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THE MKDV-ZK LIMIT OF THE EULER-POISSON SYSTEM AT

CRITICAL DENSITIES

Xiaoyu Xi1 and Meiling Zhang1,†

Abstract This paper focuses on the long wavelength limit for the Euler-Poisson system
arising in plasma including three species in three dimensional case. The goal here is to deduce
rigorously the modified Korteweg-de Vries-ZK (mKdV-ZK) equation, under the Gardner-
Morikawa transform ε1/2(x1 − V t) → x1, ε

1/2x2 → x2, ε
1/2x3 → x3, ε

3/2t → t, as ε → 0. By
employing delicate energy method, we give uniform in ε estimate for the error between the
mKdV-ZK equation and the Euler-Poisson system.
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1. Introduction

Consider a three-dimensional general mixture of hot isothermal, warm adiabatic fluid and cold
immobile background species in electrostatic plasmas [27]. This model includes three species.
The cooler adiabatic species is described by the standard fluid equations

∂tnα + div(nαu) = 0,

∂tu+ u · ∇u+ Tα
∇nα

nα
= −∇ϕ− e1 × u,

(1.1)

where (x, t) ∈ R × R+ denotes the space-time position, and nα, u = (u1, u2, u3) are the den-
sity, velocity of the cooler adiabatic species, x = (x1, x2, x3) ∈ R3. The parameter Tα is the
temperature of the fluid species.

The hot isothermal Boltzmann species is described by the so called isothermal Boltzmann
relation

nβ = Nβe
ϕ/Tβ,

where Tβ refers to the isothermal temperatures. The equilibrium quantities will be denoted by
capital letters, say, Nβ for the Boltzmann species. The electrostatic potential ϕ satisfies the
Possion’s equation

△ϕ = Nβe
ϕ/Tβ − nα −Nδ, (1.2)

where Nδ is the immobile background species. On the sluggish side, some immobile background
species with constant density Nδ is considered, to allow for density imbalances between three
species. These species can be used to simulate respectively unmagnetized ions when dealing
with electron-acoustic solitons [28].
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There are many nonlinear dispersive partial differential equations, which can be formally
derived from the Euler-Poisson system, such as the KdV equation, the KP-II equation and
the ZK equation, these equations were extensively studied in recent decades. Guo and Pu [13]
established rigourously such a derivation of KdV equation for ion Euler-Poisson system in one
dimension. Pu also considered higher dimensional case, gave rigorous limit proof for KP-II
equation and ZK equation under different scalings of the Euler-Poisson equation in [22]. Almost
in the meantime, the KdV limit in 1D and the ZK equation in 3D from the Euler-Poisson system
were established in [15] and [14], respectively. It is worth mentioning that Isaza, Lopez and
Mejia gave derivations for KP-II equation from Cauchy equation in [10], Linares and Saut gave
derivations for ZK equation from Cauchy equation in [17]. For other studies of KdV equation,
KP-II equation and ZK equation, see [3, 5, 6, 15, 18, 20], to list only a few. For more researches
of the Euler-Poisson equation and related singular limits, see [2,4,7,11,13,14,17,19,24] and the
references therein.

It is thus of interest to revisit the whole field of electrostatic modes in magnetized plasmas in a
general treatment that encompasses all the known dispersion laws and nonlinear equations, com-
pared with earlier treatments that are often restricted to specific models. For more complicated
plasma compositions, the mKdV-ZK equation with cubic nonlinearities will be used for special
critical densities, at which the soliton character can switch from compressive to rarefactive or
vice versa. The system of equations for the Alfvén wave can be reduced to the mKdV equation
in [26]. In the vicinity of critical densities, mixed KdV-ZK equations with both quadratic and
cubic nonlinearities can occur, and model double layers in plasmas. The formal derivations for
Tα > 0 of ordinary, modified and mixed KdV-ZK equations have been given in [27] for general
mixtures of hot isothermal, warm adiabatic fluid and cold immobile background species. In
particular, Pu and Xi [23] established the rigorous derivation of the mKdV equation for Tα ≥ 0.
However, until now there have been no rigorous mathematical justifications of the mKdV-ZK
limit, the purpose of this paper is to justify rigorously the limit, at least for well-prepared initial
data. When Tα = 0, the system (3.1) consisting of the density equation and the momentum
equation is neither symmetric nor symmetrizable, our paper corresponds to the cold ion case
Tα = 0, we give not only the formal derivations, but also the rigorous justification. The result
in this paper can be generalized to the case of Tα > 0, the proof will be slightly simpler since in
this case the system is Friedrich symmetrizable.

We organized this paper as follows. In Section 2, we formally derive the mKdV-ZK equation
in 3D Euler-Poisson system from a different Gardner-Morikawa type transformation and state
the main Theorem 2.1, then we write the remainder equations into a system (2.21) by introducing
some new differential notations. In Section 3, we concentrate on the proof of Theorem 2.1. The
key issue is to provide uniform in ε estimates for the remainders, here more delicate estimates are
required. We also use continuity method to close the estimate, and introduce weighted Sobolev
norms ||| · |||s′ , which enables us to combine the energy estimates in different levels.

Throughout this paper, we use [a, b] = ab − ba to denote the commutator of a and b, the
norm ∥ · ∥X to denote an X-norm, the ∥ · ∥L2 is replaced by ∥ · ∥ when X = L2. We also use
⟨f, g⟩ =

∫
fgdx to denote the inner product of two L2 functions.

2. Formal mKdV-ZK expansion and the main results

2.1. Formal mKdV-ZK expansion

By the classical Gardner-Morikawa transformation [25]

ε1/2(x1 − V t) → x1, ε
1/2x2 → x2, ε

1/2x3 → x3, ε
3/2t → t, (2.1)
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we obtain from (1.1)-(1.2) the parameterized system
ε∂tnα − V ∂x1nα +∇ · (nαu) = 0,

ε∂tu− V ∂x1u+ u · ∇u+ Tα
∇nα

nα
= −∇ϕ+

1

ε1/2
u× e1,

ε∆ϕ = Nβe
ϕ/Tβ − nα −Nδ,

(2.2)

where e1 = (1, 0, 0)T , ε denotes the amplitude of the initial disturbance and is assumed to be
small compared with unity and V is the wave speed to be determined. We consider the following
formal expansion: 

nα = Nα(1 + ε
1
2n

(1)
α + εn

(2)
α + ε

3
2n

(3)
α + ε2n

(4)
α + · · · ),

u1 = ε
1
2u

(1)
1 + εu

(2)
1 + ε

3
2u

(3)
1 + ε2u

(4)
1 + · · · ,

ϕ = ε
1
2ϕ(1) + εϕ(2) + ε

3
2ϕ(3) + ε2ϕ(4) + · · · ,

u2 = εu
(1)
2 + ε

3
2u

(2)
2 + ε2u

(3)
2 + ε

5
2u

(4)
2 + · · · ,

u3 = εu
(1)
3 + ε

3
2u

(2)
3 + ε2u

(3)
3 + ε

5
2u

(4)
3 + · · · .

(2.3)

Plugging (2.3) into (2.2), we get a power series of ε, whose coefficients depend on (n
(k)
α ,u(k), ϕ(k))

for k ≥ 1.

2.1.1. Derivation of mKdV-ZKE for n
(1)
α

From the power series of ε we thus obtained, we get at the order of ε the following coefficients.

At the order of ε0: Setting the coefficient of ε0 to be 0, we obtain

Nβ −Nα −Nδ = 0,

which implies overall charge neutrality in equilibrium.

At the order of ε
1
2 : Setting the coefficient of ε

1
2 to be 0, we obtain

−V ∂x1n
(1)
α + ∂x1u

(1)
1 = 0, (a)

−V ∂x1u
(1)
1 + Tα∂x1n

(1)
α = −∂x1ϕ

(1), (b)

Nβ

Tβ
ϕ(1) = Nαn

(1)
α , (c)

Tα∂x2n
(1)
α = −∂x2ϕ

(1) + u
(1)
3 , (d)

Tα∂x3n
(1)
α = −∂x3ϕ

(1) − u
(1)
2 . (e)

(2.4)

Write this equation in the matrix form
−V 1 0

Tα −V 1

Nα 0 −
Nβ

Tβ



∂x1n

(1)
α

∂x1u
(1)
1

∂x1ϕ
(1)

 =


0

0

0

 . (2.5)
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In order to get a nontrivial solution for n
(1)
α , u

(1)
1 , and ϕ(1), we require the determinant of the

coefficient matrix to vanish to obtain

V 2 = Tα +
NαTβ

Nβ
. (2.6)

From (2.4a) and (2.4c), we can derive the relation
u
(1)
1 = V n

(1)
α , (a)

ϕ(1) =
NαTβ

Nβ
n
(1)
α . (b)

(2.7)

Therefore, in order to determine (n
(1)
α , u

(1)
1 , ϕ(1)), we only need to determine n

(1)
α .

From (2.4d) and (2.4e), we haveu
(1)
2 = −Tα∂x3n

(1)
α − ∂x3ϕ

(1) = −V 2∂x3n
(1)
α ,

u
(1)
3 = Tα∂x2n

(1)
α + ∂x2ϕ

(1) = V 2∂x2n
(1)
α ,

(2.8)

where we have used (2.6) and (2.7).
At the order of ε: Setting the coefficient of ε to be 0, we obtain

−V ∂x1n
(2)
α + ∂x1(n

(1)
α u

(1)
1 ) + ∂x1u

(2)
1 + ∂x2u

(2)
2 + ∂x3u

(2)
3 = 0, (a)

−V ∂x1u
(2)
1 + u

(1)
1 ∂x1u

(1)
1 + Tα{∂x1n

(2)
α − n

(1)
α ∂x1n

(1)
α }=−∂x1ϕ

(2), (b)

Nα

Tβ
ϕ(2) +

Nα

2T 2
β

(ϕ(1))2 = Nαn
(2)
α , (c)

−V ∂x1u
(2)
2 + Tα{∂x2n

(2)
α − n

(1)
α ∂x2n

(1)
α } = −∂x2ϕ

(2) + u
(2)
3 , (d)

−V ∂x1u
(2)
3 + Tα{∂x3n

(2)
α − n

(1)
α ∂x3n

(1)
α } = −∂x3ϕ

(2) − u
(2)
2 . (e)

(2.9)

To find the equation satisfied by n
(1)
α , we take ∂x1 of (2.9c), multiply (2.9a) with V , and then

add them to (2.9b). We thus obtain
F(n(1)

α )2 = 0, (2.10)

and F is given by

F = 3V 2 − Tα −
TβN

2
α

N2
β

. (2.11)

For the generic case F ̸= 0, we have n
(1)
α = 0, which reduces to the expansion studied in [13]

and leads to the standard KdV expansion. But when the plasma is at critical densities, we
consider the case F = 0, i.e., we have

3V 2 = Tα +
TβN

2
α

N2
β

. (2.12)

So that we will continue to work with n
(1)
α . From (2.9a) and (2.9c) we can deduce the relation

u
(2)
1 = V n

(2)
α − n

(1)
α u

(1)
1 , (a)

ϕ(2) =
NαTβ

Nβ
n
(2)
α − 1

2Tβ
(ϕ(1))2. (b)

(2.13)
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The coefficients of ε
3
2 and the mKdV-ZK equation for n

