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INTEGRABLE COUPLINGS AND BI-HAMILTONIAN STRUCTURES
OF GENERALIZED ISOSPECTRAL-NONISOSPECTRAL
C-KDV HIERARCHIES

Haiming Zong!, Zhenbo Wang?*' and Yufeng Zhang?

Abstract In this paper, we derive a combined isospectral-nonisospectral C-KdV hierar-
chy, which generates some physically significant equations such as the generalized variable-
coefficient C-KdV and Burgers equations. For the nonisospectral C-KdV equation, we es-
tablish infinite conservation laws and analyze invariant solutions and point symmetries for
both the Burgers equation and the classical C-KdV equation. A key contribution is the
construction of a new 4 x 4 Lie algebra g which enables the formulation of two linear prob-
lems. Their compatibility conditions yield isospectral and nonisospectral C-KdV integrable
couplings. Using the quadratic-form identity, we derive the bi-Hamiltonian structures for the
isospectral hierarchy, while the component-trace identity provides bi-Hamiltonian structures
for the nonisospectral hierarchy.

Keywords Isospectral and nonisospectral integrable hierarchy, bi-Hamiltonian structures,
Lie algebra, conserved quantities, invariant solutions.
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1. Introduction

Integrable systems play pivotal roles in mathematics and theoretical physics. Prominent ex-
amples include the KdV and NLS equations (continuous systems) and the Toda lattice and
Volterra lattices (discrete systems), all with significant physical applications. Such systems
are commonly constructed via the Lax representation (L; = [A, L]) or the zero curvature rep-
resentation (U; — V; + [U, V] = 0) [2, 30], originating from the Lax-pair method introduced
by Magri [25]. Tu later developed a systematic approach to generate soliton hierarchies by
representing spectral problems via loop algebras and solving the associated zero curvature equa-
tions [38]. The Tu scheme has enabled the derivation of numerous integrable hierarchies, such
as the KdV hierarchy, the AKNS hierarchy, the WKI hierarchy, and their Hamiltonian struc-
tures [8,9, 13,17, 39,40, 52,53]. However, most of the previous studies have focused on the
isospectral problems, and relatively little research has been done on the nonisospectral prob-
lems, especially the time evolution of the spectral parameter A as the polynomial form in A, i.e.,
A =Y ;50 k()AL In [18], Ma once proposed a new simple scheme for generating nonisospec-
tral flows from the zero curvature representation in the case of Ay = A", n > 0. In [32], Qiao
applied the generalized Lax representations and considered an ordinary N x N nonisospectral

fThe corresponding author.

'Research Office, Yantai Nanshan University, Yantai, Shandong 265700, China

2School of Mathematics, China University of Mining and Technology, Xuzhou, Jiangsu 221116, China
Email: zonghaiming@nanshan.edu.cn(H. Zong), wangzhenbocumt@163.com(Z. Wang),
zyfusf@163.com (Y. Zhang)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20250130

1368 H. Zong, Z. Wang & Y. Zhang

problem Ly = Ay, A, = AmEDn g >0, At,, =A™ m < 0 to generate some nonisospec-
tral soliton hierarchies. In [16], starting from the Lax pair ¢, = U®, &, = VP and then
using the compatibility condition, Li derived the nonisospectral AKNS hierarchy in the case of
At = D150 ki(t)A" L. Further extensions by Chen et al. have enriched the theory of nonisospec-
tral hierarchies [6,7,10,11,31,51,54, 56].

Integrable couplings have emerged as a significant research direction in mathematical physics
since Fuchssteiner introduced the concept through the study of centerless Virasoro symmetry
algebras. Ma pioneered perturbation-based constructions of integrable couplings [22, 23], while
Guo and Zhang developed methods via matrix Lie algebra primitives [12]. Subsequently, Ma
established a link between integrable couplings and semi-direct sums of Lie algebras [24]. Wang
extended this framework by constructing integrable couplings for nonisospectral problems via
a perturbation term e [42]. Based on the above work, many examples of soliton hierarchies
of integrable couplings have been obtained, including the AKNS hierarchy, the Kaup-Newell
hierarchy, the WKI hierarchy, the Toda hierarchy, the Jaulent-Miodek hierarchy, the Glachette-
Johnson hierarchy, and the Tu hierarchy [15,19-21,26,27,29, 33, 43-49].

In this paper, we generalize the Lie algebra constructed by Ma [24] to obtain a new 4 x 4 ma-
trix Lie algebra. Based on its loop algebra, we introduce two distinct spectral problems (isospec-
tral and nonisospectral) (3.1), (3.18). By means of the Tu scheme, we derive the isospectral
integrable coupling system (3.8) and the nonisospectral integrable coupling system (3.26), from
which several distinct nonlinear equations (3.9), (3.28) are reduced. These nonlinear equations
contain new perturbation terms and nonisospectral terms. When setting ¢ = 0 and k;(t) = 0,
they can be reduced to the integrable couplings of the classical C-KdV equation [50]. There-
fore, the results obtained in this paper are new generalized forms of the existing results. As
applications, the invariant solutions and conservation laws of some reduced nonlinear evolution
equations can be obtained by Lie symmetry analysis.

The organization of the paper is as follows. In Section 2, based on the nonisospectral C-
KdV spectral problem, an isospectral plus nonisospectral integrable hierarchy of new nonlinear
evolution equations is presented, including the classical C-KdV equations, generalized Burgers
equations with variable coefficients. Then, we find that the integrable hierarchy of nonlinear
evolution equations has Hamiltonian structures. In Section 3, a 4 x 4 matrix Lie algebra g is
introduced. Based on Lie algebra g, we design a new linear spectral problem, and by considering
whether the spectral parameters A is evolution of time, we obtain isospectral and nonisospectral
C-KdV integrable couplings. Then their bi-Hamiltonian structures are derived using quadratic
constant equation and two sets of component-trace identity, respectively. In Section 4, infinite
conservation laws of isospectral C-KdV equation with variable coefficient are obtained. In Sec-
tion 5, we consider the Lie point symmetries and the invariant solutions of Burgers equation
(2.21) and partial differential equations system (2.18). The last section contains a summary and
discussion.

2. An isospectral-nonisospectral C-KdV soliton hierarchy and its
Hamiltonian structures

2.1. An isospectral-nonisospectral C-KdV soliton hierarchy

In this section, we shall derive an isospectral-nonisospectral coupled KdV soliton hierarchy
associated with the matrix Lie algebra A;. This Lie algebra is simple and has a basis

(10 (o1 (o0
f1—<0_1>,f2—<00>,f3—<10>,
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whose commutator relations are

[f1, fo] = 2f2, [f1, fo] = =2fs, [fo, f3] = fr-

The loop algebra corresponding to the simple Lie algebra A; is denoted by
filn) = fi\", i=1,2,3; n=0,1,2,3,---,

with the commutator

[f1(n), f2(m)] = 2fa(n +m), [fi(n), fs(m)] = =2fs(n+m), [f2(n), fs(m)] = fi(n + m).
Then the spectral matrix U can be expressed by
q— A
v=| 2 | =t - Lh) - + 10 (21)
= A—q |~ 2q 1 B 1 2 3(Y), .

1 21
2

which appears in the spectral problem
vo =Ugp, o= (p1,92)", (2.2)
where g, are two potentials, and X is a spectral parameter. Set
pr = Vip + Vap =: Vo, (2.3)
where

Vi= Zaz‘fl(—i) + bifo(—i) + ci f3(—1),
>0
Vo= a;fi(=5) +bifa(—4) + & f3(—)-
320
Taking the spectral evolution A = 3.5 kj(t)A~7, then the compatibility of (2.2) and (2.3)
reads that

ou ou
which can be decomposed into the following form
oU oU
%Ut + a)\t —Vie +U W] = Vo, + U, Vo] =0. (2.5)

According to the generalized Tu scheme, we first solve the isospectral stationary zero-curvature
equation

‘/1,ac - [U7 Vl]? (26>
which admits that
i1,z = —TCit1 — bit1,
Ci+1 = Cix + qCi — 2a;, (2.7)

bi-i—l - bi,x +2Tai +qbl7 1= 172737"' .



