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Abstract This study explores a new multidimensional Hilbert-type inequality involving one
partial sum, by utilizing transfer formula and Hermite-Hadamard’s inequality. The kernel

1

(u(m)+‖v(k)‖α)
λ (λ > 0) in the new inequality has two general internal variables compared

with previous work, and the best value is achieved with certain parameters. Finally, the
equivalent forms, the operator expressions and some particular cases are presented.
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1. Introduction

For p > 1, 1p + 1
q = 1, am, bn ≥ 0, 0 <

∑∞
m=1 a

p
m < ∞ and 0 <

∑∞
n=1 b

q
n < ∞, we have the

following Hardy-Hilbert’s inequality stated in [3] (Theorem 315):

∞∑
n=1

∞∑
m=1

ambn
m+ n

<
π

sin(πp )

( ∞∑
m=1

apm

) 1
p
( ∞∑
n=1

bqn

) 1
q

, (1.1)

where, π/ sin(πp ) is the best value.

In 2006, Krnić et al. [10] provided an expansion of (1.1) by using the Euler-Maclaurin’s
summation formula as follows:

∞∑
n=1

∞∑
m=1

ambn

(m+ n)λ

<B(λ1, λ2)

[ ∞∑
m=1

mp(1−λ1)−1apm

] 1
p
[ ∞∑
n=1

nq(1−λ2)−1bqn

] 1
q

, (1.2)

where, λi ∈ (0, 2] (i = 1, 2), λ1 + λ2 = λ ∈ (0, 4]. The best value B(λ1, λ2) is expressed as the
following beta function:

B(u, v) =

∫ ∞
0

tu−1

(1 + t)u+v
dt (u, v > 0) . (1.3)

†The corresponding author.
1School of Medical Humanity and Information Management, Hunan University of Medicine, Huaihua,
Hunan 418000, China

2School of Mathematics, Guangdong University of Education, Guangzhou, Guangdong 510303, China
Email: huangxianyong@gdei.edu.cn(L. Peng), bcyang818@163.com(B. Yang)

http://www.jaac-online.com
http://dx.doi.org/10.11948/20240257


1574 L. Peng & B. Yang

The half-discrete Hilbert-type inequality with a nonhomogeneous kernel was first described
by Hardy et al. in 1934 (cf. [3], Theorem 351), the outcome can be located: If the function K(t)
is decreasing, p > 1, 1p + 1

q = 1, 0 < φ(λ) =
∫∞
0 K(x)xλ−1dx <∞, f(x) ≥ 0, 0 <

∫∞
0 fp(x) <∞,

then
∞∑
m=1

np−2
(∫ ∞

0
K(nx)f(x)dx

)p
< φp

(
1

q

)∫ ∞
0

fp(x)dx. (1.4)

Based on inequality (1.4), You et al. obtained some special functions, such as hyperbolic func-
tions (cf. [38]) and the cotangent function (cf. [33]). In 2016, Hong and Wen [8] discussed the
equivalent statements of the general form of (1.1) and explored their best values. Subsequently,
the expanded theoretical research on multiple Hilbert-type integral inequalities was obtained
by [7]. The quasi-homogeneous kernel involved in half-discrete Hilbert-type inequality was also
discussed in [5]. Based on Hong’s theory, further studies about half-discrete inequalities with
their equivalent statements were also conducted by [4, 6, 13,34,37].

Recently, some applications of Hilbert-type inequalities were obtained by [1, 2, 9, 36]. Addi-
tionally, Hong et al. [9] introduced a half-discrete multidimensional Hilbert-type inequality with
a homogeneous kernel using weight functions, the transfer formula, and Hermite–Hadamard’s
inequality. Some further and interested results were obtained by [14–23,25–32].

Utilizing the extension transfer formula and the approach from and [9], this article intro-
duces a new multidimensional Hilbert-type inequality involving one partial sum. Its kernel

1

(u(m)+‖v(k)‖α)
λ (λ > 0) has two general internal variables than the kernel of previous work [9].

The equivalent statements outline the comparable expressions for the best value associated with
certain parameters. The equivalent forms, the operator expressions and some particular cases
are also presented.

2. Some lemmas

In what follows, let p > 1, q > 1, 1p + 1
q = 1, λ > 0, λ1 ∈ (0, λ), λ2 ∈ (0, λ) ∩(0, n] (n ∈ N =

{1, 2, ...}), α ∈ (0, 1], ξ, η ∈ [0, 12 ], u(x) > 0, u′(x) > 0, u′′(x) ≤ 0,

(−1)i
di

dxi
[(u(x))λ1u′(x)] ≥ 0 (x ∈ (ξ,∞); i = 1, 2),

u(ξ+) = 0, u(∞) =∞, and

v(y) = (v1(y1), · · · , vn(yn)), y ∈ Aη := {y = {y1, · · · yn}; yi ∈ (η,∞)} ,

such that vi(yi) > 0, v
′
i(yi) > 0, v

′′

i (yi) ≤ 0, v
′′′
i (yi) ≥ 0, vi(η

+) = 0, vi(∞) = ∞ (i = 1, · · · , n) .

λ̃1 := λ−λ2
p + λ1

q , λ̃2 := λ−λ1
q + λ2

p . We also suppose that for i ∈ N, ai ≥ 0, Am :=
∑m

i=1 ai =

o(etu(m)) (t > 0;m → ∞), am ≥ 0 (m ∈ N), bk = (bk1 , · · · , bkn) ≥ 0, (k = (k1, · · · , kn) ∈ Nn),
satisfying

0 <

∞∑
m=1

u′(m)Apm

(u(m))pλ̃1+1
<∞, 0 <

∑
k

‖v(k)‖q(n−λ̃2)−nα bqk
(
∏n
i=1 v

′
i(ki))

q−1 <∞.

