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THE THRESHOLD OF A STOCHASTIC SIR EPIDEMIC MODEL WITH
LOGISTIC GROWTH*

Zeyu Xu', Liang Wang'' and Daqing Jiang?

Abstract In this paper, we propose and study a stochastic SIR epidemic model with lo-
gistic growth. The threshold dynamics of the stochastic model are governed by a parameter
RS. Precisely, the disease goes to extinction at an exponential rate and the distribution of
susceptible individuals converges weakly to a unique invariant probability measure provided
that R5 < 1; whereas if R§ > 1, we show that there is a unique ergodic stationary distri-
bution of the positive solutions to the model by constructing a suitable stochastic Lyapunov
function. Numerical simulations are introduced to illustrate our theoretical results. The
aim of the work is to investigate the impact of environmental noise on the transmission of
infectious diseases.

Keywords SIR epidemic model, logistic growth, stationary distribution, ergodicity, extinc-
tion, threshold.
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1. Introduction

Infectious diseases have persistently remained a significant latent threat to the development of
human society. Throughout history, each major pandemic outbreak, from the medieval Black
Death and the worldwide spread of smallpox to more modern instances of influenza and AIDS,
and further to the 21st-century outbreaks of SARS and COVID-19, has exerted profound and
severe impacts on the global economy and human health.

Recently, mathematical models have provided a deeper understanding of the transmission
process of infectious diseases in the world. Starting with Kermack and McKendrick [21], a large
number of mathematicians and ecologists have developed various epidemic models to realize and
control the spread of transmissible diseases in the community [2, 19,26, 29, 30,36, 50]. The SIR
model is a compartmental model that tracks the flow of individuals among three states: Sus-
ceptible (5), Infectious (I), and Recovered (R). Its core purpose is to mathematically describe
how an infection spreads in a population. It is suitable for simulating infectious diseases where
patients acquire long-lasting immunity after infection. For example, Liu et al. [29] proposed a
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deterministic SIR epidemic model with logistic growth which takes the following form

SO _ (1 . 5@;“)) — BS(I(E),
(1.1)
dgf) = BS(OI(t) — (u+7 +a)I(D),

where the parameters r, K, 3, u, vy and « are positive constants. As the dynamics of compartment
R have no effect on the disease transmission dynamics, we omit it from their model. In system
(1.1), S(t) denotes the number of susceptible individuals and I(¢) denotes the number of infected
individuals. The parameters r, K are the intrinsic birth rate and carrying capacity of susceptible
host individuals, 5 denotes the disease transmission coefficient between compartments S and I,
w is the natural death rate of infected individuals, v denotes the rate of recovery from infection
and « is the disease-caused death rate of infected individuals. The model has a disease-free

r(1—ptyte
equilibrium point at (K, 0), and an endemic equilibrium at “+g+°‘, ( 5 +§5 ) . Furthermore,
K
the basic reproduction number Ry = wa% is derived. Specifically, when Ry > 1, the disease

will persist in the population, becoming endemic. Conversely, when Ry < 1, the disease will
inevitably die out.

However, epidemic dynamics are always subject to environmental noise in an ecosystem. The
environmental variations have an important effect on the development of an epidemic [37,47].
For human diseases, the nature of epidemic growth and spread is inherently random due to the
unpredictability of person-to-person contacts [44], and population is affected by a continuous
spectrum of disturbances [5]. Thus, the variability and randomness of the environment are
fed through to the state of the epidemic [47]. Keeping this in mind, the stochastic differential
equations (SDEs) could be a more appropriate way of modeling disease spreading in many cir-
cumstances [16,51,52]. In recent years, various forms of stochastic epidemic models with logistic
growth have been formulated and studied [7,27,28,31,49]. There exist three different possi-
ble approaches which lead to different influences on the population system to include random
perturbations in the models. In [10, 16, 46], the situation of the parameter perturbation was
investigated. The second approach is that white noise stochastic perturbations around the pos-
itive endemic equilibrium of epidemic models which was considered in [6,8]. The last approach
to include stochastic perturbations in a biological model was used by Imhof and Walcher in [18].

In this paper, our approach to include stochastic perturbation is similar to that of [18].
Here we assume that stochastic perturbations are of the white noise type which are directly
proportional to S(t) and I(t). Then we obtain the following stochastic model

ds(t) = [rS(t) <1 - W) _ 55(15)1(75)] dt + o, S(8)dBy (1),

dI(t) = [BS()I(t) — (u+~ + a)I(t)] dt + o2 I(t)dBa(t),

(1.2)

where B;(t) are the white noise, which are formally regarded as the derivative of the Brownian
motions By(t), i.e., Bi(t) = dB;(t)/dt, o2 > 0(i = 1,2) are the intensities of the white noise.

