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EXTINCTION AND STATIONARY DISTRIBUTION OF A HEROIN
EPIDEMIC MODEL WITH LEVY JUMPS AND MARKOV SWITCHING*

Kouling Li', Jinhai Guo! and Yongchang Weil:t

Abstract This paper endeavors to construct and embark on a rigorous investigation of a
heroin epidemic model, subject to influences from both Lévy jumps and regime-switching.
The primary objective is to conduct an in-depth analysis of the dynamical behaviors of this
complex system. Firstly, we establish sufficient conditions for both the persistence in the
mean and the extinction of the heroin epidemic model. Subsequently, under some certain
conditions, we demonstrate the existence of a unique stationary distribution for this system.
Finally, some numerical examples and figures are presented to illustrate and validate the
theoretical results in an intuitive manner.
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1. Introduction

Heroin is a highly addictive illicit drug that is currently classified as a Schedule I substance,
signifying its lack of approved medical usage and substantial abuse potential [7]. For those
addicted, withdrawal symptoms emerge upon discontinuation of use, with treatment protocols
mirroring those for prescription opioids [37]. Repeated heroin use fosters tolerance among users,
rendering them susceptible to overdose when their heart rate and breathing slow to hazardous
levels. A particularly perilous scenario arises when individuals who have abstained from heroin
for a while resume use, often returning to their previous dosage levels despite a decreased toler-
ance, thereby heightening their risk of overdose [7]. This emphasizes the enduring importance of
rehabilitation and relapse prevention strategies for individuals addicted to heroin, which remain
vital components in addressing drug addiction and facilitating recovery. To facilitate policy-
makers in effectively allocating resources for prevention and treatment purposes, several models
have been developed specifically to address heroin addiction, with the majority of them being
inspired by the White and Comiskey model [42], which utilizes ordinary differential equations
(ODEs) and comprises three compartments: Susceptible individuals S(t), drug users not in
treatment Uj(t), and drug users undergoing treatment Us(t). The literature contains several
forms to model heroin addiction in a deterministic and stochastic continuous framework (see,
e.g., [4,8,9,11,18,27,29,30,34,35,39,40]). The classical heroin model with standard incidence
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is described by the following system:
(dS(t) ~ BSEUL(R)

A TN W
dUL(t)  BISHUL() BT ()T (1)

i - N —pUl(t)+W—(M+51)U1(t)v (1.1)
d[{ft(t) =pUi(t) — 53[]?\(:();;2@) — (4 d92)Us(1),

here, at time ¢, the total population, denoted as N(t) = S(t) + Uy(t) + Uz(t). The total
population entering the susceptible per unit of time is represented by A. The probability of
an individual transitioning to a drug user is 1, while p signifies the natural death rate across
the entire population. The proportion of drug users undergoing treatment is denoted by p. (3
represents the relapse rate of treated drug users back to untreated status. d; encompasses the
drug-related deaths of untreated users and spontaneous recovery rates, whereas ds includes drug-
related deaths of treated users and successful cure rates. The long-term behavior of system (1.1)
is governed by the epidemic threshold Ry = ],Jrﬁiﬁrél [42]. Specifically, if SRg > 1, susceptible
individuals and drug users will coexist indefinitely. Conversely, if Rg < 1, drug users will
eventually cease to exist within the local population. Notably, the rate at which susceptible
individuals transition to drug users is the most influential factor. Hence, preventing drug use is
considered more crucial than treating it in reducing its prevalence.

Because epidemic models are inevitably affected by stochastic factors [5,13,24, 31,38, 46,50,
51,54], a stochastic version of the deterministic system (1.1)

as(t) = |A - W _ ,u,S(t)] dt + a1 S(H)ABy (1),
_ [BS@OUL(R) BsUr(t)Us(2)
avi(o) = [PEQAO _ )+ AR, mw@} at )
+ OéQUl(t)dBQ(t),
avalt) = [t (0) - PO ot )0a(0)] de-+ aatatams(o)

was considered by Liu et al. [29], where B;(t) represent independent standard Brownian motions
with B;(0) = 0, and o? > 0, for i = 1, 2, 3 indicating the intensities of these Brownian motions.
The authors demonstrated the uniqueness and positivity of the solution and established the
conditions for the extinction of heroin addiction. In scenarios of persistence, they proved the
existence of a stationary distribution. While incorporating white noise perturbation is indeed
one way to introduce stochasticity into a deterministic model, it is not the only method. For
instance, when the underlying population model may suddenly experience environmental shocks,
such as massive diseases like avian influenza and SARS, earthquakes, hurricanes, and other
disasters [2,6,12,23,26,28,41,44,52], Lévy jumps can be integrated into the models. Zhou et
al. [52] established a threshold for a stochastic SIS model with Lévy jumps, which definitively
determines disease extinction or persistence. They further demonstrated that Lévy noise can
suppress disease outbreaks. Liu et al. [28] demonstrated that the persistence and extinction of
two epidemic diseases in a stochastic delayed SIR model are critically influenced by time delay
and Lévy noise, with the two diseases capable of coexisting under certain conditions. Li et al. [23]
have investigated the asymptotic behavior of a heroin model incorporating Lévy jumps in relation
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to the equilibria of its deterministic counterpart system. El Fatini et al. [12] have explored the
impact of Lévy noise perturbation on an epidemic model considering media coverage effects,
analyzing the existence and uniqueness of global positive solutions and examining the dynamic
behaviors near the disease-free and endemic equilibria of the corresponding deterministic system.
Yang et al. [44] studied a stochastic SIR model with Lévy jumps, exploring solution uniqueness,
a disease persistence threshold, a new ergodic distribution verification method. Liu et al. [26]
established a stochastic STAM epidemic model with Lévy jumps and delay. They proved the
existence of a stationary distribution and derived sufficient conditions for the disease’s persistence
and extinction. Given the intricate nature of environmental factors, the inclusion of solely white
noise may not yield predictions with sufficient precision. Consequently, to bolster the predictive
accuracy of the deterministic system (1.1), Lévy noises are introduced on this foundation as
follows:

ds(t) = [A _ SO0 MS(t)} dt + a1 S(t)dBs (t) + /U X1 (w)S(t—)N(du, dt),

N(t)
dU; (1) = [W — pUi(t) + W — (p+ (51)U1(t)} dt
+ OéQUl dBQ / (du dt) (1.3)

BsUL(1)Ua (1)
N

+ /U X3 () Us(t—) N (du, dt),

wa(t) = [pU(0) - ~ (4 8)U(0)] i + aslae)ABa()

\

where N (du,dt) = N(du, dt)—v(du)dt is a compensated Poisson random measure corresponding
to a Poisson random measure N(du,dt) with characteristic measure v(du)dt¢ on the product
space U x [0,00). Here, v is a Lévy measure such that v(U) < oo.

Another type of environmental noise is the Markov chain, which is a valuable stochastic
model frequently utilized in numerous applications [3, 15,32, 36,45]. It can be depicted as
a transition between two or more environmental regimes, each characterized by distinct fac-
tors [10,16,17,19,21,22,25,33,43,47-49,53]. Using a Markov chain model, Lee et al. [21] fore-
casted a continuing increase in HIV/AIDS cases among both African American and Caucasian
populations, with a pronounced racial disparity in the disease’s burden. Zhang et al. [49] ana-
lyzed a stochastic SIS model with vaccination under regime switching. By constructing stochastic
Lyapunov functions, they established sufficient conditions for the existence of a unique ergodic
stationary distribution. Economou and Lopez-Herrero [10] developed computational methods
for an environment-dependent SIS model, where infection and recovery rates are driven by a
continuous-time Markov chain. Their approach quantifies the evolution of infectives under sea-
sonal and environmental influences. Xu et al. [43] proposed a Markov chain model that predicts
COVID-19 will persist long-term. Their model corrects the classical herd immunity formula,
showing a much higher threshold is required. Jiang et al. [17] developed a Markov chain-switching
heroin model to capture the impact of opium poppy harvesting cycles. They established the
model’s global positive solution and derived conditions for drug addiction extinction and per-
sistence, demonstrating that increased noise intensities can accelerate extinction. Hridoy and
Allen [16] investigated seasonal epidemic models using time-nonhomogeneous Markov chains and
branching processes. They found that seasonal environments generally reduce disease emergence
probability compared to constant environments, and identified conditions where seasonal varia-
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tions in recovery rates can alter this pattern. The study offers new methods for optimizing the
timing of disease control measures. By integrating the Markov chain into the modeling process,
we can bolster the robustness and reliability of infectious disease models. Based on this premise,
we incorporate the Markov chain into model (1.3) as follows:

(

ds(t) = [An _ ﬁlfv(g]l(“ - an(t)] dt + o, S(H)ABL (1)
+/X1,rt(u)5(t—)]v(du, dt),
AU (1) = [W —pr, Ur(t) + W — (b, + 517”)U1(t)} dt »
T ann Ur(t)dBa(t) + / Nory (UL ()N (du, do), |
a0at) = [0 6) = B (400, )U0)] a4 0, Uate)B ()
\ + /U X3, (0) Uz (t—) N (du, dt),
where 74 is a right-continuous Markov chain.
In subsystem j € K = {1,2,--- .k}, it obeys
ds(t) = [Aj _ W - ujS(t)] dt + a1 S(t)dBI (1)
/ vi(0)S(t—) N (du, dt),
v o) = | 25 (()) 0 ey + BP0 — s 4 010 0) -

+ OCQ’le (t)dBQ(t) -+ /sz,j(u)Ul(t—)N(du, dt),

Bs,;U1(t)Ua(t)

dU2 (t) = |:pj U1 (t) — N(t)

it «m)%@)} dt + a3 U (£)dBs (1)

+AX37j(u)U2(t—)N(du,dt).