For M > 0, ψ(u) (u > 0) is a nonnegative measurable function, the following transfer formula
holds (cf. [28]):∫

· · ·
∫
{y∈Rn

+;0<
∑n
i=1(

yi
M )

α≤1}
ψ

(
n∑
i=1

( yi
M

)α)
dy1 · · · dyn =

MnΓn( 1
α)

αnΓ(nα)

∫ 1

0
ψ(u)u

n
α
−1du. (2.1)
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Particularly, (i) for ‖y‖α = M
[∑n

k=1

( yi
M

)α] 1
α , ψ(u) = φ

(
Mu

1
α

)
, by (2.1), we derive

∫
Rn+

φ(‖y‖α)dy = lim
M−→∞

∫
· · ·
∫
{y∈Rn

+;0<
∑n
i=1(

yi
M )

α≤1}
φ

M [
n∑
k=1

(
yi
M

)α

] 1
α

 dy1 · · · dyn

= lim
M−→∞

MnΓn( 1
α)

αnΓ(nα)

∫ 1

0
φ
(
Mu

1
α

)
u
n
α
−1du

=
Γn( 1

α)

αn−1Γ(nα)

∫ ∞
0

φ (v) vn−1dv ,
(
v = Mu

1
α

)
. (2.2)

(ii) For ψ(u) = φ
(
Mu

1
α

)
= 0, 0 < u < bα

Mα (b > 0), by (2.1), we derive

∫
{y∈Rn

+,‖y‖α≥b}
φ(‖y‖α)dy = lim

M−→∞

MnΓn( 1
α)

αnΓ(nα)

∫ 1

bα

Mα

φ
(
Mu

1
α

)
u
n
α
−1du

=
Γn( 1

α)

αn−1Γ(nα)

∫ ∞
b

φ (v) vn−1dv. (2.3)

(iii) For ψ(u) = φ
(
Mu

1
α

)
= 0, u > bα

Mα (b > 0), by (2.1), we derive

∫
{y∈Rn

+,‖y‖α≤b}
φ(‖y‖α)dy = lim

M−→∞

MnΓn( 1
α)

αnΓ(nα)

∫ bα

Mα

0
φ
(
Mu

1
α

)
u
n
α
−1du

=
Γn( 1

α)

αn−1Γ(nα)

∫ b

0
φ (v) vn−1dv. (2.4)

Lemma 2.1. Suppose that λ > 0, α ∈ (0, 1]. We construct the following function

h(y) :=
‖v(y)‖λ2−nα

∏n
i=1 v

′
i(yi)

(u(m) + ‖v(y)‖α)λ
, (y ∈ Aη, yi ∈ (η,∞)) .

Then, ∂
∂yj

h(y) < 0, ∂2

∂y2j
h(y) > 0 (j = 1, · · · , n).

Proof. Since λ > 0, α ∈ (0, 1], η ∈ [0, 12 ], y ∈ Aη, we obtain

g(y) :=
1

(u(m) + ‖v(y)‖α)λ
=

1

[u(m) + (
∑n

i=1 v
α
i (yi))

1
α ]λ

,

f1(y) := ‖v(y)‖λ2−nα =

(
n∑
i=1

vαi (yi)

)λ2−n
α

, f2(y) :=

n∏
i=1

v
′
i(yi).

For j = 1, · · · , n, v′j(yj) > 0, v
′′

j (yj) ≤ 0, v
′′′
j (yj) ≥ 0, vj(η

+) = 0, we derive

∂

∂yj
g(y) =

−λ(
∑n

i=1 v
α
i (yi))

1
α
−1vα−1j (yj) v

′
j (yj)

[u(m) + (
∑n

i=1 v
α
i (yi))1/α]λ+1

< 0,
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∂

∂yj
f1(y) = (λ2 − n)

(
n∑
i=1

vαi (yi)

)λ2−n
α
−1

vα−1j (yj) v
′
j (yj) ≤ 0,

∂

∂yj
f2(y) = v

′′
j (yj)

n∏
i=1(i 6=j)

v′i(yi) ≤ 0,
∂2

∂y2j
f1(y) ≥ 0,

∂2

∂y2j
f2(y) ≥ 0.

We still can find that ∂2

∂y2j
g(y) > 0, and then in the same way,

∂

∂yj
h(y) = f1(y)f2(y)

∂

∂yj
g(y) + g(y)

∂

∂yj
(f1(y)f2(y)) < 0,

∂2

∂y2j
h(y) =

∂

∂yj
[f1(y)f2(y)

∂

∂yj
g(y)] +

∂

∂yj
[g(y)

∂

∂yj
(f1(y)f2(y))]

> 0 (yj ∈ (η,∞), j = 1, · · · , n) .

The lemma has been shown.

Lemma 2.2. For c > 0, b = min1≤i≤n{vi(1)}, e = max1≤i≤n{vi(1)}, there exists a constant
a ∈ R+, such that the following inequalities hold:

0<
e−cΓn( 1

α)

αn−1Γ(nα)
(
1

c
−A(c))

<
∑
k

‖v(k)‖−c−nα

n∏
i=1

v
′
i(ki)

<
1

c

(
ca+

Γn( 1
α)

bcαn−1Γ(nα)

)
, (2.5)

where A(c) := ec
∫∞
0

(w+e)n−1−wn−1

(w+e)c+n
dw = 1

1+cO(1), a :=
∑n

i=1Mi ∈ R+,

Mi =

∞∑
k1=1

· · ·
∞∑

ki−1=1

∞∑
ki+1=1

· · ·
∞∑

kn=1

[
vα1 (k1) + · · · vαi−1(ki−1) + vαi (1)

+ vαi+1(k1i+1) + · · ·+ vαn(kn)
] 1
α
(−c−n)

v
′
i(1)

n∏
j=1(j 6=i)

v
′
j(kj) (i = 1, · · · , n).

Proof. Since c > 0, α ∈ (0, 1], v
′
i(yi) > 0, v

′′

i (yi) ≤ 0, v
′′′
i (yi) ≥ 0, and j = 1, · · · , n, we derive

∂

∂yj

(
‖v(y)‖−c−nα

n∏
i=1

v
′
i(yi)

)
< 0,

∂2

∂y2j

(
‖v(y)‖−c−nα

n∏
i=1

v
′
i(yi)

)
> 0.

Setting k
′

= (k
′
1, · · · , k

′
n),
(
k
′
i = {2, 3, · · · } , i = 1, · · · , n

)
, by (2.3), we have

∑
k

‖v(k)‖−c−nα

n∏
i=1

v
′
i(ki)≤ a+

∑
k′

∥∥∥v(k
′
)
∥∥∥−c−n
α

n∏
i=1

v
′
i(k
′
i)
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< a+

∫
{y∈Rn

+;yi≥1}

∏n
i=1 v

′
i(yi)

‖v(y)‖c+nα

dy

= a+

∫
{u∈Rn

+;ui≥vi(1)}
‖u‖−c−nα du

≤ a+

∫
{u∈Rn

+;ui≥b}
‖u‖−c−nα du

≤ a+

∫
{u∈Rn

+;‖u‖α≥b}
‖u‖−c−nα du

= a+
Γn( 1

α)

αn−1Γ(nα)

∫ ∞
b

x−c−nxn−1dx

=
1

c

(
ca+

Γn( 1
α)

bcαn−1Γ(nα)

)
.

