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EXPLORING THE IMPACT OF MULTIPLICATIVE NOISE ON THE
SOLITON DYNAMICS IN THE FRACTIONAL BREAKING
SOLITON EQUATION

Parvaiz Ahmad Naik!!, Manzoor Ahmad?®', Dowlath Fathima?®
and Akbar Zada®

Abstract This paper investigates the fractional space-time stochastic (2 + 1)-dimensional
breaking soliton equation (FSTSBSE) using the M-truncated fractional derivative. We apply
the Generalized Kudryashov-Auxiliary-Jacobian Method (GKAJM) to obtain exact solutions
of the FSTSBSE. Several classes of analytical solutions, including trigonometric and hyper-
bolic forms, are derived. The solutions presented in this study extend and generalize various
results previously reported in the literature. Moreover, Maple is employed to generate con-
tour and three-dimensional plots of the obtained fractional-stochastic solutions, providing
insight into the influence of multiplicative noise and the M-truncated fractional derivative
on the behavior and symmetry of the FSTSBSE solutions. In general, the inclusion of a
noise term that breaks solution symmetry tends to enhance stability. Since the combination
of fractional spatial effects and multiplicative noise via the proposed approach has not pre-
viously been applied to this system, earlier related results are treated as special cases within
our more general framework.
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1. Introduction

The use of stochastic partial differential equations (SPDEs) to model processes in physics, bi-
ology, fluid mechanics, oceanography, chemistry, and atmospheric science has increased sig-
nificantly [8, 19, 23,46, 63]. In parallel, fractional derivatives have proven effective in repre-
senting a wide range of physical phenomena, with applications in physics [2, 5,45, 60, 68, 80],
biology [13,26,31,32,59,66,67,79], biochemistry and chemistry [54, 78], finance [18,64,75] and
hydrology [7,41]. One of the key advantages of fractional derivatives is that they can be viewed
as a generalization of classical derivatives; thus, they are capable of describing behaviors that
ordinary derivatives cannot [62].
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In recent years, numerous analytical and numerical techniques have been developed for solv-
ing fractional differential equations. For instance, deterministic fractional partial differential
equations (PDEs) have been studied extensively in [9, 10, 17,28-30, 39,73, 77|, while SPDEs of
integer order have been investigated in [27,49-51,55,57]. Additional research on approximate
solutions of fractional SPDEs can be found in works, such as Kamrani [34], Taheri et al. [72], Liu
and Yan [42], Mohammed [47,56], Liu [40], Ali et al. [3] and Zou [83]. However, only a limited
number of studies, such as [52,53] have explored exact analytical solutions for fractional SPDEs.
This gap highlights the importance of further examining fractional PDE models influenced by
random forces.

Motivated by this need, we investigate a stochastic fractional space-time breaking soliton
equation of this type, following the structure introduced in [74]. Thus, the fractional space-time
stochastic breaking soliton equation FSTSBSE considered in this work is given by:
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where p(z,y,t) is a real-valued stochastic function, D

M ( )
derivative, p is the noise strength and B; = %z(f) is the time derivative of the standard Bronian

motion (Bm), B(t). The (2+ 1)-dimensional interaction between a long wave propagating along
the z-axis and a Riemann wave traveling along the y-axis is described by the breaking soliton
equations (BSEs). These equations, in their classical form with BSEs (1.1) with a =1, 5 =0
and p = 0 are commonly used in the study of shallow-water hydrodynamics, leading fluid flows
and plasma physics. However, real physical systems are rarely perfectly deterministic; they are
often influenced by fluctuations such as thermal noise, turbulent disturbances, and measurement
uncertainties. Incorporating multiplicative stochastic forcing into the breaking soliton equation
allows us to capture these realistic perturbations and to study how randomness affects wave
stability, symmetry, and propagation. Moreover, extending the model to include fractional
spatial derivatives provides an additional degree of freedom for describing memory effects and
anomalous diffusion, which cannot be captured by classical derivatives. For these reasons, the
FSTSBSE offers a more general and physically meaningful framework for modeling complex
nonlinear wave phenomena in multidimensional stochastic environments.

A wide range of analytical techniques has been employed to obtain exact solutions of de-
terministic BSEs, including the tanh — coth method [6], the Hirota bilinear method [24], the
improved (G’/G)-expansion, the extended tanh-method [1], the three-wave method [12], Jacobi
elliptic function methods [81], the (G’/G)-expansion method, [11], generalized auxiliary equa-
tions [82], modified extended direct algebraic method [70] and the Riccati equation method [44].
Despite these developments, exact analytical solutions for the fractional-stochastic breaking soli-
ton equation, including the stochastic perturbation and the shortened M-truncated fractional
derivative, remain largely unexplored.

Among the well established analytical techniques, the Exp-function method [4, 15,21, 43],
He’s generalized Exp-function method [58], the newly extended auxiliary equation method [35],
the modified Kudryashov method [22,33,37], Hirotass bilinear method [36], generalized expo-
nential rational function method [61], modified version of extended direct algebraic method [76],
the double variable expansion method [65] and the generalized Kudryashov method [16] are
particularly notable. Kudryashov [33] initially introduced a wave method involving a rotational

function of the form Trenyg + ,,)] , 7 € N. Gaber [16] later enhanced this method by replacing the ex-
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ponential function e¢ with any function satisfying the Riccati equation, thereby broadening the
class of obtainable solutions. In the present work, we further extend Kudryashov’s approach by
constructing Jacobian elliptic functions through the substitution of e”7 with an arbitrary function
satisfying an auxiliary linear differential equation.