Despite the realism demonstrated by epidemic models incorporating Lévy jumps and Markov
chains [1, 14, 33], their stochastic analysis remains challenging and somewhat limited. To our
knowledge, only sufficient conditions have been derived for the extinction and persistence of
diseases in the presence of these three types of noises (e.g., as seen in (1.4)).

The content of this paper is organized as follows: Section 2 is dedicated to conducting a
qualitative analysis of the stochastic epidemic model (1.4). Within Subsection 2.1, we utilize
Lyapunov functions to establish a sufficient criterion for the persistence in the mean of the
disease. Subsection 2.2 verifies the exponential extinction result under certain conditions. In
Subsection 2.3, we derive the existence of a unique stationary distribution for system (1.4).
Finally, Section 3 presents numerical examples to offer practical illustrations and explanations
of our analytical findings.

Throughout this paper, let (2, F,{F;}+>0,P) be a complete filtered probability space, and
{Fi}>0 satisfying the usual condition (i.e., it is increasing, right continuous and Fy contains all
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P-null sets). Let B(t) = (By(t), -+, Bn(t)) be a n-dimensional independent standard Brownian
motion, and {r¢}+>0 is a right-continuous Markov chain and taking the value K = {1,2,--- ,k}
with generator U = (¢ )kxk given by

YimAt+o(A), if m # j,

P = =Jr=
{revae = mlre = j} {1+¢ijt+o(At), it m = j,

as At — 0, hm (At) = 0, Yjm > 0 is the transition rate from j to m for m # j and

=0
Y =— > zpjm for all j = 1,2,--- ,k. Meanwhile, suppose that r; is irreducible [45], that
m#j
is, it has a unique stationary distribution 7 = {7, w9, - , 7} that satisfies 7¥ = 0, Z mp=1

=1
and 7; > 0, for allj € K. In this paper, suppose that the assumption (Ag): ¥, > 0 for any
m # j. Moreover, assume that B(t), N(u,t) and r; are mutually independent. Additionally,
for convenience, denote & = max{a;}, & = min{a;}, j € K, and R} = {(21,--- ,2,) € R"|2; >
0,i=1,---,n}.

Let X (t) = (Z(t),r) be a two component process, where Z(t) € R" represents the following
hybrid system with Lévy jumps:

AZ(t) = A0, (Z(0)dt + A, (Z()AB(E) + /U Ay (Z(t-),u)N(du,dt), (16

where @ : R" x K — R, a4 : R" x K — R™? satisfying %J(z)%ﬂ(z) = G(j,2) and
a3 R" x U x K — R™ are measurable functions. For any H(j,z) € C%?(R” x K;R,), the
generator £ of the process X (t) = (Z(t),r:) is given as follows:

827-[
LH(j mz:li/)]m m,z) + H:(J,2) (2 le:lgll j,z 920
+/ (H(z + a(2,u), ) — Hiz,5) — Ha(2,§)9,5(z,u) | v(du), (17)
U
where H, = (%,%7.., 7377:)'

2. Qualitative analysis

In order to facilitate the following discussions in this paper, some basic result is introduced as
follows:

Lemma 2.1. [14,53] Assume that there exists a bounded domain D € R with regular boundary
I' satisfying the following properties:

(S1) for all j,m € K, m # j, ¥jm > 0;

(S2) for all j € K, the diffusion matriz G(z,7) is symmetric and there exists some constant
6o € (0,1], 6y € R™ such that

Oolnl* < n"G(z,5)n < 05" nl?, for all n € R™;

(S3) for all j € K, there exists a nonnegative function H(z,j) : D¢ — R such that H(-, ) is
twice continuously differentiable and for some positive Ly,

LH(z,§) < —Lg, for all (z,5) € D¢ x K.



Extinction and stationary distribution of a heroin epidemic model 1451

Then X (t) = (Z(t),r:) of system (1.6) has a unique stationary measure A (-,-) = (A«(-,7)) : J €
K) which is ergodic. And for all Borel measurable function f(-,-): R" x K — R"™ satisfying

Z/ F(Z, )| (Z,)dZ < o0,

JjeK

then

t
1/01»“(2( rsds—>z (2,922,547 | =1.

jeK

To discuss the dynamics of system (1.4), we first establish some fundamental lemmas that
will be instrumental in our subsequent discussions.

Lemma 2.2. Let (S(t),Ui(t),Ua(t),r:) be the solution of system (1.4), then (S(t), Ui (t), Ua(t), j)
to system (1.4) is stochastically ultimate bounded.

Proof. Define a C?-function Vp(S, Uy, Up) = %21 (14+ S+ Uy +Up)? = %2t (1+ N)% 0, € (0,1),
0> will be determined later. From the generalized It6’s formula, we have

dVp =LVpdt + 01 (1 + N(£))" ! ef2t [a W SOABL () + azr, Ui (t)dBs(t)

+ ag,rtUQ(t)dB?)(t)} + /

U
s (W)U2(E=)" = (14 N (=) | N (du, at), (2.1)

[ (1+ N(1=) + X1, ()S(1=) + Xa.r () U (1)

where

LVy = ! [02(1 + N)al + 91(1 + N)Hlil(Ar — S — (NT + 51,7")(]1 - (Hr + 52,T)U2)

010, — 1
G )

5 (01,57 + 03, UF + 03, U (1 + N)" 72 + M7 |, (2.2)

and

My :/U [(1 + S+ Ut + Uz + x1,(1)S + x2,r (w)Ur + x3,(u)U) ™
— (A4 SHUL+U)" —01(1+ 8+ Uy + Un)" " (x1.0(u)S
+ x2r (W) U1 + x3,0(w)Us) |v(du). (2.3)
According to Taylor formula and 6; € (0,1), it is easy to see
My

:/U [(1 + N 0,1+ NP (w)S + xor(w)Ur 4 X3 (w)Usz) + 0106, — 1)

2
01—2
X (1 + N + 05 (x1,0(w)S + x2.,(w)U; + X3,T(U)U2)> 1 (x1.0(w)S + X2, (W) U1 + X3, (u)Us)?

—(1+ N =011+ NP (1 (w)S + X2, (WU + X3, (w)U2) | v(du)
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:/U [01(912_1) (1 + N + 6, (XLT(U)S + X2, (w)Ur + X3,T(U)U2>>€1_2(X1,r(“>5

+ X2,T(U)Ul + X3,T(U)U2)2:| V(du)
<0, (2.4)

where 03 represents an arbitrary number that falls within the range (0, 1).
2
Combining (2.2), (2.4), and the basic inequality S? + UZ + U3 > M, we get

LVy
01(61 — 1)

< [92(1 + N 40,1+ N YA - 4N) + 5

(675% + a5U7 + a3U3) (1 + N)el‘z] e’

<6;(1+ N)5r =2 [Zj(l + N2+ (1+N)(A - aN) +

—0,(1+ N)91—2{ - [a-
<e™'Gy(60y),
where 6 is a positive constant such that % < fi— 916%1(6(% V &3V a3) and G1(61) is a positive
constant of 6.