(1)
α : Setting the coefficient of ε

3
2 to

be 0, we obtain

∂tn
(1)
α − V ∂x1n

(3)
α + ∂x1(n

(1)
α u

(2)
1 + n

(2)
α u

(1)
1 ) + ∂x1u

(3)
1 + ∂x2u

(2)
2 + ∂x3u

(2)
3

+{∂x2(n
(1)
α u

(1)
2 ) + ∂x3(n

(1)
α u

(1)
3 )} = 0, (a)

∂tu
(1)
1 − V ∂x1u

(3)
1 + u

(1)
1 ∂x1u

(2)
1 + u

(2)
1 ∂x1u

(1)
1 + Tα{∂x1n

(3)
α − n

(1)
α ∂x1n

(2)
α }

−(n
(2)
α − (n

(1)
α )2)∂x1n

(1)
α }

= −∂x1ϕ
(3) + {u(1)2 ∂x2u

(1)
1 + u

(1)
3 ∂x3u

(1)
1 }, (b)

∆ϕ(1) =
Nβ

Tβ
ϕ(3) +

Nβ

T 2
β

ϕ(1)ϕ(2) +
Nβ

3!T 3
β

(ϕ(1))3 −Nαn
(3)
α , (c)

−V ∂x1u
(2)
2 + u

(1)
1 ∂x1u

(1)
2 + Tα{∂x2n

(3)
α − n

(1)
α ∂x2n

(2)
α − (n

(2)
α − (n

(1)
α )2)∂x2n

(1)
α

= −∂x2ϕ
(3) + u

(3)
3 , (d)

−V ∂x1u
(2)
3 + u

(1)
1 ∂x1u

(1)
3 + Tα{∂x3n

(3)
α − n

(1)
α ∂x3n

(2)
α − (n

(2)
α − (n

(1)
α )2)∂x3n

(1)
α

= −∂x3ϕ
(3) − u

(3)
2 . (e)

(2.14)

From (2.9d) and (2.9e), we can get

V ∂x2u
(2)
2 + V ∂x3u

(2)
3 = (V 4 +

T 2
βNα

N2
β

)∂x1(∂
2
x2
n(1)
α + ∂2

x3
n(1)
α ), (2.15)

where we have used (2.8) and (2.13).

Differentiating (2.14c) with respect to x1 and multiplying the resultant equality with
Tβ

Nβ
,

multiplying (2.14a) with V , and then adding them to (2.14b) together, we deduce that n
(1)
α

satisfies the mKdV-ZK equation

∂tn
(1)
α +

(
TβN

3
α

2V N3
β

− 3V +
Tα

2V

)
(n(1)

α )2∂x1n
(1)
α +

T 2
βNα

2V N2
β

∂3
x1
n(1)
α

+ (
V 3

2
+

T 2
βNα

2V N2
β

)∂x1(∂
2
x2
n(1)
α + ∂2

x3
n(1)
α ) = 0.

(2.16)

Here we have used the relation (2.6), (2.7), (2.8), (2.12) and (2.13), (2.15). We also note that

the systems (2.16) and (2.7) for (n
(1)
α , u

(1)
1 , ϕ(1)) are self contained, which do not depend on

(n
(i)
α , u

(i)
1 , ϕ(i)) for i ≥ 2. Proceeding as above, by balancing of the coefficients at order ε(k+2)/2

for k ≥ 2, we obtain 
u
(k)
1 = V n

(k)
α + h(k−1), (a)

ϕ(k) =
NαTβ

Nβ
n
(k)
α + g(k−1), (b)

(2.17)

for some h(k−1) and g(k−1) depending only on (n
(i)
α , u

(i)
1 , ϕ(i)) for 1 ≤ i ≤ k−1 and the linearized
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mKdV-ZK equation

∂tn
(k)
α +

(
TβN

3
α

2V N3
β

− 3V +
Tα

2V

)
∂x1((n

(1)
α )2n(k)

α ) +
T 2
βNα

2V N2
β

∂3
x1
n(k)
α

+ (
V 3

2
+

T 2
βNα

2V N2
β

)∂x1(∂
2
x2
n(k)
α + ∂2

x3
n(k)
α ) = G(k−1).

(2.18)

Here G(k−1) depends only on n
(1)
α , n

(2)
α , ..., n

(k−1)
α . Recalling results in [5], we will assume

hereafter that the solutions of n
(k)
α are sufficiently smooth on any time interval [−τ∗, τ∗] for

any τ∗ > 0. There may be regularity loss between successive steps, but we can still assume
smoothness in finite steps in this paper.

For the solvability of n
(k)
α for k ≥ 1, we have the following two propositions.

Proposition 2.1. (see [5]) Let s̃ > 1
2 , the Cauchy problem of mKdV-ZK equation (2.16) is

locally well-posed in H s̃(R3).

Proposition 2.2. Let k ≥ 2 and s̃ > 1
2 , the Cauchy problem of the linearized inhomogeneous

mKdV-ZK equation (2.18) is well-posed in H s̃(R3).

The proof of Proposition 2.2 is standard.

2.2. Main result

To show that n
(1)
α converges to a solution of the mKdV-ZK equation as ε → 0 in any finite time

interval, we must make the above procedure rigorous. Let (nα,u, ϕ) be a solution of the scaled
system (2.2) of the following expansion

nα = Nα(1 + ε
1
2n(1)

α + εn(2)
α + ε

3
2n(3)

α + ε2n(4)
α + ε

5
2n(5)

α + ε
3
2nε

R),

u1 = ε
1
2u

(1)
1 + εu

(2)
1 + ε

3
2u

(3)
1 + ε2u

(4)
1 + ε

5
2u

(5)
1 + ε

3
2u1

ε
R,

ϕ = ε
1
2ϕ(1) + εϕ(2) + ε

3
2ϕ(3) + ε2ϕ(4) + ε

5
2ϕ(5) + ε

3
2ϕε

R,

u2 = εu
(1)
2 + ε

3
2u

(2)
2 + ε2u

(3)
2 + ε

5
2u

(4)
2 + ε3u

(5)
2 + ε

3
2u2

ε
R,

u3 = εu
(1)
3 + ε

3
2u

(2)
3 + ε2u

(3)
3 + ε

5
2u

(4)
3 + ε3u

(5)
3 + ε

3
2u3

ε
R,

(2.19)

where uε
R = (u1

ε
R, u2

ε
R, u3

ε
R), and (n

(1)
α , u

(1)
1 , ϕ(1)) satisfies (2.7) and (2.15), the other profiles u

(i)
1

and ϕ(i) for i = 2, 3, 4 and u
(j)
2 and u

(j)
3 for j = 1, 2, 3, 4 are solved from the systems (2.4), (2.9)

and (2.14). The (nε
R,u

ε
R, ϕ

ε
R) is the remainder.

For notational convenience, we denote u = (u1, u2, u3)
T , uε

R = (u1
ε
R, u2

ε
R, u3

ε
R)

T , and

ñα = n(1)
α + ε

1
2n(2)

α + ε1n(3)
α + ε

3
2n(4)

α + ε2n(5)
α ,

ϕ̃ = ϕ(1) + ε
1
2ϕ(2) + ε1ϕ(3) + ε

3
2ϕ(4) + ε2ϕ(5),

ũ = (ũ1, ũ2, ũ3)
T ,

ũ1 = u
(1)
1 + ε

1
2u

(2)
1 + ε1u

(3)
1 + ε

3
2u

(4)
1 + ε2u

(5)
1 ,

ũ2 = ε
1
2u

(1)
2 + εu

(2)
2 + ε

3
2u

(3)
2 + ε2u

(4)
2 + ε

5
2u

(5)
2 ,

ũ3 = ε
1
2u

(1)
3 + εu

(2)
3 + ε

3
2u

(3)
3 + ε2u

(4)
3 + ε

5
2u

(5)
3 .

(2.20)
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After careful and tedious computations, we obtain the following remainder system for (nε
R,u

ε
R,

ϕε
R) 

∂tn
ε
R − V e1 − u

ε
· ∇nε

R +
nα

ε
∇ · uε

R +
1√
ε
nε
R∇ · ũ+

1√
ε
uε
R · ∇ñα +

√
εRn = 0, (a)

∂tu
ε
R − V e1 − u

ε
· ∇uε

R +
1√
ε
uε
R∇ · ũ+

Tα

ε
∇nε

R − Tα√
ε

(
ñα + εnε

R

nα

)
∇nε

R

− Tαp√
εnα

nε
R − Tα

√
ε

nα
RT +

√
εRu = −1

ε
∇ϕε

R +
1

ε
uε
R × e1, (b)

ε∆ϕε
R =

Nβ

Tβ
ϕε
R −Nαn

ε
R +

√
εNβ

T 2
β

ϕ(1)ϕε
R + εRϕ, (c)

(2.21)

where uε
R = (u1

ε
R, u2

ε
R, u3

ε
R), ñα, ũ, and ϕ̃ are given in (2.20), and

Rn = ∂tn
(4)
α +

√
ε∂tn

(5)
α +

∑
1⩽i,j⩽5;i+j⩾6

εi+j−6∂x1(n
(i)
α u

(j)
1 )

+
∑

1⩽i,l⩽5;i+l⩾6

εi+l−6∂x2(n
(i)
α u

(l)
2 ) +

∑
1⩽i,m⩽5;i+m⩾6

εi+m−6∂x3(n
(i)
α u

(m)
3 ),

p = (p1, p2, p3) = p(n
(1)
α , n

(2)
α , n

(3)
α , n

(4)
α , n

(5)
α ),

RT = (RT1, RT2, RT3) = RT (n
(1)
α , n

(2)
α , n

(3)
α , n

(4)
α , n

(5)
α ),

Ru = (Ru1, Ru2, Ru3) = Ru(u
(i), ϕ(i))(i = 1, 2, 3, 4, 5),

Rϕ = Rϕ
′ +

√
εRϕ

′′.

(2.22)

Here R′′
ϕ = R̂ϕ−

(
ε3∆ϕ(4) + ε

7
2∆ϕ(5)

)
, R̂ϕ depends only on ϕ(1), ϕ(2), · · · , ϕ(5), Rϕ = F (

√
εϕε

R)ϕ
ε
R

+
√
εR′′

ϕ depends only on ϕε
R for some function of F depending on

√
εϕε

R, Rϕ
′ = F (

√
εϕε

R)ϕ
ε
R.

And we give the coefficient of ε2 and ε
5
2 for p, RT .

At the order of ε2:

∂tu
(2)
1 − V ∂x1u

(4)
1 + u

(1)
1 ∂x1u

(3)
1 + u

(2)
1 ∂x1u

(2)
1 + u

(3)
1 ∂x1u

(1)
1 + Tα{(∂x1n

(4)
α −

n(1)
α ∂x1n

(3)
α + n(2)

α ∂x1(n
(1)
α )2 + ∂x1n

(1)
α ((n(1)

α )3 − n(3)
α ) + ∂x1n

(2)
α ((n(1)

α )2 − n(2)
α ))}

=− ∂x1ϕ
(4) + {u(1)2 ∂x2u

(2)
1 + u

(2)
2 ∂x2u

(1)
1 + u

(1)
3 ∂x3u

(2)
1 + u

(2)
3 ∂x3u

(1)
1 }.