Supposed that f(x) := (x+ d)
1
α − x

1
α − d

1
α (x, d ≥ 0), we have

f ′(x) :=
1

α
[(x+ d)

1
α
−1 − x

1
α
−1] ≥ 0 (α ∈ (0, 1]).

For f(0) = 0, we find (x+ d)
1
α ≥ x

1
α + d

1
α . Then,

0 < Mn

<

∫
{yi≥ 1

2
,i=1,··· ,n−1}

n−1∑
j=1

vαj (yj) + vαn(1)

− 1
α
(c+n)

v
′
n(1)

n−1∏
i=1

v
′
i(yi)dy

u=v(y)
= v′n(1)

∫
{ui≥vi( 12 ),i=1,··· ,n−1}

n−1∑
j=1

uαj + vαn(1)

− 1
α
(c+n)

du

≤ v′n(1)

∫
{ui≥b,i=1,··· ,n−1}

n−1∑
j=1

uαj + vαn(1)

− 1
α
(c+n)

du

≤ v′n(1)

∫
{‖u‖α≥b}


n−1∑
j=1

uαj

 1
α

+ vn(1)


−c−n

du

= v′n(1)
Γn−1( 1

α)

αn−2Γ(n−1α )

∫ ∞
b

(x+ vn(1))−c−n xn−2dx

≤ v′n(1)
Γn−1( 1

α)

αn−2Γ(n−1α )

∫ ∞
b

x−c−2dx

< ∞.

Above all, Mi (i = 1, 2, · · · , n) is a positive constant, then, a is a positive constant.
In the same way, since the series is decreasing, we derive∑

k

‖v(k)‖−c−nα

n∏
i=1

v
′
i(ki)>

∫
{y∈Rn

+;yi≥1}
‖v(y)‖−c−nα

n∏
i=1

v
′
i(yi)dy
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=

∫
{u∈Rn

+;ui≥vi(1)}
‖u‖−c−nα du

≥
∫
{u∈Rn

+;ui≥e}
‖u‖−c−nα du

=

∫
{w∈Rn

+;wi≥0}
‖w + e‖−c−nα dw (w = u− e).

Setting φ(w) := w−c−n, by (2.2), we have∫
{w∈Rn

+;wi≥0}
‖w + e‖−c−nα dw

=
Γn( 1

α)

αn−1Γ(nα)

∫ ∞
0

φ(w + e)wn−1dw

=
Γn( 1

α)

αn−1Γ(nα)

[∫ ∞
0

(w + e)n−1dw

(w + e)c+n
−
∫ ∞
0

(w + e)n−1 − wn−1

(w + e)c+n
dw

]
=
e−cΓn( 1

α)

αn−1Γ(nα)

(
1

c
−A(c)

)
> 0,

where, we indicate that

A(c) = ec
∫ ∞
0

(w + e)n−1 − wn−1

(w + e)c+n
dw.

Fot n = 1, we find A(c) = 0; for n ∈ N\{1}, by the mid-value theorem, we have

0<A(c)

= (n− 1)e1+c
∫ ∞
0

(w + θwe)
n−2dw

(w + e)c+n
(θw ∈ (0, 1))

≤ (n− 1)e1+c
∫ ∞
0

(w + e)n−2

(w + e)c+n
dw

=
n− 1

1 + c
<∞,

namely, A(c) = 1
1+cO(1). Hence, we have

∑
k

‖v(k)‖−c−nα

n∏
i=1

v
′
i(ki)>

∫
{w∈Rn

+;wi≥0}
‖w + e‖−c−nα dw

=
e−cΓn( 1

α)

αn−1Γ(nα)
(
1

c
−A(c))

> 0.

Inequalities (2.4) are proved.

The proof of this lemma is complete.
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Lemma 2.3. We define the weight functions as follows:

ω̃λ(λ2,m) := uλ−λ2(m)
∑
k

‖v(k)‖λ2−nα

∏n
i=1 v

′
i(ki)

(u(m) + ‖v(k)‖α)λ
(m ∈ N) , (2.6)

ωλ(λ1, k) := ‖v(k)‖λ−λ1α

∞∑
m−=1

uλ1−1(m)u′(m)

(u(m) + ‖v(k)‖α)λ
(k ∈ Nn) . (2.7)

(i) For λ2 ≤ n, 0 < λ2 < λ, the following inequality holds:

ω̃λ(λ2,m) <
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ− λ2),m ∈ N. (2.8)

(ii) For λ1 < 1, 0 < λ1 < λ, the following expression holds:

0<B(λ1, λ− λ1)

(
1−O(

1

‖v(k)‖λ1α
)

)
< ωλ(λ1, k)

<B(λ1, λ− λ1), k ∈ Nn. (2.9)

Proof. (i) For λ2 ≤ n, 0 < λ2 < λ, by Lemma 2.1 and Hermite-Hadamard’s inequality (cf. [11]),
setting w = v(y), dw =

∏n
i=1 v

′
i(yi)dy, we have

ω̃λ(λ2,m)< uλ−λ2(m)

∫
A1/2

‖v(y)‖λ2−nα

∏n
i=1 v

′
i(yi)

(u(m) + ‖v(y)‖α)λ
dy

≤ uλ−λ2(m)

∫
Aη

‖v(y)‖λ2−nα

∏n
i=1 v

′
i(yi)

(u(m) + ‖v(y)‖α)λ
dy

= uλ−λ2(m)

∫
w∈Rn

+

‖w‖λ2−nα

(u(m) + ‖w‖α)λ
dw.

Setting φ(s) := sλ2−n

(x+s)λ
, by (2.2), it follows that

ω̃λ(λ2,m)< uλ−λ2(m)

∫
u∈Rn

+

φ(‖w‖α)dw

= uλ−λ2(m)
Γn( 1

α)

αn−1Γ(nα)

∫ ∞
0

sλ2−1

(u(m) + s)λ
ds

=
Γn( 1

α)

αn−1Γ(nα)

∫ ∞
0

tλ2−1

(1 + t)λ
dt (t = s/u(m))

=
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ− λ2),

and then (2.8) is proved.

