Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 16, Number 3, June 2026, 11651186 DOI:10.11948 /20250045

BOUNDEDNESS OF BILINEAR INTEGRAL OPERATORS RELATED
TO GENERALIZED KERNELS AND THEIR COMMUTATORS ON
PRODUCT OF GENERALIZED VARIABLE EXPONENTS
MORREY SPACES*

Miaomiao Wang! and Guanghui Lu®f

Abstract The purpose of this paper is to investigate the boundedness of a bilinear integral
operator T and its commutator Tj, , formed by b1,b; € BMO(R™) and the T on product
of generalized variable Morrey spaces MPL():#1(R™) x MP2():¢2(R™). Under assumption
that Lebesgue measurable functions ¢; belong to the class W, ), i = 1,2, the authors
prove that the T is bounded from product of spaces MP1():#1(R™) x MP2():¢2(R™) into
spaces ./\/lp(')*O(R”); furthermore, the authors show that the T}, p, is bounded from product
of spaces MP1():#1(R™) x MP2():%2(R™) into spaces MP()#(R"™), where o105 = ¢, and

ﬁ = p%(d + p%(,) with p1(-),p2(-) € P(R™). As corollaries, the boundedness of the T' and
Ty, 1, on product of variable exponent Morrey spaces LP*():#(R™) x LP2():%(R™) is established,
respectively.

Keywords Bilinear singular integral operator related to generalized kernels, space
BMO(R"™), commutator, generalized variable exponent Morrey space.
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1. Introduction

The main theme of this article is the mapping properties of a bilinear singular integral operator
associated with a class of generalized kernels and their related commutators on product of gen-
eralized variable exponents Morrey spaces. We obtain these results by using some known results
of the multilinear singular integral operators and their corresponding commutators on prod-
uct of variable exponents Lebesgue spaces established by Lin and Xiao [15] and some common
inequalities of harmonic analysis.

The multilinear singular integral operators associated with a class of generalized kernels
introduced in [15,30] extend the classical multilinear Calderén-Zygmund operators firstly in-
troduced by Coifman and Meyer in [2, 3] and the multilinear singular integral with the kernels
of type w studied by some authors in [21,22]. One of the remarkable purpose of these op-
erators is to establish their bounded properties on various function spaces. For example, in
2023, Yang et al. [29] obtained the definition of a kind of multilinear singular integral oper-
ators T’ associated with generalized kernels, whose kernel is much weaker than the kernel of
certain Dini’s type, and then they showed that the T', the m-linear commutator T} generated
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by b= (b1, - ,bm) € BMOZ(0)(0 = (61, ,6) with 01,--- 6y, > 0) and the T, and the
m-linear iterative commutator Tt formed by b e BMO;}””(@) are bounded from product of
weighted Lebesgue spaces LP!(wq) X - - - X LP™ (wyy, ) into weighted Lebesgue spaces LP(v3), where

G = (w1, ,wm) € AY

p/q Pm

m X .
(p), vg = jle;)/pj and % = p% + -+ L with ¢ < pj < oo,
j=1,--- ,m. Recently, Yang et al. [30] show that multilinear singular integral operators T re-
lated to a kind of generalized kernels is bounded from product of spaces LP!(wq) X -+ - X LP™ (wyy,)

into spaces LP(vz), where % =1 4.4 Ii, P = (p1, -+ ,pm) and & = (w1, -+ ,wy,) satis-

a2t

m L
fies & € Ap /() and vz = [] wfj . More researchers about the bounded properties of bilinear
=1

singular integral operators on various function spaces can be seen in [6,16,17,27,28] and their
references therein.

In this paper, we extend generalized Morrey spaces introduce in [7,8] to the setting of variable
exponents, but the definition differs from the generalized variable exponents Morrey spaces
MPC)% introduced by Ekincioglu et al. [5]. The generalized variable exponents Morrey spaces of
this paper extend the variable exponents Morrey spaces and Lebesgue spaces. The readers can
see [13,14,18,19,26] for the recent development and applications of the variable exponents spaces.
Moreover, as applications, we show that the bilinear singular integral operators T" associated with
generalized kernels is bounded from product of generalized variable exponents Morrey spaces
MPLO#1(R™) x MP2()22(R™) into spaces MP()#(R™), and it is also bounded from product of
variable exponent Morrey spaces LP1():%(R™) x LP2():5(R") into spaces LP()#(R™); furthermore,
the boundedness of commutators Ty, p, formed by by,bo € BMO(R"™) and the 7" on product of
spaces MP1():#1 (R™) x MP2():%2(R™) and product of spaces LP1():#(R™) x LP2():#(R") is obtained.

Before formulating the organization of this article, we should recall some necessary definitions
and notion. The following definition of a space BMO comes from [4].

Definition 1.1. A real-valued function b € L{. (R™) is said to be in the spaces BMO(R") if
1
I¥lostoee) = sup o [ [b(e) ~ baldy, (1.1)
Bcrr |Bl Jp

where the number bp represents the mean value of functions b over all balls B, i.e.,

1
bB:/bydy.
B /"W

The following notation of a bilinear singular integral operator 1" related to generalized kernels
is from [15].

Definition 1.2. A function K(-,-,-) € Li.((R")?\ {(z,z,2) : @ € R"}) is called a bilinear
generalized Calderén-Zygmund kernel if there exists some constant C' > 0 such that,
(i) for all z,y1,y2 € R"™ with z # y;, i = 1, 2,

—2n
K (z,y1,92)| < C(le —ya| + |z —w2]) 7 (1.2)

(ii) there exist positive constant Cj, only depending on k; € Ny, i = 1,2, such that, for all

/
T,T,Y1,Y2 € an
( A’Q |z—a2’|<|y2—x|<2k2H |z —a/| /2"'1 |z—a2’|<|y1 —z|<2F1H |z —z/|
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1
q
|K (2, y1,y2) — K (', y1, y2)\qdy1dy2>
2n 2 nk
<Cle—af| 7 [[Cr2 0™ (1.3)
i=1

(iii) there exist positive constant Cj, only depending on k; € Ny, ¢ = 1,2, such that, for all
/ n
xaylayhyQGR )

</2’“2y1y’1|<y2y1|<2’“2+1y1y3| /2k1|y1y3|<|xy1|<2’“1+1y1yil

1

q

|K($, Y1, y2) - K(ﬂf, yi, y2)|qudy2>

2
_2n — 2k
<Clyn—ul 7 [[Cr2 7™ (1.4)
=1

(iv) there exist positive constant Cy, only depending on k; € Ny, ¢ = 1,2, such that, for all
/ n
w7y17y27y2€R 9

</2’“2yQ—yé|§y1—y2|<2’“2+1y2—yé| /2’“ ly2—yh| <[z —y2| <281+ y2 —ys|
1

q

|K (2, y1,92) — K(x,yl,y§)|qudy1>

2
_2n —
< Clyz —hl” 7 [ Cr2 ™. (1.5)
=1

Remark 1.1. Comparing to the smooth conditions of m-linear Calderén-Zygmund kernels (for
example, see [6]), Lin and Xiao [15] showed that the condition (1.3) is much weaker. Furthermore,
Lin and Xiao pointed out that (1.3) is weaker than the Calderén-Zygmund kernels of Dini’s type
via putting Cj, = [w(2_ki)]%.

