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EXISTENCE OF POSITIVE SOLUTIONS FOR DAMPING ELASTIC
SYSTEMS IN BANACH SPACES*
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Abstract The goal of this paper is to deal with the damped elastic systems with delay
and nonlocal conditions in the framework of ordered Banach spaces. By combining a fixed
point theorem for convex-power condensing operators with measures of noncompactness, we
establish the existence of positive mild solutions for the aforementioned system. Our analysis
assumes that the nonlinear function satisfies both measure conditions and order conditions.
To demonstrate the practical applicability of our theoretical findings, we present a concrete
example involving the vibration equation of a simply supported beam.
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1. Introduction

Second order systems arise in many fields, ranging from economics and biology to mathematical
physics. The dynamic behaviors of certain natural phenomena can be characterized by these
systems. A multitude of problems in elasticity theory, quantum mechanics, molecular dynamics,
and mechanics can be formulated using time second order nonlinear partial differential equations.
In mechanical or electronic devices, the function of a substance or component that curbs the
growth of oscillation, vibration, or signal intensity is termed “damping”. For example, sound
proofing technologies serve to reduce sound wave fluctuations. Mathematically, damping can be
represented as a force that acts opposite to, yet synchronously with, the motion of an object.
Instances include the equations for a vibrating membrane or a vibrating nonlocal beam [23], the
equations governing phase transitions in shape memory alloys [23], the viscous regularization of
the Sine or Klein Gordon equation [15], and other equations in thermo viscoelasticity.
Damping denotes the energy dissipation that arises when a system is subjected to external
forces or vibrations. Within a damped elastic system, energy loss mitigates vibration amplitudes
and stabilizes the system. As a result, damping enjoys extensive applications in aerospace,
construction, machinery, transportation, and electronics. For instance, implementing damping
techniques at the nodes of a bridge’s vertical support system can alleviate vibrations and cracking
induced by natural disasters and wind, thereby bolstering the stability and safety of the support
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structure. The sine and cosine family theories were defined by Fattorini in 1969, and their
properties have been explored in numerous research articles. Since damped elastic systems do
not satisfy the assumptions of the cosine-family theory, we use the semigroup approach.

In recent years, the vibration equation of structural damping beams has emerged as an
important mathematical model for spacecraft dynamics, attracting increasing attention from
researchers. The theoretical foundation for such problems dates back to 1751, when Leonhard
Euler and Daniel Bernoulli first proposed the renowned Euler-Bernoulli beam equation

Py(x,t) | 0 Py(z,t)\
pla) =55 + @@1(3;)?) =0, z€(0,1), t>0,

where p(z) denotes the mass density of the beam, E represents the elastic modulus, and I(x)
is the moment of inertia of the beam’s cross-section. In the early decades, such equations were
extensively studied. Typically, the beam vibration equation is transformed into an equivalent
abstract elastic system, whose properties are then analyzed see [10,11, 19,22, 33-38,48,56]. In
1981, Chen and Russel [9] proposed the damped elastic system

Z(t) + Bi(t) + Az(t) = 0,
x(0) = zo, £(0) = yp.
This class of problems has emerged as a prototypical research focus in the theory of second-
order evolution equations. Recent years have witnessed growing scholarly interest in these
issues, as evidenced by [9, 20, 21,27, 28,46, 50, 58] and the references therein. Notably, Fan et

al. [11] investigated the existence, uniqueness, and asymptotic stability of solutions for semilinear
structurally damped elastic systems described by

E(t) + pAz(t) + A%x(t) = f(t,z(t)), te[0,a],
2(0) = wo, ©(0) = yo,

employing operator semigroup theory and diverse nonlinear analysis techniques.
In [49], Luong and Tung analyzed structurally damped elastic systems

2" (t) + pAx'(t) + A%z (t) = f(t,z(t)), t >0,

2(0) + g(x) =z, 2'(0) + h(z) = yo,
where A : D(A) C E — E is a closed linear operator, p > 2 is given constant, xg € D(A),yo € E.
By using measure of noncompactness, they established the existence of mild solutions with
explicit decay rate of exponential type.

And then, Luong et al. [50] considered nonlinear evolution equations of second order in
Banach spaces

2" () + pAx'(t) + A%x(t) = f(t,z(t),z), t€l=10,T),
z(s) = ¢(s), s <0,
2'(0) + h(z) = ¢,
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where z is the unknown function in F, x; is the history state defined by z; : (—00,0] — E, z(s) =
x(t+ s),t € I, by using the condensing maps, they proved the existence and exponential decay
of mild solutions.

In [14], T. Diagana studied the well-posedness and existence of bounded solutions to the
linear elastic systems with damping

u’(t) + pBu/(t) + Au(t) = f(t), t >0,
u(0) =up € D(A), u/'(0)=wu; € E,

where A : D(A) C E — E and B : D(B) C E — FE are densely defined closed (possibly
unbounded) linear operators on a complex Banach space E and f : RT — FE is a continuous
function.

The theory of nonlocal evolution equations constitutes a significant branch of mathematical
analysis [41,42,44,50]. The foundation for this field was laid in 1991 by Polish mathematician
Byszewski [8], who first introduced the nonlocal Cauchy problem and investigated the semilinear
parabolic evolution equation with nonlocal conditions:

.’L'(t()) + 9(t17t27 o atkv .’IJ()) = Zo,

where 0 <ty < t] < --- < tp < tg+ a, with a a being a positive constant. Byszewski demon-
strated that these abstract results could be applied to determine position changes of physical
objects in kinematic and dynamic systems. Subsequent research has revealed that nonlocal prob-
lems often yield superior applicability compared to classical Cauchy problems. Consequently,
differential equations with nonlocal conditions have attracted considerable attention, leading to
fundamental advances in the theory of nonlocal problems [2,5-8,18,32,55,57]. For comprehensive
reviews and additional references, we refer readers to the cited literature.

We employ nonlocal initial conditions in our analysis, motivated by their superior practicality
compared to classical conditions when modeling physical phenomena. A key advantage of this
approach lies in its enhanced measurement accuracy, for instance, the composite measurement:

u(z,0) + Z Br(z)u(z, T)
k=1

provides a more reliable characterization of system states than the traditional single-point mea-
surement u(x,0) alone. This methodology was originally introduced by Deng [13] in modeling
gas diffusion through narrow tubes, where it proved particularly valuable for low-concentration
scenarios. When the initial gas quantity is extremely small, the aggregated measurement ap-
proach yields significantly more reliable results than relying solely on the instantaneous mea-
surement at ¢ = 0. For comprehensive discussions of nonlocal condition applications, we refer
readers [2,5,8,32,50,54,55,59] and the references cited therein.