(ii) For (−1)i d
i

dxi
[(u(x))λ1u′(x)] ≥ 0 (i = 1, 2), we still can find that

uλ1−1(x)u′(x)

(u(x) + ‖v(k)‖α)λ
=

uλ1(x)u′(x)

(u(x) + ‖v(k)‖α)λ
1

u(x)
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(u(x) > 0, u′(x) > 0, u′′(x) ≤ 0) is strictly decreasing and strictly convex in (ξ,∞), by Hermite-

Hadamard’s inequality and (2.7), setting s = u(x)
‖v(k)‖α

, we have

ωλ(λ1, k)< ‖v(k)‖λ−λ1α

∫ ∞
1
2

uλ1−1(x)u′(x)

(u(x) + ‖v(k)‖α)λ
dx

≤ ‖v(k)‖λ−λ1α

∫ ∞
ξ

uλ1−1(x)u′(x)

(u(x) + ‖v(k)‖α)λ
dx

=

∫ ∞
0

sλ1−1

(s+ 1)λ
ds

=B(λ1, λ− λ1),

ωλ(λ1, k)> ‖v(k)‖λ−λ1α

∫ ∞
1

uλ1−1(x)u′(x)

(u(x) + ‖v(k)‖α)λ
dx

=B(λ1, λ− λ1)

(
1−O(

1

‖v(k)‖λ1α
)

)
> 0,

where,

0 < O(
1

‖v(k)‖λ1α
)

:=
‖v(k)‖λ−λ1α

B(λ1, λ− λ1)

∫ 1

ξ

uλ1−1(x)u′(x)dx

(u(x) + ‖v(k)‖α)λ

≤
‖v(k)‖λ−λ1α

B(λ1, λ− λ1)

∫ 1

ξ

uλ1−1(x)du(x)

‖v(k)‖λα

=
[B(λ1, λ− λ1)]−1uλ1(1)

λ1 ‖v(k)‖λ1α
,

and then (2.9) are proved.

This proves the lemma.

Lemma 2.4. For t > 0, we have the following inequality:

∞∑
m=1

e−tu(m)am ≤ t
∞∑
m=1

e−tu(m)u′(m)Am. (2.10)

Proof. For x ∈ (ξ,∞), setting g(x) = e−tu(x), we obtain

g′(x) = −tu′(x)e−tu(x).

Since u′′(x) ≤ 0, then −g′(x) is decreasing in (ξ,∞). In view of e−tu(m)Am = o(1) (m→∞), by
Abel summation formula and the differentiation mid-value theorem, we have 0 < θm < 1 and

∞∑
m=1

e−tu(m)am = lim
m→∞

e−tu(m)Am +

∞∑
m=1

(e−tu(m) − e−tu(m+1))Am
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=−
∞∑
m=1

(e−tu(m+1) − e−tu(m))Am

=−
∞∑
m=1

(g(m+ 1)− g(m))Am

=
∞∑
m=1

(−g′(m+ θm))Am

≤
∞∑
m=1

(−g′(m))Am

= t
∞∑
m=1

e−tu(m)u′(m)Am.

Hence, we have (2.10).
The lemma is proved.

Lemma 2.5. The following inequality holds:

Iλ :=
∑
k

∞∑
m=1

u′(m)Ambk

(u(m) + ‖v(k)‖α)λ

≤

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ− λ2)

) 1
p

B
1
q (λ1, λ− λ1)

×

[ ∞∑
m=1

(u(m))p(1−λ̃1)−1Apm
(u′(m))−1

] 1
p

∑
k

‖v(k)‖q(n−λ̃2)−nα bqk
(
∏n
i=1 v

′
i(ki))

q−1


1
q

. (2.11)

Proof. By employing the Hölder’s inequality (cf. [11]), we obtain

Iλ =
∑
k

∞∑
m=1

1

(u(m) + ‖v(k)‖α)λ

[
‖v(k)‖(λ2−n)/pα (

∏n
i=1 v

′
i(ki))

1/p

(u(m))(λ1−1)/q(u′(m))1/q
u′(m)Am

]

×

[
(u(m))(λ1−1)/q(u′(m))1/q

‖v(k)‖(λ2−n)/pα (
∏n
i=1 v

′
i(ki))

1/p
bk

]

≤

{ ∞∑
m=1

[∑
k

(u(m))(λ1−1)(1−p)

(u(m) + ‖v(k)‖α)λ
‖v(k)‖λ2−nα

∏n
i=1 v

′
i(ki)

(u′(m))p−1

]
(u′(m)Am)p

} 1
p

×

{∑
k

[ ∞∑
m=1

‖v(k)‖(λ2−n)(1−q)α

(u(m) + ‖v(k)‖α)λ
(u(m))λ1−1u′(m)

(
∏n
i=1 v

′
i(ki))

q−1

]
bqk

} 1
q

=

[ ∞∑
m=1

ω̃λ(λ2,m)
(u(m))p(1−λ̃1)−1

(u′(m))−1
Apm

] 1
p

∑
k

ωλ(λ1, k)
‖v(k)‖q(n−λ̃2)−nα

(
∏n
i=1 v

′
i(ki))

q−1 b
q
k

 1
q

.

By (2.8) and (2.8), (2.11) follows.
The proof of this lemma is complete.
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Remark 2.1. Replacing λ (λ1) by λ+ 1 (λ1 + 1), in view of the assumption, uλ1 (x)u′(x)

(u(x)+‖v(k)‖α)
λ is

strictly decreasing and strictly convex in (ξ,∞), then inequality ωλ+1(λ1+1, k) < B(λ1+1, λ−λ1)
is valid and by the assumption, the following inequality follows:

Iλ+1 =
∑
k

∞∑
m=1

u′(m)Ambk

(u(m) + ‖v(k)‖α)λ+1

<

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

×

[ ∞∑
m=1

u′(m)Apm

(u(m))pλ̃1+1

] 1
p

∑
k

‖v(k)‖q(n−λ̃2)−nα bqk
(
∏n
i=1 v

′
i(ki))

q−1


1
q

. (2.12)

3. Main results

Theorem 3.1. We have a new multidimensional Hilbert-type inequality with two general inter-
nal variables involving one partial sum as follows:

I =
∑
k

∞∑
m=1

ambk

(u(m) + ‖v(k)‖α)λ

<λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

×

[ ∞∑
m=1

u′(m)Apm

(u(m))pλ̃1+1

] 1
p

∑
k

‖v(k)‖q(n−λ̃2)−nα

(
∏n
i=1 v

′
i(ki))

q−1 b
q
k

 1
q

. (3.1)

In particular, for λ1 + λ2 = λ, we obtain

I < λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

×

[ ∞∑
m=1

u′(m)Apm

(u(m))pλ̃1+1

] 1
p
[∑

k

‖v(k)‖q(n−λ2)−nα bqk
(
∏n
i=1 v

′
i(ki))

q−1

] 1
q

, (3.2)

where the value

λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

is the best.

