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Abstract In this paper, we derive a combined isospectral-nonisospectral C-KdV hierar-
chy, which generates some physically significant equations such as the generalized variable-
coefficient C-KdV and Burgers equations. For the nonisospectral C-KdV equation, we es-
tablish infinite conservation laws and analyze invariant solutions and point symmetries for
both the Burgers equation and the classical C-KdV equation. A key contribution is the
construction of a new 4× 4 Lie algebra g which enables the formulation of two linear prob-
lems. Their compatibility conditions yield isospectral and nonisospectral C-KdV integrable
couplings. Using the quadratic-form identity, we derive the bi-Hamiltonian structures for the
isospectral hierarchy, while the component-trace identity provides bi-Hamiltonian structures
for the nonisospectral hierarchy.
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1. Introduction

Integrable systems play pivotal roles in mathematics and theoretical physics. Prominent ex-
amples include the KdV and NLS equations (continuous systems) and the Toda lattice and
Volterra lattices (discrete systems), all with significant physical applications. Such systems
are commonly constructed via the Lax representation (Lt = [A,L]) or the zero curvature rep-
resentation (Ut − Vx + [U, V ] = 0) [2, 30], originating from the Lax-pair method introduced
by Magri [25]. Tu later developed a systematic approach to generate soliton hierarchies by
representing spectral problems via loop algebras and solving the associated zero curvature equa-
tions [38]. The Tu scheme has enabled the derivation of numerous integrable hierarchies, such
as the KdV hierarchy, the AKNS hierarchy, the WKI hierarchy, and their Hamiltonian struc-
tures [8, 9, 13, 17, 39, 40, 52, 53]. However, most of the previous studies have focused on the
isospectral problems, and relatively little research has been done on the nonisospectral prob-
lems, especially the time evolution of the spectral parameter λ as the polynomial form in λ, i.e.,
λt =

∑
i≥0 ki(t)λ

i. In [18], Ma once proposed a new simple scheme for generating nonisospec-
tral flows from the zero curvature representation in the case of λt = λn, n ≥ 0. In [32], Qiao
applied the generalized Lax representations and considered an ordinary N × N nonisospectral
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problem Ly = λy, λtm = λ(m+1)η, m ≥ 0, λtm = λmη, m ≤ 0 to generate some nonisospec-
tral soliton hierarchies. In [16], starting from the Lax pair Φx = UΦ, Φt = V Φ and then
using the compatibility condition, Li derived the nonisospectral AKNS hierarchy in the case of
λt =

∑n
i≥0 ki(t)λ

n−i. Further extensions by Chen et al. have enriched the theory of nonisospec-
tral hierarchies [6, 7, 10,11,31,51,54,56].

Integrable couplings have emerged as a significant research direction in mathematical physics
since Fuchssteiner introduced the concept through the study of centerless Virasoro symmetry
algebras. Ma pioneered perturbation-based constructions of integrable couplings [22, 23], while
Guo and Zhang developed methods via matrix Lie algebra primitives [12]. Subsequently, Ma
established a link between integrable couplings and semi-direct sums of Lie algebras [24]. Wang
extended this framework by constructing integrable couplings for nonisospectral problems via
a perturbation term ε [42]. Based on the above work, many examples of soliton hierarchies
of integrable couplings have been obtained, including the AKNS hierarchy, the Kaup-Newell
hierarchy, the WKI hierarchy, the Toda hierarchy, the Jaulent-Miodek hierarchy, the Glachette-
Johnson hierarchy, and the Tu hierarchy [15,19–21,26,27,29,33,43–49].

In this paper, we generalize the Lie algebra constructed by Ma [24] to obtain a new 4×4 ma-
trix Lie algebra. Based on its loop algebra, we introduce two distinct spectral problems (isospec-
tral and nonisospectral) (3.1), (3.18). By means of the Tu scheme, we derive the isospectral
integrable coupling system (3.8) and the nonisospectral integrable coupling system (3.26), from
which several distinct nonlinear equations (3.9), (3.28) are reduced. These nonlinear equations
contain new perturbation terms and nonisospectral terms. When setting ε = 0 and ki(t) = 0,
they can be reduced to the integrable couplings of the classical C-KdV equation [50]. There-
fore, the results obtained in this paper are new generalized forms of the existing results. As
applications, the invariant solutions and conservation laws of some reduced nonlinear evolution
equations can be obtained by Lie symmetry analysis.

The organization of the paper is as follows. In Section 2, based on the nonisospectral C-
KdV spectral problem, an isospectral plus nonisospectral integrable hierarchy of new nonlinear
evolution equations is presented, including the classical C-KdV equations, generalized Burgers
equations with variable coefficients. Then, we find that the integrable hierarchy of nonlinear
evolution equations has Hamiltonian structures. In Section 3, a 4 × 4 matrix Lie algebra g is
introduced. Based on Lie algebra g, we design a new linear spectral problem, and by considering
whether the spectral parameters λ is evolution of time, we obtain isospectral and nonisospectral
C-KdV integrable couplings. Then their bi-Hamiltonian structures are derived using quadratic
constant equation and two sets of component-trace identity, respectively. In Section 4, infinite
conservation laws of isospectral C-KdV equation with variable coefficient are obtained. In Sec-
tion 5, we consider the Lie point symmetries and the invariant solutions of Burgers equation
(2.21) and partial differential equations system (2.18). The last section contains a summary and
discussion.

2. An isospectral-nonisospectral C-KdV soliton hierarchy and its
Hamiltonian structures

2.1. An isospectral-nonisospectral C-KdV soliton hierarchy

In this section, we shall derive an isospectral-nonisospectral coupled KdV soliton hierarchy
associated with the matrix Lie algebra A1. This Lie algebra is simple and has a basis

f1 =

(
1 0

0−1

)
, f2 =

(
0 1

0 0

)
, f3 =

(
0 0

1 0

)
,
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whose commutator relations are

[f1, f2] = 2f2, [f1, f3] = −2f3, [f2, f3] = f1.

The loop algebra corresponding to the simple Lie algebra A1 is denoted by

fi(n) = fiλ
n, i = 1, 2, 3; n = 0, 1, 2, 3, · · · ,

with the commutator

[f1(n), f2(m)] = 2f2(n+m), [f1(n), f3(m)] = −2f3(n+m), [f2(n), f3(m)] = f1(n+m).

Then the spectral matrix U can be expressed by

U =

q − λ

2
−r

1
λ− q

2

 =
1

2
qf1(0)−

1

2
f1(1)− rf2(0) + f3(0), (2.1)

which appears in the spectral problem

φx = Uφ, φ = (φ1, φ2)
T , (2.2)

where q, r are two potentials, and λ is a spectral parameter. Set

φt = V1φ+ V2φ =: V φ, (2.3)

where

V1 =
∑
i≥0

aif1(−i) + bif2(−i) + cif3(−i),

V2 =
∑
j≥0

ājf1(−j) + b̄jf2(−j) + c̄jf3(−j).

Taking the spectral evolution λt =
∑

j≥0 kj(t)λ
−j , then the compatibility of (2.2) and (2.3)

reads that
∂U

∂u
ut +

∂U

∂λ
λt − Vx + [U, V ] = 0, (2.4)

which can be decomposed into the following form

∂U

∂u
ut +

∂U

∂λ
λt − V1,x + [U, V1]− V2,x + [U, V2] = 0. (2.5)

According to the generalized Tu scheme, we first solve the isospectral stationary zero-curvature
equation

V1,x = [U, V1], (2.6)

which admits that 
ai+1,x = −rci+1 − bi+1,

ci+1 = ci.x + qci − 2ai,

bi+1 − bi,x + 2rai + qbi, i = 1, 2, 3, · · · .

(2.7)
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Then, the nonisospectral stationary zero-curvature equation

V2,x = [U, V2] +
∂U

∂λ
λt, λt =

∑
j≥0

kj(t)λ
−j , (2.8)

gives rise to 
āj+1 = −(∂−1r∂ + ∂−1rq)c̄j + b̄j − ∂−1qb̄j −

1

2
xkj+1(t) + βj+1(t),

c̄j+1 = c̄j.x + qc̄j − 2āj ,

b̄j+1 − b̄j,x + 2rāj + qb̄j , j = 1, 2, 3, · · · .