In this article, we consider only the case where the spatial noise is constant. For this reason,
it is essential to define the Bm. A Wiener process B(t):>0 is said to be a Bm, if it satisfies the
following conditions [48]:

o8

(0) =
B(t) is a continuous function,
B(

(

B(t2) — B(t1) possess a normal distribution, N(0,ty — ¢1).

t2) — B(t1) is independent for, to > t1,

This paper aims to apply the GKAJM to obtain analytical stochastic fractional-space solutions
of (1.1). Since the combined effects of multiplicative noise and fractional spatial derivatives
have not previously been examined for this system using this method, the results presented
here extend and generalize earlier findings. The inclusion of the stochastic term enables us
to derive more accurate and physically meaningful solutions. The solutions obtained for (1.1)
describe wave phenomena relevant to gravity, nonlinear optics, plasma physics, water waves,
and biophysics, thereby offering new insights for modeling complex physical processes. We also
analyze the influence of the stochastic term on these solutions. To the best of our knowledge, the
analytical soliton solutions presented here for system (1.1) are new and have not been reported
elsewhere.

This paper is organized as follows. In the next section, we define the M-truncated fractional
derivative and present several of its essential properties. In the section titled The operational
procedure of GKAJM for fractional PDEs, we employ a suitable transformation to reduce (1.1)
to an ordinary differential equation. The analytical solutions of the resulting system, obtained
through the GKAJM, are presented in the section Analytical solution of the nonlinear stochastic
fractional space-time breaking soliton system. In the section Discussion and graphs, we provide
various graphical illustrations that demonstrate the effect of Bm on the obtained solutions. The
Section Conclusion finally concludes this study.

2. Method and materials

2.1. The M-truncated fractional derivative

Using the superior features of the M-truncated fractional derivative versus other fractional
derivatives, we may develop traveling wave solutions for fractional PDEs. Notably, the travel-
ing wave solutions for FSTSBSE specified in equation (1.1) cannot be derived using alternate
fractional derivative formulations because of their non-compliance with the chain rule [71]. Our
main objective of choosing this local derivative is that it encompasses other local derivatives
due to containing one additional parameter by virtue of the Mittag-Lefler function. Hence, by
iterating this local derivative, we obtain fractional operators with three parameters, providing
us with flexibility in observing problems. As a result, we characterize the fractional derivatives
used in (1.1) as M-fractional derivatives, [69] defines this derivative operator as:

Definition 2.1. [69] For any function u : [0,00[— R, the truncated M-truncated fractional
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derivative of ! order, where a € (0,1] and type 8 is defined by:

p (Bt ) — u()
M,tu(t) - 71_% T )

where Eg(-) is a one parameter Mittag-Leffler function.

Besides, the operator Df\‘/}ﬁt() posses the following properties [79]
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3. The operational procedure of GKAJM for fractional PDEs

In this part, we will present the description of the GKAJM.
We study a particular nonlinear partial differential equation related to a function like
o(t,r1, 22,23 .., Tn)

U(p, Dy, Do, Dytho, DYt Dty 0. ) =0, 0<a <1,8>0, (3.1)

where ¥ is a polynomial in . We try the wave solution in the form of

el ) = U(0), €= T e e, 3.2

where A\, k and p are constants of the transformation (3.1). Consequently, equation (3.1) is
reduced to an ordinary differential equation (ODE):

(U, U, U",...)=0. (3.3)

The traveling wave solutions can be stated in a certain way, which is the underlying assumption
of the GKAJM.

Sj
U(Q) = Z A+ o))’ (3.4)

where k is a positive integer to be determined, S;’s are constants. Furthermore, ¢(¢) is the
solution of auxiliary differential equation given by

¢'(¢) = VR + Q¢2(C) + Po((). (3.5)

The variables R, @), and P are considered constants in this context. The solutions ¢(¢) corre-
spond to Jacobian elliptic functions, which vary based on the specific values assigned to R, @,
and P. Equation (3.5) encompasses a total of 40 distinct solutions [14].

j==n
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As the parameter m approaches 1, the solutions involving Jacobian elliptic functions transi-
tion into hypergeometric functions, demonstrated by the following transformation:

{en(Q), dn(Q)} — sech((), {ds(¢),cs(C)} — cosech(C), sn(¢) — tanh((),
{s¢((), sd(¢)} — sinh((C), {nc(¢),nd(¢)} — cosh(¢), ns(¢) — coth(zeta), {cd(¢),de(()} — 1.

The following trigonometric functions are produced when the Jacobian elliptic function solutions
are transformed, when the parameter “m” approaches zero:

sen(Q) = tan(C), {en(C), cd(C)} — cos(C), {sn(C), sd(C)} — sin((),
{ne(Q), de(Q)} — sec(), {ns(C), ds(C)} — csc(C), es(C) — cot(zeta), {dn((),nd(¢)} — 1.

Table 1. The Jacobian elliptic solutions ¢(¢) of auxiliary equation (3.5).

