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A NEW MULTIDIMENSIONAL HILBERT-TYPE INEQUALITY WITH
TWO INTERNAL VARIABLES INVOLVING ONE PARTIAL SUM

Ling Peng' and Bicheng Yang?

Abstract This study explores a new multidimensional Hilbert-type inequality involving one
partial sum, by utilizing transfer formula and Hermite-Hadamard’s inequality. The kernel

——1L (X > 0) in the new inequality has two general internal variables compared
(uOm)+llw(®)l,)
with previous work, and the best value is achieved with certain parameters. Finally, the

equivalent forms, the operator expressions and some particular cases are presented.
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1. Introduction

Forp>1,%+a L am, by, > 0,0 < > jah, < ooand 0 < Y 2 b} < oo, we have the
following Hardy-Hilbert’s inequality stated in [ | (Theorem 315):

IPIEER (Za’“>;<§bﬁ>;7 (1)

n=1m=1

where, 7/ sin(7) is the best value.
In 2006, Krnié et al. [10] provided an expansion of (1.1) by using the Euler-Maclaurin’s
summation formula as follows:

ZZ

n=1m=1 m+n

0o
Z mp(l—)\l)—lag’ryn

m=1

B(A1,A2)

1
,, [Z nq“‘*ﬂ—lb%] : (1.2)
n=1

where, \; € (0,2] (i = 1,2), Ay + X2 = X € (0,4]. The best value B(\1, A2) is expressed as the
following beta function:

00 u—1
B(u,v) = /0 (1—tkt)“+”dt (u,v>0). (1.3)
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The half-discrete Hilbert-type inequality with a nonhomogeneous kernel was first described
by Hardy et al. in 1934 (cf. [3], Theorem 351), the outcome can be located: If the function K(t)
isdecreasing,p>1,%+f—1 0< (A fo z)z* " < oo, f(x) >0, O<f0 fP(z) < o0,

- an 2 (/ K (nz) dx) <¢P<;> /Ooofp(x)da:. (1.4)

Based on inequality (1.4), You et al. obtained some special functions, such as hyperbolic func-
tions (cf. [38]) and the cotangent function (cf. [33]). In 2016, Hong and Wen [8] discussed the
equivalent statements of the general form of (1.1) and explored their best values. Subsequently,
the expanded theoretical research on multiple Hilbert-type integral inequalities was obtained
by [7]. The quasi-homogeneous kernel involved in half-discrete Hilbert-type inequality was also
discussed in [5]. Based on Hong’s theory, further studies about half-discrete inequalities with
their equivalent statements were also conducted by [4,6, 13,34, 37].

Recently, some applications of Hilbert-type inequalities were obtained by [1,2,9,36]. Addi-
tionally, Hong et al. [9] introduced a half-discrete multidimensional Hilbert-type inequality with
a homogeneous kernel using weight functions, the transfer formula, and Hermite-Hadamard’s
inequality. Some further and interested results were obtained by [14-23,25-32].

Utilizing the extension transfer formula and the approach from and [9], this article intro-
duces a new multidimensional Hilbert-type inequality involving one partial sum. Its kernel

——1 (XA > 0) has two general internal variables than the kernel of previous work [9].
(w(m)+llv(®)]l,)
The equivalent statements outline the comparable expressions for the best value associated with

certain parameters. The equivalent forms, the operator expressions and some particular cases
are also presented.

2. Some lemmas

In what follows, let p > 1,¢q > 1,%+§ =1,A>0, A € (0,\), A2 € (0,\) N0,n] (n € N =
{1,2,..}), @ € (0,1], &,n € [0, 3], u(z) > 0,4/(z) > 0,u"(z) <0,
ot
1) —
(=1) dx?
u(€+) = 0,u(o0) = oo, and
v(y) = (vi(y), - vn(yn)),y €Ay ={y={y1,--yntsvi € (n,0)},
such that v;(y;) > 0, v;(y;) > 0, U ( D) < 0,v; (i) > 0,0(nt) =0, vi(00) =00 (i =1,---,n).

)\1 = A )‘2 + ’\1 Xg = A ’\1+ ’\2 . We also suppose that for i € N, a; > 0,4, := > ", a; =
o(et“(m)) (t > o,m — 00), Ay > 0 (m € N), by, = (b, b, ) >0, (k= (ky,--- ,kp) € N"),

satisfying

[(u(@) M/ (2)] 2 0 (z € (£, 00)5i = 1,2),

SN o HJ” ) g
mZ ( MH %0 < T, et <

For M > 0,4 (u) (u > 0) is a nonnegative measurable function, the following transfer formula
holds (cf. [28]):

[ fymsacss

A% MT"(3) [t el
ey ( (Z (M) ) dyy -+ - dyn, = W Y(u)uea Ldu. (2.1)

77- .
]L =1
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Particularly, (i) for ||y, =

= M0, (3)%% ,v(w)

- Yi é
dy = 1 M I\ dyy - - - dyp
/Ri Pl )y = / /yeR",o<Zl (5) <t }(b( L (M) ] ) " !

