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MULTIPLE SOLUTIONS FOR FRACTIONAL THREE-POINT
BOUNDARY VALUE PROBLEMS: A VARIATIONAL APPROACH*

Wei Zhang!'T

Abstract We are concerned with the following fractional boundary value problem:

DR Dfu(t)) = Af(u(t), te(0,T),
u(0) =0, w(T) = Bu(n),

where A>0 is a parameter, 8 € R, n € (0,T). By proving the appropriate fractional deriva-
tive space, we establish the variational structure of the proposed problem and derive the
existence result for multiple weak solutions using a variant of the mountain pass theorem.
To demonstrate the applicability of the main results, we present an example. This paper ex-
plores the application of the variational approach in solving fractional three-point BVPs. Our
findings are novel and distinct from the conclusions of existing literature, holding significant
theoretical value.

Keywords Fractional differential equation, three-point boundary conditions, multiple weak
solutions, critical point theorem.
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1. Introduction

This paper is concerned with the following fractional three-point boundary value problem (BVP):

{tD%(thau(t)) = Af(u(t), te(0,T),

(1.1)
u(0) =0, u(T) = Bu(n),

where ; D7, OCD? are the right Riemann-Liouville fractional derivative and the left Caputo frac-
tional derivative, respectively, of order a € (1/2,1], A is a positive parameter, f : R — R is a
continuous function, § € R, n € (0, 7).

Fractional differential equations are more appropriate than their integer order counterparts
for modeling many real world problems. They describe many phenomena in several fields of en-
gineering and scientific disciplines such as, physical mechanisms [5], medicine [7], image process-
ing [27], control theory [17], electrical engineering [9], rheology [26], etc. For more applications
and references we refer to [6, 16].

Qualitative analysis on BVPs for nonlinear ordinary differential equations has always been
the study focus among scholars, mainly due to the extensive practical applications of BVPs [1,3].
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Over the last two decades, there has been a growing interest in studying nonlinear fractional dif-
ferential equations with various boundary conditions, including local boundary conditions (two
point boundary condition) and nonlocal boundary conditions (multi-point boundary conditions,
integral boundary conditions). For some recent development on the topic, we refer the reader
to the papers [2,11,13,29,31,32] and the references therein. Especially, variational approach
play an important part in studying fractional BVPs. For example, in 2011, Jiao and Zhou [14]
proved the following fractional derivative space:

Proposition 1.1 ([14]). Let a € (0,1] and p € (1,00). The fractional derivative space E" is
a reflexive and separable Banach space, where

S = {u: [0.7)  Rlu,§ Dfu € L7([0,T],R), u(0) = u(T) = 0},

is defined by the closure of C§°([0,T],RN) with respect to the norm

T T C l/p
[ullap = (/ lu(t)|Pdt +/ lo D?‘U(t)lpdt> ; U E Eg’p-
0 0

In [15], the authors established the variational structure for the following fractional Dirichlet
BVP in space Ej”,

{tD%(OD,?‘u(t)) = VE(tut)), ae tel0,T] 12)

u(0) =u(T) =0,
where ; DT, OCDta are the right Riemann-Liouville fractional derivative and the left Caputo frac-
tional derivative, respectively, of order av € (1/2,1]. The existence results of the solutions for

BVP (1.2) is obtained by using the mountain pass theorem.
In 2017, Tian and Nieto [24] proved the following fractional derivative space:

Proposition 1.2 ([24]). Let a € (0,1] and p € (1,00). The fractional derivative space E*P is
a reflexive and separable Banach space, where

E*P = {u:[0,T] = RN : u is absolutely continuous and § D&u € LP([0,T],RN)}

is defined by the closure of C*([0,T],RN) with the norm

T T 1/p
fulleg = ([ WP+ [ i Dputoypar) "

In [24], the authors established the variational structure for the following fractional differen-
tial equation supplement with Sturm-Liouville boundary conditions in space E%P,

L (oD WD) + 5D (1) = M(w(t), ae t€[0,T]
au(0) = b(0D; " (u(0)) + D7 ( (0))) =, (13)

eu(T) + d( oDy (! (T)) + 5D (0 (T)) =0,

where oD, # and tD;ﬁ are the left and right Riemann-Liouville fractional integrals of order
B € 10,1), respectively, a,c > 0, b,d > 0, f : R — R is an almost everywhere continuous function
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and A is a positive parameter. The existence of an unbounded sequence of solutions for BVP
(1.3) is obtained by using a multiple critical-point theorem.