1370 H. Zong, Z. Wang & Y. Zhang

Then, the nonisospectral stationary zero-curvature equation

Vaou = [U, Vo] + )\t, A= k;(t) (2.8)

7>0

gives rise to

_ _ _ _ - 1 = 1

Qj41 = —(8 17‘8 + 0 l’l”q)Cj + bj -0 lqu - §£Ukj+1(t) + ﬁj.H (t),
Cj+1 = Cjx +qCj — 2ay,

Bj+1 —Bj,x+2r&j+ql;j, 3=1,2,3,---.

Taking ag = %ao(t), co = bp = 0, we have in terms of (2.7) that

—ap(t), by = ap(t)r, a1 = ay(t),
—ao(t)g — 2a1( ), b2 = —ap(t)rz + ao(t)gr + 20a(t)r,
ag = ag(t)r + aa(t), c3 = —ao(t) g — 2a0(t)r — ap(t)q® — 20 (t)q — 20a(t),
az = —ag(t)ry + 2a0(t)gr + 201 (t)r + as(t),
by = ao(t)ree — ao(t)(qr)z + 2a0(t)r? — ao(t)qre + ao(t)g?r — 21 (t)ry
+2ras(t) + 204 (t)rg,

\...7

where a(t), as(t), as(t) are integral constants. Choosing ag = 3B0(t), ¢ = by =0, ko(t) =0,
then from Eq. (2.9) we have

= ~bo(t), By = folt)r, ar = — ki (6) + B (1)

—Bo(t)re + Bo(t)qr — raxka(t) + 281 (t)r,

—Bo(t)q + zki(t) — 2 = Bi(?),

Bo(t)r — *xké(t) + Ba(t),

—Bo(t)qe — 2B0(t)r — Bo(t)q* — 2B1(t)q + (qz + 1)k (t) + zka(t) — 28a(t),
— Bo(t)re + 281 (E)r + 2Bo(t)ar — aka () — %xk:g(t) + Bs(t),

(

(

b3 = Bo(t)rze — Bo(t)(qr)e + 260(t)r* — Bo(t)qra + Bo(t)gPr + (r + rex — qra)ka(t)
—rzka(t) — 281 (1)rs + 282()r + 281 (t)gr

where (31(t), Ba2(t), B3(t) are integral constants. Note that

Vi = 3" (aifi(n— i) + bifa(n — i) + cifs(n — i) = AV — V7,
i=0
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Vil =3 (@ fa(m— )+ bifelm = ) + & fa(m = §)) = A"Va = V™),
=0
AL”E_ZIC OAT =AY kAT = Y = A - A

7>0 j=>m+41

then the Eq. (2.6) can be decomposed into

~(V e+ R = ) = 0 V] = —cuia f3(0) + by f2(0),
and the Eq. (2.8) can be broken down into

oU [m]
o\ e

oU [m]
“on 2
= —Cm+1/3(0) + bim11.f2(0).

— (v, + o v = + (v, — [, v

Let

n n 1 n n
vt =yl + enr1f1(0), v = V”+2cm+1f1(>

One infers that
oU

= e = (Ve + UV + 0]+ SN
= (V) (V) — 0, V) = o v - Sl
1 1
== 5 (entre + Emr12) [1(0) = (@nt1z + Gmr1,2) f2(0) = Sk (t).f2(0)-
Therefore, the generalized zero-curvature equation
ou oU n n m m
R S (R A B G A () (2.10)

admits the isospectral-nonisospectral C-KdV soliton hierarchy as follows

q 0 -0 Ap+1 + Gma1 0
Uty = — " " 1| kg (t). (2.11)

r -0 0 —Cn+1 — Cm+1 -5
tnm 2

Using Eq. (2.7), we deduce the following recursion relation

Ant1 0 lqd—0r+0"1rd an 1
= + ot (t)
—Cn+1 2 0 + q —Cp, 0

= (500 L™ +ar()L" + -+ + an(t)L + ant1 (1)) ((1]) (2.12)

1
::Pn+l(L7t) ( ) )
0
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where

1
Prpa(L,t) = §a0(t)Ln+1 T o (O)L" + -+ an(t) L+ anga (D),

I 0 'q0 —0r+0"1ro
2 0+q .

Using the Eq. (2.9), we find

a —1 —Jar 1y a
—Em+1 2 0+ q —Cm 0

19 1

+ (28 q) km(t) + ( 2 ) k1 (1) (2.13)
0 0
1o .
= Qerl(Lat) (1) +Rm(L7t) (28 q) +Sm+1 ( 2 ) y
0 0 0

where
1
Qm+1(L,t) = iﬂo(t)LmH +on ()L™ + o ()L™ 4+ ()L + g (1),
Ron(L,t) = ko(t) L™ + k1 () L™ 4 - 4 Ky 1 (1)L + e (2),
St (L, t) = k1 (t) L™ 4+ ko () L™ L 4+ oo + k(O L + kg1 (2).
Taking

o g [0F0a07 0
oot trq—0)

then we find JL™ = ®™J. Hence, by using Eqgs. (2.12) and (2.13) the integrable hierarchy (2.11)
can be written as

¥ o) e ()
:J(Pn—i-l(L?t) +Qm+1(L7t)) 0 + JRm(Lﬂt) 2
r 0
1
IS (L) (233) kg (t) (0)
0 2\
(2.14)

= (Puy1(®, 1) + Qi1 (2,1)) (0) n —RmQ(‘I’vt) (0)
0 q

+ Sm+12((1)7t) (;) . km—;l(t) (?) )

In what follows, we consider some reductions of the integrable hierarchy (2.14) as follows:
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Case 1. When n = 1, m = 1, the integrable hierarchy (2.14) reduces to a simple linear partial
differential equation system as follows:

g = —(ao(t) + Bo(t))qe + k1(1),

(2.15)
re = —(ap(t) + Bo(t))re.
Case 2. When n =2, m =0, we get
qt = —ao(t)qre — 200(t)T — 2000(t)qqs — 2001 () qx,
t o(t) o(t) o(t) 1(t) (2.16)

ri = o (E)ree — 200()(qr)e — 201 (£)re — %kl (®),

which is a nonisospectral C-KdV equation with variable coefficients. When «g(t) =
=1, a1(t) =1, k1(t) =0, we get

Gt = Quz + 272 + 299z — 2q,, (2‘17)

Tt = —Tgz + qur + 2racq - 274%

which is a generalized form for the equation derived by D Levi [15]. When ay(t) =
—1, ai(t) =0, ki(t) =0, the Eq. (2.16) can be reduced to the classical C-KdV equation

Gt = Gz + 272 + 2qq,, (218)

T = —Tpr + 2q7T + 27,q.

When r = 0, —ag(t) = f(t), —2a1(t) = g(t), the Eq. (2.16) reduces to the generalized
Burgers equation with variable coefficients

qt = f(t)qua + 21 (t)qqe + 9(t)qe- (2.19)

When ¢(t) = 0, ¢ = u, the Eq. (2.16) can be reduced to the classical Burgers equation
with variable coefficients (see [33])

up — f(t)ugy — 2f (t)uuy = 0. (2.20)

When f(t) =1, g(t) =0, ¢ = u, the generalized Burgers equation with variable coefficients
(2.19) becomes the classical Burgers equation (see [5])

Up — Ugy — 2Uly = 0, (2.21)

which is the lowest order approximation for the one dimensional propagation of weak shock
waves in the fluid [41].