(2.9)

Taking a0 =
1
2α0(t), c0 = b0 = 0, we have in terms of (2.7) that

c1 = −α0(t), b1 = α0(t)r, a1 = α1(t),

c2 = −α0(t)q − 2α1(t), b2 = −α0(t)rx + α0(t)qr + 2α1(t)r,

a2 = α0(t)r + α2(t), c3 = −α0(t)qx − 2α0(t)r − α0(t)q
2 − 2α1(t)q − 2α2(t),

a3 =−α0(t)rx + 2α0(t)qr + 2α1(t)r + α3(t),

b3 = α0(t)rxx − α0(t)(qr)x + 2α0(t)r
2 − α0(t)qrx + α0(t)q

2r − 2α1(t)rx

+2rα2(t) + 2α1(t)rq,

· · · ,

where α1(t), α2(t), α3(t) are integral constants. Choosing ā0 =
1
2β0(t), c̄0 = b̄0 = 0, k0(t) = 0,

then from Eq. (2.9) we have

c̄1 = −β0(t), b̄1 = β0(t)r, ā1 = −1

2
xk1(t) + β1(t),

b̄2 = −β0(t)rx + β0(t)qr − rxk1(t) + 2β1(t)r,

c̄2 = −β0(t)q + xk1(t)− 2− β1(t),

ā2 = β0(t)r −
1

2
xk2(t) + β2(t),

c̄3 = −β0(t)qx − 2β0(t)r − β0(t)q
2 − 2β1(t)q + (qx+ 1)k1(t) + xk2(t)− 2β2(t),

ā3 =−β0(t)rx + 2β1(t)r + 2β0(t)qr − xk1(t)r −
1

2
xk3(t) + β3(t),

b̄3 = β0(t)rxx − β0(t)(qr)x + 2β0(t)r
2 − β0(t)qrx + β0(t)q

2r + (r + rxx− qrx)k1(t)

−rxk2(t)− 2β1(t)rx + 2β2(t)r + 2β1(t)qr,

· · · ,

where β1(t), β2(t), β3(t) are integral constants. Note that

V
[n]
1,+ =

n∑
i=0

(aif1(n− i) + bif2(n− i) + cif3(n− i)) = λnV1 − V
[n]
1,−,
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V
[m]
2,+ =

m∑
j=0

(
ājf1(m− j) + b̄jf2(m− j) + c̄jf3(m− j)

)
= λmV2 − V

[m]
2,− ,

λ
[m]
t,+ =

m∑
j=0

kj(t)λ
−j = λm

∑
j≥0

kj(t)λ
−j −

∑
j⩾m+1

= λmλt − λ
[m]
t,−,

then the Eq. (2.6) can be decomposed into

−(V
[n]
1,+)x + [U, V

[n]
1,+] = (V n

1,−)x − [U, V
[n]
1,−] = −cn+1f3(0) + bn+1f2(0),

and the Eq. (2.8) can be broken down into

∂U

∂λ
λ
[m]
t,+ − (V

[m]
2,+ )x + [U, V

[m]
2,+ ] = −∂U

∂λ
λ
[m]
t,− + (V

[m]
2,− )x − [U, V

[m]
2,− ]

= −c̄m+1f3(0) + b̄m+1f2(0).

Let

V
[n]
1 = V

[n]
1,+ +

1

2
cn+1f1(0), V

[n]
2 = V

[n]
2,+ +

1

2
c̄m+1f1(0).

One infers that

− (V
[n]
1,+)x − (V

[m]
2,+ )x + [U, V

[n]
1,+] + [U, V

[m]
2,+ ] +

∂U

∂λ
λ
[m]
t,+

=(V
[n]
1,−)x + (V

[m]
2,− )x − [U, V

[n]
1,−]− [U, V

[m]
2,− ]− ∂U

∂λ
λ
[m]
t,−

=− 1

2
(cn+1,x + c̄m+1,x)f1(0)− (an+1,x + ām+1,x)f2(0)−

1

2
km+1(t)f2(0).

Therefore, the generalized zero-curvature equation

∂U

∂u
ut +

∂U

∂λ
λt − V

[n]
1,x + [U, V

[n]
1 ]− V

[m]
2,x + [U, V

[m]
2 ] = 0, (2.10)

admits the isospectral-nonisospectral C-KdV soliton hierarchy as follows

utn,m =

q

r


tn,m

=

 0 −∂

−∂ 0

 an+1 + ām+1

−cn+1 − c̄m+1

+

 0

−1

2

 km+1(t). (2.11)

Using Eq. (2.7), we deduce the following recursion relation an+1

−cn+1

 =

∂−1q∂ − ∂ r + ∂−1r∂

2 ∂ + q

 an

−cn

+ αn+1(t)

1

0


=(

1

2
α0(t)L

n+1 + α1(t)L
n + · · ·+ αn(t)L+ αn+1(t))

1

0


= : Pn+1(L, t)

1

0

 ,

(2.12)
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where

Pn+1(L, t) =
1

2
α0(t)L

n+1 + α1(t)L
n + · · ·+ αn(t)L+ αn+1(t),

L =

∂−1q∂ − ∂ r + ∂−1r∂

2 ∂ + q

 .

Using the Eq. (2.9), we find ām+1

−c̄m+1

 =

∂−1q∂ − ∂ r + ∂−1r∂

2 ∂ + q

 ām

−c̄m

+ βm+1(t)

1

0


+

1

2
∂−1q

0

 km(t) +

−1

2
x

0

 km+1(t)

= : Qm+1(L, t)

1

0

+Rm(L, t)

1

2
∂−1q

0

+ Sm+1

−1

2
x

0

 ,

(2.13)

where

Qm+1(L, t) =
1

2
β0(t)L

m+1 + α1(t)L
m + α2(t)L

m−1 + · · ·+ αm(t)L+ αm+1(t),

Rm(L, t) = k0(t)L
m + k1(t)L

m−1 + · · ·+ km−1(t)L+ km(t),

Sm+1(L, t) = k1(t)L
m + k2(t)L

m−1 + · · ·+ km(t)L+ km+1(t).

Taking

Φ = JLJ−1 =

∂ + ∂q∂−1 0

∂r∂−1 + r q − ∂

 ,

then we find JLn = ΦnJ . Hence, by using Eqs. (2.12) and (2.13) the integrable hierarchy (2.11)
can be written asq

r


t

=J(Pn+1(L, t) +Qm+1(L, t))

1

0

+ JRm(L, t)

1

2
∂−1q

0


− JSm+1(L, t)

1

2
x

0

− km+1(t)

2

0

1


= : (Pn+1(Φ, t) +Qm+1(Φ, t))

0

0

+
−Rm(Φ, t)

2

0

q


+

Sm+1(Φ, t)

2

1

0

− km+1(t)

2

0

1

 .

(2.14)

In what follows, we consider some reductions of the integrable hierarchy (2.14) as follows:
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Case 1. When n = 1, m = 1, the integrable hierarchy (2.14) reduces to a simple linear partial
differential equation system as follows: qt = −(α0(t) + β0(t))qx + k1(t),

rt = −(α0(t) + β0(t))rx.
(2.15)

Case 2. When n = 2, m = 0, we get qt = −α0(t)qxx − 2α0(t)rx − 2α0(t)qqx − 2α1(t)qx,

rt = α0(t)rxx − 2α0(t)(qr)x − 2α1(t)rx −
1

2
k1(t),

(2.16)

which is a nonisospectral C-KdV equation with variable coefficients. When α0(t) =
−1, α1(t) = 1, k1(t) = 0, we get qt = qxx + 2rx + 2qqx − 2qx,

rt = −rxx + 2qxr + 2rxq − 2rx,
(2.17)

which is a generalized form for the equation derived by D Levi [15]. When α0(t) =
−1, α1(t) = 0, k1(t) = 0, the Eq. (2.16) can be reduced to the classical C-KdV equation qt = qxx + 2rx + 2qqx,

rt = −rxx + 2qxr + 2rxq.
(2.18)

When r = 0, −α0(t) = f(t), −2α1(t) = g(t), the Eq. (2.16) reduces to the generalized
Burgers equation with variable coefficients

qt = f(t)qxx + 2f(t)qqx + g(t)qx. (2.19)

When g(t) = 0, q = u, the Eq. (2.16) can be reduced to the classical Burgers equation
with variable coefficients (see [33])

ut − f(t)uxx − 2f(t)uux = 0. (2.20)

When f(t) = 1, g(t) = 0, q = u, the generalized Burgers equation with variable coefficients
(2.19) becomes the classical Burgers equation (see [5])

ut − uxx − 2uux = 0, (2.21)

which is the lowest order approximation for the one dimensional propagation of weak shock
waves in the fluid [41].

Case 3. When n = 0, m = 2, we obtain a nonisospectral nonlinear evolution equation with
variable coefficients from the C-KdV soliton hierarchy as follows:

qt =−β0(t)qxx − 2β0(t)rx − 2β0(t)qqx − 2β1(t)qx

+(q + qxx)k1(t) + k2(t),

rt = β0(t)rxx − 2β0(t)(qr)x − 2β1(t)rx + (r + rxx)k1(t),

(2.22)

which is the nonisospectral form of the Eq. (2.16).
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Case 4. When n = 1, m = 2, we have from the soliton hierarchy (2.14) that
qt =−β0(t)qxx − 2β0(t)qqx − 2β0(t)rx − (2β1(t) + α0(t))qx

+(q + qxx)k1(t) + k2(t),

rt = β0(t)rxx − 2β0(t)(qr)x − (2β1(t) + α0(t))rx + (r + rxx)k1(t).

(2.23)

Case 5. When n = 2, m = 1, we have from (2.14) that
qt =−α0(t)qxx − 2α0(t)rx − 2α0(t)qqx − (2α1(t)

+β0(t))qx + k1(t),

rt = α0(t)rxx − 2α0(t)(qr)x − (2β1(t) + α0(t))rx +
1

2
k2(t).

(2.24)

Remark. Eqs. (2.23) and (2.24) are the generalized form of the soliton equation from D
Levi [15], but they are different from the Eq. (2.22). In addition, Eqs. (2.23) and (2.24)
are the different evolution equations,because they have different nonisospectral terms and
coefficients.

2.2. Hamiltonian structures of the isospectral-nonisospectral C-KdV soliton
hierarchy (2.14)

To furnish Hamiltonian structures, we use the variational identity or trace identity. Denoting
the trace of the square matrices U and V by < U, V >, that is < U, V >= tr(UV ). Since

∂U

∂q
=

1

2
0

0 −1

2

 ,
∂U

∂r
=

0−1

0 0

 ,
∂U

∂λ
=

−1

2
0

0
1

2

 ,

we have

< V1,
∂U

∂q
>=

∑
i≥0

aiλ
−i, < V1,

∂U

∂r
>= −

∑
i≥0

ciλ
−i,

< V1,
∂U

∂λ
>= −

∑
i≥0

aiλ
−i, < V2,

∂U

∂q
>=

∑
j≥0

ājλ
−j ,

< V2,
∂U

∂r
>= −

∑
j≥0

c̄jλ
−j , < V2,

∂U

∂λ
>= −

∑
j≥0

ājλ
−j .