Cases R Q P Solutions
1 1-m?| 2—m? 1 es(Q)
1] 1-2m? 1 ' sn(¢)
2 1 2 1|1 ng
. 1—m? 1+m? 1—m? o .
i : ne(¢) + se(c)
4 1| 2—-m? 1—m? sc(€)
5 1] 2m?—1 | -m(1l-m? sd(Q)
6 1] 2—4m? 1 sn({’é;])(dg(o
) sn()en(()
7 1 2 m dn()

4. Analytical solution of nonlinear stochastic FSTSBSE interac-
tion system

Here we consider the following wave transformation of Eq. (1.1) given by:

2
o(x,y,t) = U(()epB(t)_th, where ( = M(olxa + agya) +1t, (4.1)
a

where U is the deterministic function and o1, o9 are non-zero complex numbers to be determined.
Substituting Eq. (4.1) into (1.1) and using

2

1 1
= (U’ + pUB(1) + 5p°t = 5p°)eP0 7,

_ 0p(z,y,t)
o = ——22 2 5

ot
a,fB _ " ! pB(t)—p—zt
Dij e = (01U" + porU'By)e z,

2

V(1) = o3P0, w2
2 .
Dy, Ditye(e.y,1) = 01030 ePBO- 15,

2

D?\?’fap(x,y,t) = U%U”ePB(t)_Tt,
2

DY 3 B(t)— Lot
D]\pri/[i/@(%yat) == UlUQU,///ep ®) 7,
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to get
2
U" — 601050 U"ePBO-"5 4 oaU™ =0, where, U’ = CCZZIC] (4.3)
2

Taking expectation E on both sides of (4.3) with the property E(e’8()) = eth, we obtain
U" — 6010,U'U" + a%agU’”’ =0. (4.4)

Integrating this equation (4.4) once w.t.r to ¢ and setting the integration constant to zero yields
the following solution:
U' = 30109[U')* 4 03U = 0. (4.5)

Replacing ¢’ by V in (4.5), we have
V —30100V? + alouV" = 0. (4.6)

We investigate the balance between the highest derivatives V" and V2, for a homogeneous integer
n as shown in Eq. (4.6), we get n = 2. Let the variable V' have a series form solution (3.2),
with n = 2, we get a system of algebraic equations. The application of Maple software yields
the solution to this system. Then, afterward, we have two separate sets of answers.

Case 1.

1
2 \/ U%(—Q2+3RP) ) 1 2,

. F (1 +3,/Garartamm 2P + [ szmsamm Q)
e 35909 ’
S_o
o

S1 =95 =0, o9 =09, 01 =

Case 2.

1
S o= — P, S 1=-25_
2 L\/ O’%(—Q2+3RP) ) 1 2,

S1:_P<_1+3\/WU2P+\/<%(—Q2}%P)"2Q)’
35509

S_2

2P

S1=58,=0, 09 =09, 01 =

Assuming the Case 1, we get the following families of solutions with the help of Table 1.
Family 1.1. For R=1-m?, Q=2-m? P=1.
Case 1. When m — 1,

901,1(337 Y, t)

1 1
= pPBt) =Lt af e h C
e 2 (\/ 022(_Q2 + 3RP)C \/ 022(—Q2 + 3RP) arctanh(e®)

N
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Q

1 y 1
(@2 +arp) MO~ \/ o2(-Q2 1 3RP)

1 1 1 1
T2 (—Q? +3RP)Pln(tanh(§()) + @C Y
022(—Q*+3RP)

1
 02%(—Q? + 3RP) CQ) ' (4.7)

—

Lol =

ﬂ

_l’_

Case 2. When m — 0,

1

12(,y,1)

—ePB( )—é Y 1 o4 1 2
—ePB(t t< \/ 22— 0% 1 3RD) cot(() \/ 722(—Q2 + 3RP) In(1 + (cot(¢))*)
4 _ 1 _o94f_ 1 . B 1

B \/ 7 QF+3RP) ¢ 2\/ 2@ +3mp) RO 302C /- srdrrammy

1, 1
" 3\/022(—622 ~|—3RP)<Q)'

(4.8)

Family 1.2. For R = 1,

O
|
L
3l\?
e
|
=

Case 2. When m — 1,

(P1,3(£D, Y, t)

_ Bt (ga] s .
—ePB( t(2\/ 2 Q2+3RP C+2\/ Q2—|—3RP)1 n(sinh(¢))

—4

1
— tanh(e th
092(—Q? + 3RP) arctan \/ + 3RP) coth(()

1
02%(—Q% + 3RP)

coth(¢) esch(()

|

1 ‘ ) 1
oA T3P sinh(¢) — \/_022(—622 3RP) coth(¢)
4 1 4 1 .
- \/_ 02%(—Q2 + 3RP) Pe— 2\/— 722 (—Q% + 3Rp)Plﬂ(mh(C))

4 1 1
_ 2\/— T o 3RP)Pln(tanh(§§))

1 1 1, 1
+3024</_1 +3\/—022(_Q2+3RP)CQ>, (4.9)

722 (—Q%+3RP)
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_ BBt (4] 1 e 1 .
=P (2\/ 022(_Q2+3RP)<+2\/ g7 3 ()

1
+4i‘/— ( Q2+3RP)arctanh

\4/ 1 3R O + 2(/ 3 (O eseh(()

2?/ Q2 T3rp) \/ Q2 T3rp) OO - il/ - 022(—6221 T3RD)
2 +3RP)Pln(s1nh(§) \/— = Q21+3RP)Pln(tanh(;C))

+%g 1 : 021+;</—022(_Q21+3RP)<Q>, (4.10)

" 022(—Q?+3RP)