Case 3. When n = 0, m = 2, we obtain a nonisospectral nonlinear evolution equation with
variable coefficients from the C-KdV soliton hierarchy as follows:

g = —Bo(t)quz — 2B0(t)re — 280(t)qqz — 261(t) g
+(q + qex) k1 (t) + ka(2), (2.22)
Tt = /BO(t)rmc - 260@) (qr)m - 261 (t)?"z + (T‘ + sz)kl (t)7

which is the nonisospectral form of the Eq. (2.16).
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Case 4. When n =1, m = 2, we have from the soliton hierarchy (2.14) that

qt = —Bo(t)qzz — 260(t)qqe — 2B0(t)rz — (2B1(t) + ao(t))¢x
+(q + @) k1 (t) + ko (), (2.23)
re = Po(t)rze — 2B0(t)(qr)e — (261(t) + ao(t))re + (r + raz)ka(t).
Case 5. When n =2, m =1, we have from (2.14) that

qt = _a0<t)wa - 2a0<t)7n:v - 2a0(t)QQ$ - (2@1 <t>
+60(t))qz + k1 (1), (2.24)
1t = ao(t)rex — 200()(q7)z — (261(t) + ao(t))re + %/@(t)-

Remark. Egs. (2.23) and (2.24) are the generalized form of the soliton equation from D
Levi [15], but they are different from the Eq. (2.22). In addition, Eqgs. (2.23) and (2.24)
are the different evolution equations,because they have different nonisospectral terms and
coefficients.

2.2. Hamiltonian structures of the isospectral-nonisospectral C-KdV soliton
hierarchy (2.14)

To furnish Hamiltonian structures, we use the variational identity or trace identity. Denoting
the trace of the square matrices U and V by < U,V >, that is < U,V >=tr(UV). Since

1 1
ou_ (3 V) au_(o-1) ou (73
8q O_é 787“ 00 ’8)\

we have

<V1, U > ai, <V1, == A,

i>0 i>0
< Vl, ==Y an < Vz, Usn > an, (2.25)
>0 7>0
ou o ou i
<V, oo >= fzch T < Vo gy >= fzajA 7,
j=0 j>0

Substituting the results (2.25) into the corresponding trace identity

<V ou >
o ou 0 Gy
_ 2 S \NTY Y q i—1.2
5 <o T Tt I A
<Vi,— >
or
and balancing the coeflicients of the powers of A, we get that
1) 7% 1) B am,
@(an-i-l) =(y—n) ) %(_amﬂ-l) =(y—m) -

—Cn —Cm
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The case of n =0, m = 0 tells v = 0. and thus we have

i(anﬂ)_ an \  0Hp4 i(am-l-l)_ am | 0Hpmi
du' n 7_Cn75u’5um 7_5m76u'

Therefore, the Hamiltonian structures of the isospectral and nonisospectral soliton hierarchy
(2.14) is

B 0Hpi1  0Hpt 0
Uty m = J < Su + S ) + km+1(t) 11>

§Hm+1 0 _a

0Hni1 241 and Hamiltonian operator is J =
-0 0

where the Hamiltonian functional is s+

3. Isospectral and nonisospectral integrable couplings of the C-
KdV soliton hierarchy and their bi-Hamiltonian structures

In this section, we extend the 2 x 2 matrix Lie algebra A; to the 4 x 4 matrix Lie algebra g
in order to obtain the extended linear spectral problem. In what follows, we can derive the
integrable couplings system of original equation hierarchy (2.14) by using the Tu scheme.

We denote the Lie algebra g = span{g;, ¢ =1,2,---,6}, which has a set of bases

1000 0100 0000
0-100 0000 1000
gl_ 792: 793: 9
0010 0001 0000
000-1 0000 0010
00eO0 000¢ 0000
00 0—¢ 0000 00e0
g4 = y g5 = , g6 = )
1000 0100 0000
0-10 0 0000 1000

with the commutation relations

[91,92] = 292, [91,93] = —2g3, [91,94) =0, [91,95) = 295, [91,96] = —296,
(92, 93) = 91, (92, 94] = —205, [92,95] =0, [92,96] = 94, [93,94] = 296,
(93, 95] = —94, [93,96) =0, [94,95] = 2c92, [94,96) = —2€93, [95,96] = €91

The corresponding loop algebra is defined as
g: Span{Qi(”)ﬂ 1= 1727"' 767 n= 1727'”}7 gz(n) :gz)\nv

along with the commutator

[91(m), g2(n)] = 2ga(m + 1), [g1(m), g3(n)] = —2g3(m + n),
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[91(m), g5(n)] = 2g5(m +n), [g1(m), gs(n)] = —2g6(m + n),
[g2(m), ga(n)] = —2g5(m + n), [g2(m), gs(n)] = ga(m + n),
lg3(m), ga(n)] = 2g6(m + n), [g3(m), g5(n)] = —ga(m + n),
[94(m), g5(n)] = 2eg2(m + n), [ga(m), ge(n)] = —2eg3(m + n),
[95(m), g6(n)] = €g1(m + n), [g2(m), 93(")] g1(m +n),
[91(m), ga(n)] = 0, [g2(m), g5(n)] = 0, [g3(m), gs(r)] = 0.

3.1. An isospectral integrable couplings of C-KdV equation

Based on the loop algebra g, we introduce the isospectral problem

&, =UD,
)\t = 07

where

U= g91(0) - 191(1) —7g2(0) + g3(0) + 294(0) - 19!4(1) — 595(0) + g6(0),

2 2 2 2
=Y aigi(—i) + biga(—i) + ciga(—i) + diga(—i) + eigs (i) + fige(—i),
>0

and u = (¢, 7, p, S)T is potential, @ = (P, Do, P3, 454)T is eigenfunction, for convenience, we set

a=>ax", b= b c=> A,

120 >0 >0
d=>Y diX e=) e, f=) fix".
>0 1>0 >0

In terms of Tu scheme, by solving the stationary zero curvature equation corresponding to V;
Vl,:v = [Ua ‘/1]7 (32)

we obtain the recurrence relations

)
Qi = —rci — b —esfi —ee,

bix = 2ra; + 2esd; + qb; + epe; — biy1 — €€y,
Cig = 2a; + ¢ciy1 — qc; + 2ed; — epfi + € fiq1,
diz = —s¢i — by —rfi — €,

€z = 2rd; + 2sa; + pb; + qe; — bit1 — ejq1,
Jix = 2a; + ciy1 — pei + 2d; — qfi + fita,
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which has an equivalent form

aix = —rc; — b —esf; — ey,
dig = —sci — b —rfi— e,
1
bir1 = ;[bm —cejz+ 2(es —r)a; + (ep — q)b; + 2e(r — s)d;
+e(q — p)el,
1 (3.3)

eit1 = ——leio = bio +2(r = s)ai + (¢ = p)bi + 2(es —7)d;
+(ep — @)eil,
1
Cit1 = ;[€fi,x — Ciz +2(1 —¢€)a; + (ep — q)ci + (g — p) fil,