In recent years, based on the fractional derivative spaces Ej"” and E*P proved in references
[14] and [24], some scholars have carried out a series of studies on the fractional Dirichlet
BVPs and the fractional Sturm-Liouville BVPs by applying critical point theory, and established
many profound results. For some recent works on the topic, we refer the reader to a series
of papers [8,10, 19,22, 25,30] and the references cited therein. More recently, scholars have
also proved the corresponding fractional derivative spaces in order to establish the variational
structure of the generalized fractional BVPs. For example, Sousa et al. [23] proved a fractional
derivative space 1-fractional spaces H?’ﬂ ¥ and investigated a class of fractional two-point BVPs
involving 1-Hilfer fractional derivative with the help of mountain pass theorem. Ledesma and
Nyamoradi [18] presented a fractional derivative space *E’ ¥ and used the linking theorem for
the study of a class of impulsive fractional Dirichlet BVPs with (k, ¢)-Hilfer fractional derivative.
However, all of these works have used variational methods to discuss the fractional two-point
BVPs. Therefore, the following natural questions arise:

e Can the variational method be applied to study fractional nonlocal BVPs?

e Would it be possible to select an appropriate fractional derivative space to establish the
variational structure of BVP (1.1)?

e Is it possible to apply the critical point theorem to give the existence result of the solution
to BVP (1.1)?

Motivated by [14,15,20,21,24], this paper aims to answer the above questions one by one. The
main contributions of this study are highlighted as follows. (1) A new reflexive and separable
fractional derivative space Eg’p was proved. (2) The existence of solutions for the fractional
multi-point BVP was discussed for the first time using variational methods. (3) A variational
structure for the fractional BVP (1.1) was established in Eg’p , and two weak solutions were
obtained for (1.1) utilizing a variant of the mountain pass theorem contained in [4] (see Theorem
2.1 below).

2. Preliminaries

In this section, we briefly recollect some basic definitions of the fractional calculus, and some
lemmas, and present a critical point theorem which will be applied in the next section.

Definition 2.1 ([16]). Let v > 0, u € C[0,7]. Then the left and right Riemann-Liouville
fractional integrals oD, “u(t) and ;D;."u(t) are respectively defined by

oD u(t) = P(ly) /0 (=0 u(0)ds, te 0T,

(D u(t) = F(ly) /t ' 0 — )" 'w()do, te0,T).

Definition 2.2 ([16]). Let v € (0,1), u € C[0,T]. Then the left and right Riemann-Liouville

fractional derivatives o Dyu(t) and ;DY u(t) are respectively defined by

v _ d v—1 _ 1 d ! —v
ODt u(t) — ath u(t) — Mdt/(] (t - 0) u(9)d9, t c [O,T],
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d -1 d
Diu(t) = —— D u(t) = ————
Drult) = =Dl = 5=y i

Definition 2.3 ([16]). Let v € (0,1), u € AC[0,T]. Then the left and right Caputo fractional
derivatives § DYu(t) and ¢ D¥u(t) are respectively defined by

/T 0 — )" u(0)do, te [0, 7).

€ Drut) = oDV (t) = ml_y) /0 -0 O)de, te 0.T],
C v v—1,1/ -1 d r —v_
CDru(t) = — DY u(t):r(l_y)dt/t (6 — )~ (6)ds, te[0,T).

Lemma 2.1 ([12]). A closed subspace of a reflexive Banach space is also reflezive.

Theorem 2.1 ([4]). Let X be a reflexive real Banach space, let ® : X — R be a sequentially
weakly lower semi-continuous, coercive, conver, and continuously Gateauzx differentiable func-
tional whose Gdteaux derivative admits a continuous inverse on X*, and let ¥ : X — R be
a sequentially weakly upper semi-continuous and continuously Gateaux differentiable functional
whose Gateauz derivative is compact. Let oy = ® — AV, A > 0, and assume that 0 is a local
minimum of @y and

inf & = $(0) = ¥(0) = 0.

Moreover, suppose that there exists a constant p € R and 1 € X, with 0 < ®(z1) < p, such that

(i) %supmeq)fl((_oo?p))\ll(:r) < ggi;, (i3) minyepo 1)V (tz1) > 0.

Then, for each

P (x1) p/2
A€ , )
<‘P($1) Supzeél((—oo,p))qj(x))

the functional @y admits two critical points ui,us # 0 such that

<I>(u1) < p, @(UQ) < p.

3. Fractional derivative space
We now define a new fractional derivative space Eg’p C E%P as follows:
Definition 3.1. Let o € (0, 1]. The fractional derivative space
E? ={ue E*P([0,T]) : u(0) = 0, u(T) = Bu(n)},
is defined by the closure of C*°([0, 7], RY) with the norm |[u|ap. If p = 2, we write Eg’p = Ej.
Remark 3.1. For any u € E5?, then u € LP([0,T],R") and § Du(t) € LP([0,T],RY).