(2.23)

At the order of ε
5
2 :

∂tu
(3)
1 − V ∂x1u

(5)
1 + u

(1)
1 ∂x1u

(4)
1 + u

(2)
1 ∂x1u

(3)
1 + u

(3)
1 ∂x1u

(2)
1 + u

(4)
1 ∂x1u

(1)
1 +

Tα{(∂x1n
(5)
α − n(1)

α ∂x1n
(4)
α − ∂x1n

(3)
α ((n(1)

α )2 − n(2)
α ) + ∂x1n

(1)
α ((n(1)

α )4 + 2n(1)
α n(3)

α

− 3(n(1)
α )2n(2)

α + (n(2)
α )2 − n(4)

α ) + ∂x1n
(2)
α (2n(1)

α n(2)
α − n(3)

α ))}

=− ∂x1ϕ
(5) + {u(1)2 ∂x2u

(3)
1 + u

(2)
2 ∂x2u

(2)
1 + u

(3)
2 ∂x2u

(1)
1 + u

(1)
3 ∂x3u

(3)
1

+ u
(2)
3 ∂x3u

(2)
1 + u

(3)
3 ∂x3u

(1)
1 }.

(2.24)

Then subtracting ε
1
2 × (2.4b) + ε× (2.9b) + ε

3
2 × (2.14b)+ ε2× (2.23)+ ε

5
2 × (2.24) from the

equation of (2.2b), we obtain the remainder equation (2.21b). We derive the remainder terms
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of the pressure term
Tα∂x1nα

nα
. After subtracting, we obtain

Tαε
3
2∂x1n

ε
R − Tαε

2

(
ñα + εnε

R

nα

)
∂x1n

ε
R − Tα{ε

1
2∂x1n

(1)
α + ε(∂x1n

(2)
α − n(1)

α ∂x1n
(1)
α )

+ ε
3
2 (∂x1n

(3)
α + ∂x1n

(1)
α ((n(1)

α )2 − n(2)
α )− n(1)

α ∂x1n
(2)
α )

+ ε2(∂x1n
(4)
α − n(1)

α ∂x1n
(3)
α + n(2)

α ∂x1(n
(1)
α )2 + ∂x1n

(1)
α ((n(1)

α )3 − n(3)
α )

+ ∂x1n
(2)
α ((n(1)

α )2 − n(2)
α ))

+ ε
5
2 (∂x1n

(5)
α − n(1)

α ∂x1n
(4)
α − ∂x1n

(3)
α ((n(1)

α )2 − n(2)
α ) + ∂x1n

(1)
α ((n(1)

α )4 + 2n(1)
α n(3)

α

− 3(n(1)
α )2n(2)

α + (n(2)
α )2 − n(4)

α ) + ∂x1n
(2)
α (2n(1)

α n(2)
α − n(3)

α ))}.

After being divided by ε
5
2 , the above equation can be rearranged into

Tα
1

ε
∂x1n

ε
R − Tα

1√
ε

(
ñα + εnε

R

nα

)
∂x1n

ε
R − Tα

p1√
εnα

nε
R − Tα

√
εRT1

nα
,

where p1 and RT1 are finite combinations of n
(1)
α , n

(2)
α , and n

(3)
α only. p2, p3 and RT2 , RT3 can

be obtained similarly. The expression of Ru depends only on u(i) and ϕ(i) and can be derived
similarly to the derivation of Rn.

We also give some basic estimates for the remainder term Rϕ in the following.

Lemma 2.1. Let k ≥ 0 be an integer; then there exists a constant 1 ≤ C1 ≤ C1(
√
ε∥ϕε

R∥Hδ)
such that

∥Rϕ∥Hk ≤ C1(
√
ε∥ϕε

R∥Hδ)(1 + ∥ϕε
R∥Hk) (2.25)

and
∥∂tRϕ∥Hk ≤ C1(

√
ε∥ϕε

R∥Hδ)(1 + ∥∂tϕε
R∥Hk), (2.26)

where δ = max(2, k − 1). Furthermore, the constant C1(·) can be chosen to be nondecreasing.

The proof of Lemma 2.1 is straightforward because we note that H2 is an algebra in R3.

Corollary 2.1. Let k ≥ 0 be an integer; then there exists a constant 1 ≤ C1 = C1(
√
ε∥ϕε

R∥Hδ)
such that

∥∇Rϕ∥Hk ≤ C1(
√
ε∥ϕε

R∥Hδ)(1 + ∥∇ϕε
R∥Hk) (2.27)

and
∥∂t∇Rϕ∥Hk ≤ C1(

√
ε∥ϕε

R∥Hδ)(1 + ∥∂t∇ϕε
R∥Hk), (2.28)

where δ = max(2, k − 1). Furthermore, the constant C1(·) can be chosen to be nondecreasing.

In view of above, we may assume thereafter that the known profiles (ñα, ũ, ϕ̃) are smooth
enough such that there exist some C > 0 and some s ≥ 4,

sup
[0,τ∗]

∥(ñα, ũ, ϕ̃), Rn,Ru,RT ∥Hs ≤ C, (2.29)

where τ∗ is the existence time.
So, our key mathematical difficulty is to derive estimates for the remainders (nε

R,u
ε
R, ϕ

ε
R)

uniformly in ε.
We first introduce the following ε-dependent norms. We denote

|||(nε
R,u

ε
R, ϕ

ε
R)|||2s′ = |||nε

R|||2s′ + |||uε
R|||2s′ + |||ϕε

R|||2s′ , (2.30)
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where 
|||nε

R|||2s′ = ∥nε
R∥2Hs′ ,

|||uε
R|||2s′ = ∥uε

R∥2Hs′ + ε∥∇uε
R∥2Hs′ ,

|||ϕε
R|||2s′ = ∥ϕε

R∥2Hs′ + ε∥∇ϕε
R∥2Hs′ + ε2∥∆ϕε

R∥2Hs′ ,

where ∥ · ∥Hs′ is the standard Sobolev norm. And the ∇,∆ reduce to ∇ = (∂x1 , ∂x2 , ∂x3) and
∆ = ∂2

x1
+ ∂2

x2
+ ∂2

x3
.

Then the main theorem is stated in the following.

Theorem 2.1. Let s ≥ 4 be such that (2.29) holds and let (n
(i)
α ,u(i), ϕ(i)) ∈ Hs for 1 ≤ i ≤ 6

be solutions constructed on the interval [0, τ∗) with smooth initial data (n
(i)
α0,u

(i)
0 , ϕ

(i)
0 ). Let

4 ≤ s′ < s and assume that the initial data (nα0,u0, ϕ0) for the Euler-Poisson system (1.1)-
(1.2) has the expansion of the form (2.19) and (nε

R, u
ε
R, ϕ

ε
R)|t=0 = (nε

R0, u
ε
R0, ϕ

ε
R0) satisfy (2.21).

Then for any 0 < τ0 < τ∗, there exist ε0 > 0 and Cτ0 > 0 such that when 0 < ε < ε0, the
solutions of the Euler-Poisson system (1.1)-(1.2) with initial data (nα0,u0, ϕ0) can be expressed
in the expansion (2.19), such that the solutions (nε

R,u
ε
R, ϕ

ε
R) of (2.21) satisfy, when Tα = 0,

sup
[0,τ0]

|||(nε
R,u

ε
R, ϕ

ε
R)|||2s′ ≤ Cτ0(1 + |||(nε

R0, u
ε
R0, ϕ

ε
R0)|||2s′), (2.31)

where |||(nε
R,u

ε
R, ϕ

ε
R)|||2s′ = |||nε

R|||2s′ + |||uε
R|||2s′ + |||ϕε

R|||2s′ is defined in (2.30).

Remark 2.1. When Tα = 0, the system of (3.1) for ϕε
R does not match the common structure

of Friedrichs symmetric systems. To overcome this difficulty, we need to combine the energy
estimates with the delicate structure of the Poisson equation carefully. This is why we introduce
the norm ||| · |||s′ .

3. Uniform energy estimates

In this section, we dedicate to the proof of Theorem 2.1, which requires a combination of
energy method and analysis of remainder equation (2.21). In what follows, we take the rescaling
τ = t/

√
ε and for simplicity we drop the bars. Throughout this section, we renormalize Nα = 2

and all the other constants to be 1. As Tα = 0, from (2.21) we obtain the following new
remainder equation

1√
ε
∂tn

ε
R − e1−u

ε
·∇nε

R +
nα

ε
∇ · uε

R+
1√
ε
nε
R∇·ũ+ 1√

ε
uε
R · ∇ñα+

√
εRn = 0, (a)

1√
ε
∂tu

ε
R − e1 − u

ε
· ∇uε

R +
1√
ε
uε
R∇ · ũ+

√
εRu = −1

ε
∇ϕε

R +
1

ε
uε
R × e1, (b)

ε∆ϕε
R = ϕε

R − 2nε
R +

√
εϕ(1)ϕε

R + εRϕ. (c)

(3.1)

Now, we need to give estimates uniformly in ε for system (3.1). The continuity method will
be employed. We also assume that (3.1) has smooth solutions in a small time τε dependent
on ε. Let C̃ be a constant, which will be determined later, much larger than the bound of
|||(nε

R,u
ε
R, ϕ

ε
R)(0)|||s′ , such that on [0, τε]

sup
[0,τε]

|||(nε
R,u

ε
R, ϕ

ε
R)|||s′ ≤ C̃. (3.2)
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We will prove that τε > τ0 as ε → 0 for some 0 < τ0 < τ∗. Recalling the expressions for nα and
u, we immediately know that there exists some ε1 = ε1(C̃) > 0 such that on [0, τε],

1/2 < nα < 3/2, |u| ≤ 1/2, (3.3)

for all 0 < ε < ε1. To smooth the presentation, we first show several lemmas (Lemmas 3.1-3.3),
giving some basic estimates between the remainders (Lemma 3.1) using the Poisson equation
(3.1c) and their time derivatives (Lemmas 3.2 and 3.3).

Lemma 3.1. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1) and 0 ≤ k ≤ s′ < s be an integer. There

exist some 0 < ε1 < 1 and C, C0 > 0 such that for every 0 < ε < ε1,

∥nε
R∥2Hk ≤ C∥ϕε

R∥2Hk + Cε∥∇ϕε
R∥2Hk + Cε2∥∆ϕε

R∥2Hk + CC2
0ε, (3.4)

∥ϕε
R∥2Hk + ε∥∇ϕε

R∥2Hk + ε2∥∆ϕε
R∥2Hk ≤ C∥nε

R∥2Hk + CC2
0ε. (3.5)

Proof. The proof is standard and hence omitted.

Lemma 3.2. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1) and s′ < s be an integer. Then for any

1 ≤ k ≤ s′, there exist some 0 < ε1 < 1 and C > 0 such that for every 0 < ε < ε1,

∥
√
ε∂tn

ε
R∥2Hk−1 ≤ C{1 + ∥uε

R∥2Hδ+1 + ∥nε
R∥2Hδ+1}, (3.6)

or equivalently,
∥
√
ε∂tn

ε
R∥2Hk−1 ≤ C{1 + ∥uε

R∥2Hδ+1 + |||ϕε
R|||2δ+1}, (3.7)

where δ = max{2, k − 1}.

Proof. We can complete the proof by multiplying (3.1a) by ε, and then take the Hk−1 norm.

Lemma 3.3. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1) and s′ < s be an integer. Then for any

1 ≤ k ≤ s′, there exist some 0 < ε1 < 1 and C > 0 such that for every 0 < ε < ε1,

|||∂tϕε
R|||2k−1 ≤ C∥∂tnε

R∥2Hk−1 + C
√
ε∥ϕε

R∥2Hk−1 + CC2
0ε. (3.8)

Proof. We take ∂t of (3.1c) and then take the Hk−1 inner product with ∂tϕ
ε
R to obtain

ε||∇∂tϕ
ε
R∥2Hk−1 + ∥∂tϕε

R∥2Hk−1

=⟨2∂tnε
R, ∂tϕ

ε
R⟩Hk−1 −

√
ε⟨∂t(ϕ(1)ϕε

R), ∂tϕ
ε
R⟩Hk−1 − ε⟨∂tRϕ, ∂tϕ

ε
R⟩Hk−1

≤4∥∂tnε
R∥2Hk−1 +

1

4
∥∂tϕε

R∥2Hk−1 + Cε∥∂tϕε
R∥2Hk−1

+ Cε∥ϕε
R∥2Hk−1 + 2ε2∥∂tRϕ∥2Hk−1 .

