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THE MKDV-ZK LIMIT OF THE EULER-POISSON SYSTEM AT
CRITICAL DENSITIES
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Abstract This paper focuses on the long wavelength limit for the Euler-Poisson system
arising in plasma including three species in three dimensional case. The goal here is to deduce
rigorously the modified Korteweg-de Vries-ZK (mKdV-ZK) equation, under the Gardner-
Morikawa, transform 51/2(:101 -Vt) — z1,6 %@y — 29,6205 — x3,6%/%t > t, as e — 0. By
employing delicate energy method, we give uniform in € estimate for the error between the
mKdV-ZK equation and the Euler-Poisson system.
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1. Introduction

Consider a three-dimensional general mixture of hot isothermal, warm adiabatic fluid and cold
immobile background species in electrostatic plasmas [27]. This model includes three species.
The cooler adiabatic species is described by the standard fluid equations

Ong + div(ngu) = 0,

1.1
c'?tu—l—u-Vu—i—Tavna:—V(b—elxu, (L.1)

a

where (z,t) € R x RT denotes the space-time position, and ng, w = (u1,us,u3) are the den-
sity, velocity of the cooler adiabatic species, * = (21, 22,23) € R3. The parameter T, is the
temperature of the fluid species.
The hot isothermal Boltzmann species is described by the so called isothermal Boltzmann
relation
ng = Nge?/Tj,

where T refers to the isothermal temperatures. The equilibrium quantities will be denoted by
capital letters, say, Ng for the Boltzmann species. The electrostatic potential ¢ satisfies the
Possion’s equation

Aqb:NgeWTﬁ — ng — N, (1.2)

where Ny is the immobile background species. On the sluggish side, some immobile background
species with constant density Ny is considered, to allow for density imbalances between three
species. These species can be used to simulate respectively unmagnetized ions when dealing
with electron-acoustic solitons [28].
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There are many nonlinear dispersive partial differential equations, which can be formally
derived from the Euler-Poisson system, such as the KdV equation, the KP-II equation and
the ZK equation, these equations were extensively studied in recent decades. Guo and Pu [13]
established rigourously such a derivation of KdV equation for ion Euler-Poisson system in one
dimension. Pu also considered higher dimensional case, gave rigorous limit proof for KP-II
equation and ZK equation under different scalings of the Euler-Poisson equation in [22]. Almost
in the meantime, the KdV limit in 1D and the ZK equation in 3D from the Euler-Poisson system
were established in [15] and [14], respectively. It is worth mentioning that Isaza, Lopez and
Mejia gave derivations for KP-II equation from Cauchy equation in [10], Linares and Saut gave
derivations for ZK equation from Cauchy equation in [17]. For other studies of KdV equation,
KP-II equation and ZK equation, see [3,5,6,15,18,20], to list only a few. For more researches
of the Euler-Poisson equation and related singular limits, see [2,4,7,11,13,14,17,19,24] and the
references therein.

It is thus of interest to revisit the whole field of electrostatic modes in magnetized plasmas in a
general treatment that encompasses all the known dispersion laws and nonlinear equations, com-
pared with earlier treatments that are often restricted to specific models. For more complicated
plasma compositions, the mKdV-ZK equation with cubic nonlinearities will be used for special
critical densities, at which the soliton character can switch from compressive to rarefactive or
vice versa. The system of equations for the Alfvén wave can be reduced to the mKdV equation
in [26]. In the vicinity of critical densities, mixed KdV-ZK equations with both quadratic and
cubic nonlinearities can occur, and model double layers in plasmas. The formal derivations for
T, > 0 of ordinary, modified and mixed KdV-ZK equations have been given in [27] for general
mixtures of hot isothermal, warm adiabatic fluid and cold immobile background species. In
particular, Pu and Xi [23] established the rigorous derivation of the mKdV equation for T, > 0.
However, until now there have been no rigorous mathematical justifications of the mKdV-ZK
limit, the purpose of this paper is to justify rigorously the limit, at least for well-prepared initial
data. When T, = 0, the system (3.1) consisting of the density equation and the momentum
equation is neither symmetric nor symmetrizable, our paper corresponds to the cold ion case
T, = 0, we give not only the formal derivations, but also the rigorous justification. The result
in this paper can be generalized to the case of T, > 0, the proof will be slightly simpler since in
this case the system is Friedrich symmetrizable.

We organized this paper as follows. In Section 2, we formally derive the mKdV-ZK equation
in 3D Euler-Poisson system from a different Gardner-Morikawa type transformation and state
the main Theorem 2.1, then we write the remainder equations into a system (2.21) by introducing
some new differential notations. In Section 3, we concentrate on the proof of Theorem 2.1. The
key issue is to provide uniform in € estimates for the remainders, here more delicate estimates are
required. We also use continuity method to close the estimate, and introduce weighted Sobolev

norms || - ||/, which enables us to combine the energy estimates in different levels.
Throughout this paper, we use [a,b] = ab — ba to denote the commutator of a and b, the
norm || - ||x to denote an X-norm, the | - ||z2 is replaced by || - || when X = L2. We also use

,g) = dx to denote the inner product of two L? functions.
g g P

2. Formal mKdV-ZK expansion and the main results

2.1. Formal mKdV-ZK expansion
By the classical Gardner-Morikawa transformation [25]
51/2(331 - Vt) — 21,6229 — 10, 2w — 23,32t — ¢, (2.1)
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we obtain from (1.1)-(1.2) the parameterized system

e0ng — VOy,na + V- (nqu) =0,
Vg

eou — Vo u+u-Vu+1T, —-u X eq, (2.2)

eA¢ = N56¢/Tﬂ — Ng — Ns,
where e; = (1,0,0)7, £ denotes the amplitude of the initial disturbance and is assumed to be

small compared with unity and V' is the wave speed to be determined. We consider the following
formal expansion:

1 3
rna:N (1+52n&)+5ng2)+52n( )+5 n(4)+ ),
1
U/l:5§u§)+€u(2)+€2u(3)+62u() e
1
6 =260 4 262) 4 229 1 260 , (2.3)

2—5u§)+52u()+5u()+52u(4) IR

U3:5ug)—|—€2ué)+5 ug3) (4)

+€2u

Plugging (2.3) into (2.2), we get a power series of €, whose coefficients depend on (n&k), u®), ¢(k))

for k > 1.