(2.25)

Substituting the results (2.25) into the corresponding trace identity

δ

δu
< Vi,

∂u

∂λ
>= λ−γ ∂

∂λ
λγ

< Vi,
∂U

∂q
>

< Vi,
∂U

∂r
>

 , i = 1, 2,

and balancing the coefficients of the powers of λ, we get that

δ

δu
(an+1) = (γ − n)

 an

−cn

 ,
δ

δu
(−ām+1) = (γ −m)

 ām

−c̄m

 .
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The case of n = 0, m = 0 tells γ = 0. and thus we have

δ

δu
(
an+1

n
) =

 an

−cn

 =
δHn+1

δu
,

δ

δu
(
ām+1

m
) =

 ām

−c̄m

 =
δHm+1

δu
.

Therefore, the Hamiltonian structures of the isospectral and nonisospectral soliton hierarchy
(2.14) is

utn,m = J

(
δHn+1

δu
+

δHm+1

δu

)
+ km+1(t)

 0

−1

2

 ,

where the Hamiltonian functional is δHn+1

δu + δHm+1

δu and Hamiltonian operator is J =

 0 −∂

−∂ 0

.

3. Isospectral and nonisospectral integrable couplings of the C-
KdV soliton hierarchy and their bi-Hamiltonian structures

In this section, we extend the 2 × 2 matrix Lie algebra A1 to the 4 × 4 matrix Lie algebra g
in order to obtain the extended linear spectral problem. In what follows, we can derive the
integrable couplings system of original equation hierarchy (2.14) by using the Tu scheme.

We denote the Lie algebra g = span {gi, i = 1, 2, · · · , 6}, which has a set of bases

g1 =


1 0 0 0

0−1 0 0

0 0 1 0

0 0 0−1

 , g2 =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

 , g3 =


0 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0

 ,

g4 =


0 0 ε 0

0 0 0−ε

1 0 0 0

0−1 0 0

 , g5 =


0 0 0 ε

0 0 0 0

0 1 0 0

0 0 0 0

 , g6 =


0 0 0 0

0 0 ε 0

0 0 0 0

1 0 0 0

 ,

with the commutation relations

[g1, g2] = 2g2, [g1, g3] = −2g3, [g1, g4] = 0, [g1, g5] = 2g5, [g1, g6] = −2g6,

[g2, g3] = g1, [g2, g4] = −2g5, [g2, g5] = 0, [g2, g6] = g4, [g3, g4] = 2g6,

[g3, g5] = −g4, [g3, g6] = 0, [g4, g5] = 2εg2, [g4, g6] = −2εg3, [g5, g6] = εg1.

The corresponding loop algebra is defined as

g̃ = span {gi(n), i = 1, 2, · · · , 6, n = 1, 2, · · · } , gi(n) = giλ
n,

along with the commutator

[g1(m), g2(n)] = 2g2(m+ n), [g1(m), g3(n)] = −2g3(m+ n),
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[g1(m), g5(n)] = 2g5(m+ n), [g1(m), g6(n)] = −2g6(m+ n),

[g2(m), g4(n)] = −2g5(m+ n), [g2(m), g6(n)] = g4(m+ n),

[g3(m), g4(n)] = 2g6(m+ n), [g3(m), g5(n)] = −g4(m+ n),

[g4(m), g5(n)] = 2εg2(m+ n), [g4(m), g6(n)] = −2εg3(m+ n),

[g5(m), g6(n)] = εg1(m+ n), [g2(m), g3(n)] = g1(m+ n),

[g1(m), g4(n)] = 0, [g2(m), g5(n)] = 0, [g3(m), g6(n)] = 0.

3.1. An isospectral integrable couplings of C-KdV equation

Based on the loop algebra g̃, we introduce the isospectral problem
Φx = ŪΦ,

Φt = V̄1Φ,

λt = 0,

(3.1)

where

Ū =
q

2
g1(0)−

1

2
g1(1)− rg2(0) + g3(0) +

p

2
g4(0)−

1

2
g4(1)− sg5(0) + g6(0),

V̄1 =
∑
i≥0

aig1(−i) + big2(−i) + cig3(−i) + dig4(−i) + eig5(−i) + fig6(−i),

and ū = (q, r, p, s)T is potential, Φ = (Φ1, Φ2, Φ3, Φ4)
T is eigenfunction, for convenience, we set

a =
∑
i≥0

aiλ
−i, b =

∑
i≥0

biλ
−i, c =

∑
i≥0

ciλ
−i,

d =
∑
i≥0

diλ
−i, e =

∑
i≥0

eiλ
−i, f =

∑
i≥0

fiλ
−i.

In terms of Tu scheme, by solving the stationary zero curvature equation corresponding to V̄1

V̄1,x = [Ū , V̄1], (3.2)

we obtain the recurrence relations

ai,x = −rci − bi − εsfi − εei,

bi,x = 2rai + 2εsdi + qbi + εpei − bi+1 − εei+1,

ci,x = 2ai + ci+1 − qci + 2εdi − εpfi + εfi+1,

di,x = −sci − bi − rfi − ei,

ei,x = 2rdi + 2sai + pbi + qei − bi+1 − ei+1,

fi,x = 2ai + ci+1 − pci + 2di − qfi + fi+1,
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which has an equivalent form

ai,x = −rci − bi − εsfi − εei,

di,x = −sci − bi − rfi − ei,

bi+1 =
1

ε− 1
[bi,x − εei,x + 2(εs− r)ai + (εp− q)bi + 2ε(r − s)di

+ε(q − p)ei],

ei+1 =
1

ε− 1
[ei,x − bi,x + 2(r − s)ai + (q − p)bi + 2(εs− r)di

+(εp− q)ei],

ci+1 =
1

ε− 1
[εfi,x − ci,x + 2(1− ε)ai + (εp− q)ci + ε(q − p)fi],

fi+1 =
1

ε− 1
[ci,x − fi,x + (q − p)ci + 2(1− ε)di + (εp− q)fi].

(3.3)

Take

a0 = d0 =
1

2
, b0 = c0 = e0 = f0 = 0,

and impose the integration conditions

ai|u=0 = bi|u=0 = ci|u=0 = di|u=0 = ei|u=0 = fi|u=0 = 0, i ≥ 1.

Hence, we have in terms of Eq. (3.3) that

a1 =0, b1 = r, c1 = −1, d1 = 0, e1 = s, f1 = −1,

a2 =r, b2 =
1

ε− 1
[rx − εsx + (εp− q)r + ε(q − p)s], c2 = −q,

d2 =s, e2 =
1

ε− 1
[sx − rx + qr − pr + εps− qs], f2 = −p,

a3 =
1

ε− 1
[rx − εsx + 2εpr − 2qr − 2εps+ 2εqs],

d3 =
1

ε− 1
[−rx + sx − 2pr + 2qr + 2εps− 2qs],

c3 =
1

ε− 1
[qx − εpx + q2 + εp2 − 2εpq]− 2r,

f3 =
1

ε− 1
[px − qx − q2 − εp2 + 2pq]− 2s,

b3 =
1

(ε− 1)2
[(1 + ε)rxx − 2εsxx + 2εpxr + 4εprx − (1 + ε)qxr − 2(1 + ε)qrx + 2εqxs

+ 4εqsx − ε(ε+ 1)pxs− 2ε(ε+ 1)psx + ε(ε+ 1)p2r − 4εpqr + 2ε(ε+ 1)pqs

+ (ε+ 1)q2r − 2εq2s− 2ε2p2s+ 2(1− ε)r2 + 2ε(1− ε)s2 + 4ε(ε− 1)rs],

e3 =
1

(ε− 1)2
[−2rxx + (ε+ 1)sxx + 2qxr + 4qrx − (1 + ε)pxr − 2(1 + ε)prx

+ 2εpxs+ 4εpsx − (1 + ε)qxs− 2(ε+ 1)qsx + 2(ε+ 1)pqr − 4pqs− 2q2r

+ ε(ε+ 1)p2r + (ε+ 1)q2s− 2εp2r + 2(ε− 1)r2 + 2ε(ε− 1)s2 − 4(ε− 1)sr],

· · · .
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Noting

V̄
[n]
1,+ =

n∑
i=0

(aig1(n− i) + big2(n− i) + cig3(n− i) + dig4(n− i)

+ eig5(n− i) + fig6(n− i))

=:λnV̄1 − V̄
[n]
1,−,

we calculate that

−(V̄
[n]
1,+)x + [Ū , V̄

[n]
1,+] =(V̄

[n]
1,+)x − [Ū , V̄

[n]
1,−]

=(bn+1 + εen+1)g2(0) + (bn+1 + en+1)g5(0)

− (cn+1 + εfn+1)g3(0)− (cn+1 + fn+1)g6(0).

(3.4)

Taking

V̄
[n]
1 = V̄

[n]
1,+ +

1

2
cn+1g1(0) +

1

2
fn+1g4(0), (3.5)

then a direct calculation shows that

− (V̄
[n]
1,+)x + [Ū , V̄

[n]
1,+]

=− an+1,xg2(0)− dn+1,xg5(0)−
1

2
cn+1,xg1(0)−

1

2
fn+1,xg4(0).