Lemma 3.1. Let a € (0,1] and p € (1,00). For all u € EG*, we have

TO(
fullr < WHOCD?UHLP- (3.1)
Moreover, if « > 1/p and 1/p+1/q =1, then
Ta—(1/p) o
< & . .
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Proof. The proof follows the idea in the proof of Proposition 3.2 in [14], and so is omitted.
O

Remark 3.2. According to Lemma 3.1, we can consider Eg’p with respect to the norm

T 1/p
lull = 115 Dull 1 = ( / \OCD?u(t)\Pdt) .

Lemma 3.2. Eg’p 1s a Banach space.

Proof. Obviously, Eg’p is a normed linear space. Let {u,} be any Cauchy sequence in space
Eg’p , then {u, } is also a Cauchy sequence in E*P. Utilizing the completeness of E*P, we known
that {uy,} has a convergent subsequence, which we may still denote as {u,}. Then there exists
a u € E*P such that nh_)rglo un = u holds in E*P. Noting that || - [|o,p and || - || are equivalent

norms, we can deduce that

lim u,(0) = u(0) = 0, lim (un(T) — Bu (1)) = u(T) — fu(iy) = 0.
Therefore, Eg’p is a Banach space. O

Lemma 3.3. Let0<a<1andl < p < oo. The space Eg’p 1s a reflexive and separable Banach
space.

Proof. In view of Eg’p is the closed subspace of reflexive Banach space E*P, it follows from

Lemma 2.1 that Eg’p is a reflexive Banach space. We now show that ]Eg’p is separable. In fact,
since E*P is separable, there exists a countable subset 2 C E®P such that for any x € E%P,
there exists {y,} C Q satisfying y, — x, as n — oco. For any y € Q, we define ¢ : Q — Eg’p by

y(t) — L_ty(()), if0<t<mn,
(‘Py)(t): N t—mn )
y(t) + [By(n) — y(T)]m, itn<t<T.
Let 2 = ¢(y), then

2(0) = (py)(0) =0, 2(n) = (¢y)(n) = y(n),
and
2(T) = (py)(T) = By(n) = Bz(n),

this implies z € E”. Let Q1 = {2z = ¢(y) : y € Q}, then Q1 C E5” is a countable subset.
We claim that €2; is also the dense subset of Eg’p , that is, for any = € ]Eg’p , we need to find a
sequence {z,} C € such that ||z, — z|| = 0 as n — oo. Indeed, since x € E*P there exists a
sequence {y,} C £ such that

l|yn — z|| = 0, as n — oo. (3.3)

Let z, = ¢(yn), then we have

Hzn_ynH

T 1/p
_ ( |68 yn>|pdt>
0



Fractional three-point boundary value problems 1613

1 Jn\Y) r n — Yn T P 1/17
F(2 —a) 7 " na T 7
1
{ 7' w*_k2p_1j/T Pyn<onp 50n) =P ] ) g
22—« p—pa+1 . nop (T —n)?
_ 1/p
NO B ,(0)[P " o (T)|P e
|y (0)[Pn 2plly(O)I(T )+ Iﬁy() Yn(T)] (T — )
p—pa+l np —pa+1
(3.4)
Y|Pyt —re p p 1/p
{|1" ’ n + 2p71 I:"T(O)‘ (T 77) ‘BLE( ) (T)‘ (T o n)l—pa]}
2—a p—pa+1 nop —pa+1
=0, n — oo.
Since
1z — 2] < 20 = Ynll + [lyn — 2||-
This together with (3.3) and (3.4), it follows
[|zn — || = 0, as n — oco.
Hence, Eg’p is a separable Banach space. O

Lemma 3.4. Let o € (0,1], p € (1,00). Assume that o > 1/p and the sequence {u,} converges
weakly in EB , .., Uy, — u. Then u, — u in C([0,T)), i.e., ||un — tul|loc = 0 as n — oco.

Proof. The proof of this Lemma is not particularly difficult but will not be reproduced here.
For a rigorous proof of this Lemma the reader is referred to Proposition 3.3 [14] or Proposition
5.5 [24]. O

4. Existence result of BVP (1.1)

In this section, we prove problem (1.1) admits at least two positive weak solutions by using
Theorem 2.1. To begin with, we denote the fractional derivative space X = EF endowed with

the norm -
1/2
lulles = (| 1§ Dputo)de) " (41)
0

In order to apply Theorem 2.1 to study problem (1.1), we define the functionals &, ¥ : X — R
as follows:

1 T
o) = lulls. W = [ P, oraluex, (42)
0
where F(u fo s)ds. Standard arguments show that ® € C'(X,R) and convex, ¥ has

continuous Gateaux derlvatives. For any v(t) € X, their Gateaux derivatives at the point
u(t) € X are the functional ®'(u), V'(u) € X*, respectively, given by

<@wov%=/ (§ Dfu(t) (§ Dfwlt))at, (4.

