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EXPONENTIAL STABILITY OF SAINT-VENANT EQUATIONS IN
SUPERCRITICAL FLOW

Jingwen Wang! and Dongxia Zhao®'

Abstract In this paper, the stability of a class of 2x2 hyperbolic systems with the same sign
propagation speeds is investigated under proportional feedback control. Semigroup theory is
used to verify the well-posedness of the system. The exponential stability of the closed-loop
system is analyzed by constructing a strictly weighted Lyapunov function. In addition, the
characteristic equation and eigenfunctions of the system are deduced. For the special case
where 7y is equal to 0, by using Schur-Cohn criterion, the sufficient and necessary stability
conditions, which make the eigenvalues have the negative real part, is obtained.
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1. Introduction

The Saint-Venant equations, as the typical mathematical model of open channel flow dynamics,
play an important role in revealing the fluid motion laws of natural and artificial waterway
systems. These equations are not only applicable to depicting natural processes such as flood
wave propagation and estuary tides, but also widely applied in human engineering scenarios
such as irrigation canals and navigable rivers [5, 15].

The properties of the steady-state flow in the open channel systems depend on the Froude’s
number (F,.). When F,. < 1, the flow state is a subcritical flow regime; when F, > 1, the flow
state is a supercritical flow regime. The boundary feedback control problems for hyperbolic sys-
tems with subcritical flow have been extensively studied [2,16]. In [4], the exponential stability
of the linearized Saint-Venant equations under subcritical flow conditions is investigated, and
extended to the cascade network systems with n pools. Furthermore, in [19], the spectral anal-
ysis and Riesz basis properties of the linear hyperbolic system are verified, and the exponential
stability is established. For nonlinear Saint-Venant equations with non-uniform steady-states,
the local exponential stability of the system in the H?-norm is proved by constructing an ap-
propriate quadratic Lyapunov function in [13]. Stability analysis of partial differential equations
(PDE) systems can be conducted using various approaches, including the Lyapunov function
method, spectral analysis, and frequency-domain techniques [6,10,17]. In [1,7], the controller
of PDE systems is designed by backstepping method. In [3], the feedback stabilization problem
of the open channel system under proportional-integral control was studied, and the stability
was established for the linearized and nonlinear Saint-Venant equations. In [18], the stabil-
ity regions of feedback parameters for hyperbolic conservation law systems are established via
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Walton-Marshall stability criterion and Schur-Cohn criterion. Through eigenvalue analysis, the
delay-independent and delay-dependent stability results are derived, respectively. Reference [12]
discusses the input-to-state stability (ISS) of cascade channels governed by the Saint-Venant
equations under PI control. Specifically, exponential stability and ISS conditions are provided
by constructing explicit quadratic Lyapunov functions.

There are few studies on analyzing hyperbolic systems with the same sign propagation speeds,
i.e., the case of supercritical flow. In [8], a full-state feedback controller is designed using the
backstepping method to ensure exponential stability of the desired setpoint for the Saint-Venant-
Exner model. The controller’s performance under supercritical flow regimes is verified through
numerical simulation. As shown in Figure 10, for a supercritical flow regime (F, = 1.6), the
backstepping method significantly improves system stability compared to the traditional Lya-
punov method. In [9], the controllability of single-channel supercritical flow is first investigated.
This study established global controllability between two constant supercritical steady-states
with the same flow direction within the same channel. By analyzing the controllability of super-
critical steady-state flow in a single channel and extending this result to the network structure,
it is strictly proved that the smooth solution of the tree-like open channel network under su-
percritical flow conditions has global controllability. In [11], a basic C! Lyapunov function is
constructed to verify the exponential stability of a class of 2 x 2 hyperbolic systems with variable
coefficients, and it is pointed out that when the propagation speeds of the system have the same
sign, the system stability can be achieved by static boundary feedback control.