Let Lp°(R™) be the spaces consist of all L>°(R"™) functions with bounded support. A bilinear
operator T is claimed a bilinear singular integral operator T related to generalized kernels K
meeting (1.2), (1.3), (1.4) and (1.5) if, for all f1, fo € Ly°(R™) and z € R™\ (supp(f1) (supp(f2)),

T(f1, f2)(z) = /(Rn)z
Given by, by € BMO(R"), the commutator Ty, 4, formed by by, b and the T' is defined by
Toy by (f15 f2) (@) = b1 (2)b2(2) T (f1, f2)(x) — ba(2)T (f1,b2(:) f2) ()
— bo(2)T (b1() f1, f2) (%) + T(b1(-) f1, b2 (-) f2) (). (1.7)

Equivalently, we can write the Ty, p,(f1, f2)(z) as

Ty, 0y (f1, f2) () = /(Rn)Q

K(x,y1,92) f1(y1) f2(y2)dy1dy2. (1.6)

K(z,y1,y2) (b1(z) — bi(y1)) (ba(z) — ba(y2))
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X f1(y1) f2(y2)dy1dys.

Also, the commutators Ty, (f1, f2)(z) and Ty, (f1, f2)(z), respectively, are defined by

Ty, (f1, f2) (@) = bi(@)T(f1, f2)(x) = T(b1().f1, f2) ()

and
Th, (f1, f2) () = bo(@)T(f1, f2)(x) — T (f1,b2(-) f2) ().

To state the definition of a generalized variable exponent space, we need to recall some notions
about the variable exponent and variable Lebesgue spaces introduced in [25]. A measurable
function p(-) : R™ — (0,00) is said to be a variable exponent; moreover, for any variable
exponent p(-), set

efg%&%fp( x)=p_ >0, eggﬁgfp(a:) =p_ < 0.
We denote by P(R™) the set of all measurable functions p(-) : R™ — (1, 00) such that 1 < p_ <
p(z) < py < oo. Denote by Py(R™) the set of all measurable functions p(-) : R™ — (0, 00) such
that 0 < p_ < p(z) < p4 < co. Let Py be the set of all measurable functions p(-) : R” — [1, 00)
such that 1 < p_ < p(z) < py < 0.

For any p(-) € P1(R"), the variable exponent Lebesgue space LP()(R™) represents the set of
real-valued measurable functions defined on R™ such that for some € > 0,

| Era) e < o

This become a Banach function space respect to the Luxemburg-Nakano norm,

p(x)
HfHLp(-)(Rn)—inf{)\>0:/n<‘f()\)) dx Sl}.

Next, we recall some classes of variable exponent functions (see [27]). Given a real-valued
function f € LL (R"), the Hardy-Littlewood maximal operator M is respectively defined by

loc

M) = s oz [ 17wl

B>z

where the supremum is taken over all balls B C R™. The set B(R") consists of all measurable
functions p(-) € P1(R™) satisfying that the Hardy-Littlewood maximal operator M is bounded
on spaces Lp(')(]R”). An important subset of B(R") is the class of globally log-Hélder continuous
functions p(-) € LH(R"), with p(-) € P1(R™). Recall that p(-) € LH(R"), if p(-) satisfies

C 1
p{x)—p U T r—y < =
Ip(z) — p(y)] “oallz —3]) v —yl <5
and o
Ip(x) = Poo| < -5, T ERT,

~ log(e + [z])’

where ps = hm p(z).
——+00

We now state a generalized variable exponent Morrey space ./\/lp(')’s"(R”) as follows.
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Definition 1.3. Let p(-) € P(R"), and ¢(+,-) be a positive measurable function on R" x (0, co).
Then the generalized variable exponent Morrey MP():#(R") is defined by

MPOP(RY) = {f € Lfo(c (R®) Ll ppcre @y < OO}’

where
Ye(pny = SU
1l e () e o 74)||f||Lp< )
1
= sup  ———|[fXB@n L0 @&n)- (1.8)

z€R™ >0 %0(557 7”)

Remark 1.2. (1) If we take p(z,r) = P79 for 0 < A < n and p(z) € P(R™), then the space
MPL#(R™) is just the variable exponent Morrey space introduced in [1].

(2) If we take @(x,7) = 1, then MPO)#(R™) = LP()(R™) is just the variable Lebesgue space.

(3) If we take ¢(x,r) = |B(w,r)|ﬁ for x € (0,1), then MPO)#(R™) = LP()5(R™) is just the
variable exponent Morrey space.

(3) If we take p(-) = const, then the generalized variable exponent Morrey space MP():#(R")
is just the generalized Morrey space MP?(R"™) introduced in [7,24].

(4) If we take p(z) = const and p(z,r) = P77 with 0 < A < n in Definition 1.3, then the
space MP()#(R") is just the classical Morrey space LP*(R") introduced in [23].

We now define a class of functions as follows.

Definition 1.4. Let p(-) : R” — (1,00). A Lebesgue measurable function ¢(z,r) : R™ x
(0,00) — (0,00) is said to belong to the class W,y if there exist positive constants C7,Cy and
C3 such that for all x € R™ and r > 0, u(z,r) fulfills

2k+17.)

o
X () (R™
Z ” X8 &Yyl < (i1, foranyr >0, (1.9)

X B(x,2k+1r HLP( J(R™) o(z,r)
CQ S QD(.%',T'), for any r > 17
IXB(m) | Lpey () < Cap(,7),  for any 0 <r <1.

Remark 1.3. We notice that the above definition is meaningful. In fact, we set that x € (0, 1)
and u(x,r) = HXB(x,r)HIZp(-)(Rn) in (1.9), we deduce that

i IXBenlo@y o 26r) & IXBenllpogy  IXBe2m) 700 @
0 HXB(x,zkHr)HLp(-)(Rn) e(z,r) =0 HXB x,2k+17) HLP(') (R™) HXB(x,r)”zp(-)(Rn)
(o]

HXB (z,r) HLp( R")

||XB(ac 2k+1p ”Lp( ) (R™)

o0

Z(!B (z, 2’““ )!)T

<Ch,
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where we use the following result being modified from [9]

HXB(%T)HLP(')(ﬂ{n) < C( ‘B(SE, 7n)| ) %
||XB(172k+1T) HLP(')(]Rn) B |B(a§7 2k+1r)’

, foranyp>py andr > 0.