1
fit1 = ;[Ci,r - fi,w + (q - p)ci + 2(1 - E)di + (sp - Q)fz}
Take 1
a0=d0=§, bp =co=eg = fo=0,

and impose the integration conditions
ilu=0 = bilu=0 = Cilu=0 = dilu=0 = €ilu=0 = filu=0 =0, i > 1.
Hence, we have in terms of Eq. (3.3) that

a1:0, b1=7', 612—1, d1=0, €1 =S, f1=—1,

az =r, by = 1 1 [rz —eSg + (ep — @Q)r + (g — p)s], c2 = —q,
dy =s, ey = eil[sx—rﬁqr—pﬂrsps—w}? fa=—n,
as = i I [re — €Sy + 2epr — 2qr — 2eps + 2eqs],

ds zei1[—rz+sx—2p7"+2q7"+26ps—2q5],

c3 == i [l9r = epe + ¢ +ep” — 2epg] - 2,

f3 =€i1[px—qm—q2—6p2+2pq]—28,

1
bs Zm[(l + &)Tan — 28845 + 2epyr + depry — (1 +€)qur — 2(1 + €)qry + 2equs
+ deqsy — e(e + 1)pys — 2e(e + 1)ps, + e(e + 1)p?r — depqr + 2e(e + 1)pgs
+ (e + 1)g?r — 2e¢s — 26*p?s +2(1 — &)r® 4 2¢(1 — €)s% + 4e(e — 1)7s),
1
€3 :m[_QTm: + (e + 1)sga + 2q.7 + 4qry — (1 + 5)pmr —2(1 +¢)pry
+ 2ep,s + 4epsy — (1 +€)qes — 2(e + 1)gs, + 2(e + 1)pgr — 4pgs — 2¢°r
+ele+ D)p*r + (e + 1)g%s — 2ep®r + 2(e — 1)12 + 2e(e — 1)s? — 4(e — 1)s7],
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Noting

n

V=3 (aigi(n — 1) + biga(n — i) + ciga(n — i) + diga(n — 1)

i=0
+eigs(n — i) + fige(n — 7))
:)\nﬁ - ‘71[7711,

we calculate that
—(W)e + 10, V) =)z — [0, V"]
=(bny1 +€en11)92(0) + (bnt1 + €ny1)gs(0)
- (Cn+1 + 5fn+1)93(0) - (Cn+1 + fn+1)gﬁ(0)-
Taking
o] _ i) 1 1
Vit = V17+ + §Cn+191(0) + 5fn+194(0)7
then a direct calculation shows that
— (") + 10,7
1 1
= - an—i—l,ng(O) - dn—i—l,xgE)(O) - §Cn+17xgl (0) - §fn+1,:cg4(0)-

Therefore, the zero curvature equation
ou _ -
Gate Vi + 0.7 =0

admits the isospectral integrable couplings hierarchy of C-KdV equation as follows:

q Cn+1,x 0000 Cn+1 Cn+1
~ r —Qntle 0—-00 0 Gna1 Gna1
utn = = = = Jl

p fnJrl,:r: 0000 fn+1 fn+1

S _dn-i—l,a: 000 —8 dn+1 dn+1

tn
When n = 2, the first isospectral integrable couplings system in (3.8) is
1

Ge = —— (4w = £Prw + 244 + 26ppy — 22qpy — 25p4y) = Tay £ F L,
= i . (e8p — T3 — 2e(pr)s + 2(qr)e + 26(ps)z — 2(gs)z), € # 1,
Pt = E_%(pm — Qoz — 294z — 26pps + 2(PQ)s) — Sas € F 1,

| 5t = E_%(rm — Ses + 2(pr)e — 2(qr)e — 26(ps)z + 2(gs)z), € # 1.

(3.4)

(3.5)

(3.6)

(3.7)

The Eq. (3.9) is a novel isospectral integrable couplings of the C-KdV equation with a pertur-
bation term . And we find that it can be reduced to the C-KdV integrable coupling [50] if we

take € = 0.
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3.2. Bi-Hamiltonian structures of the isospectral C-KdV integrable couplings
hierarchy (3.8)

Through calculations, we found that the trace identity cannot generate the Hamiltonian struc-
tures of the above integrable couplings system. Therefore, in order to apply the quadratic
constant equation we represent the matrix Lie algebra g as column forms. Let us consider the
Lie algebra ¢g. For a,b € g, let a = Z?Zl a;gi, b= Z?Zl big;, we see that

[a, b] =(a2bs — agba + casbg — caghs)g1 + (2a1ba — 2a2b1 + 2ca4bs — 2easbq) g2
+ (2a3by — 2a1b3 — 2caabg + 2cagby)gs + (a2bs — agbe + asbs — asbs)ga
+ (2a1b5 — 2a5b1 + 2a4ba — 2a2b4)gs + (2a6b1 — 2a1bg + 2a3bs — 2a4b3)ge
=:(agbs — asgby + casbg — cagbs, 2a1by — 2a2b1 + 2ca4bs — 2casby,
2a3b1 — 2a1b3 — 2ca4bg + 2cagby, asbg — agbs + asbs — asbs,
2a1bs — 2a5by + 2a4by — 2a2by, 2a6by — 2a1bg + 2asby — 2a4b3)T € RS, (3.10)

where R® stands for the real linear space on R. Now put (3.10) into another form

0 2bp —2b3 0 2b5 —2bg
bs —2by 0 bg —2by O
—b 0 2by —bs 0 2b
[a,b]" = (a1, a2, a3, as, as, ag) ? ' ° = a’ R(b). (3.11)
0 2€b5 —28()6 0 2[)2 —2[)3
€b6 —2€b4 0 b3 —2b1 0

—Eb5 0 2€b4 —bg 0 2b1

When we use the quadratic-form identity, a constant symmetric matrix F' should be applied,
which satisfies the matrix equation

After a simple calculation, one has

200200
001001
010010
200200
00100¢
0100 €0

Define the linear functional
{a,b} = aTFb, a,b € g.
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Consider a linear map o:

a b ce ef

6 c —aced—ce T 6
c:g— R, U= — (a,b,c,e, f,d)" € R”,
e f a b

d—e ¢ —a

then ¢ is an isomorphism from the Lie algebra g to RS. It is verified that Rg is also a Lie algebra
equipped with the commutation operation (3.11). The corresponding loop algebra with RS is
defined by RS, along with the commutator [a(n),b(m)] = [a,b]A\" ™, m,n € Z. Employing RS,
we consider the isospectral Lax pair

b, = U,
o, = V"o, (3.12)
)\t = 07

where

g —A
U - (qu -, 17 pTv -8, 1)T7

n

_ ]

Vl[n] = Z(aiv bia Ci, dia €, fz)T)‘n ‘ + §(CTL+17 07 07 fn+17 07 O>T
1=0

It is easy to find that the compatibility condition of (3.12), i.e., the zero curvature equation (3.7)
also generates the soliton equation hierarchy (3.8). A direct computation gives

_ oU - oU _oU
(ingg ) =ora TG =men {T G} mave

o0 o0 (3.13)
{‘/b 88} = —C—€f, {Via a)\} = —2a — (1 +€)d
Substituting the results of (3.13) into the quadratic-form identity
§ (- &6U ) _ 0U
il QU e T A N il
o {Vl’ 5)\} (D) {Vl’ 5@}
and balancing the coeflicients of each power of A gives rise to
an + dy,
) —cp — f
55 (720041 = (e + Ddny1) = (v = n) I (3.14)
u ay, + edy,

—Cp — Efn



Integrable couplings and bi-Hamiltonian structures of C-KdV hierarchies 1381

In terms of the initial values of Eq. (3.14), we find that A = 0 when n = 0. Hence, we have

ant1 + dnt1
i (—2an+2 —(e+ 1)dn+2) | e =S | %
5t n+1 B 1 + edniy - du
—Cn41 — E€fnt1
From the recursion relationship (3.3), we have
Apt1 + dpt1 L1y Lyg Lz Lag an + dy an + dy

~Cnt1 = farr | 1 [ L2iLez Loz Lo —n— o | 1 | e In
np1+ednyy | € | Ly Lo LagLoa | | an+edy | €71 | anted, |
—Cnt1 — Efnt1 Lyt Lag Laz Las ) \—cn —€fn —Cn —€fn

where

L1 =0 —0 g0 +ed 1pd, Lig =es+ed 'sd—r— 0 'ro,
Lis=—0+0"'0—-0"'pd, Liuy=r+0"'rd—s—0"'s0,
Loy =2(e = 1), Lago=ep—q—0, Loz =0, Lyy=q—p+0,
L3y =e(071q0 — 071pd — 0), Lay = e(r + 0710 — s — 0~ 1s0),
L3z =0 — 0 'q0 + e 1pd, Las =es+ed 'sd—r— 0 'ro,
Ly =0, Lyp=e(0+q—p), Lais=2(e—1), Lyy=ep—q— 0.