(3.6)

Therefore, the zero curvature equation

∂Ū

∂ū
ut − V̄

[n]
1,x + [Ū , V̄

[n]
1 ] = 0 (3.7)

admits the isospectral integrable couplings hierarchy of C-KdV equation as follows:

ūtn =


q

r

p

s


tn

=


cn+1,x

−an+1,x

fn+1,x

−dn+1,x

 =


∂ 0 0 0

0 −∂ 0 0

0 0 ∂ 0

0 0 0 −∂




cn+1

an+1

fn+1

dn+1

 = J1


cn+1

an+1

fn+1

dn+1

 . (3.8)

When n = 2, the first isospectral integrable couplings system in (3.8) is

qt =
1

ε− 1
(qxx − εpxx + 2qqx + 2εppx − 2εqpx − 2εpqx)− rx, ε ̸= 1,

rt =
1

ε− 1
(εsx − rx − 2ε(pr)x + 2(qr)x + 2ε(ps)x − 2(qs)x), ε ̸= 1,

pt =
1

ε− 1
(pxx − qxx − 2qqx − 2εppx + 2(pq)x)− sx, ε ̸= 1,

st =
1

ε− 1
(rxx − sss + 2(pr)x − 2(qr)x − 2ε(ps)x + 2(qs)x), ε ̸= 1.

(3.9)

The Eq. (3.9) is a novel isospectral integrable couplings of the C-KdV equation with a pertur-
bation term ε. And we find that it can be reduced to the C-KdV integrable coupling [50] if we
take ε = 0.
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3.2. Bi-Hamiltonian structures of the isospectral C-KdV integrable couplings
hierarchy (3.8)

Through calculations, we found that the trace identity cannot generate the Hamiltonian struc-
tures of the above integrable couplings system. Therefore, in order to apply the quadratic
constant equation we represent the matrix Lie algebra g as column forms. Let us consider the
Lie algebra g. For a, b ∈ g, let a =

∑6
i=1 aigi, b =

∑6
i=1 bigi, we see that

[a, b] =(a2b3 − a3b2 + εa5b6 − εa6b5)g1 + (2a1b2 − 2a2b1 + 2εa4b5 − 2εa5b4)g2

+ (2a3b1 − 2a1b3 − 2εa4b6 + 2εa6b4)g3 + (a2b6 − a6b2 + a5b3 − a3b5)g4

+ (2a1b5 − 2a5b1 + 2a4b2 − 2a2b4)g5 + (2a6b1 − 2a1b6 + 2a3b4 − 2a4b3)g6

=:(a2b3 − a3b2 + εa5b6 − εa6b5, 2a1b2 − 2a2b1 + 2εa4b5 − 2εa5b4,

2a3b1 − 2a1b3 − 2εa4b6 + 2εa6b4, a2b6 − a6b2 + a5b3 − a3b5,

2a1b5 − 2a5b1 + 2a4b2 − 2a2b4, 2a6b1 − 2a1b6 + 2a3b4 − 2a4b3)
T ∈ R6, (3.10)

where R6 stands for the real linear space on R. Now put (3.10) into another form

[a, b]T = (a1, a2, a3, a4, a5, a6)



0 2b2 −2b3 0 2b5 −2b6

b3 −2b1 0 b6 −2b4 0

−b2 0 2b1 −b5 0 2b4

0 2εb5 −2εb6 0 2b2 −2b3

εb6 −2εb4 0 b3 −2b1 0

−εb5 0 2εb4 −b2 0 2b1


=: aTR(b). (3.11)

When we use the quadratic-form identity, a constant symmetric matrix F should be applied,
which satisfies the matrix equation

R(b)F = −(R(b)F )T .

After a simple calculation, one has

F =



2 0 0 2 0 0

0 0 1 0 0 1

0 1 0 0 1 0

2 0 0 2ε 0 0

0 0 1 0 0 ε

0 1 0 0 ε 0


.

Define the linear functional

{a, b} = aTFb, a, b ∈ g̃.
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Consider a linear map σ:

σ : g −→ R6, Ū =


a b εe εf

c −a εd−εe

e f a b

d −e c −a

 −→ (a, b, c, e, f, d)T ∈ R6,

then σ is an isomorphism from the Lie algebra g to R6. It is verified that R6 is also a Lie algebra
equipped with the commutation operation (3.11). The corresponding loop algebra with R6 is

defined by R̃6, along with the commutator [a(n), b(m)] = [a, b]λm+n, m, n ∈ Z. Employing R̃6,
we consider the isospectral Lax pair 

Φx = ŪΦ,

Φt = V̄
[n]
1 Φ,

λt = 0,

(3.12)

where

Ū = (
q − λ

2
,−r, 1,

p− λ

2
,−s, 1)T ,

V̄
[n]
1 =

n∑
i=0

(ai, bi, ci, di, ei, fi)
Tλn−i +

1

2
(cn+1, 0, 0, fn+1, 0, 0)

T .

It is easy to find that the compatibility condition of (3.12), i.e., the zero curvature equation (3.7)
also generates the soliton equation hierarchy (3.8). A direct computation gives{

V̄1,
∂Ū

∂q

}
= a+ d,

{
V̄1,

∂Ū

∂r

}
= −c− f,

{
V̄1,

∂Ū

∂p

}
= a+ εd,{

V̄1,
∂Ū

∂s

}
= −c− εf,

{
V̄1,

∂Ū

∂λ

}
= −2a− (1 + ε)d.

(3.13)

Substituting the results of (3.13) into the quadratic-form identity

δ

δū

{
V̄1,

δŪ

δλ

}
= λ−γ ∂

∂λ
λγ

{
V̄1,

δŪ

δū

}
and balancing the coefficients of each power of λ gives rise to

δ

δū
(−2an+1 − (ε+ 1)dn+1) = (γ − n)


an + dn

−cn − fn

an + εdn

−cn − εfn

 . (3.14)
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In terms of the initial values of Eq. (3.14), we find that λ = 0 when n = 0. Hence, we have

δ

δū

(
−2an+2 − (ε+ 1)dn+2

n+ 1

)
=


an+1 + dn+1

−cn+1 − fn+1

an+1 + εdn+1

−cn+1 − εfn+1

 =
δH̄n+1

δū
.

From the recursion relationship (3.3), we have
an+1 + dn+1

−cn+1 − fn+1

an+1 + εdn+1

−cn+1 − εfn+1

 =
1

ε− 1


L11 L12 L13 L14

L21 L22 L23 L24

L31 L32 L33 L34

L41 L42 L43 L44




an + dn

−cn − fn

an + εdn

−cn − εfn

 =
1

ε− 1
L̄


an + dn

−cn − fn

an + εdn

−cn − εfn

 ,

where

L11 =∂ − ∂−1q∂ + ε∂−1p∂, L12 = εs+ ε∂−1s∂ − r − ∂−1r∂,

L13 =− ∂ + ∂−1q∂ − ∂−1p∂, L14 = r + ∂−1r∂ − s− ∂−1s∂,

L21 =2(ε− 1), L22 = εp− q − ∂, L23 = 0, L24 = q − p+ ∂,

L31 =ε(∂−1q∂ − ∂−1p∂ − ∂), L32 = ε(r + ∂−1r∂ − s− ∂−1s∂),

L33 =∂ − ∂−1q∂ + ε∂−1p∂, L34 = εs+ ε∂−1s∂ − r − ∂−1r∂,

L41 =0, L42 = ε(∂ + q − p), L43 = 2(ε− 1), L44 = εp− q − ∂.

Therefore, we derive the bi-Hamiltonian structures of the hierarchy (3.8) as follows:

ūtn = k̄n =


cn+1,x

−an+1,x

fn+1,x

−dn+1,x

 = J̄


an+1 + dn+1

−cn+1 − fn+1

an+1 + εdn+1

−cn+1 − εfn+1

 = J̄
δH̄n+1

δū
= J̄ L̄

δH̄n

δū
, (3.15)

with the Hamiltonian functional

H̄n =
−2an+2 − (ε+ 1)dn+2

n+ 1
,

and the first Hamiltonian operator

J̄ =
1

ε− 1


0 −ε∂ 0 ∂

−ε∂ 0 ∂ 0

0 ∂ 0 −∂

∂ 0 −∂ 0

 ,
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and the second Hamiltonian operator

M = J̄ L̄ =
1

(ε− 1)2

εM1 M2

M2 M1

 ,

M1 =

 2(1− ε)∂ 2∂2 + 2∂q − (ε+ 1)∂p

−2∂2 + 2q∂ − (ε+ 1)p∂ −(ε+ 1)(∂s+ s∂) + 2(∂r + r∂)

 ,

M2 =

 2(ε− 1)∂ −(ε+ 1)(∂2 + ∂q) + 2ε∂p

(ε+ 1)(∂2 − q∂) −(ε+ 1)(r∂ + ∂r) + 2ε(s∂ + ∂s)

 .

As we all know that a bi-Hamiltonian structure property means that M and J̄ constitute a
Hamiltonian pair, or, M̄ = µJ̄ + νM , for ∀µ, ν ∈ R, is a Hamiltonian operator. As a direct
result of the bi-Hamiltonian structure, we can conclude that the soliton hierarchy is integrable
in the sense of Liouville, and thus we can obtain the Abelian algebra of symmetries

[K̄i, K̄j ] = K̄
′
i(ū)[K̄j ]− K̄

′
j(ū)[K̄i], i, j ≥ 0, (3.16)

and the component Abelian algebras of conserved functionals

{
H̄i, H̄j

}
J̄
=

∫
(
δH̄i

δū
)T J̄

δH̄j

δū
dx = 0,

{
H̄i, H̄j

}
M

=

∫
(
δH̄i

δū
)TM

δH̄j

δū
dx = 0.