As far as we know, the dynamics of system (1.2) have not been studied yet. In this paper, we
devote to studying the dynamics of system (1.2). We establish sufficient conditions for the disease
to prevail and to disappear, and then we give the threshold of system (1.2). The organization
of this paper is as follows: In Section 2, we show that system (1.2) has a unique global positive
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solution with any positive initial value. In Section 3, we establish the sufficient conditions for the
disease to die out at an exponential rate and the distribution of susceptible individuals converges
weakly to a unique invariant probability measure. In Section 4, we obtain the conditions for the
existence of a unique ergodic stationary distribution of the positive solutions to system (1.2) by
constructing a suitable stochastic Lyapunov function. Following the discussion in Sections 3 and
4, the threshold of system (1.2) is obtained. In Section 5, we provide some numerical simulations
to show the effectiveness of our theoretical results. Finally, some concluding remarks and future
directions are presented to end this paper.

Throughout this paper, unless otherwise specified, let (2, F, {F:}+>0,P) be a complete prob-
ability space with a filtration {F;};>0 satisfying the usual conditions (i.e., it is increasing and
right continuous while F{ contains all P-null sets), we also let B;(¢) be defined on the complete
probability space (2, F, {F;}+>0,P), i = 1,2. Define

RL ={z = (z1, - ,2q) ERY: 2, > 0,1 < i < d}.
In general, consider the d-dimensional stochastic differential equation
dX(t) = f(X(t),t)dt + g(X(t),t)dB(t) for t > to, (1.3)
with the initial value X (0) = X, € R%. B(t) denotes a d-dimensional standard Brownian motion
defined on the complete probability space (22, F, {F;}i>0,P). Denote by C%(R? x [tg, 00); R})
the family of all nonnegative functions V(X,t) defined on R? x [tg,00) such that they are

continuously twice differentiable in X and once in ¢. The differential operator L of Eq. (1.3) is
defined by [34]

T o 1< o?
— E ) - E T .

If L acts on a function V € C%(R? x [tg,00); R.), then

LV (X,t) = Vi(X,t) + Vx (X, 1) f(X,t) + %trace[gT(X, HVxx (X, t)g(X,1)],

- P Pa 2 . Ay .
= da—‘t/, Vx = (g)‘(/l,...,ad—)‘(/d), Vxx = (#g{){j)dXd' In view of It&’s formula [34], if

X (t) € R?, then

where V;

dV (X (t),t) = LV(X(t), t)dt + Vx (X (), £)g(X (t),)dB(2).

2. Existence and uniqueness of the global positive solution

To study the dynamical behavior of an epidemic model, the first concerning thing is that whether
the solution is global and positive. In what follows, we will prove that there is a unique global
positive solution of system (1.2) via the stochastic Lyapunov function method.

Theorem 2.1. For any given initial value (S(0),1(0)) € R2, there ewists a unique solution
(S(t),I(t)) of system (1.2) on t > 0 and the solution will remain in R2 with probability one,
namely, (S(t),1(t)) € RZ for allt > 0 almost surely (a.s.).
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Proof. Since the coefficients of system (1.2) satisfy the local Lipschitz condition, then for
any given initial value (5(0),1(0)) € R%, there is a unique local solution (S(t),1(t)) € R% on
t € [0, 7e) a.s., where 7. denotes the explosion time [34]. To show this solution is global, we only
need to prove that 7. = oo a.s. To this end, let ng > 1 be sufficiently large such that S(0), I(0)

all lie within the interval [77107 no}. For each integer n > nyg, define the stopping time as [34]
1
Tp, = inf {t € [0,7) : min{S(¢),I(t)} < — or max{S(t),I(t)} > n},
n
where throughout this paper we set inf ) = oo (as usual () denotes the empty set). Obviously,
Ty, 1s increasing as n — 00. Set 7o = limy, 00 Tn, Whence 7o, < 7. a.s. If 7o = 00 a.s. is true,
then 7. = co a.s. and (S(t),I(t)) € R a.s. for all ¢ > 0. That is to say, to complete the proof

we only need to prove 7., = 0o a.s. If this assertion is false, then there is a pair of constants
T > 0 and € € (0,1) such that

P{rec <T} >e.