2.1.1. Derivation of mKdV-ZKE for n(al)

From the power series of € we thus obtained, we get at the order of € the following coefficients.
At the order of €%: Setting the coefficient of €° to be 0, we obtain

N — N, — N5 =0,

which implies overall charge neutrality in equilibrium.
1

1
At the order of £2: Setting the coefficient of €2 to be 0, we obtain

—V(?mlng) + (%clu(l) 0, (a)
Vg ult + Tadp,nl = —0,,60, (b)
ﬂ%mzmﬁl (c) (2.4)
T axzn(l) —0i, M) + u3 )’ (d)
(T &Csn(l) — zsgf) ) ). (e)

Write this equation in the matrix form

-V 1 0 3:(;1”((11) 0
T, -V 1 ap il | = |0 (2.5)
mo-ﬂé ey o) 0
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In order to get a nontrivial solution for n&),ugl), and ¢1), we require the determinant of the

coefficient matrix to vanish to obtain

N,T
2 _ atp
Ve="T,+ N, (2.6)
From (2.4a) and (2.4c), we can derive the relation
(1) Vn(()[) (a)
NoTs (1) (2.7)
o) = —Fng’. (b)
Ng
Therefore, in order to determine (n((xl), ugl), qﬁ(l)), we only need to determine n&l).
From (2.4d) and (2.4e), we have
ugl) = -T, amna - x3¢ —V28x3n&1), (2.8)
W) = To0p,nl) + 0,,00) = V20,0, |
where we have used (2.6) and (2.7).
At the order of : Setting the coefficient of ¢ to be 0, we obtain
(V0,0 + 0y, () + 0, ul? + 0,,u?) + 0pyul? =0, (a)
VO, ul? : uf! ’amuﬁ + Ta{ 00 — 00,08 = 0,0, (b)
N,
252 4 (1) e
70+ g0 = Nl CIENCY)
—V@a,lug + Ta{axz,n( — n&”@mné})} = 04,0 + uz(f), (d)
—V@mlu:(f) + Ta{8x3n( - n&l)amgn(al)} = 0,0 — ug). (e)

To find the equation satisfied by n&l), we take 0y, of (2.9¢), multiply (2.9a) with V, and then
add them to (2.9b). We thus obtain

F(ni)? =0, (2.10)
and F is given by
TsN?
F=3V2_T, - f\ﬂ . (2.11)
B
For the generic case F # 0, we have n&l) = 0, which reduces to the expansion studied in [13]

and leads to the standard KdV expansion. But when the plasma is at critical densities, we
consider the case F =0, i.e., we have
T3N2
5
N3

3V2=T,+ (2.12)

(1)

So that we will continue to work with ng’. From (2.9a) and (2.9¢) we can deduce the relation
qu) — vn{ 2 _ (1) (1) (a)

NoTj ()
N

(2.13)

ol = (¢(”) (b)
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The coeflicients of 52 and the mKdV-ZK equation for n&) Setting the coefficient of 62 to
be 0, we obtain
thg}) — VO, (3) + 0y, (n (l)u?) + ng)ugl)) + 3x1u§3) + 3x2ug2) + 8;p3u§2)
+{@x%%éh+am<9@%}:u ()
oY — Vo, ul® +uVa, ul? + 0P, ulV + To{0s,n — nP o, n1
() = (1)) 0y

= 0,6 + {ulM 0,0t + ulMo,,ulV), (b)
N N N (2.14)
A = T2 4 —§¢<I>¢<2> + 3,—£3(¢<”)3 — Nan, (c)
—V@L«lu@) + ug )axlug )+ T, {amna) — ng)amn&) - (ng) — (ng}))Q)amngl)
= 0,69 + Y, ()
—V@xlu@) + ug )8x1uz(,) ) 4 Ty {@cdna) — n((l)axdn((x) (ng) — (n&l))Q)E)x:sn(g)
= —0r,0 —ug?. (¢)
From (2.9d) and (2.9¢), we can get
Vo u? (2) _ (14 T62Na 2 (1) 2 (1)
xo Ug + V8333u3 - (V + N2 )all (axgna + 813na )7 (215)
g

where we have used (2.8) and (2.13).
Differentiating (2.14c) with respect to x; and multiplying the resultant equality with &

multiplying (2.14a) with V, and then adding them to (2.14b) together, we deduce that n(l)
satisfies the mKdV-ZK equation

2

TsN3 T, T5Na
(1) BNa Lo} () (1) 3 )
ony”’ + <2VN3 3V + 2V> (n{)?28,,nl) + 2VN289”1
. e (2.16)
1% o
+ (5t )0 (92,0 + 82, M) = 0.

Here we have used the relation (2.6), (2.7), (2.8), (2.12) and (2.13), (2.15). We also note that
the systems (2.16) and (2.7) for (n&l),ugl),é(l)) are self contained, which do not depend on

(ng), (i), (b(i)) for i > 2. Proceeding as above, by balancing of the coefficients at order e(h+2)/2

for k > 2, we obtain
ugk) Vn(k)—i-h(k*l), (a)
2.17
k) = NNTﬁ ()+ (k=1) (b) ( )

for some A1) and ¢*~1 depending only on (n((j),u(li), ¢™) for 1 < i < k—1 and the linearized
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mKdV-ZK equation

TsN3 T2N,,
) 4 < Pla _ 3y 4 Lo ) D, (nD)2n ) 4 b9 n(F)

2VNj 3 2V @ @ 2V N3 PR
s TN (2.18)
Vv o _
+ (5 + mﬁwg)axl (02,0 + 2 n)y = g1,
Here G*~1) depends only on n((x),ng), ...,n&kil). Recalling results in [5], we will assume

(k)

hereafter that the solutions of n,’ are sufficiently smooth on any time interval [—7, 7] for
any 7« > 0. There may be regularity loss between successive steps, but we can still assume
smoothness in finite steps in this paper.

For the solvability of n&k) for k > 1, we have the following two propositions.

Proposition 2.1. (see [5]) Let § > %, the Cauchy problem of mKdV-ZK equation (2.16) is
locally well-posed in H*(R?).

Proposition 2.2. Let k > 2 and 5 > %, the Cauchy problem of the linearized inhomogeneous
mKdV-ZK equation (2.18) is well-posed in H*(R3).

The proof of Proposition 2.2 is standard.

2.2. Main result

To show that n&l) converges to a solution of the mKdV-ZK equation as € — 0 in any finite time
interval, we must make the above procedure rigorous. Let (n,,u, ®) be a solution of the scaled
system (2.2) of the following expansion

N = No(1+e2n) + en® + 20 + 2n(® + £2n® + c2ng),
u1 zaéug ) —|—€u( ) —|—62u§ ) +e€ ug ) +€§u§5) —|—€§u1R,

=i + @ + 393 + 29 + e3g0) 1 245, (2.19)

u2:5ug)+a2ug)+s ué)—l—szug)—ka?’ ()+52u23,

us = 5ug ) +52u§ ) +e ug ) +52ug ) +€3u§5) +€§U3R,

where uf, = (u1%, U2y, usy), and (n((l1 U qb(l)) satisfies (2.7) and (2.15), the other profiles ug)

and ¢ for i = 2,3,4 and ug ) and u( 7 for j =1,2,3,4 are solved from the systems (2.4), (2.9)
and (2.14). The (n%, u%g, ¢%) is the remalnder.
For notational convenience, we denote u = (u1, ug, uz)’, u% = (u1%, us%, usy)?, and

O 5%71((12) +eln® 4 agn( )+ &2,

3= oM 1 c36® 4 160 1 3@ 4 260),

u = (uy, g, us)"

(2.20)

1 3
up = ugl) + €§u§2) + 61u(3) +e2 u( ) 4 €2u§5),

1

Uy = 5§u§1) + sug) + 52u(3) +e u§4) + 52u(5)
1

Uz = 6§ugl) + Eugf) + 52u(3) +e ug ) + 52u(5).



