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QUASI-SYNCHRONIZATION OF COMPLEX-VALUED NEUTRAL-TYPE
INERTTIAL NEURAL NETWORKS WITH PROPORTIONAL DELAYS*

Yanxia Hu!, Xiaofang Meng!, Zhouhong Li%>' and Jinde Cao®*

Abstract This article explores the quasi-synchronization of complex-valued neutral-type in-
ertial neural networks with proportional delays. By constructing appropriate Lyapunov func-
tions and utilizing inequality techniques, sufficient conditions for the quasi-synchronization
of the error system are derived. The entire analysis employs a non-reduced order approach
and a non-separation method, it is directly concerned with the original system. A control law
is designed, and it is proven that, under certain conditions, the error between the response
system and the driving system can be bounded, thereby achieving quasi-synchronization. Fi-
nally, the effectiveness of these findings is thoroughly validated through numerical examples,
and the research results are applied to the processes of image encryption and decryption. In
terms of innovation, this paper focuses on models with parameter mismatch. It can provide
theoretical references for the research on parameter-mismatched systems, and its analysis
methods can also be applied to parameter-matched systems. At the same time, it provides
more efficient analysis tools for complex-valued neural networks and further advances the
theoretical foundations of quasi-synchronization control.

Keywords Complex-valued neural networks, quasi-synchronization, inertial term, non-
reduced order approach, non-separation method.
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1. Introduction

In the advancement of contemporary science and technology, a neural network is an information
processing system that mimics the human brain’s structure and function, and is crucial for
information processing and intelligent computing. Due to its unique advantages, including
associative memory, low error rate, strong self-learning ability, and parallel computing, it has
been widely applied in various fields. For example, it has been successfully used in multiple
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fields, including image recognition and processing [26, 32], medical analysis and diagnosis [3],
state estimation [35], and automatic control [4], among others. In addition, as noted in [27],
neural networks and their algorithms, being the cornerstone of artificial intelligence, form the
foundation of deep learning and have permeated all aspects of life, with broad development
prospects.

As early as 1986, Babcock and Westervelt began to focus on neural networks with inertia
terms, and they first proposed the concept of inertial neural networks. They demonstrated
inertia characteristics and dynamic models by introducing inductors into neural circuits, and
in 1987, they proposed inertial neural networks with time delays [1]. Inertial neural networks
are a special type of neural network expressed through second-order differential equations. The
second-order term is referred to as the inertial term. Introducing the inertial term into the
neural networks endows the system with more complex dynamic characteristics. The inertia
term through the inductance in the circuit not only helps neurons to have a disordered search
of memory, but also can accurately simulate the biological characteristics of neurons. Due to its
fast convergence speed, strong storage capacity, and fault tolerance, it shows broad application
prospects in multiple fields. In a large number of previous studies, most of which have equiva-
lently transformed inertial neural networks into first-order neural networks through appropriate
variable substitutions [15,19,34,41,43]. In [15], the research results were also applied to the field
of secure communication. In [19], two kinds of mixed delays, namely time-varying delay and
coupling delay, were considered. In [34], the fuzzy inertial neural networks were studied through
intermittent control and applied to image encryption. Although the order reduction method is
effective, it increases the difficulty of theoretical analysis. In recent years, the non-order reduc-
tion method has become a popular and novel approach for studying the dynamic behavior of
inertial neural networks [7-9,20,42]. Compared to the traditional order reduction method, this
method directly analyzes the original high-order inertial neural networks, which not only avoids
increasing the system’s dimension but also retains the system’s complex dynamic characteristics
completely.

In 1990, Clarke first proposed the complex-valued neural networks [6]. Since the complex-
valued system defines neurons, connection weights, and activation functions in the sense of
the complex domain. When dealing with complex data, it offers superior information stor-
age capacity and faster computing speed compared to real-valued neural networks. Therefore,
complex-valued neural networks have attracted widespread attention [5,24,44]. Complex-valued
neural networks are widely used due to their superiority in handling more complex data, such
as image processing, signal processing, etc. [16]. In previous studies, the synchronization and
stability of complex-valued neural networks have been typically analyzed using the separation
method, where the complex-valued system is decomposed into two real-valued subsystems. Then
the real and imaginary parts were discussed separately [13,23,29,40]. Although this method
is feasible, it makes theoretical research more difficult. Therefore, the non-separation method
has become a novel approach for analyzing the dynamic behavior of complex-valued neural
networks. This method is more concise and retains the system characteristics more com-
pletely [8,10,21,22].