Hence, we have u(x,r) € Wp.). In addition, with a slightly modified method that used in [31],
it is not difficult to show that xp € W,.

The organization of this paper is stated as follows. In Section 2, the authors prove that the T’
is bounded from product of generalized variable exponents spaces MP1():#1(R™) x MP2():¢2 (R™)
into spaces Mp(')’“’(]R”), and it is also bounded from product of variable exponents Morrey
spaces LPLO)R(R™) x LP2()%(R™) into spaces LPC)#(R™), where ﬁ = 1%(-) + 1?10)’ k € (0,1), and
Lebesgue measurable functions ¢;(i = 1,2) belong to W, .y with satisfying ¢142 = ¢. By using
the boundedness of the commutator Ty, 3, associated with BMO functions on product of variable
exponents Lebesgue spaces LP1()(R™) x LP2()(R™) and some inequalities of harmonic analysis,
the authors show that the Tj, 5, is bounded on product of spaces MPLO)#1(R™) x MP2():22(R™)
and product of spaces LP1():#(R™) x LP2()#(R™), respectively.

Finally, we make some conventions on notation. Throughout this paper, we use the letter
C' to represent a positive constant which is independent of main parameters, but it varies from
line to line and C, stands for a positive constant only relying on «. Furthermore, subscript
C;(i = 1,2,3) denote a positive constant. For any given p(-) € (1,00), if ﬁ + p,—l(.) = 1, then
we call p(+) the conjugate index of p(-). For any subset E C X, xp represents its characteristic
function.

2. Estimates for 7" on product of spaces MP1():#1(R") x MP20)#2(R?)

The main theorem of this section is stated as follows.

Theorem 2.1. Letpi(-),p2(-) € B(R™) satisfy ﬁ = pll(.) —l—ﬁ(.), T be a bilinear singular integral

operator defined by (1.6) whose kernels K meet the conditions (1.2), (1.3), (1.4) and (1.5) with

1 < ¢ <min{g}, 3} and Y Ck, < oo, and p1p2 = ¢ for ¢; € Wy, @ = 1,2. Suppose that
k=1

T is bounded from product of Lebesgue spaces L™ (R™) x L"(R"™) into spaces L™ (R™) for fixed

1 < ri,re < ¢ with % = % + % Then there exists a positive constant C such that, for all

fi € MPOIPIRT) i = 1,2,

IT(f1, )l e @ny < Cllf Ll ppr 001 @y 2l papa )02 ey -

As a corollary of Theorem 2.1, it is not difficult to obtain the following consequences about
the T on product of variable exponents Morrey spaces Lp(')’“(]R”).
Corollary 2.1. Let pi(+),p2(:) € B(R™) satisfy ﬁ = % + 171(0’ k € (0,1) and T be a bilinear
singular integral operator defined by (1.6) whose kernels K meet the conditions (1.2), (1.3),
o
(1.4) and (1.5) with 1 < ¢' < min{q},q3} and > Cy, < co. Suppose for fivred 1 < 11,79 < ¢
ki=1
with % = % + %, T is bounded from product of Lebesque spaces L™ (R™) x L™ (R™) into spaces
L™ (R™). Then there exists a positive constant C such that, for all f; € Lpi(')ﬁ'f(R”), 1=1,2,

1T (frs Sl porm@ny < Cllfall oo ny 12l o2 gy -
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To prove the above theorem, we need to recall and establish some necessary results.

Lemma 2.1 (Theorem 4.2, [15]). Let pi(-),p2(-) € B(R™) satisfy WIJ = %(.) + #('). Let qg

be given (see Lemma 4.4 in [15]) for p;(-), j = 1,2, and T be a bilinear singular integral
operator defined by (1.6) whose kernel K satisfies the conditions (1.2), (1.3), (1.4) and (1.5)

[o.¢]
with 1 < ¢ < min{qg}, ¢} and > Ck, < oo, i = 1,2. Suppose for fired 1 < 1,72 < ¢’ with
ki=1

1= % + %, T is bounded from product of spaces L™ (R™) x L"(R™) into spaces L™ (R™). Then
there exists some positive constant C such that, for all f; € Lpi(')(]R”), i=1,2,

1T Pl oy ey < ClLAl oo @y 121l o2 ey

We now recall the following lemmas.

Lemma 2.2 ( [25]). If p(-) € B(R™), then there exists a positive constant C' such that, for all
B CR",
Cil|B‘ < ||XBHLP('>(]R”)HXBHLP'(‘)(R") < C|B|.

Lemma 2.3 ( [10]). Let p(-) € P(R™), then there exists a constant C > 0 such that, for all
f e LPOR™) and g € LP'O(R™),

/ @ g@)dw < Ol gy 9o oy (2.1)

Lemma 2.4 ( [11]). Let pi(-),p2(-) € P(R™) satisfy ﬁ.) = %(_) + ]ﬁ(.), then there exists some

positive constant C' such that, for all f € L*C)(R™) and g € LP*C)(R™),

1£9ll ooy < CIEN e @ 19l raco - (2.2)

Lemma 2.5 ( [12]). Let p(-) € B(R"™), there exist constants 6, 7,C > 0 such that, for all balls
B C R" and measurable set S C B,

0 T
IXBl Lre) () < 1B|  IIxsllpere) ey SO<|S\> and x5l Lre) @y <C<S|> ‘

Ixsllzro @y — 1S 1IxBIl Lo gy |B| IxBl ety @ny —  \IB

Also, we should establish the following lemma on the class W, ).

Lemma 2.6. Let ¢ € W,y with p(-) € B(R™). Then there exists a positive constant Cy only
depending on n such that, for any B = B(x,r) C R", the following inequality

o(z,2r) < Cpep(x,r) (2.3)

holds. In other word, the p(x,r) is a doubling function on the second variable r > 0.

Proof. By using (1.9) and Lemma 2.2, we deduce

IXB(z,r) ”LP(')(R”) o(z, 2r) X B(z,2r) HLPM(Rn)

<Ci e p(x,2r) <Cy o(z,r)

||XB(a:,r) HLp(»)(Rn)
|B(x,2r)|
B 2"

||XB($,27’) HLP(')(Rn) 30(:1:7 7")

= ¢(z,2r) < C1C
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= p(z,2r) < Cpe(z,T).

Hence, the proof of Lemma 2.6 is finished. 0
It is now position to state the proof of Theorem 2.1 as follows.
Proof. Let B = B(z,r) be a fixed ball centered at x € R™ and its radius r > 0. And represent
functions f;(i = 1,2) as
fi=fl+ [ = fixen + fixgn\2)- (2.4)

Then, by the Minkowski’s inequality, write
IT(frs F2)llppere ey < NTCFE ) ptptre ey + 1T (LS FE | oty (reny

+ HT<ffo7f2l)”Mp(-)w(]Rn) + HT(ffo, fzoo)HMp(%tp(Rn)
= D; + Dy + D3 + Dy.