Thus, there is an integer n; > ng such that

P{r, <T} >¢€ Vn>n;. (2.1)
Define a C*-function V : R — Ry U {0} by

V(S,I) = (S—a—alni) +(I—-1-1Inl),
where a is a positive constant to be determined later. The nonnegativity of this function can be
seen from
u—1—Inu >0 for any u > 0.
Applying It6’s formula to V', we have
AV (S,I) =LV (S,I)dt + o1(S — a)dB;(t) + o2(I — 1)dBa(t),

where LV:R% — R is defined by
B a S+1 a o 1 o3
LV_(l—S) [r5<1— - >—ﬁSl]—|—2al—|—<1—I> [BST = (u+7+ )] +

:—LSQJFMSJF {(1+B)a—(u+v+a)}l

K K K
—;(SI—ﬁS—ar—l—,u—l-’y+a+;a%+02§
S—;{SQ—F(G_Z{K)TS—F [(;—i—ﬁ)a—(u—i-’y%—a)}I—i—u—i—’y—i—a—i-;af—i-gf
§;£§+{—;SQ+WS}+ [(;+B)a—(u+v+a)}I+u+7+a+;a%+0§.
Choose a = ’?%ﬁa such that (= + 8)a — (¢ + v+ a) = 0, then we obtain
LVS;;&{—;;SQ—FWS}%—M-!—V—Fa—FZU%—i—UE::f(,
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where K is a positive constant. Thus
dV (S, 1) < Kdt + 01(S — a)dB (t) 4+ oo(I — 1)dBs(t). (2.2)

Integrating (2.2) from 0 to 7, A T = min{7, T’} and then taking the expectation on both sides,
we have

EV(S(my AT), I(1; AT)) < V(5(0),1(0)) + KE(, AT).
Hence
EV(S(my AT), I(1; AT)) < V(S(0),1(0)) + KT. (2.3)

Set Q = {mx, < T} for k > ky and by (2.1), we have P(2) > €. Note that for every w € {,
there is S(74,w) or I(7y,w) equals either k or . So V(S(7k,w), I(7k,w)) is no less than either

k 1 1 1
k—a—alna org—a—alna—:E—a+aln(akz)

1 1 1
—1-1 ——1—-ln-==-—-14+1nk.
or k nk:ork nk . +1Ink

Therefore, we have
V(S(tk,w), (1, w))
k 1 1
> <k—a—alna> A <k—a+aln(a/€)> Ak—=1—Ink)A <k—1+lnk> .

In view of (2.3), we have

V(S(0),1(0)) + KT
> Ello, )V (S (7, w), Ik, w))]

zeKk—a—aln’;) A (Ii—a—l—aln(ak)) Ak —1—Ink) A <]1—1+1nk>],

where I, denotes the indicator function of €. Letting k¥ — oo, then we obtain
0o > V(5(0),1(0)) + KT = oo,

which leads to the contradiction. So we must have 7, = 0o a.s. This completes the proof. [
In the following analysis, we first define a parameter

BK(r— %)

Rj =
0 o2
r(p+y+a+ )

3. Dynamical behavior of system (1.2): Case Rj < 1

In this section, we will establish sufficient conditions for the disease to die out at an exponen-
tial rate and the distribution of susceptible individuals converges weakly to a unique invariant
probability measure provided that Rg < 1. Firstly, we give a lemma as follows.
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Lemma 3.1. ( [13]) Consider the following one-dimensional stochastic differential equation

dS(t) = rS(t) (1 - )dt +01S(t)dBy(t), S(0) = x. (3.1)

2 ~
(a) If 7 > %1, the diffusion process S(t) of system (8.1) admits a unique stationary distribution
with density w(x) and

¢ 71
lim E S(u)du = ——22 a.s., (3.2)

t—oo t 0 r

where

2r 1
2r 1\ o2 1 (2r —2(1-1) — 25
W(x):<K0%> r <0%—1>5L’ e 1 xe(0,00)

and T'(+) is the Gamma function.

2 ~ ~
(b) If r < %, the diffusion process S(t) of system (3.1) goes to extinction a.s., i.e., limy_o0 S(t) =
0 a.s.

In view of the stochastic comparison theorem for 1t6’s processes [17], we obtain

P(S(t) < S(t),t>0)=1, S(0) = S5(0) = . (3.3)

2
This together with Lemma 3.1 implies that lim;_, S(t) = 0 a.s. provided that r < 0—21 Conse-
2
quently, throughout this paper, we always suppose that r > 0—21

Theorem 3.1. Let (S(t),1(t)) be the solution of system (1.2) with any initial value (S(0),1(0)) €
Ri. If Rg < 1, then I converges to 0 a.s. at an exponential rate, i.e.,

InI(t 3
limsupn (>=<,u+7+a+02>(Rg—1)<0a.5.
t—o0 t 2

Moreover, the distribution of S(t) converges weakly to the unique invariant probability measure
w* with density w(x).