It is well known that synchronization is crucial in the study of the dynamic behavior of
neural networks, and it has significant implications for their applications in real-life scenarios,
such as image encryption [17,38] and communication security [28]. Time delays may have a
significant impact on the synchronization and stability of a system. There are various types
of time delays, including distributed time delay, leakage delay, proportional delay, and neutral-
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type delay, among others. Unlike other time delays, proportional delay is an unbounded and
monotonically increasing time delay. The unbounded characteristic has caused many problems
in system dynamics [11]. Furthermore, neutral-type delays play a key role in automatic control
and population dynamics. Therefore, it is considered to introduce neutral-type delays into
neural networks [30]. Parameter mismatch is unavoidable in practical systems, complicating
synchronization. Studying its effects can lead to more robust control strategies. Additionally,
proportional lag and parameter mismatch further complicate the synchronization process [14].
Overcoming these challenges can advance theory and aid in the development of new control
methods and algorithms for various applications.

Based on the above discussion, the research motivation of this article can be summarized as
follows: Firstly, this paper focuses on the complex-valued neutral-type inertial neural network
models. In addition, we considered systems with parameter mismatches, and dealing with these
mismatches is a challenge we face. Meanwhile, due to the varying lengths of synchronization
time, neural network synchronization is categorized into several types, including exponential,
polynomial, and finite-time synchronization, among others. However, quasi-synchronization
only requires convergence to an acceptable error range. This advantage makes it more valu-
able for both theoretical research and practical applications than other synchronization stud-
ies [12,14,18,33,39]. In [18], the authors propose a novel image encryption framework that in-
tegrates preassigned-time control and projective synchronization. In [33], quasi-synchronization
is used instead of complete synchronization for analysis. Based on the above discussion, re-
search on quasi-synchronization is meaningful. Secondly, for the quasi-synchronization research
of complex-valued inertial neural networks, the inertial term is handled by the non-reduction
method without separating the complex variables. Finally, constructing an appropriate Lya-
punov function and applying inequality techniques simplifies the complex derivation process.
The research results presented in this paper will provide new ideas and a theoretical foundation
for future research.

However, no progress has been made in quasi-synchronization for complex-valued neutral-
type inertial neural networks with proportional delays. Compared with previous studies, the
main contributions of this paper are as follows:

(1) A proportional time delay is introduced into the complex-valued neutral inertial neural
network, which expands the scope of application of the existing neural network model. The
influence of parameter mismatch on synchronization is systematically studied, aligning more
closely with practical applications.

(2) The non-reduced order approach is adopted to handle the inertia term, and the non-
separation method to handle the complex-valued problem. The original system is analyzed
directly, which retains the system characteristics more completely and overcomes the problem
that traditional methods may lose information when dealing with complex systems.

(3) Under parameter mismatch and proportional time delay, complete synchronization in
the strict sense is difficult to achieve; however, quasi-synchronization with bounded error can be
achieved through a control strategy. The Lyapunov function, which is independent of time delay,
is employed to overcome the analytical difficulties arising from the coupling of a complex-valued
system, a neutral term, and a proportional time delay. The explicit relationship between the
synchronization error bound and the proportional time delay parameter, as well as the degree
of parameter mismatch, is derived, and the sufficient conditions for the network to achieve
quasi-synchronization are provided.

(4) Numerical simulations have validated the applicability of the theoretical results for black-
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and-white image encryption. Furthermore, these simulations demonstrate that our encryption
algorithm provides robust security for image protection.

The paper is structured as follows: Section 2 covers the model description and preliminary
work. Section 3 analyzes the quasi-synchronization conditions of complex-valued neutral-type
inertial neural networks. Section 4 provides a numerical example to verify the validity of the
results and gives its application in black and white image encryption, and Section 5 summarizes
the conclusions.

Notations. The sets of all complex and n-dimensional complex are represented by C and C",
N represents the set of {1,2,--- ,n}. For any z = 2P izl € C, 2% and 2! respectively denote
the real and imaginary parts of it, z* is the conjugate of z, ||z|lo = V/zz* is the zero-norm of z.
For Z = (21,29, -+ ,2n) € C", | Z]] = I%%X||zi||0, Z =22 and z = ||z — 2||2. We will use the

following notation for convenience: ¢;; = Hcin%, Cij = ||cij— cl]||0, ij = ||dm||0’ i = |ldij— ij||%,
S — 12 5 — 512
€ij = |leijllgs € = lleis — éillg-

2. Model description and preliminary analysis

This section provides a model description of the driving system, response system, and error
system, as well as the lemma definitions and conditions used in this paper.