¥1,5 (JZ‘, Y, t)

B0 -5t _gal_ 1 Loy _aaf 1 1n_
_ Bl t( 2\/ 022(_Q2+3Rp)tanh(2() 4\/ 022<_Q2+3Rp)ln(tanh(2§) 1)

4 1 . 1
B \/_ 0'22(_Q2 + 3RP) PC + 2\/_ 022(_Q2 + 3RP)PID(SeCh(C))

1 1 1
— 24— Pln(1 h —
\/ 022(_Q2 _|_3RP) Il( + sec (C)) + 30_2C . _%
022(—Q?+3RP)
1, 1
— i — 4.11
* 3\/ 022 (— Q2 +3RP)CQ)’ (4.11)
901,6(337%75)

PB4t (gaf 1 Loy —aaf— ! 1o-
_ B t(4\/ (G2 3D In(tanh()) 4\/ 2 G% T 3D In(tanh(3¢) — 1)
, 1 1 , 1
_2\/_ 22 1 3rp) 3 O_\/_JQQ(—QQ—FBRP)PC

4 1 4 1
+ 2\/022(—622 n 3RP)Pln(sech(C)) — 2\/022(—622 n 3RP)P111(—1 + sech(())

1 1 1, 1
* ?ﬁc 4/ _ 1 + 3\/_ 0-22(7@2 + 3RP) CQ) (4.12)
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Case 2. When m — 0

()01,7<xv Y, t)

:epB(t)_ét(Q ix/_ 022(—Q21+ SRP) In(sec(() + tan(¢)) + 2 i‘/— 022(—Q21+ 3RP) In(sin(¢))

4 1 , 1
+ \/— 2 (—Q? 1 3RP) tan(¢) + 2\/— 2 (—O% + 3RP) In(csc(¢) — cot(Q))

¢ 1 t ¢ ! P 24 1 P
T\ T o2(—Q2+ 3RP) ° ©)- ~ 092(—Q% + 3RP) 6= ~ 092(—Q% + 3RP)

1 . 1 1
22 (— Q% + 3RP)P1H(SIH(O) +

x In(sec(¢) + tan(¢)) — 2{‘/—

3097 4/_ 1
722(—Q?+3 RP)

1, 1
"3 \/  022(—Q? + 3RP) CQ)’ (4.13)

(P1,8($7 Y, t)

:epB(t)*%t(2 il/_ 022(—Q21+ SRP) In(sec(¢) + tan(¢)) — 2 i‘/— 022(—Q21+ 3RD) In(sin())

4 1 4 1
" \/ T o2(—Q? 1 3Rp) ) 2 \/ Ao T3Py ese(©) — cot(C))

4 ]' 4 ]' 4 1
_ \/_022(622 T3EF) cot(¢) — \/—022(Q2 +3RP)PC— 2\/—022(622 +BRP)P

1 . 1 1
x In(sec() + tan(()) + 2(/—022(_622 v e e
022(—Q%>+3 RP)
1, 1
i 3\/_ 09%(—Q? + 3RP) CQ)’ (4.14)
¢1,9(z,y,t)
_ oBH—Ct (o] _ 1 1 S 1 ¢
= t(2\/ 022(_Q2 +3RP> tan(QC) +2\/ 0—22(_Q2 +3RP) ln(sec (2)>
\ 1 P¢+2¢ ! Plu(l
T\ @ rre) A ormqrrarpy M eos()
1 1 1, 1
+£C af 1 +3\/_022(—Q2+3RP)CQ>’ (4_15)

022(—Q?+3RP)
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@1,10(337 Y, t)

_erBO-5t( _gal_ ! SOP D) 20/ : ;
—ePB(t t( 2\/ 022(—Q2+3RP)IH((tan(2C)> +1) 2\/ 022(_Q2+3RP)COt(2C)

\ 1 1 \ 1
* 4\/_ 2~z 1 3rp) ntan(0) - \/_ o2 (—Q2 + 3RP)

1 1 1
—2</— Pln(1l —cos(¢)) + —¢
022(—Q? + 3RP) 3097 4 _022(_Q12+3RP)
1, 1
"3 \/ 02%(—Q*+3RP) CQ)' (4.16)

Family 1.3. For R = #7 Q= %, p=1m
Case 1. When m — 1,

o1,11(x,y,t)

:epB(t)_p;t<</— 022(—Q21+ SRP) (¢ 4 2 sinh(¢) + 2 cosh(¢) 4 cosh(¢) sinh(¢) + cosh?(¢))

\ 1 .
. 2\/_ g P S+ o)

1 1 ocoP + (| — ! 02Q) 1
+—(1+34/- RP 02?(—Q? + 3RP — .
302( \/ 02%(—Q?* + 3RP) ’ \/ 2*(=Q7 +3RP) 2 )C</ 2(Q12+3RP))
o2
(4.17)

Case 2. When m — 0,

©1,12 ($, Y, t)

K 1
—ePB()— 5t (ix/_ 022(—Q21+ SRP) tan(¢) + 2</— 7 (—Q% 1+ 3RP) In(sec(¢) + tan(())
4 1 4 1 af 1
+ 2\/_ 20?1 3rp) O~ 2\/_ 2 (—Q2 + 3Rp) Meosl) + \/ 722(—Q2 + 3RP)

\ 1 \ 1
X tan(¢) — \/_022(—622 3RP) P¢ — 2\/_022(—Q2 n 3RP)P1n(sec(§) + tan(())