Proof. Making use of It6’s formula to In I(¢) leads to

1 1
dlnI(t) = [I (BSI — (p+~v+a)l) — 2120312} dt + o2dBs(t)
o3

= (ﬁS—M—fy—a—2> dt + 02dBs(t). (3.4)

Integrating (3.4) from 0 to ¢t and then dividing by ¢ on both sides, we have

InI(t)—InI(0
t

):f/tS(u)du—u—*y—a—(;%%-@Btz(t)
0
2 M)

B/t o5
- du — g —~ — — 22 ¢ 2\
; OS(u)u =y — 2—{— a

(3.5)
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where M (t) = 02B»(t) is a continuous local martingale [34] vanishing at ¢ = 0 and

<M7M>t 2

lim sup ———— = 03 < 0.
t—o0 t

By the strong law of large numbers [34], we get

M
lim t(t) =0 a.s.

t—o0

Taking the superior limit on both sides of (3.5) and combining with (3.2) and (3.3), we have

_ mI(t) BK(r—9) o2
lim sup = —p—y—a— =2
t—o0 t r 2
0'2 S
:<u+7+a+22>(R0—1) (3.6)
= A
<0 a.s.,
where
2
K(r—2t 2
R = BK(r 2)02 and/\:(u—i—'y—}—a—i—U;)(Ros—l),
r(p+y+a+ )

which implies that I(¢) converges exponentially to 0 a.s.
In what follows, we focus on proving that the distribution of S(¢) converges weakly to a
unique invariant probability measure. To proceed, we set

Q= {w cInI(t) < );},

where € > 0 is an arbitrary number. According to (3.6), we can obtain that there exists a
positive constant ¢y such that P(£2¢) > 1 — € holds for any ¢t > tg. Applying It6’s formula to
In S(t) and In S(t), respectively, we get that

dln 8(t) = <7~ - Uj - ;(S*(t)> dt + o1dBy (1),
dln S(t) = [r - 0'2% - % (t) — (% + 5) I(t)] dt + o1d B (t).

Direct calculation leads to that

0 <InS(t) —InS(t)
t

% + ﬁ) /tt I(u)du (3.7)
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Finally, we can choose t( sufficiently large such that

to > g In _L
AT 2% +8) )
It follows that for all £ > tg,
P{|InS(t) —InS(t)| > e} <1 —-P(Q) < e. (3.8)

Denote by X (t) and Y (t) two random variables, let v* be the distribution of In X (¢) provided
that X (t) admits p* as its distribution. In view of the Portmanteau theorem [4], if

Eg(lnY(t)) — g:= /

R

o) (dx) = /0 o(in )y (dx)
holds for every
g() Re=Refg(z) —g(y)| < |z —yl, lg(x)| <1, Vz,y €R,

then the distribution of Y (¢) converges weakly to the measure p*. Thus, to prove that the
distribution of S(t) converges weakly to the unique invariant probability measure p*, it only
needs to prove that

Eg(InS(t)) — g := /

[ gt (ds) - /0 g(in )" (de). (3.9)

Since the distribution of S(t) converges to p* as t — co, we have

lim Eg(In S(t)) = g. (3.10)

By a simple calculation, we obtain
[Eg(In S(t)) — gl
<|Eg(In S(t)) — Eg(In S(1))| + [Eg(In (1)) — g (3.11)
<eP{|InS(t) —InS(t)| < e} + [Eg(In S(t)) — g| + 2P{|In S(t) — In S(t)| > €}.

As t — oo, taking the superior limit on both sides of (3.11) and using (3.8) and (3.10) yields

limsup |[Eg(InS(t)) —g| <e-1+e€+2-€=4e.

t—o00

This, together with the arbitrariness of €, proves (3.9). This completes the proof. O

4. Dynamical behavior of system (1.2): RJ > 1

In this section, we will pay our main attention to the dynamical behavior of system (1.2) pro-
vided that Rg > 1. More specifically, we will establish sufficient conditions for the existence
and uniqueness of an ergodic stationary distribution of the positive solutions to system (1.2),
implying that the stochastic system (1.2) will reach a state of weak stability.
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Definition 4.1. ( [14]) The transition probability function P(s,x,t, A) is said to be time-
homogeneous (and the corresponding Markov process is called time-homogeneous) if the function
P(s,z,t + 5, A) is independent of s, where 0 < s < t, 2 € R? and A € B and B denotes the
o-algebra of Borel sets in RY.