M”F”( )
lim

_M—>o<>7anf( ) /Oqﬁ(Mua) weldu

anlrg/ ¢ (v) V" dv (U_MW>.

I
—

(2.2)
(ii) For ¢(u) = ¢ (Mué> =0,0<u< %(b > 0), by (2.1), we derive
MnrT™ 1 1 n
/ Sl )y = tim 2T (2) / o (Mut) utau
{veR? v, b} WS oI (2) e
1
E o 1
= 2.
an 1F % / (b dv. ( 3)
(iii) For ¥(u) = ¢ (Mué> =0,u> %(b > 0), by (2.1), we derive
. AJ”F”(&) i 1\ n
/ oyl Jdy = Jim = e / 6 (Mut ) ui~du
{yeR7,|lyll, <b} M—oc aT'(3)
n(L)
= lr? o / ¢ (v) v d. (2.4)

Lemma 2.1. Suppose that A > 0, € (0,1]. We construct the following function

o ()12~ TTi vi(w:)
h(y) := ) A,y ,00)) .
W)=y 1 oLy Y€ Ay e o)
Then, g-h(y) <0, £5h(y) > 0 (j

2 1,--,n).
Proof. Since A > 0,a € (0,1],7 € [0, %], y € A, we obtain
oy) - ! - !
Cum) F o)) fum) + (0 v ()N
fly) = o)l (va <yi>> U R = [T viw)-
=1

=1
X ’ 1"
Forj=1,.---,

;v(y;) > 0,05 (y5) <0, v "(y5) > 0,v;(n*) = 0, we derive
0 AT () e () o ()
+—9(y) =

9y, () + (0, of ()t
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Ag—n 1
) - * _
50 1) = (A2 —n) ( v (%)) v () V) (y5) <0,
yj =1
0 " 0?2

We still can find that -2 2g( ) > 0, and then in the same way,

;’yjh@):fl( )20 5-9(0) + 9l >(.fyj<f1<y>f2<y>> <0

J

2
%h@) - ayj[fl(y)fa(y);ng(y)] n aayj[g<y>;’yj<f1 () o))

>0 (y; € (n,00), j=1,---,n).

The lemma has been shown.

gy 20) =0 () II viw) <o, aT/]?fl(y) >0, a?;f?(y) >0

O

Lemma 2.2. For ¢ > 0,b = minj<;<,{vi(1)},e = maxj<i<n{vi(1)}, there exists a constant

a € Ry, such that the following inequalities hold:
e“T"(é) 1

0< m(z — A(c))

< vkl ”Hv
k

where A(c) == e [° de— +O0(1),a:=3"  M; € Ry,

M; = Z Z Z Zvlkl o (kicr) + 03 (1)

k1=1 ki—1=1k;41=1 kn=1

L—¢c—n - .
oy (Fripn) + -+ 05 k)] 20l T witky) (=1,

1"

Proof. Since ¢ > 0,a € (0,1],v;(y;) > 0, v; (y;) <0,v; (y;) >0,and j =1,

83 (\W@/)HQ“”H@(%)) <0
a —c—n
o ( Na Hv yz>

Setting k' = (kp,--- ,k,), (k: ={2,3,---},i=1,--- ,n) , by (2.3), we have

Z”’U b P nHv <a+ZH _nHv;(k
i=1

,n, we derive
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/

[1im vi(wi) d

{yeRn;yi>1} lo(y)[15"

Jul| 7" du
uwERT u; >v; (1) }

A

a+

—

a—+

IN

a+ lull " du

uwER ;u; >b}

<a+ Jull* ™ du

«

—

weR;|lull,>b}
Fn(é) o c—n_n—1
= —a T d
a+ a”flf‘(g) /b T T T

1 r(3)
= E (CCL + b%x”T(Z)) .

Supposed that f(z) := (z + d)é —za —da (z,d > 0), we have

11 m%—l] >0 (a € (0,1]).

£}
+
S8

~
Q

For f(0) =0, we find (z + d)é > gz + da. Then,

0 < M,
n—1 —é(c—i—n) n—1
< | Do) + i) v, (1) [T vitw)dy
yizgi=ln-1} | 75 i=1
n—1 —é(C-Hl)
u=v(y) ,
= vn(l)/ u§ 4+ vy (1) du
{ui>vi(3),i=1,~ n—1} ; !
n—1 7é(c+n)
< 4 [ > ug () i
{u;>b,i=1,-- ,n—1} j=1
- 1 —C—nNn
< v;(l)/ uf | +on(1) du
{Ilull, b} ; ’
F”—l(l) ) een
= v;(l)an_ZF 7?_1)/17 (x +vn(1)) 2" 2dx

< o <1>F”_1<;})) [

< o0.