_ 1o 1 1.
From (1.8), Lemma 2.1, o192 = ¢, Lemma 2.6 and OB TIORETIOL it then follows that

Dy < sup

——— T, £2)| Lot (em
e QO(IL‘,T)” ( 1 Q)HLP (R™)

<C sup ﬁ“leQBHLpl(')(]R“)HfQXQBHLP2(')(Rn)

zER™ r>0 o(x,r
o(x,2r) 1 1
<C sup fixeBll o1 @y ——== 1 f2X2B || Lpo() (g
zeRn >0 P(x, 1) @1(x,2r) H o )<P2($,27“)H 200 @

< C”JCIHMm(-)m(Rn) HfQHMPQ(-)W(Rn)-

To estimate Dy, we first consider the |T(f{, f5°)(y)| with y € B. By using (1.2), (1.8), (1.9),
Lemma 2.2 and (2.1), we have

IT(f1, £5°) ()]
1
< C/QB | f1(z1)]dz1 /Rn\(QB) WUZ(ZZ)’de

N Ja(22
< Cllfixasllzmo@n HX?BHLP&H(W) (Z /2 de
k=1

k+1B\2k B |z — ZQ|2"

M | fixas HLp1(-)(Rn)(P1($, 2r)||x2B HLpll(‘)(Rn)

=1
X (;WBP/Qk+1B’f2(22)|dz2>

< C”fl H_/\/(Pl(')»%’l (R™) HfQHMPQ(%m (]Rn)@l(xu 2T)HX2BHLPII(‘)(R7L)

oo
1
X ( Z W‘m(% 2k+17")||X2k+1BHLp'2(~)(Rn)>
k=1

X281l Lt ) gy IX2B | 220 (R

< CHfl”Mpl(‘)#’l(R")||f2”_/\/lp2(‘)7502 (Rn)‘!’l(l'a 2r

[ee]
1
’ (Z gpp )
k=1

||X2B ||LP1(-)(Rn)

IX2k+1p HLp’2(~>(Rn) Ix2r+15 HLP2(')(R”) )

IXor+1 ||Lp2<’)(]Rn)
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1

Ix2Bl Lo (@m)

2B 1
(Z g P22 )

[Xor+15 ||LP2(')(]R")

< CllAl ppr o @y 12l o100 ey 1. (25 27)

1

Ix2B | o1 ) ey

1 k+1 1
X Zﬁwg(azﬂ T) ,

— [X2r+1 8l pa ) (mn
k=1 (R™)

< CHfl ”Mmt),m (R™) ||f2HMp2(-),ea2 (Rn)@l (55, 27")

from this, (1.8), (1.9), (2.2), Lemma 2.2, p;p2 = ¢ and Lemma 2.6, it then follows that

1
Dy < CHleAx(m(»),m(Rn)HfQH/vmz(%«pz(Rn) GS p>0 WHXBHLMO(W)SDI(%QT)
T T

1 (Z ginm( 25+ 1r) ! )

||XQB||LP1(‘)(Rn) ||X2’9+1B‘|Lp2(~)(]ygn)

1 IXBl 1) (e
< CHfl”,/\/[Pl(')vm(Rn)Hf2||/\/1172(')v</—’2(]]{n) €§UP>O W@l(l‘ )—)
xeR™ r )

=1 k1 ”XBHLPQ(')(R”)
X 22%@2(1’,2 T)

P IXor+1 81| Lp20) (R

28l 1o

1 =1
< CHle,/\/[m(')wPl(Rn)Hf2||,/\/1p2(')v¢2(Rn) EEUP 0 (p(il? 74)4101 x, 27" (Z ok n)
zER™,r> k=1

(ng 2k’+1 ||X23||L1’2(‘)(R”) )
2

”szHB [F7e! (R™)

1
< OHfIHMPl(')«‘Pl(R")Hf2||,/\/lp2<')a¢2(R") ]ls%up 0 @(1‘ 7“) 901(513727")902(1'327“)
TxeER™,r> 9

< CHfl H/\/{m('),m (R™) HfQHMPz(')wm (R™)>

where we use the following inequality (see [20])

S by < <Zk><2bk> < (Zk) (Zbk>, (2.5)
k=1 k=1 k=1 k=1 k=1

for all ag,br, >0 and r > 1.
With an argument similar to that used in the estimation for Do, it is easy to get

D3 < Cllf1ll pyrr 201 ey 12l pgpa 00,02 ey -

We turn Dy. For any y € B, by applying (1.2), (1.8), (1.9), Lemma 2.2 and (2.1), we get

IT(f7°, 15°) (y)]
<C | f1(21)] dzl/ | f2(22)] dzs
B Re\(2B) |

re\(2B) |T — 21|™ T — 22|
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C(;\QJBI/QJ-HB’fl(Zl”le) <k2_1|2kB| 2k+1B|f2(22)|dz2>

IN

C

o
1
= \2]B| ”f1X2J+1B”Lp1( ) (Rn HX21+IB||Lp1( )(Rn)>
< HMm()m R" ||f2||Mp2()w2(Rn)

X
c

el 4 gy X2l e
X

— 1
Z B Hf1X2k+1BHLp2(>(Rn HX2k+1BHLp2(>(Rn)
]:

|f1

i 1
L |2/ B
Jj=1

(OO 1 HX2k+1BHLp’2(»>(Rn)”X2k+1BHLp2(»>(Rn)
X

Z 2+ B
7j=1

< C||f1||Mp1()¢1 Rn)||f2||/\/(1’2()4/’2 Rn) (Z HX2 +1BH )
¥ Lr1C)(

Z 902(‘,1:,2’64-1,,,,) 7
”X2k+1B||Lp2( ) (Rm)

by this, (1.8), (1.9), (2.2), Lemma 2.6, @12 = ¢ and Wl.) = pll(.) + 1< we have

1, 2j+17°)>

”X2J'+1BHLP1(-)(]RH)

©9 (33, 2k+17“)>

[Xor+15 ||LP2<<)(RH)

w1z, 2j+17“)>

R™)

D4SC||f1||Mp1(<),so1(Rn)||f2||Mp2(-),so2(Rn) GE{UP OW”XBHLP(')(RH)
x nr>

(2 et S e
HX27+1BHLP1() HX2k+1BHLp2 () (Rm)

1
< CHflHMmc),m(RqHf2”Mp2<')’¢2(R") G]Eupw o(z,7)
xeR"™ r

= ix )(Rn = x )(Rn
y <Z || .2B||LP1<>(R ) 30 2j+1 Z H | 2BHLP2 ) (Rn) gpg(x,QkH_lr)
= )

1 ”X23+1BHLT’1(‘)(R”) X2’€+1B||Lp2( ) (R™

e1(z, 2r)p2(x, 2r)
é CHfl||Mp1(-),<p1(Rn)||f2||Mp2(-)#P2(Rn) EIEup 0 SO(:L' 7")
x n77~> Y

