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EXPONENTIAL STABILITY OF SAINT-VENANT EQUATIONS IN

SUPERCRITICAL FLOW

Jingwen Wang1 and Dongxia Zhao1,†

Abstract In this paper, the stability of a class of 2×2 hyperbolic systems with the same sign
propagation speeds is investigated under proportional feedback control. Semigroup theory is
used to verify the well-posedness of the system. The exponential stability of the closed-loop
system is analyzed by constructing a strictly weighted Lyapunov function. In addition, the
characteristic equation and eigenfunctions of the system are deduced. For the special case
where γ is equal to 0, by using Schur-Cohn criterion, the sufficient and necessary stability
conditions, which make the eigenvalues have the negative real part, is obtained.
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1. Introduction

The Saint-Venant equations, as the typical mathematical model of open channel flow dynamics,
play an important role in revealing the fluid motion laws of natural and artificial waterway
systems. These equations are not only applicable to depicting natural processes such as flood
wave propagation and estuary tides, but also widely applied in human engineering scenarios
such as irrigation canals and navigable rivers [5, 15].

The properties of the steady-state flow in the open channel systems depend on the Froude’s
number (Fr). When Fr < 1, the flow state is a subcritical flow regime; when Fr > 1, the flow
state is a supercritical flow regime. The boundary feedback control problems for hyperbolic sys-
tems with subcritical flow have been extensively studied [2,16]. In [4], the exponential stability
of the linearized Saint-Venant equations under subcritical flow conditions is investigated, and
extended to the cascade network systems with n pools. Furthermore, in [19], the spectral anal-
ysis and Riesz basis properties of the linear hyperbolic system are verified, and the exponential
stability is established. For nonlinear Saint-Venant equations with non-uniform steady-states,
the local exponential stability of the system in the H2-norm is proved by constructing an ap-
propriate quadratic Lyapunov function in [13]. Stability analysis of partial differential equations
(PDE) systems can be conducted using various approaches, including the Lyapunov function
method, spectral analysis, and frequency-domain techniques [6, 10, 17]. In [1, 7], the controller
of PDE systems is designed by backstepping method. In [3], the feedback stabilization problem
of the open channel system under proportional-integral control was studied, and the stability
was established for the linearized and nonlinear Saint-Venant equations. In [18], the stabil-
ity regions of feedback parameters for hyperbolic conservation law systems are established via

†The corresponding author.
1School of Mathematics, North University of China, Taiyuan 030051, China
Email: 1500068705@qq.com(J. Wang), zhaodongxia6@sina.com(D. Zhao)

http://www.jaac-online.com
http://dx.doi.org/10.11948/20250198


Exponential stability of Saint-Venant in supercritical flow 1245

Walton-Marshall stability criterion and Schur-Cohn criterion. Through eigenvalue analysis, the
delay-independent and delay-dependent stability results are derived, respectively. Reference [12]
discusses the input-to-state stability (ISS) of cascade channels governed by the Saint-Venant
equations under PI control. Specifically, exponential stability and ISS conditions are provided
by constructing explicit quadratic Lyapunov functions.

There are few studies on analyzing hyperbolic systems with the same sign propagation speeds,
i.e., the case of supercritical flow. In [8], a full-state feedback controller is designed using the
backstepping method to ensure exponential stability of the desired setpoint for the Saint-Venant-
Exner model. The controller’s performance under supercritical flow regimes is verified through
numerical simulation. As shown in Figure 10, for a supercritical flow regime (Fr = 1.6), the
backstepping method significantly improves system stability compared to the traditional Lya-
punov method. In [9], the controllability of single-channel supercritical flow is first investigated.
This study established global controllability between two constant supercritical steady-states
with the same flow direction within the same channel. By analyzing the controllability of super-
critical steady-state flow in a single channel and extending this result to the network structure,
it is strictly proved that the smooth solution of the tree-like open channel network under su-
percritical flow conditions has global controllability. In [11], a basic C1 Lyapunov function is
constructed to verify the exponential stability of a class of 2×2 hyperbolic systems with variable
coefficients, and it is pointed out that when the propagation speeds of the system have the same
sign, the system stability can be achieved by static boundary feedback control.