Above all, M; (i =1,2,---,n) is a positive constant, then, a is a positive constant.
In the same way, since the series is decreasing, we derive

n n

S o) 12" T vl (ko) > / lo) 7" T v dy
k

i=1 {veRnwi>1} i=1
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Jull <" du

- /{ueRi;uini(l)}
> [ Jufl " du
{uERi;uiZe}

|lw+e|, " dw (w=u—e).

/{wER’_}_;wi>0}
Setting ¢(w) := w= ", by (2.2), we have

lw+el|, " dw

\/{wERi;wZ>O}
:anl n/ d(w + e)w™ tdw

[ e,
e—crm 1
= ety (-4

where, we indicate that

. 00 (w + e)n—l _ wn—l
Alc) =e /0 w e dw.

Fot n =1, we find A(c) = 0; for n € N\{1}, by the mid-value theorem, we have

0< A(e)
© (w + Ope)" 2dw
— -1 1+c/ (’LU w ewe 0’1
(n—pjette [T EERCC R (0, € (0.1)
oo n—2
<(n— 1)61+0/ de
0 (w +€)c+n
~n—1
1+
< 00,
namely, A(c) = 1_1H;O( ). Hence, we have
Jot = [T vitk) > [ o+ el
Z H {weR?;w; >0}
() 1

= o (¢~ A©)

> 0.

Inequalities (2.4) are proved.
The proof of this lemma is complete. O
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Lemma 2.3. We define the weight functions as follows:

Ao—n TN 4
CAJ)\()\Q, — >\ )\2 Z”v H Hz 1 z)( Z) (’I?’LEN

m) + [|o(k)ll,)*

w)\()\hk) = ||v(k)”)\—/\1 io: u)\l 1(m)u/(m) (k .
C e (wm) + (k)] )

(i) For Ay < n,0 < Ay < A\, the following inequality holds:
I"(3)
o TI(2)

(ii) For \y < 1,0 < Ay < A, the following expression holds:

@)\()\Q,m) < B()\Q,)\—)\Q),mGN.

1
BA, A=A - O0(————
0<B(\ 1) (1 (|]v(l<:)|’\1)>

< (,U)\(/\l, k)
< B\, A — M) k€ N™.

N™). (2.7)

(2.8)

(2.9)

Proof. (i) For Ay <n,0 < Ay < A, by Lemma 2.1 and Hermite-Hadamard’s inequality (cf. [11]),

setting w = v(y), dw =[], v;(yi)dy, we have

A2—n TN o
A2

(ulm) + o))
P 0 AR
su )/An (ulm) + [o(e)])

A2—n

— 2 (m, ”wHa w
- ( )/wem (u(m) + ||w\|a>*d

+

Setting ¢(s) := (ijig;’ by (2.2), it follows that

and then (2.8) is proved.
(ii) For (—1)i%[(u(x))>‘1u’(x)] >0 (i =1,2), we still can find that

d
M@ (@) M @d(@) 1

(u(@) + o(R)ll,)*  (ulz )+||v(k)||a) u(z)
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(u(z) > 0,4/ (x) > 0,u”(x) < 0) is strictly decreasing and strictly convex in (£, 00), by Hermite-

Hadamard’s inequality and (2.7), setting s = ”vu((x)

TGIe we have
0 M= (2
m@h><W<WAMﬁ ((Hﬁikﬁ>m

(
)
o /\1 1 /

vk A—A1 ( ) (.’IJ
< [lo(k)[2 é e |

) + [[o(&)[|)*
00 S)\l—l
:/0 Grir

= B(A, A= A1),

[e’¢) u/\I*1 x ul X
wa(A1, k) > (k)37 /1 (u(x) +(||v)(k:)(|| ))Adm

1
=BA,A—M\) [ 1-0(———
. ”( (mwwyo

>0,
where,
1
(H (k )HM)
eI [ o
- BOLA= M) e (u(@) + [|u(R)] )
lo(k) 3~ M (@) du(x)
< oA ECIH
_ [B(A1, A — Ap)] et (1)
A v (k)3 ’
and then (2.9) are proved.
This proves the lemma. ]

Lemma 2.4. Fort > 0, we have the following inequality:
o0
> e, <t Z e~tumy, : (2.10)
m=1
Proof. For z € (£,00), setting g(z) = e **(*) we obtain
J(z) = —tu'(z)e_w(”:).