In this paper, we dedicated to give a sufficient condition for exponential stability of the
linearised Saint-Venant equations with supercritical flow. It is found that the characteristic
equation is a transcendental equation with multiple exponential terms. Hence, the characteristic
root method and the frequency domain analysis can not be used to obtain the stability condition,
and the asymptotic expression of its eigenvalues are difficult to carry out. If the system parameter
~v # 0, by constructing a suitable strictly weighted Lyapunov function, we derive an sufficient
condition for the feedback parameters and establish the exponential stability of the closed-loop
system. For the case v = 0, we establish sufficient and necessary stability conditions by using
the Schur-Cohn criterion.

The structure of this paper is as follows: In Section 2, we linearize the Saint-Venant equations
and rewrite the closed-loop system into the form of an abstract evolution equation by defining
the linear operator. In Section 3, by applying the operator semigroup theory and Sobolev
embedding theorem, the well-posedness of the closed-loop system is proved. Additionally, if
~v #£ 0, by constructing a suitable strictly weighted Lyapunov function, we derive a sufficient
condition for the feedback parameters and establish the exponential stability of the closed-loop
system. In Section 4, we give the characteristic equation and eigenfunctions for the closed-loop
system. Especially, if v = 0, the sufficient and necessary conditions for stability is obtained. In
Section 5, we verify the feasibility of the theoretical results through numerical simulations.

2. Saint-Venant equations and model building

In this paper, we consider an open channel with a constant bottom slope and a rectangular cross
section, whose flow dynamics can be characterized by nonlinear Saint-Venant equations

H HV 0
O + 0, 2 + =0, (2.1)

1%
4 - t9H glSF(H, V) — Sp]



1246 J. Wang & D. Zhao

where H (¢, z) be the water depth and V' (¢, x) the horizontal water velocity at time ¢ and position
x along the channel, t € [0, +00], x € [0, L], g is the constant gravity acceleration, L is the length
of the channel, Sy is the constant bottom slope, Sy(H,V) = Cf%Q is the friction slope and CY
is a constant friction coefficient.

2.1. Steady-state and linearization
Assume that the steady-state of the system is a constant state (H*, V*) and that it satisfies the
relation S¢(H*,V*) = Sp. By linearizing the system given by (2.1), we obtain

Oth +V*0,h + H*Opv = 0,

2
8w+g&h—hi&4h+hﬁ&lvz&

(2.2)

where, h(t,x) = H(t,z) — H*, v(t,x) = V(t,z) — V*. By making a Riemannian coordinates

transformation:
&alt,@) = v(tx) + bt 2), |,
(2.3)

& (t,x) = v(t,z) — h(t, x)\/g

Then the characteristic form of the linearized Saint-Venant equations (2.2) is

6t£1(t7 JJ) + A18:1361(757 3}) + 761 (tv 33) + 662(t7 33) = 07 (2 4)
&a(t, @) + X20:82(t, @) + V&1 (t, @) + 66 (¢, ) = 0,
with the characteristic velocities
M =V 4+ \/gH*, MN=V*"—/gH*,
and the parameters
1 1 1 1
=95 (= — ——), 0 =9Sp(— :
2.2. Supercritical flow
The steady-state flow is supercritical (or torrential) if the following condition holds
gH* — (V*)? <0. (2.5)

Under this condition, the system is strictly hyperbolic with
0< X =V*"—\/gH* <\ =V*++/gH*.

