5 + S2Sp + 2(S1 — Sa)z,
i.e.,
S1—52)x
So+ Sy = S1 + 8 4 2L =52 (4.9)

S1—52

is therefore the superposition formula we are searching for.

Starting from the initial state Sy = 0, the solutions S; and Sy are derived using Eq. (3.11)
with spectral functions a;j and agj, respectively, forming single-spectrum solutions. Substi-
tuting these into (4.7) yields a new solution S3, which incorporates both spectral functions a;
and ag k, and is thus designated as a two-spectrum solution. In particular, when aj and as
take the specific forms that generate 2D solitary waves as in Egs. (3.15) and(3.16), the resulting
Sscorresponds to a two-soliton solution with two straight-line wavefronts in two dimensions.

5. A new soliton solution

Eq. (3.8) admits not only the soliton solutions given in(3.13) and (3.16), but also the following
solution:

f= Z e (5.1)

1+ belr’
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where b is a constant. When ay = 0y g, + 0k ,, it is easy to find

f=T+Q,
fo = k1bT? — k1T + kabQ? — ko Q, (5.2)
faz = 2K20°T3 — 3K20T? + k2T + 2k20°Q% — 3k2bQ% + k2Q,

where

edk Ory

- 1+ befr’ ©= 1+ befr2’
Therefore, a new solution to Eq. (3.8) is given by

1 (&

_ f£2
Uy = Sy =28y, = Q(J;f)w _ QW
_ 2(2MVT7 - KT + KT + 2K56°Q° — 3k30Q” + K3Q)
= —
kleQ — kT + kaQQ N k2Q )
- ' 5.3
| T+Q ) (53)

Similarly, when ay = 0 %, — Ok ko, it is easy to find f =T — @, another new solution (shown in
Figure 1) to Eq. (3.8) is given by

o 2(2K20PT3 — 3KIVT? + k3T — 2k202Q3 + 3k30Q% — k2Q))

u. =

4 T+0Q
kle2 — kT — kngQ + koQ

o 2.

T+Q

Figure 1. New solution (5.4). The parameters are selected as k1 = 1,ko =2,b=1,A=1,t =0.
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