Consider the following complex-valued neutral-type inertial neural networks with propor-
tional delays as the driving system given by

n
Ei(t) = —a;di(t) —b; ii(t) + Z%g] (z;(t) + Zdijgj(xj(%'t))
j=1
n
+>_ei93(#5(15t) + T, (2.1)
j=1
where i € N; z;(t) € C are the state variables and the second derivative is inertial term, a; > 0
and b; > 0 are constants, ¢, d;j, €;; denote complex-valued connection weights, G;(-) denotes

the complex-valued activation functions, «; is the proportional delay factor with 0 < v; < 1,
A= miél{yj}, Z; is the external input, the initial conditions of (2.1) are x;(s) = @i(s), i(s) =
j€

¥i(s), s € [Fto, to], in which ¢;(s) and v;(s) are continuous.
The corresponding response system is given by

§i(t) = —a;gi(t) — biyi(t) + Z%Q] yi() + Y dijG(y;(v;t)

Jj=1 j=1
+ Y eiGi (vt) + i+ wilt), (2.2)
j=1

where a; > 0 and b; > 0 are constants, c;;, d;;, €;; denote complex-valued connection weights,
u;(t) € C is the control input that will be designed. The initial conditions of (2.2) are y;(s) =

@i(s), Gi(s) = i(s), s € [4to, o], in which @;(s) and ¥i(s) are continuous.
Denote z;(t) = y;(t) — x;(t), the error system is given by

Zi(t) = —a;zi(t) — bizi(t) + Z Cw ) + dij Fj(z;(v5t)) + eijfj(éj(%t))]
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—(ai — a)ai(t) — (bi = bi)wi(t) + Y [(cij — )G (5 (t))

j=1
H(dij — dig)Gi(x;(vit)) + (esj — €5)G (5(731))] + wa(t), (2.3)

where the initial conditions of (2.3) are z;(s) = @i(s) — @i(s), zi(s) = i(s) — ¥i(s), F. i(z5) =
Gi(y;) — Gj(x)).

Remark 2.1. Insystem (2.1), v;t = (1—+;)t represents the proportional delay, and , ligl vt =

—+o00

+00. The proportional delay is an unbounded, monotonically increasing delay that varies over
time. Due to this characteristic, the derivation process of quasi-synchronization of a complex-
valued neutral-type inertial neural network with proportional delay is quite difficult. The pro-
portional delay is time-dependent, allowing the network’s operating time to be controlled. The
results of this paper provide theoretical support and new methods for subsequent related re-
search.

Based on the description of network models (2.3), in this section, some relevant lemmas and
definitions will be given.

Remark 2.2. Easy to know, for any z,y € C, the following equations can be obtained:

*

(z+y)" =z"+y" (zy)” =y "

Lemma 2.1. [37] For z,y € C, € > 0, then, the following inequality holds:
* * * 1 *
rTyt+tyr<ex a:+gy Y.

Definition 2.1. [39] For any positive constant ¢, if there exist ¢t > 0, satisfy ||z(¢)| < ¢ and
|2(t)|| < ¢, the error system (2.3) is quasi-stable.

In this section, we assume the following conditions:

(Hy) For any j € N, z;, y; € C, there exist some positive numbers £;, M, satisfy the following
inequalities:

Gi(yj) = Gi(x)] G (i) — Gi(m)] < L;(y; — x5)"(y; — ),
g (x )QJ(‘TJ) <M;.

(Hs) For any x;, @; € C, there exist some positive numbers §;, p;, satisfy the following inequal-
ities:
[zillo < dis [[#3llo < pi-

Remark 2.3. The conventional analysis approaches for complex-valued neural networks typ-
ically employ either the separation method or the non-separation method. Compared with
directly dividing the original complex-valued systems into two real-valued subsystems of the
real part and the imaginary part. The non-separation method not only retains the original sys-
tem’s characteristics completely, but also significantly reduces the complexity of the derivation.
In this paper, we consider analyzing model (2.3) as a whole in the complex domain. By using
the non-separation method, we have obtained the desired conclusion.
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Remark 2.4. In the study of neural networks with inertial terms, many studies adopt the
reduction method [15,19, 34,41, 43]. The reduction method requires the introduction of new
parameters for variable substitution, increasing the system’s dimension. More importantly,
this method complicates the derivation and analysis. The controller designed in this paper
is aimed at the original system rather than the first-order transformed system obtained by
reduction. Therefore, the non-reduction method is more in line with the requirements of practical
applications.