In this paper, we dedicated to give a sufficient condition for exponential stability of the
linearised Saint-Venant equations with supercritical flow. It is found that the characteristic
equation is a transcendental equation with multiple exponential terms. Hence, the characteristic
root method and the frequency domain analysis can not be used to obtain the stability condition,
and the asymptotic expression of its eigenvalues are difficult to carry out. If the system parameter
γ ̸= 0, by constructing a suitable strictly weighted Lyapunov function, we derive an sufficient
condition for the feedback parameters and establish the exponential stability of the closed-loop
system. For the case γ = 0, we establish sufficient and necessary stability conditions by using
the Schur-Cohn criterion.

The structure of this paper is as follows: In Section 2, we linearize the Saint-Venant equations
and rewrite the closed-loop system into the form of an abstract evolution equation by defining
the linear operator. In Section 3, by applying the operator semigroup theory and Sobolev
embedding theorem, the well-posedness of the closed-loop system is proved. Additionally, if
γ ̸= 0, by constructing a suitable strictly weighted Lyapunov function, we derive a sufficient
condition for the feedback parameters and establish the exponential stability of the closed-loop
system. In Section 4, we give the characteristic equation and eigenfunctions for the closed-loop
system. Especially, if γ = 0, the sufficient and necessary conditions for stability is obtained. In
Section 5, we verify the feasibility of the theoretical results through numerical simulations.

2. Saint-Venant equations and model building

In this paper, we consider an open channel with a constant bottom slope and a rectangular cross
section, whose flow dynamics can be characterized by nonlinear Saint-Venant equations

∂t

H

V

+ ∂x

 HV

V 2

2
+ gH

+

 0

g[Sf (H,V )− Sb]

 = 0, (2.1)
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where H(t, x) be the water depth and V (t, x) the horizontal water velocity at time t and position
x along the channel, t ∈ [0,+∞], x ∈ [0, L], g is the constant gravity acceleration, L is the length

of the channel, Sb is the constant bottom slope, Sf (H,V ) = Cf
V 2

H is the friction slope and Cf

is a constant friction coefficient.

2.1. Steady-state and linearization

Assume that the steady-state of the system is a constant state (H∗, V ∗) and that it satisfies the
relation Sf (H

∗, V ∗) = Sb. By linearizing the system given by (2.1), we obtain∂th+ V ∗∂xh+H∗∂xv = 0,

∂tv + g∂xh−
[ g

H∗Sb

]
h+

[
2g

V ∗Sb

]
v = 0,

(2.2)

where, h(t, x) = H(t, x) − H∗, v(t, x) = V (t, x) − V ∗. By making a Riemannian coordinates
transformation: 

ξ1(t, x) = v(t, x) + h(t, x)

√
g

H∗ ,

ξ2(t, x) = v(t, x)− h(t, x)

√
g

H∗ .
(2.3)

Then the characteristic form of the linearized Saint-Venant equations (2.2) is{
∂tξ1(t, x) + λ1∂xξ1(t, x) + γξ1(t, x) + δξ2(t, x) = 0,

∂tξ2(t, x) + λ2∂xξ2(t, x) + γξ1(t, x) + δξ2(t, x) = 0,
(2.4)

with the characteristic velocities

λ1 = V ∗ +
√
gH∗, λ2 = V ∗ −

√
gH∗,

and the parameters

γ = gSb(
1

V ∗ − 1

2
√
gH∗ ), δ = gSb(

1

V ∗ +
1

2
√
gH∗ ).

2.2. Supercritical flow

The steady-state flow is supercritical (or torrential) if the following condition holds

gH∗ − (V ∗)2 < 0. (2.5)

Under this condition, the system is strictly hyperbolic with

0 < λ2 = V ∗ −
√
gH∗ < λ1 = V ∗ +

√
gH∗.