Motivated by these considerations, we investigate the existence of positive mild solutions
for an abstract damped beam vibration model incorporating time-delay effects and nonlocal
conditions within an ordered Banach space F

u'(t) + pBu/(t) + Au(t) = F(t,u(t),uw), t€]0,al,
u(t) = p(t), te[-r0], (1.1)
w'(0) = g(u) + ¢,



Existence and asymptotic behavior of mild solutions 1143

where u(-) € E; J = [0,a] with a > 0, v’ and u' denote the second and first order time
derivatives of u respectively, where p > 0 represents the damping coefficient. The operators
A:D(A) C E — E and B : D(B) C E — E are densely defined, closed (and potentially
unbounded) linear operators on a Banach space E, F : J x K x Kz -+ K, g: C(R",E) — E,
B := C([-r,0],E). Fort > 0, uy € B with us(s) = u(t +s) for s € [-r,0], ¢ € B and
©(0) € D(A), ¢ € E, r > 0 is a constant.

Based on the idea of paper [39]. The use of this equation as follows: If a mechanical system
possesses both mass and a restoring force, it will vibrate at one or more natural frequencies.
Previous responses have addressed the role of damping in the free vibration of such systems.
However, when the system is subjected to an external force at a frequency matching one of
its natural frequencies—a condition known as resonance—the amplitude of vibration increases
with each cycle. In the absence of damping, the amplitude would theoretically grow without
bound. If damping (i.e., energy dissipation) is present, the amplitude will stabilize at a level
where the work input per cycle is fully dissipated within the same cycle. Hence, the amplitude
at resonance is primarily controlled by damping.

Elastic damping systems are widely employed in practical applications to reduce vibrations
and absorb shock through elastic deformation. Shock absorbers are among the most common ex-
amples, used in vehicles, suspension bridges, tall buildings, and sensitive machinery or electronic
equipment, where controlling unwanted oscillations is essential.

Shock absorbers are typically designed to be critically damped, allowing the system to return
to equilibrium in the shortest possible time. Similarly, buildings—though they may appear
rigid—are in fact elastic structures capable of bending. In many cases, their dynamic behavior
can be compared to that of inverted pendulums, particularly under lateral loads.

Bridges and towers with elastic damping: A partial differential equation is commonly em-
ployed to model the dynamic behavior of such systems. This formulation incorporates determin-
istic terms, such as those representing elastic damping caused by wind. The equation of motion
generally includes deterministic components related to damping, stiffness, and inertia.

A mathematical model incorporating elastic damping is developed for bridges and tow-
ers, taking into account uncertainties in loads—such as those from wind, traffic, and seismic
events—as well as in material properties. Such probabilistic modeling is crucial for real-world
structures like bridges and towers, where both environmental forces and structural responses are
highly unpredictable.

Consider a beam-like structure, such as a bridge or tower, of length L. Its deformation
is governed by a displacement field wu(z,t), where x € [0, L] denotes the position along the
structure and ¢ represents time. The system incorporates elastic damping and is subjected to
environmental forces arising from wind, traffic, or seismic activity.

The transverse displacement u(z, t) of the system, incorporating elastic damping, is governed
by the following general partial differential equation:

2 2 4
pa2 1;232:,75) +c2 giﬁ D, g2t giﬁ D _ ftu(m b)),

p represents the mass density of the material, A is the cross-sectional area, ¢ denotes the damping
coefficient (accounting for elastic damping), EI corresponds to the flexural rigidity—determined
by Young’s modulus F and the moment of inertia I, and f(¢,u(x,t)) models the deterministic
external load, such as that induced by traffic.

The term c% represents elastic damping, which models energy dissipation caused by
elastic deformation within the material. This mechanism captures how structures such as bridges
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or towers attenuate vibrational energy through internal damping. The damping coefficient ¢
quantitatively characterizes the rate of this energy dissipation.
The key contributions of our work compared to existing literature are summarized as follows:

(1) We establish existence results requiring only measure conditions and order conditions on
the nonlinear term F', eliminating the need for any Lipschitz-type assumptions that are
commonly imposed in previous studies.

(2) Our methodology employs a novel estimation technique combining convex-power condens-
ing operators with Hausdorff measures of noncompactness. This innovative approach al-
lows us to prove the existence of positive solutions without requiring uniform continuity
of the nonlinearity.

This paper is organized as follows. Section 2 provides the necessary preliminary material. In
Section 3, we establish the existence of positive mild solutions through the application of convex-
power condensing operators and a novel estimation technique involving Hausdorff measures of
noncompactness. Finally, Section 4 presents a concrete example demonstrating the applicability
of our theoretical results.

2. Preliminaries

Throughout this paper, let (E,|| -||) be an ordered Banach space with partial order “<”. The

positive cone K = {u € FE|u > 0} (0 is the zero element of F) is normal with normal constant

N. Let L(FE) denote the Banach space of all bounded linear operators on F, endowed with

the operator norm || - || z(gy. We write C(J, E') for the Banach space of all continuous E-valued

functions defined on J, equipped with the supremum norm ||u||¢ = sup ||u(t)||. Furthermore, let
teJ

B := C(]-r,0], E) represent the Banach space of continuous functions from [—r,0] to E, with
norm ||¢||g = sup ||¢(s)||, where r > 0.

s€[—r,0]

We define the positive cone K¢ by
Koe={ueC(J,E)u(t) e K, teJ},

which is normal with normality constant N. Consequently, C(J, E') becomes an ordered Banach
space when equipped with the cone K. Similarly, B is an ordered Banach space endowed with
the positive cone

Kp={¢ € B|¢(s) € K, s € [—a,0]}.

Let A: D(A) C E — E be a closed linear operator such that —A generates a Cp-semigroup
T(t)(t > 0) on E. By the exponential boundedness property of Cp-semigroups, there exist
constants M > 1 and v € R satisfying

IT@#)|| < Me”t, t>0. (2.1)

When v = 0, the semigroup is called uniformly bounded, meaning || 7'(¢)|| < M for all ¢ > 0.

Definition 2.1. ( [17,51]) Let T'(¢)(t > 0) be a Cy-semigroup on E. We define the growth
exponent vy as the infimum of all v € R for which there exists M > 1 such that

|T#)|| < Me”* for all t > 0, (2.2)
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that is,
vo = inf{v € R|3 M > 1 such that ||T(t)|| < Me”*, t>0}.