By integrating (2.1) from 0 to ¢ and then taking the expectation, we obtain

EVo(S(t), Ui (t), Ua(t), )

=Vu(S(0),U1(0), U2(0), ro) —|—E/0t LVo(S(s),Ui(s),Ua(s),rs)ds

<(1+ N(0)?* + 912G1(91)(692t -1)

1

<(1+ N(0)% + 5

Gl (91 ) 602t s
which implies

1 1
E(1+ N)% <e %41+ N(0))? + ?Gl(el) < (1+N(0) + ?Gl(el)GQ.
2 2

Moreover, let £ be a sufficiently large number such that 0 < % < 1. By Chebyshev’s inequality,
it can be concluded that

(14 N)% G

P{1+N)" >¢} < <2p<1.
3 £
Therefore, limsup P{(1 + N)? > ¢} <. That is, the solutions of system (1.4) is stochastically
t—o00
ultimately bounded. O

Remark 2.1. From Lemma 2.2 and Lemma 2.1 in [50], it derive that for any solution (S(t),
Ui(t),Us(t),r) of system (1.4),

lim S(t) + Ur(t) + Ua(t)

t—o00 t

=0, a.s.
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Throughout the rest of this paper, we always assume the following assumption holds:
(A1) |xij(u)] <w;j <1, foralueU,i=1,2,3, jeK

Lemma 2.3. Let (S(t),Uy(t), Ua(t), ) be the solution of system (1.4). If the assumption (A;)
is satisfied, and further assume that (As) : > (a1 V do? V ds?) + 30%v(U), then

1o Jo @10, S(5)dBi (5) 1 Jo @27, Ui(5)dBa(s)

= 07 = 0’
t—00 t t—00 t
t
. Us(s)dB
lim fO 0637 s 2(8) 3(8) _ 07 a.s.
t—o00 t
and
t 7 t 7
i B0 SEON (uds) v, (00 () N duds)
t—o0 t t—o0o t
‘ -
thm fo fU xg,rs(u)Ui(s—)N(du,ds) —0, as.
—00

Proof. Define a C?-function Vi(S,U1,Uz) = (1 + S + Uy + Uz)? = (1 + N)?, similar to the
proof of Lemma 2.2, we derive

LV < — | — =(ad1? V ar? V as?) — %CUQZ/(U)}NQ + (A - p) +@*v(U)) N

N |

—

From Lemma 2.2 in [50] and the assumption (Az), we get

t t
lim Jo 17, 8(s)dBa(s) _ 0. lim Jo 2+, Ur(5)dBa(s) _ 0,
t—00 t t—o00 t
t
r.Ua(s)dB
hm fO 043, s 2(3) 3(8) _ 07 a.s.,
t—o00 t

and

Jo Jy X1, (w)S(s=)N (du, ds) J& Jiy X, (W)U (5—)N (du, ds)

lim =0, lim =

t—00 t t—o00 t
¢ -

thm fo fU X3,rs(U)U:(S—)N(dUa ds) —0, a.s.

—00

Next, we will investigate the globally unique positive solution of system (1.4).

Theorem 2.1. If the assumption (Aj) is satisfied, then there is a unique solution (S(t),Ui(t),
Us(t), i) to system (1.4) ont >0 and the solution will remain in RS x K with probability one,
namely, (S(t),U1(t),Ua(t), 1) € RS x K for allt >0, a.s.

Proof. The proof is simple and it is omitted here. O

Remark 2.2. From Theorem 2.1, we secure the existence of unique, globally positive solutions
for system (1.4), which aligns perfectly with their biological significance.
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2.1. Persistence in the mean of drug users

In practical scenarios, the persistence of a disease holds greater relevance and significance. Mov-
ing forward, we will derive the conditions for the persistence of heroin drug abusers. To facilitate
this analysis, we first present the following assumption:

0
( 3 KQ’]_ \/>+3M [Lj—(s —2A —Oé —|:1_wj—1—|—w]':| I/(U)>0,

for all j € K, (2.5)

5 — . 2 — 2 2 2
here, 0; = max{d1 ;, d2,;}, a5 = max{alj, a3 j, ozgj} and define

k 1
Z {Zﬁﬁ (K25p5)2 "'NJ]
M= I

S

: | (26)
2 <A +ﬁ1]+K1,]+ )

2

where K ; = Q(ISWV([U).

Theorem 2.2. Let (S(t),U1(t),Ua(t), ) be the solution of system (1.4). If the assumptions
(A1)-(A3) are satisfied, and suppose further that KL > 1, then system (1.4) will be persistent in
the mean.

Proof. Define a C%-function as follows:

1 99
= —+4+2InN 1 —
Vs N+ nN+85— nS+U1+100U2

Applying the generalized It6’s formula to V3, we obtain

dVz =LV3dt — S(t)dBl (t) + g, U, (t)dBQ (t) + a3, Ug(t)ng(t)]

1
RRORS

+ a1, S(t)dBy(t) + ag,, Ui (t)dBa(t) + g, Ua(t)dB3(t)]

2
N
- (1 - S%t)) 1,2, S(t)dB1(t) + g, Ur (1)dBa(t) + %aa,m Us(t)dBs(t)

1
" / [ YL+ X1, (w)) + Ur(E=) (1 + x2,, (w)) 4 Ua(t=)(1 4 x3,, (u))
] (du,dt) + Q/U[ln(N(t—) + X1, (W) S(t—) + x2,r, (W)U (t—)

‘|‘X3m() 2(t=)) —In N (t )]~(duadt)+/U[X1,m(U)S(t—)

(1 + 1 ()] N (dut, dF) + /U X (1)U ()] (du, )

+ 155 o (U ()1 ), (2.7

where

2

1
EVES = - W |:AT - :urS - (:U’T + 51,7‘)U1 - (:ur + 52,7")U2:| + N [Ar - :urS - (:ur + 51,1“)U1
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B1,-SUL A BiUn B1,SUL
- r r Ar - : - Mr - Ta ’ T : - Fr
(u+52,)U2}+ S ot Tt —y Uy
B3,-U1Us 99 B3,-U1Us of,
+ N (Mr + 51,7’)U1 + 100 prUp N (M'I‘ + 52,7")[]2 + 2
ai, 8 +a3,Uf +a3,U5  of S+ a3, Uf +a3,U3
+ N3 B N2
~(u)S Au)U () U:
+/ X1, (1)S + X2, (1) 1+2X3, (u) 2, (du)
U (S + U1 + UQ)
+/ [ . X } (du)
— —|v(du
U LS+ x1r(w) + Ur(1+ x2,(w) + U2(1 + x3,(v)) N
+ [ et () = (1 4 () ()
U
+ 2/ [ln(N + x1,0(1)S + x2,(w)Ur + x3,(w)Uz) —In N
U
1
— N(Xl,’/‘(u)s + x2,- () U1 + X3, (u)Us2) | v(du). (2.8)
Taking account to the inequalities W <1, we get
2 SQ 2 U2 2 U2 “ 272 2 2 <2
i 0”0y, Ui +a3,Uj <ar(S + U7 +U3) <O (2.9)
N3 - N3 - N

MeanWhﬂea let )A(T(U) = min{Xl,r(u)’ XQ,T(U)? X3,T(U)} and )v(r(u) = maX{Xl,r(u)7 XQ,T(U)7

X3,r(u)}, we have
b LSO+ X1, (@) + U1 (1+ xap () + Ua(1 + xa,(w) N7

+/U |:X1,T(U)S + Xz,r](\lft2)U1 + X3,r(U)U2] o(du)

1 1
<— — =14, du). 2.1
v [ - 1 o] v (210)
Moreover, from the assumption (A;), we derive
/ [ln(N + x1,0(w)S + x2.,- (W) U1 + x3,(w)U2) —In N
U
1
- N(XI,T(U)S + x2,r (w)Uy + X3’7«(U)U2):| v(du) <0. (2.11)
Combining (2.8)-(2.11), it can be concluded that
A pe 01U 00,Us 24, a2 99 A,
<- == T 7 7 _27" - Ar_irN_i
sty TN Ty Ty ety AT gt S
n B3rU1Us oyt B — B1rS n fU[H;ng(TL) =14+ Xr(u)]v(du)
T N
2
«Q T
[ P ) = a1+ v ()l du) + 23 (212
U



1456 K. Li, J. Guo & Y. Wei

According to Taylor formula and (A1), we have

l@m4w—ma+mAmmmw

X7, ()
SA[””W_”““+2G+&mAmV]”M)

B X3 ()
b R
wQ
gmu(m), i=1,2,3, (2.13)

where 04 € (0,1) is an arbitrary number.
From (2.13), we obtain

pr 4 O 4 27, + G2 +fmm L+ X (u)]v(du) 0 5.5 A,
N NZ 2§
A 517" Ar 99 /83’!‘U1U2

o Ar_irN — T Kr
NN s T ol N T oy A TR

where K, is defined as (2.6).
Meanwhile, according to assumption (Ajp), it implies fu[m — 1+ Xp(w)]v(du) <

LV3 <

«a T
Y e (2.14)

DN |~

[1 - — 1+ wr} v(U), then (2.14) can be further expressed as

2
«
E‘/3<_7\/K2TMT+A +ﬂ17’ 100/83TU1+K1T ;,T = Hr (215)

where K5, is defined as the assumption (Asz).
Hence, together (2.7) with (2.15), we have

Va(S5(t), Ur(t), Ua(t))

1 t
<V3(S(0),U1(0), Ux(0)) + 00 / Bsr Ur(s)ds + M} + M? + M? + M}
0

t 3 1 a2r
+/ [_f (K2 Ts/“’L'I"s)é = Mg + Ars + 61,7‘5 + Klﬂ“s + 12’ - dS, (2‘16)
0
where
LT 200,,5(s)  a1,,S(s) 1
1 _ _ 1,75 1,rs L
M _/0 TN NG (1 S(s)> O‘lﬂ"ss(s)] dBi(s),
LT 200, U1(s) a1, Ui(s)
2 _ 200, .
i _/o L N2(s) N(s) +0‘2¢5U1(5)] dBs(s),
I 2a1,,Us(s) | aai,,Us(s) = 99
3 _ B Ts s
M ‘QA NG N(s) *‘uma3nlb<>]d8xsx
and