1304 X. Xi & M. Zhang

After careful and tedious computations, we obtain the following remainder system for (n%, u%,

)

Byns, — Veir—u .vn§%+%v.u%+%n§{v-ﬁ+ \%u%V?ﬁ-FﬁRn:(l (a)

Dy, — Ve18— u - Vus, + %u%{v U+ %an{ — % (W) Vn%g

_\%fa"g Tn\[R +VeR, = —fvcbe + 1uR x e1, (b) o
eAGS, = %E — Nang + \/;525¢(1)¢§%+5R¢, (c)

where u%, = (u1%, U2y, u3%), Na, W, and ¢ are given in (2.20), and

( L . .
Rn = 8tnt()c4) + \/gatn(()?) + Z EZ+]768I1 (ng)ugj))

1<i,j<53i+j>6

n Z =69, (nEj)ué”) + Z etm=00,, (ng)ugm))a

1<4,l<5;i+1>6 1<i,m<5;t+m=>6
p = (pr.p2.ps) = p(nd) ;0 0D nl 0, (2.22)
Ry = (R71, Rro, Rr3) = RT(HS),TLQ),H&), &4), g)),
Ry = (Ru1, Ruz, Ruz) = Ru(u®,01)(i = 1,2,3,4,5),

_p "
\R¢—R¢ +\/ER¢ .

Here R} = Ry— <53A¢(4) + E%A¢<5>), Ry depends only on ¢(1), ¢ ... [ ¢®) Ry = F(\/265%)0%
+ \@Rg depends only on ¢% for some function of F' depending on \f %, Ry = F(Ved3)d%.
And we give the coefficient of 2 and e3 for p, Rr.

At the order of £2:
aul? — Vo, ol + uVa, ufP + uPa, ul? + uPo,ulY + To{(0s,n -
nN8,, 1 + nl2 oy, ()2 + 0,0 (K1) = n) + 0, 0P () = nD))} (2.23)

- 8x1¢ + {ugl)(‘)mu?) + ugz)amu(l) + ué )8x3ug ) + u(2)8x3u§1)}.

At the order of 53:

3tu§3) - Vaxlugf)) + ugl)axlug4) + u§2)8 (3) ug i

Tof{ (02,70 — nMa,, n® — 8, nD (02 — nP)) + 9,0V ((n{M)* ~|—2n( In3)

=30 + (nD)? = nl) + 0,0 200 — D))} (2.24)
= — 0y o + {ugl)amu?) + ug)f)mugz) + u§3)ax2u§” + u§1)8x3u§3)

+ul Oy ut? + ul 9,0V}

00,0 + w8, ulV 4
x1

Then subtracting €2 x (2.4b) 4+ x (2.9b) +£2 x (2.14b) + &2 x (2.23) + 3 x (2.24) from the
equation of (2.2b), we obtain the remainder equation (2.21b). We derive the remainder terms
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T 0z N

of the pressure term . After subtracting, we obtain

Ne +eng

Nea

Taag&cm% - Ta52 < > 8z1nR T {52 1T gz) + 5(890177’(2) - n(l)axlng‘))

+22(83,nD) + 85,0V ((nD)2 — n@) — Vo, n?@)

+ 62(8901”(()44) ( )axln(()z?)) + n<(12)8961 (né )) axln((xl)((n(al))?) - n(()S))
+ 02 (nf1)? —nl?))
€3 (02,1 — D0yl = 02,0 (0D)? = @) + 0y D (nV)* + 2000

=300 + ()2 = D) + 0P 202 — nI).
After being divided by 5%, the above equation can be rearranged into

1 1 [N +ens p1 VeRT,
Tagaxln% — TO&% <am.[]:i> 8351”% — TOc \/gna n% — Ta T ! y
1 @

where p; and Ry, are finite combinations of ny’, ny’, and n( ) only pQ, p3 and Rt,, Ry, can
be obtained similarly. The expression of R, depends only on u(® and ¢ and can be derived
similarly to the derivation of R,,.

We also give some basic estimates for the remainder term R4 in the following.

Lemma 2.1. Let k > 0 be an integer; then there exists a constant 1 < Cy < Ci(Vel||oR | ms)
such that

IRl e < Cr(VElldR] o) (L + |0 me) (2.25)
and
10: Ryl < Cr(Vell @RI rs) (1 + [0t 1), (2.26)
where § = max(2,k — 1). Furthermore, the constant C1(-) can be chosen to be nondecreasing.

The proof of Lemma 2.1 is straightforward because we note that H? is an algebra in R3.

Corollary 2.1. Let k > 0 be an integer; then there exists a constant 1 < Cy = C1(\/e||¢% | gs)
such that

IVRy|l e < Cr(Vell¢Rllgs) (1 + VORI gr) (2.27)
and
10V Ry e < C1(VelldRll s ) (1 + [0V 6% v ), (2.28)

where § = maz(2,k — 1). Furthermore, the constant C1(-) can be chosen to be nondecreasing.

In view of above, we may assume thereafter that the known profiles (nq,u, 5) are smooth
enough such that there exist some C' > 0 and some s > 4,

sup [|(i, @, @), Rn, Ru, Ryl p» < C, (2.29)
[0,7+]

where 7, is the existence time.

So, our key mathematical difficulty is to derive estimates for the remainders (n%, u%, ¢%)
uniformly in e.

We first introduce the following e-dependent norms. We denote

(%, ufe, SR = Nl + gl + o512 (2.30)
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where
InZll3 = Ingl%.
lugll = llukl?. +elVugl,.,
%1% = 165117, + el VoRIl3,. + A%,

where || - ||« is the standard Sobolev norm. And the V,A reduce to V = (0y,,0y,,0:,;) and
A=02 +02,+02,.
Then the main theorem is stated in the following.

Theorem 2.1. Let s > 4 be such that (2.29) holds and let (ng),u(i), o) € H® for1 <i<6
be solutions constructed on the interval [0,7.) with smooth initial data (ng%,ug), (()Z)). Let
4 < s < s and assume that the initial data (neg, wo, ¢o) for the Euler-Poisson system (1.1)-
(1.2) has the expansion of the form (2.19) and (n%, u%, d%)|i=0 = (N Ugos o) satisfy (2.21).
Then for any 0 < 179 < Ty, there exist eg > 0 and C7, > 0 such that when 0 < € < gq, the
solutions of the Euler-Poisson system (1.1)-(1.2) with initial data (nag, wo, o) can be expressed

in the expansion (2.19), such that the solutions (n%, u%, ¢%) of (2.21) satisfy, when T, = 0,

sup [|(n%, ug, d%) 2 < Cry (1 + [l (nFo, uho, S70)lI2), (2.31)

[0,7’0}

where | (n5y, why, 3IZ = Infel2 + [zl + 16502 is defined in (2.30).