When vy < 0, the Cy-semigroup T'(t)(t > 0) is called exponentially stable.

Definition 2.2. ( [17,51]) A Cp-semigroup T'(t)(t > 0) on E is called positive if T'(t)z > 6 for
all z € F with x > 0 and all ¢t > 0.

Definition 2.3. ( [25,26]) A Cp-semigroup T'(t)(t > 0) on F is called compact if T'(¢) is a
compact operator on E for every ¢ > 0.

Definition 2.4. ( [21,30]) A Cp-semigroup T'(t)(t > 0) on E is called equicontinuous if the
mapping ¢t — T'(t) is norm-continuous for everyt > 0.

By Definition 2.1, any exponentially stable Cyp-semigroup 7'(¢)(t > 0) is uniformly bounded.
When T'(t)(t > 0) is continuous in the uniform operator topology for each ¢t > 0, the growth
exponent 1y can be characterized in terms of the spectral bound of its generator A, i.e.,

vy = —inf{ReX : A € 0(A)}. (2.3)

In fact, it is known from [51,53] that for any compact Cp-semigroup 7'(¢)(¢t > 0) , the mapping
t — T'(t) is norm-continuous for all ¢ > 0.

In order to investigate the well-posedness of problem (1.1), we will extensively utilize the
aforementioned linear operator that connects both operators A and B: C(p) = p?B% — 44 =
L?(p) with D(C(p)) = D(B%)ND(A). In this paper, we will focus on the cases: C(p) = L?(p) >
0, for densely closed linear operator L(p) : D(L(p)) C E — E. Clearly, the case of C(p) = 0
corresponds to the scenario analyzed in [22] and [20]. When C(p) = L?(p) < 0, further details
can be found in [27,28].

In the following, we recall some basic facts on the second order linear evolution equation,
which are needed to prove our main results.

Let A: D(A) C E — E and B : D(B) C E — E be densely defined, closed (possibly
unbounded) linear operators on a Banach space E, and let h € C(J, E). Assume there exists
a densely defined, closed linear operator L(p) : D(L(p)) C E — E such that ¢(0) € D(L(p)) N
D(B) and

(F1) C(p) = p*B* —4A = L*(p) > 0;
(F2) BL(p) = L(p)B;

(F3) —FE1(p) and —Esx(p) are respectively the infinitesimal generators of compact, analytic and
exponentially stable Cp-semigroups T7(t)(t > 0) and T5(¢)(t > 0) on X with growth
exponent v; < 0 satisfy o < 11 < 0 and

S|
=

Er(p) = 3(pB — L(0), Exlp) = 3(pB + L(p)) (24)

For «/(t) € D(E1(p)) N D(E2(p)) and u(t) € D(Ea(p)), E1(p)u(t) € D(E2(p)), the equation
u”(t) + pBu'(t) + Au(t) = h(t), t>0, (2.5)

can be decomposed as

(5 +20)) (G + Ba0)) u=nie), >0
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This leads to the form

d?u d7u

2z T (Eilp) + E2(p) - + Ev(p) Ea(p)u = h(t). (2.6)
By (2.5) and (2.6), we derive
Ei(p) + Ex(p) = pB,  Ei(p)Ea(p) = A. (2.7)

Let C(p) = p?B? — 4A = L%(p) > 0, then:

_pB—/p*B*—4A _ pB— L(p)

Ei(p) 5 5
By(p) = pB + \/p?B2 —4A _ pB—i—L(p).
2 2
Letting u'(t) + Ea2(p)u = v(t), by defining
00 2= 0(0) = g{u) + & + Ea(p)p(0). (23)

This reduces the system (2.5) to Cauchy problems

{ V' (t) + Er(p)v = h(t), (2.9)
v(0) = vy,
and
{ u'(t) + Ea(p)u = v(t), (2.10)
u(0) = ¢(0).

By operator semigroup theory [51], if h € C(J, E), then the problem (2.9) has a mild solution

v(t) = T1(t)vo + /Ot Ty (t — s)h(s)ds. (2.11)

Similarly, for any v € C(J, E), the mild solution to problem (2.10) can be expressed as

u(t) = Ta(t)e(0) + /0 To(t — s)v(s)ds. (2.12)

Inserting (2.11) into (2.12) yields

t
ult) =Ta(t)p(0) + /O To(t — $)T3 () (g(u) + 6 + Ea(p)(0))ds

t s
+ / / To(t — s)T1(s — 7)h(T)dTds.
0o Jo
Definition 2.5. Let F' € C(RT x Ex B, E), —FE1(p) and —E»5(p) are the infinitesimal generators

of Cy-semigroups 711 (t)(t > 0) and Ta(t)(t > 0) respectively. A function u € C([—r,+00), E) is
called a mild solution of the nonlocal problem (1.1) if it satisfies u(t) = o(t) for ¢t € [—r, 0] and

u(t) =Ta(t)p(0) + /0 To(t — $)T3 () (g(u) + 6 + Ba(p)p(0))ds
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—i—/o /0 To(t — s)T1(s — 7)F (1, u(7),u,)drds, for ¢t > 0. (2.13)

Moreover, when u(t) > 6 for all t € [—r,a), the solution is called a positive mild solution of
the nonlocal problem (1.1).

By Definition 2.1, we have
ITi(8)]] < Miet, ¢ >0. (2.14)

Definition 2.6. ( [12]) The Hausdorff measure of noncompactness «(-) for a bounded subset
D of a Banach space E is defined as

a(D) :=inf{e >0: D C U}_B(&,dr) ,&x € E,d <e(k=1,---,n),n € N}

where B(&g,dy) denotes the open ball centered at & with radius dy.
Lemma 2.1. ( [3,4,12]) Let C, D be bounded subsets of a Banach space E and let 6 € R. Then
the Hausdorff measure of noncompactness a(-) satisfies the following properties:

(1) a(D) =0 if and only if D is relatively compact;

(2) (Monotonicity) If C C D, then a(C) < «a(D);

(3) a(D) = a(D); where D denotes the closure of D;

(4) (Union property) a(C U D) = max{a(C), a(D)};

(5) (Homogeneity) a(AC) = |A|a(C), where A\S = {xz =X z:z¢€ C};

(6) (Subadditivity) a(C + D) < a(C) + a(D), where S+ T ={x=y+z:y€ C,z € D};

(7) (Convex hull invariance) a(co(D)) = a(D);

(8) (Lipschitz mapping) For any Lipschitz continuous map @ : D(Q) C E — Z with constant

k between Banach spaces, o, (QQ) < ka(2) holds for all bounded Q2 C D().