3. Quasi-synchronization

In this section, we will design a suitable controller based on the above description of the drive
system, response system, and error system. Then, we will use the lemma and assumptions to
obtain the quasi-stability of the error system (2.3).

To the driving system (2.1) and the response system (2.2) to be quasi-synchronized, the
controller of the error system is designed as:

uz(t) = —Oéiéi(t) — 61-2@-(75), (3.1)
where «;, ; > 0 are the gain coefficient to be designed.
Theorem 3.1. Assumptions (Hy)-(Hz) hold, further assumption is made as follows:
(Hg) H; = min{Ai, Cz} > 0, BZ > H; > O, a; > a; and ZA)Z > bi,
where
Ai =a; +a; +b; + 5; — 1,
B; = 2(b; + ;) + (a; — a;) + (b; — by)
= (@5 + dij + Eij + Ej + dij + &) — AnL;,
j=1
Ci = 2(a; + ;) + (a; — a;) + (b — by)
- Z (Gij + dij + €5 + Cij + dij + €i5) — 2nL; — 2
j=1

then the driving system (2.1) and the response system (2.2) are quasi-synchronized under the
controller (3.1).

Proof. Consider the Lyapunov function

V(t) = max [ ((t) + (1) (24(0) + 5(1) "]

ieN

Calculating the derivative of V() along the solution of (2.3), we obtain

V(t)zrgg[zz() P (8) + zi(t) 2] (t) + 22:() & (t) + 2:(t)Z (1)

FE( () + HDE @) + 50 0)]
=max{zz<> (1) + 5020 + 2502 ) + 20 — ai(t) - biz()

1€EN
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+ 3 e Fi(z(0) + dig Fi(z5(vit)) + e Fi(Z5(1))] = (@i — ai)aa(t)
7j=1
- )+ > ey — e7)Gi (1)) + (dig — dij)G (5 (v5t))
7j=1

*

ey = 6)G5(a5(330)] + wil®) + (= @zi() — biz(t)

+ Z cijF. )+ dij Fj(zi(75t) + eijFi(25(yt)] — (ai — i) (t)
—(bi = bi)ai(t) + Y [(eij — ¢i5)Gi (1)) + (dij — di) Gy (w;(7t))
7j=1
+(€ZJ e”)g] (x] ’Vjt))} + UZ(t)>Z;k(t) + ( — a;Zi(t) — bizi(t)
+ Z cijF. )+ dij Fj(zi(v5t) + eij Fi(25(yt)] — (a; — i) (t)
—(bi = bi)ai(t) + Y [(eij — &5)Gi(;(t)) + (dij — di)Gy (w;(7t))
7j=1
+(eij — €i5)G; (5 ’th))} + uz(t)>zz*(t) + Zz(t)< —a;%(t) — bizi(t)
+ Z cijF. )+ dij Fj(zi(75t) + e Fi(25(yt)] — (ai — i) (t)
—(bi = bi)wi(t) + D [(ci — )G (1)) + (di — dig) Gy (5 (73t))
7j=1

+(€ZJ €z])g](x](73t))] +u2( )>*}

€N

+52)]Zz(t)z (t) + (2 = 2a; — 20) %() 7 (t) — 2(bi + Bi)zi(t)2] (1)
+2(t) ( > (e Fi(zi(t) + dig Fi(z(5t)) + eijﬂ(%(%ﬂ)})
j=1

:max{[l(ai+ozl) (bi + Bi)] 2 ()2 () + [1 — (@i + ou) — (bs

+ < > [eii Fi (i) + dig Fi(z(vit)) + ea; Fj (25(1;1))] ) zi (1)
j=1
+%(t) < > e Fi(z(0) + di Fi(z(it) + €ij}—j(2j(7jt))]>
j=1
(3 e 0) + i 000) + e 755 (o) 20

J=1
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n

+2(t) < > ey — )G (5(t) + (dig — dij)G; (5 (15t))
j=1
s émgjww»]) n <Z [(eiy — é65)Gy x5 (0) + (di
j=1

—045)G (5 () + (i — ém)gj(acjmt))})z:(t) a0 ( S [

j=1
—&i)Gi(x; (1)) + (dij — dij)Gi(z (1)) + (es; — éij)gj(fbj(%'t))])
X (Z [(cij = &7)Gi (1)) + (dij — dij)Gj(xj(v;1))

j=1

Teij — 647); (i wjt))])z'm)}. (3.2)