1 1 1
94/ Pl .
! \/ 02*(—Q? + 3RP) nleostel + 55,6 ﬁ/_m
g2 —

1, 1
t3 \/_ 022(—Q2 1 3RP) Q).
(4.18)
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Family 1.4. For R=1, Q=2-m?, P=1-m?2
Case 1. When m — 1,

v1,13(%,y,t)

Z‘f"B“)‘pjt(f/_ QTR (26 2Eoh(C) + 5 cosh(O) ()

4 1
- 2\/_022(—622 +3RP)P(C+ cosh(())

1 1 1 1
+:’m(1+3\/_022(—Q2+3RP)02P+\/_022(—Q2+3RP)02Q)C</_2(1)'

—Q?+3RP)
(4.19)
Case 2. When m — 0,
@1,14($7y7t)
2 1 1
_ pB) =5t af _ 4 1 2
¢ ’ (¢ afp4y+ﬁRPfﬂmo*"¢ 2 (—Q2 1 3rp) Meec (©)
1 1 (4.20)
— ¢ = PC+2¢— Pl
\/ 022(—Q2+3RP) C+ \/ 022(—Q2+3RP) H(COS(C))
1 1 1, 1
+&ncv_ 1 _+3¢_@%—Q2+3RHCQ)
022(—Q%+3RP)
Family 1.5. For R=1, Q=2m?—1, P=-m(l1—-m?).
Case 1. When m — 1,
e1,15(2, 9, 1)
2 1 1 1
Bt —£2 .
—ePBt)—5 t(il/_ (0% 1 3P (§C + 2 cosh(¢) + 3 cosh(() sinh(())
1
— 4 —
2\/ T SRP)P(C + cosh(())
1 1 1 1
+(1+3\/— 02P+\/— 72Q)¢ )
3 2(-Q2 + 3RP 2(-Q2 + 3RP
09 02%(—Q?% + ) 02?(—Q* + ) </_022(—Q12+3RP)
(4.21)

Case 2. When m — 0,
e1,16(7, ;1)

P —ﬁ 4 1 3 ! i
_PB(0) Qt(\/_af( ( (-2cos(§)—§sm(C)COS(C))

—Q2+3RP) 2
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. 1
- 2\/_0_22(_@2 +3RP)P(C - COS(C))

1 1 1 1
+&‘2(1+3\/_O’22(_Q2+3RP)02P+\/_022(_Q2+3RP)0’2Q)<</_2(1)

—Q2+3RP)
(4.22)

Family 1.6. For R=1, Q=2-—4m? P=1.

Case 1. When m — 1,

e117(x,y,t)

2, 1 4 1
=05 (- \/_ (2 1 3RP) O~ 2\/_ o2(—q2 + 3rp) MO = 1)

) 1 . 1 1 !
B \/_ 092(—Q? + 3RP) Pe - 2\/_ 09?2 (—Q?% + 3RP)PIH(COSh(O) T 3C i/_m

1, 1
i 3\/_ 022(—Q% 1 3RP) Q).

(4.23)
Case 2. When m — 0,
801,18(w7y7t)
2 1 1
— pBt)—E&-t( 24— 1 Al
e 2 ( \/ 722(—Q? + 3RP) D(COS(C))+\/ 022(—Q2 + 3RP) tan(¢)
1 1 1 1
— A P+ 24— Pl Ey.
\/ o221 3RrP) T \/ o2 (—Q? 4 3Rp)T meos()F 302<</_2(6212+3RP)
a2 -
1, 1
+ 3\/_022(—622 +3RP)CQ)'
(4.24)
Family 1.7. For R=1, Q=2, P =m?
Case 1. When m — 1,
©1,19 (.%', Y, t)
2 1 1
—ePBO-5t( _ 4] _ tanh(¢) — 2/ — In(tanh(¢) — 1
e P ( \/ 722(—0? 1 3RP) anh(() 72 (—0% + 3RP) n(tanh(¢) — 1)
o4l 1 P¢—24— 1 Pln(cosh(¢)) + iC !
022(—Q? + 3RP) 02*(—Q* + 3RP) 302 v_m
g2 -
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1, 1
— = . 4.2
" 3\/ 72%(—Q* + 3RP) CQ) (4.25)
Case 2. When m — 0,

¥1,20 (:Ea Y, t)

—ep8<t>ft(</ g aE 5 €~ (€os(O)? — sinC)(cos(0)° + g sin(C) cos(c))

—@Q?+ 3RP)

\ 1 1
b PG O

1 1 1 1
+&‘2(1+3\/_0'22(_Q2+3RP)02P+\/_022(_Q2+3RP)02Q)C</2(1)

—Q?+3RP)
(4.26)

Assuming the Case 2, we get the following families of solutions with the help of Table 1.
Family 2.1. For R=1-m?, Q=2-m? P=1.
Case 1. When m — 1,

w2.1(x,y,1)

_ B(t)—ét 4 1 4, 4 1 ¢
=eP <L\/ T 3RP)< 4L\/ 7 (—QZ + 3RD) arctanh(e®)
— ! th(¢) — i { ! PC— 2 ! P
"\ o rarp) O T oo sap) ¢ T 2\ T o2 (—Q? + 3RD)

1 1 1 1, 1
x Intanh(50)) ~ 3¢ </_ — + 3L\/—U22(_Q2 T3RP) gQ).