< CHfIHMm('),m(Rn)HfQH,A/tm('),m(Rn)'
Which, combining the estimates for Dy, Dy and Ds, yields our desired result. Hence, the proof

of Theorem 2.1 is completed. O

3. Estimates for T}, ;, on product of spaces MP1()#1(R") x AMP2()e2
(R™)

The main theorem of this section is as follows.
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Theorem 3.1. Let bi,ba € BMO(R"), pi(:),p2(-) € B(R™) meet WIJ = ﬁ(.) + m() T be a
bilinear singular integral operator defined by (1.6) whose kernel K meets the conditions (1.2),

(1.3), (1.4) and (1.5) with 1 < ¢’ < min{q}, 3} and Z kiCy, < 00, i = 1,2, and the Lebesgue

measurable functions ¢; defined on R™ x (0, 00) meet the following inequality

S (kg 1y e linoEn g2 (3.1)
E—0 HXB(z,2k+17")HLPi(')(Rn) QOZ'(.’E,T) B

and @192 = @. Suppose for fivred 1 < r1,r9 < ¢ with 1 = % %, T is bounded from product
of Lebesgue spaces L™ (R™) x L"(R™) into spaces L’”"’O( ™). Then there exists some positive
constant C such that, for all f; € MPi()#i (R™),i=1,2,

2
I Tb 02 (1 F2)llpgrro ey < C T 10sllmao @ [1ill pasiro ny-
=1

As an corollary of Theorem 3.1, it is easy to get the following result about the T3, 5, on
variable exponent Morrey spaces LP():#(R™).
Corollary 3.1. Let by,by € BMO(R"™), p1(+),p2() € B(R™) meet () pll(,) + z%(d’ k€ (0,1)
and T be a bilinear singular integral operator defined by (1.6) whose kernel K meets the conditions

[ee]
(1.2), (1.3), (1.4) and (1.5) with 1 < ¢’ < min{q}, g3} and Y k;Ck, < oo, i = 1,2. Suppose
ki=1

for fized 1 < 1,79 < ¢ with % = % + %, T is bounded from product of Lebesque spaces
L™ (R™) x L™ (R™) into spaces L™>°(R™). Then there exists a positive constant C such that, for
all f; € LPiCME(R™), 4 =1,2,

2
ITs, 05 (f1, 2)ll ooy < C T I0illBMo @) 1 fill Loscre -
=1

To prove the above results, we need to recall and establish some necessary results.

Lemma 3.1 (Theorem 6.4, [15]). Let b1,ba € BMO(R™), p1(-),p2(-) € B(R™) satisfy 5 =

pll( 150 () Let g}, be given (see Lemma 4.4 in (15]) forpj(-), j = 1,2, and T be a bilinear singular

mtegml operator defined by (1.6) whose kernel K meets the conditions (1.2), (1.3), (1.4) and

(1.5) with 1 < ¢’ < min{q},¢3} and Z kiCl, < oo, i = 1,2. Suppose for fized 1 < ri,ro < ¢
k=1

with = H + 5, T is bounded from product of Lebsgue spaces L™ (R™) x L™(R™) into spaces
L™ (R™). Then there exists some positive constant C' such that, for all f; € Lpi(')(]R"), 1=1,2,

1Ty, (F1s f2)l Loy (mny < CllbrlBmo@n)lb2llBmo@n) 111l oy o) gy [ 2]l 20 () -

Also, we need the following characterizations of spaces BMO(R").

Lemma 3.2 ( [14]). If b € BMO(R"), then there exists a positive constant C such that, for all
p(-) € P(R™) and i,j € N with j > i,

O lbllBmo@n) < Sup. B o0 ey 1 () = b8) X8 ] 1o @y < CllbllBMO(RA) (3-2)
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and
1(6(-) = bB:) xB; 1 Letr @y < C(5 = ) [l BMOE™ X B; 1 Lo () (3.3)

where B; represents a ball with the same center to the B and radius 2 times of B.

It is now position to state the proof of Theorem 3.1 as follows.
Proof. Let B = B(xz,r) be the fixed ball centered at z € R™ and r > 0, and decompose

functions f; using the same forms in (2.4), i.e
f’i = fil + fioov i = 1727
where fi1 = fxz2p and f° = fiXxrn\(2p)- Then, write
1Ty 5 (F15 F2) | parroemy < N Ty o (15 F2) L atoro(my + 1Ty o (F15 S5 oo ey

1Ty o (7% F2) Lo @y + 1 Tb1 2 (275 F5) | ot ey
=E; + Es + E3 + Eq4.

From (1.8), Lemma 2.2, ¢1p9 = ¢, Lemma 2.6 and ﬁ = pll(.) + p21.), it then follows that

1
E; < sup ———(Th, o (/15 )|l ot n
z€R™,r>0 90(1‘,7“) 1ot 22 ZULE (RR)

< COb1llsmo®n) l|b2]lBMo@®n)y  sup ———= | fix2Bl 1) @y 1 f2X2B L2 () (mn
161 ]| BMo®m) 102 [lBMO( )xeRn,r>090(fEa7")H o106 | 1p20) (R

< Cllb1llemorn)llb2lBro @) 111l pwr 201 @y 1 f2ll pgpa 00,02 (memy
2 2
< sup p1(z, 2r) @2 (x, 2r)
xeR™ r>0 (P(:U: 7’)

< Cllb1llBmon)lb2llBMo @) | fill o201 @y | F2ll papa .2 (-

For y € B(x,r), since
Th, 0 (15 £52) ()| < [01(y) — (b)2l[b2(y) — ( )QBHT(fufZ ) ()]
+[b1(y) — (b1)2B||T(f1.( — (b2)28) f5°) (v)|
+ [b2(y) — (b2) 23||T((b1 bl )28)f1, 15°) ()]
+ [T ((b1(-) = (b1)28) f1, (b2(-) — (b2)28) £5°) (W),

then, by the Minkowski’s inequality, write

[Ty 0 (15 S panro ey < 11(B1() = (01)28) (b2(-) = (02)28)T(f1, F5) | potroo ()
+ (1) = (b1)25)T (f15 (b2() = (02)28) [5°) | pwtr o e
H{1(2() = (82)28)T ((01(-) = (b1)28) f1 5°) | pascr .o e
+ T (1) = (b1)2) f15 (b2() = (02)2B) f5°) | pwtr o ey
=E} +E3 +E} +E3.