(3.17)

3.3. A nonisospectral integrable coupling of C-KdV hierarchy

According to the loop algebra ĝ, we introduce a spectral problem Ψx = ŪΨ,

Ψt = V̄2Ψ,
(3.18)

where

Ū =
q

2
g1(0)−

1

2
g1(1)− rg2(0) + g3(0) +

p

2
g4(0)−

1

2
g4(1)− sg5(0) + g6(0),

V̄2 =
∑
j≥0

ājg1(−j) + b̄jg2(−j) + c̄jg3(−j) + d̄jg4(−j) + ējg5(−j) + f̄jg6(−j),

along with a spectral evolution λt =
∑

j≥0 kj(t)λ
−j . Solving the nonisospectral stationary zero

curvature equation corresponding to spectral problem (3.18)

V̄2,x = [Ū , V̄2] +
∂Ū

∂λ
λt, (3.19)
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and balancing the powers of λ, we obtain the following recurrence relations

āj,x = −rc̄j − b̄j − εsf̄j − εēj −
1

2
kj(t),

b̄j,x = 2rāj + 2εsd̄j + qb̄j + εpēj − b̄j+ − εēj+1,

c̄j,x = 2āj + c̄j+1 − qc̄j + 2εd̄j − εpf̄j + εf̄j+1,

d̄j,x = −sc̄j − b̄j − rf̄j − ēj −
1

2
kj(t),

ēj,x = 2rd̄j + 2sāj + pb̄j + qēj − b̄j+1 − ēj+1,

f̄j,x = 2āj + c̄j+1 − pc̄j + 2d̄j − qf̄j + f̄j+1.

(3.20)

Taking the initial values ā0 = d̄0 = 1
2β0(t), and b̄0 = c̄0 = ē0 = f̄0 = k0(t) = 0, then from the

above Eq. (3.20) we can get a set of values

ā1 = −1

2
xk1(t) + β1(t), b̄1 = rβ0(t), c̄1 = −β0(t), d̄1 = −1

2
xk1(t) + β1(t),

ē1 = sβ0(t), f̄1 = −β0(t), b̄2 =
β0(t)

ε− 1
(rx − εsx + εpr − qr + εqs− εps) + 2β1(t)r − k1(t)xr,

c̄2 = −β0(t)q + k1(t)x− 2β1(t), ē2 =
β0(t)

ε− 1
(sx − rx + qr − pr + εps− qs) + 2β1(t)s− k1(t)xs,

f̄2 = −β0(t)p+ k1(t)x− 2β1(t), ā2 = β0(t)r −
1

2
k2(t)x+ β2(t), d̄2 = β0(t)s−

1

2
k2(t)x+ β2(t),

ā3 =
β0(t)

ε− 1
(rx − εsx + 2εpr − 2qr + 2εqs− 2εps) + 2β1(t)(r − 2∂−1qr)

− k1(t)∂
−1(2r + xrx)−

1

2
k3(t)x,

d̄3 =
β0(t)

ε− 1
(sx − rx + 2qr − 2pr + 2εps

− 2qs) + 2β1(t)(s− 2∂−1qs)− k1(t)∂
−1(2s+ xsx)−

1

2
k3(t)x,

c̄3 =
β0(t)

ε− 1
(qx − εpx + εp2 + q2 − 2εpq) + k1(t)(1 + xq) + 2β1(t)q + k2(t)x− 2β2(t)− 2β0(t)r,

f̄3 =
β0(t)

ε− 1
(px − qx − q2 + 2pq − εp2) + k1(t)xp− 2β1(t)p+ k2(t)x− 2β0(t)s− 2β2(t),

· · · .
(3.21)

Note that

V̄
[n]
2,+ =

m∑
j=0

(ājg1(m− j) + b̄jg2(m− j) + c̄jg3(m− j) + d̄jg4(m− j)

+ ējg5(m− j) + f̄jg6(m− j))

=: λmV̄2 − V̄
[m]
2,− ,

λ
[m]
t,+ =

∑
j≥0

kj(t)λ
m−j −

∞∑
j=m+1

kj(t)λ
m−j = λmλt − λ

[m]
t,−,

(3.22)
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we then calculate that

−(V̄
[m]
2,+ )x + [Ū , V̄

[m]
2,+ ] +

∂Ū

∂λ
λ
[m]
t,+ =(V̄

[m]
2,+ )x − [Ū , V̄

[m]
2,− ]− ∂Ū

∂λ
λ
[m]
t,−

=(b̄m+1 + εēm+1)g2(0) + (b̄m+1 + ēm+1)g5(0)

− (c̄m+1 + εf̄m+1)g3(0)− (c̄m+1 + f̄m+1)g6(0).

(3.23)

Assume

V̄
[n]
1 = V̄

[n]
1,+ +

1

2
cn+1g1(0) +

1

2
fn+1g4(0), (3.24)

then the zero-curvature equation

∂Ū

∂ū
ūt − V̄

[m]
2,x + [Ū , V̄

[m]
2 ] +

∂Ū

∂λ
λ
[m]
t = 0 (3.25)

leads to the nonisospectral integrable couplings system of C-KdV equation hierarchy as follows:

ūtm =


q

r

p

s


tm

=


c̄m+1,x

−ām+1,x

f̄m+1,x

−d̄m+1,x

 =


∂ 0 0 0

0 −∂ 0 0

0 0 ∂ 0

0 0 0 −∂




c̄m+1

ām+1

f̄m+1

d̄m+1

 = J1


c̄m+1

ām+1

f̄m+1

d̄m+1

 . (3.26)

When m = 1, the first nonlinear equation is as follows:

qt1 = −β0(t)qx + k1(t),

rt1 = −β0(t)rx +
1

2
k2(t),

pt1 = −β0(t)px + k1(t),

st1 = −β0(t)sx ++
1

2
k2(t).

(3.27)

When n = 2, the second nonlinear equation is as follows:

qt2 =
β0(t)

ε− 1
(qxx − εpxx + 2εppx + 2qqx − 2ε(pq)x) + k1(t)(xq + qx) + 2β1(t)qx

−2β0(t)r + k2(t), ε ̸= 1,

rt2 =
β0(t)

1− ε
(rxx − εsxx + 2εprx + 2εpxr − 2qrx − 2qxr − 2εpsx − 2εpxs

+2εqsx + 2εqxs)− 2β1(t)(rx − 2qr) + k1(t)(2r + xrx) +
1

2
k3(t), ε ̸= 1,

pt2 =
β0(t)

ε− 1
(pxx − qxx − 2qq2 − 2εppx − 2(pq)x) + k1(t)(p+ xp1)− 2β0(t)sx

−2β1(t)px + k2(t), ε ̸= 1,

st2 =
β0(t)

1− ε
(sxx − rxx − 2prx − 2pxr + 2qrx + 2qxr + 2εpsx + 2εpxs− 2qsx

−2qxs)− 2β1(t)(sx − 2qs) + k1(t)(2s+ xsx) +
1

2
k3(t), ε ̸= 1.

(3.28)
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3.4. Bi-Hamiltonian structures of the nonisospectral C-KdV integrable cou-
plings hierarchy (3.26)

In order to obtain the bi-Hamltonian structures of nonisospectral soliton hierarchy (3.26), we
are able to use another approach, which is two sets of component-trace identity (see [42])

δ

δū

∫ (〈
W1,

∂U2

∂λ

〉
+

〈
W2,

∂U1

∂λ

〉)
dx = λ−γ ∂

∂λ
λγ

(〈
W1,

∂U2

∂ū

〉
+

〈
W2,

∂U1

∂ū

〉)
, (3.29)

δ

δū

∫ (〈
W1,

∂U1

∂λ

〉
+ ε

〈
W2,

∂U2

∂λ

〉)
dx = λ−γ ∂

∂λ
λγ

(〈
W1,

∂U1

∂ū

〉
+ ε

〈
W2,

∂U2

∂ū

〉)
. (3.30)

We can simply write the spectral matrix Ū and V̄2 in the form of a block matrix

Ū =

U1 εU2

U2 U1

 , V̄2 =

W1 εW2

W2 W1

 ,

where

U1 =


q − λ

2
−r

1
−q + λ

2

 , U2 =


p− λ

2
−s

1
−p+ λ

2

 ,

W1 =

ā b̄

c̄ −ā

 , W2 =

d̄ ē

f̄ −d̄

 ,

ā =
∑
j≥0

ājλ
−j , b̄ =

∑
j≥0

b̄jλ
−j , c̄ =

∑
j≥0

c̄jλ
−j ,

d̄ =
∑
j≥0

d̄jλ
−j , ē =

∑
j≥0

ējλ
−j , f̄ =

∑
j≥0

f̄jλ
−j .

(3.31)

Substituting (3.31) in to two sets of component-trace identity (3.29) and comparing powers of
λ, we obtain

δ

δū

∫
(−ām+1 − d̄m+1)dx = (m− γ)


d̄m

−d̄m − f̄m

ām

−ām − c̄m

 ,

δ

δū

∫
(−ām+1 − εd̄m+1)dx = (m− γ)


ām

−ām − c̄m

εd̄m

−εd̄m − εf̄m

 .