1
M“Q//[ Y+ X1 () + Tr(5—) L+ X2 (@) + Ua(5—) (1 T xar, (0))
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1
TS T Ui T Oaemy RN (0)5(67) o, ()T ()

+ X3, (WU2(s—)] = In N(s=)] + [x1,n, (@) S(s—) = In(1 + x1,, (w))]

# [ (0U(s)] + s [ (00a(s-)] | ¥, ).

Dividing both sides of (2.16) by ¢ simultaneously, it derives

‘/E;(S(t), Ul (t)a U2 (t))
t

V3(5(0), U1(0), U (0 M1 M2 M3 M4

1/t o
+/ 3vi1l 1’S]ds.
tJo

- 5 (K2 TS‘ILLTS) - /"LT'S + ATS + 6177'8 + KlaTs + 9
1 2 3 4
According to Lemma 2.3, we have lim % lim 2t = lim % = lim % = 0, a.s. Conse-
t—o0 t—o00 t—o00 t—o00

quently, by the Birkhoff Ergodic theory, we obtain

N[

t
d
lim inf 7“[0 Us(s)ds
t—00 t
100 1 k a%,j
> Zﬂ'] Kz,guy)Q + 1 —Zﬂj(f\jJrﬁl,jJrKLjJrT)
63 j=1 7j=1
k
1
> 100 Y mLi(RL-1)>0, as, (2.17)
3 .
7=1

2

where Ly = Aj + 1 + K1j + “5.
Note that w < B3,U; and W < B3,Us, from (2.15), it also can be concluded that

2
a
[:‘/3<_7\/K2TMT+A +61r 10063TU2+K17' ;Jq
Similar to the proof of (2.17), it is easy to see that
lim i fM 100§: ) >0 (2.18)
im in . a.s. .

Moreover, from the generalized [t6’s formula to Vy = Uy + Us, we have
Vi = (B178(0) = (i + 81, )01 0) = G, + 82, )00 ) -+ vz (B0
+/ [x2,r, (W)U (t—)] N(du,dt) + a3, Ua(t)dB3(t)
U

+ / (X3 (1)U (t-)] N (du, ). (2.19)
U
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Integrating (2.19) from 0 to ¢, and then dividing both sides by ¢, we obtain

Bl/tS(S)dS ZUl(t)JtrU2(t) B Ul(O)JtrUE(O) +%

t
/ (oo + 81 ) U1 (5)ds
0

1 [t M3 M6 M7
+ t/ (MTS =+ 52,TS)U2(S)dS 0t Tt 7t’
0

t t t
where M} = fot oz~27rSU1(s)ng(s), MP = fg a3, Us(s)dBs(s) and M = fo fU X2,rs ( s—)] +
[X3,r. (u)Uz(s—)]N (du, ds).
. M . MS M
From Lemma 2.3, we have lim —+ = lim —+ = lim =% = 0, a.s. Consequently, by the
t—o0 t t—o0 ¢ t—o0 ¢
Birkhoff Ergodic theory, (2.17) and (2.18), we get
t 2 t ¢
S(s)d 7 Uy (s)ds Us(s)d
lim inf fo (s)ds Z'u—iv_él lim inf fo 1(5) + ,u—|—52 limi fif0 2(5)ds
t—o0 51 t—00 t Bl t—o00 t
204 61 + & 100
> 24+ 01 + 02 Z 7T3L1
By
>0, a.s.
O
Remark 2.3. From Theorem 2.2, it follows under the assumptions (A1)-(A3) and R. > 1,
system (1.4) will be persistent in the mean, that is, litm inf fo > 0, hm 1nf M > 0,
H

and lim inf M > 0, a.s.

t—o0

2.2. Extinction of drug users

The extinction of diseases serve as crucial benchmarks with significant implications in real world.
This section delves into this aspect by analyzing system (1.4). To simplify our calculations, let
us introduce the following notation:

k

> TP
R0 = = , (2.20)

€ k 2
Z [u3+5 +4f}

where 5j = min{dy ;,d2;} and d? = min{a%j, a?,)’j}.

Theorem 2.3. Let (S(t),U1(t),Ua(t), ) be the solution of system (1.4). If the assumptions

(A1) and (Az) are satisfied, and further assume that RC < 1, then the heroin drug abusers will

become extinct with an exponential probability of 1, that is, lim sup In Ul( ) — 0, lim sup In UZ( ) — 0,
t—o00 t—o00

a.s. Moreover, the distribution of S(t) converges weakly to the measure (-, j) with density

-3
ou(,§) = Adgx  “Lady,; “Mei

where x;(u) = max{y;;(u), j € K}, Xi(u) = min{x;;(uv),j € K}, i =1,2,3, a1 = a1; +
JulXi(u) —In(1 + x1(u)]v(du), a = i+ [p(x1(w) — X1(w))v(du), and Ay is determined by the
normalization condition [;° o1(x,j)dz = 1.
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dS(t) — |:A’r‘t _ Bl,T'tS(t)Ul(t)

N(t) rS(t) — S(t) /U Xl,m(u)l/(du)} dt
+ o1, S(t)dBi(t) + /U X1, (W) S(t—) N (du, dt).

Proof. Consider the first equation of system (1.4) and N(du,dt) = N(du,dt) — dtv(du), we

By comparison theorem in [2], we get

as(0) < [A= 510 - 50 [ fa(utan)]| e+ 50a5,0)
+ /U (W) S (t—) N (du, dt)

[A - (ﬂ + [t - >z1<u>>u<du>) s<t>] dt + a1, S(1)ABy (1
+ /Uy(l(u)S(t)N(du, dt).

(2.21)
Let (?(t), Jj) be the global positive solution by the following system with initial value (?(0), J)
IO

A — a5 ()]dt + ar; S (H)dBy(t) + /

| Y1 (u) S (=) N (du, dt),
where a = [i + fU(fa(U) — X1(u))v(du).

(2.22)
Moreover, By the similar arguments mentioned in [20], the auxiliary system (2.22) has a
J, T ~2a
unique stationary measure A(+,j) and A(,j) has probability density oi(x,j) = Aox i
72+ ~22a 2:/V\+az
ap; e and ary = ary + fylxa(u) = In(1 + X1 (uw))]v(dw), where [ o1(x,j)dr = 1
From the ergodicity of ?(t), we further get

1,5
1t
lim —

k 0o k 00
S(S)ds j§1/0 S)‘(dsvj) ’jEl/O 3@1(37])d37 a.s.,
which implies

1 t k 00 )
Et/o ?(s)ds%;/o ?Ql(?,])d?.

Moreover, taking expectation of (2.22), we verify

ES (1)

t
Hence, let t — oo, we get

—i-2E /Ot S (s)ds.
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Therefore, combining (2.21) and (2.22), which implies S(t) < ?(t) and

ds — / ’S—AdS,j: / ‘5—

where A\(z, j) is a probability measure and it further derives that the distribution of S(t) weakly
converges to A(S, j) with density 01(S, 7).

To estimate U; and Us, applying the generalized [t6’s formula to In Vy, where V4 = Uy + Us,
we obtain

t

A .
S(S)_E Ql(S,])dS,

lim —
t—oo ¢ 0

dlnVy = LInV,dt + [0427” Uy (t)de (t) + as Uy (t)ng (t)]

1
Ui(t) + Ua(t)

X2,r (WUL(E=) + X3, (WUa(E-) | &
+ /Uln <1 + 00(i=) + Ua(t—) > N(du,dt), (2.23)

where

LInV, = (,Ur + 51,7‘) Ur +prUn

1 PraSUL o n B3, U1U2
Uy + Uy N pria N

B3,U1Us 1
TN (e + 02, ) Ua | — m(o&,ﬂf + ag,'rUg)

x2,r(w) Uy +X3r(U)U2> 1
In(1 d d — AU
+/U[n< + Ui+ Uy Ul—l-Ug(X27 (u) L

+ X3,r(U)U2)] v(du). (2.24)

Note that for any = > 0, Inxz — 2 < —1, we have

/ X2 (WU + X3, (w)U2 X2, (W) U1 + x50 (w)Us
U

Uy +Us

1 1
Uy + Uz —i—n(—i—

> v(du) <O0. (2.25)

Meanwhile, the basic inequality (x + y)? < 2(z? + y?) and (34]2- = min{a% i 0‘3 ;+ imply

1
2(U1 + U2>2

1
9 12 2 2 2012 | 772
(a3, Uf +a3,U3) > W02+ 03 - &, (U + Us). (2.26)

From (2.24)-(2.26), we get

A~

LInVi <Biy — pr — b — %, (2.27)

where §; is defined as (2.20). Moreover, combining (2.23) and (2.27), we verify

&
dinV, < {BL” — Wy, — Op, — 4@ dt
L

Ui(t) + Ua(t)

X2, (WUL (=) + X3, (W U2 (t-) <
4 /U In <1 + i ) N (du, dt). (2.98)

[agyn Uy (t)dBQ (t) + aspr, U, (t)ng (t>:|
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Integrating (2.28) from 0 to t, and then dividing both sides by ¢, we derive

8 9 10
1HV4(U1(;),U2(75)) San(Ul(S),U2(0))+M+M+M;

1/t . a2
n rs r-_(sr_ = ) 2.2
3 [ |- (2.29)

where

s_ (1 oo, Ui(s) o [t a3, Us(s) )
M; _/ (5) & Ua(s) 1 22(8): M ‘/0 Tr(s) 1 Ua(s) O 23(5)

0
10 _ X2, (WU (=) + X3,n, (W)Ua(s5—) | <
and M, / In(1 + 00 (=) + Us(1—) )N (du, ds).