Therefore, we derive the bi-Hamiltonian structures of the hierarchy (3.8) as follows:

Cn+l,z Gn+1 + dn+1
_ —a | —caa1 — _6H __6H,
de = = e bl — fnal _j 6ri+1 _JI 5—n’ (3.15)
fn+1,x Ap+1 + 5dn+1 u u
_dn—l—l,m —Cn+1 — Efn—',-l

with the Hamiltonian functional

_Hn _ —2an+2 — (6 + 1)dn+2’

n+1

and the first Hamiltonian operator

0 —e0 0 0

1 —0 0 0 0
e=1l1 0 o 0 -0
0 0 =900
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and the second Hamiltonian operator

1 eMy Mo

k‘
b« |

5—1) M2 ]\41 ’

2(1 —€)0 20% +20q — (e + 1)0p
—20% +2q0 — (¢ + 1)pd —(c + 1)(9s + s0) + 2(dr + r0)

)

2(e —1)0 —(e +1)(0? + 0q) + 2¢0p
(e+1)(0% —q0) —(e+1)(r0 + Ir) + 2¢(sd + 0s)

As we all know that a bi-Hamiltonian structure property means that M and .J constitute a
Hamiltonian pair, or, M = uJ + vM, for Yu,v € R, is a Hamiltonian operator. As a direct
result of the bi-Hamiltonian structure, we can conclude that the soliton hierarchy is integrable
in the sense of Liouville, and thus we can obtain the Abelian algebra of symmetries

[Ki, Kj] = K;(a)[K;] - K;(@)[Ky], i,j >0, (3.16)

and the component Abelian algebras of conserved functionals

_ SH; §H;
(1.1} = [T s =0,
ou o (3.17)
S §H; 6H ‘
{4 j}M_/(cSa) Bz =0
3.3. A nonisospectral integrable coupling of C-KdV hierarchy
According to the loop algebra g, we introduce a spectral problem
v, = UV,
_ (3.18)
Wt = ‘/2!pa

where

0 = 20(0) = 21(1) — rg2(0) + g(0) + Lga(0) — 2 ga(1) — 5g5(0) + g(0).

2 2 2 2
= ajg1(—3) + biga(—3) + ¢g3(—4) + djga(—3) + €;95(—3) + Fige(—3),
7>0

along with a spectral evolution \; = i>0kj (t)A\77. Solving the nonisospectral stationary zero
curvature equation corresponding to spectral problem (3.18)

ou

‘/Q,I:[Ua‘/Q]—i_ﬁ

A, (3.19)
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and balancing the powers of A, we obtain the following recurrence relations

Gjz = —1c; —bj —esf; —eej — 5k:j(t),

bje = 2raj + 2esdj + gbj + epé; — bjy — €€j41,
Cjw = 2aj + Cjp1 — qCj + 2edj — epf; + efit1,
%kj(t),

€jx = 2rd; + 2sa; + pb; + q€; — bjr1 — €j11,
fix =2a; +¢j41 — pcj + 2d; — qfj + fj+1.

N B ~ (3.20)
dj’m = —SsCj — bj — rfj —€j —

Taking the initial values ag = dy = %ﬁo(t), and by = ¢y = &y = fo = ko(t) = 0, then from the
above Eq. (3.20) we can get a set of values

ay = —%xkl(ﬂ + Bi(t), b1 =rBo(t), & = —Bo(t), di = —%xkl(t) + Bi(t),
1= s60(t), i = —6o(t), o = P (1, e, +cpr—gr -+ g5 — 2ps) + 280 — ka(t)or
&= ~holt)g+k(t)z = 261(0), & = f(f? (80 = 70 +qr — pr+eps — gs) + 281(t)s — k1 (t)zs
fo = —Bo()p + ki(t)x — 2B1(t), az = Bo(t)r — %k:g(t)x + Bo(t), dy = Bo(t)s — %/@(t)x + Ba(t),
- fo_(?(” — e85 + 2epr — 2qr + 2eqs — 2eps) + 261(t)(r — 20~ 'qr)
— k1 ()0~ (2r + ary) — %kg(t)x,
ds = 50_(? (82 — T2 + 2qr — 2pr + 2eps
— 2g5) + 261(1)(s — 207 3) — by (097 (25 + w52) — SRs(0),
= f (f? (4x — epw +ep® + 6% — 2epq) + k(1) (1 + 2q) + 261()q + ka(t)z — 2B2(t) — 260 (t)r
fs = f(f? (Pe — qw — ¢° + 2pq — €p”) + k1 (H)zp — 261 (t)p + ka(t)x — 2B0(t)s — 25a(t),
(3.21)
Note that
V= f;(ajm(m —7) +bjga(m — j) + €igs(m — j) + djga(m — j)
p
:J;:‘ij (_ ‘7_[%1)7 Falm =) (3.22)

A =S kAT — Zk HA™T = AA, — A
7>0 Jj=m+1
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we then calculate that

e + 10,95+ 2N v, — o v - 20
~(Fmsr + cemi1)2(0) + Gt + Emin)gs(0) 2
= (Cmt1 + € fm+1)93(0) = (Cmt1 + fint1)96(0).
Assume
v = Vl@ + %Cn+191(0) + %fn+194(0)7 (3.24)
then the zero-curvature equation
g({ut vl [0, v+ ‘zf;ﬂ m (3.25)

leads to the nonisospectral integrable couplings system of C-KdV equation hierarchy as follows:

q Em+1,x 0000 Em—i-l Em—i—l
r —a 0-00 0 a a
3 = _ | T 2 BRI AN e (3.26)
p fm—l—l,ar 0000 Jm+1 Jm+1
S _Jm—i-l,m 00 0-0 sz_i_l d_m+1

tm

When m = 1, the first nonlinear equation is as follows:

,

—Bo(t)qz + k1( )s
—Bo(t)ra + kz( )
(3.27)
—Bo(t)ps + kl( )
—Bo(t)ss +§k2(t)-
When n = 2, the second nonlinear equation is as follows:
( Q. = fo_(ti (Goa — €Paa + 26ppa + 294z — 26(pq)a) + k1()(2q + 2) + 261(t)¢e
—2Bo(t)r + ka2(t), € # 1,
Tiy = f O_(tz_ (Faw — ESux + 26PTy + 26put — 2q74 — 2qu7 — 25PSy — 26Pys
+2eqs, + 2eq,s) — 281 (¢) (re — 2qr) + k1(¢)(2r + 27;) + %kg(t), €#1, (3.28)
P> = f{(ti (Pze = Qow — 2qq2 — 2epps — 2(pq)) + k1(t)(p + 2p1) — 2Bo(t) sz
—2B1(t)ps + ka(t), € # 1,
Sty = fo_(ti (822 — Tww — 2PTa — 2pa1 + 2qry + 2¢,7 + 26psy + 26ps — 248y
~20405) — 261 (6)(52 — 2a5) + b ()25 + w52) + sho(t), € 1.
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3.4. Bi-Hamiltonian structures of the nonisospectral C-KdV integrable cou-
plings hierarchy (3.26)

In order to obtain the bi-Hamltonian structures of nonisospectral soliton hierarchy (3.26), we
are able to use another approach, which is two sets of component-trace identity (see [42])

5 U, oU, 0 U, U

s | (w5 )+ (v ) ) =g (Quan g )+ (w2 ) ) 29
5 U U 0 U U,

oo [ () e (m G o= fon ((w, Gt e (w52 ) e30)