By (2.26) in Lemma 2.1, there exists some ε1 = ε1(C̃) > 0 such that when ε < ε1, we have

ε∥∇∂tϕ
ε
R∥2Hk−1 + ∥∂tϕε

R∥2Hk−1 ≤ C∥∂tnε
R∥2Hk−1 + Cε∥ϕε

R∥2Hk−1 + CC2
0ε

2 (3.9)

for some universal constant C > 0.
On the other hand, by taking ∂t of (3.1c) and then taking the Hk−1 inner product with

ε∂t∆ϕε
R, we obtain

ε2∥∂t∆ϕε
R∥2Hk−1 + ε∥∂t∇ϕε

R∥2Hk−1

≤C∥∂tnε
R∥2Hk−1 + Cε2(∥∂tϕε

R∥2Hk−1 + ∥ϕε
R∥2Hk−1) + CC2

0ε
(3.10)
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for ε < ε1 with some 0 < ε1 < 1.
Adding (3.9) and (3.10), by choosing ε1 sufficiently small such that C2

1 ≤ 1
2 , we obtain

ε2∥∂t∆ϕε
R∥2Hk−1 + ε∥∂t∇ϕε

R∥2Hk−1 + ∥∂tϕε
R∥2Hk−1

≤C∥∂tnε
R∥2Hk−1 + Cε∥ϕε

R∥2Hk−1 + CC2
0ε.

(3.11)

From Lemma 3.3, we can get Corollary 3.1 and Corollary 3.2.

Corollary 3.1. Under the same assumptions of Lemma 3.3, we have

|||
√
ε∂tϕ

ε
R|||2k−1 ≤ C{1 + ∥(uε

R, n
ε
R, ϕ

ε
R)∥2Hδ+1}, (3.12)

or equivalently
|||
√
ε∂tϕ

ε
R|||2k−1 ≤ C{1 + ∥uε

R∥2Hδ+1 + |||ϕε
R|||2δ+1}, (3.13)

where δ = max{2, k − 1}.

Proof. The proof is complete by multiplying (3.8) with ε2 and then using Lemma 3.2.

Corollary 3.2. Let α be a multi-index with |α| = k; then

ε∥ε∂t∇∂α
xϕ

ε
R∥2L2 ≤ C∥ε∂t∆ϕε

R∥2Hk−1 .

Proof. By the Riesz theorem [17], we have

∥
√
ε∂xi∇f∥L2 ≤ C∥∆f∥L2

for those f that make sense. The proof is complete by letting f = ε∂tϕ
ε
R.

In the following, we first prove Proposition 3.1, which gives the s′ order energy estimates of
the remainders. Then we give the s′+1 order energy estimates of the remainders with weights ŠÅ
in Proposition 3.2. By combining Propositions 3.1 and 3.2, we can finish the proof of Theorem
2.1.

Proposition 3.1. Let s′ ≥ 4 be an integer and (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1). Then for

any integer 0 ≤ k ≤ s′, there holds

1

2

d

dt
∥∂α

xu
ε
R∥2L2 +

1

4

d

dt

∫
1 +

√
εϕ(1) + ε

3
2ϕε

R

nα
|∂α

xϕ
ε
R|2 +

1

4

d

dt

∫
ε

nα
|∇∂α

xϕ
ε
R|2

≤CC1(1 + ε|||(uε
R, ϕ

ε
R)|||2s′){1 + |||(uε

R, ϕ
ε
R)|||2s′},

(3.14)

where α is any multi-index with |α| = k ≤ s′ and |||(uε
R, ϕ

ε
R)|||2s′ is defined in (2.30).

Proof. We take ∂α
x of (3.1b) and then take L2 inner product with ∂α

xu
ε
R to obtain

1

2
√
ε

d

dt
∥∂α

xu
ε
R∥2L2

=
1

ε
⟨∂x1∂

α
xu

ε
R, ∂

α
xu

ε
R⟩ −

1

ε
⟨∂α

x (u · ∇uε
R), ∂

α
xu

ε
R⟩ −

1√
ε
⟨∂α

x (u
ε
R · ∇ũ), ∂α

xu
ε
R⟩

−
√
ε⟨∂α

xRu, ∂
α
xu

ε
R⟩+

1

ε
⟨∂α

xu
ε
R × e1, ∂

α
xu

ε
R⟩ −

1

ε
⟨∂α

x∇ϕε
R, ∂

α
xu

ε
R⟩

=: F1 + · · ·+ F6.

(3.15)
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F1 and F5 are easy to deal with. We can get F1 = 0 and F5 = 0 by integrating by parts.

Estimate of F2. Using the commutator, we decompose F2 as

F2 = −1

ε
⟨u · ∇∂α

xu
ε
R, ∂

α
xu

ε
R⟩ −

1

ε
⟨[∂α

x ,u] · ∇uε
R, ∂

α
xu

ε
R⟩ := F21 + F22. (3.16)

Since

−⟨u · ∇∂α
xu

ε
R, ∂

α
xu

ε
R⟩ =

1

2
⟨∇ · u∂α

xu
ε
R, ∂

α
xu

ε
R⟩,

so we have

|F21| ≤C
1√
ε
∥∇(ũ+ εuε

R)∥L∞∥∂α
xu

ε
R∥2L2

≤C
1√
ε
(1 + ε∥uε

R∥H3)∥∂α
xu

ε
R∥2L2 .

(3.17)

Here we used (2.20) and sobolev embedding.

On the other hand, recalling (2.20), by commutator estimates in [26], we have

∥[∂α
x ,u] · ∇uε

R∥L2 ≤ C(∥∇uε
R∥Ḣk−1∥∇u∥L∞ + ∥u∥Ḣk∥∇uε

R∥L∞)

≤ C
√
ε(∥uε

R∥Ḣk(1 + ε∥∇uε
R∥L∞) +

√
ε∥∇uε

R∥L∞(1 + ε∥uε
R∥Hk))

≤ C
√
ε(1 + ε∥uε

R∥Hs′ )∥uε
R∥Hs′ ,

where k ≤ s′ and s′ ≥ 3. So we have

|F22| ≤ C
1√
ε
(1 + ε∥uε

R∥Hs′ )∥uε
R∥2Hs′ . (3.18)

We can estimate F2 by combining (3.17) and (3.18)

|F2| ≤ C
1√
ε
(1 + ε∥uε

R∥Hs′ )∥uε
R∥2Hs′ . (3.19)

Estimate of F3. By multiplicative estimates and (2.27), we have

∥∂α
x (u

ε
R · ∇ũ)∥L2 ≤ C(∥uε

R∥Ḣk∥∇ũ∥L∞ + ∥uε
R∥L∞∥∇ũ∥Ḣk)

≤ C∥uε
R∥Hs′ ,

so we can get

|F3| ≤ C
1√
ε
∥uε

R∥2Hs′ . (3.20)

F4 is Similar to F3, we obtain

|F4| ≤ C∥uε
R∥2Hk + Cε. (3.21)

Estimate of F6. The estimate for F6 is not straightforward and is very delicate since we need
to use the structure of the remainder system (3.1) very carefully. By integration by parts, we
have

F6 =
1

ε
⟨∂α

xϕ
ε
R,∇ · ∂α

xu
ε
R⟩,
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where |α| = k. Taking ∂α
x of (3.1a) with |α| = k, we have

1

ε
∇ · ∂α

xu
ε
R =

1

nα

{
e1 − u

ε
· ∇∂α

xn
ε
R − 1√

ε
∂t∂

α
xn

ε
R −

[
∂α
x ,

u

ε

]
· ∇nε

R

−
[
∂α
x ,

nα

ε

]
∇ · uε

R − ∂α
x (

1√
ε
nε
R∇ · ũ+

1√
ε
uε
R · ∇ñα +

√
εRn)

}
.

(3.22)

Then, F6 is decomposed as

F6 =

〈
∂α
xϕ

ε
R,

e1 − u

εnα
· ∇∂α

xn
ε
R

〉
−
〈
∂α
xϕ

ε
R,

1√
εnα

∂t∂
α
xn

ε
R

〉
−
〈
∂α
xϕ

ε
R,

1

εnα
[∂α

x ,u] · ∇nε
R

〉
−
〈
∂α
xϕ

ε
R,

1

εnα
[∂α

x , n]∇ · uε
R

〉
−
〈
∂α
xϕ

ε
R,

1

nα
∂α
x (

1√
ε
nε
R∇ · ũ+

1√
ε
uε
R · ∇ñα +

√
εRn)

〉
=: F61 + · · ·+ F65.

(3.23)

We first bound F63 − F65 and start with F63. By commutator estimates, we have

∥[∂α
x ,u] · ∇nε

R∥L2 ≤ C(∥∇nε
R∥Ḣk−1∥∇u∥L∞ + ∥u∥Ḣk∥∇nε

R∥L∞)

≤ C
√
ε(∥nε

R∥Ḣk(1 + ε∥∇uε
R∥L∞) + ∥∇nε

R∥L∞(1 + ε∥uε
R∥Hk))

≤ C
√
ε(1 + ε∥uε

R∥Hs
′ )(∥uε

R∥Hs
′ + ∥nε

R∥Hs
′ ),

(3.24)

where k ≤ s′ and s′ ≥ 3. Therefore, from (3.3), we obtain

|F63| ≤ C
1√
ε
∥∂α

xϕ
ε
R∥L2∥[∂α

x ,u] · ∇nε
R∥L2

≤ C
1√
ε
[(1 + ε∥uε

R∥2Hs′ )∥(uε
R, n

ε
R)∥2Hs′ + C∥ϕε

R∥2Hs′ ].

(3.25)

F64 behaves like F63, we have

|F64| ≤ C
1√
ε
[(1 + ε∥uε

R∥2Hs′ )∥(uε
R, n

ε
R)∥2Hs′ + C∥ϕε

R∥2Hs′ ]. (3.26)

By multiplicative estimates, we have

∥∂α
x (

1√
ε
nε
R∇ · ũ+

1√
ε
uε
R · ∇ñα +

√
εRn)∥ ≤ C

1√
ε
∥(uε

R, n
ε
R)∥Hs′ + C

√
ε, (3.27)

it follows that

|F65| ≤ C
1√
ε
[(1 + ε∥uε

R∥2Hs′ )∥(uε
R, n

ε
R)∥2Hs′ + C∥ϕε

R∥2Hs′ ]. (3.28)

Summarizing (3.25), (3.26) and (3.28), we have

|F63 + F64 + F65| ≤ C
1√
ε
[∥ϕε

R∥2Hs′ + C(1 + ε∥uε
R∥2Hs′ )∥(nε

R,u
ε
R)∥2Hs′ ].