Remark 2.1. When T, = 0, the system of (3.1) for ¢% does not match the common structure
of Friedrichs symmetric systems. To overcome this difficulty, we need to combine the energy
estimates with the delicate structure of the Poisson equation carefully. This is why we introduce
the norm || - ||,

3. Uniform energy estimates

In this section, we dedicate to the proof of Theorem 2.1, which requires a combination of
energy method and analysis of remainder equation (2.21). In what follows, we take the rescaling
T =t/+/¢ and for simplicity we drop the bars. Throughout this section, we renormalize N, = 2
and all the other constants to be 1. As T, = 0, from (2.21) we obtain the following new
remainder equation

1 ne €e1—u € Na € 1 € ~ 1 € —~ _
—0my — T'V”R + ?V : uR+—€nRV-u+—€uR -Vna++eR, =0, (a)

Ve Ve Ve

1 el —u 1 ~ 1 1 3.1
R0 = S Vg b UV B ERy =~ Vohujxen (b) (3.1)
AR = 05 — 2% + Ve Vg, + Ry, (c)

Now, we need to give estimates uniformly in € for system (3.1). The continuity method will
be employed. We also assume that (3.1) has smooth solutions in a small time 7. dependent
on €. Let C be a constant, which will be determined later, much larger than the bound of
(5. w, #3)(0) ., such that on [0, 7.

[%up] (0% ufes %) ls < C. (3.2)
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We will prove that 7. > 19 as € — 0 for some 0 < 79 < 7%. Recalling the expressions for n, and
u, we immediately know that there exists some £; = €1(C) > 0 such that on [0, 7],

1/2 <ne <3/2, |ul <1/2, (3.3)

for all 0 < & < ;. To smooth the presentation, we first show several lemmas (Lemmas 3.1-3.3),
giving some basic estimates between the remainders (Lemma 3.1) using the Poisson equation
(3.1c) and their time derivatives (Lemmas 3.2 and 3.3).

Lemma 3.1. Let (n%, u%, ¢%) be a solution to (3.1) and 0 < k < s’ < s be an integer. There
exist some 0 < g1 <1 and C, Cy > 0 such that for every 0 < e < e,

In%l17e < Clowlzm + CellVeRIHe + Ce?[|[Adk G + CCe, (3.4)
19717 + el VORlTm + €2 Ad% |5 < Cllngll7: + CCie. (3.5)
Proof. The proof is standard and hence omitted. O

Lemma 3.2. Let (n%,u%, ¢%) be a solution to (3.1) and s' < s be an integer. Then for any
1<k <&, there exist some 0 < e1 <1 and C > 0 such that for every 0 < e < &1,

Va3 < CLL+ el oes + nflysea . (3.6)

or equivalently,
IV/Z0mslns < O+ el ponn + 65k}, (3.7)

where 6 = max{2,k — 1}.

Proof. We can complete the proof by multiplying (3.1a) by &, and then take the H*~! norm.
O

Lemma 3.3. Let (n%,u%, %) be a solution to (3.1) and s’ < s be an integer. Then for any
1<k <éd, there exist some 0 < g1 < 1 and C > 0 such that for every 0 < e < &1,

19:6%0E-1 < ClomR NG + CVEl SRl + CCre. (3:8)
Proof. We take ; of (3.1c) and then take the H*~! inner product with 0;¢% to obtain
el|VOpT s + 10067 7
=207, 0u6R) i1 — VE(O(S'V6R), OrdR) i1 — £(01 R, OrdR) g
<Al + 71005l + CelOUSEl
+ Cell @l + 22710 R [y

By (2.26) in Lemma 2.1, there exists some £; = €1(C) > 0 such that when € < ¢1, we have
ellVORl T + 1005|1701 < ClOmGI 7 + Celldll7p—1 + CCFe? (3.9)

for some universal constant C' > 0.
On the other hand, by taking 0; of (3.1c) and then taking the H*~! inner product with
£0;A¢%, we obtain

2102052 k1 + el 0V IRk

<Clld e 12 C2 o s (12 e 12 002 (310)
<C|0nRll5r-1 + Ce*([|10:0R I 5r-1 + ORI Fe-1) + CChe
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for € < &1 with some 0 < g1 < 1.
Adding (3.9) and (3.10), by choosing ¢; sufficiently small such that C? < %, we obtain

(102G 51 + €l OV IR Fr + 1007 | Fris

c 2 c 2 > (3.11)
<Cl|OnR|r-1 + Cellorllgr- + CChe.
O
From Lemma 3.3, we can get Corollary 3.1 and Corollary 3.2.
Corollary 3.1. Under the same assumptions of Lemma 3.3, we have
IVedomllioy < C{L+ [(uh, nR. 6%) 751} (3.12)
or equivalently
IVedepmlli-1 < C{L+ [uglFsr + I6715: 1, (3.13)
where 6 = max{2,k — 1}.
Proof. The proof is complete by multiplying (3.8) with £? and then using Lemma 3.2. O
Corollary 3.2. Let a be a multi-index with |o| = k; then
elled VI oRI1z < ClledrAdklln1-
Proof. By the Riesz theorem [17], we have
1202,V 2 < ClIASI L2
for those f that make sense. The proof is complete by letting f = €0;¢%. O

In the following, we first prove Proposition 3.1, which gives the s’ order energy estimates of
the remainders. Then we give the s'+1 order energy estimates of the remainders with weights SA
in Proposition 3.2. By combining Propositions 3.1 and 3.2, we can finish the proof of Theorem
2.1.

Proposition 3.1. Let s > 4 be an integer and (n%, u%, ¢%) be a solution to (3.1). Then for
any integer 0 < k < s', there holds

3
1d € (12 ld 1—}-\/5(;5(1)—1—55@1)61% L€ |2 ld £ 1€ |2
<COL(1 + ell(uh, OR) ) {1+ l(ug, 6R)IZ ),
where « is any multi-index with |a| = k < " and [|(u%, ¢%)||% is defined in (2.30).
Proof. We take 9% of (3.1b) and then take L? inner product with 9%us$, to obtain
1 d a, € |12
Tﬁ%!@%!lm
1 (87 (63 1 (63 (07 1 (67 "7 (63

1 1
— Ve(0; Ru, 05 uf) + SOz ug x e1,07uf) — (02 VoR, 07 uR)
=: F1—|-"-+F6.
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Fy and Fjy are easy to deal with. We can get F; = 0 and F5 = 0 by integrating by parts.
Estimate of F5. Using the commutator, we decompose F5 as

1 1
Fy = —~(u- Vo, 0uf) — (|00 u] - Vi 00ui) = P + B (3.16)
Since

1
—<'LL : vaao;u%h 8?U%> = §<v ’ uagu%? a:?;“%%

so we have .
For| <OVt eui) o~ 05wl
1 (3.17)
<C—(1 + ellug| gs) |05 uk||7-.