In this article, we denote by «a(-) and a¢(-) the Hausdorff measure of noncompactness on
the bounded set of E and C(J, E) respectively. For any D C C([c,d], E) and t € J, we define
D(t) = {z(t)|z € D}, which is clearly a subset of E. Furthermore, if D is bounded in C([c, d], E),
then D(t) is bounded in E and satisfies the inequality a(D(t)) < ac(D).

Lemma 2.2. ( [31]) Let E be a Banach space, B = {up}>>; C C([0,al], E) be a bounded and
countable set. Then a(B(t)) is Lebesgue integrable on [0,a], and

a

o{ /O un(t)dtfn € N} ) < 2/0 a(B(b))dL.

Lemma 2.3. ( [30]) Let E be a Banach space, B C C([0,a], E) be bounded and equicontinuous.
Then a(B(t)) is continuous on [0,a], and a(B) = m[ax] a(B(t)).

t€|0,a
Lemma 2.4. ( [47]) Let B C C(J, E) be bounded and equicontinuous, then coB C C(J, E) is
also bounded and equicontinuous.

Lemma 2.5. ( [43]) Let E be a Banach space, and let D C E be bounded. Then there exists a
countable set Do C D, such that (D) < 2a(Dy).
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The following fixed-point theorem extends Sadovskii’s fixed-point theorem. Originally in-
troduced by Sun and Zhang [52] in the context of the Kuratowski measure of noncompactness,
this result can also be formulated in terms of the Hausdorff measure of noncompactness. In-
deed, owing to the relationship between these two noncompactness measures (see Theorem 5.13
in [4]), an adaptation of the proof technique employed in Lemma 2.4 of [47] yields the analogous
conclusion for the Hausdorff measure setting.

Definition 2.7. Let E be a real Banach space. An operator O : E — F is called convex-power
condensing (with respect to 3 ug € E and ng > 0) if the following conditions hold:

(1) O is continuous and bounded.

(2) For every bounded subset W C E that is not precompact,
A OTO ) (W)) < a(W),
where the iterated operator @(m0:%0) is defined recursively by
OLw) (W) = O(W), 0w (W) = OO ™40 (W), ug),n = 2,3, - --

Lemma 2.6. ( [52]) Let E be a real Banach space and D C E a bounded, closed, convex subset
of E If If 3 ug € D and integer ng > 0 such that O : D — D is a convex-power condensing
operator (with respect to ug and ng), then O admits at least one fized point in D.

Lemma 2.7. ( [26]) Assuming E is a Banach space, and D C E is a bounded closed convex
sets, O : D — D is a condensing operator. Then O has at least a fixed point in D.

Lemma 2.8. ([40]) Let T > 0 and consider functions a,m € C([0,T],R"). For any nonnegative
function y € C([0,T],R") satisfying the integral inequality

y(t) < m(t) + /0 a(s)y(s)ds, ¥t € [0,T].

the following estimate holds:

t t
) <mlt)+ [ aloms)el 2as
0

3. Main result

We define the function wu,(t) : [—r,a] = K by the piecewise formula:

u(t) = u(t), ted, (3.1)
Sp(t)7 te [_Tv 0]7

where p € K, u € C(J, K).
We define the closed subspace C,(K) of C(J, K) by

Co(K) :={u e C(J, K) | u(0) = ¢(0)} (3.2)

equipped with the norm || - ||.
In what follows, we demonstrate the central result of this section.
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Theorem 3.1. Let E be an ordered Banach space with a normal positive cone K C E. Consider
two densely defined, closed (possibly unbounded) linear operators A : D(A) C E — E and
B : D(B) ¢ E — E. Suppose there exists another densely defined, closed linear operator
L(p) : D(L(p)) € E — E such that ¢(0) € D(L(p)) N D(B) and conditions (F1)-(F3) are
satisfied. If p € K, p(0) € KND(A), ¢ € K and the following conditions hold:

(H1) The operator A generates a positive, bounded, strongly continuous semigroup {T'(t)}+>0.
(H2) The function F(-,x,¢) is measurable for all ¥ u € G(J,E) ¢ € B, while F(t,-,-) is
continuous for a.e., t € J.

(H3) The nonlinear functions F: J x Ex B — E and g : C([-r,0],E) — E are continuous.
3 L1, Ly, Ly >0, forV D € K,D € Kg, t € J,

a(F(t,D,D)) < Lia(D) + Lo S[lipo} a(D(1)),

a({g(D)}) < Ly(D).
(H4) 3 c1,c0>0, forte J, x € K, ¢ € Kp,
F(t,z,9) < az+ ().
(H5) g: G(J,K) — K is continuous mapping, and 3 co,dy > 0,
lg(w)l| < collull + do.

(H6) The condition
© = aMy Ms[co + a(er + ¢2)] € (0,1).

The problem (1.1) admits at least one positive mild solution u, € C(J, K).
Proof. Consider the operator O acting on C,,(K') given by

Ty(1)p(0) + /0 Ty(t — 5)T1 () (g(u) + 6 + Ba(p)(0))ds

(Ou)(t) = tops
—i—/o /0 To(t — s)T1(s — 7)F(1,u(7),ur)drds, te€J, ¢(t), te[—a,0].

(3.3)

By assumption (H2), the iterated integral fg I To(t — s)T1(s — 7)F(7,u(7), ur)drds is well
defined. Consequently, the operator O : C,(K) — C,(K) is well defined. Moreover, according
to Definition 2.5, any fixed point u € C,(K) of O yields a mild solution to problem (1.1).
In what follows, we establish the existence of at least one fixed point of O by applying Lemma
2.6.
Define the closed ball
Qr = {u € Cp(K) | |ullc < R}, (34)

centered at 6 with radius R in C,(K). For any V u € Qg and t € J, we have |lu, ()| < R.
We establish the result through four steps.