Since u”(z) < 0, then —¢/ () is decreasing in (£, 00). In view of e *(™ A, = o(1) (m — c0), by
Abel summation formula and the differentiation mid-value theorem, we have 0 < 6,, < 1 and

ie M am = lHm e M A 4 Z 7t“(m+1))Am

m—00
m=1
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_ Z(e—tu(m—i-l) _ e—tu(m))Am

I
|
M8
B
+
B
=
§

m=1
=Y (=g (m+0m))An
m=1
<> (=g (m)An
m=1
=t Z e/ (m) Ay,
m=1
Hence, we have (2.10).
The lemma is proved. O

Lemma 2.5. The following inequality holds:

m) Amby,
I =
4 ZZ +Hv( )l

kml

P

1 1
< (();‘1(1?()(7;)3()\2,/\ — /\2)) Ba(A, A — )\1)

. [i( ) P10 4

(w/(m))-

uv )l <” )]
Z 2 ))ql : (2.11)

m=1 1 z

Proof. By employing the Hélder’s inequality (cf. [11]), we obtain

oIS (T k)
IA—ZZ;(U +Hv( Mo )A[ (u(m))Ci=D/a(w/ (m))1/a (m)Ap,

[ (u(m)) ™ =D/9(u ()2 bk]
o (k)15 (T v (ki) VP

O ol T 09 }
1[;<u<m>+uv< ol G| A
= Jok)§ Y (u(m >>Mu’<m)]bq};

{Z 2 )+ o (T o1 |

)p(lfxl -1

RS TNN CT) g
_[Z )

IN
——
M

1
P

(ITiy vi (ka7

m=1

ESEIRE
S, o 2R bz] |
k

By (2.8) and (2.8), (2.11) follows.
The proof of this lemma is complete. O
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u (z)u’(x)

Remark 2.1. Replacing A (A1) by A+ 1 (A1 + 1), in view of the assumption, @)

strictly decreasing and strictly convex in (&, 00), then inequality wyi+1(AM+1, k) < B(A1+1,A—A1)
is valid and by the assumption, the following inequality follows:

’Abk

1= ZZ u(m) + okl )A+1

kml

1
p

(@ BOo, A+1—X) | Bi(u+1,A—\)
o 1T(T) 2, 2 1+1, 1

1
q

> / % q(n— )\2) q
_u'(m)Am Jolla """ b
’ Lz_:l (u(m))phi+t Z T, v (ki))at : (2.12)

3. Main results

Theorem 3.1. We have a new multidimensional Hilbert-type inequality with two general inter-

nal variables involving one partial sum as follows:

ambk
1
ZZ m) + [|o(k)ll,)*

kml

F"(l) P
<A an_io‘B(AQ,)\H—)\z) Ba(Al +1,A—\)

(%)
o w8 a(n-Xo)-n 77
u'(m) Am, l|lv(k IIa q
g [mz—l (u(m))pXrl-l ;( z 1 z ))q lbk ' (31)

In particular, for Ay + A2 = A, we obtain
) 1
(i p
I</\<(a))> B(/\1+1,/\2)

an-1T(2
[Jv(
Z

Hq n—>Az)—n bq

z 12} ))q !

u'(m) A,

x [Z (u(m) p/\1+1

m=1

where the value

is the best.
Proof. For A > 0, we have

1 1 00 - t
(u(m) + [o(R) )" m)/o Pt .
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By employing (2.10) and Lebesgue term by term integration theorem (cf. [12]), we obtain

Z Z ambk |:/ tA_le_(u(m)+|Iv(k)a)tdt:|

k m=1

_ 1“(1/ A1 (Z e—umt ) Ze—llv Ma thydt
0
1 u(m)t / —|lv t
F(A)/ ( Ze ( )Ze o) latp,, gt
2

<
k
NS i Ao (ulm) (b)), )t
0 2 mz::l (m) Apmby [/0 t dt]
T+~ u'(m) Apmby
I Zk:mz_:l (u(m) + [u(k)|| )
= A

Then by (2.11), we obtain (3.1). Particularly, for A\; + A2 = A, we obtain (3.2).
For any 0 < € < p)A1, we set

mwzwmm“i*%mumeN»

B = o(k) a2 Hv (ke N").

Since the function ] 6
()5 (1) = (D)Mo O] (u(t) 77

is strictly decreasing and strictly convex, by Hermite-Hadamard’s inequality, we find

~

A,

a;

M)

2

m

—1
(u

1

2

[y

(t))
[
u(t)

AW

N

MR (1) dt

A

(
)Al_%_lu/(t)dt

IN

We observe A,, = o(e™(™) (t > 0;m — 0).
If there exists a positive constant

M <A <m> B(A1+1, M),

3=
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such that (3.2) is valid when we replace

n(l %
<anr—1(r”‘<)z>> Bl LA

by M, then in particular, we obtain

> am/b\k
zk:n; )+ [lo(k)])*
> u/(m v ZHU an re)- Aq ! (3 3)
o (u(m)) pAlH [T, vi(ki))at " '
By (2.4), we obtain
e |7 [ eI 5
[Z (TTi= ok b’“]
—e—1 / —e—1 / Hz 1 z g
(Z lo (k)T )