G
Here we used (2.20) and sobolev embedding.
On the other hand, recalling (2.20), by commutator estimates in [26], we have

1107, ul - Vugllpe < C(IVugll g [[Vul o + |wll o[ Vg <)
< OVe(llugll g (1 + el Vuglle) + Vel Vuglze (1 + elluk| )
< CVe(l +ellugll o) ugl o
where k < s’ and s’ > 3. So we have
1
NG
We can estimate F» by combining (3.17) and (3.18)

| Fpo| < C—=(1 + el|upl o) uk]I .- (3.18)

1
(B < C—=(1+ ellugll o) lugllF. - (3.19)

Ve

Estimate of F3. By multiplicative estimates and (2.27), we have

105 (uf - Va2 < Okl el Vallze + lugllpe[[Val| )
< Cllugl g
so we can get
1

Fal <
|3\_C\/E

[l (3:20)
F is Similar to F3, we obtain
|Fy| < C|luf|3 + Ce. (3.21)

Estimate of Fg. The estimate for Fg is not straightforward and is very delicate since we need
to use the structure of the remainder system (3.1) very carefully. By integration by parts, we
have

1
Fy = - (0865, V - 05uf),
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where |a| = k. Taking 0% of (3.1a) with |a| = k, we have

1 o 1 [e1—u o 1 o L U
8v-a%,u%:%{ - -V@xn%—Tataxn%—[896,—}-an%

- [ag,”f}v L0 (e VT4 s, - Vi + VR, )}

Ve 7

Then, Fg is decomposed as
Fg = <8“¢R, na Vo5 > - <a§;¢R, Ten aataan§>
- (a2 5[5"? l V”%> - (o265 oo 01V ui)

(o2om -on(
=: F61+"'+F65-

1 —
—ugk - Vng + \@Rn)>

vak Ve

We first bound Fg3 — Fg5 and start with Fgz. By commutator estimates, we have

1105 ] - Vel 2 < CUIVRGI o [Vl e + Jal] e[V o)
< OVE(Ingl e (1 + el Ve ) + [ Vnf e (1 + llufl )
< OVE(l +elluill )l + lingl ),

where k < s’ and s’ > 3. Therefore, from (3.3), we obtain

|Fo3| < C—=107 ¢l L2]l[07, u] - Vg2

\[H

< C—=[(1 + ellugllF. )1 (ug, ng) 10 + CllégI7.]-

EH

Fs4 behaves like Fg3, we have

Pl < C—[(1 +ellugllf )l (uh ng) 150 + ClloglF.].

NG

By multiplicative estimates, we have

1 __
%u}} Vg + VeR,)|

1 ~
|05 (—=nRV - u +

NG

it follows that

1
| < C%H(U%W%)Hm' +CVe,

sl < C—=[(1 +eluglf )l (ug n) 150 + ClloglF.].

NG
Summarizing (3.25), (3.26) and (3.28), we have

| Foz + Foa + Fos| < C—= [H<251-z|!2 o+ O+ elluglf )l (ng, ug)ll.]-

NG

We estimate Fg; and Fgo in Lemma 3.4 and Lemma 3.5, respectively.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Lemma 3.4. Let (n%, u%, ¢%) be a solution to (3.1) and 0 < k < s' be an integer; then

[Fer| < o— (1+ CL(Velldll yor) + ell(nge, win) 1) (1 + 65117 +elVoRIT.).  (3.29)

Ve

Proof. Let o be an multi-index such that |a| = k& < s’. Taking 9% of (3.1c), we have
20005 = 05 0% — A0SO + Ve (9 R) + €07 Ry, (3.30)

Then Fg; in (3.23) is decomposed as

<aa¢>R, vaa¢R> <0“¢R7
+ e <8§;¢E 7 621

=: Fp11 + Fe12 + Fe13 + Fo14.

«

VA6“¢R>

" Voo ) +e (0260

«

V8§R¢>

«

We first bound Fg11. By integrating by parts, we have

1 _
Fs11 = 1 <3§¢§%7V' (618 u) 8§¢§%> . (3.31)

(67

We can get the follows by assumptions (3.2) and (3.3), and Sobolev embedding
()
ENg

then we use the Holder inequality can obtain

1
< Oz (L e[ Vngllze + el Vug] )
L= (3.32)

1 e ¢
S C%(l + EH(nRauR)HH?’)?

1
[Fo| < Cﬁ(l + ell(n%, uf) 121105 6% 1% (3.33)

Estimate of Fg15. By integration by parts twice, we get the upper bound consists of three
parts,

Fypg = ¢ <vaa¢R, o~ Aaa¢R> +e <ag¢§, V- <8215_ “’> A6§¢§>

_ Qe €1~ o (€ i X hHE . eL-u oy
= —¢ <vax¢ 'V < 2en, > vax ¢R> 4 <V8$¢ vV ( ENg ) V&E ¢R> (334)
—c <a;}¢%, vV - <e21€; “) V8§¢%>

=: Fg121 + Fo122 + Fo123.

We can estimate Fg1o1 and Fgio1 from (3.34)

1

Fe121, Fp1220 < C—= (1 + ]| (n%, u%)[| g2 )e | VIS 6% || (3.35)

<



1312 X. Xi & M. Zhang

Similar to (3.32), we have

2enq

‘vv : (el - “) ‘ <C(1+ VE|V2n%| + VEIVY - uG| + £|Vng|
+ |V - uf| 4+ 2| Vng|? + 2V - ui %),
where we used (3.3). Then we get
|For2s| < CVE(L + el (ng, ui)74) (1026717 + e VOZ 6 I17).
So, we can estimate Fgi2 by combining (3.35) and (3.37)
|[Forz| < CVE(1+ ell(ng, wi)I3) (107 051 + € VOZ 65I°).

Estimate of Fg13. By integrating by parts, we have

_ (1) —_
Fona = % (a0, (12000 varasy ) + 3 (ozon, Y war, o0, )

o 2 ENg,

=: Fg131 + Fe132.

To bound the term of Fg131, by integrating by parts,

_ (1)
Fangr = — Y2 <a;*¢%,v - ((“w) a:¢;> .

4 ENg

Hence, using the Holder inequality and (3.32), we obtain
1
|Foia1| < C%(l + el (g, ui) | s) 195 9%

On the other hand, by the commutator estimate, we know

11vag, 616kl 2 < CUISHIar W lze) + [ | e | 6% 2=
< Cl| okl e

so we have )
|Fo132| < 07\|¢%||2 o

NG

Therefore, we obtain
1 €12 €12 € 12
|Fois] < 075(1 + ellngllys + ellugrllas) R[5

Estimate of Fg14. By the Holder inequality and (2.27) in Corollary 2.1, we have
1

F <C
| Fo14| < NG

103 6%1° + CL(VEl il ) (1 + el VRl )],

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

where |a| = k < s’. So the proof of Lemma 3.4 is complete by adding (3.33), (3.38), (3.41) and

(3.42).