We can simply write the spectral matrix U and V5 in the form of a block matrix

_ Ui eU- _ W1 eW-
07— 1 2 ’ V2 _ 1 2
U2 U1 W2 Wl

where

—q+A . P +A
2 2
W a b W d e
1= _— 2= Fld 5 (3.31)
a=>y a NI, b= baxI c=) ¢a i,
j>0 Jj=0 320
d=Y dix7,e=) e\, f=) fix
Jj=0 Jj=0 j>0

Substituting (3.31) in to two sets of component-trace identity (3.29) and comparing powers of
A, we obtain

dm
i a 1 _Jm - fm
5 /(_am-H — dmy1)dr = (m —y) . ,
(3.32)

Gm
0 1 —am — C
57— /(_C_Lm+1 — 6dm+1)dx — (m _ ,7) ) m
! edpm,
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In terms of initials of (3.21), one can find that v = 0 via substituting m = 0 into the above Eq.
(3.32). Hence, we have

dm+1
9 / (Zmr2 = G2 CZmH)dx | e = S | 6
5 m-+1 sl du
—C_Lm+1 - 5erl
C_Lm—l—l
L / (COmt2 — iz, | el = Em | OH3,,..
5t m+1 ou -’

5dm+1

—edmi1 — €fmy1

where the Hamiltonian functioals are Hy, ., = [ %de, Hy, ., = [ %ﬁd’mdm

For the first component, one has the Hamiltonian structures of the nonisospectral integrable
couplings hierarchy (3.26) as follows:

0 0 —9-0 dpm
0 0 -0 0 —dyy, — fim _SH
Uy, = f = J -t (3.33)
)
—-90-0 0 0 G u
-0 0 0 0 —Qm — Cm,

From the recurrence relationship (3.20) and (3.33), the recursion operator N is obtained

dm+1
_dm+1 - fm+1
C_Lerl

—0m41 — Cm+1

where

N11 N12 N13 N1y dp,
Na1 Nao Nog Nog | | —dm — fm
N31 N3z N33 N3y am
Nyg1 Nag Ny3 Nygy —Gm — Cm
1 »
o ||+ Sk |
1 q
1 —q

Nip=—-90+071q0 -0 'pd —es —ed's0+r +07'ro,

Nig=r+0 'rd —es—ed 's0, Ni3=0+s+0 'sd—r—

Niy=s+01s0—r—0"'0, Nog=0+es+ed 'sd—r—0"rd+q—ep,

0~ 1rd + 0 'po —071qo,
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Noy =20+ s+ €010 —r — 07 'rd + 07 1pd — 07140 + 2 — 2e + q — ep,
Nos=—20+7r4+0rd—s—0"1s0+07q0 — 0 'pd +p —q,
Noy=r+0rd—s—0"1s0—0+p—q, Nag=ces+ed 150 —er —ed 'ro,
N3j =es + €0 50 —er — 0 1rd + 0 1pd — 07 1qd + €0,

N3z =—0+7r+0 0 —es -0 50+ 0 1q0 — 0~ po,

Ny =—2e0+er+¢e0 'rd —es — 0150 +e0 g0 — ed 'pd + ep — eq,

Nyz =20+ 0 1pd —0 10+ 0 1sd+es—r—0 'rd+q—ep+2 — 2,
Nig=—ed+er+ed 10 —es — 0150 + ep — eq,

Nag=r+0 10 —es —e0 150, Nyy=0+¢e0"'s0+es—r—091rd+q— ep.

Therefore, we derive the first component of the bi-Hamiltonian structures of the integrable
hierarchy (3.26) as follows:

_0H _ 0H 1 -1 —
T = Jy et = J NS e T (#) T (3.34)
1 —q

with the second Hamiltonian operator J;N. For the second component, the bi-Hamiltonian
structures of nonisospectral integrable couplings hierarchy (3.26) is obtained as follows:

-00 0 O = 7
—am —C - 0H,
iUty = o 9 T = e (3.35)
0 0 ———— ed ou
€ € m
a _ — _ —
0 0—=0 edpm — € fm
From the recurrence relationship (3.20) and (3.35), we have
C_Lerl am -1 p
—Qm+1 — Cm+1 —Qy, — C 1 o1 —p
N N L 0 + 5—kn(t) . (3.36)
edm+1 edpm —€ €q
—&dmi1 — € fmt —&dm — fm £ —eq

with the recursion operator P
P11 Pia Pig Py

Py1 Pyy Po3 Py
P31 P3y P33 P3y
Py1 Pyo Py3 Pyy
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where
P =—0+01q0 -0 pd —es—ed1s0+r+ 0 ro,
Pio=r+07'r0 —es —c07's0, Pi3=0+s+0"'s0 —r -9 'rd + 0 'pd — 9 1¢0,
Puyu=s+01s0—r—0"1rd, Ppy=0+¢es+e0 'sd—r—0"1rd+q—ep,
Poy=r+0ro—s—0"1sd—0+p—q,
Py =20 +es+ed 0 —r—0"1rd+ 07 pd — 071q0 — 2 — 2 + q — ep,
Py3=—204+71+0"1r0—s5s—0"1s04+01¢d0— 0" 'pd+p—yq,
Py =es+ 0 's0 —er — 0 rd + 0 pd — 071 qd + €0,
Pig =es+e0 's0 —er —ed™ 0, Poyy=1r+0 1'rd —es —e0 150,
Py3=—041r+071r0 —es — 07150 + 07 1qd — 0 po,
Py =—2e0+er+ed rd —es — 0150 4+ 0 1q0 — €0 pd + ep — eq,
Py3 =20 +e0pd —071q0 + 0O+ es—r— 07 rd+ q—ep+ 2 — 2,
Py =—cd+er+ed rd—es—ed 150+ ep — eq,
Py =0+edtsd+es—r—0"ro+q—ep.

Therefore, we derive the second component of the bi-Hamiltonian structures of the integrable
hierarchy (3.26) as follows:

_0H - _0H 1 -1 —p
Uy = Jp ot — P22 T (8) + % k() , (3.37)

0 ou 2 e £q

€ —&q

with the second Hamiltonian operator J,P.

4. Infinte conservation laws of C-KdV equation with the variable
coefficient (2.16)

In this section, we further investigate the properties of the equations derived from the isospectral
and nonisospectral integrable hierarchies (2.14), including the infinte conservation laws of certain
nonlinear evolution equations.

Now, we want to find infinitely many conserved quantities of the C-KdV equation with the
variable coefficient (2.16). It is easy to get its lax pair

q— A
O —r
pr=Up U= =
2 (4.1)
A B
‘Pt:W%WZ 5
C-A
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where A = Zag(t)A2 + a1 (t)A + ao(t)r + ao(t), B = ag(t)rA — ao(t)rs + ag(t)rqg + 2aq(t)r, C =

—ap(t)A — ap(t)g — 2a1(t). The lax pair can be wirtten as

1
vre = 5@ =Ner =192 | o, = Ap) + By,

1
Vo =1+ §(>\ — q)p2, 2.4 = Cp1 — Apa.

Since
Qﬁl _ ﬁgl
ator °F' T arar BrY

it follows that

01 0
—(=(g—\) — = —(A + Bk).
gi (31— N —rm) =5 (A+ Br)
Assume 0 KL Ky s
L LS RS RS
then we have
V2,2 _ P1,2P2

r =

=(\—q)k +re*+ 1.
1 1

Substituting (4.5) into (4.6) and comparing the powers of \7I, we get
ko =0, Adk1 +1=0, k1 = —1,
q_'_KQ :07 R2 = —q,
27Kk} — qKo + K3 = Koz, K3 = Gz +q° — 2,

2rk1Kke — qR3 + K4 = K3z, Kd4 = Qoo + 39¢x — 4qr — 214 + ¢,

Kng = Kngl — Qkn +7( E KiKk), Kn4l = kng + qkn — 7( E KiKE).-

If we change ¢1 to @9 in (4.3), we can obtain

91 ©1 9 ¢
—(zA=q¢)+—=)=—(C—=—-A).
GO0+ 2= et
Set o y y y
A _ 72 ",
T A + 2 + 3 +ee
then
Uy = Plop 2901('02’1 =(g—Nv—12—r
¥
Using the same method as above, we get
vi+r=0,v=—r qu — Vs ="UVig, Vo= —qr + Ty, —2V% + quo — V3 = Vo 4,
v3 = =2r® — ¢*r + 2qry — Toa + qur, —20102 + qU3 — V4 = V34,

V4 = Tozz — Qua? + 3qqzT — 3qTz — 3qTze + 3q2TJ: - 2qT2 +2rry + 27“2(1 - qsra

Una = qVn — Vn41 — 5 ViV, Un4l = QVn — Ung — 5 V.