It is obvious that δ > 0, and the parameter γ can be positive (if V ∗ < 2
√
gH∗), negative (if

V ∗ > 2
√
gH∗), or γ = 0 (if V ∗ = 2

√
gH∗).
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2.3. Model building

We assume that the initial conditions of the system (2.4) are

ξ1(0, x) = ξ01(x), ξ2(0, x) = ξ02(x), (2.6)

and the proportional boundary feedback laws are

ξ1(t, 0) = k1ξ1(t, L), ξ2(t, 0) = k2ξ2(t, L), (2.7)

where the boundary feedback parameters k1, k2 ∈ R. Hence, we are concerned with the stability
analysis of the following closed-loop system:

∂tξ1(t, x) + λ1∂xξ1(t, x) + γξ1(t, x) + δξ2(t, x) = 0,

∂tξ2(t, x) + λ2∂xξ2(t, x) + γξ1(t, x) + δξ2(t, x) = 0,

ξ1(t, 0) = k1ξ1(t, L),

ξ2(t, 0) = k2ξ2(t, L).

(2.8)

Let the Hilbert state space H = L2(0, L)× L2(0, L) with the inner product defined by

⟨X1, X2⟩ =
∫ L

0

(
f1(x)f2(x) + g1(x)g2(x)

)
dx, (2.9)

where Xi = (fi, gi) ∈ H(i = 1, 2), and f is the conjugate of f .

Define a linear operator A : D(A) ⊆ H → H by

AX =


−λ1

∂

∂x
− γ −δ

−γ −λ2
∂

∂x
− δ


f

g

 , (2.10)

D(A) =
{
(f, g) ∈ (H1(0, L))2 | f(0) = k1f(L), g(0) = k2g(L)

}
. (2.11)

Then system (2.8) can be written as an abstract evolution equation in H:{
Ẋ(t) = AX(t), t > 0,

X(0) = X0,
(2.12)

where X(t) = (ξ1(t, ·), ξ2(t, ·)), X0 = (ξ01(·), ξ02(·)).
For the convenience of calculations and without losing generality, let L = 1.

3. Well-posedness and Lyapunov stability

In this section, we first prove the well-posedness of the system (2.12). And then analyze the
exponential stability of the system (2.8) by constructing a suitable Lyapunov function.
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3.1. Well-posedness of system (2.12)

Theorem 3.1. Let A be given by (2.10) and (2.11). Then A−1 exists and is compact on H, if
the feedback parameters k1, k2 satisfy

ec1 (k1k2e
c1 − k1 − k2) + (ec1 − 1)

[
k1δ

λ2c1
(k2e

c1 − 1) +
k2γ

λ1c1
(k1e

c1 − 1)

]
+ 1 ̸= 0,

where c1 = − γ

λ1
− δ

λ2
̸= 0. Therefore, σ(A), the spectrum set of A consists of isolated eigenvalues

of finite algebraic multiplicity only.

Proof. For ∀X1 = (f1, g1) ∈ H, solve AX = X1, where X = (f, g) ∈ D(A), we have

A

f

g

 =

−λ1f
′ − γf − δg

−λ2g
′ − γf − δg

 =

f1

g1

 , (3.1)

i.e., 
λ1f

′ + γf + δg + f1 = 0,

λ2g
′ + γf + δg + g1 = 0,

f(0) = k1f(1),

g(0) = k2g(1).

(3.2)

From the first two equations of (3.2), we have

λ1f(x)− λ2g(x)− λ1f(0) + λ2g(0) =

∫ x

0

(
g1(s)− f1(s)

)
ds, (3.3)

then

g(x) =
λ1

λ2
f(x)− λ1

λ2
f(0) + g(0)− 1

λ2

∫ x

0

(
g1(s)− f1(s)

)
ds. (3.4)

Substitute (3.4) into the first equation of (3.2), we get

f ′(x) =
(
− γ

λ1
− δ

λ2

)
f(x) +

δ

λ2
f(0)− δ

λ1
g(0)

+
δ

λ1λ2

∫ x

0

(
g1(s)− f1(s)

)
ds− 1

λ1
f1(x).