M3 M2 M0
According to Lemma 2.3, it derives that lim =t = lim —- = hm - =0, a.s. Hence, based
t—o00 t—00

on the Birkhoff Ergodic theorem and taking the upper limit on both sides of (2.29), we get

1
lim sup nV4(U1 < Zﬁjﬁlﬂ Z?T]

t—o00

11j + 90 + 9

= Z 7 Lo (R
j=1

A A2
where Lo = p; + 65 + %J. Note that RQ < 1, then we obtain

i sup VAU (tt), Us(t))

t—o00

<0, a.s.,

it gives lim sup = U;I ) 0, and lim sup = U2( )

t—o00 t—o00

< 0, a.s. ]

Remark 2.4. Theorem 2.3 asserts that under the conditions where RRY < 1 and the assumptions
(A1)-(Ag) are fulfilled, the heroin addiction will ultimately become extinct with an exponential
probability of 1. Furthermore, this theorem sheds light on the fact that the intensity of the
Brownian motion and the Markov chain {r;};>¢ significantly influence the extinction process of
heroin drug abusers.

2.3. Stationary distribution

Whether it has a stationary distribution is very important in the study of infectious disease
models. This section will verify that system (1.4) has a unique stationary distribution.

Theorem 2.4. If the assumptions (A1 )-(As) are satisfied, and suppose further that R. > 1 and
min{2u; —{—aiw [i 4015, i+ 62 > v(U), for all j € K, then the solution (S(t),U1(t),Ua(t), )
of system (1.4) is ergodic and it exists a unique stationary distribution in Ri x K.

Proof. Let x be a sufficiently small number with 0 < k¥ < 1, define a bounded set as follow:

1 1 1
Dﬁz{(s,Ul,Uz)eRi:ngsg,ngUls,FﬁgUng}.
K K K
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According to the assumption (Ayp), it is easy to see that the condition (S7) in Lemma 2.1 is held.
Let o4 ;(z) = diag(ai j, o0 j, a3 )z with z = (S,U;,Usz), and then G;(z) = 4272](2),52727;(2) =
diag(ozij,oz%’j,oz?,)’j)|z|2 is positive definite, which implies the condition (S2) in Lemma 2.1 is
satisfied. To this end, we only need to verify the condition (S3) in Lemma 2.1.

Define a C2-function as follow:

_ 2 99
V(S,Uy,Usy,5) =Ls3 <N+S—ln5+lnN+U1 —i-ﬁUg —l(j)) —InS—-Inlh

—InUs + — (S+U1+U2)
_L3%+‘/6+V77 jEKa

here, Vs = & + N + 8 —InS + Ui + 155U = 1(j), Vo = —InS —nUs —InUs, Vg = 2(S +
Ui +U2)", 2 < v < b, and L3 > 0 such that —L3 25:1 miLy(RL — 1) + Ls < —2, where

52
by = min{ tadithe ptbiy e g MRy 3}, by = @2(1+ @) 2(U), Ly = Aj +
J

af g+b2+3ﬂa o3 ; 3,

2
B, + Kij + ?", R! is defined as (2.6), I = (I(1),- ()T, 1(5) and Ly will be determined
in the proof. Obviously, V' is continuous and goes to co as (S,Uy,Us, j) goes to the boundary
of Ri x K, it is easy to prove that V has a minimum value of My. Therefore, we can further

define a nonnegative C2-function V as follow:
V(S, Ui, Ug,j) = L3V + Vg + Vo — My, 7 €K

Note that V5 = V3 —1(j), where V3 is defined in Theorem 2.2. From the generalized 1t6’s formula
and (2.15), we have

LVs5 <—7\/K2,],U«]+A + B, + 10051,]U1+K1,] Zzpjm
k
- (Nj + ) wjml(m)> 10063,; 1, (2.30)
m=1

where N]’ = %ﬂng’j,uj + i — <A +51J +K1] + 2 > Kl] is defined as (2 6) and KQJ is

defined as the assumption (As3).

Define a vector X = (Ny, -+ ,R;)7, then for X; and the irreducible property of the generator
matrix ¥, there exists a solution of the following Poisson system expressed as | = (I(1),--- ,1(k))T
(see [19], Lemma 2.3), which satisfies

k
Ul +N= Zﬂ'ijT,
j=1

where 1 = (1,---,1)T, thus we have for all j € K

Z%m )+ R _ij ;. (2.31)
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From (2.30) and (2.31), it can be conclude that
b 1
1
LV < — ;7@[;4(%8 — 1) + mﬂgJUl. (2.32)
Meanwhile,
A U 0[2.—|-0424—|—a2.
E%S—J—i—ﬂj—l-pj—l—ﬂj-{—csu—pj 1+53,j+ﬂj+52,j+ L.y 2.J 3
S U, 2
+ [ s =11+ )] o) + [ B = (1 + e ()] i)
+ [ D) = (1 4 xa )] vldu)
A T 012-—|—CJZ2<+()£2-
== Dy py g+ Oy — B By 0y 25
S Uy 2
30?
_ . 2.
Besides,
LV; =(S+Ur+Ua)""H (A — S — (1 + 61,,)Ur = (15 + 82,5)Uz)
v—1 -
+ (S+UL+Uz)"% (af ;8% + a3 ;U + a3 ;U3)
1 1
+ / [7(5 + U + Uz 4 x1,5(u) S 4 x2,5 () U + x3,5(w)U2)" — ;(S + U1+ U2)"
U
—(S+U1+ Ug)”il(XLj(u)S + x2,;(w)Ur + X37j(U)U2):| v(du). (2.34)

By Taylor formula and (A;), we obtain

1 1
/U [7 (5 + U1+ U 31505 + e (001 + xag (0)02)7 = 2 (54 Uy + Ua)”

—(S+ UL+ U2) " (x1,5(0)S + X2, (w)Ur + x3,5(u)U2) ] v(du)

= [ [V s + x0T v ()0

7(7—1)(

+ (N + 05(x1,5(u)S + X2, (W) U1 + X3, (u)U2))" " (x1,5 (w)S + X2, (u)Us

+ x3,5(W)Ua2)? — N7 — yN7 (x5 (w)S + X2, (w) U1 + x3,5(u)Us) [v(du)
:i/[u [’}/(’)/2—1)(]\[ + 95(X1,j(u)s + X2J(U)U1 + x37j(u)U2))7_2(X1,j(u)S

+ x2,j(w)Ur + Xs,j(u)Uz)Q] v(du)
g’VT‘l(N + BN 2(GN)2u(U), (2.35)
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where 05 € (0,1) is an arbitrary number. Together (2.34) with (2.35), we derive
LV7 < AN — 1187 — (i + 61,,)U7 — (g + 62)U3

—1
+ N2 [(aijsﬁ + 03, U2 + a3 ;UZ) + byN?

2
1 01 Y,
< _77/'@57 _ ('uJ LJ)UY _ (luJ 27J)U;’ +L6a
3 2 2
where
1 o Ny
LG _ sup { N Mj(l _ *’)/)S’Y _ :uj + 1,7 UiY _ l’L] + 2,5 U; + AjN’yfl
(S,Ul,UQ)ERi 3 2 2

—1
+ 1N [(ai]ﬁ +a3,U% +a ;U3) + bQNQ} }

Moreover, combining (2.32), (2.33) and (2.36), it is easy to verify

k
. 1 A Ui vy
LV <— L3y mLa(RL —1) + Ly—— P U1 — - — pj - — 2257
~ 3j:17TJ 4( S )+ 310063,] 1 S p-]U2 3
S P N
- gy B g g,
where
2 2 2 ~2
aj;taj;+as; 3w
Ls = puj +pj + t5+ 015 + Baj + pj + 0o + —F——5—— 2(1—w)

Next, let & be sufficiently small in the set Ri\DH x K satisfying
Ls— (s k < 1
3700 Bk <1,
A
-2 + L7 S _1a
K

_&+L7§_17
K

pj + 02,

e LRIV R SR |

2/@7 + 7T > )

RN
2k

Y5
S <1
3KY T=""

+L7 S _17

where L7 = L3 ﬁ B3,;U1 + Ls. For convenience, we divide Ri\DH into six domains:

Dlz{(S,Ul,Ug)ER110<U1</£}, DQZ{(S,Ul,Ug)ERi:O<S</€},

Ds ={(S,U1,Up) €R% : 0 < Uy < K, U1 > K},

- 1
D, = {(S,Ul,UQ) ERi Uy > /{2},

2—|—L6.