Proof. For λ > 0, we have

1

(u(m) + ‖v(k)‖α)λ
=

1

Γ(λ)

∫ ∞
0

tλ−1e−(u(m)+‖v(k)‖α)tdt.
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By employing (2.10) and Lebesgue term by term integration theorem (cf. [12]), we obtain

I =
1

Γ(λ)

∑
k

∞∑
m=1

ambk

[∫ ∞
0

tλ−1e−(u(m)+‖v(k)‖α)tdt

]

=
1

Γ(λ)

∫ ∞
0

tλ−1

( ∞∑
m=1

e−u(m)tam

)∑
k

e−‖v(k)‖αtbkdt

≤ 1

Γ(λ)

∫ ∞
0

tλ−1

(
t

∞∑
m=1

e−u(m)tu′(m)Am

)∑
k

e−‖v(k)‖αtbkdt

=
1

Γ(λ)

∑
k

∞∑
m=1

u′(m)Ambk

[∫ ∞
0

tλe−(u(m)+‖v(k)‖α)tdt

]

=
Γ(λ+ 1)

Γ(λ)

∑
k

∞∑
m=1

u′(m)Ambk

(u(m) + ‖v(k)‖α)λ+1

= λIλ+1.

Then by (2.11), we obtain (3.1). Particularly, for λ1 + λ2 = λ, we obtain (3.2).
For any 0 < ε < pλ1, we set

âm := (u(m))
λ1− εp−1u′(m) (m ∈ N),

b̂k := ‖v(k)‖
λ2− εq−n
α

n∏
i=1

v
′
i(ki) (k ∈ Nn) .

Since the function
(u(t))

λ1− εp−1u′(t) = [(u(t))λ1u′(t)](u(t))
− ε
p
−1
,

is strictly decreasing and strictly convex, by Hermite-Hadamard’s inequality, we find

Âm :=

m∑
i=1

âi

=

m∑
i=1

(u(t))
λ1− εp−1u′(i)

<

∫ m− 1
2

1
2

(u(t))
λ1− εp−1u′(t)dt

≤
∫ m

ξ
(u(t))

λ1− εp−1u′(t)dt

=
(u(m))

λ1− εp

λ1 − ε
p

(m ∈ N).

We observe Âm = o(etu(m)) (t > 0;m→∞).
If there exists a positive constant

M ≤ λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2),
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such that (3.2) is valid when we replace

λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

by M, then in particular, we obtain

Î :=
∑
k

∞∑
m=1

âmb̂k

(u(m) + ‖v(k)‖α)λ

< M

[ ∞∑
m=1

u′(m)Âpm
(u(m))pλ1+1

] 1
p
[∑

k

‖v(k)‖q(n−λ2)−nα

(
∏n
i=1 v

′
i(ki))

q−1 b̂
q
k

] 1
q

. (3.3)

By (2.4), we obtain

Ĵ :=

[ ∞∑
m=1

u′(m)Âpm
(u(m))pλ1+1

] 1
p
[∑

k

‖v(k)‖q(n−λ2)−nα

(
∏n
i=1 v

′
i(ki))

q−1 b̂
q
k

] 1
q

≤ 1

λ1 − ε
p

[
(u(1))−ε−1u′(1) +

∞∑
m=2

(u(m))−ε−1u′(m)

] 1
p
(∑

k

∏n
i=1 v

′
i(ki)

‖v(k)‖ε+nα

) 1
q

<
1

λ1 − ε
p

[
(u(1))−ε−1u′(1) +

∫ ∞
1

(u(t))−ε−1du(t)

] 1
p

(∑
k

∏n
i=1 v

′
i(ki)

‖v(k)‖ε+nα

) 1
q

≤ 1

ε

[
ε(u(1))−ε−1u′(1) + (u(1))−ε

] 1
p

λ1 − ε
p

[
εa+

Γn( 1
α)

bεαn−1Γ(nα)

] 1
q

.

By (2.9), setting λ̂1 := λ1 − ε
p ∈ (0, λ) in (2.5), since uλ̂1−1(t)u′(t) is still decreasing and

convex in (ξ,∞), we obtain

Î =
∑
k

∞∑
m=1

(u(m))
λ1− εp−1u′(m)

(u(m) + ‖v(k)‖α)λ
‖v(k)‖

λ2− εq−n
α

n∏
i=1

v
′
i(ki)

=
∑
k

[
‖v(k)‖λ−λ̂1α

∞∑
m=1

uλ̂1−1(m)u′(m)

(u(m) + ‖v(k)‖α)λ

]
‖v(k)‖−ε−nα

n∏
i=1

v
′
i(ki)

=
∑
k

ωλ(λ̂1, k) ‖v(k)‖−ε−nα

n∏
i=1

v
′
i(ki)

>B(λ̂1, λ− λ̂1)
∑
k

(
1−O(

1

‖v(k)‖λ̂1α
)

) ∏n
i=1 v

′
i(ki)

‖v(k)‖ε+nα

=B(λ̂1, λ− λ̂1)
∑
k

‖v(k)‖−ε−nα

n∏
i=1

v
′
i(ki)−B(λ̂1, λ− λ̂1)

∑
k

∏n
i=1 v

′
i(ki)

O(|v(k)||
(λ1+

ε
q
)+n

α )

>B(λ̂1, λ− λ̂1)
e−εΓn( 1

α)

αn−1Γ(nα)

(
1

ε
− 1

ε+ 1
O(1)

)
−O1(1).
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Hence, we derive

B(λ̂1, λ− λ̂1)
e−εΓn( 1

α)

αn−1Γ(nα)

(
1− ε

ε+ 1
O(1)

)
− εO1(1)

< εÎ

<M

[
ε(u(1))−ε−1u′(1) + (u(1))−ε

] 1
p

λ1 − ε
p

(
εa+

Γn( 1
α)

bεαn−1Γ(nα)

) 1
q

.

For ε −→ 0+ and using the fact that the beta function is continuous, we derive

Γn( 1
α)

αn−1Γ(nα)
B(λ1, λ2) ≤

M

λ1

(
Γn( 1

α)

αn−1Γ(nα)

) 1
q

,

that is,

M ≥ λ1

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1, λ2)

= λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2).