2(—Q2+3RP
(4.27)
Case 2. When m — 0,
802,2($7y7t)
2 1 1
—ePBO-2t( _ a4l _ — i/ — i
e L\/ 722+ 3kP) ') L\/ 722 amp) M)
. ) (4.28)
4 PC =208 — P
L\/ 7?(~Q2 + 3RP) ¢ L\/ 72°(~Q" + 3RF)
1 1 1 1
In(si - 34/ '
x n(sm(C)) 302LC af 1 + 3L 022 _Q2+3RP gQ)
722 (—Q*+3RP)

Family 2.2. For R=1, Q=122 p—1
Case 1. When m — 1,

©2,3(x,y,t)
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B -t (o 4] _ 1 af 1 ‘
=ef™ t(m\/ 022(—Q2+3RP)C+2L\/ 72(—0? 1 3Rp) Rem(QO)

_4Li‘/—022(

4 4 1
- 2L\/ 72 (—Q% 1 3RP) coth(¢) esch(¢) + 2L\/022(_Q2 3RD) sinh ()
_L%@z(

1 o 1
~0% 1 3RP) arctanh(e®) — L\/— 2 (—O% 7 3RP) coth(¢)
1
1

1 1
P — 20—

P
0'22(*622 + 3RP)

x In(sinh(¢)) — 2L\/— (0" + 3RP)Pln(tanh(§<)) - ?QLC f/—m

1, 1
©2.4(2,y,t)

B2 N 1 e 1 .
=e’ t(QL\/ (Q2+3RP)C+2L\/ 022(_Q2+3Rp)ln(smh(§))

—Q%+ 3RP) coth(¢) = Li/_ 022(—Q* + 3RP)

\/ Q2 Farp) () - Lf/ - 022(_4221 T3rp) )

\/ Tanp) Othle) esch(Q) - 2L§*/ T er T3Rp) bl

\/ Q2+3RP) coth(C)—LT/—UQQ(_QjJrgRP)Pg

\/ Q2 Tarp)! mEmhO) 2‘(/ - 022(_6221 3RP)
p2,5(2, Y, t)

_oPBO-5t( _ g 4l 1 Lo aaf— 1 In_
_ePB(t t( 2L\/ 022(—Q2+3RP)tanh(2C) 4[,\/ 022(7Q2+3Rp)ln(tanh(2§) 1)

4 1 4 1
. L\/_ o2(—Q2 +3RP) ° T 2L\/_ o2~z +3rp)” k()

4 1 L !
- 2L\/_ o2(—q2 rarp) MU Heech() =5 Y —

022(—Q?+3RP)
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—_

. 1
’ L\/_ 2 varp Q) .

w

@2,6('%7 Y, t)

o2 1 1 1 1
:epB(t)Qt(éLLil/— 722(—0? 7 3RP) ln(tanh(ég‘)) — 4L</— 7 (—Q% 7 3RP) ln(tanh(iﬁ) -1)

\ 1 1 S 1 S 1
- 2L\/_ 207 1 3rp) MG - L\/ o2~ +3rP) ¢ T 2L\/ 2(—Q° + 3RP) "
1 1 1
x In(sech((¢)) — 2L</_022(—Q2 " 3RP)P1n(_1 + sech(()) — @LC Q/ -
— 5

—Q?+3RP)

1, 1
* 3L\/_ 722(—Q? + 3RP) CQ)' (4.32)

Case 2. When m — 0,

pa7(x,y,t)

:ePB(t)—ét <2L i*/— 022(—Q21+ SRP) In(sec(¢) + tan(¢)) + 2L</— 022(—Q21+ SRP) In(sin(¢))

1 1

+1 sqrt[4]—o22(_Q2 T3RD) tan(¢) + 2L</— (O 1 3RP) In(csc(¢) — cot(())

4 1 4 1 o, 4] 1
- ‘\/_ 207 7 3rp) 1) - L\/_ 20+ 3RP) ¢ 2L\/ 2 (—2 £ 3RP) .

\ 1 , 1 1
x In(sec(¢) + tan(¢)) — 2L\/—022(_Q2 n 3RP)Pln(sm(C)) - ELC </ -

T 5?(-QIRP)

4 1
L\/ eI (4.33)

©2.8 ($, Y, t)

_'_

W

p? 1
_ePB(t) =t <2L il/_ (722(—Q21+ SRP) In(sec(¢) + tan(¢)) — 2 Lil/_ 722 (—0? T 3RP) In(sin(¢))

4 1 4 1
+ L\/_ 022(—Q2 + 3RP) tan(() -2 L\/_O'22(—Q2 n 3RP) hl(CSC(C) - COt(C))

4 1 4 1 4 1
- ‘\/_ 207 7 3rp) 1) - L\/_ o2 (—Q2 4 3RP) . C T 2‘\/_ o2 (—Q2 1 3RP)"
1 1 1
x In(sec(¢) + tan(()) + 2L</— T rg R 3RP)Pln(sin(C)) — ?QLC </ -

" 022(—Q%+3RP)
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1, 1
+ 3L\/_ 0-22(_Q2 + 3RP) CQ)7 (434)
P2 9($7yat)

_ pB(H)-2 e 1 1 S ) "
—ePB( t<2b\/ 22(—Q? 1 3RP) tan(= C)+2L\/ 2 (—Q2 1+ 3RP) ln((tan(Qg‘)) +1)
4 1 1
_L\/ 2*(—Q% + 3RP) PC“L\/ Q2+3RP)PIH(1+COS(§))