Let X(t) be a regular time-homogeneous Markov proccess in R¢ described by the following
stochastic differential equation

k
dX(t) = b(X)dt + Y g (X)dB,(t).
r=1
The diffusion matrix is defined as follows
k
A(z) = (aij(2)), aij(x) = > gi(x)gi(x).
r=1

Lemma 4.1. ( [14]) The Markov process X (t) has a unique ergodic stationary distribution mw(-) if
there exists a bounded domain D C R® with regular boundary T, having the following properties:
Ay: There is a positive number M such that Z‘Zj:l aij(r)&€& > M|E?, 2 € D, € e R
Ay: There exists a nonnegative C%-function V' such that LV is negative for any R?\ D.
Theorem 4.1. Assume that R§ > 1, then for any initial value (S(0),1(0)) € R%, the solution
(S(t),I(t)) of system (1.2) is positive recurrent and has a unique ergodic stationary distribution

m(-).
Proof. In order to prove Theorem 4.1, we only need to validate conditions A; and As in
Lemma 4.1. We first prove the condition A;. The diffusion matrix of system (1.2) is given by

0252 0

0 o3I?

A:

Obviously, the matrix A is positive definite for any compact subset of Ri, so the condition A;
in Lemma 4.1 holds.
Now we prove the condition Ay. To this end, we define a C?-function V : Ri — R as follows

I/ — _ _ﬁiK m L 0+1
V(S,I)_M< InT . lnS+T(M+’Y+a)I>+9+1(S+I) )

Note that V (S, I) is not only continuous, but also tends to co as (S, I) approaches the boundary
of R? and as ||(S,I)|| — oo, where || - || denotes the Euclidean norm of a point in R?. Thus, it

must be lower bounded and aclaieve this lower bound at a point (Sp, Ip) in the interior of Ri.
Then we define a C?-function V : RZ — Ry U {0} in the following form

= BK B(BK + ) 1 0+1 T
IH=M|—Inl ——1 —= T — I — I
V(S,I) ( n " nS+’I”(,u—|—’y+Oé) +0+1(5+ ) V(So, 1)
= IMVI—F‘/Q)

where (S,1) € (%, n) x (%,n) and n > 1 is a sufficiently large integer,

— s BE BBE+1) _ b 6+1 _
Vi=—Inl-= lnS+T(M+7+a)I,V2_9+1(S+I) V(So, Io),
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0 is a sufficiently small positive constant and M > 0 is a sufficiently large number satisfying the

following condition

2
—M(u+7+a+022> (R§ —1)+ B < -2

and

299

B = sup {—r59+2+(U%VU%)SGH—H“S(S—FI)Q—WIOH}<oo.

2K 2 4

(8,I1)eR2

Applying Ito’s formula to V;, we have

2 2
_ oy BK( o\ BKrg BK (T
LVi=—BS+p+y+at 2 -2 (7’ 2>+ =S (481
2
LBPEK L) o BEK ),
r(p+v+a) r
2 2 2
o5 BK o3 B*(BK +r)
fr -~ _ - = L N 7 I
praTets T <r 2)+r(u+’y+a)5
2 2
o5 S B (BK + )
_— V(RS — 1)+ 22T g,
(M+7+a+ 2>( Ot T a)
where
RS — 5K(T_%l)
r(p+y+a+ F)
Similarly

S+1

0
= (541 |15 (1= 250 ) < u + )t | 4 G54 D' ot 4 o3

<(S+1)’ [7’5 (1 - Ii) - (u—i—’y—i—a)]] + g(S+I)9+1(U% Vo)

<rS(S+1)? - %s"” —(p+y+a) Ty g(s + 1) Y02 v ad)

Pogote _BE YT e T gere MY Qpenn | gg 1y

- 2K 2 2K 2

299 0+1 0+1 2 2

209
__ g2 _PAETTOen T geve 20 0 0601 L gig 4 )Y

2K 2 2K 2

0
—7"+Z+ iy (” +Z+ e- 279(0-% vU§)> 5+

209
<L go+2 _HTTTC to Qpo+r T go+2 + (02 Vv 02)S8* 4 rS(S +1)°

- 2K 2 2K 2
BT T e
4

(4.1)