(3.5)

From the general solution formula of the first order linear ordinary differential equation

f(x) =cec1x −
∫ x

0
ec1(x−v)

[
− δ

λ2
f(0) +

δ

λ1
g(0)

− δ

λ1λ2

∫ v

0

(
g1(s)− f1(s)

)
ds+

1

λ1
f1(v)

]
dv,

(3.6)

where c = f(0), c1 = − γ

λ1
− δ

λ2
̸= 0.

From (3.6), when x = 1, we can have

f(1) =f(0)ec1 −
∫ 1

0
ec1(1−v)

[
− δ

λ2
f(0) +

δ

λ1
g(0)

− δ

λ1λ2

∫ v

0

(
g1(s)− f1(s)

)
ds+

1

λ1
f1(v)

]
dv.

(3.7)
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By (3.7) and the boundary condition f(0) = k1f(1), we have[
k1e

c1 +
k1δ

λ2c1
(ec1 − 1)− 1

]
f(0)− k1δ

λ1c1
(ec1 − 1)g(0)

=
k1δ

λ1λ2c1

∫ 1

0

(
1− ec1(1−s)

)(
g1(s)− f1(s)

)
ds+

k1
λ1

∫ 1

0
ec1(1−v)f1(v)dv.

(3.8)

Similarly, [
k2e

c1 +
k2γ

λ1c1
(ec1 − 1)− 1

]
g(0)− k2γ

λ2c1
(ec1 − 1)f(0)

=− k2γ

λ1λ2c1

∫ 1

0

(
1− ec1(1−s)

)(
g1(s)− f1(s)

)
ds+

k2
λ2

∫ 1

0
ec1(1−v)g1(v)dv.

(3.9)

According to (3.8), (3.9), we can obtain

f(0) =
M1

M0
, g(0) =

M2

M0
, (3.10)

where M0 ̸= 0, and

M0 =ec1 (k1k2e
c1 − k1 − k2) + (ec1 − 1)

[
k1δ

λ2c1
(k2e

c1 − 1) +
k2γ

λ1c1
(k1e

c1 − 1)

]
+ 1,

M1 =
k1k2δe

c1 − k1δ

λ1λ2c1

∫ 1

0

(
1− ec1(1−s)

)(
g1(s)− f1(s)

)
ds

+
k1k2λ1c1e

c1 + k1k2γ(e
c1 − 1)− k1λ1c1

λ2
1c1

∫ 1

0
ec1(1−v)f1(v)dv

+
k1k2δ(e

c1 − 1)

λ1λ2c1

∫ 1

0
ec1(1−v)g1(v)dv,

M2 =
k2γ − k1k2γe

c1

λ1λ2c1

∫ 1

0

(
1− ec1(1−s)

)(
g1(s)− f1(s)

)
ds

+
k1k2λ2c1e

c1 + k1k2δ(e
c1 − 1)− k2λ2c1

λ2
2c1

∫ 1

0
ec1(1−v)g1(v)dv

+
k1k2γ(e

c1 − 1)

λ1λ2c1

∫ 1

0
ec1(1−v)f1(v)dv.

(3.11)

Moreover, based on (3.4), (3.6) and (3.10), we can get expressions for f(x) and g(x):

f(x) =
M1

M0
ec1x −

∫ x

0
ec1(x−v)

[
− δ

λ2

M1

M0
+

δ

λ1

M2

M0

− δ

λ1λ2

∫ v

0

(
g1(s)− f1(s)

)
ds+

1

λ1
f1(v)

]
dv,

g(x) =
λ1

λ2
f(x)− λ1

λ2

M1

M0
+

M2

M0
− 1

λ2

∫ x

0

(
g1(s)− f1(s)

)
ds.