We estimate F61 and F62 in Lemma 3.4 and Lemma 3.5, respectively.
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Lemma 3.4. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1) and 0 ≤ k ≤ s′ be an integer; then

|F61| ≤ C
1√
ε
(1 + C1(

√
ε∥ϕε

R∥Hs′ ) + ε∥(nε
R,u

ε
R)∥2H4)(1 + ∥ϕε

R∥2Hs′ + ε∥∇ϕε
R∥2Hs′ ). (3.29)

Proof. Let α be an multi-index such that |α| = k ≤ s′. Taking ∂α
x of (3.1c), we have

2∂α
xn

ε
R = ∂α

xϕ
ε
R − ε∆∂α

xϕ
ε
R +

√
ε∂α

x (ϕ
(1)ϕε

R) + ε∂α
xRϕ. (3.30)

Then F61 in (3.23) is decomposed as

F61 =

〈
∂α
xϕ

ε
R,

e1 − u

2εnα
· ∇∂α

xϕ
ε
R

〉
− ε

〈
∂α
xϕ

ε
R,

e1 − u

2εnα
· ∇∆∂α

xϕ
ε
R

〉
+
√
ε

〈
∂α
xϕ

ε
R,

e1 − u

2εnα
· ∇∂α

x (ϕ
(1)ϕε

R)

〉
+ ε

〈
∂α
xϕ

ε
R,

e1 − u

2εnα
· ∇∂α

xRϕ

〉
=: F611 + F612 + F613 + F614.

We first bound F611. By integrating by parts, we have

F611 = −1

4

〈
∂α
xϕ

ε
R,∇ ·

(
e1 − u

εnα

)
∂α
xϕ

ε
R

〉
. (3.31)

We can get the follows by assumptions (3.2) and (3.3), and Sobolev embedding∥∥∥∥∇ ·
(
e1 − u

εnα

)∥∥∥∥
L∞

≤ C
1√
ε
(1 + ε∥∇nε

R∥L∞ + ε∥∇uε
R∥L∞)

≤ C
1√
ε
(1 + ε∥(nε

R,u
ε
R)∥H3),

(3.32)

then we use the Hölder inequality can obtain

|F611| ≤ C
1√
ε
(1 + ε∥(nε

R,u
ε
R)∥2H3)∥∂α

xϕ
ε
R∥2. (3.33)

Estimate of F612. By integration by parts twice, we get the upper bound consists of three
parts,

F612 = ε

〈
∇∂α

xϕ
ε
R,

e1 − u

2εnα
∆∂α

xϕ
ε
R

〉
+ ε

〈
∂α
xϕ

ε
R,∇ ·

(
e1 − u

2εnα

)
∆∂α

xϕ
ε
R

〉
= −ε

〈
∇∂α

xϕ
ε
R,∇

(
e1 − u

2εnα

)
∇∂α

xϕ
ε
R

〉
− ε

4

〈
∇∂α

xϕ
ε
R,∇ ·

(
e1 − u

εnα

)
∇∂α

xϕ
ε
R

〉
− ε

〈
∂α
xϕ

ε
R,∇∇ ·

(
e1 − u

2εnα

)
∇∂α

xϕ
ε
R

〉
=: F6121 + F6122 + F6123.

(3.34)

We can estimate F6121 and F6121 from (3.34)

F6121, F6122 ≤ C
1√
ε
(1 + ε∥(nε

R,u
ε
R)∥H3)ε∥∇∂α

xϕ
ε
R∥2. (3.35)
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Similar to (3.32), we have∣∣∣∣∇∇ ·
(
e1 − u

2εnα

)∣∣∣∣ ≤C(1 +
√
ε|∇2nε

R|+
√
ε|∇∇ · uε

R|+ ε|∇nε
R|

+ ε|∇ · uε
R|+ ε2|∇nε

R|2 + ε2|∇ · uε
R|2),

(3.36)

where we used (3.3). Then we get

|F6123| ≤ C
√
ε(1 + ε∥(nε

R,u
ε
R)∥2H4)(∥∂α

xϕ
ε
R∥2 + ε∥∇∂α

xϕ
ε
R∥2). (3.37)

So, we can estimate F612 by combining (3.35) and (3.37)

|F612| ≤ C
√
ε(1 + ε∥(nε

R,u
ε
R)∥2H4)(∥∂α

xϕ
ε
R∥2 + ε∥∇∂α

xϕ
ε
R∥2). (3.38)

Estimate of F613. By integrating by parts, we have

F613 =

√
ε

2

〈
∂α
xϕ

ε
R,

(
(e1 − u)ϕ(1)

εnα

)
· ∇∂α

xϕ
ε
R

〉
+

√
ε

2

〈
∂α
xϕ

ε
R,

(e1 − u)

εnα
[∇∂α

x , ϕ
(1)]ϕε

R

〉
=: F6131 + F6132.

(3.39)

To bound the term of F6131, by integrating by parts,

F6131 = −
√
ε

4

〈
∂α
xϕ

ε
R,∇ ·

(
(e1 − u)ϕ(1)

εnα

)
∂α
xϕ

ε
R

〉
.

Hence, using the Hölder inequality and (3.32), we obtain

|F6131| ≤ C
1√
ε
(1 + ε∥(nε

R,u
ε
R)∥H3)∥∂α

xϕ
ε
R∥2.

On the other hand, by the commutator estimate, we know

∥[∇∂α
x , ϕ

(1)]ϕε
R∥L2 ≤ C(∥ϕε

R∥Hk∥ϕ(1)∥L∞) + ∥ϕ(1)∥Hk∥ϕε
R∥L∞

≤ C∥ϕε
R∥Hs′ ,

(3.40)

so we have

|F6132| ≤ C
1√
ε
∥ϕε

R∥2Hs′ .

Therefore, we obtain

|F613| ≤ C
1√
ε
(1 + ε∥nε

R∥2H3 + ε∥uε
R∥2H3)∥ϕε

R∥2Hk . (3.41)

Estimate of F614. By the Hölder inequality and (2.27) in Corollary 2.1, we have

|F614| ≤ C
1√
ε
[∥∂α

xϕ
ε
R∥2 + C1(

√
ε∥ϕε

R∥Hs′ )(1 + ε∥∇ϕε
R∥2Hs′ )], (3.42)

where |α| = k ≤ s′. So the proof of Lemma 3.4 is complete by adding (3.33), (3.38), (3.41) and
(3.42).
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Lemma 3.5. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1) and 0 ≤ k ≤ s′ be an integer; then

F62 ≤− 1

4

d

dt

∫
1 +

√
εϕ(1) + ε

3
2ϕε

R√
εnα

|∂α
xϕ

ε
R|2 −

1

4

d

dt

∫ √
ε

nα
|∇∂α

xϕ
ε
R|2

+ CC1
1√
ε
(C1 + ε∥(uε

R, n
ε
R, ϕ

ε
R)∥2Hs′ ){1 + ∥(uε

R, n
ε
R, ϕ

ε
R)∥2Hs′},

(3.43)

where |α| = k ≤ s′.

Proof. Taking ∂α
x of (3.1c), we have

2∂α
xn

ε
R = ∂α

xϕ
ε
R − ε∆∂α

xϕ
ε
R +

√
ε∂α

x (ϕ
(1)ϕε

R) + ε
3
2∂α

x [(ϕ
ε
R)

2] + ε∂α
xRϕ.

Here Rϕ satisfies the same estimates of Lemma 2.1. Inserting this into F62 which defined in
(3.23), we have

F62 = −
〈
∂α
xϕ

ε
R,

1

2
√
εnα

∂t∂
α
xϕ

ε
R

〉
+ ε

〈
∂α
xϕ

ε
R,

1

2
√
εnα

∂t∆∂α
xϕ

ε
R

〉
−

√
ε

〈
∂α
xϕ

ε
R,

1

2
√
εnα

∂t∂
α
x (ϕ

(1)ϕε
R)

〉
− ε

3
2

〈
∂α
xϕ

ε
R,

1

2
√
εnα

∂t∂
α
x [(ϕ

ε
R)

2]

〉
− ε

〈
∂α
xϕ

ε
R,

1

2
√
εnα

∂t∂
α
xRϕ

〉
=: F621 + F622 + F623 + F624 + F625.

(3.44)

Estimate of F621. By integration by parts in time, we obtain

F621 = − 1

4
√
ε

d

dt

〈
∂α
xϕ

ε
R,

1

nα
∂α
xϕ

ε
R

〉
+

1

4
√
ε

〈
∂α
xϕ

ε
R, ∂t

(
1

nα

)
∂α
xϕ

ε
R

〉
, (3.45)

we know that ∥∥∥∥∂t( 1

nα

)∥∥∥∥
L∞

≤ C
√
ε(1 + ε∥∂tnε

R∥L∞), (3.46)

so we have

F621 ≤ − 1

4
√
ε

d

dt

〈
∂α
xϕ

ε
R,

1

nα
∂α
xϕ

ε
R

〉
+ C(1 + ε∥∂tnε

R∥L∞)∥∂α
xϕ

ε
R∥2

≤ − 1

4
√
ε

d

dt

〈
∂α
xϕ

ε
R,

1

nα
∂α
xϕ

ε
R

〉
+ C(1 + ε∥(nε

R,u
ε
R)∥H3)∥ϕε

R∥2Hs′ ,

(3.47)

where in the second inequality, we have used (3.6) in Lemma 3.2.
Estimate of F622. By first integrating by parts in space and then in time, we have

F622 =− 1

4

d

dt

〈
∇∂α

xϕ
ε
R,

√
ε

nα
∇∂α

xϕ
ε
R

〉
+

√
ε

4

〈
∇∂α

xϕ
ε
R, ∂t

(
1

nα

)
∇∂α

xϕ
ε
R

〉
−

√
ε

2

〈
∂α
xϕ

ε
R,∇

(
1

nα

)
· ∂t∇∂α

xϕ
ε
R

〉
.

(3.48)

We can estimate the second term on the RHS of F622 by using (3.46)∣∣∣∣14
〈
∇∂α

xϕ
ε
R, ∂t

(√
ε

nα

)
∇∂α

xϕ
ε
R

〉∣∣∣∣ ≤ Cε(1 + ε∥∂tnε
R∥L∞)∥∇∂α

xϕ
ε
R∥2. (3.49)
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The third term on the RHS of F622 by using Hölder inequality∣∣∣∣√ε

2
⟨∂α

xϕ
ε
R,∇

(
1

nα

)
· ∂t∇∂α

xϕ
ε
R⟩
∣∣∣∣

≤C(1 + ε∥∇nε
R∥2L∞)∥∂α

xϕ
ε
R∥2 + Cε2∥ε∂t∆ϕε

R∥2Hk−1 ,

(3.50)

where we have used Corollary 3.2. So we can estimate F622 by using (3.12) in Corollary 3.1 and
Lemmas 3.1-3.2,

F622 ≤− 1

4

d

dt

〈
∇∂α

xϕ
ε
R,

√
ε

nα
∇∂α

xϕ
ε
R

〉
+ C(1 + ε∥(uε

R, n
ε
R, ϕ

ε
R)∥2H3){1 + ∥(uε

R, n
ε
R, ϕ

ε
R)∥2Hs′}.

(3.51)

Estimate of F623. By integration by parts

F623 = −

〈
∂α
xϕ

ε
R,

ϕ(1)

2nα
∂t∂

α
xϕ

ε
R

〉
−
〈
∂α
xϕ

ε
R,

1

2nα
[∂α

x , ϕ
(1)]∂tϕ

ε
R

〉
−
〈
∂α
xϕ

ε
R,

1

2nα
∂α
x (∂tϕ

(1)ϕε
R)

〉
=: F6231 + F6232 + F6233.