(3.32)
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In terms of initials of (3.21), one can find that γ = 0 via substituting m = 0 into the above Eq.
(3.32). Hence, we have

δ

δū

∫
(
−ām+2 − d̄m+2

m+ 1
)dx =


d̄m+1

−d̄m+1 − f̄m+1

ām+1

−ām+1 − c̄m+1

 =
δH̃1m+1

δū
,

δ

δū

∫
(
−ām+2 − εd̄m+2

m+ 1
)dx =


ām+1

−ām+1 − c̄m+1

εd̄m+1

−εd̄m+1 − εf̄m+1

 =
δH̃2m+1

δū
,

where the Hamiltonian functioals are H̃1m+1 =
∫ −ām+2−d̄m+2

m+1 dx, H̃2m+1 =
∫ −ām+2−εd̄m+2

m+1 dx.
For the first component, one has the Hamiltonian structures of the nonisospectral integrable
couplings hierarchy (3.26) as follows:

ūtm =


0 0 −∂ −∂

0 0 −∂ 0

−∂ −∂ 0 0

−∂ 0 0 0




d̄m

−d̄m − f̄m

ām

−ām − c̄m

 = J̄1
δH̄1m

δū
. (3.33)

From the recurrence relationship (3.20) and (3.33), the recursion operator N is obtained
d̄m+1

−d̄m+1 − f̄m+1

ām+1

−ām+1 − c̄m+1

 =


N11 N12 N13 N14

N21 N22 N23 N24

N31 N32 N33 N34

N41 N42 N43 N44




d̄m

−d̄m − f̄m

ām

−ām − c̄m



+
x

2
km+1(t)


−1

1

−1

1

+
∂−1

2
km(t)


p

−p

q

−q

 ,

where

N11 =− ∂ + ∂−1q∂ − ε∂−1p∂ − εs− ε∂−1s∂ + r + ∂−1r∂,

N12 =r + ∂−1r∂ − εs− ε∂−1s∂, N13 = ∂ + s+ ∂−1s∂ − r − ∂−1r∂ + ∂−1p∂ − ∂−1q∂,

N14 =s+ ∂−1s∂ − r − ∂−1r∂, N22 = ∂ + εs+ ε∂−1s∂ − r − ∂−1r∂ + q − εp,
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N21 =2∂ + εs+ ε∂−1s∂ − r − ∂−1r∂ + ε∂−1p∂ − ∂−1q∂ + 2− 2ε+ q − εp,

N23 =− 2∂ + r + ∂−1r∂ − s− ∂−1s∂ + ∂−1q∂ − ∂−1p∂ + p− q,

N24 =r + ∂−1r∂ − s− ∂−1s∂ − ∂ + p− q, N32 = εs+ ε∂−1s∂ − εr − ε∂−1r∂,

N31 =εs+ ε∂−1s∂ − εr − ε∂−1r∂ + ε∂−1p∂ − ε∂−1q∂ + ε∂,

N33 =− ∂ + r + ∂−1r∂ − εs− ε∂−1s∂ + ∂−1q∂ − ε∂−1p∂,

N41 =− 2ε∂ + εr + ε∂−1r∂ − εs− ε∂−1s∂ + ε∂−1q∂ − ε∂−1p∂ + εp− εq,

N43 =2∂ + ε∂−1p∂ − ∂−1q∂ + ε∂−1s∂ + εs− r − ∂−1r∂ + q − εp+ 2− 2ε,

N42 =− ε∂ + εr + ε∂−1r∂ − εs− ε∂−1s∂ + εp− εq,

N34 =r + ∂−1r∂ − εs− ε∂−1s∂, N44 = ∂ + ε∂−1s∂ + εs− r − ∂−1r∂ + q − εp.

Therefore, we derive the first component of the bi-Hamiltonian structures of the integrable
hierarchy (3.26) as follows:

ūm = J̄1
δH̄1m+1

δū
= J̄1N

δH̄1m

δū
+

x

2
km+1(t)


−1

1

−1

1

+
∂−1

2
km(t)


p

−p

q

−q

 , (3.34)

with the second Hamiltonian operator J̄1N . For the second component, the bi-Hamiltonian
structures of nonisospectral integrable couplings hierarchy (3.26) is obtained as follows:

ūtm =



−∂ −∂ 0 0

−∂ 0 0 0

0 0 −∂

ε
−∂

ε

0 0 −∂

ε
0




ām

−ām − c̄m

εd̄m

−εd̄m − εf̄m

 = J̄2
δH̄m2

δū
. (3.35)

From the recurrence relationship (3.20) and (3.35), we have
ām+1

−ām+1 − c̄m+1

εd̄m+1

−εd̄m+1 − εf̄m+1

 = P


ām

−ām − c̄m

εd̄m

−εd̄m − εf̄m

+
x

2
km+1(t)


−1

1

−ε

ε

+
∂−1

2
km(t)


p

−p

εq

−εq

 , (3.36)

with the recursion operator P

P =


P11 P12 P13 P14

P21 P22 P23 P24

P31 P32 P33 P34

P41 P42 P43 P44

 ,
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where

P11 =− ∂ + ∂−1q∂ − ε∂−1p∂ − εs− ε∂−1s∂ + r + ∂−1r∂,

P12 =r + ∂−1r∂ − εs− ε∂−1s∂, P13 = ∂ + s+ ∂−1s∂ − r − ∂−1r∂ + ∂−1p∂ − ∂−1q∂,

P14 =s+ ∂−1s∂ − r − ∂−1r∂, P22 = ∂ + εs+ ε∂−1s∂ − r − ∂−1r∂ + q − εp,

P24 =r + ∂−1r∂ − s− ∂−1s∂ − ∂ + p− q,

P21 =2∂ + εs+ ε∂−1s∂ − r − ∂−1r∂ + ε∂−1p∂ − ∂−1q∂ − 2− 2ε+ q − εp,

P23 =− 2∂ + r + ∂−1r∂ − s− ∂−1s∂ + ∂−1q∂ − ∂−1p∂ + p− q,

P31 =εs+ ε∂−1s∂ − εr − ε∂−1r∂ + ε∂−1p∂ − ε∂−1q∂ + ε∂,

P32 =εs+ ε∂−1s∂ − εr − ε∂−1r∂, P34 = r + ∂−1r∂ − εs− ε∂−1s∂,

P33 =− ∂ + r + ∂−1r∂ − εs− ε∂−1s∂ + ∂−1q∂ − ε∂−1p∂,

P41 =− 2ε∂ + εr + ε∂−1r∂ − εs− ε∂−1s∂ + ε∂−1q∂ − ε∂−1p∂ + εp− εq,

P43 =2∂ + ε∂−1p∂ − ∂−1q∂ + ε∂−1s∂ + εs− r − ∂−1r∂ + q − εp+ 2− 2ε,

P42 =− ε∂ + εr + ε∂−1r∂ − εs− ε∂−1s∂ + εp− εq,

P44 =∂ + ε∂−1s∂ + εs− r − ∂−1r∂ + q − εp.

Therefore, we derive the second component of the bi-Hamiltonian structures of the integrable
hierarchy (3.26) as follows:

ūm = J̄2
δH̄2m+1

δū
= J̄2P

δH̄2m

δū
+

x

2
km+1(t)


−1

1

−ε

ε

+
∂−1

2
km(t)


p

−p

εq

−εq

 , (3.37)

with the second Hamiltonian operator J̄2P .

4. Infinte conservation laws of C-KdV equation with the variable
coefficient (2.16)

In this section, we further investigate the properties of the equations derived from the isospectral
and nonisospectral integrable hierarchies (2.14), including the infinte conservation laws of certain
nonlinear evolution equations.

Now, we want to find infinitely many conserved quantities of the C-KdV equation with the
variable coefficient (2.16). It is easy to get its lax pair

φx = Uφ, U =

q − λ

2
−r

1
−q + λ

2

 ,

φt = Wφ, W =

A B

C −A

 ,

(4.1)
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where A = 1
2α0(t)λ

2 +α1(t)λ+α0(t)r+α2(t), B = α0(t)rλ−α0(t)rx +α0(t)rq+2α0(t)r, C =
−α0(t)λ− α0(t)q − 2α1(t). The lax pair can be wirtten as

φ1,x =
1

2
(q − λ)φ1 − rφ2,

φ2,x = φ1 +
1

2
(λ− q)φ2,

 φ1,t = Aφ1 +Bφ2,

φ2,t = Cφ1 −Aφ2.
(4.2)

Since
∂

∂t

∂

∂x
logφ1 =

∂

∂x

∂

∂t
logφ1, (4.3)

it follows that
∂

∂t
(
1

2
(q − λ)− rκ) =

∂

∂x
(A+Bκ). (4.4)

Assume
κ =

φ2

φ1
= κ0 +

κ1
λ

+
κ2
λ2

+
κ3
λ3

+ · · · , (4.5)

then we have
κx =

φ2,x

φ1
− φ1,xφ2

φ2
1

= (λ− q)κ+ rκ2 + 1. (4.6)

Substituting (4.5) into (4.6) and comparing the powers of λ−j , we get

κ0 = 0, λκ1 + 1 = 0, κ1 = −1,

q + κ2 = 0, κ2 = −q,

2rκ21 − qκ2 + κ3 = κ2,x, κ3 = qx + q2 − 2r,

2rκ1κ2 − qκ3 + κ4 = κ3,x, κ4 = qxx + 3qqx − 4qr − 2rx + q3,

...