/ fu (4.4)
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We say that a function v € X is a weak solution of problem (1.1) if

T T
/ (6 Dfu(t)) (G Dyro(t))dt — A/ fu(t))o(t)dt =0,
0 0

holds for all v € X.

Lemma 4.1. If function u € X is a critical point of the functional ® — AV, then u is a weak
solution of the problem (1.1).

Proof. For u € X, it follows from (4.3) and (4.4) that

T T
(@ = AT) (u), v) = / (§ Dpu(t)(§ Do(t))dt — A / Fa()o(t)dt,
0 0

for all v € X. Furthermore, since u is a critical point of the functional ® — AW, this implies that

T T
/ (C Deu(t)) (S DOv(t))dt — A / Fu®)o(t)dt =0, Vo e X.
0 0

Thus, the proof is complete. ]
Theorem 4.1. Assume that the following conditions hold:

(C1) Let f:R — R be a nonnegative continuous function and f(u) =0 for all u < 0, such that

t—0t+ t

(C2) There exist positive constants ¢,d with C(a)d < — ., such that

o(a)’
402(a)F(c) F(d)

c? C?%(a)d?
Then, for any
2 2 2
e A C*(a)d 7 c 7
TF(d) ~40?(a)TF(c)

the problem (1.1) admits at least two weak solutions uy,uz # 0 such that ||uilleo < ¢, i = 1,2,
where

oo~ gyl () S0
— 1,2 o 3—2a _ . e
2l () ey T
o3
O'(a):

(20 — 1)Y?T(a)
In order to prove Theorem 4.1, we first prove three auxiliary lemmas.

Lemma 4.2. The functional ® : X — R is weakly lower semi-continuous and coercive.
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Proof. Let {u,} C X satisfies u, — u as n — 0o, we have ||Un||]Eg — ||U’|Eg as n — 0o, which
follows that ®(uy,) — ®(u) as n — oo. So @ is lower semi-continuous. Besides ® is concave, it
follows that ® : X — R is weakly lower semi-continuous. Moreover, by the definition of &, it
follows readily that

lim  ®(u) = 400,

u —00
lulleg

that is, ® is coercive. The lemma is proved. O
Lemma 4.3. The functional ®' : X — X* admits a continuous inverse on X*.

Proof. We first show that @' is coercive. In fact, for every ue X\{0}, by (4.3), we see that

T
(@) = [ IDEu(oat =l
which implies that @' is coercive. Moreover, for given u,v € X, we find that
(' (u) — @' (0).u— ) = [|u o] .
-1

This implies, ® is uniformly monotone. In view of ([28], Theorem 26.A (d)), we see that (®’)
exists and is continuous on X*. The proof is completed. O

Lemma 4.4. ¥ : X — R is weakly upper semi-continuous and ¥' : X — X* is a continuous
and compact functional.

Proof. Easily, we can obtain that ¥ is weakly upper semi-continuous. In order to prove ¥’ is
continuous and compact, we first show that U’ is strongly continuous on X. In fact, let {u,} C X
satisfies u, — u as n — oo, then by Lemma 3.4, we know that {u,} converges uniformly to u
on C(]0,T1]). Since the functions feC(R,R), it follows that f(u,) — f(u), as n — co. Then
we obtain W' (u,) — ¥’'(u) as n — oo, that is, ¥’ is strongly continuous on X. Furthermore, by
([28], Proposition 26.2) we can infer that ¥’ is a compact operator. This completes the proof.

O

By using Theorem 2.1, we are now turning to the proof of Theorem 4.1.

Proof. (Theorem 4.1.) From Lemma 4.2 and Lemma 4.3 that ® is a weakly lower semi-
continuous, coercive, convex and continuously Gateaux differentiable functional, and its Gateaux
derivative admits a continuous inverse on X*. By Lemma 4.4, we also obtain that ¥ is a weakly
upper semi-continuous and continuously Gateaux differentiable functional, and its Gateaux
derivative is compact. Let ¢y = ® — AU. By using (C;) and a standard computation, we
can obtain 0 is a local minimum for ¢). Setting p = #Q(Q), it then follows from (3.2) that

T 2
2 sup U(z) < 2 maxF(¢)dt = 2TF(c) _ 4o 2(@)
Pucd—1((—oc0,p)) pJo I¢l<e P c

TF(c). (4.5)

We consider the function w : [0,7] — R given by

=2 te(0,n/2)
wit) = d, L€ In/2. (T + )2,

J@=BT =6 25— 1)t

o T | telTn2T,
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with
2;1, te (0.n/2),
() =10, te (n/2.(T +n)/2),
2(T5__771)d, te (T +n)/2,T).