O]
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Lemma 3.5. Let (n%, u%, ¢%) be a solution to (3.1) and 0 < k < s’ be an integer; then

1d [1+epW +e2¢5, ) VE )
F - o LE - (63
62 < 14t \/gna ’8x¢R’ 4dt/ ‘Va ¢R’ (343)
+ CC1—(Cy + || (uf, 1%, 65) 151 + || (uFk, 1%, 657) 13,4

\[

where |a| = k < §.
Proof. Taking 09 of (3.1c), we have
205 = 05 6% — A OR + Ve (9 0) + 207 ((67)?] + 0 R,

Here R¢> satisfies the same estimates of Lemma 2.1. Inserting this into Fgo which defined in
(3.23), we have

F62=—<a§¢€,2 v aataa¢€> <8§:¢>€, fl atAaa¢€>
Ve (36 5 008605 ) e (0505 L0207

2\/a

o —00R
(2 5 700
=: Fgo1 + Fo22 + Fo23 + Fpoa + Fios.

2\/enq (3.44)

Estimate of Fgo1. By integration by parts in time, we obtain

1 d 1
Fgo1 = ENCT: <8§¢§2a %8§‘¢§2> NG <3Q¢R,3t ( > aa¢R> (3.45)

we know that
1
o (5)
Na

1 d 1
O <a;;¢f , a;¢€R> 1+ O+ el|aml ) 026512

< OVE(L + el ), (3.46)
LOC

so we have

4/e dt
\1@ p (3.47)
< vz (08 000 ) + O+ el w5
where in the second inequality, we have used (3.6) in Lemma 3.2.
Estimate of Fgoo. By first integrating by parts in space and then in time, we have
1d € 1
Feoo = — —— aa¢R, i Vg or \[ VO R, 0 | — | VO 0%
4 dt 4 Na (3.48)
\/g o L E 1 o E .
T T 8x¢R7v — 8tvax¢R :
2 Na
We can estimate the second term on the RHS of Fgao by using (3.46)
1
3 (vozen0n (L5) Voren )| < C1+ elomilum) V0 05 (3.49)
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The third term on the RHS of Fgoo by using Holder inequality

1
R RAS

«

(3.50)
<O(1 +el|Vng 1) 105 R + Ce? (|8 A¢%[7x-1

where we have used Corollary 3.2. So we can estimate Fgoo by using (3.12) in Corollary 3.1 and
Lemmas 3.1-3.2,

1d JE
Foon < — ~— { Voo gs, Yovooge
022 = 4dt< 5 ¢ N, ¢R> (3.51)

+ O (1 + ell(ufe ng, 6R) 1 772) {1+ [l (ufe n, 62 17,0 }-

Estimate of Fgo3. By integration by parts

a LE ¢(1) Qe € 1 a (1) 5
Foo3 = —( 0,0 a%atazgi)ﬁ’, — (07 ¢ 7%[8m7¢ 10:d%
N 1, (3.52)
- <8w Qﬁ%v %8@‘ (at¢(1)¢%)>
=: Fo231 + Fe232 + Fo233-
For the first term on the RHS, by integration by parts, we have
— 1 d o L E ¢(1) o E 1 o | E ¢(1) o | E
F6231 = _Za <8x¢ 7Eaz ¢R + Z 8:c¢ 7875 Ta 837 d)R ) (353)
by direct computation, we have
o)
O\~ — < C(1 +¢||Omyl =),
(0% Loo
so we have
1d o € d)(l) L€ € a € (|2
Foaz < “id 97 O, Tam ¢z )+ C(A +el|Ongll=)[07 ¢RI, (3.54)
and by commutator estimates, we have
1105, 61067 L2 < IO -1 16D | oe + 10667 L~ ™| pra-1)
< C10:dRl gr—1 + 10697 12),

therefore, by using (3.12) in Corollary 3.1, we have

Feaza < Cll05 0717 + Ce2(|0:0% 135 (3.55)

< C{1+ [[(ng, ugk, Oalfron
where § = max{2, k£ — 1}. By multiplicative estimates, we have

Feazs < Cel| 317, - (3.56)
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Combining the upper bounds, and using (3.6) in Lemma 3.2, we obtain

1d @
Feo3 < — —— <8a¢Ra ¢ 8a¢R>

4dt (3.57)

+ C(1 + ell(nk, uR) | 7s){1 + [[(uk, n%, 6R) %4},
where s’ > 3.
Estimate of Fgo4. We have
< € 1
Feos = —= ( 07 0%, Ratf?;“qb% — 5 (02 9%, — 07, 9R]0iPR
Ne 2 Nea
=: F6241 + Fg242.

By integrating by parts in time, we have

d)s lo" % ¢5 le" 2
Feoa1 = Z@ ( a)\a O%| da 4dt ( )\6 PR|“dx.

From Lemma 3.2 and Corollary 3.1, we have

()

Therefore, we obtain

< CVe(l+ |ugllms + [Inkllms + [6%H2)-
Lo

Feo41 < —Z% <¢ ) |09 ¢%[*dx + C/(1 + H(uRvnRa¢R)HH3)H¢RHHIC' (3.58)

On the other hand, by the commutator estimate, we have
10z 6R10DRN 12 < C|0R] -1 @Rl Lo + 10:0R Lo |9R ] mr)
< CllloR I u2 (1 + [0 e + ORI ge-1)
F 10Rl 2+ (1 + 10z n2 + ¢RI H2)}

it then follows that
|Feaaz| < C(1+ || (uk, n, 6%)|| o)1 0RI,0 (3.59)

where we have used Lemma 3.2 and Lemma 3.3. Combining the upper bounds for Fgoy yields

Foas <=5 5 [ (0 0 0RPas + OO+ el 60y NGl (3.00)

Estimate of Fgo5. By (2.26) in Lemma 2.1, we have
Feas < C|0g o3> + ]| 0:05 Ry |I?

< CllOE 65 + Cr (vl (1 + gl ), 01
where 6 = max{2,k — 1}. By Corollary 3.1, when 0 < € < €1, we have
elleddRllie < CLL+ [[uglye + [InRl50 + el 6751},
so we have
Feas < Cr(VelloRllma) {1 + llugllye + 0% + 107153, (3.62)
where § = max{2,k — 1} < s’ — 1. Adding (3.47), (3.51), (3.57), (3.61), and (3.62), we have
(3.43). O

The proof of Proposition 3.1 is completed.
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Proposition 3.2. Let (n%, u%, ¢%) be a solution to (3.1). Then

e(14+vE¢V+e2 67)

«

ed
2dt

1d /.,
HV’U,EHQ s’+1& <8:pv¢57

3§V¢§z>

1d (3.63)

(67 g 62 (63 £
+ o (o adn, Saas)

<C+C1(Vel| bl ) (L tell (wh, o)1) 1+ I (ug, 6R)I2),

where || = s for any s > 4 and ||(u%, %)% is defined in (2.50).