IN

e

_ &
P
—e—1 / OO —e—1 i=1 "4 E
u(t)) du(t
“n J o } (Z i)
1
_ 1 [e(u) = '<1>+<u<1>>-f]% q
= A€ T e 1r g
By (2.9), setting A; := A; — 5 € (0,A) in (2.5), since - t)u'(t) is still decreasing and
convex in (§,00), we obtain
u(m) u'(m) —fon oy
loh) o’ v; (ki)
Z (u(m \ (k)] E

k m=1

)+
lo(k)|N ¥l i w1 (m)u! (m) A] Hv(k)llge_”ﬁvg(ki)
(u(m) + [lv(k)]],) i=1

m=1

=3
>

=S (k) oI T vike)
L =1
~ ~ 1 Hz_l ’L(k)
B(AM, A=A -0 =
. 1); (1 (H (k >HM> lo(k) 5™
Hn:1 U;(kl)
A17)\ )\1)2 - 1 £ n
F Okl

=B =) vk ”Hv
k

B - Xn;;f;((';;)) (i-= 10<1>) — o).
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Hence, we derive

*E n(

)

(R

B(M, A — >\
(1’ 1) e+1

(1 £ O(l)>601(1)

QI3|RIx

<€I

<M

[e(u(1) ="' (1) + (u(1)) ] (m ™(3) )

Y bran—1(2)

For ¢ — 0T and using the fact that the beta function is continuous, we derive

that is,

Therefore, the value

is the best in (3.2).

The proof of this theorem is complete. O
Remark 3.1. Forxl ’\’\2—1—/\1—)\ +AzAizAe )‘1 A2 /\ ’\’\l—i—/\?—)\ +MO<>\1,)\2<
A\, we have}l +X=\0< /\1,)\2 < A, and B()\1+1,)\2) eER.. For A—A1— X <0, u"(z) <0,
we obtain Ay < A9 < n and

A=X1—Xg

(u(@) M (2) = [(u(@) M (@) (u(z) 7 (@ € (€ 00))

is decreasing and convex. Therefore, for A — A\; — A2 < 0, (3.2) is rewritten as:

I<A (Cm> ’ B(Xl + 1,X2)

3.4
me1 (u(m))pritt 0

. W' (m)AP, z
xlz( )4
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Theorem 3.2. For A — A1 — Ao <0, if the value

hSA

(i) 1
M ——2) BOuA+1—X) | Bia+1,A—\)
is the best in (3.1), then A1 + Ag = .
Proof. By employing the Holder’s inequality (cf. [11]), we derive
M du

BOu+1.0) = [ —udu
(A1 +1,X9) /0 11 )

o B

_/0 (1 + u) u

/°° w2 dy uMdu
0 (1+u)A+1 1—|—U (1 L M1

00 ,U)\Q—ld,v . Aldu %
Uo (v+1>A+l} [ 1+u“1]

= Br(A, A+ 1= A)Bi(A + 1, — Ap). (3.5)

B =
Q=

IN

We compare with the constant factors in (3.1) and (3.4), and by the assumption, it follows that

1 1
(i P 1 (L P _ _
)\<(O‘)B()\2,)\+1—>\2)> ‘11()\14-1 A—A1) <)\<O/L1(f\l()’n)> B(A1+ 1, A2),
that is,
By +1,%) > BrOg, A +1—A)Bi(A + 1, — Ay).

Hence, (3.5) keeps the form of equality.

We can observe that equality (3.5) is true if and only if there exist constants P and @, such
that they are not both zero and (cf. [11]) Pur=*271 = QuM~! a.e. in R,. Suppose that P # 0.

Then u* 2~ = % a.e. in Ry, which implies that A — Ay — A1 = 0. Hence, we have A\; + Ay = A.
The proof of this theorem is complete. O

4. Equivalent forms and operator expressions

Theorem 4.1. We have the following multidimensional Hilbert-type inequality equivalent to

(3.1):

J = v p)\2nn1);k’i S \
{Z” = T o )[Z (m >+||v< >Ha>A]}

i=1 1 (u(m

1
o

Fn(é) P ; ul(m)

m=1
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In particular, for A\1 + A2 = A, the following inequality equivalent to (3.2) holds:

) p>\2 . n g " 00 am Py p
{Zu e T vl >[Z <u(m>+yyv<k>raﬁ] }

=1 m=1

n(l % 0 u/ m %
<A <O;_1(FC¥()Z)> B(A1+1,)) [Z WA%] . (4.2)

m=1

Proof. Assuming (4.1) is valid, by employing Holder’s inequality (cf. [11]), we have

n oo P
) P am ||U(k)”g b,
a 'U,L' k;z .
I= Z ol <H ( )> n;<u<m>+uv<k>w (T v (ko)) »

1
||q n— Ag)—n bq]

[o(k
[Z z 1 z(k ))q '