\/ Q2 + 3RP) CQ) (4.35)

- @ e
092 Q2+3RP

w210(z,y,1t)

_ Bt g . ;
_epB t t< 2L\/ 0.22(_622 T 3RP) 1H((tan(2<))2 + 1)

cm»—A

1. \ 1 1
Q2 £ 3RP) (tan(= Q) 1+4L\/_022(Q2+3RP) ln(tan(gg))

4 1
—2L\/— 2=
_Lil/_ 1 1
a9 (
1

0 —i—SRP)PC_ 2L</_O'22(—Q2 +3RP)P1D(1 —cos(())

022(—Q2+3 RP

1 1, 1
B @LC f/_ 1 ) + 3L\/_ 092(—Q? 4 3RP) CQ)' (4.36)

Family 2.3. For R = 1*1”2, Q=4m? p_1-m?
Case 1. When m — 1,

w211(x,y,t)

:e"B(t)_pj’fQi‘/— 022(—Q21+ SRP) (¢ 4 2 sinh(¢) + 2 cosh(¢) + cosh(¢) sinh(¢) + (cosh(¢))?)

1 .
— 2L</— T reT 3RP)P(C + sinh(¢) + cosh(())

1 . 1 1 1
+3O'21(_1+3\/_0'22(Q2+3RP)02P+\/_022(Q2+3RP)02Q)C</_2(1)

—Q?+3RP)
(4.37)

Case 2. When m — 0,

w212(x,y,t)

p? 1 1
=ePBt) -5t (Lil/— 0'22(—Q2  3RP) tan(¢) + 2 Lf/_ 022(—Q2 + 3RP) In(sec(¢) + tan(¢))
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4 1 4 1
+ 2L\/—022(_Q2 3RP) sec(C) — 2L\/_022(—Q2 3RP) In(cos(€))

4 1 4 1 4 1
* M‘ 2 (=07 1 3Rp) M) — L\/_ (0 +3RP) ¢ T2 \/_ o2 (2 3RP) .

x In(sec(¢) + tan(¢)) + 20(/ 2 ;

T o Ea 3RP)P1n(cos(C))

1 1 1 ]
T i~ emmy i BLC/_ 022(~Q? + 3RP) Q). (4.38)
Family 2.4. For R=1, Q=2-m? P=1-—m?
Case 1. When m — 1,
©2,13(2,y,1)

2 1 1 1 .
Zeps(”“(bf/_ oo (—Q2 1+ 3RP) (g° T2 0sh{0) 5 cosh(()sinhi(<))

\ 1 1 1 (4.39)
— 2L\/_022(—Q2 n SRP)P(C + cosh(()) + EZ(_l + 3\/_022(—Q2 n SRP)UQP

1 1
+ \/_022(—622 + 3RP) 72Q)¢ (‘/—U o )

—Q?+3RP)

Case 2. When m — 0,

©2,14(2,y, 1)

p? 1 1
:epB(t)_?t (LQ/_O'QQ(—Q2 n 3RP) tan(() + Lil/_ 022(—Q2 + 3RP) ln(SeC2(C))

\ 1 \ 1 1 1
_ L\/_UZQ(_QQ +3RP)PC+2L\/_022(—Q2 +3RP)PIH(COS(<)) — 372@

Q/_ 1
522(—Q?+3RP)

L 1
-
3 022(—Q2 + 3RP)

Q).
(4.40)

Family 2.5. For R=1, Q=2m?—-1, P=-m(l—-m?).

Case 1. When m — 1,

©2,15(,y,t)

o2 1 1 1
Zepg(t)”t(ﬁ/_ o7 (—Q? 7 3RP) (3¢ T 2 cosh(0) + 5 cosh(Q)sinh(0))
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\ 1 1 1
- 2L\/_022(—Q2 n SRP)P(C + cosh(¢)) + @Z(_l + 3\/_022(—622 n 3RP)02P

1 1
+ \/_022(—@ 3rp 729 p— ). (4.41)

—Q2+3RP)

Case 2. When m — 0,
802,16($7 yat)

-5, \/ g aE 5~ 2 os(0) — (¢ cos(c))

—Q? + 3RP)

\ 1 1 1 (4.42)
— 2L\/_022(—Q2 n 3RP)P(< —cos(()) + %L(_l + 3\/_022(—622 n 3RP)U2P

1 1
- \/_@2(—@2 T3rp) 72 Y — )

—Q?+3RP)

Family 2.6. For R=1, Q=2-4m? P=1.

Case 1. When m — 1,

w2.17(x,y,t)

_ B(t)—ét 4] 1 _ 4/ _ 1 —
=eP ( L\/ 722(—0? 1 3RP) tanh(Q) 2L\/ 2 (—Q% 1 3RP) In(tanh(¢) — 1)

4 1 4 1
- \/ oo aRE) 2L\/ S (e e U CRTO)

1 1 1, 1
BET i‘/‘ T + 3L\/_ 722(—Q% + 3RP) CQ)'
o22(—Q*13RP)
(4.43)
Case 2. When m — 0,
302718(‘7;7 yat)
2 1 1
_pB) =5t _ 4 4/ _

e 2 ( 2[,\/ 2 (—O% + 3RP) In(cos(¢)) + L\/ 7(—QZ 1 3RD) tan(()