Therefore, the value

M = λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

is the best in (3.2).

The proof of this theorem is complete.

Remark 3.1. For λ̃1 = λ−λ2
p + λ1

q = λ1 + λ−λ1−λ2
p , λ̃2 = λ−λ1

q + λ2
p = λ2 + λ−λ1−λ2

q , 0 < λ1, λ2 <

λ, we have λ̃1 + λ̃2 = λ, 0 < λ̃1, λ̃2 < λ, and B(λ̃1 + 1, λ̃2) ∈ R+. For λ−λ1−λ2 ≤ 0, u′′(x) ≤ 0,
we obtain λ̃2 ≤ λ2 ≤ n and

(u(x))λ̃1u′(x) = [(u(x))λ1u′(x)](u(x))
λ−λ1−λ2

p (x ∈ (ξ,∞))

is decreasing and convex. Therefore, for λ− λ1 − λ2 ≤ 0, (3.2) is rewritten as:

I < λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ̃1 + 1, λ̃2)

×

[ ∞∑
m=1

u′(m)Apm

(u(m))pλ̃1+1

] 1
p

∑
k

‖v(k)‖q(n−λ̃2)−nα bqk[∏n
i=1 v

′
i(ki)

]q−1


1
q

. (3.4)
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Theorem 3.2. For λ− λ1 − λ2 ≤ 0, if the value

λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

is the best in (3.1), then λ1 + λ2 = λ.

Proof. By employing the Hölder’s inequality (cf. [11]), we derive

B(λ̃1 + 1, λ̃2) =

∫ ∞
0

uλ̃1du

(1 + u)λ+1

=

∫ ∞
0

u
λ−λ2
p u

λ1
q

(1 + u)λ+1
du

≤
[∫ ∞

0

uλ−λ2du

(1 + u)λ+1

] 1
p
[∫ ∞

0

uλ1du

(1 + u)λ+1

] 1
q

=

[∫ ∞
0

vλ2−1dv

(v + 1)λ+1

] 1
p
[∫ ∞

0

uλ1du

(1 + u)λ+1

] 1
q

=B
1
p (λ2, λ+ 1− λ2)B

1
q (λ1 + 1, λ− λ1). (3.5)

We compare with the constant factors in (3.1) and (3.4), and by the assumption, it follows that

λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1) ≤ λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ̃1 + 1, λ̃2),

that is,

B(λ̃1 + 1, λ̃2) ≥ B
1
p (λ2, λ+ 1− λ2)B

1
q (λ1 + 1, λ− λ1).

Hence, (3.5) keeps the form of equality.

We can observe that equality (3.5) is true if and only if there exist constants P and Q, such
that they are not both zero and (cf. [11]) Puλ−λ2−1 = Quλ1−1 a.e. in R+. Suppose that P 6= 0.
Then uλ−λ2−λ1 = Q

P a.e. in R+, which implies that λ−λ2−λ1 = 0. Hence, we have λ1 +λ2 = λ.

The proof of this theorem is complete.

4. Equivalent forms and operator expressions

Theorem 4.1. We have the following multidimensional Hilbert-type inequality equivalent to
(3.1):

J :=

{∑
k

‖v(k)‖pλ̃2−nα

n∏
i=1

v
′
i(ki)

[ ∞∑
m=1

am

(u(m) + ‖v(k)‖α)λ

]p} 1
p

< λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

[ ∞∑
m=1

u′(m)

(u(m))pλ̃1+1
Apm

] 1
p

. (4.1)
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In particular, for λ1 + λ2 = λ, the following inequality equivalent to (3.2) holds:{∑
k

‖v(k)‖pλ2−nα

n∏
i=1

v
′
i(ki)

[ ∞∑
m=1

am

(u(m) + ‖v(k)‖α)λ

]p} 1
p

< λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

[ ∞∑
m=1

u′(m)

(u(m))pλ1+1
Apm

] 1
p

. (4.2)

Proof. Assuming (4.1) is valid, by employing Hölder’s inequality (cf. [11]), we have

I =
∑
k

‖v(k)‖
λ̃2−np
α

(
n∏
i=1

v
′
i(ki)

) 1
p ∞∑
m=1

am

(u(m) + ‖v(k)‖α)λ

 ‖v(k)‖
n
p
−λ̃2

α bk(∏n
i=1 v

′
i(ki)

) 1
p


≤ J

[∑
k

‖v(k)‖q(n−λ̃2)−nα bqk(∏n
i=1 v

′
i(ki)

)q−1
] 1
q

. (4.3)

Then, by (4.1), we obtain (3.1).
Additionally, if (3.1) is valid, then we construct

bk = ‖v(k)‖pλ̃2−nα

n∏
i=1

v
′
i(ki)

[ ∞∑
m=1

am

(u(m) + ‖v(k)‖α)λ

]p−1
, k ∈ Nn.

If J = 0, then (4.1) is true. If J = ∞, then (4.1) is not true, implying that J < ∞. For
0 < J <∞, based on (3.1), we obtain

∑
k

‖v(k)‖q(n−λ̃2)−nα bqk(∏n
i=1 v

′
i(ki)

)q−1 = Jp

= I

< λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

×

[ ∞∑
m=1

u′(m)

(u(m))pλ̃1+1
Apm

] 1
p

Jp−1,

[∑
k

‖v(k)‖q(n−λ̃2)−nα bqk(∏n
i=1 v

′
i(ki)

)q−1
] 1
p

= J

< λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

×

[ ∞∑
m=1

u′(m)

(u(m))pλ̃1+1
Apm

] 1
p

.

Thus, (4.1) is the equivalent form of (3.1).
The proof of this theorem is complete.
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Theorem 4.2. If λ1 + λ2 = λ, then the value

λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

in (4.1) is the best. On contrast, if the same value in (4.1) is the best, then for λ−λ1−λ2 ≤ 0,
we have λ1 + λ2 = λ.

Proof. Based on Theorem 3.2, for λ1 + λ2 = λ,

λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

in (3.1) is the best value. The value in (4.1) remains the best. Alternatively, based on (4.3), it
is a contradiction that the value in (3.1) is not the best. In addition, if the value in (4.1) is the
best, then using the equivalence between (4.1) and (3.1), and by considering Jp = I as outlined
in the proof of Theorem 4.1, then the value in (3.1) is the best. Based on the assumption and
Theorem 3.2, it can be concluded that λ1 + λ2 = λ.