It can be obtained from (3.2), (H;) and Lemma 2.1 that

V(t) < max { [ —2(bi + Bi) + Z(Eij + dij + €55 + Cij + dij + &ij)
7 =

+4n£4z4wz;u>+[1_4ai+cm> (bs + B)] (2:(£) 27 (1)

+2i(t) 2 (1)) + [2 —2a; — 204 + Z(ézj +dij + Eij + Cij + di
j=1

+eij) + 2nﬁz‘] Zi(t)2(t) — (a; — ;) [2:(t) 27 (t) + 2 (1) 3] (t)]
—(b; — I;z) [wl(t)zl*(t) + zi(t)x*(t)] — (a; — a;) [acl(t)z*(t)

FEW] - 0= B[O + (02 (0)] + 00, (53)
From @; > a;, b; > b; and (3.3), V(t) can be future written as
V(t) < f?eaNX{ [ —2(bs + Bi) + (ai — ai) + (b — b;) + ;(@j +dij + &

—i—Ez’j + Jij + éij) + 47”L£Zi| zz(t)zl* (t) + [1 — (ai + OZZ') — (bz
+MMM)()+M)<D+P—%rﬂm+@—wﬂﬁ@

_bi) + Z(Eij + Czij + éij + ¢ + Jij -+ éij) + 2n£1} z'i(t)z'f(t)}
j=1

e [2(6s — bo)(0)a7 (1) + 206 — as)i() (1) + 6nM]. (3.4)

It can be obtained from (Hs), (Hs) and (3.4) that

n

V(t) < max{ [ —2(b; + Bi) + (a; — a;) + (l;i —b;) + Z(Ei]‘ + Jij + €5

eN
i =
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+Cij + CZij + éij) + 4n£i] zi(t)zf (t) + [1 — (ai + ai)

(b + 8] (502 (0) + 2D (1) + |2 - 20 — 201 + (a3 — )

+(bi — b;) + Z (&ij + dij + &5 + Cij + dij + €;5) + 27151'] Zi(t)% (t)}

7j=1
+mmymwg+ﬂm—amﬁ+ﬂ&—mmﬂ
<%%{ Ai(Zi()27 (1) + 2(8)27 (1)) — Bizi(t) 2 (1) — Cizi(t) 25 ()} + D
<I%x{ Hi(zi(t) + 2i(4) (2:(t) + 2 (8)" — (B — Hi)zi( }+D
Sﬂ%{—H4%®+dNW@NT+%®V}+D
—HV (t) + D. (3.5)

From (3.5), we can obtain that
V(t)+HV(t) <D

Then using integral factors,

t t
/ (M. v)dt <D [ Mt
to to
Then,
Ht Hto . P 1t
V(t)-e™ <V(ty)-e O—i—ﬂ-e .
Let tg — —o0, then e’ — 0

D
Vi) < —, t>1.
()—H7 — b0

From V() = max [(2;(t) + 2(t))(2i(t) + Zi(t))*], we can get that

1eN
D
(I < (3.6)
and
D
DI < 2+ (3.7)
From (3.6), it can obtain that
D
D) <1/ =—.
=0l </ =
From (3.7), likewise,
. D
12O </ =

=
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where

D= i+ 2(a; — ag)p? + 2(b; — b;)6?
rzrg\lx{6n/\/l +2(a; —a;)p; +2( )z},
‘H = min { minAi,minCi},

ieN ieN
Ai=a; +a; +b; + 8; — 1,
Ci = 2(a; + ;) + (a; — a;) + (b; — by)

n
- Z (Gij + dij + &5 + Cij + dij + €;5) — 2nL; — 2.
j=1
Therefore, according to the definition 2.1, the system (2.3) is quasi-stable. That is, the driving
system (2.1) and the response system (2.2) are quasi-synchronized. This completes the proof.
O
Furthermore, when a; = a;, b; = b, &ij = cij, ciij = d;j, é;; = e;j, the systems (2.1) and (2.2)

are simply synchronous. From this, we can draw the following inference.

Corollary 3.1. Assumption (Hy) hold, further assumption is made as follows
(Hy) H; =min{A4;, C;} >0, B; > H; >0,
where

Ai=a;+a;+b;+ 5 — 1,

B; =2(b; + i) — Z (@‘j + Ciij + éij) —4nL;,

J

I
—_

C; = 2(ai + CMZ‘) — (Eij + dNZ'j + éij) —2nL; — 2,

M-

Il
—_

J

similar to the proof of Theorem 3.1, then the driving system (2.1) and the response system (2.2)
are simply synchronous under the controller (3.1).