(3.52)

For the first term on the RHS, by integration by parts, we have

F6231 = −1

4

d

dt

〈
∂α
xϕ

ε
R,

ϕ(1)

nα
∂α
xϕ

ε
R

〉
+

1

4

〈
∂α
xϕ

ε
R, ∂t

(
ϕ(1)

nα

)
∂α
xϕ

ε
R

〉
, (3.53)

by direct computation, we have∥∥∥∥∥∂t
(
ϕ(1)

nα

)∥∥∥∥∥
L∞

≤ C(1 + ε∥∂tnε
R∥L∞),

so we have

F6231 ≤ −1

4

d

dt

〈
∂α
xϕ

ε
R,

ϕ(1)

nα
∂α
xϕ

ε
R

〉
+ C(1 + ε∥∂tnε

R∥L∞)∥∂α
xϕ

ε
R∥2, (3.54)

and by commutator estimates, we have

∥[∂α
x , ϕ

(1)]∂tϕ
ε
R∥L2 ≤ C(∥∂tϕε

R∥Hk−1∥ϕ(1)∥L∞ + ∥∂tϕε
R∥L∞∥ϕ(1)∥Hk−1)

≤ C(∥∂tϕε
R∥Hk−1 + ∥∂tϕε

R∥H2),

therefore, by using (3.12) in Corollary 3.1, we have

F6232 ≤ C∥∂α
xϕ

ε
R∥2 + Cε2∥∂tϕε

R∥2Hδ

≤ C{1 + ∥(nε
R,u

ε
R, ϕ

ε
R∥2Hδ+1},

(3.55)

where δ = max{2, k − 1}. By multiplicative estimates, we have

F6233 ≤ Cε∥ϕε
R∥2Hs′ . (3.56)
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Combining the upper bounds, and using (3.6) in Lemma 3.2, we obtain

F623 ≤− 1

4

d

dt

〈
∂α
xϕ

ε
R,

ϕ(1)

nα
∂α
xϕ

ε
R

〉
+ C(1 + ε∥(nε

R,u
ε
R)∥2H3){1 + ∥(uε

R, n
ε
R, ϕ

ε
R)∥2Hs′},

(3.57)

where s′ ≥ 3.
Estimate of F624. We have

F624 = −ε

2

〈
∂α
xϕ

ε
R,

ϕε
R

nα
∂t∂

α
xϕ

ε
R

〉
− ε

2

〈
∂α
xϕ

ε
R,

1

nα
[∂α

x , ϕ
ε
R]∂tϕ

ε
R

〉
=: F6241 + F6242.

By integrating by parts in time, we have

F6241 = −ε

4

d

dt

∫ (
ϕε
R

nα

)
|∂α

xϕ
ε
R|2dx− ε

4

d

dt

∫ (
ϕε
R

nα

)
|∂α

xϕ
ε
R|2dx.

From Lemma 3.2 and Corollary 3.1, we have∥∥∥∥∂t(ϕε
R

nα

)∥∥∥∥
L∞

≤ C
√
ε(1 + ∥uε

R∥H3 + ∥nε
R∥H3 + ∥ϕε

R∥H3).

Therefore, we obtain

F6241 ≤ −ε

4

d

dt

∫ (
ϕε
R

nα

)
|∂α

xϕ
ε
R|2dx+ C

√
ε(1 + ∥(uε

R, n
ε
R, ϕ

ε
R)∥H3)∥ϕε

R∥2Hk . (3.58)

On the other hand, by the commutator estimate, we have

∥[∂α
x , ϕ

ε
R]∂tϕ

ε
R∥L2 ≤ C(∥∂tϕε

R∥Hk−1∥ϕε
R∥L∞ + ∥∂tϕε

R∥L∞∥ϕε
R∥Hk)

≤ C{∥ϕε
R∥H2(1 + ∥∂tnε

R∥Hk−1 + ∥ϕε
R∥Hk−1)

+ ∥ϕε
R∥Hk(1 + ∥∂tnε

R∥H2 + ∥ϕε
R∥H2)},

it then follows that
|F6242| ≤ C(1 + ε∥(uε

R, n
ε
R, ϕ

ε
R)∥Hs′ )∥ϕε

R∥2Hs′ , (3.59)

where we have used Lemma 3.2 and Lemma 3.3. Combining the upper bounds for F624 yields

F624 ≤ −ε

4

d

dt

∫ (
ϕε
R

nα

)
|∂α

xϕ
ε
R|2dx+ C(1 + ε∥(uε

R, n
ε
R, ϕ

ε
R)∥Hs′ )∥ϕε

R∥2Hs′ . (3.60)

Estimate of F625. By (2.26) in Lemma 2.1, we have

F625 ≤ C∥∂α
xϕ

ε
R∥2 + ε∥∂t∂α

xRϕ∥2

≤ C∥∂α
xϕ

ε
R∥2 + C1(

√
ε∥ϕε

R∥Hδ)(1 + ε∥ε∂tϕε
R∥2Hk),

(3.61)

where δ = max{2, k − 1}. By Corollary 3.1, when 0 < ε < ε1, we have

ε∥ε∂tϕε
R∥2Hk ≤ C{1 + ∥uε

R∥2Hs′ + ∥nε
R∥2Hs′ + ε∥ϕε

R∥2Hk−1},

so we have
F625 ≤ C1(

√
ε∥ϕε

R∥Hδ){1 + ∥uε
R∥2Hs′ + ∥nε

R∥2Hs′ + ∥ϕε
R∥2Hs′}, (3.62)

where δ = max{2, k − 1} ≤ s′ − 1. Adding (3.47), (3.51), (3.57), (3.61), and (3.62), we have
(3.43).

The proof of Proposition 3.1 is completed.
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Proposition 3.2. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1). Then

ε

2

d

dt
∥∇uε

R∥2Ḣs′+
1

4

d

dt

〈
∂α
x∇ϕε

R,
ε(1+

√
εϕ(1)+ε

3
2ϕε

R)

nα
∂α
x∇ϕε

R

〉

+
1

4

d

dt

〈
∂α
x∆ϕε

R,
ε2

nα
∂α
x∆ϕε

R

〉
≤C(1+C1(

√
ε∥ϕε

R∥H3))(1+ε|||(uε
R, ϕ

ε
R)|||2s′)(1+|||(uε

R, ϕ
ε
R)|||2s′),

(3.63)

where |α| = s′ for any s′ ≥ 4 and |||(uε
R, ϕ

ε
R)|||2s′ is defined in (2.30).

Proof. Let α be any multi-index with |α| = k ≤ s′ for any 4 ≤ s′ < s. We take ∂α
x of (3.1b)

and then take the inner product with ε∆∂α
xu

ε
R in L2(R3). By integrating by parts, we obtain

√
ε

2

d

dt
∥∂α

x∇uε
R∥2 = ⟨∂x1∂

α
x∇uε

R, ∂
α
x∇uε

R⟩ − ⟨∂α
x (∇u · ∇uε

R), ∂
α
x∇uε

R⟩

− ⟨∂α
x (u · ∇2uε

R), ∂
α
x∇uε

R⟩ −
√
ε⟨∂α

x (∇uε
R · ∇ũ), ∂α

x∇uε
R⟩

−
√
ε⟨∂α

x (u
ε
R · ∇2ũ), ∂α

x∇uε
R⟩ − ε3/2⟨∂α

x∇Ru, ∂
α
x∇uε

R⟩
+ ⟨uε

R × e1,u
ε
R⟩Ḣk − ⟨∂α

x∆ϕε
R, ∂

α
x∇ · uε

R⟩
=: I1 + · · ·+ I8.

(3.64)

First, I1 and I7 vanish by integration by parts.

We bound I2 by using the commutator estimate and Sobolev embedding,

|I2| ≤ |
√
ε⟨∂α

x (∇ũ · ∇uε
R), ∂

α
x∇uε

R⟩|+ |ε3/2⟨∂α
x (∇uε

R · ∇uε
R), ∂

α
x∇uε

R⟩|

≤ C
1√
ε
(1 + ε∥∇uε

R∥H2)(ε∥∇uε
R∥2Hk).

Estimate of I3. By using commutator and then integrating by parts, we have

I3 =
1

2
⟨∇ · u∂α

x∇uε
R, ∂

α
x∇uε

R⟩ − ⟨[∂α
x ,u] · ∇2uε

R, ∂
α
x∇uε

R⟩

=: I31 + I32.

For I31, we have
I31 ≤ ⟨∇ · u∂α

x∇uε
R, ∂

α
x∇uε

R⟩
≤ C

√
ε(1 + ε∥∇ · uε

R∥L∞)∥∂α
x∇uε

R∥2

≤ C
1√
ε
(1 + ε∥uε

R∥H3)(ε∥∇uε
R∥2Hk).

The estimate of I32 shares some similarities with that for I31 and starts by writing

I32 ≤C(∥∇2uε
R∥Hk−1∥u∥L∞ + ∥∇2uε

R∥L∞∥u∥Hk)∥∂α
x∇uε

R∥

≤C
1√
ε
(1 + ε∥uε

R∥L∞)(ε∥∇uε
R∥2Hk)

+ C
√
ε∥∇2uε

R∥L∞(1 + ε∥uε
R∥Hk)∥∂α

x∇uε
R∥L2

≤C
1√
ε
(1 + ε∥uε

R∥H4)(∥uε
R∥2Hs′ + ε∥∇uε

R∥2Hs′ ),
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where k ≤ s′ and s′ ≥ 4. So by using (2.30), we have

I3 ≤ C
1√
ε
(1 + ε∥uε

R∥H4)|||uε
R|||2s′ .

The estimates of I4 and I5 share some similarities with that for I2 and I3 and starts by writing

I4, I5 ≤ C
1√
ε
|||uε

R|||2s′ .

As we know Ru depends only on ũ, so we have

I6 ≤ C(1 + ε∥∇uε
R∥2Hs′ ).

Thus we have obtained the following bound

7∑
i=1

|Ii| ≤ C
1√
ε
(1 + ε∥uε

R∥H4)(1 + |||uε
R|||2s′). (3.65)

Bound the term of I8. We take ∂α
x of (3.1a),

1

ε
∇ · ∂α

xu
ε
R =

1

nα

{
e1 − u

ε
· ∇∂α

xn
ε
R − 1√

ε
∂t∂

α
xn

ε
R −

[
∂α
x ,

u

ε

]
· ∇nε

R

−
[
∂α
x ,

nα

ε

]
∇ · uε

R − 1√
ε
∂α
x (n

ε
R∇ · ũ+ uε

R · ∇ñα + εRn)

}
,

(3.66)

where |α| = k. Therefore, I8 is decomposed as

I8 =−
〈
∂α
x∆ϕε

R,
e1 − u

nα
· ∇∂α

xn
ε
R

〉
+

〈
∂α
x∆ϕε

R,

√
ε

nα
∂t∂

α
xn

ε
R

〉
+

〈
∂α
x∆ϕε

R,
1

nα
[∂α

x ,u] · ∇nε
R

〉
+

〈
∂α
x∆ϕε

R,
1

nα
[∂α

x , n]∇ · uε
R

〉
+

〈
∂α
x∆ϕε

R,

√
ε

nα
∂α
x (n

ε
R∇ · ũ+ uε

R · ∇ñα + εRn)

〉
=:I81 + · · ·+ I85.