From (1.8), the estimation of |T'(f1, f3°)(y)| in D, (2.2), (2.3), (2.5), ﬁ = pll-) + pzl(') and
p1p2 = @, it follows that

1(b1.(-) = (b1)2) (b2() = (b2)2B)T (1 f5°) | parr ()
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v1(x,2r) 1
DR R LR W o o e

X [(b1(+) = (b1)2) (b2(+) = (b2)28) | o) (B2

— 1 b1 1
X 2%902(1%2 r)

k=1 HXQ’ﬁLlB”Lm(')(Rn)

p1(z, 2r)
< OHfl ||Mp1(~>,<p1 (R™) Hf2 ||Mp2<‘>,g,2 D) eiup>0 W
T nzr )

151 = (b1)28)X8 L1 o
HX2B”LP1(‘)(RTL)

oo

x [|(b2(+) = (b2)2B)XB| Lr2t) (mn) (Z 2%802(1’,2’““7’) 1 )

— [X2r+1 Bl pa ) (n
k=1 (R™)

e1(x, 2r
< Cllb1llemoen)llb2lBvo@n) 11l vy .01 @ny 1 f2ll pgpa )2 (mny — SUP ())

x€eR™ r>0 90(%7’

XBl 1) (rn > XBl| 1p2() (mn

" IxBll L1 (R7) 2902(1',2]““7") IxBll r2 (Rn)
Ix2Bll o1 @y \ 74 X261 8]l Lo2 ) (my

< Cllb1llBmo®m)l1b2llBMO®) 1f 11| pgpr .01 (R 12l A2 .02 (R -

To estimate E3, we first consider |T'(f{, (b2(-) — (b2)28) f$°) (y)| for y € B. By applying (1.2),
(1.8), (2.2), Lemmas 2.2 and 2.6, (3.1) and Lemma 3.2, we obtain

(1, (b2() = (b2)28) £5°) (9)]

b — (b
<c [ nGn [ ba(z) = (B2)asl g,
2B R"\(2B) |z — 22|

< Cllfixasll oo @y lIx2B1 oo gny

1
X (; |12°BJ2 /2’““3 |ba(22) — (b2)23\|f2(22)’d22>

1
1(z,2r)

= 1
——5 (b — (b d
x (; ‘2k3|2|( 2)28 — ( 2)2k+1B|/2k+1B | f2(z2)[d22

1F1x2B | Lo @@y 01(2: 20) X2 ot 0 ey

— 1
+ [2FBP /gsz |b2(22) — (52)2k+13\|f2(22)’d22>
k=1

2B

< Ol fall s 01 () 21 (2 2T)W
LP1()(Rn

o0
1
X (HbQHBMO(R”) Zkm||f2X2k+13HLp2<->(Rn)||X2k+1BHLp’2(->(Rn)
k=1

=1
+ ; B 1 2xeseisl o o | (ba() = (b2)2’f+1B)X2’““B”L%(')(Rn))
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2B

< CllbzllBmo @) 111l per 001 @y 121 pap2 02 @y 1. (2, QT)W
LP1O) (R

o0 1 |2k+1B|
x <Z(k + 1)@@(% 28+ y)

k=1 ||X2’9+1BHLP2(~)(Rn)

2B

< CHb2HBMO(Rn)HleMm(-Lm(Rn)Hf2HMp2(->»<pz(Rn)801<$v QT)W
LP1O)(Rn

x(fﬁ(kﬂ) S ey )

2T B T pll oo

by this, (1.8), (2.2), (2.3), (2.5), (3.1) and @12 = ¢, we deduce

o1(x,2r)
EZ < C||by m || f1 er (rmy || f2 (2 (gny  SUP
3 < Clalose) sy el s E4E2

2B
X2 o1 ) ey

P 125 Bl [|xgr+1 Bl £p20) ()

[(01() = (b1)28)X Bl Lr¢) (mn)

1(x,2r)
< ClbrllBvo@n) b2 lBMo®) 111l pgrr 001 ey [ 2]l pgpa )02 (mmy Sw )
TzeR™ r 3

XBllri@n) [ 2B| Ix2Bl 120 (&n
" IXBll Lr1o) &) Z(k+1) |k | IxeBll prao ) ooz, 25+1r)
Ix2Bll Lo @y \ £ 25 Bl [Ix25+1 5l Lo (m)

1(x,2r)
< Clbllsmo@n) b2 llBmo®m) L1l pgpr 101 ey [ f2ll pppa 2 ey sUP - ———5F

z€R™ >0 90(9577“)

> Ix2Bll Lp2() (r

< [ So(k+1) B (w2
k=1 ||X2k+1B||Lp2(‘>(Rn)

< Cllb1llsmo®m)llb2llBMo @) I fll per .01 @y L f2ll pap2 00,2 (-

To estimate E3, we first consider the equation |T'((b1(-) — (b1)28) f1, f5°) (y)| with y € B. By
(1.2), (1.8), Lemma 2.2, (2.1), (2.2) and (2.5), we get

(010~ Br)an) 1 559) )
|f2(22)]
<0 [ - el [ B

<Ol (b1 () = (bn)2B)X2B Lyt 09 oy [ F1x2B L1 ()

|
’ (Z TE s \f2<22>|sz>

< Clonllpatoqe) 11 ages o1 ey X2 0 g 212 27)

[e.e]
1
X <kZ: W ||f2X2k+lB HLPQ(-)(R") ||X2H1B |LP’2(')(R’1)>
=1
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HXQB HLP’I(‘)(RTL) HXQB HLm(')(Rn)

SC’HbluBMO(]R")HflH,/\/[p1(~),@01(]Rn)||f?H,/\/1172(~),<02(Rn) HXQBH O®n
LP1l)(R™

o0

1 HX2k+13|’Lp/2('>(Rn)“X2k+1B|’L1)2(-)(Rn)

x p1(z, 2r ) $,2k+1r
( )<; |2kB‘2 ||X2k+1BHLp2(~)(Rn) o )

2B

T ¥1 ($, 27’)
”X?B”Lm(-)(Rn)

< Clbrllsmo@m) 11l per 61 @y | f2ll pp2a (memy

o
1 |2k+1B’ .
% 2 +1
(Zkzl [2FBP2 xr P2 27)

+1B HLPQ(')(]RTL)

oo
v1(x,2r) 1
< Cllballsmo®a) 1 f1ll pes 01 ey | 2l papa ez ey m <Z T n)
") N\ k=1
o0
X Z 1 o, 21y
el ||X2k+1B”Lp2(~)(Rn)

< Clbrllsmo@m) 11l per 61 @y | f2ll pp2a (mmy

Z ¥2 (JJ, 2k+17a) )
||X2k+1BHLp2() (R™)

from this, (1.8), (2.2), (2.3), (3.1) and p1p2 = ¢, it follows that

v1(x,2r)
”X?B”Lm(-)(Rn)

1 v1(x,2r)
E% < CHbluBMO(Rn)Hf1||,/\/l171(')v<Pl(Rn)“f2||MP2(')»<P2(R”) eiup>0 4,0(3: 7“) ||X2B|| Y
zeR™,r ’ Lr1() (R
X [1(b2() = (b2)28) xB|l Lo n) @o(z, 28 1r)
( ) Lr() (R™) Z HX2k+lB||Lp2( )(R7)
e1(z,7)