(4.2)
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T o422 HEYF o g
< —— ey | B 4.
- QKS 2 5 (43)
where
200
B= sup |- L5721 252y 02)80 4 g5 )t - FETT X e

and in the third inequality we have used the inequality | S-F | v;|? < kP=1 32K |u;|P for ¥p > 1.
By (4.2) and (4.3), we obtain

2 MpB?(BK
>(R€—1)+’8(B tr)gro gt _HETH A g

_ g
LV < -M -2
- (’M—F’H_OH_ 2 r(p+v+ a) 2K 2

Now we are in the position to construct a compact subset D, such that the condition A, in
Lemma 4.1 holds. Define the following bounded closed set

1 1
Dez{(S,I)ERi:egSg,eglg},
€

€

where 0 < € < 1 is a sufficiently small constant. In the set R% \ D, we can choose e sufficiently
small such that the following conditions hold

r(p+v+a)(0+1)

‘S TMBBK+r)0 (44)
r(p+v+a)?(0+1)

S TOMPEK +1) (4.5)
r(p+v+a)(d+2) (4.6)
MB2(BK +r)(0+ 1)’ '
2+ +a)(0+2)

2KMPB?(BK +71) ' (47)

— 741(:9 S +C <1, (4.8)

_ktrta LZJ o<, (4.9)

where C'is a positive constant which will be given explicitly in expression (4.13). For convenience
we can divide D¢ = R? \ D, into four domains,

Dl ={(S,I)eR::S <¢},D?={(S,I) eR% : [ < ¢},
1 1
DE={(S,1) €RL:S >}, Df={(S, ) eRL : [ > —}.

It is easy to see that D¢ = D} U D? U D3 U D2. Next, we will prove that LV (S, 1) < —1 for any
(S,I) € D¢, which is equivalent to prove it on the above four domains, respectively.

Case 1. If (S,I) € D}, due to ST < eI < 6925:3;1 = 9%6 + QLIG“, we obtain

_ o2 MB(BK +r) 6
LV<-M(ptrvtrat+Z)(RE-1)+
- (M T 2>( 0 ) r(p+v+ ) o+1°
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<M52(5K+7") € _u+’7—|—0¢)19+1+3
rlp+v+a) 0+1 2
<-2+1

=1, (4.10)

which follows from (4.1), (4.4) and (4.5). Thus

LV < —1 for any (S,I) € D..

Case 2. If (S,1) € D?, due to ST < €S < 66+19—:5;+2 = gi;e—i-

MB2(BK +7)0+1

) , we get

2
LVS—M<M+V+04+J2> (R — 1) +

€
2 r(n+v+a) 6+2
MB*BK +71) ¢ o §0+2 4 B
rlp+v+a) 0+2 2K
<-2+1
— 1, (4.11)

which follows from (4.1), (4.6) and (4.7). Therefore

LV < —1 for any (S,I) € D?.
Case 3. If (S9,1) € D2, we have

PAYHQ g1 T gy BETHQ g MB(BK 4 7)

_ r
e g SI+B
V=—1x 4 AK 4 rhtytra) T

_L59+2 +C

7“

< - Kozt C

<1, (4.12)
which follows from (4.8) and
MpB?(BK
C= sup { LT g2 AT ey W”)SHB}_ (4.13)
(S,I)ER?'_ 4K 4 7"(# + Y + Oé)

So
LV < —1 for any (S,I) € D,
Case 4. If (S,1) € D2, we get

LV§_4;{59+2_”+'7+0‘19+1_T59+2_/H’W1I9+1+1\452(5MSI+B

4 4K 4 r(p 4+ +a)
< fWﬁH +C
pt+v+a

< - +C

4ef+1
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<1, (4.14)
which follows from (4.9). Hence
LV < —1 for any (S,I) € D2.

Obviously, from (4.10), (4.11), (4.12) and (4.14), we can obtain that for a sufficiently small
€,

LV(S,I) < —1 for any (S,I) € RZ \ D..

So the condition As in Lemma 4.1 holds. In view of Lemma 4.1, we can obtain that system (1.2)
admits a unique ergodic stationary distribution 7(-). This completes the proof. O

Remark 4.1. According to Theorems 3.1 and 4.1, we can find that the value of Rg mainly
determines the extinction and persistence of the disease. If Rg > 1, there is a unique ergodic
stationary distribution 7(-) of system (1.2) which implies that the disease will be stochastic
persistent a.s., while if R*g < 1, the disease will be extinct a.s. So we consider Rg as the
threshold of system (1.2).