(3.12)

Hence, A−1 exists and is compact by the Sobolev embedding theorem. Therefore, σ(A) consists
of isolated eigenvalues of finite algebraic multiplicity only.
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3.2. Lyapunov stability of system (2.8)

The following is an analysis of the system stability in the case where γ ̸= 0.

Definition 3.1. The closed-loop system (2.8) is exponentially stable (in L2-norm) if there exist
v > 0 and C > 0 such that, for every initial condition (ξ01(x), ξ

0
2(x)) ∈ L2((0, 1);R2) the solution

to the Cauchy problem (2.8) satisfies

∥ξ1(t, ·), ξ2(t, ·)∥L2((0,1);R2) ≤ Ce−vt∥ξ01 , ξ02∥L2((0,1);R2).

Theorem 3.2. The closed-loop system (2.8) is exponentially stable, if the boundary feedback
parameters ki(i = 1, 2) satisfy

max{k21, k22} < e−ν , (3.13)

where ν > 0.

Proof. The following candidate Lyapunov function is considered:

V (t) =

∫ 1

0

(
|γ|e−νxξ21 + δe−νxξ22

)
dx, (3.14)

where, |γ| ̸= 0 and δ is positive which are denote the system parameters, ν > 0 is to be
determined.

The derivation of the Lyapunov function along the system (2.8) is

V̇ = V̇1 + V̇2, (3.15)

with

V̇1 = −
[
λ1|γ|ξ21e−νx + λ2δξ

2
2e

−νx
]1
0
, (3.16)

V̇2 = −
∫ 1

0

(
ξ1 ξ2

)(λ1ν + 2|γ|
)
|γ|e−νx 2|γ|δe−νx

2|γ|δe−νx
(
λ2ν + 2δ

)
δe−νx

ξ1

ξ2

dx. (3.17)

It is obvious that V̇2 < 0. For V̇1, substituting the boundary conditions ξ1(t, 0) = k1ξ1(t, 1),
ξ2(t, 0) = k2ξ2(t, 1) into (3.16), we have

V̇1 = (λ1|γ|k21 − λ1|γ|e−ν)ξ21(1) + (λ2δk
2
2 − λ2δe

−ν)ξ22(1). (3.18)

If the system parameters satisfy condition (3.13), then V̇1 < 0.
Therefore, there must exist a positive constant number ε such that V̇ (t) < −εV (t).

Remark 3.1. When ν(> 0) is sufficiently small, it is easy to find that max{k21, k22} < e−ν is
equivalent to k21 < 1, k22 < 1.

Remark 3.2. The stability condition (3.13) is sufficient, but not necessary. In fact, the integral

term V̇2(t) in dV (t)
dt is always less than 0. However, if k21 ≥ 1 or k22 ≥ 1, the sign of V̇1(t) is

uncertain.

4. The eigenvalue problems of the system operator

In this section, we first give the characteristic equation and eigenfunctions of linear operator
A. Then, for the case γ = 0, by using Schur-Cohn criterion(see Proposition 5.3 of [14, p27]),
we establish necessary and sufficient conditions on the system parameters that guarantee all
eigenvalues have negative real parts.
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4.1. The characteristic equation

Considering the eigenvalue problem of A:

AX = µX, X = (f, g) ∈ D(A),

if and only if f, g satisfy 
−λ1f

′ − γf − δg = µf,

−λ2g
′ − γf − δg = µg,

f(0) = k1f(1),

g(0) = k2g(1).

(4.1)

Theorem 4.1. Let A be given by (2.10) and (2.11), and let

∆(µ) = (γ + µ− 1

2
aλ1)

(
k1e

− 1
2
a − k2e

− 1
2
a
)
sinhω

+ λ1ω
(
k1k2e

−a − k1e
− 1

2
a coshω − k2e

− 1
2
a coshω + 1

)
.