κn,x = κn+1 − qκn + r(
∑

l+k=n

κlκk), κn+1 = κn,x + qκn − r(
∑

l+k=n

κlκk).

(4.7)

If we change φ1 to φ2 in (4.3), we can obtain

∂

∂t
(
1

2
(λ− q) +

φ1

φ2
) =

∂

∂x
(C

φ1

φ2
−A).

Set
ν =

φ1

φ2
=

ν1
λ

+
ν2
λ2

+
ν3
λ3

+ · · · ,

then

νx =
φ1,xφ2 − φ1φ2,x

φ2
2

= (q − λ)ν − ν2 − r.

Using the same method as above, we get

ν1 + r = 0, ν = −r, qν1 − ν2 = ν1,x, ν2 = −qr + rx,−2ν21 + qν2 − ν3 = ν2,x,

ν3 = −2r2 − q2r + 2qrx − rxx + qxr, −2ν1ν2 + qν3 − ν4 = ν3,x,

ν4 = rxxx − qxxr + 3qqxr − 3qxrx − 3qrxx + 3q2rx − 2qr2 + 2rrx + 2r2q − q3r,

...

νn,x = qνn − νn+1 −
∑

l+k=n

νkνl, νn+1 = qνn − νn,x −
∑

l+k=n

νkνl.
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We find that the conservation laws are the same for ν and κ. Next we start from κ to find the
conservation law of the nonlinear evolution equation (2.16). From (4.4), the conserved density
is q

2 − rκ, and the corresponding conserved flow is A+Bκ. For different λ−j there are different
conserved densities corresponding to different conserved flows. For example, taking λ−1 gives
rise to

∂

∂t
(r) =

∂

∂x
(α0(t)rx − 2α0(t)qr − 2α0(t)r),

and taking λ−2 gives

∂

∂t
(qr) =

∂

∂x
(α0(t)rqx + α0(t)qrx − 2α0(t)r

2 − 2α0(t)qr).

In this way we can find a higher conserved density 1
2q − rκ3,

1
2q − rκ4,

1
2q − rκ5, · · · and their

corresponding conserved flows.

5. Lie point symmetries and invariant solutions

In recent years, Lie symmetry analysis method has been widely applied to differential equa-
tions [4], Lie algebras [14, 28], and other mathematical fields. It is one of the most effective
methods for deriving explicit solutions to nonlinear differential equations. Zhao considered the
optimal system, similarity reductions, invariant solutions, and conservation laws of the Heisen-
berg equation [55]. Furthermore, Seadawy, Rizvi et al. applied Lie symmetry analysis to obtain
conservation laws as well as exact solutions for Chen-Lee-Liu equation and Selkov- Schnakenberg
system, among others [1,3,35,35–37]. In this section, we consider the Lie point symmetries and
invariant solutions of Eqs. (2.18) and (2.21).

5.1. Lie point symmetries of Burgers equation (2.21)

First, for Eq. (2.21) ut − uxx − 2uux = 0, we consider a one-parameter Lie group of transforma-
tions

x∗ = X1(x, t, u, ε) = x+ εξ1(x, t, u) +O(ε2),

t∗ = X2(x, t, u, ε) = t+ εξ2(x, t, u) +O(ε2),

u∗ = U(x, t, u, ε) = x+ εξ1(x, t, u) +O(ε2),

with a continuous parameter ε. It satisfies x∗ = x, t∗ = t, u∗ = u when ε = e, without loss
of generality ε = 0 corresponds to the identity element e. The corresponding generator of Lie
group is

X = ξ1(x, t, u)
∂

∂x
+ ξ2(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
.

Thus, the corresponding 2th extend infinitesimal generators are given by

X(2) = ξ1(x, t, u)
∂

∂x
+ ξ2(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
+ η(1)x

∂

∂ux
+ η

(1)
t

∂

∂ut
+ η(2)xx

∂

∂uxx
,

where

η(1)x = Dxη − (Dxξ1)ux − (Dxξ2)ut, η
(1)
t = Dtη − (Dtξ1)ux − (Dtξ2)ut,

η(2)xx = Dxη
(1)
x − (Dxξ1)uxx − (Dxξ2)uxt,

(5.1)
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and the Dx, Dt are the total derivative operators

Dx =
D

Dx
=

∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · ·+ uxi1i2···in

∂

∂ui1i2···in
,

Dt =
D

Dt
=

∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · ·+ uti1i2···in

∂

∂ui1i2···in
, ij = x, t.

The invariance condition of Eq. (2.21) here is

η(2)xx + 2uxη + 2uη(1)x − η
(1)
t = 0, (5.2)

when
ut = 2uux + uxx,

where η
(2)
xx , η

(1)
x , η

(1)
t are given by Eq. (5.1). From the Eq. (5.2) we obtain the overdetermined

system of the partial differential equations

(ξ1)x =
1

2
(ξ2)t, (ξ1)t = −(ξ2)tu− 2η, (ξ1)u = 0, (ξ2)ttt = 0, (ξ2)x = 0,

(ξ2)u = 0, ηt = −1

2
(ξ2)ttu, ηx =

1

4
(ξ2)tt, ηu = −1

2
(ξ2)t.

Solving the overdetermined system, we have

ξ1 =
1

2
αx+

1

2
βx− 2δt+ ϵ, ξ2 =

1

2
αt2 + βt+ γ, η = −1

2
αtu− 1

2
βu− 1

4
αx+ δ,

where α, β, γ, δ, ϵ are five arbitrary parameters. Hence a nontrivial five-parameter Lie group
of transformations acting on (x, t, u)−space is admitted by the Burgers equation (2.21) with
infinitesimal generators given by

X1 =
∂

∂x
, X2 =

∂

∂t
, X3 = −2t

∂

∂x
+

∂

∂u
, X4 =

1

2
x
∂

∂x
+ t

∂

∂t
− 1

2
u
∂

∂u
,

X5 =
1

2
tx

∂

∂x
+

1

2
t2

∂

∂t
− (

1

4
x+

1

2
tu)

∂

∂u
.

(5.3)

The commutator table for the Lie algebra arising from the infinitesimal generators (5.3) are
By solving the initial value problems for the first order system of ODE’s

dx∗

dε
= ξ1(x

∗, t∗, u∗), x∗|ε=0= x,

dt∗

dε
= ξ2(x

∗, t∗, u∗), t∗|ε=0= t,

du∗

dε
= η(x∗, t∗, u∗), u∗|ε=0= u,

we obtain the corresponding one-parameter Lie group of transformations

G1 : (x, t, u) −→ (x, t+ ε, u),

G2 : (x, t, u) −→ (x+ ε, t, u),

G3 : (x, t, u) −→ (x− 2tε, t, u+ ε),

G4 : (x, t, u) −→ (e
1
2
εx, eεt, u+ ε),

G5 : (x, t, u) −→ (
2x

2− εt
,

2t

2− εt
, u+ ε).

(5.4)
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Table 1. The commutator table of Lie algebra.

[Xi, Xj ] X1 X2 X3 X4 X5

X1 0 0 2X2 X1 X4

X2 0 0 0
1

2
X2 −4X3

X3 −X2 0 0 −1

2
X3 0

X4 −X1 −1

2
X2 X3 0 X5

X5 −X4 4X3 0 −X5 0

Therefore, we can conclude that if function u(x, t) is a solution of Burgers equation (2.21), then
the following functions are also solutions

G1(ε) · u(x, t) = u(x, t− ε),

G2(ε) · u(x, t) = u(x− ε, t),

G3(ε) · u(x, t) = u(x+ 2tε, t) + ε,

G4(ε) · u(x, t) = e−
1
2
εu(e−

1
2
εx, e−εt),

G5(ε) · u(x, t) = u((1− 1

2
ε)tx,

2t

2 + εt
) + ε.

5.2. Invariant solutions of Burgers equuation (2.21)

Next, we find the invariant solutions of Eq. (2.21) through different infinitesimal generators
corresponding to the one-parameter Lie transformation group.

5.2.1. Solutions through infinitesimal generator X3 (parameter δ)

The corresponding one-parameter Lie group of transformations G3 obtained at Eq. (5.4)

x∗ = x− 2tε, t∗ = t, u∗ = u+ ε.

Invariant solutions u = θ(x, t) of Burgers equation (2.21) corresponding X3 satisfy

X(u− θ1(x, t)) = 0, at u− θ1(x, t) = 0,

i.e.,

1 + 2t
∂θ1(x, t)

∂x
= 0. (5.5)

The solution of (5.5) is obtained by solving the characteristic equations

dx

2t
=

dt

0
=

du

1
, (5.6)

which yield two invariants

ζ1 = t2, f = u+
x

2t
.
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Thus, the solutions to (5.5) are defined by the invariant form

u+
x

2t
= f(ζ1),

or, solving for u,

u = θ1(x, t) = f(ζ1)−
x

2t
. (5.7)

Substitution of (5.7) into Burgers equation (2.21) leads to f(ζ) satisfying

2ζ1f
′
+ f = 0,

so that invariant solutions of Burgers equation (2.21) resulting fron X3 are

u = θ1(x, t) =
C1

t
− x

2t
,

where C1 is arbitrary constant.

5.2.2. Solutions through infinitesimal generator X1 +X2

For the generator X1 +X2, the characteristic equation is written as

dt

1
=

dx

1
=

du

0
.

The solution of the characteristic equations yield two invariants of X1 +X2

ζ2 = −x+ t, g = u.