The proof of this theorem is complete.

Remark 4.1. (i) For u(m) = (m− ξ)γ (γ ∈ (0, 1)), v(k) = k − η, ξ, η ∈ [0, 12 ], m ∈ N, k ∈ Nn,
then for λ1 ∈ (0, λ) ∩ (0, 1γ − 1],

(u(t))λ1u′(t) = γtγ(λ1+1)−1 (t > ξ)

is decreasing and convex. By (3.2) and (4.2), we obtain the following equivalent inequalities:

∑
k

∞∑
m=1

ambk
[(m− ξ)γ + ‖k − η‖α]λ

< λ

(
γ

Γn( 1
α)

αn−1Γ(nα)

) 1
p

×B(λ1 + 1, λ2)

[ ∞∑
m=1

Apm
(m− ξ)pγλ1+1

] 1
p
[∑

k

‖k − η‖q(n−λ2)−nα bqk

] 1
q

, (4.4)

{∑
k

‖k − η‖pλ2−nα

[ ∞∑
m=1

am
[(m− ξ)γ + ‖k − η‖α]λ

]p} 1
p

< λ

(
γ

Γn( 1
α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

[ ∞∑
m=1

Apm
(m− ξ)pγλ1+1

] 1
p

. (4.5)

(ii) For u(m) = lnγ(m+1− ξ) (γ ∈ (0, 1)), v(k) = ‖ln(k + 1− η)‖α , ξ, η ∈ [0, 12 ], m ∈ N, k ∈
Nn, then for λ1 ∈ (0, λ) ∩ (0, 1γ − 1],

(u(t))λ1u′(t) =
γ

t
lnγ(λ1+1)−1 t (t > ξ)
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is decreasing and convex. by (3.2) and (4.2), we obtain the following equivalent inequalities:∑
k

∞∑
m=1

ambk
[lnγ(m+ 1− ξ) + ‖ln(k + 1− η)‖α]λ

< λ

(
γ

Γn( 1
α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

×

[ ∞∑
m=1

[ln(m+ 1− ξ)]−pγλ1−1

m+ 1− ξ
Apm

] 1
p
[∑

k

‖ln(k + 1− η)‖q(n−λ2)−nα

(
∏n
i=1 (ki + 1− η))1−q

bqk

] 1
q

, (4.6)

{∑
k

‖ln(k + 1− η)‖pλ2−nα∏n
i=1 (ki + 1− η)

[ ∞∑
m=1

am
[lnγ(m+ 1− ξ) + ‖ln(k + 1− η)‖α]λ

]p} 1
p

< λ

(
γΓn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2)

[ ∞∑
m=1

[ln(m+ 1− ξ)]−pγλ1−1Apm
m+ 1− ξ

] 1
p

. (4.7)

The constant in the above inequalities is the best possible.

Setting functions φ(m) := u−pλ̃−1(m), ψ(k) := ‖v(k)‖q(n−λ̃2)−nα

(
∏n
i=1 v

′
i(ki))

q−1 , then

ψ1−p(k) = ‖v(k)‖pλ̃2−nα

n∏
i=1

v
′
i(ki), (m ∈ N, k ∈ Nn).

We define the real normed spaces as follows:

lp,φ :=

a = {am}∞m=1; ‖a‖p,φ :=

( ∞∑
m=1

φ(m) |am|p
) 1

p

<∞

 ,

lq,ψ :=

b = {bk1,···kn}; ‖b‖q,ψ :=

(∑
k

ψ(k) |bk|q
) 1

q

<∞

 ,

lp,ψ1−p :=

c = {ck1,···kn}; ‖c‖q,ψ :=

(∑
k

ψ1−p(k) |ck|p
) 1

p

<∞

 ,

l̂p,φ :=

{
a = {am}∞m=1;Am =

m∑
i=1

ai(∈ lp,φ) = o(etu(m))(t > 0;m −→∞)

}
.

For any a(> 0) ∈ l̂p,φ, setting bk :=
∑∞

m=1
am

(u(m)+‖v(k)‖α)
λ , k ∈ Nn, (4.1) is rewritten as

follows:

‖b‖p,ψ1−p ≤ λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1) ‖A‖p,φ

<∞,

that is, b ∈ lp,ψ1−p .
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Definition 4.1. Define a multidimensional Hilbert–type operator

T : l̂p,φ −→ lp,ψ1−p

as follows: For any a ∈ l̂p,φ, there exists a unique representation b = Ta ∈ lp,ψ1−p , such that for
any k ∈ Nn, T f(k) = bk. Define the formal inner product of Ta and b ∈ lq,ψ, and the norm of T
as follows:

(Ta, b) :=
∑
k

bk

∞∑
m=1

am

(u(m) + ‖v(k)‖α)λ
= I,

‖T‖ := sup
a(6=0)∈l̂p,φ

‖Ta‖p,ψ1−p

‖A‖p,φ
.

By Theorems 3.1, 3.2, 4.1, and 4.2, we have the following theorem.

Theorem 4.3. If a(≥ 0) ∈ l̂p,φ, ‖b‖q,ψ > 0, ‖A‖p,ϕ > 0, then the following equivalent inequalities
hold:

(Ta, b) < λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

×B
1
q (λ1 + 1, λ− λ1) ‖A‖p,φ ‖b‖q,ψ , (4.8)

‖Ta‖p,ψ1−p < λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

×B
1
q (λ1 + 1, λ− λ1) ‖A‖p,φ . (4.9)

Furthermore, if λ1 + λ2 = λ, then the value

λ

(
Γn( 1

α)

αn−1Γ(nα)
B(λ2, λ+ 1− λ2)

) 1
p

B
1
q (λ1 + 1, λ− λ1)

in (4.8) and (4.9) is the best. Thus,

‖T‖ = λ

(
Γn( 1

α)

αn−1Γ(nα)

) 1
p

B(λ1 + 1, λ2).

In contrast, if the same value in (4.4) or (4.5) is the best, then for λ − λ1 − λ2 ≤ 0, we have
λ1 + λ2 = λ.

5. Conclusions

This work uses the transfer formula and weight functions to develop a new multidimensional
Hilbert-type inequality involving one partial sum. It has a kernel 1

(u(m)+‖v(k)‖α)
λ (λ > 0). Theo-

rem 3.1 states the inequality. Theorem 3.2 focuses on the equivalent statements of the best value
linked to some parameters. Additionally, Theorem 4.1-4.3 explore the equivalent forms and the
operator expressions. This work obtains two general internal variables in the kernel than the
kernel in [9].
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[10] M. Krnić and J. Pečarić, Extension of Hilbert’s inequality, J. Math. Anal. Appl., 2006,
324(1), 150–160.