Then, by (4.1), we obtain (3.1).
Additionally, if (3.1) is valid, then we construct

n 00 p—1
- / ap
by = [o(k) 227" T wike) [ , ke N".
iH1 mz:% (u(m) + [[o(k)][4)*
If J = 0, then (4.1) is true. If J = oo, then (4.1) is not true, implying that J < oo. For
0 < J < o0, based on (3.1), we obtain

|q(n )\2)—71, bq

ZHU _ P

z I/Uz(k ))q '

B =

(i) 1
<A —25B(M, A +1—X2) | Ba(A+1,A— A1)

D=

AP gr-1
| ]
uv H”*Q "bq]
Z =7

'L 1 7,(k))q '

S =

() 1
<A WB(A27A+ 1—X2) | Be(A1+1,A—X\)

< W),
" LZ <u<m>>p%+1‘4’"]

Thus, (4.1) is the equivalent form of (3.1).
The proof of this theorem is complete. O
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Theorem 4.2. If \y + Ao = A, then the value

=

(L) Py
A ——2 By, A+1—X) | Bi(h+1,A—\)

in (4.1) is the best. On contrast, if the same value in (4.1) is the best, then for A\— A1 — Ao <0,
we have A1 + Ao = A.

Proof. Based on Theorem 3.2, for A1 + Ay = A,
(1) .
A —=2—~B(M,A+1—=X2) | Ba(Ai+1,A—X\p)

in (3.1) is the best value. The value in (4.1) remains the best. Alternatively, based on (4.3), it
is a contradiction that the value in (3.1) is not the best. In addition, if the value in (4.1) is the
best, then using the equivalence between (4.1) and (3.1), and by considering JP = I as outlined
in the proof of Theorem 4.1, then the value in (3.1) is the best. Based on the assumption and
Theorem 3.2, it can be concluded that A\; + Ay = .

The proof of this theorem is complete. O

Remark 4.1. (i) For u(m) = (m — )7 (v € (0,1)),u(k) = k — 7, £, € [0, 1], m € N,k € N,
then for A\; € (0,A) N (o,% —1],

(w(t) M1/ () = 4TI (1> ¢)
is decreasing and convex. By (3.2) and (4.2), we obtain the following equivalent inequalities:

[e.9]

ambr
z,;mzl [(m — &) + ||k —nll,]*
(L P
<A (7 an—l%(é))
B+ 1) |3 A TS e T
m=1 (m N f)p’Y o k
00 p %
- pAa—n am
{% =l | 2 e+ —nua]A] }
Fn(é) % o0 A% %
<A (%n—lr(g)) B\ +1,)9) Lzl (m—fW] : (4.5)

(ii) For u(m) =In"(m+1-¢€) (v € (0,1)), v(k) = [In(k + 1 =), &n € [0, 5], m e Nk €
N”, then for A\; € (0, ) N (0, % —1],

(u(t) M (t) = %w(*ﬁ”—l t(t>¢€)
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is decreasing and convex. by (3.2) and (4.2), we obtain the following equivalent inequalities:

o0 ambr,
22 i T8 1 Mnlh 1=
n(l P
<\ (r}/o;l(rc‘x()@) B()\l + 17)‘2)

o [In(m+ 1 mht P [ lln(k + 1 _77)||g{<”—k2>—"bq z p
XLzl mt1-g " %:(H?l(kﬁrl—n))” i )

Ik +1 - )" [& i ¥
{; IT (ki1 1) LZ [hﬂ(mﬂ—§>+Hln<k+1—n>w] }

’an(é) g ad [ln(m +1-— {)]*p’}'/\lflA?n %

The constant in the above inequalities is the best possible.
~ q(nfx )777,
Setting functions ¢(m) := u™PA~1(m), (k) := HUUS)HO‘,—:_“ then
(Hi:l Uz(kl))

n

G (k) = o2 T vitki), (m € N,k € N").
=1

We define the real normed spaces as follows:

lpg = q a={am}ny;llall, 4 = (Z(b(m)\amlp) <o,
m=1

1

Ly = 0= {bky ko }5 10l = (Zwk)\bqu) <000,
k

1
P
bppr—r = 4 € = {Chybn b5 llCll g = (Zwl-% !ck\p) <ooo,

k
N m
Iy = { = ()3 A = Y ail€ Lg) = o(™M)(t > 0 — oo>} .
=1

For any a(> 0) € lAp7¢, setting by = >_>°

_ ——4m k¢ N", (4.1) is rewritten as
M= (um)+e()],) 1)

follows:

(1) .
”b||p,¢17p < A (Oén_]-]__‘(Z)B()\27 A+1-— )\2)) Ba ()\1 + 1, A — )\1) HAHp,d)

< o0,

that is, b € lp7w1—p.
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Definition 4.1. Define a multidimensional Hilbert—type operator
T:lpg — lyyis
as follows: For any a € lAp7¢, there exists a unique representation b = T'a € I, ,,1-», such that for

any k € N, T f(k) = by. Define the formal inner product of Ta and b € [, and the norm of T'
as follows:

(Ta,b) b @m -y
Z ’“le( (m) + [[o(k)]|)>

ITall, g1
[T == sup W-
a(;ﬁo)elp@ D¢

By Theorems 3.1, 3.2, 4.1, and 4.2, we have the following theorem.