It is obvious that 6 > 0, and the parameter v can be positive (if V* < 24/gH*), negative (if

V* > 2{/gH*),or v=0 (if V* = 2\/gH*).
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2.3. Model building
We assume that the initial conditions of the system (2.4) are
£1(0,2) = &(x), &(0,2) = &(2), (2.6)

and the proportional boundary feedback laws are

§1(t,0) = k1&a(t, L), &2(t,0) = kaba(t, L), (2.7)

where the boundary feedback parameters ki, ko € R. Hence, we are concerned with the stability
analysis of the following closed-loop system:

8t€1(t7 l’) + )‘laacgl(ta CC) + ’751 (ta x) + 562@7 x) =0,
8t£2(t7 :I)) + )\anég(t, .’IJ) + 751 (ta I’) + 652@7 I’) =0, (2 8)
&1(¢,0) = k& (2, L),
&2(t,0) = ko&a(t, L).
Let the Hilbert state space H = L?(0, L) x L?(0, L) with the inner product defined by
L —_— _
(60.2) = [ (AR + 0 @)nm) d (29)
0
where X; = (fi,9;) € H(i = 1,2), and f is the conjugate of f.
Define a linear operator A: D(A) CH — H by
—/\1£ — 5 -5
Ox f
AX = 5 : (2.10)
- —)\2% -0 9
D(A) = {(f.9) € (H'(0,L))* | f(0) = k1 f(L), (0) = kag(L)}. (2.11)
Then system (2.8) can be written as an abstract evolution equation in H:
X(t)=AX(t), t >0, (2.12)
X (0) = Xo,

where X (t) = (&1(t, ), &2(t, ), Xo = (£0(-), £3(-))
For the convenience of calculations and without losing generality, let L = 1.
3. Well-posedness and Lyapunov stability

In this section, we first prove the well-posedness of the system (2.12). And then analyze the
exponential stability of the system (2.8) by constructing a suitable Lyapunov function.
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3.1. Well-posedness of system (2.12)

Theorem 3.1. Let A be given by (2.10) and (2.11). Then A~ exists and is compact on H, if
the feedback parameters ki, ko satisfy

k10 k
e (klkgecl — k1 — kg) + (ecl — 1) |: ! (kgecl — 1) + 27 (klecl — 1)] +1 75 0,
A2c1 11
1)
where ¢ = —)\l—)\— # 0. Therefore, o(A), the spectrum set of A consists of isolated eigenvalues
1

2
of finite algebraic multiplicity only.
Proof. For VX = (f1,91) € H, solve AX = X, where X = (f,g) € D(A), we have

A f _ M ff=~f—dg _ fi | (3.1)
g —Xog —~f —dg Il

M H+vf+d89+ f1=0,
Ng +7f +d8g+ g1 =0,

ie.,

(3.2)
f(0) = k1 f(1),
9(0) = kag(1).
From the first two equations of (3.2), we have
M f @) = Dagle) = AF(O) + Xag(0) = [ () = (o), (33
then \ \ | o
ofa) = 1@ = 210 +50) = 3= [ () = Als)as (3.4)
Substitute (3.4) into the first equation of (3.2), we get
, ) ) 5
F@) =(= 5= = )@ + 510 = £9(0)
Al A Ao A1 (3.5)
o e '
i | @6 = )= @)
From the general solution formula of the first order linear ordinary differential equation
v o o
o) et~ [ e[ L)+ {00
0 A2 M (3.6)
] v 1 '
_M&A(m@—ﬁ@Wh+MﬁMdu
where ¢ = f(0), ¢1 = 2l e # 0.
Al A
From (3.6), when z = 1, we can have
! 5 5
£0) =)t = [ e[ = L p(0) + Lg(0)
0 Az A1 (3.7)
J v 1
~ /0 (gl(s) - fl(s))ds + A—lfl(v) dw.
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By (3.7) and the boundary condition f(0) = k1 f(1), we have

e+ 2 -1 1] ) -

Aa2ct

k16
e = 1)g(0)

k19 ' c1(1—s) ky 1 e1(1—v)
:)\1)\201/0 (1-e )(91(8)—f1(s))d5+>\1/0 e fi(v)dv

Similarly,

c kay 1y koy _
ke 4 2 e 1) -1 600) - £ e~ 170

k?’}’ 1 cr(1—s) ko 1 e1(1—v)
_ Macs o (1 —e )(91(8) — fl(S))dS + /\—2 e g1(v)dv.