Step 1. To check that 3 Ry > 0, O(Qg,) C Qg,.
Indeed, were this not the case, it would follow that for every V R > 0, 3 u € Qg with
|Oullc > R. For V u € Qpg,, t € J, by the definition of | - ||g and O, we have

lwlls="sup flut+s)[[ < sup |lu(s)| = [lullc < Ro,
—a<s<0 —a<s<a
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thus, we have

[(Ou)(@)]]

<irweo+| [ Ta(t — T3 (3)(0(0) + 6+ Ea)o(0)ds

n H /O /O To(t — $)T1 (s — 7)F (7, u(r), uw(f))dTH
< Ms|lells + aMy M| (||| + collull + do + || E2(p)¢(0)]])
+ MM /0 /0 |P(r,u(r), up(r)) dr

< M|l¢ll + aMiMa(||d[| + coRR + do + || E2(p)»(0)]])
+ a2M1M2(01 + CQ)R. (3.5)

Consequently, we obtain
R < (Mallplls +aMyMa(|6] + do + | E2(p)(O)1)
+ a2M1M2(01 + CQ)R + aMi Moy R.
Taking the inferior limit as R — oo, we obtain the inequality
CLMlMg[CQ + a(q + Cg)} > 1.

However, this contradicts our assumption that ©® < 1. Consequently, 3 Ry > 0 such that
O(Q Ro) cQ Ry-

Step 2. We prove that O : Qr, — (g, is equicontinuous.
For V u € Qp, and 0 < t; <ty <a, by (H4) and (H5), we obtain

1(Ou)(t2) = (Ou)(t1)]]
<I(T(t2) = T(t1)) e O)]

1 [ Tt = TGNt + 6+ )0
-/ (b — T (5) o) + &+ Ba()p(0)ds]
+ /OtZ /0 Ty(ts — $)Ti(s — 7)F (7 u(r), up(7))drds
— /Otl /05 To(t1 — s)T1(s — 7)F(7,u(T), uu(7))drds||

< Ta(t2) = To(t)ll ey - [l0(O)]

1 /0 (T(ts — 5) — To(ts — $))T1(5)(g(w) + ¢ + Ealp)p(0))]

-1 “Ty(ts — $)Ti(s)(9(u) + @ + Ex(p)p(0))ds]

+ /0t1 /OS(TQ(tQ —5) = To(t1 — 5))T1(s — 7)F(7,u(T), up(T))drds||
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to S
+ / Ty(ts — $)Ts(s — 7V F (7 u(r), u(7))drds|
t1 0
=11 (t) 4+ L2(t) + Is(t) + I4(t) + I5(2). (3.6)
Since T5(t) for ¢ > 0 is continuous, then I1(t) — 0 as to —t; — 0.
For Is, when t; = 0, we have Iy = 0, when 0 < t; < t3 < a, we have

Ix(t) < /0 1 [Ta(tz — s) = Ta(ts = )| - [IT1(s)]] - lg(w) + & + Ea(p)p(0)|ds

t1
< Mi(eoRo + do + 6] + | E2(p)(O)]]) - /0 I Tats — 5) — To(ts — s) |ds

— 0, to —t1 — 0.
For I5(t), we have

I3(t) < / Ta(t2 = )1 TS - lg(w) + 6 + Ea(p)e(0) ds

t1

< MiMa(coRo + do + [[¢]| + [[E2(p)p(0)]]) - [t2 — ta
— 0, to —t1 — 0.

For I,(t), when t; = 0,0 < t2 < a, we have I3(t) = 0, when 0 < #; < t3 < a, take a sufficiently
small constant € — 0T, we have

t1
/ ITo(ts — 5) — To(tr — )|ds
0
t1

t1—e
</ HTQ(tQ—S) —Tg(tl —$)||d8-|—/ ||T2(t2—8)—T2(t1 —S)Hds
0 t

1—€

t1—e
+ | Ta(ta — t1 +€) — Ta(e)]| - / |To(th — € — s)||ds
0

I /t 1 (| Ta(ta — )| + || Tt — s)||)ds

1—€
< M2|a — 6’ . HTQ(tQ - tl + 6) - TQ(G)H + 2M26
—)0, to —t1 — 0.

Thus, we obtain

1(t) < Mi((er + ) Jullc) /0 1 /0 | Ta(ts — 5) — To(ts — 5)|drds

t1
< aMi((c1 + CZ)HUHC)/ |T2(t2 — t1 + s) — Ta(s)]|ds
0
— 0, to —t1 — 0.

For I5(t), we have

I(#) S/t/o I To(ts — $)Ta(s — 7)F(r, u(r), us)||drds
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1
< 5 MiMa((er + co)l|lullo) (85 — 1)
— 0, to —t1 — 0.

Hence, when 0 < t; <ty < a and ty —t; — 0, ||(Ou)(t2) — (Ou)(t1)|| — 0 does not depend on
u € Qg,. And for —a < t; <ty <0, by the definition O and the continuity of ¢, we have

1(Ou)(t2) = (Ou)(t1)ll = llo(tz — o(t))[| = 0, t2 —t1 = 0.

Hence, O(QR,) is equicontinuous.

Step 3. O : Qpg, — (g, is continuous.
Consider a sequence {u{™}%2, C Qg, such that u(™ — u(t) in E as n — oo, then, u(™ (t) —

u(t) € E for each t € J as n — oo. Moreover, by (3.1), we have ugn) — u; € Basn — oo.

For t € J, by the Continuity of nonlinear function f and g, we have

lim F(t,ul™(t),ul (1) = F(t,u(t),uy(t), lim gu™) = g(u).

n—oo ¥ n—o0

Thus,

1, u™ (), u? () = F(t ult), ug ()| < 2N (2Ro + [lglle)- (3.7)

y (3.7), we get that
|0 () - Ow)®)]
SHAJMrwﬂU®@wWU—mwMﬂ

+ I /0 /O Tyt — 5)T1(s — 7)(F(s,ul™(s),u () — F(s,u(s), uy(s)))||
< [ 1Tt = 9w Tl - o) — g

/’/‘t—snnt—sng Ty (s = 7)oy
% [P (r,u™ (7), ul (1)) — F (7, u(r), ug(r)) |drds,
<ol (lg™) — gl + ol F(r, (), (7)) — F(rv )y us()])

—0, n — oco. (3.8)

For t € [—a, 0], by the definition O, we have

10w"™)(t) = Ou)(B)[| = llo(t) — (t)] = 0.
Thus, we have
[0@™) — O(u)||c — 0, n — oc.
Consequently, the operator O : Qp, — (g, is continuous.