< CHblHBMO(Rn)HbZHBMO(R")”fl”/\/(m(-),m(Rn)”f2||,/\/(p2(-)m02(Rn) Hséup o oz, 7)
xeR™ r> )

o0
HXBHLpl(')(Rn) HXBHLm(-)(Rn) oo, 2k+17‘)
Ix2Bll Loy \ i X241 Bl Loa ) (mmy

< CllbrllBmo®m)l1b2llBMO®™) 11l pgpr .01 ) 12l pgp2 .02 (-

We now turn E3. For any y € B, by applying (1.2), (1.8), Lemma 2.2, (2.1) and Lemma 3.2,
we have

IT((b1(-) = (b)2m) f1, (b2(-) — (b2)28) £5°) (v)]
|b2(22) — (b2)
<0 [ i) - Gslfieian [P

< COll(o1() = (01)28) X281y gy L N1X28 ] Ln ) )

=1
: (; W /2k+1B [b2(z2) — (bZ)QBHfZ(ZQ)\sz)

< CHbl HBMO(R") Hfl ||MP1('),¢1 (R™) HX2B HLp'l(-)(Rn)Sol(xv 2T)

2)28]) 1 (20| dz
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= 1
b — (b d
x (g |2kB’2|( 2)28 = ( 2)2k+1B|/2k+1B | f2(22)[d22

=1
" Z W /2k+1B |b2(z2) o (b2)2"+1B|’f2(22)‘d22>
k=1

< CHblHBMO(Rn)HflHMm(»,m(Rn)HXzBHLp’1<~)(Rn)901(95=27”)

(o)
1
X (H@HBMO(Rn)kaBPHszzkHBHLpz(»)(Rn)Hsz+1BHLp’2<->(Rn)
k=1

=1
+ kz B 12Xkl e o | (b2() = (52)2“13)’(2“13||Lpé<‘><Rn>>
=1

< Cllbr|[Bmo@n)llb2llBMO®R) |11 Agr1 01 (R HX2BHLP'1(A>(R,L)<P1(% 2r)

00
1
X [Z(k + 1)’2]€B‘QHf2X2k+1BHLp2(~)(R")‘|X2k+1BHLp'2(~)(Rn)]
k=1

2B

< C||bl||BM0(Rn)Hb2||BM0(Rn)Hf1||Mp1<»>,<m(Rn)Hf2||Mp2<»>,m(Rn)W
P10 (R0

o

1 |2k+1B‘ -
X p1\z, 2r k—+1 1(z, 2 + r
. )[;( )|2kB|2 HXZ’CJrlBHLm(')(Rn)SD ( )

Y1 (‘Tv 7’)

< CHblHBMO(Rn)H@HBMO(Rn)HleMm-),m(Rn)Hf2\|Mp2<»>,m(Rn)m
LP10O) (R0

x [im 22 e 2’“*%]

k—1 |2kB| HX2k+1B||Lp2(‘>(Rn)

¥1 (:C’ T)

< CHbl||BMO(R*L)Hb2HBMO(Rn)Hflu/\/(m(»),cm(Rn)Hfﬂmvz(»)wmmm
Lr1() (Rn

y [i(m 1) ! o1 (2, 2’9“@],

el HXQIH'IBHLI’Q(‘)(RH)

from this, (1.8), (2.2), 3.1 and 192 = ¢, it follows that

(,01(%,7“)
E3 < C|b ny||b2 | f1 er () Il 2 ()e2(rn)  SUP
2 H HBMO(R )H HBMO(]R )Hf HMm 1 (R )Hf ||Mp2 #2 (R )xER",r>0 go(x,r)

HXB”LP(')(]RH) (k+1 1
Ix2Bll Lo gny | i Ix2r+1 Bl oo (mn)

01 (1’, 2k+1T)]

o1(w,7)
< Cllbrllsmo®n)l1b2llBMo @) 111 pgrr .01 Ry 12l pAgp2 002 (R I
TxeR™,r> )

HXB ||LP2(~)(Rn)

XB () (R
o Il [$5 0
HXZBHLpl(')(R”) k=1 HX2k+1BHLP2<-)(Rn)

®1 ($, 2k+1r)]

< ClballBmorn)l1b2llBMoR) [ 111 Agrr 1 (mey [ 2| pgp2 .02 (e
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X sup ¥1 (xv T)SOQ(‘:C:T)
z€R™ r>0 (P(xa T)

< Cllb1llBmo®n)l1b2llBMo@) | f1ll prr 001 @y L F2ll pap2 .02 (-

To estimate E4, we first consider the |1y, , (f7°, f5°)(y)| for y € B. Because of

Toy 0, (f77, £3°) (y)]
< |b1(y) = (b1)28lb2(y) — (b2 )2B\|T(f1 2y
+ [b1(y) = (01)2BlIT (f7°, (b2(-) — (b2)28 f2 )
+ [ba(y) — (b2)2B||T((b1() — bl )28)f1°, 15°)
+T((01() = (01)2B) £7°, (b2() — (b2)2B f2 )

then, by the Minkowski’s inequality, write

)l
()|
(y)|
W),

10,65 (ST S35 papr 0 )

< 1(81() = (01)2) (b2() = (b2)28) T (7, f5°) | paper )
+1(01() = (b1)2B) T (f7°, (b2() — (b2)28) 5°) | s o meny
+1(b2() = (52)28) T ((b1(-) = (b1)2B) £ F5°) L paer e ey
FNT((01(-) = (01)28) 75 (b2(-) = (02)28) £5°) | pmw @y

=E; +E] +E} + Ef.

Using the estimate of |T'(f7°, f9°)(y)| in Dy, (1.8), (2.2), (2.3) and 192 = ¢, we obtain
1(01(-) = (b1)2) (b2(-) = (b2)28) T (7%, £5°) | potr o ()

1
< Cllfull e rer ey L f2ll ppa 2 (e a0 0@, )
T nr ’

< [[(b1() = (51)23)(52(') — (02)28) I o015 (x )

90 z, 2]+1 (pg(x,ZkJrlT)
(Z HXQJHBHLm ) (Rn) Z ||X2k+lB||Lp2< ) (Rm)

< CHfl”Mpl(‘)#’l(R”)||f2”MP2(‘)7‘P2 (R™) GE&EP> H (bl() - (bl)QB)XBHLPlC)(Rn)

x [1(b2(-) = (b1)28) XBl o2 () ( 801(3772j+17“)>

Z ||X2J+1B||LP1<>(Rn)

X 1t i L @o(x, 2617

1
< Clibrllsmo@n) 162 llBMo@m) 111l pgrr 201 ey [ 2l pgpa )2 @y sUP

zeR™,r>0 90(1‘7 T)