Remark 3.1. So far, there are few studies on quasi-synchronization of complex-valued inertial
neural networks. Therefore, our theoretical results extend and complement the research on
complex-valued inertial neural networks. In addition, considering similar systems (2.1) and
(2.2), but without inertial terms, we can use the same method to analyze them. The proof
process is omitted.

Remark 3.2. This paper directly scales the proportional delay by using inequality techniques,
simplifying the complex derivation for handling delays. If v; = 1, then systems (2.1) and (2.2)
are drive-response systems without delays. The obtained criteria are also applicable to them.

Remark 3.3. There is inevitably a mismatch in circuit parameters between the driving and
response systems. Numerous studies have examined complex neural networks with parameter
mismatches [31, 33, 36], including mismatches in state connection weights, activation functions,
and time delays, among others. This paper aims to study the mismatch in system connection
weights.
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4. Numerical examples and applications

4.1. Illustrative example

In this subsection, the effectiveness of the previous theoretical results in this paper will be proved
by one example.

Example 4.1. Consider the following complex-valued neutral-type inertial neural networks
with proportional delays as the driving system, as follows:

Ei(t) = —agdi(t) — bizi(t) + chg] xj(t i(xi(5t))

”M“

2
-I-Zéz‘jgj(f”j(wt)) +Zi. (4.1)

i=1

The corresponding response system is as follows:

2
§i(t) = —aigi(t) — biyi(t) + ZCUQJ (i (1) + Y dijG5(y;(3;1))

j=1 j=1

2
+ e Gi(G(vt)) + T+ wilt). (4.2)
j=1

Let ¢ = 1, 2, given the system (4.1) whose parameters can be shown by

a1 =0.5, Gy =1.2, by = 0.2, by = 1.5,

é11 = 0.25 + 0.31, é19 = 0.2 — 0.1i, éo1 = 0.2+ 0.1i, é90 = 0.4 — 0.21,
di1 =0.354 0.2, diz = 0.2+ 0.3i, dog = 0.3 4 0.1i, dos = 0.2 — 0.1i,
é11 = 0.25 + 0.35i, é12 = 0.3 — 0.1i, éa1 = 0.1 4 0.1i, é90 = 0.2 — 0.1i,

and the coefficients in system (4.2) are

a1 =04, ap =1, by =0.1, by = 1.2,

c11 = 0.24+0.3i, c19=0.1+0.1i, cag = 0.2+ 0.2, coo = 0.5 — 0.2i,
di1 = 0.3+ 0.2i, diz = 0.2+ 0.2, da; = 0.3 +0.1i, dos = 0.3 — 0.1i,
e11=0.3+0.3i, e;2=0.1 — 0.1i, eg; = 0.2+ 0.1i, ege = 0.3 — 0.1i.

Besides, the other parameters are expressed by §; = d2 = 1.5, p1 = pa = 1.2, choose a1 = ay =
1.5 and B; = 2 = 2 the delays are v; = v = 0.8, the external input are 7y = Zo = 0.5, choose
activation functions G (z) = Ga(x) = 0.1sin 2% +0.2isin 27, which comply with the assumptions
with Ml = M2 = 0.05 and [:1 = £2 = 0.04.

By the simple calculation,

Ai=a1+o1+b1+51—1=3,

A2:a2+a2+b2+52—1:4.7,
2
By =2(by + B1) + (a1 — a1) + (by — by) — 2(513' + dij + €15
j=1
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Figure 1. Trajectory diagram of the state variables (), 27 (t) of the drive system.

+¢15 + dij + €1j) — 4nLy = 3.61,

(G2j + daj + &2

M-

By = 2(by + f2) + (ag — az) + (ba — ba) —

<
I
—

+Coj + daj + E9j) — 4nLy = 4.81,

2
Ci = 2((11 + 041) + (a1 — @1) + (bl — 61) - Z(élj + chj + élj

7j=1
+é1j + dij + 1) — 2nLy — 2 = 0.77,
2
Co = 2(ag + ag) + (ag — ag) + (bg — by) — Z(&Qj + doj + €2;
j=1

+Co5 + Jgj + ézj) —2nLy — 2 = 1.57,
Dy = 6nMy + 2(ay — a1)ps + 2(by — b1)6? = 1.338,
Dy = 6nMsy + 2(&2 — (Ig)pg + 2(32 — bz)ég = 2.526.