(2.36)

(2.37)

(2.38)

(2.39)
(2.40)

(2.41)

(2.42)
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. 1] = 1
Ds = {(S,Ul,U2) eRY : Uy > K},Dﬁz {(S,Ul,U2) eERY:S> ﬁ}.

Clearly, we derive from (2.37)-(2.42) that for any (S, Uy, Us, 1) € Ri\bg xK, LV(S,Uy,Us, j) <
—1. By Lemma 2.1, it follows that system (1.4) is ergodic and it has a unique stationary
distribution. ]

Remark 2.5. Theorem 2.4 states that under the conditions, including assumptions (A;)-(As),
ML > 1, and for all j € K, the inequality min{2; —|—a%’j,,uj +01,5, ptj+ 02,5} > v(U) holds. Under
these conditions, system (1.4) exhibits ergodicity and possesses a unique stationary distribution,
suggesting that the disease will persist and spread within the population. Additionally, this
theorem highlights the crucial role of the coefficients of Lévy jumps and the Markov chain
{r¢}+>0 in influencing the persistence of heroin drug abusers.

3. Numerical simulations

By employing the positive preserving truncated Euler-Maruyama method, as outlined in [31,46],
we derive a numerical method for simulating system (1.4) in state j, as detailed below:

(S(n +1)=5(n)+ |:Aj — B1,5%0 (W) — 1570 (S(n))} At + oy j7o(S(n)&1(n)) VAL
2

+ “L 0 (S(m)) (€ n) — 1A+ X107 ) 70(S () ALL(n),

Ur(n+1) = Ui(n) + [517]-7?0 <S()(U)()) — p;7o(Ur(n)) + Bs 7o <W>

— (Mj + 51,]‘)7?0((]1 (n))] At + Oég,jﬁ'o(Ul (n)fg(n))\/E

a2 .
+ %%(Uﬂn))(ﬁ%(”) — 1At + x2,;(y" )70 (Ur(n))AL(n),
Ut +1) = Uan) + [yl = oo (2 G2 ) = G+ 0ol | A

2o (U2(n)) (€5 (n) — 1) At

+ ag ;70 (Uz(n)€3(n))
+ X3, (y")T0(Uz(n)) AL(n),
(3.1)
where To(x) = 0V z, N(n) = S(n) + Ui(n) + Uz(n), y* € U, M* € K, n=0,1,2,--- ,M*,

At = Nl denotes the size of time step on [0,77], &(n)(i = 1 2,3) are independent Gaussian
random variable, following A(0,1), and AL(n) £ L
with intensity v and U = (0, 00).

L(tp+1) —L(t,) obeys the Poisson distribution

Example 3.1. (Persistence in the mean) Consider the parameters in Table 1 and the initial
value (S(0), U1(0), U(0),70) = (1.5,0.8,0.05,1) € R3 xK, v(U) = 0.05. Let r; be the irreducible

—60 60

Markov chain with K = {1,2}, and the generator is ¥ = ( 10 40

>, and denote a step size

A = 0.01, by the one-step transition probability matrix P = ¢2®, it has P = (81 82) The
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Table 1. The values of the parameters.

A B1 ] g P B3 P aq Qo o
statel 0.264 0.4 0.224 0.034 0.12 0.06 0.024 0.004 0.003 0.004
state2 0.274 0.5 0.234 0.044 0.22 0.16 0.034 0.014 0.013 0.014

irreducible property implies the unique stationary distribution of r; is m = (71, m2) = (0.4,0.6)
(see Figure 1(a)). To consider the influence of Lévy noises, define the following parameters,
respectively:
((_31) Xl’l(u) = —0.36, ngl(u) = —0.38, X3’1(u) = —0.34, w1 = 0.38, XLQ(U) = —0.26, XQ,Q(U) =
—0.28, x3.2(u) = —0.24, wy = 0.28.

By calculation, we obtain fi — (3(cd1?V do? V a3?) + 1a?v(U)) = 0.220292 > 0, K11 =
stz (U) = 0.009391, K15 = 572 53w(U) = 0.003781, Kay = 24/ 3 4+ 33/A%511 — jur —

B1-201 =2 = [ = 1+ wn| w(U) = 0.279447 > 0, Ko = 20/ 202 13 /N33y 5 — 1o — Gy — 20—

1
T [B‘g(Kz,jw)? 5

S
it~

63— [ — 1+ ws| (1) = 0.295648 > 0, and R =

1—w2 -

= 1.010826 > 1.

<.
-

; <A]-+51,]-+K1,j+12’3>

(Cz) X171(u) = 0.06, XQJ('LL) = 0.09, X371(u) = 0.09, w1 = 0.09, XLQ(U) = 0.16, X272(u) = 0.19,
X372(U) = 019, W = 0.19.

By calculation, we obtain i — (3(c1? V dp? V di3?) + $0?v(U)) = 0.223, K11 = 0.000245,
K1 = 0.001376, Ko = 0.319647, Koo = 0.307864, and ]! = 1.045022.

(Cs) x11(u) = 0.28, x2,1(u) = 0.29, x3,1(u) = 0.24, w1 = 0.29, x1,2(u) = 0.38, x22(u) = 0.39,
Xg’g(u) = 0.34, w9 = 0.39.

By calculation, we obtain 4 — (3(a12 V da? V di3?) + 30%v(U)) = 0.2201, K11 = 0.004171,
K1 = 0.010219, Ko = 0.29417, K5 = 0.2776250, and . = 1.002568.

Based on the parameters presented in Table 1 and conditions (C1) to (Cs), it is evident
that the assumptions (A1l)-(A3) are satisfied. According to Theorem 2.2, this validates that
system (1.4) exhibits persistence in the mean, as clearly illustrated in Figures 1(b), 1(c) and
1(d). Furthermore, this analysis suggests that the coefficients of Lévy noises have a significant

impact on the dynamical behaviors of system (1.4).

Example 3.2. (Extinction) Consider the parameters as Table 2 and the initial value of system

Table 2. The values of the parameters.

A B1 i 01 02 B33 D x1(w)  x2(uw)  xs3(u)
statel 0.97 0.27285 0.19232 0.017 0.027 0.57 0.022 0.17 0.27 0.37
state2 0.87 0.17285 0.19222 0.007 0.017 047 0.012 0.07 0.17 0.27

(1.4) is given by (S(0),U:1(0),U2(0),79) = (10,2,0.2,1) € R} x K, v(U) = 0.6. The irreducible

—70 70
30 —30
m = (0.3,0.7) (see Figure 2(a)). To consider the influence of Brownian motion, define the

Markov chain r; with the generator ¥ = < ), and the unique stationary distribution
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Markov chain in state space(1,2}
25 . " 16 . . .
c‘(u) = -o.3o,c2(u):-o.az,cs(u):-o.zs
14 ©,(U) = 0.12,0,(U)=0.15,,(1)=0.15
¢,(u) = 0.34,0,(u)=0.35.,¢,(u)=0.30
2 10 Determine
—_~ 1
2 =
8 15F
& wn 08 /\
!
0.6
f
04r
05 ¥ ¥ y y 2 5;0 160 1 50 2(30 2;30 300
0 20 40 60 80 100
Time t
(a) (b)
0.9 T T 0.07 T T T
c,(u) = —0.30,Cz(u):'0,32,ca(u):'028 ‘ c,(u) = —0.30,Cz(u):70.32,cg(u):70,28
0.8 ¢,(U) = 0.12,0,(u)=0.15,¢,(1)=0.15 ©,(U) = 0.12,0,(u)=0.15,,(1)=0.15
0.06
¢, (U) = 0.34,0,(U)=0.35,,(1)=0.30 c,(U) = 0.34,6,(1)=0.35,c4(1)=0.30
0.7 Determine 1 \ Determine

1 1 1 1 1 0.01 1 1 1 1
0 50 100 150 200 250 300 0 50 100 150 200 250 300

t t
(c) (d)

Figure 1. The path of the Markov chain and the variations in the trajectories of S(t), U1 (¢), and Uz(¢) within
systems (1.1) and (1.4) under varying intensities of Lévy noise, respectively, with the parameters outlined in Table
1.

following parameters, respectively:
(Cl) al1 = 0.12, Qo1 = 013, Q31 = 014, Q12 = 002, Qg2 = 003, Q32 = 0.04.
From Table 1, we obtain that & = 0.37, i — (3(cd1? V do? V a3?) + 20?v(U)) = 0.14135 > 0,
_Zk: 3B,
and R = - = ——71 = 0.999877 < 1,
]; i | M0+
(Cz) al1 = 032, Q21 = 033, Q31 = 034, Q12 = 0.22, Qg2 = 023, Q32 = 0.24.
By calculation, it has i — (3(cd1? V da? V di3?) + $02v(U)) = 0.09335, and RY = 0.931038,
(Cg) 04171 = 0.5, 05271 = 0.51, a371 = 0.52, Q12 = 0.40, 04272 = 0.41, a372 =0.42.
By calculation, it get i — (3(cd1? V dp? V a3?) + 2w?v(U)) = 0.01595, and R = 0.81638.
According to the parameters in Table 2 and (Cq)-(Cg), it implies the assumptions (A;) and
(A2) are satisfied. From Theorem 2.3, the heroin drug abusers U (t) and Us(t) eventually become
extinct with an exponential probability of 1, and the susceptible individuals S(¢) converges

towards a stable constant value, as depicted in Figures 2(b), 2(c) and 2(d). This observation
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underscores that the intensity of noise exerts a pronounced influence on heroin users, with greater
noise intensities leading to stronger effects.