Recalling the definition of Caputo fractional derivative, we then see that

€ Deto(t) = r(11—a) ( /0 “ho )" (s)ds)

%t - t€[0,m/2],
_ F(;f@ ;(g)l_a, te (n/2, (T +n)/2),
L - TE T e nnn

which yields

U(w) TF(d)
> .

D(w) — C%(a)d?

Moreover, from C(«a)d < ﬁ one get ®(w) < p. Substituting (4.6) into (4.5) and then making

use of condition (C2), we obtain that

2 Y

- sup U(z) < &

Pucd=1((=o0,p)) ®(w)
Finally, since f(u) = 0 for all u < 0, for which F'(¢) > 0 for all ¢ € R. Therefore, ¥(u) > 0 for
all u € X. Especially, minyc[p ¥ (tw) > 0. Thus, all assumptions of Theorem 2.1 are satisfied,
and hence ) has two critical points, that is, problem (1.1) has two distinct weak solutions,
which are positive. The proof is completed. O

(4.6)

Remark 4.1. In contrast to reference [24], the fractional derivative space Eg’p presented in this
paper incorporates boundary conditions for BVPs. This approach has the advantage of allowing
the energy functional of the BVPs to be established without considering the interference from
boundary conditions, thereby simplifying the computation process for analyzing the existence
of critical points.

5. Example

Example 5.1. Consider the following fractional three point BVP

{tDi”/‘*(S‘Df“u(t)) = M(ut), te (o),
w(0) =0, u(l)=(1/2)u(1/2).
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Corresponding to problem (1.1), here

a=3/4, p=n=1/2, T=1,
u?, if 0 <wu<1/2,
f(u) —(1/2)(u—1), if1/2<u<1,
u) =
0, if 1 <wu<6, andu <0,
g(u), if u> 6,

where g : [6, +00) — R™ is a completely arbitrary continuous function with g(6) = 0. Obviously,
the condition (C7) of Theorem 4.1 holds. Moreover, we compute that

_ 2 1 1 7N\ 32 1 /m\2-222T —n
)=t =4 {1723—204(2) +n2<2> 2
1 /B—1\2/T —n\*> 2 2 B—1 yyg\l-a/T —n\27271/2
+3—2a<T—n)( 2 ) +2—an(T—n)<§> ( 2 > }
_2 (103 1 2\
S IG/4H\3 2 12 5
~ 2.7174,
T 3 1
“=2
ola) = = ~ 1.154068,
(@) 20 — 1)Y’T(a)  /1/2T(3/4)
¢3/3, if ¢ <1/2,
F(Q) =4 —(1/49C + (1/2)¢+ (=7/48), if1/2<( <1,
5/48, if 1 <¢<6.
Choose, d = 1/2 and ¢ = 6, it is easy to verify that f is nonnegative on R and
¢ 40?(a)F(c) F(d)
Cla)d ~ 1.3587 < —— ~ 5.1990, — " ~(.01542 < ———— ~ 0.02257.
(o) (@) 2 < )@

Therefore, the hypothesis (Cz) of Theorem 4.1 is satisfied. Thus, all the conditions of Theorem
4.1 hold and hence for each A € (44.3056,64.8711) the problem (5.1) admits two untrivial weak
solutions u; with ||u;||ec < 6, i =1, 2.

6. Conclusion

In this paper, we prove a new fractional derivative space, establish the variational structure
for a class of fractional three-point BVPs, and successfully apply the critical point theorem to
obtain the existence of solutions for fractional three-point BVPs. The main contribution of this
paper is to discuss the existence of solutions for a class of fractional nonlocal BVPs by using
variational methods. The conclusions for the existence of solutions to fractional BVP (1.1)
obtained are different from those obtained using degree theory, fixed point theorem, etc. Our
work broadens the scope of the application of critical point theory to fractional BVPs and is of
great significance. Based on this study, there are numerous work can be down in the future, such
as using variational methods to discuss the existence and multiplicity of solutions for p-Laplacian
(Kirchhoff-type) fractional three-point BVPs and impulsive fractional three-point BVPs, and so
on.
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