Thus, D = max {D;,D2} = 2.526, A = min{A;, A2} = 3, and C = min {C;,C2} = 0.77,

H = min{A,C} = 0.77, therefore, \/% = ,/% ~ 3.281. All the assumptions outlined in
Theorem 3.1 are satisfied, thus establishing quasi-synchronization between system (4.1) and
system (4.2). Figures 1-4 show the time trajectories of the real and imaginary parts of the state
variables in the drive-response system, respectively. Figure 5 shows that, under the control of

the controller, the system (4.1)-(4.2) can achieve synchronization.
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Figure 2. Trajectory diagram of the first-order state variables @1%(t), 2 (t) of the drive system.
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Figure 3. Trajectory diagram of the state variables y*(t), v/ (t) of the response system.
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Remark 4.1. Corollary 3.1 is the general case of parameter matches for the drive-response
systems (2.1) and (2.2). Based on the proof of Theorem 3.1, by the same token, the conclusion
of Corollary 3.1 also holds. Furthermore, using the exact numerical values as in Example 4.1, it
can be concluded that the error system (2.3) is stable.

4.2. Application of image encryption

This part will encrypt and decrypt the image based on the parameters provided in the above
numerical examples, utilizing the systems (4.1) and (4.2) from the article, along with the con-
clusions drawn in Theorem 3.1. As shown in Figure 6, the effects of the original image, the
encrypted image, and the decrypted image are illustrated. The encryption effect is intuitively
presented by analyzing the correlation and information entropy of adjacent pixels of the his-
togram.

4.2.1. Development of image encryption and decryption algorithm

The following outlines the algorithm design and specific steps for encrypting and decrypting
color images.

Step 1. The color pixel matrix A = [a];xn is acquired from original image, where ap, €
{0,1,...,255}, and n represents the number of vertical pixels, while m represents the number
of horizontal pixels of the original image, respectively.

Step 2. Select the driver system to obtain the required encryption sequence

{(xl(tu))}ue{l,z...,m}; {(952(%))}716{1,2,‘..,11}7 t1 > T,
where T refers to an instant when the synchronization error is sufficiently small.

Step 3. Get the driver system sequence matrix B = [b];,xn, by:
byq = mod(ﬁoor (Hx{%(tu) x L (ty) x 28 (ty) x 2h(ty)|| ¥ 108),256’),

where floor(-) function brings a value to the nearest integer approaching negative infinity, and
mod(-, -) signifies the modulo operator.

Step 4. Get the encrypted matrix C = [Cpglmxn, Cpg = Gpq @ bpq, store the encrypted image’s
information, where @ represents bitwise XOR.

Compared with encryption, decryption is the inverse process of encryption.

The following is a flowchart of the pseudo-code of the image encryption algorithm and the
image encryption and decryption process.

4.2.2. Analysis of the histograms for both the original Image and the encrypted

As a key tool in image analysis, histograms can provide an intuitive presentation of the color
frequency distribution in images. The histogram of the original image usually exhibits an uneven
distribution, mainly when the frequency of specific color values occurs significantly higher. In
Figure 7, we give a histogram of the original image and the encrypted image. By comparing the
color frequency distributions of the two images, we can intuitively observe that the histogram
of the original image exhibits irregular shapes and uneven features. In contrast, the histogram
of the encrypted image presents a nearly uniform distribution. Our encryption effect is very
significant.
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Algorithm 1 Chaotic Image Encryption

Require: Grayscale image matrix A (pixel values € [0,255]); Complex-valued neural network
model
Ensure: Encrypted image matrix C
1: Simulate complex-valued neural network to get chaotic sequences {z1(ty,)}, {z2(ty)}, T is
synchronization error threshold)
Calculate chaotic intermediate matrix B:
for each pixel (p,q) do
bpg = mod (foor (|xft(ty) x @1 (ty) x z5(
end for
Encrypt image matrix C:
for each pixel (p,q) do
Cpg = Gpq D bpg
end for
Output: Encrypted image matrix C

S+~

v) X @4(ty)| x 10%) ,256)

,_.
Q@

Original grayscale image ncrypted grayscale im Decrypt grayscale images

Figure 6. Original image, encrypted image, decrypted image.