Remark 4.2. From the expression for Rg and the discussions in Sections 3 and 4, it can be
seen that the disease is more prone to die out when the transmission coefficient 5 and carrying
capacity of susceptible host individuals K are smaller, the death rates (both disease-induced
a and natural death rate p) and recovery rate « are larger, and the intensities of stochastic
perturbations 0%, 03 are greater. Conversly, the disease is more likely to reach a weakly stable

state and persist.

Remark 4.3. From the expression for RY, it is evident that, unlike the basic SIR model,
the carrying capacity K in the model with logistic growth exerts a strong influence on disease
extinction or persistence. An insufficient carrying capacity can also lead to disease extinction.

5. Examples and numerical simulations

In this section, we introduce some numerical simulations to illustrate our theoretical results. We
numerically simulate the solution of system (1.2) with the initial value (S(0),1(0)) = (0.6,0.8).
For the numerical simulations, we use Milstein’s Higher Order Method mentioned in [15] to
obtain the discretization equations of system (1.2):

Sj—l-fj

2
Sj+1 = Sj + |:7“Sj (1 — ) — ﬁSjlj] At + alSjv Atl/Lj + %Sj(l/ij — 1)At,

2
Lign = I+ [BS;1; — (n+v + &) At + 02 ;v Atwy j + %Ij(u;j — 1)At,

where the time increment At > 0, o? > 0 (¢ = 1,2) denote the intensities of the white noise,
vi; (i = 1,2) denote independent Gaussian random variables which follow the distribution
N(0,1) for j =1,2,--- ,n.

Example 5.1. In order to verify the extinction of the disease, we choose the values of the system
parameters as follows: r = 0.6, K = 0.9, 8 = 0.9, u = 0.2, v = 0.2, a = 0.1, 0 = 0.35 and
2

_%1
03 = 0.4. By a simple calculation, we obtain r = 0.6 > 0.175 = %% and Rg _ PKe—5)_ _

o2
r(ptytat3)
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0.8196 < 1. In other words, the condition of Theorem 3.1 is satisfied. In view of Theorem 3.1,
we obtain the result that the disease dies out exponentially with probability one. The simulation
results presented in Figure 1 serve to validate our theoretical findings.

2 : : 1.5

Stochastic
Deterministic

Stochastic
1.5 Deterministic '

S
(1)

0 10 20 30
t t

Figure 1. The left and right figures represent the paths of S(¢) and I(t) of system (1.2) with the initial value
(8(0),1(0)) = (0.6,0.8) under the noise intensities o7 = 0.35 and o3 = 0.4.

Example 5.2. To confirm the extinction of the disease, we use the same parameter values as
in Example 5.1, but with 07 = 0.6 and 02 = 0.6. A straightforward calculation shows that r =
2

of S BE(r—3) : .
0.6 > 0.3 = 5 and Rfg = ———25 = 0.5062 < 1. That is to say, the condition of Theorem
r(pty+at-2)
3.1 is still satisfied. Then we derive the conclusion that the disease dies out exponentially with

probability one. The simulation results presented in Figure 2 support our findings.

2 T T 1.5

Stochastic
1.5 Deterministic

Stochastic
Deterministic

(1)

S()

i
Mﬁplj U'”HM'M Iﬁ.\/‘ﬂ lhﬁtl
0 10 20 30 0 10 20 30
t t
Figure 2. The left and right figures represent the paths of S(¢) and I(t) of system (1.2) with the initial value
(8(0),1(0)) = (0.6,0.8) under the noise intensities 07 = 0.6 and o3 = 0.6.

Remark 5.1. These two simulation results indicate that, given the same other parameters, a
larger environmental noise leads to a smaller Rg and a faster extinction of the infectious disease.

Example 5.3. In order to check the existence of an ergodic stationary distribution, we choose
the same parameter values as those in Example 5.1, except with J% = 0.1 and 0% = 0.3. Direct
. o? s BKe-2)
calculation leads to r = 0.6 > 0.05 = & and Ry = ———2%— = 1.1423 > 1. In other words,
r(ptytot3)
the condition of Theorem 4.1 holds. Therefore we can get that there is an ergodic stationary

distribution () of system (1.2). We provide simulation results in Figure 3.
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Table 1. Parameter values for the examples.