Markov chain in state space{1,2}
T T

30

25 !
7,70.05,0,=0.06,0,=0.07
U‘=0.25,52=0.26,53=0.27
25 7,20.43,0,=0.44,0,20.45
oL Determine
20 [
—
—
8 15l an "
£ »
1
0 . . .
05 . . . .
0 20 40 60 80 100 0 50 100 150 200
Time t
() (b)
3.5 0.4
U‘:O.OS,H2:0.06,03=UYO7 H‘=0.05,5220.06,03=0v07
3t ()":0.25,0'2:0.26,03:0.27 4 0.35 ()":0.25,0'2:0.26,(}3:0.27 b
0,=0.43,0,=0.44,0,=0.45 | 0,=0.43,0,=0.44,0,=0.45
25 Determine | 0.3 Determine 1
= 2
=
- |
D sl
1
0.5
0 .
0 50 100 150 200 0 50 100 150 200
(c) (d)

Figure 2. The path of the Markov chain and the variations in the trajectories of S(t), U1(t), and Uz(t) within
systems (1.1) and (1.4) under varying intensities of white noise, respectively, with the parameters outlined in
Table 2.

Example 3.3. (Distribution) Consider the parameters in Table 3, and the initial value of

Table 3. The values of the parameters.

A B 7 01 02 B3 D ar  az a3 xi(u) xo(uw)  x3(w)
statel 0.28 0.4 0.2555 0.01 0.05 0.35 0.01 0.1 0.09 0.08 0.1 0.09 0.08
state2 04 0.6 0.322 0.24 0.25 045 0.02 0.12 0.15 0.2 0.12 0.15 0.2

system (1.4) is given by (5(0),U1(0),U2(0),79) = (4,0.5,0.1,1) € R3 x K, wy = 0.1, wy = 0.2
and v(U) = 0.1. Meanwhile, the choice of Markov chain r; is same as Example 3.2. Moreover,
by calculation, we get

1
- ((OZ12 V d22 V d32> +

DN | =

5 w%(U)) =0.25 >0,
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oA . 1
Koy =24/ = 1+33 A2B11 — p1 — 6y — 20 — a2 — [ —1+w1] v(U) = 0.216769,

1-— w1
S\ﬁ (Ko, 1/~t1)2 +

R = —— = 1.055719 > 1,
A1+511+K1,1+7
oA\ 1
Kag =24/ 22 2 +33/A2B1a — pig — by — 20y — &% — [1 -1 —i—wg]y(U) = 0.363871,
3‘ﬁ (Ko, 2,u1)2 + po

R12 = = 0.992908 < 1, and
Ay + B2+ K12+ —5=

k 1
> [&éﬁ (K2,50)2 + Mj]

Rl= = —1.029296 > 1,
Z <A +B17]+K1] 1]>
j=1

which implies the conditions of Theorem 2.4 are ensured to be met. The simulation results for
the untreated heroin user Uj(t) in system (1.4) are presented in Figure 3. Notably, R!! > 1
implies that U(t) within subsystem 1 demonstrates stochastic persistence, as illustrated in
Figure 3(a). Conversely, 2312 < 1 indicates that U;(t) in subsystem 2 tends towards extinction,
as shown in Figure 3(c). When the Markov chain plays a role in stochasticity, it contributes
to the persistence of Uy (t) within the hybrid system, as evidenced in Figure 3(e). Thus, it can
be inferred that the Markov chain {r;};>o has both passive and positive influences on disease
transmission.

4. Conclusions

External influences on drug abuse, particularly those affecting survival and transmission mech-
anisms, indicate that a stochastic heroin epidemic model with Lévy noises and Markov regime-
switching offers superior realism compared to deterministic counterparts. By embedding these
stochastic elements into the heroin epidemic model, this research advances comprehension of
addiction progression stages and refines parameter estimation for targeted intervention strate-
gies. Theoretical contributions include proving the existence and uniqueness of the solution
for system (1.4) and identifying sufficient conditions for the extinction and persistence in the
mean of heroin users. Additionally, the ergodic stationary distribution of system (1.4) is verified
through Lyapunov stability analysis, providing insights into long-term system behavior.
Compared to existing literature, the key innovations of this paper are as follows:

1. Distinct from the work by White and Comiskey [42], this research integrates Markov chain
dynamics and Lévy noises components into heroin epidemic model (1.1). This novel frame-
work advances understanding of addiction progression stages and enables precise parameter
calibration for epidemic containment. By utilizing appropriate Lyapunov functions, we es-
tablish:

(a) For RY < 1, mathematical extinction of both untreated (Ui (t)) and treated (Ua(t))
user populations in system (1.4);

(b) For SR} > 1, mean persistence and ergodic stationary distribution emergence in system
(1.4).

2. The system delineated in equation (1.4) represents an expansion of the system outlined
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Figure 3. The trajectory and the probability density function of U; in state 1, state 2, and mixed states in

system (1.1) and system (1.4) respectively.

in equation (1.2), incorporating considerations of Lévy noises and regime-switching. In
contrast to the work by Liu et al. [29], we formulate the essential conditions for both
persistence in the mean and the unique stationary distribution of system (1.4) at the
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identical critical threshold R.. Theorems 2.2 and 2.3 unveil a remarkable insight: Lévy
noises and the Markov chain can control the persistence and extinction of the disease,
indicating their significant role in the spread of the epidemic (see Figures 1 and 2).

As an advanced extension of system (1.1), system (1.4) integrates Lévy noise excitations
and Markov chain transitions, necessitating more intricate theoretical and numerical inves-
tigations than those focused solely on Lévy noises in Li et al. [23]. A novel insight emerges:
The Markov chain, when active internally, can reconcile subsystem-specific stochastic per-
sistence (Subsystem 1) and extinction (Subsystem 2) to maintain overall persistence in the
hybrid system. This underscores the Markov chain’s pivotal function in reducing heroin
user extinction rates and shaping epidemic spread trajectories, with empirical support
from Figures 3(a), 3(c) and 3(e).

Unlike Jiang et al.’s [17] bilinear incidence model, this study pioneers the incorporation of
Markov chain regime-switching and Lévy noise elements within a standard incidence heroin
epidemic framework. This innovative combination introduces unprecedented complexity by
replacing the bilinear incidence function with its standard counterpart, thereby elevating
both theoretical challenges and practical relevance in epidemic modeling. The enhanced
complexity demands sophisticated mathematical tools to analyze persistence, extinction
and stationary distribution dynamics.

Conflicts of interest

This work does not have any conflicts of interest.

References

1]

A. Alkhazzan, J. Wang, Y. Nie, et al., A novel SIRS epidemic model for two diseases
incorporating treatment functions, media coverage, and three types of noise, Chaos Solitons
Fractals, 2024, 181, 114631.

J. Bao and C. Yuan, Comparison theorem for stochastic differential delay equations with
jgumps, Acta Appl. Math., 2011, 116, 119-132.

L. S. Benjamin, Use of structural analysis of social behavior (SASB) and Markov chains to
study dyadic interactions, J. Abnorm. Psychol., 1979, 88, 303-319.

S. Bentout, S. Djilali and B. Ghanbari, Backward, Hopf bifurcation in a heroin epidemic
model with treat age, Int. J. Model. Simul. Sci. Comput., 2021, 12, 2150018.

Y. Cai, X. Mao and F. Wei, An advanced numerical scheme for multi-dimensional stochastic
Kolmogorov equations with superlinear coefficients, J. Comput. Appl. Math., 2024, 437,
115472.

T. Caraballo and A. Settati, Global stability and positive recurrence of a stochastic SIS
model with Lévy noise perturbation, Phy. A, 2019, 523, 677-690.

Centers for Disease Control and Prevention, Fentanyl, 2019. Available from: https://
www.cdc.gov/drugoverdose/opioids/fentanyl.html.

S. Djilali, S. Bentout, T. M. Touaoula, et al., Global behavior of Heroin epidemic model with
time distributed delay and nonlinear incidence function, Results Phys., 2021, 31, 104953.