(4.44)

4 1 4 1
B L\/O’ZQ(_Q2 + 3RP) PC + 2L\/ 0-22(_Q2 + SRP)PIH(COS(C))

1 1 1, 1
T30 {‘/— T + 3L\/_ 722(—Q% + 3RP) CQ)'
722(—Q2+3RP)
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Family. 2.7. For R=1, Q =2, P=m?.
Case 1. When m — 1,

w219(x,y,t)

o2 1 1
:ePB(t)_7t< — Li‘/— 0’22(—Q2 n 3RP) tanh(() — 2 {1/— 022(—Q2 n 3RP) ln(tanh(g) _ 1)
4 1 . 1
B L\/_ 022(_Q2 + BRP) PC B 2L\/_ 022(_Q2 + 3RP)PID(COSh(C))

1 \ 1
M 722(—Q% + 3RP) <Q)'

1
— 7L< +
309 7 4/_ 1
\/ 722(—Q?+3RP)

Wl

(4.45)
Case 2. When m — 0,
©2,20(2, Y, 1)

:eplf(ﬂ—ft(bi*/ gy €~ (s L) (eos(0)° + g sin(() cos(()

) 1 1
il P YO

1 1 1 1
T3, T 3\/_ o2 (2 1 3Py 2T \/_ w2(—0? 1 3kP) 29 \/_(1)

—Q2+3RP)
(4.46)

5. Discussion and graphs

This fragment presents a graphical analysis of some solutions in 3D and contour forms, which are
attained above and are different from those in the available literature. We plot some solutions for
example, |(,0271(1', Y, t)‘v ’()02,5(1'7 Y, t)‘v ’()02,8(1'7 Y, t)‘? ’902,10(x7 Y, t)|, ‘902,11(1'7 Y, t)‘v ’()02,12('%7 Y, t)|7
lp217(x,y,t)], |p2,18(2,y,t)| and |@220(x,y,t)| by giving them specific values to pre-parameters
mentioned in each case with the help of Maple software. The Figures 1-9 produces different dark
soliton solutions of the considered system.

In all these figures, it can be observed that when the noise term is ignored (i.e p = 0), we see
from Figures 1, 2, 3 and Figures 7, 8, 9, that there are some fluctuations and are not totally flat,
but when the noise term is included, (i.e. p = 2.5), the surfaces after minor transit changes their
shapes to more planar, and the periodicity has been reduced. Also in Figures 4, 5, 6, it can be
seen that their shapes are changed after including the noise term. This shows that the stochastic
term has some effects on the solutions of the considered interaction system and stabilizes the
solutions around zero.
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Figure 1. The 3D and contour graphs representing |¢2,1(x,y,t)| with and without resonance given in (4.27) for
the values m = .999999991, o2 = (1+0)*, B=1,a=1,y = 1.
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Figure 2. The 3D and contour graphs representing |¢25(x,y,t)| with and without resonance given in (4.31) for
the values m = .9999999999999999999999991, o> = (1 + 2L)4, =1L a=1y=1.
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Figure 3. The 3D graphs representing |2 s(z,y,t)| with and without resonance given in (4.34) for the values
m = 0.00001, 02 = (1 +2)* f=1,a=1,y=1.
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Figure 4. The 3D and contour graphs representing |2 10(2, y,t)| with and without resonance given in (4.36) for
the values m =0.le — 11, 00 = (1 +20)*, B=1,a=1,y = 1.
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Figure 5. The 3D and contour graphs representing |¢2,11(z, y, t)| with and without resonance given in (4.37) for
the values m = .9999999999999991, S_» = (1 — 4L)4, B=1La=1y=1.

Figure 6. The 3D and contour graphs representing |¢2,12(, y, )| with and without resonance given in (4.38) for
the values m = 0.1e — 16, o2 = (1 +4)*, B=1,a=1, y = 1.

Remark 5.1. In all of the above cases

c=B+Y (12 + O'an> +t

(67
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Figure 7. The 3D and contour graphs representing |2 17(, y,t)| with and without resonance given in (4.43) for
the values m = .99999999999999999999991, o2 = (1 +2)*, B=1,a =1,y = 1.

Figure 8. The 3D and contour graphs representing |2 1s(,y,t)| with and without resonance given in (4.44) for
the valuess m = 0.1le — 11,00 = (1 +0)*, =1, a=1,y = 1.

Figure 9. The 3D and contour graphs representing |2 20(x, y, t)| with and without resonance given in (4.46) for
the valuess m =0.1e — 11, 00 = (1 +0)*, =1, a=1,y = 1.
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6. Conclusion

In this study, we derived analytical stochastic fractional space-time solutions of system (1.1)
in the form of trigonometric and hyperbolic functions. Using the GKAJM, we obtained exact
solutions that can describe a range of complex physical phenomena in plasma physics, gravi-
tation, nonlinear optics, biophysics, and water wave dynamics. Furthermore, Maple was used
to generate graphical illustrations demonstrating the influence of multiplicative Bm on the so-
lutions of (1.1), revealing that the noise term contributes to stabilizing the system’s dynamics.
Overall, our findings confirm that GKAJM is an effective analytical tool for solving nonlinear
fractional SPDEs and for uncovering new families of exact solutions. The method is well-suited
for analyzing time-fractional dispersive long-wave equations and nonlinear stochastic systems
such as the fractional space-time stochastic breaking soliton equation FSTSBSE.
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