Symbol Explanation Valuel Value2 Value3 Value4
r Intrinsic birth rate 0.6 0.6 0.6 0.6
K Carrying capacity 0.9 0.9 0.9 0.9
I} Disease transmission coefficient 0.9 0.9 0.9 0.9
I Natural death rate 0.2 0.2 0.2 0.2
o Rate of recovery 0.2 0.2 0.2 0.2
«a Disease-caused death rate 0.1 0.1 0.1 0.1
o? Noise intensity of S(t) 0.35 0.6 0.1 0.05
o3 Noise intensity of I(t) 0.4 0.6 0.3 0.05
R§ Threshold of the stochastic system 0.8196 0.5062 1.1423 1.4786
result extinction extinction persistence persistence
2 2
Stochastic
1.5 Deterministic
= f ]
@ i f
f \ll ‘- W‘Hﬁlh
0.5 |
0
0 10 20 30 0 0.5 1 1.5 2
t The density functions of S(t)
1.5 30
Stochastic
Deterministic
1 20
10
0
0 0.2 04 0.6 0.8
t The density functions of I(t)

Figure 3. The left column shows the paths of S(t) and I(¢) of system (1.2) with the initial value (S5(0),(0)) =
(0.6,0.8) under the noise intensities 02 = 0.1 and 02 = 0.3. The right column displays the histogram of the
probability density functions of S(t) and I(t) with values of o7 = 0.1 and o5 = 0.3.

Example 5.4. To check the existence of an ergodic stationary distribution, we select the same
parameter values as those in Example 5.1, but with both ¢? and o2 equal to 0.05. Direct
)
r(u+’y+a+%§)
4.1, we can get that there is an ergodic stationary distribution 7(-) of system (1.2). We give the

simulations displayed in Figure 4 to support our results.

calculation leads to r = 0.6 > 0.025 = %% and Rg = = 1.4786 > 1. By Theorem
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Stochastic
Deterministic

S(t)

0 05 1
t The density functions of S(t)
1.5 8
Stochastic
Deterministic 6
1
o) 4
2
0 0.2 0.4 0.6 0.8
t The density functions of I(t)

Figure 4. The left column displays the paths of S(t) and I(¢) of system (1.2) with the initial value (5(0),1(0)) =
(0.6,0.8) under the noise intensities 03 = 0.05 and o3 = 0.05. The right column shows the histogram of the
probability density functions of S(t) and I(t) with values of o3 = 0.05 and o3 = 0.05.

Remark 5.2. Example 5.3 and Example 5.4 show that when R§ > 1, smaller environmental
noise as well as a larger Rj drive the stochastic paths of S(t) and I(t) closer to the paths of the
deterministic model (1.1).

6. Concluding remarks and future directions

In this paper, we considered a stochastic SIR epidemic model with logistic growth. We first
discussed the existence of the global positive solution to model (1.2). The main result of this
paper was to obtain sufficient conditions for the threshold dynamics of the stochastic model
(1.2) which were governed by a parameter Rg . Precisely, the disease died out exponentially
and the distribution of susceptible individuals converged weakly to a unique invariant proba-
bility measure provided that Rg < 1; whereas if Rg > 1, we proved that there was a unique
ergodic stationary distribution of the positive solutions to model (1.2) by constructing a suitable
stochastic Lyapunov function. Our analysis shows that the basic reproduction number Rg for
the stochastic model is smaller than its deterministic counterpart Ry from system (1.1). This
reduction makes the disease less likely to reach an endemic state. Furthermore, we can also see
that an increase in the noise intensity may lead to the extinction of the disease. The results of
this study show that environmental noise suppresses the spread of the disease.

Some interesting topics deserve further investigation. On the one hand, one can further
consider the optimal control of the epidemic model, see e.g. [12,35]. For example, in [12],
by introducing two control variables, the author identified the optimal control strategy and
demonstrated that this strategy is highly effective in reducing the scale of infection and is
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cost-efficient. On the other hand, one can extend the results in this work by considering a
second order stochastic perturbations [32], or some discontinuous perturbations such as Lévy
noise [38]. In addition, the method used in this paper can be also applicable to investigate other
biological models, such as HIV-1 infection model with logistic growth, predator-prey model with
logistic growth, etc. Furthermore, it is noteworthy that in recent years, fractional systems, by
virtue of their intrinsic memory and hereditary properties, have exerted a profound impact and
garnered increasingly extensive application across numerous domains, notably in the modeling
of biological systems [22,24] and environmental and climate change [20,23]. In addition, there
is also extensive theoretical research on fractional calculus and its applications in other fields
[1,9,11,25,33,40-43,45,48]. Fractional versions of infectious disease models can also be developed,
see e.g. [3,39]. We leave these problems for our future work.
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