According to (3.8), (3.9), we can obtain

f(0) = iy 9(0) = s (3.10)

where My # 0, and

/

k10
My =e“ (k1k2€cl — ki — kg) + (ecl — 1) [}\10
2C1

k1kodet — k16 [1 -
M= 1 _ ec(l—s) .
! A2y /0 ( € )(91(8) fl(S))dS

¢ _ 1
k1k2>\161e Ut kikoy(e® — 1) — k1A / ecl(l_“)fl (0)dv

0

)\%Cl
kikoS(ect — 1) [T
+12A1(;201)/0 e gy (v)dv, (3.11)

koy — kikoye™ /1 (1=8)
My=——"——"—— 1 — 4 s _ d
2= e, T anls) — fil9)ds
k1k2)\2¢1€01 + k1kad (e — 1) — kadocy /1 e =) g, (v)dv

/\%cl 0 g1(v

kikay(et —1) / L(1—v)
P C v d
+ Y ; e fi(v)dv

k
(ke — 1) + 20 (et — 1)| + 1,
)\101

Moreover, based on (3.4), (3.6) and (3.10), we can get expressions for f(x) and g(z):

() oM e 7 e[ 0 M 0 My
f(x) _]MO6 /(] c |: )\2 Mo + )\1 Mo
5 v
BB /0 (91(s) = fa(s))ds + A—lﬁ(v)}dv, (3.12)
A MM, My 1T
ola) =531 = T+~ 5 [ () = fi)ds

Hence, A~! exists and is compact by the Sobolev embedding theorem. Therefore, o(A) consists
of isolated eigenvalues of finite algebraic multiplicity only. O
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3.2. Lyapunov stability of system (2.8)
The following is an analysis of the system stability in the case where v # 0.

Definition 3.1. The closed-loop system (2.8) is exponentially stable (in L2-norm) if there exist
v >0 and C' > 0 such that, for every initial condition (£9(z),£9(z)) € L?((0, 1); R?) the solution
to the Cauchy problem (2.8) satisfies

I1€1(t, ), &2(t, ) r2(0,1)m2) < Ce 1€, €91l 20,1y m2)-

Theorem 3.2. The closed-loop system (2.8) is exponentially stable, if the boundary feedback
parameters k;(i = 1,2) satisfy
max{k?, k3} < e, (3.13)

where v > 0.

Proof. The following candidate Lyapunov function is considered:

1
V(t) = /0 (Iyle €2 + 5e+€2) du, (3.14)

where, |y| # 0 and 0 is positive which are denote the system parameters, v > 0 is to be
determined.
The derivation of the Lyapunov function along the system (2.8) is

V=V + Va, (3.15)
with
Vi == [Mhlede™ + hadgde™ ], (3.16)
: ! A+ 21 yle™™® 2|y|de™" &1
Vy = —/ (51 2) ( ) da. (3.17)

2|y|oe " (Agv + 26)de " &
It is obvious that V5 < 0. For Vi, substituting the boundary conditions & (¢,0) = k&1 (¢, 1),
&2(t,0) = ka&a(t,1) into (3.16), we have
Vi = (MhylkT = Mly[e™)§E (1) + (A20k3 — Aade™)E3 (1), (3.18)
If the system parameters satisfy condition (3.13), then V; < 0.

Therefore, there must exist a positive constant number e such that V(t) < —eV (). O

Remark 3.1. When v(> 0) is sufficiently small, it is easy to find that max{k}, k3} < e is
equivalent to k? < 1,k3 < 1.

Remark 3.2. The stability condition (3.13) is sufficient, but not necessary. In fact, the integral
term Va(t) in dlggt) is always less than 0. However, if k7 > 1 or k3 > 1, the sign of Vi(t) is
uncertain.