Proof. Let a be any multi-index with |a| = k < & for any 4 < s’ < s. We take 9% of (3.1b)
and then take the inner product with eAd;u% in L?(R?). By integrating by parts, we obtain

V0T ? = (00,00 Vi 05 V) — (92(Vu- Vi) 0V
(08 (- V). 05 V) — V(2 (V- Vi), 00 V)
VR (- Vi) 0 V) — £V R V)
(g < en,uf) g — (00007, 00V - i)

=:I1+---—|-IS.

(3.64)

First, I and Iy vanish by integration by parts.
We bound I» by using the commutator estimate and Sobolev embedding,

L] < Ve (Vi - Vug), 05Vus)| + [%2(02(Vuf, - Vugy), 95 Vuf)|

1 g g
<C—x=0+ ellVugl g2) (el Vg 7).

NG

Estimate of I3. By using commutator and then integrating by parts, we have

1
I3 = i(V - udsVug, 00 Vug) — ([05,u] - V2u§%,6§‘Vu%>
=: 131 + I39.

For I31, we have
I3 < (V- udsVuy, 05 Vug)

< CVe(l + ]|V - ufyll =) 05 Vug|?
< O (1 + el (€l V)
The estimate of I3o shares some similarities with that for I3; and starts by writing
Iy <C(|IV2ugll gl oo + [V uGl 2 1w g0) |05 Vug||
<O (1+ <l V)

+ Ve[| VP u | oo (1 + el ) |02 V|| 2

1
<C—=(1+ ellugellme) (lugl e + el VuglF.),

NG
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where k < s’ and s’ > 4. So by using (2.30), we have
1

I3 <
3_0\5

(1 + ellugl ) lugll? -

The estimates of I, and I5 share some similarities with that for Iy and I3 and starts by writing

1
Iy, I < C—=Juglfy-

NG

As we know R,, depends only on @, so we have
Is < C(1+¢||Vug|? ).

Thus we have obtained the following bound

7
1
> il < C*\[(l +ellugll o) (1 + fugl).
i=1 €

Bound the term of Ig. We take 9% of (3.1a),

1 1 [e1—u 1

IV - 0%uS =—— V%NS, — —

c z UR na{ c z VR \@
1 - N

- \—@fﬁ(nﬁv ‘u+ugp-Vng + aRn)} ,

where |a| = k. Therefore, Ig is decomposed as

8,95, — [ag, g] Vs,
[ )
\ﬁ

Is=- <a§;A¢6 R V@?nER> - <6§A¢€R, natagn;>

« «

+(080R (080 Vi) + (08 AR (02,017 u)
+ <6§‘A¢5 , f@g‘(nﬁv ‘u+up - Vng + eRn)>

=g + -+ Igs.
Recalling (2.19), we have

1
[Is3] < '<8?A¢€,[8?,u]Vn%>‘
N
< Cl105 Adg[I72 {1V R a1 [ Vel oo + Vg oo [ Ve o }
< Cel|07 Al {(1 + el Vug| =) [nkllgs + (1 + llugll me) Ing |
< C?||Aggl[5 + C(1+ 2 (|ugll?)In 3.,
where we used (3.3). The estimates for Ig4 and Ig5 are similar to Ig3, so we know
| Tsa| + Iss| < Ce?|A¢R|30 + C(1+ |[ug]l30)[| (R, ug, 67) 1505
where s’ > 4. Adding (3.68) and (3.69) together and using Lemma 3.1, we have

| Iss| + | Isa| + |Iss] < C(1+ 2 (|uk%,. )| (u%h, 6%)]%

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

We complete the proof of Proposition 3.2 when we estimate Ig; and Ige in Lemmas 3.6 and 3.7.

O]
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Lemma 3.6. Let (n%,u%y, ¢%) be a solution to (3.1). Then
[ Is1] < CL(Vell9Rllas) (1 + ell(ug, 6R) 1) 165715
Proof. We take 09 of (3.1c), we have
20005, = 05 6% — eAd; ¢, + VEOT (9 R) + 07 Ry,
So Ig1 is divided into

Iy = — <B§‘A¢5 , eln_ u vagn§%>

- (oo

-y <8$A¢%, 2. va§<¢<”¢%>> o <3“A¢R,

=: Ig11 + Ig12 + Ig13 + Ig14,

8a¢R> +e <8aA¢R, 577 VA8Q¢R>

Oé

o Vs R¢>

a

where |a| =k < ¢ for s’ > 3.
We first bound Ig;1. By integrating by parts twice, we have

Ig11 = — <(37O‘v V¢R7 2 8aV¢R>

1 e — e —u
-5 <5§V¢§z»v‘ ( o ) 6§V¢§> + <6§V¢%, v ( - ) a‘;w%> :
Recalling (2.19), we have
v. e —Uu
Ng
therefore, using Lemma 3.1, we have

[Ts11| < fo(l +e(lnllus + luglm) VLo

< CVE(l + €|Vl + el Vugl ), (3.71)
LOO

(3.72)
< C\[(l + el (uk, 6% ) 1 6RI2-
Ig12 and Ig13 behave like Ig11, we can get
1 13 £ 3
[Is12] < C%(l + el (ug, 6R) ) 071 (3.73)
and
Is13] < Ce||[VorlFn (14| Vngl e + e Vug L)
We now bound Igj4. Using (2.25) in Lemma 2.1, we have
Ig14| < Cel|AOS PRV R
[Is14] < | ¢RHH ¢” (3.74)

< Cel|AdGl[50 +eCr(Vell 9l )V oG5

Combining all the upper bounds, we obtain

[ s1| < CL(VEll @Rl ) (1 + el (uf, dRIN IO,
where [|(u%, ¢%)[|% is given in (2.30). The proof of Lemma 3.6 is complete. O
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Lemma 3.7. Let (n%, u%, ¢%) be a solution to (3.1). Then

Ve

1d e3/?

8°‘V¢R> ~id <8aA¢R7 aOéAGbR>

1 (67 £ €¢(1) (63 £ 1 d (67 3] 63/2 % (63 £
13 <8mV¢R, ( - 0;Vor ) — 1d 0; Vg, - 0y Vor
+C(C1(VeQ) + el (ug, pRIDAL + l(uf, 9R)Z 1,

where |a| = §' for s’ > 4.