Step 4. The operator O : Qp, — Qg, is convex and condensing.
From the preceding arguments, we can directly deduce that O : Qr, — Qg, equicontinuity,
let © = 0O(2R, ), from the foregoing analysis, it follows directly that©O maps © onto itself, thus,
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O C Qg, is uniformly continuous. For any B C ©,ug € O, define the operator O™%0)(B)(m =
1,2,---) as follows:

otm)(B) = O(B),
Omu)(B) = O(co{Q™ 1) (B), up}), m=2,3,-
Let ug € ©, next, we show that 3 mg > 0, for non-relatively compact bounded set B C O,
ac(0mou)(BY)) < an(B). (3.9)

From the definition of @%)(B) and the equicontinuity of ©, it follows that O(™%0)(B) C
Qr,(m =1,2,---) is uniformly continous. Therefore, by Lemma 2.3, it can be concluded that

ac(0(B)) = max (O™ (B)(), m =12, (3.10)

In view of the definition of @ and @™%0)(B), for t € [—r, 0], we have

a(0mm)(B)(t)) < a(O(B)(t) = a({p(t)}) =0, m=1,2,--

Thus by virtue of the properties of noncompact measures, it can be concluded that for V ¢ €
[_Ta 0]7
(O (BY(#) =0,m=1,2,--- . (3.11)

Based on the properties of the (3.10), (3.11) and noncompactness measures, it can be concluded
that
ac(0mU0)(B)) = max a(O™)(B)(t)),m =1,2,--- . (3.12)

te(0,a]
By Lemma 2.5, 3 B! = {ugn) :n €N} C B,
ac(O(B)) < 20¢(0O(BY)).
For V t € [0, a], let
BY(t) = {u{" (t) - u{" € B'}, Bl = {(u{") : u"”) € B'} € O,

os((”y) = s al{u®(t+n)}) < aw”O)). (3.13)

Then, according to (3.13), we get that ag(B}) < ac(B'). Thus, for any ¢ € [0, a], y combining
the definition of operator O with condition (H3) and Lemmas 2.3-2.5, we rigorously establish
that
(O (B)(1))
( ( )(t))
BY(1)

{/ To(t — )T ()g(u™)ds : m € N})

| /\

| /\

+a({ /0 /0 Tyt — $)Ti(s — 7) f(r,ul (1), (™), )drds : n € N})
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t
<2 / ITo(t = )l cezy - 1T1() | eemy - a{g(ul”) : n € N})drds
t S
*4/ / ITo(t = 8)ll 2y - T3 (s = Dl ey - a({f (r, ul (1), (@{),) : 0 € N})drds
0

§2M1M2/ (L Ozc d8+4M1M2/ / L1a —‘FLQOéB( }.))des

< 2MiMaLy - ac(BY) -t + 4aMiMy(Ly + Lo) - (Bl) -t
< 2M1M2(Lg + 2&([11 + Lg)) . Ozc(B) - 1.

By Lemma 2.5, 3 B? = {ugn) :n € N} € @{O00"0)(B), ug}, such that

ac(0(e{01")(B),up})) = ac(O(B?).

Similarly, for V ¢ € [0, a], let

B (1) = {uy" (1) : wy") € B*}, Bf = {(ug”)e : ug") € B} C Q.
as({ 1)) = s a({uy"(t+7),)) < a3 (1)), (3.14)

And by (3.14) and (H3), ap(B?) < ac(B?). Thus, for V t € [0, a], we get that

a(OF)(B)(1))
= a(0(@{0"*)(B), uo})(1))
= a(0(B?)(1))

{/Tgt—STl ())ds n € N})

ta {/0 /0 To(t — $)Ti(s — 7) (7, ul? (1), (W§™), )drds : n € N})
<2 /0 ITo(t = )l cezy - 1T1(8) | eemy - a{g(ud?) : n € N})drds

w4 [ = 9l 1710 = 7)o ol (7). (67, n € NY)ards

0 0
< 2M, M, /0 (Lgac(B?))ds + 4M; M, /0 /O (Lio(B2(7)) + Loap(B?))drds
< 2M1M2(Lg + 2a(L1 + LQ)) . / Oéc(Bz)dS
0

t
< OMMs(Ly +2a(Ly + Lo)) - / 0@ {Q) (B), uo})ds
0

t2

< (2M1My(Ly + 2a(Ly + L2)))? - ac(B) - Tk

Thus,

a(O®u)(B)(1)) < (2aMy Ma(Ly + 2a(Ly + L2)))* - ac(B) - }t:'
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By Lemma 2.5, 3 B! = {ul(gi)l :n € N} € @o{O0*40)(B),up}, such that
ac(0(@{0%")(B),up})) = ac(O(B*1)).
Similarly, for V ¢ € [0, a], let

BE(t) = {ug, (1) s ull)y € BM BE = {(u?))r  ull), € BM1} € Qg

k+1 k+1
as({ul”, ()}) = Nl a({ul™, (t+ 1)) < a{ul) ()} (3.15)

Thus, by (3.15), we have ag(BF*!) < ac(BFt1). For ¥ t € [0, a], such that

a(OF1) (B) (1))
= o(0@{Q"")(B), uo})(1))
a(O(B*1)(1)

{/ Ty(t - )Ty (s)g(u"),)ds : n € N})
+a( /0 /0 To(t — $)Ty(s — 1) f(r, u, (7). (@) ), )drds : n € N})
<2 / Tt = 9oy IT o - @l ()  n € Nydrds
4 / I = Dl 17365 = Pl - o), (uf2),) € Ny

< 2M1M2/ (Lg aC(Bk+1))d5+4M1M2/ / (Lia( BF (1)) 4 Loas(B*1))drds
0

t
< 2M; My(Ly + 2a(Ly + L2)) - / ac(B*ds
0

t

< 2My My(Ly + 2a(Ly + La)) - / ac(@{Q*)(B), ug})ds
0

thrl

< (2M1Ms(Lg + 2a(Ly + L2))* - ac(B) - G

Hence, proceeding by mathematical induction, we establish that for all V. m > 0, t € J, we have
tm

— -Oéc(B),

a(O(m’HO)(B)(t)) < (2“M1M2(L9 +2a(Ly + L2)))™ m!

from which it necessarily follows that
tm
ac (O™ (B)) < (2aMy My(L, + 2a(Ly 4 Lp)))™ - — - ac(B). (3.16)

Thus, we get that m — oo, then

(2aM1M2(Lg + 2&([11 + Lg)))m . % — 0.
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Thus, 3 mg, which is large enough, such that

(2aM1M2(Lg + QCL(Ll + LQ)))mO

By (3.16), we have
ac(0mow)(BY)) < an(B).