(3.67)

Recalling (2.19), we have

|I83| ≤
∣∣∣∣〈∂α

x∆ϕε
R,

1

nα
[∂α

x ,u]∇nε
R

〉∣∣∣∣
≤ C∥∂α

x∆ϕε
R∥2L2{∥∇nε

R∥Hk−1∥∇u∥L∞ + ∥∇nε
R∥L∞∥∇u∥Hk−1}

≤ Cε∥∂α
x∆ϕε

R∥L2{(1 + ε∥∇uε
R∥L∞)∥nε

R∥H3 + (1 + ε∥uε
R∥Hk)∥nε

R∥Hk

≤ Cε2∥∆ϕε
R∥2Hs′ + C(1 + ε2∥uε

R∥2Hs′ )∥nε
R∥2Hs′ ,

(3.68)

where we used (3.3). The estimates for I84 and I85 are similar to I83, so we know

|I84|+ |I85| ≤ Cε2∥∆ϕε
R∥2Hs′ + C(1 + ε2∥uε

R∥2Hs′ )∥(nε
R,u

ε
R, ϕ

ε
R)∥2Hs′ , (3.69)

where s′ ≥ 4. Adding (3.68) and (3.69) together and using Lemma 3.1, we have

|I83|+ |I84|+ |I85| ≤ C(1 + ε2∥uε
R∥2Hs′ )|||(uε

R, ϕ
ε
R)|||2s′ . (3.70)

We complete the proof of Proposition 3.2 when we estimate I81 and I82 in Lemmas 3.6 and 3.7.
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Lemma 3.6. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1). Then

|I81| ≤ C1(
√
ε∥ϕε

R∥H3)(1 + ε|||(uε
R, ϕ

ε
R)|||2s′)|||ϕε

R|||2s′ .

Proof. We take ∂α
x of (3.1c), we have

2∂α
xn

ε
R = ∂α

xϕ
ε
R − ε∆∂α

xϕ
ε
R +

√
ε∂α

x (ϕ
(1)ϕε

R) + ε∂α
xRϕ.

So I81 is divided into

I81 = −
〈
∂α
x∆ϕε

R,
e1 − u

nα
· ∇∂α

xn
ε
R

〉
= −

〈
∂α
x∆ϕε

R,
e1 − u

2nα
· ∇∂α

xϕ
ε
R

〉
+ ε

〈
∂α
x∆ϕε

R,
e1 − u

2nα
· ∇∆∂α

xϕ
ε
R

〉
−

√
ε

2

〈
∂α
x∆ϕε

R,
e1 − u

nα
· ∇∂α

x (ϕ
(1)ϕε

R)

〉
− ε

〈
∂α
x∆ϕε

R,
e1 − u

2nα
· ∇∂α

xRϕ

〉
=: I811 + I812 + I813 + I814,

where |α| = k ≤ s′ for s′ ≥ 3.
We first bound I811. By integrating by parts twice, we have

I811 = −
〈
∂α
x∇ · ∇ϕε

R,
e1 − u

2nα
∂α
x∇ϕε

R

〉
= −1

2

〈
∂α
x∇ϕε

R,∇ ·
(
e1 − u

2nα

)
∂α
x∇ϕε

R

〉
+

〈
∂α
x∇ϕε

R,∇
(
e1 − u

nα

)
∂α
x∇ϕε

R

〉
.

Recalling (2.19), we have∥∥∥∥∇ ·
(
e1 − u

nα

)∥∥∥∥
L∞

≤ C
√
ε(1 + ε∥∇nε

R∥L∞ + ε∥∇uε
R∥L∞), (3.71)

therefore, using Lemma 3.1, we have

|I811| ≤ C
√
ε(1 + ε(∥nε

R∥H3 + ∥uε
R∥H3))∥∇∂α

xϕ
ε
R∥2

≤ C
1√
ε
(1 + ε|||(uε

R, ϕ
ε
R)|||s′)|||ϕε

R|||2s′ .
(3.72)

I812 and I813 behave like I811, we can get

|I812| ≤ C
1√
ε
(1 + ε|||(uε

R, ϕ
ε
R)|||s′)|||ϕε

R|||2s′ , (3.73)

and
|I813| ≤ Cε∥∇ϕε

R∥2Hk(1 + ε∥∇nε
R∥L∞ + ε∥∇uε

R∥L∞).

We now bound I814. Using (2.25) in Lemma 2.1, we have

|I814| ≤ Cε∥∆∂α
xϕ

ε
R∥∥∂α

x∇Rϕ∥
≤ Cε∥∆ϕε

R∥2Hs′ + εC1(
√
ε∥ϕε

R∥Hs′ )∥∇ϕε
R∥2Hs′ .

(3.74)

Combining all the upper bounds, we obtain

|I81| ≤ C1(
√
ε∥ϕε

R∥H3)(1 + ε|||(uε
R, ϕ

ε
R)|||2s′)|||ϕε

R|||2Hs′ ,

where |||(uε
R, ϕ

ε
R)|||2s′ is given in (2.30). The proof of Lemma 3.6 is complete.
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Lemma 3.7. Let (nε
R,u

ε
R, ϕ

ε
R) be a solution to (3.1). Then

I82 ≤− 1

4

d

dt

〈
∂α
x∇ϕε

R,

√
ε

nα
∂α
x∇ϕε

R

〉
− 1

4

d

dt

〈
∂α
x∆ϕε

R,
ε3/2

nα
∂α
x∆ϕε

R

〉

− 1

4

d

dt

〈
∂α
x∇ϕε

R,

(
εϕ(1)

nα

)
∂α
x∇ϕε

R

〉
− 1

4

d

dt

〈
∂α
x∇ϕε

R,
ε3/2ϕε

R

nα
∂α
x∇ϕε

R

〉
+ C(C1(

√
εC̃) + ε|||(uε

R, ϕ
ε
R)|||23){1 + |||(uε

R, ϕ
ε
R)|||2s′},

where |α| = s′ for s′ ≥ 4.

Proof. Recalling I82 in (3.67). Taking ∂α
x of (3.1c), we have

2∂α
xn

ε
R = ∂α

xϕ
ε
R − ε∆∂α

xϕ
ε
R +

√
ε∂α

x (ϕ
(1)ϕε

R) + ε
3
2∂α

x [(ϕ
ε
R)

2] + ε∂α
xRϕ.

So I82 is decomposed as,

I82 =

〈
∂α
x∆ϕε

R,

√
ε

2nα
∂t∂

α
xϕ

ε
R

〉
− ε

〈
∂α
x∆ϕε

R,

√
ε

2nα
∂t∆∂α

xϕ
ε
R

〉
+
√
ε

〈
∂α
x∆ϕε

R,

√
ε

2nα
∂t∂

α
x (ϕ

(1)ϕε
R)

〉
+ ε

3
2

〈
∂α
x∆ϕε

R,

√
ε

2nα
∂t∂

α
x [(ϕ

ε
R)

2]

〉
+ ε

〈
∂α
x∆ϕε

R,

√
ε

2nα
∂t∂

α
xRϕ

〉
=: I821 + I822 + I823 + I824 + I825.

(3.75)

Estimate of I821. By integration by parts, we obtain

I821 = −
〈
∂α
x∇ϕε

R,

√
ε

2nα
∂t∂

α
x∇ϕε

R

〉
−
〈
∂α
x∇ϕε

R,∇
( √

ε

2nα

)
∂t∂

α
xϕ

ε
R

〉
=: I8211 + I8212.

(3.76)

By integrate in time, we have

I8211 = −1

4

d

dt

〈
∂α
x∇ϕε

R,

√
ε

nα
∂α
x∇ϕε

R

〉
+

1

4

〈
∂α
x∇ϕε

R, ∂t

(√
ε

nα

)
∂α
x∇ϕε

R

〉
,

then from (3.46), we get

I8211 ≤ −1

4

d

dt

〈
∂α
x∇ϕε

R,

√
ε

nα
∂α
x∇ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||3)|||ϕε

R|||2s′ , (3.77)

where we have used Lemma 3.2 and Corollary 3.1.
The estimate of I8212 is pretty much like I8211, and thus

I8212 ≤ C(1 + ε|||ϕε
R|||3)|||(uε

R, ϕ
ε
R)|||2s′ .

Therefore, we have

I821 ≤ −1

4

d

dt

〈
∂α
x∇ϕε

R,

√
ε

nα
∂α
x∇ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||3)|||(uε

R, ϕ
ε
R)|||2s′ . (3.78)
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Estimate of I822. By integration by parts in time, we obtain

I822 = −1

4

d

dt

〈
∂α
x∆ϕε

R,
ε3/2

nα
∂α
x∆ϕε

R

〉
+

1

4

〈
∂α
x∆ϕε

R, ∂t

(
ε3/2

nα

)
∂α
x∆ϕε

R

〉
.

Similar to (3.78),

I822 ≤ −1

4

d

dt

〈
∂α
x∆ϕε

R,
ε3/2

nα
∂α
x∆ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||3)|||ϕε

R|||2s′ . (3.79)

Estimate of I823. By integrating by parts and using the commutator, we have

I823 = −
〈
∂α
x∇ϕε

R,∇
(

ε

2nα

)
∂α
x (ϕ

(1)∂tϕ
ε
R)

〉
−
〈
∂α
x∇ϕε

R,∇
(

ε

2nα

)
∂α
x (∂tϕ

(1)ϕε
R)

〉
−

〈
∂α
x∇ϕε

R,

(
εϕ(1)

2nα

)
∂t∂

α
x∇ϕε

R

〉
−
〈
∂α
x∇ϕε

R,

(
ε

2nα

)
[∂α

x∇, ϕ(1)]∂tϕ
ε
R

〉
−
〈
∂α
x∇ϕε

R,

(
ε

2nα

)
∂α
x∇(∂tϕ

(1)ϕε
R)

〉
=: I8231 + I8232 + I8233 + I8234 + I8235.

Using the multiplicative estimates, we obtain

I8231 ≤ C
√
ε(1 + ε∥∇nε

R∥L∞)∥∂α
x∇ϕε

R∥L2{∥∂tϕε
R∥Hk∥ϕ(1)∥L∞ + ∥∂tϕε

R∥L∞∥ϕ(1)∥Hk}.

We deal with I8231 first, because of

∥∂tϕε
R∥Hk ≤ ∥∂tϕε

R∥Hk−1 + ∥∂t∇ϕε
R∥Hk−1 . (3.80)

We can obtain
I8231 ≤ C(1 + ε|||ϕε

R|||3){1 + |||(uε
R, ϕ

ε
R)|||2s′}.

Similarly, we have
I8232 ≤ C(1 + ε|||ϕε

R|||3)(1 + |||ϕε
R|||2s′).

I8233 and I8234 can be dealt with similarly, so we obtain

I8233 ≤ −1

4

d

dt

〈
∂α
x∇ϕε

R,

(
εϕ(1)

nα

)
∂α
x∇ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||3)|||ϕε

R|||2s′ ,

and
I8234 ≤ C(1 + ε|||ϕε

R|||3){1 + |||(uε
R, ϕ

ε
R)|||2s′}.

We now bound I8235. By using multiplicative estimates, we have

I8235 = −
〈
∂α
x∇ϕε

R,

(
ε

2nα

)
∂α
x (∂tϕ

(1)∇ϕε
R)

〉
−
〈
∂α
x∇ϕε

R,

(
ε

2nα

)
∂α
x (∇∂tϕ

(1)ϕε
R)

〉
≤ Cε2∥∂α

x∇ϕε
R∥L2{∥∇ϕε

R∥Hk∥∂tϕ(1)∥L∞ + ∥ϕε
R∥L∞∥∂tϕ(1)∥Hk+1

+ ∥ϕε
R∥Hk∥∂t∇ϕ(1)∥L∞ + ∥ϕε

R∥L∞∥∂t∇ϕ(1)∥Hk+1}
≤ Cε∥∂α

x∇ϕε
R∥2L2 + C{ε∥∇ϕε

R∥2Hk + ∥ϕε
R∥2Hk + ∥ϕε

R∥2H3}
≤ C|||ϕε

R|||2s′ ,

(3.81)
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where k ≤ s′ and s′ ≥ 3.
So we can estimate I823 by adding above

I823 ≤− 1

4

d

dt

〈
∂α
x∇ϕε

R,

(
εϕ(1)

nα

)
∂α
x∇ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||3){1 + |||(uε

R, ϕ
ε
R)|||2s′}.