Proof. Recalling Ig in (3.67). Taking 0% of (3.1c), we have

<8°‘V¢R,

2005, = 056% — eI 6% + VEIR (0 eR) + 22 02((65)%] + i Ry,

So Igs is decomposed as,

Iso = ( 09Ag5, ﬁata;:(ﬁ% — e { %A, ﬁatAagqﬁ;
214 2N,
\[ 1 3 Ve
oA o (1) e AABE, Y (A€ \2
#VE(oraoh Lo Von)) v (oeaoh Yooanien)
+e <0O‘A¢R, \[ 8t8°‘R¢>
=: Igo1 + Iso2 + Ig23 + Iso4 + Is25.
Estimate of Igo;. By integration by parts, we obtain
Ve Ve
_ « e V< « e\ « € Ve Q€
Igo1 = <8x Vg, o 007 VR 07 Vo5R, V o 005 O% (3.76)
=: Ig211 + Ig212.
By integrate in time, we have
1d €
Isonn = ——— ( 07 Vg, £6§V¢% 0y VR, O \[ 0; Vg
4 dt Na
then from (3.46), we get
1d /., o
s <~ 5 (0890R. Y200V 0R ) + CO+ iRl (37D
where we have used Lemma 3.2 and Corollary 3.1.
The estimate of Igo19 is pretty much like Ig911, and thus
Isp1o < O(1+elloglla) (w0215
Therefore, we have
1d €
i <~ 5 (0690R, Y2000 ) + OO+ il i bR (319
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Estimate of Igo9. By integration by parts in time, we obtain

1d g3/2 . £3/2 _
Igoo = “1d 05 AP, 6QA¢R 0z AdR, Oy o AN
(0%

Similar to (3.78),

1d

Isp2 < =7 <8QA¢R’ —0; AdR > +C(1+ell(ug, 07)ls) 9713 (3.79)

Estimate of Igo3. By integrating by parts and using the commutator, we have

tios == (V0R Y (5 ) (W) ) — (V0¥ (o ) @) )

_ <a§;v¢6 , (52‘11 )ataav¢€> <a V¢R,< ) [agv,¢<1>}at¢§%>
- <8£‘V¢3§, (;L) V(210" >

=: Igo31 + Iga32 + Ig233 + Ig234 + Ig235.

Using the multiplicative estimates, we obtain

Iszsn < CVE(L+ €] Vg || o) 102 Vol 2 {10:0% | W [ 0w + 1067l oo 16D |}

We deal with Ig031 first, because of

10: 0%l x < [10:dR] rr-1 + [0V SR pri—r- (3.80)

We can obtain
Isoz1 < C(1+elloglla) {1 + Il (uk, o212}
Similarly, we have
Isozo < C(1 + el dRlla) (1 + [l0%13)-

Igo33 and Ig934 can be dealt with similarly, so we obtain

o

1d o e €¢ 1 o 2
Iga33 < “id 93 Vo, " 0: Vg )+ C(1 +¢|(uk, ¢R)3) 675

and
Isoss < C(1+elloRlls){1 + l(u%k, %)%}

We now bound Ig235. By using multiplicative estimates, we have

£ £
s =~ (905, (5o ) 92010V ) - (2V0R (5o ) 22(VaI0 Vo) )
< Vol IV G5l 96 Vlle + 5l 100
Il 076 e + 167l 10 760l s

< Cel|02Veg|12e + CLe|| VT4 + 1955 + 1165155}
< C|lo%)I%,

(3.81)
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where k < s’ and s’ > 3.
So we can estimate Igo3 by adding above

1d e
Isos < — —— ( 09V 5%, 90V
828 = 4dt< = VOR ( N ) qbR> (3.82)

+ O+ ell(ug, o)) {1 + l(uk, 67)13}-

Estimate of Igo4. Recalling (3.76), we have

2

Igoy = <3QA¢37 aa(¢Rat¢R)>

2¢R
2n

2

—<8§V¢%, ataaw3> <6aw3, e ¢R]at¢R>

(3.83)
&2
(2 voh 50 (VoRO0R) )
o
=: Igoa1 + Ig242 + Ig243.
For the term Igo41, by integrating by parts in time, we obtain

1d 2 2 1€
TAdt <8QV¢R’ ¢RGQV¢R> <8§V¢%’at <En¢R> a§v¢§{>,

(%)

where we used Holder inequality, Lemmas 3.1-3.2, and Corollary 3.1. Therefore Igs41 is estimated
as

Igo41 =

and we have

< C+ CVe||(us, 65)12,
Loo

1d g2

Z% <a V¢R7

To bound the term of Iga40, by commutator estimates, we have

£
Tont < — Raav¢R> L O+ el (w0, 62 IR {95V ]2 ).

2
Tt = — (05907 £ 0X(V65067) )
< CoT G5l 100 e IV 6l + 1005l IV e
< O + el i RIS

by using Lemma 3.1 and Corollary 3.1, then we have

Ispar < C(1 + ef|(uf, o) I (uf, $7)15 -

Ig243 behaves like Igo40, we obtain

Ispas < O(1+ell(ufe, o) I3 (ufe, %) 15

Therefore we can estimate Igo4 by adding above

1d

82 &
Ispa < = <6§V¢%, - R3§V¢§z> + O+ el (ug, 923l (uk: 6B (3.84)
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Estimate of Igo5. By (2.26) in Lemma 2.1, recall that Igo5 is defined in (3.76), we have

Isps < Cel| 03 AGR|* + )| 0:05 Ry ||
< Cel| 07 ApRII* + C1(VelldRllms) (1 + elledrdml7p) (3.85)
< C1(Vel bl s {1 + 1 (uk, o) I3}

where 0 = max{2,k—1} < ' —1, and we have used (3.12) in Corollary 3.1. The proof of Lemma
3.7 is completed. O

So the proof of Proposition 3.2 is completed.

By combining Proposition 3.1 and Proposition 3.2, we are now ready to proof Theorem 2.1.
Proof of Theorem 2.1. From (3.2), there exists some ¢; > 0 such that 1/2 < 1 + /e¢(!) +
E%gb}} < 3/2. By adding inequalities (3.14) and (3.63), then integrating over [0,¢] and taking
summation over |a| =k for 0 < k < s’, we obtain

t
I(ug, 611 < CC-(0) + 001/0 (C1 + ell(wh, 'k, ORI {1 + | (uf, ng, 6R)IZ }dr.

Here C.(0) = [|(u%,¢%)(0)]|%. We know that there exists some constant 0 < g9 < &1 such
that ||(u%, n%, 6%) |2 < 1. As C1 = C1(VE||n%| ;) is nondecreasing, we have Cy < C1(1) as
0 < € < gg. So, there exists some constant C3 > 1 such that

t
l(uf. 67)I% < C5C<(0) + Cs /0 {1+ l(u%, 67)13 }dr.

On the other hand, from Lemma 3.1, here exists some constant Cy > 1 such that for any
0<e<eg,
InRl3e < Ca(l+ l9713)- (3.86)

Let C) = supg...; C-(0). Given 0 < 19 < 7, we let C in (3.2) satisfy C' > 2C4(1 4 C3C})eC37;
then we use the Gronwall inequality,

S I, )% < (1+ CsCh)e™™ < C,

t<To

and from (3.86)
sup 052 < Cafl+ (1 + C3C))e®™} < C.
<t<7o

It is then standard to obtain uniform estimates for ||(n%, u%, ¢%)[ls independent of ¢ by using
the continuity method. So the proof of Theorem 2.1 is complete. O
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