4. The eigenvalue problems of the system operator

In this section, we first give the characteristic equation and eigenfunctions of linear operator
A. Then, for the case v = 0, by using Schur-Cohn criterion(see Proposition 5.3 of [14, p27]),
we establish necessary and sufficient conditions on the system parameters that guarantee all
eigenvalues have negative real parts.
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4.1. The characteristic equation
Considering the eigenvalue problem of A:
AX =pX, X =(f,g) € D(A),

if and only if f, g satisfy
“Mf =Af—=dg=upnf,
—Xog —vf — 09 = pg,

(4.1)
f(0) = k1 f(1),
9(0) = kag(1).
Theorem 4.1. Let A be given by (2.10) and (2.11), and let
Alp) =+ p— 1a)\l) (k:le_%“ - k‘Qe_%“> sinh w
2 1 1 (4.2)
+ A (ikae™ = kye ™5 coshw — kpe™ 3% coshw +1).
Then
o(A) = op(A) = {n € C|A(p) = 0}. (4.3)

For each p € o(A) is geometrically simple and its eigenfunctions ¢, = (fu, gu) have the following
form:

( kie~3%sinh
Ju(zx) = 2% |sinhwz — 161 MY coshwa ,
kie 2%cosw — 1
1
1 1 1 AMwkie 2%sinhw | .
gu(x) =— e 2% [ v+ pu— —al; — sinhwz 44
g 0 ( 2 kle_%a coshw — 1) (4.4)
1 — La))kie % sinh
— fe_%‘” AMw — Sy 21a Dkie” 2" sinhw coshwez,
0 kie 2%coshw — 1
where Ot Ao+ A0 + A 24 (y40)
. 1+ A2)pt+ A10 + Aoy . pe Ay +o)u
0 = a(p) = it b= by = O
1 1A2 1A2 (4.5)
w=w(p) =4/ 1a2 —b.
Proof. From the first equation of (4.1), we obtain
1
9=—sMf+ O+l (4.6)
and then .
g =M+ O+ sl (4.7)
Substituting (4.6) and (4.7) into the second equation of equation (4.1), we get
f"+af +bf =0, (4.8)

where a, b are given in (4.5). Now we assume
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1 1
m(x) = Cy sinh \/ﬁx + C5 cosh \/ﬁx. (4.10)

By (4.6) and (4.9), we have

and

g(z) = —%e*%a‘” [Alm/(a:) +(v+p— ;a)\l)m(x)] . (4.11)

Combing with (4.9), (4.11) and the boundary conditions of (4.1), we have
kle*%a sinh wCq + (kle*%a coshw — 1) Cy =0,

1
[z\lw — kge_%a </\1w coshw + (y+ p — 50)\1) sinhw)} o (4.12)

1 1
+ [(7 + - 5@)\1) — k‘ge—%a <)\1w sinhw 4+ (y+ p — 5&)\1) Coshw)] Cy =0.

Hence, the characteristic polynomial A(u) can be written as

A(p)

1 1
— k:le_%“ sinh w [(’y + - 50)\1) — k:ze_%“)\lw sinhw — k:ge_%“(fy + - 5@/\1) coshw]
1
— [kle_%“ coshw — 1} [Alw — k‘ge_%“)\lw coshw — kge_%“(v +pu— 5(1)\1) sinhw] (4.13)
1 _1 _1\ .
=(y+p— ia)\l) <k‘16 2% — koe 2“) sinh w
+ Mw (k:lkge_a — kle_%“ coshw — k:ge_%a coshw + 1) .