Theorem 4.3. Ifa(>0) € Eo,qb: 10l > 0, Al , > 0, then the following equivalent inequalities
hold:

Ta,b) < A F”(l) B(A, A +1-X ’
(Ta,b) W() (A2, 2)
x B (A1 + 1,0 = A1) Al 1Bl (4.8)
1
||Ta||p7¢1,p < )\ (TLII‘() ()\2,)\ + 1-— )\2))
xBi(A 41,0 = A) Al - (4.9)

Furthermore, if A1 + Ao = A, then the value

p

n(l 1
A (nrl(f‘()) ()\2,)\+1—)\2)> Ba()q—i-l,)\—)\l)

in (4.8) and (4.9) is the best. Thus,

n(l %
HTH = (M) B(}\l + 1,)\2).

In contrast, if the same value in (4.4) or (4.5) is the best, then for A — A\ — A2 < 0, we have
A+ A=A

5. Conclusions

This work uses the transfer formula and weight functions to develop a new multidimensional

Hilbert-type inequality involving one partial sum. It has a kernel ————————(\ > 0). Theo-
(u(m)+ ()]l )

rem 3.1 states the inequality. Theorem 3.2 focuses on the equivalent statements of the best value

linked to some parameters. Additionally, Theorem 4.1-4.3 explore the equivalent forms and the

operator expressions. This work obtains two general internal variables in the kernel than the

kernel in [9)].



A new multidimensional Hilbert-type inequality 1591

Acknowledgments

The authors thank the reviewers for their helpful suggestions that have improved this work.

References

1]

V. Adiyasuren, T. Batbold and L. E. Azar, A new discrete Hilbert-type inequality involving
partial sums, Journal of Inequalities and Applications, 2019, 2019, 1-6.

V. Adiyasuren, T. Batbold and M. Krni¢, Multiple Hilbert-type inequalities involving some
differential operators, Banach J. Math. Anal., 2016, 10(2), 320-337.

G. H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities, Cambridge University Press,
Cambridge, USA, 1934.

B. He, Y. Hong and Z. Li, Necessary and sufficient conditions and optimal constant factors
for the walidity of multiple integral half-discrete Hilbert-type inequalities with a class of
quasi-homogeneous kernels, Journal of Applied Analysis & Computation, 2021, 11(1), 521—
531.

Y. Hong, Q. Chen and C. Y. Wu, The best matching parameters for semi-discrete Hilbert-

type inequality with quasi-homogeneous kernel, Mathematica Applicata, 2021, 34(3), 779
785.

Y. Hong and B. He, The optimal matching parameter of half-discrete Hilbert-type multiple
integral inequalities with non-homogeneous kernels and applications, Chin. Quart. J. of
Math., 2021, 36(3), 252—262.

Y. Hong, Q. L. Huang and Q. Chen, The parameter conditions for the existence of the
Hilbert-type multiple integral inequality and its best constant factor, Annals of Functional
Analysis, 2021, 12, 1-15.

Y. Hong and Y. M. Wen, A necessary and sufficient condition of that Hilbert type series
inequality with homogeneous kernel has the best constant factor, Ann. Math., 2016, 37,
329-336.

Y. Hong, Y. R. Zhong and B. C. Yang, On a more accurate half-discrete multidimensional
Hilbert-type inequality involving one derivative function of m-order, Journal of Inequalities
and Applications, 2023, 1, 1-15.

M. Krnié¢ and J. Pecari¢, Extension of Hilbert’s inequality, J. Math. Anal. Appl., 2006,
324(1), 150-160.

J. C. Kuang, Applied Inequalities, Shangdong Science and Technology Press, Jinan, China,
2021.

J. C. Kuang, Introudction to Real Analysis, Hunan Educiton Press, Changsha, China, 1996.

L. Peng, R. A. Rahim and B. C. Yang, A new reverse half-discrete Mulholland-type inequal-
ity with a nonhomogeneous kernel, Journal of Inequalities and Applications, 2023, 2023(1),
114.

M. Th. Rassias and B. C. Yang, On an equivalent property of a reverse Hilbert-type integral
inequality related to the extended Hurwitz-zeta function, Journal of Mathematical Inequali-
ties, 2019, 13(2), 315-334.



1592

L. Peng & B. Yang

[15]

M. Th. Rassias and B. C. Yang, On a Hilbert-type integral inequality in the whole plane
related to the extended Riemann zeta function, Complex Analysis and Operator Theory,
2019, 13(4), 1765-1782.

M. Th. Rassias and B. C. Yang, On a Hilbert-type integral inequality related to the extended
Hurwitz zeta function in the whole plane, Acta Applicandae Mathematicae, 2019, 160(1),
67-80.