(4.2)

(4.7)
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We find that the conservation laws are the same for v and x. Next we start from x to find the
conservation law of the nonlinear evolution equation (2.16). From (4.4), the conserved density
is 2 —rk, and the corresponding conserved flow is A + Br. For different A77 there are different
conserved densities corresponding to different conserved flows. For example, taking A\~! gives
rise to

0(r) = - (ooltyra — 2a0(t)ar — 2a0(1)r),

and taking \~2 gives
0 0 9
a(qr) = %(ao(t)rqx + ap(t)gry — 2ap(t)r* — 2a9(t)qr).

In this way we can find a higher conserved density %q — TK3, %q — TKy4, %q —rKs, -+ and their
corresponding conserved flows.

5. Lie point symmetries and invariant solutions

In recent years, Lie symmetry analysis method has been widely applied to differential equa-
tions [4], Lie algebras [14, 28], and other mathematical fields. It is one of the most effective
methods for deriving explicit solutions to nonlinear differential equations. Zhao considered the
optimal system, similarity reductions, invariant solutions, and conservation laws of the Heisen-
berg equation [55]. Furthermore, Seadawy, Rizvi et al. applied Lie symmetry analysis to obtain
conservation laws as well as exact solutions for Chen-Lee-Liu equation and Selkov- Schnakenberg
system, among others [1,3,35,35-37]. In this section, we consider the Lie point symmetries and
invariant solutions of Eqgs. (2.18) and (2.21).

5.1. Lie point symmetries of Burgers equation (2.21)

First, for Eq. (2.21) uy — ugzy — 2uu, = 0, we consider a one-parameter Lie group of transforma-
tions

vt = Xi(z,t,u,6) = w4 e (w,t,u) + O(e?),
t* = Xg(ill’, l,u, 6) =t+ 552(x7 t, ’LL) + 0(82)?
w* = Uz, t,u,e) =z + ek (2, t,u) + O(e?),
with a continuous parameter . It satisfies z* = z, t* = ¢, u* = v when € = e, without loss
of generality ¢ = 0 corresponds to the identity element e. The corresponding generator of Lie
group is
i
Ox ot ou’
Thus, the corresponding 2th extend infinitesimal generators are given by

0 0
X = fl(x,t,u)— +62(.%',t,u)* + n(xatau

0
+n§1)87ut +n

2_9

T auwx )

xX®@ - & (z, t,u)é + &(x, t,u)g + n(x, t,u)2 + T]g) 86
Uy

ox ot ou

where

1D = Dy — (Dui)te — (Du&o)uy, 1Y = Din— (D)t — (Dya)uy,

(5.1)
a(cac) = Dwng) - (ngl)u:c:r - (Dx§2)u:rt7
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and the D,, D, are the total derivative operators

D 9 5, 5, 0 0
"Dz or ou "ou, au, T gy
Dt ot T ou T "Tou, | Mo T

The invariance condition of Eq. (2.21) here is

1) + 2ugn + 2un) — M =0, (5.2)

when
U = 20Uy + Ugy,

where 779([;295), 77;(51), 77151) are given by Eq. (5.1). From the Eq. (5.2) we obtain the overdetermined

system of the partial differential equations

(fl)m = %(@)ta (fl)t = —(fz)tu - 2n, (fl)u =0, (f2)ttt =0, (52)m =
(©@)u =0, m =~ (@), e = {(@)ts 1= —5 (@)

Solving the overdetermined system, we have

1 1 1 1 1
S =-ax+ =pxr—20t+e€ &= fat2 +0t+y, n=-——atu— -fu—-ar+79,
2 2 2 2 4
where «, 3, 7, d, € are five arbitrary parameters. Hence a nontrivial five-parameter Lie group
of transformations acting on (z,t,u)—space is admitted by the Burgers equation (2.21) with
infinitesimal generators given by

0 0 0 8 1 0 g 1 0
1 0 1,0 1 1 (9 '

J— JR— 727_ J—
Xo=gtog tot g — (Gt Mg,

The commutator table for the Lie algebra arising from the infinitesimal generators (5.3) are
By solving the initial value problems for the first order system of ODE’s

d *

d:E = gl(x*vt*7U*)7 {17*|€:0: xr
5

dt*

E = &oa*, t",u"), t*|=0=1,

du*

; =n(x*, t*,u"), u’|.=0=u
5

we obtain the corresponding one-parameter Lie group of transformations

G1 : (z,t,u) — (z,t +€,u),

Go : (x,t,u) — (x +¢&,t,u),
Gs : (z,t,u) — (x — 2te, t,u+¢) (5.4)
Gy @ (x,t,u) — (e2°z,et,u+¢)
2 2t
Gs : (atu) — (57— u+te)
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Table 1. The commutator table of Lie algebra.

XX | X1 Xo X3 Xy X;
X, 0 02X, Xi Xy
X 0 0 0 %XQ —4Xs
X; | -X, 0 0 —%Xg 0
X, | -Xi —%X2 Xs 0 X
X5 | -X4 4X3 0 —X; 0

Therefore, we can conclude that if function u(z,t) is a solution of Burgers equation (2.21), then
the following functions are also solutions

( ) ( 7t) u(x,t—g),

Ga(e) - u(z,t) = u(x — e, 1),
Gs(e) - u(z,t) = u(z + 2te, t) + ¢,
Gy(e) - u(z,t) =e %Eu(e 251‘, e t),
Gs(e) - ulz, 1) = u((1 — %g)m, 5 itgt) te.

5.2. Invariant solutions of Burgers equuation (2.21)

Next, we find the invariant solutions of Eq. (2.21) through different infinitesimal generators
corresponding to the one-parameter Lie transformation group.

5.2.1. Solutions through infinitesimal generator X3 (parameter ¢)

The corresponding one-parameter Lie group of transformations G obtained at Eq. (5.4)
¥ =12, t"=t, v =u+e.

Invariant solutions u = 6(x,t) of Burgers equation (2.21) corresponding X3 satisfy

X(u—0i(z,t)) =0, at u—0i(x,t) =0,

ie.,
a91 ('1:7 t)
14+2t——————==0. .
+ O 0 (5.5)
The solution of (5.5) is obtained by solving the characteristic equations
de dt du
%01 >0

which yield two invariants

=t f=u+—.
<1 7f u+2t
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Thus, the solutions to (5.5) are defined by the invariant form

x

u+2t—

f(C),

or, solving for wu,

x
u=bi(z,1) = f(GQ) - 5.
Substitution of (5.7) into Burgers equation (2.21) leads to f({) satisfying
20 +f=0,
so that invariant solutions of Burgers equation (2.21) resulting fron X3 are

ﬁ T

u=0i(x,t) = vy

where C is arbitrary constant.