[11] J. C. Kuang, Applied Inequalities, Shangdong Science and Technology Press, Jinan, China,
2021.

[12] J. C. Kuang, Introudction to Real Analysis, Hunan Educiton Press, Changsha, China, 1996.

[13] L. Peng, R. A. Rahim and B. C. Yang, A new reverse half-discrete Mulholland-type inequal-
ity with a nonhomogeneous kernel, Journal of Inequalities and Applications, 2023, 2023(1),
114.

[14] M. Th. Rassias and B. C. Yang, On an equivalent property of a reverse Hilbert-type integral
inequality related to the extended Hurwitz-zeta function, Journal of Mathematical Inequali-
ties, 2019, 13(2), 315–334.



1592 L. Peng & B. Yang

[15] M. Th. Rassias and B. C. Yang, On a Hilbert-type integral inequality in the whole plane
related to the extended Riemann zeta function, Complex Analysis and Operator Theory,
2019, 13(4), 1765–1782.

[16] M. Th. Rassias and B. C. Yang, On a Hilbert-type integral inequality related to the extended
Hurwitz zeta function in the whole plane, Acta Applicandae Mathematicae, 2019, 160(1),
67–80.

[17] M. Th. Rassias and B. C. Yang, Equivalent properties of a Hilbert-type integral inequality
with the best constant factor related to the Hurwitz zeta function, Annals of Functional
Analysis, 2018, 9(2), 282–295.

[18] M. Th. Rassias and B. C. Yang, A half-discrete Hilbert-type inequality in the whole
plane related to the Riemann zeta function, Applicable Analysis. DOI: 10.1080/
00036811.2017.1313411.

[19] M. Th. Rassias and B. C. Yang, A Hilbert-type integral inequality in the whole plane related
to the hypergeometric function and the Beta function, Journal of Mathematical Analysis
and Applications, 2015, 428(2), 1286–1308.

[20] M. Th. Rassias and B. C. Yang, On a multidimensional Hilbert-type integral inequality
associated to the Gamma function, Applied Mathematics and Computation, 2014, 249,
408–418.

[21] M. Th. Rassias and B. C. Yang, On a multidimensional half-discrete Hilbert-type inequality
related to the hyperbolic cotangent function, Applied Mathematics and Computation, 2014,
242, 800–813.

[22] M. Th. Rassias and B. C. Yang, A multidimensional half-discrete Hilbert-type inequality and
the Riemann zeta function, Applied Mathematics and Computation, 2013, 225, 263–277.

[23] M. Th. Rassias, B. C. Yang and G. C. Meletiou, A more accurate half-discrete Hilbert-type
inequality in the whole plane and the reverses, Annals of Functional Analysis, 2021, 12, 50.
https://doi.org/10.1007/s43034-021-00133-w.

[24] M. Th. Rassias, B. C. Yang and A. Raigorodskii, An equivalent form related to a Hilbert-type
integral inequality, Axioms, 2023, 12, 677. https://doi.org/10.3390/axioms12070677.

[25] M. Th. Rassias, B. C. Yang and A. Raigarodskii, Equivalent conditions of a multiple Hilbert-
type integral inequality with the nonhohogeneous kernel, Revista de la Real Academia de
Ciencias Exactas, Serie A. Matematicas, 2022, 116, 107. https://doi.org/10.1007/s13398-
022-01238-0.

[26] M. Th. Rassias, B. C. Yang and A. Raigorodskii, A Hilbert-type integral inequality
in the whole plane related to the Arc tangent function, Symmetry, 2021, 13(2), 351.
https://doi.org/10.3390/sym13020351.

[27] M. Th. Rassias, B. C. Yang and A. Raigorodskii, On a more accurate reverse Hilbert-type
inequality in the whole plane, Journal of Mathematical Inequalities, 2020, 14(4), 1359–1374.

[28] B. C. Yang, The Norm of Operator and Hilbert-Type Inequalities, Science Press, Beijing,
2009.

[29] B. C. Yang, D. Andrica, O. Bagdasar and M. Th. Rassias, On a Hilbert-type integral inequal-
ity in the whole plane with the equivalent forms, Revista de la Real Academia de Ciencias
Exactas, Ficas y Naturales. Serie A. Matememticas, 2023, 117, 35. DOI: 10.1007/s13398-
023-01388-9.



A new multidimensional Hilbert-type inequality 1593

[30] B. C. Yang, D. Andrica, O. Bagdasar and M. Th. Rassias, An equivalent property of a
Hilbert-type integral inequality and its applications, Applicable Analysis and Discrete Math-
ematics, 2022, 16, 548–563.

[31] B. C. Yang and M. Th. Rassias, On Extended Hardy-Hilbert Integral Inequalities and Ap-
plications, World Scientific Publ. Co., 2023.

[32] B. C. Yang and M. Th. Rassias, On Hilbert-Type and Hardy-Type Integral Inequalities and
Applications, Springer, 2019.

[33] M. H. You, A half-discrete Hilbert-type inequality in the whole plane with the constant factor
related to a cotangent function, Journal of Inequalities and Applications, 2023, 2023(1), 1–
15.

[34] M. H. You, More accurate and strengthened forms of half-discrete Hilbert inequality, J.
Math. Anal. Appl., 2022, 512(2), 126141.

[35] M. H. You, A unified extension of some classical Hilbert-type inequalities and applications,
Rocky Mt. J. Math., 2021, 51(5), 1865–1877.

[36] M. H. You, On a class of Hilbert-type inequalities in the whole plane involving some classical
kernel functions, Proc. Edinb. Math. Soc., 2022, 65(3), 833–846.

[37] M. H. You, F. Dong and Z. H. He, A Hilbert-type inequality in the whole plane with the
constant factor related to some special constants, J. Math. Inequal., 2022, 16(1), 35–50.

[38] M. H. You, X. Sun and X. Fan, On a more accurate half-discrete Hilbert-type inequality
involving hyperbolic functions, Open Mathematics, 2022, 20(1), 544–559.

Received June 2024; Accepted September 2025; Available online January 2026.


	Introduction
	Some lemmas
	Main results
	Equivalent forms and operator expressions
	Conclusions