1472

K. Li, J. Guo & Y. Wei

[9]

[26]

[27]

S. Djilali, A. Loumi, S. Bentout, et al., Mathematical modeling of containing the spread of
heroin addiction via awareness program, Math. Methods. Appl. Sci., 2025, 48(4), 4244-4261.

A. Economou and M. J. Lopez-Herrero, The deterministic SIS epidemic model in a Marko-
vian random environment, J. Math. Biol., 2016, 73(1), 91-121.

B. Fang, X. Li, M. Martcheva and L. Cai, Global stability for a heroin model with age-
dependent susceptibility, J. Syst. Sci. Complex., 2015, 28, 1243-1257.

M. El Fatini, A. Laaribi, R. Pettersson, et al., Lévy noise perturbation for an epidemic
model with impact of media coverage, Stochastics, 2018, 91, 998-1019.

M. El Fatini, A. Lahrouz, R. Pettersson, et al., Stochastic stability and instability of an
epidemic model with relapse, Appl. Math. Comput., 2018, 316, 326-341.

Y. Gao, X. Jiang and Y. Li, Recurrence and periodicity for stochastic differential equations
with regime-switching jump diffusions, Discret. Contin. Dyn. Syst. B, 2024, 29, 2679-2709.

A. Gosavi, S. L. Murray and N. Karagiannis, A Markov chain approach for forecasting
progression of opioid addiction, Annu. Meet. Inst. Ind. Syst. Eng., 2020, 399-404.

M. B. Hridoy and L. J. Allen, Investigating seasonal disease emergence and extinction in
stochastic epidemic models, Math. Biosci., 2025, 381, 109383.

H. Jiang, L. Chen, F. Wei, et al., Survival analysis and probability density function of
switching heroin model, Math. Biosci. Eng., 2023, 20, 13222-13249.

M. Jovanovié¢ and V. Vujovié, Stability of stochastic heroin model with two distributed delays,
Discret. Contin. Dyn. Syst. B, 2020, 25, 635-642.

R. Z. Khasminskii, C. Zhu and G. Yin, Stability of regime-switching diffusions, Stoch.
Process. their Appl., 2007, 117, 1037-1051.

A. Y. Kutoyants, Statistical Inference for Ergodic Diffusion Processes, Springer, London,
2003.

S. Lee, J. Ko, X. Tan, et al., Markov chain modelling analysis of HIV/AIDS progression:
A race-based forecast in the United States, Indian J. Pharm. Sci., 2014, 76(2), 107.

D. Li and S. Liu, Threshold dynamics and ergodicity of an SIRS epidemic model with
Markovian switching, J. Differ. Equ., 2017, 263, 8873-8915.

G. Li, Q. Yang and Y. Wei, Dynamics of stochastic heroin epidemic model with Lévy jumps,
J. Appl. Anal. Comput., 2018, 8, 998-1010.

Y. Lin and D. Jiang, Threshold behavior in a stochastic SIS epidemic model with standard
incidence, J. Dyn. Differ. Equ., 2014, 26, 1079-1094.

C. Liu, P. Chen and L. Cheung, Ergodic stationary distribution and threshold dynamics of
a stochastic nonautonomous SIAM epidemic model with media coverage and Markov chain,
Fractal Fract., 2022, 6, 699.

C. Liu, Y. Tian, P. Chen, et al., Stochastic dynamic effects of media coverage and incubation
on a distributed delayed epidemic system with Lévy jumps, Chaos Solitons Fractals, 2024,
182, 114781.

J. Liu and T. Zhang, Global behaviour of a heroin epidemic model with distributed delays,
Appl. Math. Lett., 2011, 24, 1685-1692.



Extinction and stationary distribution of a heroin epidemic model 1473

28]

[29]

[30]

31]

Q. Liu, D. Jiang, N. Shi, et al., Dynamics of a stochastic delayed SIR epidemic model with
vaccination and double diseases driven by Lévy jumps, Phy. A, 2018, 492, 2010-2018.

S. Liu, L. Zhang and Y. Xing, Dynamics of a stochastic heroin epidemic model, J. Comput.
Appl. Math., 2019, 351, 260—269.

M. Ma, S. Liu and J. Li, Bifurcation of a heroin model with nonlinear incidence rate,
Nonlinear Dyn., 2017, 88, 555-565.

X. Mao, F. Wei and T. Wiriyakraikul, Positivity preserving truncated Euler-Maruyama
method for stochastic Lotka-Volterra competition model, J. Comput. Appl. Math., 2021,
394, 113566.

X. Mao and C. Yuan, Stochastic Differential Equations with Markovian Switching, Imperial
College Press, London, 2006.

S. Moualkia and Y. Xu, Stabilization of highly nonlinear hybrid systems driven by Lévy
noise and delay feedback control based on discrete-time state observations, J. Franklin Inst.,
2023, 360, 1005-1035.

G. Mulone and B. Straughan, A note on heroin epidemics, Math. Biosci., 2009, 218, 138—
141.

T. Phillips, S. Lenhart and W. C. Strickland, A data-driven mathematical model of the
heroin and fentanyl epidemic in Tennessee, Bull. Math. Biol., 2021, 83, 1-27.

J. C. Semenza and B. Menne, Climate change and infectious diseases in Furope, The Lancet
Infect. Dis., 2009, 9, 365-375.

Substance Abuse and Mental Health Services Administration, Medication and coun-
seling treatment, 2019, Available from: https://www.samhsa.gov/medication-assisted-
treatment /treatment.

E. Tornatore, S. M. Buccellato and P. Vetro, Stability of a stochastic SIR system, Phy. A,
2002, 354, 111-126.

F. Wei, H. Jiang and Q. Zhu, Dynamical behaviors of a heroin population model with
standard incidence rates between distinct patches, J. Franklin Inst., 2021, 358, 4994-5013.

Y. Wei, Q. Yang and G. Li, Dynamics of the stochastically perturbed Heroin epidemic model
under non-degenerate noises, Phy. A, 2019, 526, 120914.

Y. Wei, J. Zhan and J. Guo, Asymptotic behaviors of a heroin epidemic model with nonlinear
incidence rate influenced by stochastic perturbations, J. Appl. Anal. Comput., 2024, 14,
1060-1077.

E. White and C. Comiskey, Heroin epidemics, treatment and ODE modelling, Math. Biosci.,
2007, 208, 312-324.

Z. Xu, H. Zhang and Z. Huang, A continuous markov-chain model for the simulation of
COVID-19 epidemic dynamics, Biology, 2022, 11(2), 190.

Q. Yang, X. Zhang and D. Jiang, Asymptotic behavior of a stochastic SIR model with general
incidence rate and nonlinear Lévy jumps, Nonlinear Dyn., 2022, 107, 2975-2993.

G. Yin and C. Zhu, Hybird Switching Diffusions, Properties and Applications, Springer-
Verlag New York, 2009.



1474 K. Li, J. Guo & Y. Wei

[46]
[47]
[48]
[49]
[50]

[51]

X. Zhai, W. Li, F. Wei, et al., Dynamics of an HIV/AIDS transmission model with protec-
tion awareness and fluctuations, Chaos Solitons Fractals, 2023, 169, 113224.

J. Zhan and Y. Wei, Dynamical behavior of a stochastic non-autonomous distributed delay
heroin epidemic model with regime-switching, Chaos Solitons Fractals, 2024, 184, 115024.

J. Zhan and Y. Wei, Long time behavior for a stochastic heroin epidemic model under regime
switching, Math. Method. Appl. Sci., 2025, 48, 11735-11749.

X. Zhang, D. Jiang, A. Alsaedi, et al., Stationary distribution of stochastic SIS epidemic
model with vaccination under regime switching, Appl. Math. Lett., 2016, 59, 87-93.

Y. Zhao and D. Jiang, The threshold of a stochastic SIS epidemic model with vaccination,
Appl. Math. Comput., 2014, 243, 718-727.

B. Zhou, B. Han, D. Jiang, et al., Ergodic stationary distribution and extinction of a staged
progression HIV/AIDS infection model with nonlinear stochastic perturbations, Nonlinear
Dyn., 2022, 107, 3863—-3886.

Y. Zhou, S. Yuan and D. Zhao, Threshold behavior of a stochastic SIS model with Lévy
jumps, Appl. Math. Comput., 2016, 275, 255-267.

C. Zhu and G. Yin, Asymptotic properties of hybrid diffusion systems, SIAM J. Control
Optim., 2007, 46, 1155-1179.

P. Zhu and Y. Wei, The dynamics of a stochastic SEI model with standard incidence and
infectivity in incubation period, AIMS Math., 2022, 7, 18218-18238.

Received June 2025; Accepted December 2025; Available online December 2025.



	Introduction
	Qualitative analysis
	Persistence in the mean of drug users
	Extinction of drug users
	Stationary distribution

	Numerical simulations
	Conclusions