M. Th. Rassias and B. C. Yang, Equivalent properties of a Hilbert-type integral inequality
with the best constant factor related to the Hurwitz zeta function, Annals of Functional
Analysis, 2018, 9(2), 282-295.

M. Th. Rassias and B. C. Yang, A half-discrete Hilbert-type inequality in the whole
plane related to the Riemann zeta function, Applicable Analysis. DOI: 10.1080/
00036811.2017.1313411.

M. Th. Rassias and B. C. Yang, A Hilbert-type integral inequality in the whole plane related
to the hypergeometric function and the Beta function, Journal of Mathematical Analysis
and Applications, 2015, 428(2), 1286-1308.

M. Th. Rassias and B. C. Yang, On a multidimensional Hilbert-type integral inequality
associated to the Gamma function, Applied Mathematics and Computation, 2014, 249,
408-418.

M. Th. Rassias and B. C. Yang, On a multidimensional half-discrete Hilbert-type inequality
related to the hyperbolic cotangent function, Applied Mathematics and Computation, 2014,
242, 800-813.

M. Th. Rassias and B. C. Yang, A multidimensional half-discrete Hilbert-type inequality and
the Riemann zeta function, Applied Mathematics and Computation, 2013, 225, 263-277.

M. Th. Rassias, B. C. Yang and G. C. Meletiou, A more accurate half-discrete Hilbert-type
inequality in the whole plane and the reverses, Annals of Functional Analysis, 2021, 12, 50.
https://doi.org/10.1007/s43034-021-00133-w.

M. Th. Rassias, B. C. Yang and A. Raigorodskii, An equivalent form related to a Hilbert-type
integral inequality, Axioms, 2023, 12, 677. https://doi.org/10.3390/axioms12070677.

M. Th. Rassias, B. C. Yang and A. Raigarodskii, Equivalent conditions of a multiple Hilbert-
type integral inequality with the nonhohogeneous kernel, Revista de la Real Academia de
Ciencias Exactas, Serie A. Matematicas, 2022, 116, 107. https://doi.org/10.1007/s13398-
022-01238-0.

M. Th. Rassias, B. C. Yang and A. Raigorodskii, A Hilbert-type integral inequality
in the whole plane related to the Arc tangent function, Symmetry, 2021, 13(2), 351.
https://doi.org/10.3390/sym13020351.

M. Th. Rassias, B. C. Yang and A. Raigorodskii, On a more accurate reverse Hilbert-type
inequality in the whole plane, Journal of Mathematical Inequalities, 2020, 14(4), 1359-1374.

B. C. Yang, The Norm of Operator and Hilbert-Type Inequalities, Science Press, Beijing,
20009.

B. C. Yang, D. Andrica, O. Bagdasar and M. Th. Rassias, On a Hilbert-type integral inequal-
ity in the whole plane with the equivalent forms, Revista de la Real Academia de Ciencias
Exactas, Ficas y Naturales. Serie A. Matememticas, 2023, 117, 35. DOI: 10.1007/s13398-
023-01388-9.



A new multidimensional Hilbert-type inequality 1593

[30]

31]

[32]

B. C. Yang, D. Andrica, O. Bagdasar and M. Th. Rassias, An equivalent property of a
Hilbert-type integral inequality and its applications, Applicable Analysis and Discrete Math-
ematics, 2022, 16, 548-563.

B. C. Yang and M. Th. Rassias, On Extended Hardy-Hilbert Integral Inequalities and Ap-
plications, World Scientific Publ. Co., 2023.

B. C. Yang and M. Th. Rassias, On Hilbert-Type and Hardy-Type Integral Inequalities and
Applications, Springer, 2019.

M. H. You, A half-discrete Hilbert-type inequality in the whole plane with the constant factor
related to a cotangent function, Journal of Inequalities and Applications, 2023, 2023(1), 1-
15.

M. H. You, More accurate and strengthened forms of half-discrete Hilbert inequality, J.
Math. Anal. Appl., 2022, 512(2), 126141.

M. H. You, A unified extension of some classical Hilbert-type inequalities and applications,
Rocky Mt. J. Math., 2021, 51(5), 1865-1877.

M. H. You, On a class of Hilbert-type inequalities in the whole plane involving some classical
kernel functions, Proc. Edinb. Math. Soc., 2022, 65(3), 833-846.

M. H. You, F. Dong and Z. H. He, A Hilbert-type inequality in the whole plane with the
constant factor related to some special constants, J. Math. Inequal., 2022, 16(1), 35-50.

M. H. You, X. Sun and X. Fan, On a more accurate half-discrete Hilbert-type inequality
involving hyperbolic functions, Open Mathematics, 2022, 20(1), 544-559.

Received June 2024; Accepted September 2025; Available online January 2026.



	Introduction
	Some lemmas
	Main results
	Equivalent forms and operator expressions
	Conclusions