(4.2)

Then
σ(A) = σp(A) = {µ ∈ C|∆(µ) = 0}. (4.3)

For each µ ∈ σ(A) is geometrically simple and its eigenfunctions ϕµ = (fµ, gµ) have the following
form: 

fµ(x) = e−
1
2
ax

[
sinhωx− k1e

− 1
2
a sinhω

k1e
− 1

2
a cosω − 1

coshωx

]
,

gµ(x) =− 1

δ
e−

1
2
ax

(
γ + µ− 1

2
aλ1 −

λ1ωk1e
− 1

2
a sinhω

k1e
− 1

2
a coshω − 1

)
sinhωx

− 1

δ
e−

1
2
ax

(
λ1ω −

(γ + µ− 1
2aλ1)k1e

− 1
2
a sinhω

k1e
− 1

2
a coshω − 1

)
coshωx,

(4.4)

where

a
.
= a(µ) =

(λ1 + λ2)µ+ λ1δ + λ2γ

λ1λ2
, b

.
= b(µ) =

µ2 + (γ + δ)µ

λ1λ2
,

ω
.
= ω(µ) =

√
1

4
a2 − b.

(4.5)

Proof. From the first equation of (4.1), we obtain

g = −1

δ
[λ1f

′ + (γ + µ)f ], (4.6)

and then

g′ = −1

δ
[λ1f

′′ + (γ + µ)f ′]. (4.7)

Substituting (4.6) and (4.7) into the second equation of equation (4.1), we get

f ′′ + af ′ + bf = 0, (4.8)

where a, b are given in (4.5). Now we assume

f(x) = m(x)e−
1
2
ax, (4.9)
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and

m(x) = C1 sinh

√
1

4
a2 − bx+ C2 cosh

√
1

4
a2 − bx. (4.10)

By (4.6) and (4.9), we have

g(x) = −1

δ
e−

1
2
ax

[
λ1m

′(x) + (γ + µ− 1

2
aλ1)m(x)

]
. (4.11)

Combing with (4.9), (4.11) and the boundary conditions of (4.1), we have

k1e
− 1

2
a sinhωC1 +

(
k1e

− 1
2
a coshω − 1

)
C2 = 0,[

λ1ω − k2e
− 1

2
a

(
λ1ω coshω + (γ + µ− 1

2
aλ1) sinhω

)]
C1

+

[
(γ + µ− 1

2
aλ1)− k2e

− 1
2
a

(
λ1ω sinhω + (γ + µ− 1

2
aλ1) coshω

)]
C2 = 0.

(4.12)

Hence, the characteristic polynomial ∆(µ) can be written as

∆(µ)

= k1e
− 1

2
a sinhω

[
(γ + µ− 1

2
aλ1)− k2e

− 1
2
aλ1ω sinhω − k2e

− 1
2
a(γ + µ− 1

2
aλ1) coshω

]
−
[
k1e

− 1
2
a coshω − 1

] [
λ1ω − k2e

− 1
2
aλ1ω coshω − k2e

− 1
2
a(γ + µ− 1

2
aλ1) sinhω

]
=(γ + µ− 1

2
aλ1)

(
k1e

− 1
2
a − k2e

− 1
2
a
)
sinhω

+ λ1ω
(
k1k2e

−a − k1e
− 1

2
a coshω − k2e

− 1
2
a coshω + 1

)
.

(4.13)

Let C1 = 0, combining the first equation of (4.12), (4.6) and (4.9), we can obtain the eigenfunc-
tions as (4.4).

4.2. The stability for γ = 0

If γ ̸= 0, the stability condition is presented in Section 3. Now, we dedicated to the case if
γ = 0, i.e, λ1 = 3λ2. According to (4.2), the characteristic equation can be written as follows:

ce
5µ
3λ2 − k̂1e

4µ
3λ2 − k̂2e

2µ
3λ2 + de

µ
3λ2 = 0, (4.14)

where,

c = e
3δ
2λ2 , k̂1 = k1e

3δ
2λ2 , k̂2 = k2e

δ
2λ2 , d = k1k2e

δ
2λ2 .