5.2.2. Solutions through infinitesimal generator X; + X,
For the generator X; + Xo, the characteristic equation is written as

dt_ de _ du
1 1 0

The solution of the characteristic equations yield two invariants of X + X»
(o=—x+t, g=u.
Thus, the solution of Eq. (2.21) is given by the invariant form
u=g(—r+1t)=g(C) (5.8)
Substituting (5.8) into (2.21), we can obtain the ordinary differential equation
g +299 —g =0. (5.9)
Solving this reduced equation (5.9), we obtain the closed-form solution solution as follows

—C + 2 tan(2E=2)
20 ’

u(z,t) = g(—x + t)
where C1, Cy are arbitrary constants.

5.3. Lie point symmetries of C-KdV equation (2.18)

In what follows, we consider the Lie point symmetries and invariant solutions of partial differ-
ential equations system (2.18)

Up — Ugpy — 2UU, — 20, = 0,

Vg + VUpy — 20Uy — 20,u = 0,
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which admits the infinitesimal generators

X = E4(a by, 0) 5+ 6ol 1,0,0) g 7' (@ ,0) - s ,0)

Ox ou o’

Thus the second extend infinitesimal generator corresponding to Eq. (2.18) takes the form

9 @2_9

Oy

(@) :X+77t(1)18+7h(1)28+77§:1)1£

0
w2 9 | (@1
o, 90, + Ny + Mo

Ovg
where
1 _ 1 (12 _ 2
ny " = Dy(n') — De(&1)ua — De(&2)ue, m; " = Dy(n°) — De(&1)va — Die(&2)vy,

779(61)1 = Dr(nl) — Dz (&)uz — Di(&2)ut, W:S;l)Q = Dz(772) — D (&1)ve — Dz(&2)vr,
g(g%g)l = Dm(ng(gl)l) - Dw(&l)uxa: - D:v(é‘Q)ua:ta 775%:)2 = Dx(nzgzl)Q) - Dm(ﬁl)vmaz - Dm(ﬁQ)”a:t-

For PDE system (2.18), the invariance condition is

1)1
02 + 20 + 2un(V! 4 ! =t =0,
% 4 02% — 2uan?® — 20n(Dt + 20" — 2un{V? = 0,

when
Ut = Uggy + 2Uly + 204, Uy = —VUpp + 20Uy + 20,u.

From the invariance condition, we obtain the overdermined system as follows:

(€ =0, (@) = 5@ @)a=0, (@) =0, @)u=0, (€)=0,

1 . 2 (5.10)
(€ =0, (€2)o =00 =~ (€2 — 5(E), 7 = ~(E2)w.
The system (5.10) gives rise to
1 L1 1,
§1=g0z+ct+T L =0t+o, 7 =—g0u—0, 0 = —ov, (5.11)

where o, o, ¢, 7 are arbitrary constants. Hence a nontrivial four-parameter Lie group of
transformations acting on (z,t,u,v)—space is admitted by the Eq. (5.11) with infinitesimal
generators given by

0 0 o 10

o 1 0 0
&? XQ_%, X3_ %75%7

1 0
Xi= e b te = Sy — 12
4 Qx&z‘Jr v (5.12)

X1 = ot 2%u “ov

The commutator table for the Lie algebra arising from the infinitesimal generators (5.12) is
Consider infinitesimal generator X;, i = 1,2, 3,4. By solving the following system of ODEs with
initial value problems

dx* dt*

de _gl(x*7t*7U’*7’U*)a x*‘&‘:(): Z, de :fg(a:*,t*,u*,v*), t*|E:0: t?
du* dv*

de = 771('1"*775*’ U*a U*)7 U*|€=0: u, E = 771($*7t*a U*a U*)7 U*|8=0: v,
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Table 2. The commutator table of Lie algebra.

X, X5 | X1 X2 X3 Xy
X1 0 0 Xo X1
1
Xg 0 0 0 §X2
1
X3 —XQ O 0 —§X3
X -X —EX }X 0
4 1 2 2 2 3

we obtain the corresponding one-parameter Lie group of transformations, respectively

Pli
Py

—~~
B
o~
+
n
S
<
—

( ) —
( ) —
Py (x,t,u,v) —
( ) —

Py

(z,t —¢), p1-v(x,t) =v(z,t—¢),
(x —e,t), pa(e) - v(z,t) =v(x —¢,t),

(€) - u(z,t)
ps(e) - u(z,t) = u(x — et t) — %5, ps(e) - v(x,t) = v(x — et, t),
(&) - ulw, t) = e~ u(e™ 3z, e ~°t), pa(e) - vl(@,t) = e *v(e 25w, e°t).

5.4. Invariant solutions of C-KdV equation (2.18)

5.4.1. Solutions through X,

For the infinitesimal generator X, = %a% + ta% — %8% — v%, the characteristic equation is

written as

2 _dt _2du_ du
z t —u —v
which have three invariants 2
X=7 [ =au, g=to,
that is 1 1
u=—f), v=19() (5.13)

Substituting (5.13) into (2.18), we get the ordinary differential equation

2x — A f +2f* = 2f —3f —4dxff —4x%g =0,
2x —x*)g —xg+2fg+4x*g —4xf g—4xfg =0.
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Solving the above ordinary differential equation, we obtain the solution of Eq. (2.18)
C
u(z,t) = —%, v(z,t) = =1

where (] is a arbitiary constant.

5.4.2. Solutions through Xj

The infinitesimal generator X5 = t% — %6@” gives rise to the group-invariant solution of the form
1,1, x 1 1,

= Zf(Z) = = = Zg(=t%). 5.14

w=fGR) o v =157 (514)

Substituting (5.14) into (2.18), we get the ordinary differential equation
f=0g=0.

Solving the above ordinary differential equation, we find that the Eq. (2.18) has the closed-form
solutions as follows

where C7, Cs are arbitiary constants.

5.4.3. Solutions through X; + X3

The infinitesimal generator X + X3 = % + ta% — %% gives rise to the group-invariant solution

of the form

u= f(x — %tQ) - %t, v=g(x— %tz). (5.15)

Substituting (5.15) into (2.18), we derive the ODES
g —2fg-2fg =0,

’ I i 1
f2ff +2g + 5 =0

Thus, we obtain the solutions of PDE system (2.18) and ODES (5.16)

(5.16)

1 11
(@, t) = —gt, v(@,t) = -z + th + C1,

where C] is a arbitrary constant.

6. Conclusions and discussions

In this paper, we have introduced a novel isospectral-nonisospectral C-KdV hierarchy by gener-
alizing the classical C-KdV spectral problem. Through reductions of these hierarchies, various
generalized forms of classical equations are obtained, such as the variable coefficients isospectral
and nonisospectral C-KdV equation, the variable coefficients generalized Burgers equation, and
so on. The trace identity is employed to derive the Hamiltonian structures of the isospectral
plus nonisospectral C-KdV hierarchy. Inspired by our previous research on Z5 integrable cou-
plings, the 2 x 2 matrix Lie algebra A; is extended to the 4 x 4 matrix Lie algebra g, which is
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applied to construct the integrable couplings of isospectral and nonisospectral C-KdV hierarchy.
However, we find that the trace identity cannot generate the Hamiltonian structure of the above
integrable couplings system. Therefore, the bi-Hamiltonian structure of the integrable couplings
is obtained by applying the quadratic-form identity. This implies that these soliton hierarchies
are integrable in the sense of Liouville. Furthermore, the nonlinear evolution equations de-
rived from isospectral plus nonisospectral hierarchy have many good properties, such as infinite
conservation laws, Lie point symmetries, invariant solutions, Darboux transformation etc. As
applications, we obtain infinite conservation laws for the nonisospectral C-KdV equation, Lie
point symmetries, and invariant solutions for Burgers equation and partial differential equation
system. Many interesting aspects of integrable couplings still warrant further investigation. For
instance, how the O-dressing method can be utilized to construct solutions to the integrable
couplings hierarchy remains an open question. Future research will focus on exploring these
open questions to deepen the understanding of integrable couplings and their applications in
mathematical physics.
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