Hence, by Lemma 2.6, we get that the operator O defined by (3.3) has at least one fixed point
u € 6O C Cy(K), which is a positive mild solution to (1.1). O

Theorem 3.2. Under the conditions of Theorem 3.1, then the system (1.1) admits at least one
positive mild solution u, € C(J, K) possessing the property that
2(1M1M2(Lg + 2CL(L1 + LQ)) < 1. (317)

Proof. Define the operator O : C,(K) — Cy,(K). By Theorem 3.1, we get that O : Qr — Qp
is a continuous and mild solution to (1.1) is equivalent to the fixed point of O.

Similar to Step 3 in Theorem 3.1, we verify {Ou : u € Qr} is equicontinuous in Cy(J, K),
for V B C e©00(QR), O(B) C Qg is equicontinuous. In view of Lemma 2.3, we get that

ac(O(B)) = ilelga(o(B)(t))- (3.18)

By Lemma 2.3, 3 By = u,, C B,

ac(O(B)) < ac(O(By)). (3.19)
For t € J,
ap({um(t)p}) = S a({um(t+7)p}) < a({um(t)}). (3:20)

In view of Lemma 2.12 and (H3), (3.3), (3.20),

a(01m)(B) (1)

- a((’)(B)(t))

<20 (0<Bl><t>)

< 20({T2(t)p(0)}) + 20 / (t = $)T3 ()lg(ul") + 6 + Ea(p)p(0)]ds : n € N} )
+2a / / To(t — )T (s — 1) F (1,13 )(T),ugn)(T)p)deSIHEN}>

<2 /0 12t = 9)ll o - 173() | cma({g(uf™) : n € N} )ds
4 [t = e 17105 = e {Foral 0,087 e N} s

t t s
< 2M7 M, / Lg()éc(Bl)dS + 4 M1 M, / / (Lla(Bl (S)) + LQOZB(Bl(S)T))deS
0 0 JO

< QCLMIMQ(LQ + 261,([41 + Lg))ac(Bl)
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< 2CLM1M2(Lg + 2(1(L1 + LQ))O[C’(B)
And by (3.17), (3.18) and Lemma 2.7, we have
ac(O(B)) < 2aMiMs(Lg+ 2a(Ly + Lo))ac(B) < ac(B). (3.21)

Thus, ac(O(B)) < ac(B), i.e., O : B — B is a condensing operator. By Lemma 2.14, has at
least one fixed point v € B C coO(£2g). Consequently, the function u, € Cy(J, K) constitutes
a positive mild solution to (1.1). O

Theorem 3.3. Under the conditions of Theorem 3.1, if ¢ € Kp with ¢(0) € K N D(A) and
¢ € K, then under hypotheses (H1)-(H3), (H5), and (H7) For ¥ t > 0, let x1,z2 € K satisfy

0 <z <wx9, ||z;]| <R (i=1,2),
and let ¢1, P2 € Kg satisfy
0<¢1<¢, [l9ils <R (i=12),
the mapping F' satisfies the condtion
F(t, 22, ¢2) =2 F(t,21,01) > 0.
(H8)Vt>0,v€E, ¢ B, Ipi(-) € L{(RT,RT), I K >0
17t 2, o)l < pr@®)lzll +p2(t) 6]l + K,

the equation (1.1) admits a minimal positive mild solution u € C(J, K) satisfying

1

M- M <1l, L, <———.
aMyMs(||p1]| 2 + co) T T 4a My M,

(3.22)

Proof. We establish the continuity of the operator O : C,(K) — C,(K) defined in (3.3), by
invoking Theorem 3.1. From Definition 2.10, it follows that any fixed point u of O corresponds
to a mild solution of problem (1.1). Combining hypothesis (H3) with the definition of O in (3.3),
we derive, for all V v € C,(K), the inequality

1O ®)] < Mallgllis + MiMaa(||] + collull + do + | E2(p)o(0)]])
t S
+ /0 /0 |Ta(t — 8)T1(s — 1) - | F (7, u(r), (7)) || drds
< Mallolls + aM M) + collul + do + | Ex(0)(0)])
t
+adiy [ i)+ pae) sup[uls 7))+ R)ds

te[—a,0]
< Ma|llls + aMy Ma([| gl + collullc + do + | E2(p)(0)])

+ aM1M2<IIUI|c Alpille + llells - lp2llpr + K), (3.23)
where

L = Ms(1 + aMi|lp2|[ 1) lls + aMiMa([|6]] + do + [ E2(p)(0)]| + K),
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n = aMiMs(||p1]|z1 + co) < 1.

Next, we establish the existence of positive mild solutions.

Step 1. For all V u,v € C,(K), satisfying u < v and t € J, the evaluations wu,(t),v,(t) belong
to K and inherit the order relation wu,(t) < v, (t). By hypothesis (H7), the operator definition
(3.3), and the conditions ¢ € Kg and ¢ € K, it follows that for all ¢t € J,

6 < Ouf(t)
< Ty(t)p(0) + /0 Ty(t - $)Ti(9)[g(w) + 6 + Ea(p)p(0)]
+ /S To(t — s)T1(s — 7)F(1,v(T),v,(7))drds
0 0
— Oult),

then, for u < v, we get § < Ou < Ov.
Let vo(t) = ¢(0). Thus, vg € Cy(J, K), vo(t), € Kp.
Define a sequence {v,,} satisfying

Um = OUp—1, m=1,2,---. (3.24)
By monotonicity of O, we have {v,,} C C,(J, K) and
o<V < Sy <o lumlle < L+ nllvm-tle- (3.25)
Since ||vo]| < |l¢llB, 0 < B < 1, we obtain

lomlle < L+ L+ -+ Lp™ " + 1™ ||volle
_am
o L =n")
<=
L

-y + llelis;

+n"l¢lls

i.e., the sequence {v,,} is uniformly bounded.