Let Cy = 0, combining the first equation of (4.12), (4.6) and (4.9), we can obtain the eigenfunc-
tions as (4.4). O
4.2. The stability for v =0

If v # 0, the stability condition is presented in Section 3. Now, we dedicated to the case if
v =0, i.e, A\ = 3Xa. According to (4.2), the characteristic equation can be written as follows:

Sp A Ap A 2 K
ceP2 — krePz — kge®2 + deP2 =0, (4.14)
where,
TN TN 6 5
Cc = 62)‘2, /61 = /6162)‘2, kQ = k2€2>‘2, d= k1k262*2 .
Denote

Bz = z, (4.15)
and then, the equation (4.14) can be written as follows:
F(z) = c2® —k12* — kpz? +dz = 0, (4.16)

which is a real 5-order polynomial in z. Hence, Rep < 0 in (4.14) if and only if |z| < 1 in (4.16).
Finally, we shall apply Schur-Cohn criterion to check that the roots of the polynomial F'(z)
are inside the unit circle.



Exponential stability of Saint-Venant in supercritical flow 1253

Theorem 4.2. All the roots of F(z) in (4.16) lie inside the unit circle, if and only if:
c+d>|ki+ka|, ¢>|d|, & — ckiko + d(k? — d) > ‘dCQ — cé:g‘ . (4.17)

Proof. By Schur-Cohn criterion, we have

F(1) >0, (-1)°F(-1) >0, (4.18)
ie.,
c+d> ki + kol (4.19)
Noting that
c 0 00 00 0 0
—k1 ¢ 00 00 0 d
A= | T + )
0 —]431 c 0 00 d —kjg
—ky 0 —kic 0d—ky 0
(4.20)

c 0 0 0
—];:1 c 0 d
0 —k ctd Thy
—ky +d —k1 F ko

)

when the determinants of all inner submatrixes of Aff are greater than 0, it yields the last two
inequalities in (4.17). O

5. Numerical simulations

In this part, we verify the feasibility of the parameter condition given by Theorem 3.2 and
Theorem 4.2 through some numerical simulations.
Example 5.1. Consider a single prismatic channel model described by (2.1) with the following
parameters:

e Channel length: L = 2000 m, width: W = 80 m.

e The bottom slope: S, = 0.245, the friction coefficient: C'y = 0.009 sec? /m.

e The steady-state flow rate: Q* = 90.144 m3/s.

By SyH* = C’fV*2 and Q* = WH*V*. We can calculate the steady-state water depth and flow
velocity, which are H* = 0.36 m and V* = 3.13 m/sec. Then we have

A1 = 5.008 m/sec, Ay = 1.252 m/sec, v = 0.1279 sec™ !, § = 1.4062 sec™!.

According to Theorem 3.2, we choose k1 = 0.6, ko = 0.8, and then, Figure 1 show the stability
of the system (2.8) with initial condition &;(0,z) = 4 cos(2nz) and &2(0,z) = 2 cos(27x).
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Figure 1. The convergence of state £1(t,z) and £2(¢, z) of the system (2.8).

Example 5.2. The system parameters are chosen as follows:
L = 1000 m, W = 20 m, S, = 0.0392,Cy = 0.001 sec? /m, Q* = 89.6 m?/s,

then we have
H*=0.8m, V*=5.6 m/sec,\; = 8.4 m/ sec,

Ay =2.8m/sec,y =0, 6 =0.1372 sec™!.

According to the conditions in Theorem 4.2, the stability of the system can be guaranteed if
and only if the feedback parameters k;(i = 1,2) satisfy:

60'0735 + k1k2€0'0245 > ‘k160.0735 + k‘2€0'0245|, 60'0735 > ’k1k260'0245‘,

5.1
60'2205 _ k1k260'1715 + kle(kfeo.IHS _ k1k260'049) > |k:1k‘260'1715 _ k360.1225|. ( )

Now, we choose k1 = 0.5, ka = 0.6, and it is easy to verify that they satisfy the condition (5.1).
Figure 2 show the stability of the system (2.8) under initial condition &;(0,z) = 4 cos(27z) and
&2(0,2) = 2cos(27mz).

Figure 2. The convergence of state &1 (¢, z) and &2(¢, z) for the case v = 0.
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