Thus, the solution of Eq. (2.21) is given by the invariant form

u = g(−x+ t) = g(ζ2). (5.8)

Substituting (5.8) into (2.21), we can obtain the ordinary differential equation

g
′
+ 2gg

′ − g
′′
= 0. (5.9)

Solving this reduced equation (5.9), we obtain the closed-form solution solution as follows

u(x, t) = g(−x+ t)
−C1 + 2 tan(C2+t−x

C1
)

2C1
,

where C1, C2 are arbitrary constants.

5.3. Lie point symmetries of C-KdV equation (2.18)

In what follows, we consider the Lie point symmetries and invariant solutions of partial differ-
ential equations system (2.18)

ut − uxx − 2uux − 2vx = 0,

vt + vxx − 2vux − 2vxu = 0,
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which admits the infinitesimal generators

X = ξ1(x, t, u, v)
∂

∂x
+ ξ2(x, t, u, v)

∂

∂t
+ η1(x, t, u, v)

∂

∂u
+ η2(x, t, u, v)

∂

∂v
.

Thus the second extend infinitesimal generator corresponding to Eq. (2.18) takes the form

X(2) = X + η
(1)1
t

∂

∂ut
+ η

(1)2
t

∂

∂vt
+ η(1)1x

∂

∂ux
+ η(1)2x

∂

∂vx
+ η(2)1xx

∂

∂uxx
+ η(2)2xx

∂

∂vxx
,

where

η
(1)1
t = Dt(η

1)−Dt(ξ1)ux −Dt(ξ2)ut, η
(1)2
t = Dt(η

2)−Dt(ξ1)vx −Dt(ξ2)vt,

η(1)1x = Dx(η
1)−Dx(ξ1)ux −Dx(ξ2)ut, η(1)2x = Dx(η

2)−Dx(ξ1)vx −Dx(ξ2)vt,

η(2)1xx = Dx(η
(1)1
x )−Dx(ξ1)uxx −Dx(ξ2)uxt, η(2)2xx = Dx(η

(1)2
x )−Dx(ξ1)vxx −Dx(ξ2)vxt.

For PDE system (2.18), the invariance condition is

η(2)1xx + 2η(1)2x + 2uη(1)1x + uxη
1 − η

(1)1
t = 0,

η
(1)2
t + η(2)2xx − 2uxη

2 − 2vη(1)1x + 2vxη
1 − 2uη(1)2x = 0,

when

ut = uxx + 2uux + 2vx, vt = −vxx + 2vux + 2vxu.

From the invariance condition, we obtain the overdermined system as follows:

(ξ1)tt = 0, (ξ1)x =
1

2
(ξ2)t, (ξ1)u = 0, (ξ1)v = 0, (ξ2)tt = 0, (ξ2)x = 0,

(ξ2)u = 0, (ξ2)v = 0, η1 = −1

2
(ξ2)tu− 1

2
(ξ1)t, η2 = −(ξ2)tv.

(5.10)

The system (5.10) gives rise to

ξ1 =
1

2
ϱx+ ςt+ τ, ξ2 = ϱt+ σ, η1 = −1

2
ϱu− 1

2
σ, η2 = −ϱv, (5.11)

where ϱ, σ, ς, τ are arbitrary constants. Hence a nontrivial four-parameter Lie group of
transformations acting on (x, t, u, v)−space is admitted by the Eq. (5.11) with infinitesimal
generators given by

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂x
− 1

2

∂

∂u
, X4 =

1

2
x
∂

∂x
+ t

∂

∂t
− 1

2
u
∂

∂u
− v

∂

∂v
. (5.12)

The commutator table for the Lie algebra arising from the infinitesimal generators (5.12) is
Consider infinitesimal generator Xi, i = 1, 2, 3, 4. By solving the following system of ODEs with
initial value problems

dx∗

dε
= ξ1(x

∗, t∗, u∗, v∗), x∗|ε=0= x,
dt∗

dε
= ξ2(x

∗, t∗, u∗, v∗), t∗|ε=0= t,

du∗

dε
= η1(x∗, t∗, u∗, v∗), u∗|ε=0= u,

dv∗

dε
= η1(x∗, t∗, u∗, v∗), v∗|ε=0= v,
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Table 2. The commutator table of Lie algebra.

[Xi, Xj ] X1 X2 X3 X4

X1 0 0 X2 X1

X2 0 0 0
1

2
X2

X3 −X2 0 0 −1

2
X3

X4 −X1 −1

2
X2

1

2
X3 0

we obtain the corresponding one-parameter Lie group of transformations, respectively

P1 : (x, t, u, v) −→ (x, t+ ε, u, v),

P2 : (x, t, u, v) −→ (x+ ε, t, u, v),

P3 : (x, t, u, v) −→ (x+ εt, t, u− 1

2
ε, v),

P4 : (x, t, u, v) −→ (e
1
2
εx, eεt, e−

1
2
εu, e−εv).

Therefore, we conclude that if u(x, t), v(x, t) is a solution of Eq. (2.18), then the following
functions are also solutions

p1(ε) · u(x, t) = u(x, t− ε), p1 · v(x, t) = v(x, t− ε),

p2(ε) · u(x, t) = u(x− ε, t), p2(ε) · v(x, t) = v(x− ε, t),

p3(ε) · u(x, t) = u(x− εt, t)− 1

2
ε, p3(ε) · v(x, t) = v(x− εt, t),

p4(ε) · u(x, t) = e−
1
2
εu(e−

1
2
εx, e−εt), p4(ε) · v(x, t) = e−εv(e−

1
2
εx, e−εt).

5.4. Invariant solutions of C-KdV equation (2.18)

5.4.1. Solutions through X4

For the infinitesimal generator X4 = x
2

∂
∂x + t ∂

∂u − u
2

∂
∂u − v ∂

∂v , the characteristic equation is
written as

2dx

x
=

dt

t
=

2du

−u
=

du

−v

which have three invariants

χ =
x2

t
, f = xu, g = tv,

that is

u =
1

x
f(χ), v =

1

t
g(χ). (5.13)

Substituting (5.13) into (2.18), we get the ordinary differential equation

(2χ− χ2)f
′
+ 2f2 − 2f − 4χ2f

′′ − 4χff
′ − 4χ2g

′
= 0,

(2χ− χ2)g
′ − χg + 2fg + 4χ2g

′′ − 4χf
′
g − 4χfg

′
= 0.
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Solving the above ordinary differential equation, we obtain the solution of Eq. (2.18)

u(x, t) = − x

2t
, v(x, t) =

C1

t
.

where C1 is a arbitiary constant.

5.4.2. Solutions through X3

The infinitesimal generator X3 = t ∂
∂t −

1
2

∂
∂u gives rise to the group-invariant solution of the form

u =
1

t
f(

1

2
t2)− x

2t
, v =

1

t
g(

1

2
t2). (5.14)

Substituting (5.14) into (2.18), we get the ordinary differential equation

f
′
= 0, g

′
= 0.

Solving the above ordinary differential equation, we find that the Eq. (2.18) has the closed-form
solutions as follows

u = C1
1

t
− x

2t
, v = C2

1

t
,

where C1, C2 are arbitiary constants.

5.4.3. Solutions through X1 +X3

The infinitesimal generator X1 +X3 =
∂
∂t + t ∂

∂x − 1
2

∂
∂u gives rise to the group-invariant solution

of the form

u = f(x− 1

2
t2)− 1

2
t, v = g(x− 1

2
t2). (5.15)

Substituting (5.15) into (2.18), we derive the ODES

g
′′ − 2f

′
g − 2fg

′
= 0,

f
′
+ 2ff

′
+ 2g

′
+

1

2
= 0.

(5.16)

Thus, we obtain the solutions of PDE system (2.18) and ODES (5.16)

u(x, t) = −1

2
t, v(x, t) = −1

4
x+

1

8
t2 + C1,

where C1 is a arbitrary constant.

6. Conclusions and discussions

In this paper, we have introduced a novel isospectral-nonisospectral C-KdV hierarchy by gener-
alizing the classical C-KdV spectral problem. Through reductions of these hierarchies, various
generalized forms of classical equations are obtained, such as the variable coefficients isospectral
and nonisospectral C-KdV equation, the variable coefficients generalized Burgers equation, and
so on. The trace identity is employed to derive the Hamiltonian structures of the isospectral
plus nonisospectral C-KdV hierarchy. Inspired by our previous research on Zε

2 integrable cou-
plings, the 2× 2 matrix Lie algebra A1 is extended to the 4 × 4 matrix Lie algebra g, which is
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applied to construct the integrable couplings of isospectral and nonisospectral C-KdV hierarchy.
However, we find that the trace identity cannot generate the Hamiltonian structure of the above
integrable couplings system. Therefore, the bi-Hamiltonian structure of the integrable couplings
is obtained by applying the quadratic-form identity. This implies that these soliton hierarchies
are integrable in the sense of Liouville. Furthermore, the nonlinear evolution equations de-
rived from isospectral plus nonisospectral hierarchy have many good properties, such as infinite
conservation laws, Lie point symmetries, invariant solutions, Darboux transformation etc. As
applications, we obtain infinite conservation laws for the nonisospectral C-KdV equation, Lie
point symmetries, and invariant solutions for Burgers equation and partial differential equation
system. Many interesting aspects of integrable couplings still warrant further investigation. For
instance, how the ∂̄-dressing method can be utilized to construct solutions to the integrable
couplings hierarchy remains an open question. Future research will focus on exploring these
open questions to deepen the understanding of integrable couplings and their applications in
mathematical physics.
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