Denote
e

µ
3λ2 = z, (4.15)

and then, the equation (4.14) can be written as follows:

F (z)
.
= cz5 − k̂1z

4 − k̂2z
2 + dz = 0, (4.16)

which is a real 5-order polynomial in z. Hence, Reµ < 0 in (4.14) if and only if |z| < 1 in (4.16).
Finally, we shall apply Schur-Cohn criterion to check that the roots of the polynomial F (z)

are inside the unit circle.
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Theorem 4.2. All the roots of F (z) in (4.16) lie inside the unit circle, if and only if:

c+ d > |k̂1 + k̂2|, c > |d|, c3 − ck̂1k̂2 + d(k̂21 − d) >
∣∣∣dc2 − ck̂22

∣∣∣ . (4.17)

Proof. By Schur-Cohn criterion, we have

F (1) > 0, (−1)5F (−1) > 0, (4.18)

i.e.,

c+ d > |k̂1 + k̂2|. (4.19)

Noting that

∆±
4 =


c 0 0 0

−k̂1 c 0 0

0 −k̂1 c 0

−k̂2 0 −k̂1 c

±


0 0 0 0

0 0 0 d

0 0 d −k̂2

0 d−k̂2 0



=


c 0 0 0

−k̂1 c 0 d

0 −k̂1 c± d ∓k̂2

−k̂2 ±d −k̂1 ∓ k̂2 c

 ,

(4.20)

when the determinants of all inner submatrixes of ∆±
4 are greater than 0, it yields the last two

inequalities in (4.17).

5. Numerical simulations

In this part, we verify the feasibility of the parameter condition given by Theorem 3.2 and
Theorem 4.2 through some numerical simulations.

Example 5.1. Consider a single prismatic channel model described by (2.1) with the following
parameters:

• Channel length: L = 2000 m, width: W = 80 m.

• The bottom slope: Sb = 0.245, the friction coefficient: Cf = 0.009 sec2 /m.

• The steady-state flow rate: Q∗ = 90.144 m3/s.

By SbH
∗ = CfV

∗2 and Q∗ = WH∗V ∗. We can calculate the steady-state water depth and flow
velocity, which are H∗ = 0.36 m and V ∗ = 3.13 m/ sec. Then we have

λ1 = 5.008 m/ sec, λ2 = 1.252 m/ sec, γ = 0.1279 sec−1, δ = 1.4062 sec−1 .

According to Theorem 3.2, we choose k1 = 0.6, k2 = 0.8, and then, Figure 1 show the stability
of the system (2.8) with initial condition ξ1(0, x) = 4 cos(2πx) and ξ2(0, x) = 2 cos(2πx).
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Figure 1. The convergence of state ξ1(t, x) and ξ2(t, x) of the system (2.8).

Example 5.2. The system parameters are chosen as follows:

L = 1000 m,W = 20 m,Sb = 0.0392, Cf = 0.001 sec2 /m,Q∗ = 89.6 m3/s,

then we have
H∗ = 0.8 m, V ∗ = 5.6 m/ sec, λ1 = 8.4 m/ sec,

λ2 = 2.8 m/ sec, γ = 0, δ = 0.1372 sec−1 .

According to the conditions in Theorem 4.2, the stability of the system can be guaranteed if
and only if the feedback parameters ki(i = 1, 2) satisfy:

e0.0735 + k1k2e
0.0245 > |k1e0.0735 + k2e

0.0245|, e0.0735 > |k1k2e0.0245|,
e0.2205 − k1k2e

0.1715 + k1k2(k
2
1e

0.1715 − k1k2e
0.049) > |k1k2e0.1715 − k22e

0.1225|.
(5.1)

Now, we choose k1 = 0.5, k2 = 0.6, and it is easy to verify that they satisfy the condition (5.1).
Figure 2 show the stability of the system (2.8) under initial condition ξ1(0, x) = 4 cos(2πx) and
ξ2(0, x) = 2 cos(2πx).

Figure 2. The convergence of state ξ1(t, x) and ξ2(t, x) for the case γ = 0.
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