Step 2. We demonstrate the convergence of the sequence {vy,} in C,(J, K). Define the sets
V = {vn} and Vo = V U {wo}, hence O(Vy) = V. By Step 3 of Theorem 3.1, V C C,(K) is
equicontinuous. Combining hypothesis (H3) with Lemmas 2.4-2.5 and the operator definition
(3.3), we derive for all t € J,

a<V(t)) - a((’)%(t))
< 20({Ta(t)p(0)}) + 20 ({ /0 Tyt~ $)Ta(8)[g(om 1) + 6+ Ea(p)p(0)]ds - m € N})
+ 2a<{ /Ot /08 To(t — s)T1(s — 7)F (T, vm—1(7), Um-1(7),)drds : m € N})

<4daMiMyLgya(V (t)) + 4aMiMo(Ly + Lo) /Ot a(V(s))ds.
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Since 4aM1MaLy < 1, we get

a(VXﬂ)f§4iAﬁi§$éRgij)Z:aﬂf@»dh@)

By Lemma 2.8, we conclude that the measure of noncompactness satisfies a({vi,,(¢)}) = 0 for
all t € J. Furthermore, since the sequence {v,,} s uniformly bounded and equicontinuous, it is
relatively compact in the space Cy(J, K). Consequently, {v,, } onverges to a limit u* € C,(J, K).
i.e., lim,, 00 Uy, = w*. This u* is a fixed point of the operator O (u* = Ou*) and constitutes a
positive mild solution to problem (1.1).

To establish the minimality of u*, let uw € C(J, E) be an arbitrary positive mild solution of
(1.1). By definition u € Cy,(K) with w = Ou. For all t € J, the inequality u(t) > vo(t) = ¢(0)
implies

(1) = OUt) > Oue(t) = v (), teJ,

and by induction @ > vy for all m € N. Taking the limit as m — oo, we obtain w > u*. Thus,
u* is the minimal positive mild solution of (1.1). O

4. Example

Example 4.1. Consider the following damping elastic system

0?u(t, x) Ju(t, x)

a2 271 A Y + Au(t,r) = W, (t,xz) € [0,a] x [0, ],

s € [-r,0],

u(t,0) = u(t,m) =0, te0,al, (4.1)
u(t,z) = p(t, x), (t,x)’€ [—r, 0] x [0, ],

ou(t, ) o ult,x)

T’tzo “ 6+ uta) + ¢(x), x€l0,7],

where v; = p > 0 is constant, A stands for the Laplace operator in the space variable z, Assume
that f : [0,a] x [0, 7] x K x Kg — E be measurable function, ¢(-,-) € C([-r,0] x [0,7]),¢(-) > 0,
a,r > 0 are constants. Here the variable u(t,z) represents the temperature of the point = at
time ¢.

Let p = 2, and consider the Banach space E = L?([0, 7] x [0, a]) equipped with the L?—norm
|||z and partial-order “ < ”. The positive cone K C E is defined as K = {u € L%([0, 7] x[0,a]) :
u(z) > 0, a.e. x € [0,7]} which is a normal cone with normality constant N = 1. Define the
space B := C([-r,0] x [0, 7], E), and let its associated positive cone be K = {u € B: u(t,z) €
K,t € [-r0], a.e. x € [0,7]}.

Defined the linear operators A and B in E by

Au= A%u, ue€ D(A) =DA% ={uec X :v,u" € X,u(0) = u(r) =0},
Bu = —2Au, u € D(B)= H([0,x]) N H([0,n]).

Obviously, C(p) = p?B? —4A = 4A%(p?> — 1) = L?, where Lu = 2A(p? — 1)%u forallu € D(L) =
H([0,7]) N HZ([0,7]). Tt is evident that the linear operators BL = LB.Furthermore,

Eip)=—(p+ (PP~ 1))A=-mA, Balp)=—(p— (P> —1)1)A=—0A,  (42)
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where o1 = (p+ (p* — 1)%), oy = (p—(p* — 1)%), E1(p) and E3(p) are invertible bounded linear
operator on L?(2) for all p > 0.

Since A is a sectorial operator, it generates a compact, exponentially stable semigroup
T(t)(t > 0) for all t > 0. By the properties of positive semigroups (see [45]), there exists
some sufficiently large Ao > —inf{ReX : A € o(A)}, such that the operator A\gI + A possesses a
bounded, invertible, and positive inverse (Aol + A)~!. Since o(A) # () the spectral radius

1

= dist(—hg o (A))

r((ol +2)71)

Then, according to the famous Krein-Rutman theorem (see [51]), the operator A has the first
eigenvalue A\; > 0, with corresponding positive eigenfunction ¢, and

A1 = inf{ReX : A € o(A)}.

Hence, from equation (2.4), it directly follows that T'(t) satisfying ||T'(t)|| < et for ¢t > 0, that
iS, M = 1,U0 = —)\1.

Furthermore, for any p > 0, (4.2) implies the existence of o1 > 0 and o9 > 0 with o1 > o9.
By operator semigroup theory [17], if the semigroup 7'(¢)(t >)0 is exponentially stable, we can
deduce that —F1(p) = 01A and —Fs(p) = 02/ generate analytic and compact Cp-semigroups
Ty (t)(t > 0) and To(t)(t > 0) on E, respectively. Consequently, we have

Tl(t) = T(O’lt), TQ(t) = T(O’Qt), t>0,
which is exponential stable, i.e.,
ITa(t)]| < e Mot = et || T(t)]| < e M1720 = e,

where A1 is the first eigenvalue of A, and since 01,09 > 0, from Definition 2.1, it follows that
vy, vy are the growth exponents of T;(t)(t > 0)(i = 1,2). As vy < 0, we have 11 < vy < 0.
We define

ft z,u(t,x),ult+ s,z)) = W, t€[0,a], s€[-r0],
_ ult, 2|
g(u(t,x)) = 6+ [u(t, )|

For u € L2([0, ], [0,b]), let p(t) = @(t,-), ¥ = (), u(t) = u(t,), u(s) = u(t +s,-)

Ft,u(t),uw) = ft,-u(t,”),ult +s,-), g(u)= 6_‘?‘@‘

Consequently, equation (4.1) can be recast as equation (1.1) within the function space L?([0, 7],

[0, a]).
From the definitions of the functions f and m,

IF s ue) ull < gl lg(utt,2)] < gllul.

We conclude that condition (H5) is satisfied with parameters ¢ = % and dp = 0. Furthermore,
condition (H8) holds with p1(t) = 3,p2(t) = 0 and K = 0.
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Theorem 4.1. If assumptions (H1) and (HS3), along with the following condition

(Al) FOT’V&E [0777]7t€ [O,CL], egxl §x2,0§ ¢1 < ¢2;

f(évtvx%du) - f(g’tal‘lagi)l) > 0,

hold, then equation (4.1) admits at least one positive mild solution.

Proof. Under the assumption that f : [0,a] x [0,7] x K x Kg — FE is a continuous and
measurable function, hypothesis (H2) is satisfied. By invoking condition (A1), we further deduce
that hypothesis (H7) holds. Consequently, applying Theorem 3.3, we conclude that problem (4.1)
admits at least one positive mild solution. O
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