(3.82)

Estimate of I824. Recalling (3.76), we have

I824 =

〈
∂α
x∆ϕε

R,
ε2

2nα
∂α
x (ϕ

ε
R∂tϕ

ε
R)

〉
= −

〈
∂α
x∇ϕε

R,
ε2ϕε

R

2nα
∂t∂

α
x∇ϕε

R

〉
−
〈
∂α
x∇ϕε

R,
ε2

2nα
[∂α

x∇, ϕε
R]∂tϕ

ε
R

〉
−
〈
∂α
x∇ϕε

R,
ε2

2nα
∂α
x (∇ϕε

R∂tϕ
ε
R)

〉
=: I8241 + I8242 + I8243.

(3.83)

For the term I8241, by integrating by parts in time, we obtain

I8241 = −1

4

d

dt

〈
∂α
x∇ϕε

R,
ε2ϕε

R

nα
∂α
x∇ϕε

R

〉
+

1

4

〈
∂α
x∇ϕε

R, ∂t

(
ε2ϕε

R

nα

)
∂α
x∇ϕε

R

〉
,

and we have ∥∥∥∥∂t(εϕε
R

nα

)∥∥∥∥
L∞

≤ C + C
√
ε|||(uε

R, ϕ
ε
R)|||23,

where we used Hölder inequality, Lemmas 3.1-3.2, and Corollary 3.1. Therefore I8241 is estimated
as

I8241 ≤ −1

4

d

dt

〈
∂α
x∇ϕε

R,
ε2ϕε

R

nα
∂α
x∇ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||23){ε∥∂α

x∇ϕε
R∥2L2}.

To bound the term of I8242, by commutator estimates, we have

I8242 = −
〈
∂α
x∇ϕε

R,
ε2

2nα
∂α
x (∇ϕε

R∂tϕ
ε
R)

〉
≤ Cε∥∂α

x∇ϕε
R∥L2{∥∂tϕε

R∥Hk∥∇ϕε
R∥L∞ + ∥∂tϕε

R∥L∞∥∇ϕε
R∥Hk}

≤ C(1 + ε∥(uε
R, ϕ

ε
R)∥23)∥(uε

R, ϕ
ε
R)∥2s′ ,

by using Lemma 3.1 and Corollary 3.1, then we have

I8242 ≤ C(1 + ε|||(uε
R, ϕ

ε
R)|||23)|||(uε

R, ϕ
ε
R)|||2s′ .

I8243 behaves like I8242, we obtain

I8243 ≤ C(1 + ε|||(uε
R, ϕ

ε
R)|||23)|||(uε

R, ϕ
ε
R)|||2s′ .

Therefore we can estimate I824 by adding above

I824 ≤ −1

4

d

dt

〈
∂α
x∇ϕε

R,
ε2ϕε

R

nα
∂α
x∇ϕε

R

〉
+ C(1 + ε|||(uε

R, ϕ
ε
R)|||23)|||(uε

R, ϕ
ε
R)|||2s′ . (3.84)
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Estimate of I825. By (2.26) in Lemma 2.1, recall that I825 is defined in (3.76), we have

I825 ≤ Cε∥∂α
x∆ϕε

R∥2 + ε2∥∂t∂α
xRϕ∥2

≤ Cε∥∂α
x∆ϕε

R∥2 + C1(
√
ε∥ϕε

R∥Hδ)(1 + ε∥ε∂tϕε
R∥2Hk)

≤ C1(
√
ε∥ϕε

R∥Hδ){1 + |||(uε
R, ϕ

ε
R)|||2s′},

(3.85)

where δ = max{2, k−1} ≤ s′−1, and we have used (3.12) in Corollary 3.1. The proof of Lemma
3.7 is completed.

So the proof of Proposition 3.2 is completed.
By combining Proposition 3.1 and Proposition 3.2, we are now ready to proof Theorem 2.1.

Proof of Theorem 2.1. From (3.2), there exists some ε1 > 0 such that 1/2 ≤ 1 +
√
εϕ(1) +

ε
3
2ϕε

R ≤ 3/2. By adding inequalities (3.14) and (3.63), then integrating over [0, t] and taking
summation over |α| = k for 0 ≤ k ≤ s′, we obtain

|||(uε
R, ϕ

ε
R)|||2s′ ≤ CCε(0) + CC1

∫ t

0
(C1 + ε|||(uε

R, n
ε
R, ϕ

ε
R)|||2s′){1 + |||(uε

R, n
ε
R, ϕ

ε
R)|||2s′}dr.

Here Cε(0) = |||(uε
R, ϕ

ε
R)(0)|||2s′ . We know that there exists some constant 0 < ε0 < ε1 such

that ε∥(uε
R, n

ε
R, ϕ

ε
R)∥2Hs′ ≤ 1. As C1 = C1(

√
ε∥nε

R∥Hs′ ) is nondecreasing, we have C1 ≤ C1(1) as
0 < ε < ε0. So, there exists some constant C3 > 1 such that

|||(uε
R, ϕ

ε
R)|||2s′ ≤ C3Cε(0) + C3

∫ t

0
{1 + |||(uε

R, ϕ
ε
R)|||2s′}dr.

On the other hand, from Lemma 3.1, here exists some constant C4 > 1 such that for any
0 < ε < ε0,

∥nε
R∥2Hs′ ≤ C4(1 + |||ϕε

R|||2s′). (3.86)

Let C ′
0 = sup0<ε<1Cε(0). Given 0 < τ0 < τ∗, we let C̃ in (3.2) satisfy C̃ ≥ 2C4(1 + C3C

′
0)e

C3τ0 ;
then we use the Gronwall inequality,

sup
0≤t≤τ0

|||(uε
R, ϕ

ε
R)|||2s′ ≤ (1 + C3C

′
0)e

C3τ0 ≤ C̃,

and from (3.86)
sup

0≤t≤τ0

∥nε
R∥2Hs′ ≤ C4{1 + (1 + C3C

′
0)e

C3τ0} ≤ C̃.

It is then standard to obtain uniform estimates for |||(nε
R,u

ε
R, ϕ

ε
R)|||s′ independent of ε by using

the continuity method. So the proof of Theorem 2.1 is complete.

Acknowledgements

The authors are grateful to the referee for careful reading of the paper and valuable suggestions
and comments.

References

[1] J. Bae and D. Kawagoe, Nonexistence of multi-dimensional solitary waves for the Euler-
Poisson system, Phys. D, 2024, 470, Part A, Paper No. 134347, 7 pp.



The mKdV-ZK limit of the Euler-Poisson system at critical densities 1323

[2] J. Bae and B. Kwon, Linear stability of solitary waves for the isothermal Euler-Poisson
system, Arch. Ration. Mech. Anal., 2022, 243, 257–327.

[3] S. Cordier and E. Grenier, Quasineutral limit of an Euler-Poisson system arising from
plasma physics, Comm. Partial Differ. Equ., 2000, 25(56), 1099–1113.

[4] S. Engelberg, H. Liu and E. Tadmor, Critical thresholds in Euler-Poisson equations, Indiana
Univ. Math. J., 2001, 50, 109–257.

[5] A. Grünrock, A remark on the modified Zakharov-Kuznetsov equation in three space dimen-
sions, Math. Res. Lett., 2014, 21(1), 127–131.

[6] Y. Guo, Smooth irrotational flows in the large to the Euler-Poisson system in R3+1, Comm.
Math. Phys., 1998, 195, 249–265.

[7] Y. Guo and B. Pausader, Global smooth ion dynamics in the Euler-Poisson system, Comm.
Math. Phys., 2011, 303, 89–125.

[8] Y. Guo and X. Pu, KdV limit of the Euler-Poisson system, Arch. Ration. Mech. Anal.,
2014, 211, 673–710.

[9] Y. Hong and C. Yang, The Korteweg-de Vries limit for the Boussinesq equation, J. Differ-
ential Equations, 2024, 408, 94–116.

[10] P. Isaza, J. Lopez and J. Mejia, The Cauchy problem for the Kadomtsev-Petviashbili (KP-
II) equation in three space dimensions, Comm. Partial Differential Equations, 2007, 32,
611–641.

[11] J. Jang, The two-dimensional Euler-Poisson system with spherical symmetry, J. Math.
Phys., 2012, 53, 023701.

[12] J. Jang, D. Li and X. Zhang, Smooth global solutions for the two-dimensional Euler-Poisson
system, Forum Math., 2014, 26, 645-701.

[13] T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations,
Comm. Pure Appl. Math., 1988, 41, 891–907.

[14] C. Kenig, G. Ponce and L. Vega, Well-posedness and scattering results for the generalized
Korteweg-de Vries equation via the contraction principle, Comm. Pure Appl. Math., 1993,
46(4), 527–620.

[15] D. Han-Kwan, From Vlasov-Poisson to Korteweg-de Vries and Zakharov-Kuznetsov, Comm.
Math. Phys., 2013, 324, 961–993.

[16] D. Lannes, F. Linares and J. Saut, The Cauchy problem for the Euler-Poisson system
and derivation of the Zakharov-Kuznetsov equation, Studies in Phase Space Analysis with
Applications to PDEs, Springer, New York, 2013, 181–213.

[17] H. Li, A. Matsumura and G. Zhang, Optimal decay rate of the compressible Navier-Stokes-
Poisson system in R3, Arch. Ration. Mech. Anal., 2010, 196, 681–713.

[18] F. Linares and J. Saut, The Cauchy problem for the 3D Zakharov-Kuznetsov equation,
Discrete. Contin. Dyn. Syst., 2009, 24, 547–565.

[19] H. Liu and E. Tadmor, Spectral dynamics of the velocity gradient field in restricted flows,
Comm. Math. Phys., 2002, 228(3), 435–466.

[20] H. Liu and E. Tadmor, Critical thresholds in 2D restricted Euler-Poisson equations, SIAM
J. Appl. Math., 2003, 63(6), 1889–1910.



1324 X. Xi & M. Zhang

[21] D. Pilod and F. Valet, Asymptotic stability of a finite sum of solitary waves for the Zakharov-
Kuznetsov equation, Nonlinearity, 2024, 37(10), Paper No. 105001, 41 pp.

[22] X. Pu, Dispersive limit of the Euler-Poisson system in higher dimensions, SIAM J. Math.
Anal., 2013, 45(2), 834–878.

[23] X. Pu and X. Xi, Derivation of the mKdV equation from the Euler-Poisson system at critical
densities, J. Differential Equations, 2021, 282, 446–480.

[24] E. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univer-
sity Press, Princeton, NJ, 1970.

[25] C. Su and C. Gardner, Korteweg-de Vries equation and generalizations. III. Derivation of
the Korteweg-de Vries equation and Burgers equation, J. Math. Phys., 1969, 10(3), 536–539.

[26] N. Tzvetkov, On the Local Well-Posedness of the KP Equaitons, Sémin. Équ. Dériv. Par-
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