2 Ixsllpeo e .

(3 el
=1 HX2j+1B||LP1(‘)(Rn)

(Z | ||XBHLP2() (R™) 802(3772k+17’))
)

Xok+13]| p20) (re
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< ClbilBmo@m)l1b2llBro@m) 1 fill ppr 061 () 1 2l a2 () -

For any y € B, by (1.2), (1.8), Lemma 2.2 and (2.2), we have
IT(f7°, (b2() = (b2)2) f5°) (9)]
<L Ty T O (s

1 oo 1
120 B] /2j+1B | f1(z1)] Z1> (; |2"fB\|( 2)28 — (b2)ok+1 ]
=1
X dzo + Lt b 0 1
/2k+18|f2(z2)' - ,; [2° B /WB' 2(22) = (b2)r s 5| fa(22) )
=1
S C(]Z:; ’2j3|Hf1X2j+IB||Lp1<<>(Rn)HXQJ‘HBHL;,&(.)(RHJ

o
1
X <||b2||BMO(R”)kaHf2X2k+1B”LP2(')(R”)||X2k+1B”Lp’2(-)(Rn)
=1

=1
+ kz a2 ll oo o 1 () = <bz>zk+ls>><zk+1s”Lpé(-nm)
=1

< Cllb2[lBmo(rn) Hf1||Mp1<»>,«m(Rn)Hf2||Mp2<»>,<p2(Rn)

Z ©1(z, 271 1r)
”X2J+1B”LP1() (R")
1 k1
X Z k' + 1 902(1'72 ’I") )
k=1

HXQHIB HLP2(')(R”)

by this, (1.8), (2.2), (2.3), (3.1) and p1p2 = ¢, we deduce

1
E; <C|b n Jeer (R Dea(gny S
1 < Cliballzyo®m) | fill prr 061 @y L2l papa .02 () A oy

v1(x, 2j+17“)>

IOl (Z o sl
p1 n

S e

b—1 ||X2k+1B”LP2(~)(Rn)

1
< Clbrllmom)llb2llBmo@m) [ 1l ppr 061 () 1 2l papa )02 (ny - SUP

zeR™,r>0 SO(ZL‘, T‘)

= Ixslle o @e )

<2 DI o (274 r)
j=1 HXZJ’HBHLm(')(Rn)

> X )(R?
y [Z(k’+1) | B||LP2<>(R) 4,02(1‘,2]“'17“)

k=1 ||X2k+1B||Lp2(~)(Rn)

< Clbrlimom)l1b2llBrmo@m) [ 1l pr 0061 ) [ 2l a2 0,02 () -
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By employing an argument similar to that used in the estimation of E2, it is easy to obtain
Ej < Cllb1llsyogem) 102 B0 @) |1l pes 0en gy 12| ppa .02 (s -

We now turn E}. For any y € B, by (1.2), (1.8), Lemma 2.2, (2.1) and Lemma 3.2, we get
T ((01(-) = (b1)2B) f7°, (b2(-) — (b2)28) f5°) (9)]

|b1(21) — (b1)2B]||b2(22) — (b2)2B] | 400 -
: C/R” (ly — 21| + |y — 22|27 |72 (201 £5° (22)[d21d 22

|b1(21) — (b1)28B]
: O</R"\(2B) |z — 2" |f1(21)|dzl>

( |b2(22) — (b2)2B] £ (zg)\dz2>
C(
j

R”\ 2B) |7 — 2"

|b1(21) — (b1)2BHf1(z1)ldz1>

||M8

T \2]B| 2i+1B

|2kB\ k1R |b2(z2)—(b2)23|!f2(z2)]d22>

¢ m

1
<C |(b1)2p — (b1)2j+13‘|2ﬂ'B\/ | f1(21)[d21
=1
+ |b1(21) — (b1)2s+1 ][ f1(21)|dz1
= |27B| Joi+1p

o

1
> I(ba)os = (o)l [ 1l

k=1

X

N

o0

1
+kz 2B

|b2(22) — (bz)2k+1BHf2(Z2)!dZ2>

2k+1B

/\

C| [1b1llBmogrn) Z]|2]B| 1f1X2541 8 o1 ) ) X241 B o1 0 gy

Mg

QJB’ 1(b1(21) = (b1)as+18) Xai+1 ”Lp’1(~)(Rn) [ f1x2i+1 ||LP1(~)(Rn)>

1
[[b2[lBMO () Zk|2k3| 1£2x 201 8]l L2 ey IX 281 B ]| ot 0 gy

T Z ‘2k3| I (b2(z2) (b2)2j+1B)X2k+1BHLPIQ(‘)(Rn)”f2x2k+1BHLp2(')(R”)>

o0

) 1
Z(J + 1)@||f1X23'+1B||LP1(<>(Rn)

< Clb1llBmo(em) 102l BMO(RR) [
=1

X HX2j+1BHLp’1<~>(Rn)]
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(o]
1
X kz:(k? + 1)|2]€B|||f2X2k'+1B||LP2(‘)(R")||X2k+1B||Lp’2(‘)(Rn)]
L k=1
< ClbllBmo@n)l1b2llBro@a) [ fill per 1wy [ f2 [l papa .02 ey
- ‘
1 12771 B| -
X U+ 1D7; p1(z, 277 r)
; 127 B| [Ix2i+1 1l o1 ) ey
[ oo
1 12kF1 B| X
X (k+1) pa(x, 2" )
_; 27 B| HX2’“+1BHLP2(‘>(Rn)

< ClbrllBmon)l1b2llBymo®a) [ 1l agrr .01 ey 1 F2 [l pgp2 02 (e
- 1 |

x> (G+1) 1 (@, 2 1r)

_j:1 HX2]+1BHL101()(]R’"‘)

o0

X Z(k:+1)

| k=1 ||X2k+1B||Lp2(-)(Rn)

oz, 2k+17’)] ,

from this, (1.8), (2.2), (3.1) and p1p2 = ¢, it is easy to get

Ej < Cllb1lsyom) 102l Bro @) |1l pgrr e ey 12 pgo 2 (g

IxBll Lo (R™)
X sup ———
zER™ >0 o(x,r)

X [Z(]’ +1) ! e1(, 2j+17")]

j=1 ‘|X2j+1B‘|LP1(')(Rn)

D )

el Ix2r+15 ||Lp2(-)(Rn)
< ClbllBmo@n)l1b2llBro@a) [ f1ll prr 01 (mey [ 2l pap2 .02 (e

« sup ¥1 (x,r)gpg(x,r)
zeR™ r>0 SO(IL‘, T‘)

< ClbliBmoem)l1b2llBrmo@m) [ 1l ppr 0061 () |1 2l a2 .02 () -

Which, combining the estimates for E}l, EZ, E2, Eq, Ey and Es, yields the desired result. There-
fore, the proof of Theorem 3.1 is completed. ]
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