Histogram of the original image Histogram of the encrypted image Histogram of the decrypt the image

Figure 7. The histograms corresponding to the original image and the encrypted image.
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4.2.3. Correlation-based analysis of the values of adjacent pixels

In addition to the above histogram analysis, the effect of image encryption can also be evaluated
by the correlation of adjacent pixels. Among them, the correlation between neighboring pixel
values encompasses horizontal, vertical, and diagonal adjacent pixel correlations. In an efficient
encryption system, the closer the correlation of each adjacent pixel value in the ciphertext
generated after the encryption process is zero, the better the encryption performance is. This
situation poses a significant challenge for the attacker to extract sufficient information from the
encrypted ciphertext, thereby ensuring that the image remains effectively protected. Next, we
will use the following Pearson correlation coefficient formula [2]:

cov(z, y)
Toy = (77~ —7—>
Vid(@)\/d(y)
where r;, € [-1,1]. When r;, = 1, it indicates that there is a perfect positive correlation

between z and y; when ry, € (0,1), it implies that there is a positive correlation between x
and y; when 1, € (—1,0), it implies that there is a negatively correlation between x and y;
when r,, = —1, it implies that there is a perfect negatively correlation between = and y; when
rzy = 0, x and yare not linearly correlated with each other. The covariance, variance, and mean
are expressed as follows:

1 L
cov(w,y) =7 D (wp —e(x)) (up — e(v),
p=1
1 & 2 1 & 2
d(x) = 2> (wp—e@)’. dy) =7 (n—ew)",
p=1 p=1

1< 1 <&
SETEES STRMEES S
p=1 p=1

where L represents the quantity of adjacent pixels within the image that are chosen to calculate
the correlation. Figure 8 shows the correlation of the original and encrypted images in horizontal
(H), vertical (V), and diagonal (D) directions. Table 1 presents the correlation coefficients
between the original image and the encrypted image. It can be seen from Figure 8 and Table 1
that there is a strong correlation between adjacent pixel values in all directions of the original
image. In contrast, the correlation of adjacent pixel values in all directions is significantly
weakened, indicating that the encrypted image has a significant anti-interference effect.

Table 1. The correlation coefficient between the original image and the encrypted image.

Image Type H A% D

Original image 0.9704 0.9789  0.9483
Encrypted image —0.0313 0.0013 —0.0086

4.2.4. The analysis regarding information entropy

Information entropy is an indicator of the degree of information disorder. The greater the
disorder of the pixel values in the image, the closer the information entropy is to 8. In other
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Comparison of correlation between adjacent pixels

Original image - Horizontal direction Original image - Vertical direction Original image - Diagonal direction
250 250 250

200 A 200 1 200 4

150 1
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Encrypted image - Horizontal direction
250 7% T TTRE
&

d image - Vertical direction

- Diagonal direction
ST T

0 100 200 ] 100 200

Figure 8. The correlation between the original image and the encrypted image in the horizontal, vertical, and
diagonal directions.

words, the lower the probability of information leakage, the more effective the encryption is.
Information entropy is calculated using the following formula [25]:

2L 1 1
h(U) = q;) p(Uu) 10g2 p(vu)

where, p(v,) represents the probability of v, occurrence.In theory, the closer the value of in-
formation entropy is to 8, the more complex and confusing the distribution of pixel values. As
shown in Table 2, compared with the original image, the information entropy of the encrypted
image is very close to 8, which indicates that the possibility of information leakage is extremely
low.

Table 2. Information entropy values of the original and encrypted images.

Image Type Information Entropy
Original image 7.5608
Encrypted image 7.9971

5. Conclusions and future works

This paper mainly studies the quasi-synchronization problem of complex-valued neutral iner-
tial neural networks with proportional delay terms. Firstly, the original system was analyzed
directly without introducing appropriate variable substitution, and the inertial neural network
was equivalently transformed into a first-order differential system. The non-separation method is
adopted to handle the complex-valued neural network. Compared with converting the complex-
valued neural network equivalently into two real-valued neural networks, the non-separation
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method is more concise and retains the system characteristics more completely. Secondly, under
the design of a specific controller, by constructing an appropriate Lyapunov function and ap-
plying inequality techniques, the sufficient conditions for achieving quasi-synchronization of the
error system are analyzed. Finally, the effectiveness of the conclusion is fully verified through
numerical examples, and the research results are applied to the image encryption and decryption
process. What is more noteworthy is that, compared with existing studies, the criterion for the
quasi-synchronization of this system that we derived has a wider application range. Moreover,
it provides a theoretical reference for the synchronization control of systems with parameter
mismatches and expands the theoretical boundaries of complex-valued inertial neural networks.
In the subsequent research, we plan to incorporate the fractional-order concept into the inertial
neural network and extend the complex number domain to the quaternion domain. Then, we
will study its dynamic behavior to address the practical problems it raises.
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